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Abstract

The prediction of strain distribution in production of sheet metal parts di-
rectly in
uences predictions of hardening and failure, as strain and stress
response are linked by the yield model. The prediction of strains in sim-
ulation is relied upon by tool design and process engineers in all states
of development. However, optical measurement and simulation result do
not always align, which questions the state of the art approach to de�ne
yield models, especially for aluminium alloy. The reason for this mis-
match was thought to be the �nite complexity of the models used, but
while studying the e�ect, this work shows that not model complexity but
an improved foundation for �tting is a solution. Three advanced �tting
strategies are presented for non-quadratic and free-shape yield formula-
tions. The �rst is based on macroscopic measurement of cruciform tension
specimen as speci�ed in ISO16842 for simultaneous evaluation of strain
and stress ratio. The second extracts all necessary information by appli-
cation of inverse full �eld optimization using digital image correlation and
global force measurement. The third method investigates the possibility
of crystal plasticity calculation based on texture measurement. In order
to evaluate performance and to be able to recommend one strategy for fur-
ther use, a large validation study is conducted using Nakajima and cross
die experiments. Both non-quadratic and free-shape models were able to
outperform the original con�guration based on the proposed strategies,
with cruciform tension and inverse full-�eld proven to be most e�ective
based on an additional cost analysis. All three strategies provide valu-
able information and challenge to reconsider common assumptions about
the de�nition of yielding for aluminium alloy. In consequence, this work
presents the basis for further research on optimal choice of �tting strategy,
which opens up a new perspective on development of yield models.
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Kurzfassung

Die Vorhersage der Dehnungsverteilung bei der Herstellung von Blechteilen
beein
usst direkt die Vorhersage von Verfestigung und Versagen, da die
Dehnungs- und Spannungsantwort durch das Fliessmodell verkn•upft sind.
Die Vorhersage von Dehnungen in der Simulation wird von Werkzeugkon-
strukteuren und Prozessingenieuren in allen Entwicklungsstadien herange-
zogen. Die Ergebnisse der optischen Messung und Simulation stimmen
jedoch nicht immer •uberein, was den Stand der Technik bei der Def-
inition von Fliessmodellen, insbesondere f•ur Aluminiumlegierungen, in
Frage stellt. Es wurde angenommen, dass der Grund dieses Unterschieds
die endliche Komplexit•at der verwendeten Modelle ist. Bei der Unter-
suchung des E�ekts zeigt diese Arbeit jedoch, dass nicht die Komplexit•at
des Modells, sondern die experimentelle Grundlage der Modellkalibrierung
den Schl•ussel zur L•osung des Problems darstellt. Es werden drei erweit-
erte Kalibrierungsstrategien f•ur nicht quadratische und formfreie Fliess-
formulierungen vorgestellt. Die erste basiert auf der makroskopischen
Messung einer Kreuzzugprobe nach ISO16842 zur gleichzeitigen Bewer-
tung des Dehnungs- und Spannungsverh•altnisses. Die zweite extrahiert
alle notwendigen Informationen durch Anwendung inverser Vollfeldopti-
mierung unter Verwendung digitaler Bildkorrelation und globaler Kraftmes-
sung. Die dritte Methode untersucht die M•oglichkeit der Berechnung der
Kristallplastizit•at auf der Grundlage einer Texturmessung. Um die Strate-
gien zu bewerten und eine davon f•ur die weitere Verwendung empfehlen zu
k•onnen, wird eine grosse Validierungsstudie mit Nakajima- und Cross-Die-
Experimenten durchgef•uhrt. Sowohl nicht quadratische als auch formfreie
Modelle konnten die urspr•ungliche Kon�guration auf der Grundlage der
vorgeschlagenen Strategien •ubertre�en, wobei sich die Kreuzzugmethode
und die Vollfeldoptimierung aufgrund einer zus•atzlichen Kostenanalyse
als am e�ektivsten erwiesen. Alle drei Strategien liefern wertvolle Infor-
mationen und fordern ein Umdenken grundlegender Annahmen bei der
De�nition von Fliessmodellen f•ur Aluminiumlegierungen. Infolgedessen
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Kurzfassung

bildet diese Arbeit die Grundlage f•ur weitere Forschungen zur optimalen
Wahl der Kalibrierungsstrategie, was einen neuen Ansatz f•ur die Entwick-
lung von Fliessmodellen aufzeigt.

X



Nomenclature

Continuum mechanics

� stress tensor

� strain tensor

W work

ui;j derivative of displacement ui with respect to j

F deformation gradient

R orthogonal rotation tensor

E Green-Lagrange strain tensor

S 2nd Piola-Kirchho� stress tensor

_� time derivative of stress tensor

W tensor of angular velocity

�
� Green-Naghdi stress rate tensor

C elastic sti�ness matrix

CEP elasto-plastic sti�ness matrix


 shear strain
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Nomenclature

Constitutive modelling

� yield criterion

F (� ij ) stress value of yield locus

� y stress value of yield curve

I i invariants of stress tensor, with i 2 [1; 2; 3]

sij deviatoric stress tensor

J i invariants of deviatoric stress tensor, with i 2 [1; 2; 3]

� plastic multiplier

� 0; � 00 internal parameters of YLD2000

X 0; X 00 internal parameters of YLD2000

C 0; C 00 internal parameters of YLD2000

L 0; L 00 internal parameters of YLD2000

~f B�ezier part of Vegter yield formulation

~A; ~B; ~C internal parameters of B�ezier formulation of Vegter

B n
i (t) Bernstein polynomial, with n: order of polynomial,

i : index of binomial coe�cient, t: internal parameter
of B�ezier element

b2
0(t) general parameters of B�ezier curve of second order

b0; b1; b2 general parameters of B�ezier curve of second order

~m; ~n normals on B�ezier element
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Nomenclature

� ratio of incremental principal strain

� ratio of principal stress

T stress triaxiality

� L strain based Lode parameter

L stress based Lode parameter

� polar angle in polar FLC coordinates

� interpolation parameter of interpolation based YLD2000

F1; F2 internally used yield models in interpolation based
YLD2000

Yielding de�nition

� tech technical yield stress

� tech technical strain

� true stress

� true strain

� eq equivalent stress

� eq equivalent plastic strain

F force

A0 initial cross section area

A actual cross section area

L 0 initial specimen length
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Nomenclature

� L change in specimen length

t specimen thickness

w specimen width

RD rolling direction

DD diagonal direction, 45° to rolling direction

TD transverse direction, 90° to rolling direction

� i stress value for uniaxial loading, with i 2 [0,45,90]

� b stress value for biaxial loading

Ri R-value, strain ratio under tensile loading, with i 2
[0,45,90]

Rb biaxial R-value, strain ratio under biaxial loading

F; G; H anisotropy parameters of Hill'48 yield criterion

L; M; N anisotropy parameters of Hill'48 yield criterion

� i anisotropy parameters of YLD2000 yield criterion
with i 2 [1; 2; 3; 4; 5; 6; 7; 8]

m exponent of YLD2000 yield criterion

f un;i normalized stress value of Vegter for uniaxial loading
with i 2 [0,45,90]

f ps1;i normalized stress value of Vegter for plane strain in
1st principal direction with i 2 [0,45,90]

f ps2;i normalized stress value of Vegter for plane strain in
2nd principal direction with i 2 [0,45,90]
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Nomenclature

f sh;i normalized stress value of Vegter for shear loading
with i 2 [0,45,90]

f bi normalized stress value of Vegter for biaxial loading

Optimization

gi inequality constraints

hj equality constraints

wk weighing factors

�� i measured true strains

� i simulated true strains

�Fj measured global forces

Fj simulated global forces

ASA adaptive simulated annealing

General abbreviations

CT cruciform tension

Opt inverse full �eld optimization

YLD2000 intp interpolation based yield locus

YLD2000 var anisotropic yield locus with variable parameter set

CP crystal plasticity

original Yield locus �t as de�ned in original publication

DIC digital image correlation
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Nomenclature

FE, FEM �nite element, �nite element method

GOM Gesellschaft f•ur optische Messung

ARAMIS continuous DIC measurement system by GOM

ATOS static DIC digitalization system by GOM

LS-Dyna FE software by LSTC

LS-PrePost pre- and postprocessing software by LSTC

MATLAB matrix laboratory, program for evaluation of large
numerical data

STL �le format of triangular elements

xml 'extensible markup language', �le format for large
databases

RVE representative volume element

DAMASK CP-FEM program

EBSD electron back-scatter di�raction
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1 Introduction

With Industry 4.0 and the Internet of Things (IoT) shaping the future
for an adaptive and connected industry, expectations for computational
prediction of real processes are continuously rising. In the last decades,
the �nite element method (FEM) has become widely applied in industry
to provide precise and e�cient solutions for complex engineering tasks.
Despite many developments, one topic in discussion remains the method
of de�nition of material behaviour for description of forming processes.
Models with increased complexity are continuously developed to satisfy
the demand for extreme precision. However, industrial demand and sci-
enti�c development do not always align. If model complexity is increased
by de�ning more parameters, more experimental testing is needed. Ad-
ditionally, many models target only speci�c scienti�c challenges and are
not necessarily suitable for broad industrial application. The challenge is
illustrated in Figure 1.1. An industrial part is shown with many possible
failure types. Failure may only be predicted, if incremental strains and
stresses are calculated to highest precision during simulation. The calcu-
lation of plastic stresses from a given strain �eld in FEM depends solely
on the yield locus, a function de�ning the boundary between elastic and
plastic loading. The yield locus will be the focus of this work as it is a
center piece in prediction of yielding.
Several advanced methods to de�ne precise models are presented, while
being constantly aware to minimize experimental e�ort. In order to eval-
uate these methods, they are compared with industrial standards with
regard to precision and applicability. Model performance is validated on
both a standardized experiment and an industrial demonstrator part.

1



1 Introduction

Figure 1.1: The central challenge: stress and strain distribution need to
be predicted correctly to reduce failure in production. This
may only be achieved by correct prediction of yielding. Figure
combined from [54, 62, 61, 60].

1.1 State of the art

Due to the high complexity of industrial geometries, the demand for pre-
cision of digital prediction is continuously rising. This section familiarizes
the reader with the current state of research and gives insight in the
historical development of constitutive modelling. A short outline of the
industrial process is given in Section 1.1.1, followed by a repetition of con-
tinuum mechanics for large strains in Section 1.1.2. Considerable detail is
provided on the �eld of constitutive modelling in Section 1.1.3, followed
by an introduction to plastic yielding in Section 1.1.4. A special focus lies
on yield criteria, with anisotropic and non-quadratic models described in
Section 1.1.5 and 1.1.6 and free shape models in Section 1.1.7. Section
1.1.8 focuses on the experimental basis and more advanced approaches
are discussed in Section 1.1.9.

2



1.1 State of the art

1.1.1 Metal forming

Figure 1.2: From crystal structure to rolling texture and �nally anisotropy.
Illustration of material description on di�erent scales. EBSD
map from [88].

The structure of metals on an atomic basis in an optimal case is in the
form of crystals. Three major types of metal crystals exist: body centered
cubic (BCC) in ferritic steels, face centered cubic (FCC) in e.g. aluminium
and copper and hexagonal close-packed (HCP) in e.g. titanium. These
crystal structures are only ideal in theory. Missing atoms within the struc-
ture, called dislocations, or atoms of other materials, called interstitials,
exist within a metal's crystal grid. These small errors signi�cantly in
u-
ence the metals formability, with dislocations in favor of deformation and
interstitials hemming deformation. In addition, the structure of metallic
crystals is strongly in
uenced by deformation during production, such as
the rolling of sheet metal. This introduces macroscopic di�erences of the
material in dependency of the angle to rolling direction (RD), which is
easiest displayed by tensile measurements in di�erent directions. In con-
sequence, it becomes necessary to describe any sheet metal in dependency
of the angle to rolling direction. This is commonly achieved by the use of
anisotropic yield models, which map a di�erent stress response in depen-
dency of the angle to RD.
The dominating production process using 
at sheet is the deep drawing
process, as illustrated in Figure 1.3. In principle, a piece of sheet metal is
held by blank holder and die and a punch in the shape of the �nal work
piece is pressed into the metal, deforming it into its �nal shape. This

3



1 Introduction

process may be repeated with di�erent punch shapes for more complex
geometries. A very detailed description of forming processes is given by
Lange [93], Banabic [30] and others [34, 86]. Today, the three major �elds
in prediction of processes are characterizing process parameters, de�ning
computation with �nite element (FE) and describing material behavior.
The challenges in process design are explained and summarized by Lange
[93] and Doege and Behrens [34].
In contrast to the process side, the computation and prediction of pro-
cesses is a relatively new �eld, with �rst industrial application inspired by
a VDI benchmark in 1991 [41], that asked to predict strain distributions
on a complex forming geometry. This gave rise to popularity and applica-
bility of special purpose FE programs such as Autoform and established
the explicit FE formulation for commercial purposes. Extended details of
the computational representation of processes are given by Hartley [55]
and Dunne and Petrinic [40] with elaborate details on the FE method by
Bathe [11]. The description of the material response is the �eld of study
of this work and will be presented in detail in the following sections.

Figure 1.3: Principle of deep drawing by [86].
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1.1 State of the art

1.1.2 Continuum mechanics for forming processes

This section introduces stress and strain measures common for engineer-
ing applications. If a body undergoes a change of shape without change of
position or rotation, we strive to describe this change of shape, or defor-
mation, with the strain tensor. The basics of continuum mechanics teach,
that the formulation of the strain tensor for small deformation is given as
� ij = 1=2(ui;j + uj;i ). While this formulation holds for most applications,
large plastic deformation and rotation require an extended formulation in-
cluding either higher order terms as given in Equation (1.2) or a separate
treatment of rotation as is common in FEM. A short description of the
underlying basics of continuum mechanics is presented by•Ochsner [157].
The underlying principle is, that the stress integrated over the strain must
be equal to the work required, see Equation (1.1).

W =
Z

�d� (1.1)

A pair of strains and stresses that satisfy this condition is called a work
conjugate pair. The corresponding work conjugate strain to the true stress
� = F=A, also Cauchy stress, is the true strain, or Hencky strain, de�ned
as � = ln (L=L 0). This pair is commonly used in incrementally integrated
FE applications for large strains. An additional requirement for forming
applications ful�lled by this pair are objective strain and stress measures,
meaning measures independent of coordinate systems. However, the con-
tinuum mechanics for large strain applications include more advanced
formulations.

� ij =
1
2

[ui;j + uj;i + uk;i uk;j ] (1.2)

In order to introduce common formulations in continuum mechanics, the
deformation gradient F is introduced as the derivative of the current
position x with respect to the previous position X , as given in Equation
(1.3).

F =
@x
@X

(1.3)

This formulation enables us to write the strain measure of Equation 1.2
equivalently as

E =
1
2

(F T F � I ) (1.4)

5



1 Introduction

called the Green-Lagrange strain tensor [40]. Ottosen and Ristinmaa [107]
e�ciently illustrate that this tensor describes the desired deformation
without rigid body motion and independent of the coordinate system.
E is not work conjugate to Cauchy stress, but to the 2nd Piola-Kirchho�
stressS, de�ned in Equation (1.5).

S = det(F )F � 1�F � T (1.5)

This formulation becomes important in the Total-Lagrangian formulation
for large strain in continuum mechanics and special FE applications. In
the incremental Updated-Lagrange formulation, such as the elasto-plastic
material integration, the rate of stress is computed. However, the Cauchy
stress rate is not objective. As a result, various objective stress rates have
been introduced by Jaumann, Truesdell (1965) [137] and Green-Naghdi
(1965) [48]. The Geen-Naghdi stress rate is given in Equation 1.6 as an
example, using the angular velocityW= _R � R T . A detail description of
the FE formulation is found by Belytschko (2014) [12].

�
� = _� + � � W� W� � (1.6)

As the explicit dynamic FE application used in this work integrates small
increments of strains and stresses in a co-rotational coordinate system,
the Cauchy stress and Hencky strain formulation is used for most cases.
Having introduced stress and strain measures, a reminder is given to their
inter-dependency, which is referred to as constitutive equations. For uni-
axial elastic deformation, Hooke's law � = E� is su�cient. Which is
extended to the three dimensional case by de�ning the Poisson's ratio as
� = � � yy =�xx . The Young's modulus E is replaced by the elastic sti�ness
matrix C .

� = C � � (1.7)

When symmetry conditions are considered this is reduced to the form

2

6
6
6
6
6
6
6
6
4

� xx

� yy

� zz

� xy

� yz

� xz

3

7
7
7
7
7
7
7
7
5

= E
(1+ � )(1 � 2 � )

2

6
6
6
6
6
6
6
6
4

1 � � � � 0 0 0
� 1 � � � 0 0 0
� � 1 � � 0 0 0
0 0 0 1 � 2 �

2 0 0
0 0 0 0 1 � 2 �

2 0
0 0 0 0 0 1 � 2 �

2

3

7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
4

� xx

� yy

� zz


 xy


 yz


 xz

3

7
7
7
7
7
7
7
7
5

(1.8)
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1.1 State of the art

For implicit quasi-static FE application, the incremental deformation in-
creases and an extended elasto pastic sti�ness matrixCEP needs to be
derived, as described in Section 1.1.4.

1.1.3 Constitutive modelling and isotropic yield criteria

Constitutive modelling is the science to describe macroscopic physical be-
havior of materials in mathematical form. The most basic form of a con-
stitutive model is to assume rigid behavior until a cuto� value is reached,
commonly the yield strength Rp02. An only slightly more complex formu-
lation is to follow Hooke's law until the cuto� value Rp02 is reached. This
form �nds a large array of application in layout and design of mechanical
parts in engineering and is the basis for the whole �eld of dimensioning.
As this work strives to improve predictions of forming processes, the plas-
tic range after Rp02 becomes of central importance. Material behavior
becomes non-linear, requiring more sophisticated models. For a uniaxial
stress state, as is commonly determined in tensile condition, a function
is derived describing the uniaxial stress� y in function of equivalent plas-
tic strain � eq. The result of the underlying uniaxial tensile experiment
is displayed in Figure 1.4, illustrating the elastic and plastic zones and
both engineering and true strain and stress. Depending on the shape of
the measured progression, a large variety of models have been suggested
by Swift [131], Voce [146], Gosh or Hockett-Sherby [66] or others. Ad-
ditions for rate and temperature dependency are presented by Cowper
and Symonds [29] and Johnson and Cook [83] and a formulation includ-
ing austenite-martensite micro structure of stainless steels is available by
H•ansel [74]. Despite the increasing complexity, these models do not yet
describe the multi dimensional stress states found in common forming ap-
plications.

The measurement of stress states under multi dimensional loading be-
comes more cumbersome experimentally and assumptions are made to
describe general loading cases. To give an overview, the most simpli�ed
case is assumed �rst. An isotropic material is considered, referring to a
material with equal resistance to plastic deformation independent of load-
ing direction. Additionally, only proportional loading, rate independence
and isotropic hardening is considered. Under this set of assumptions, a

7



1 Introduction

Figure 1.4: Representation of both an engineering and a true uniaxial
stress-strain curve translated from [34].

criterion is sought, that describes the onset of plastic yielding. As other
in
uences are excluded, the criterion is only a function of stress state:

� = F (� ij ) � � y � 0 (1.9)

This criterion is referred to as yield criterion. The investigation of yield
criteria is the focus of this work. Criteria that ful�ll condition 1.9 are
developed and presented since the Tresca yield criterion has been formu-
lated in 1864 [136]. In consequence the following introduction to the �eld
is not exhaustive with regard to existing criteria, but merely an overview
of criteria with signi�cance to simulation of sheet metal forming processes.
As F is generally a function of the stress tensor, early criteria are formu-
lated in dependency of invariantsI i of the stress tensor, which are given
in index notation as

I 1 = � ii (1.10)

I 2 = 1=2� ij � ij (1.11)

I 3 = 1=3� ij � jk � kl : (1.12)

With the additional assumption of constant volume, or pressure indepen-
dency as discussed by Spitzig and Richmond [126, 125] and Casey and
Sullivan [22], it is more advantageous to use invariants of the deviatoric
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1.1 State of the art

stress tensorsij = � ij � 1=3� ij � kk . Deviatoric stresses are de�ned as
the remaining stresses after substraction of hydrostatic pressure. In the
case of isotropic hardening, only deviatoric stresses take part in plastic
deformation. The resulting set of relevant invariants becomes

J1 = sii = 0 (1.13)

J2 = 1=2sij sij (1.14)

J3 = 1=3sij sjk skl = s1s2s3 (1.15)

as I 1 directly represents the hydrostatic stress, the general yield criterion
becomes

F (J2; J3) � � y = 0 (1.16)

with J2 and J3 describing the in
uence of deviatoric stress. Additionally,
for many metals it is assumed that the criterion is symmetric with respect
to the stress state, meaning that the loading states� ij and � � ij return
the same result. Based on this set of assumptions, von Mises de�ned a
yield criterion for ductile metals in 1913 [101] based onJ2:

p
3J2 � � y = 0 (1.17)

With the factor of 3 due to the solution of the yield criterion for uniaxial
tension as

p
3J2 = � y , which is interpreted as equivalent work necessary

to deform a body independently of stress state using the tensile condition
as reference.

1.1.4 Plastic yielding - the associated 
ow rule

Von Mises [102] wrote in 1928, that the principle stress directions must
be equivalent to the principle strain rate directions and that the magni-
tude of both only di�ers by a constant. This thought was extended when
Drucker [35, 37] formulated the associated 
ow rule (AFR) in 1950 based
on the thermodynamic principle of maximum generated entropy. As the

ow rule is of central importance in this work, the principle is explained
in more detail.
The yield criteria F described in Section 1.1.3 de�ne the boundary be-
tween elastic and plastic stress states and as such are a function of the

9



1 Introduction

stress tensor� ij only. The relation between stress and strain for the uni-
axial case was explained in Section 1.1.2 and is illustrated as yield curve
in Figure 1.4. So far, this excluded general stress states.
Assuming additive decomposition of the general strain incrementd� tot ,
Equation 1.18 holds.

d� tot = d� el + d� pl (1.18)

Based on the elastic relation given in Equation 1.8,d� el is known for gen-
eral cases asd� el

ij = C � 1
ijkl d� kl .

To derive the plastic strain increment, the assumption is that any incre-
ment of plastic strain requires a certain amount of plastic work, as de�ned
in Equation 1.19.

dWpl = � � ij � d� pl
ij > 0 (1.19)

If Equation 1.19 must hold irrespective of the stress state,dWpl = 0
may only hold if the stress points moves on the yield surface and thus
no plastic work is required. In consequence, the plastic strain increment
must be perpendicular to the stress increment. In other words, the plastic
strain increment is proportional to the derivative of the yield surface.
Equivalently, it may be stated that a plastic potential exists, which is
equivalent to the yield surface. This formulation is referred to as the
associated 
ow rule (AFR) [15, 129], introducing the plastic multiplier �
as scaling factor.

d� pl
ij = � �

@F
@�ij

(1.20)

An associated uniqueness theorem is provided by Hill [57] and extended
to a derivation from single crystals by Bishop and Hill [14]. Drucker
[38, 39] established an extended stability criterion using associated 
ow.
The stability criteria were later extended by Stoughton [129] for use with
non-associated 
ow rule.
With this information, we are able to formulate the elasto plastic material
law as

d� ij = Cijkl

�
d� tot

kl � �
@F
@�ij

�
(1.21)

It shall now be considered that after plastic deformation the yield locus
expands and the new stress state must be on the expanded yield locus.
This condition in Equation 1.22 is referred to as consistency condition

10



1.1 State of the art

[11, 40], based on the �rst order terms of a Taylor series.

@F
@�ij

d� ij �
@�y
@�eq

d� eq = 0 (1.22)

If combined with Equation 1.9 and Equation 1.20 it may be reformed
to return a solution for � and for the elasto-plastic material modulus as
relation of strains to stresses for general cases in Equation 1.24. This
formulation is of central importance in implicit FE calculation.

� =
@F

@�ij
Cijkl d� tot

kl

d� y

d� eq
+ @F

@�ij
Cijkl

@F
@�kl

(1.23)

d� ij = Cijkl

 

1 �
@F

@�ij
Cijkl

@F
@�kl

d� y

d� eq
+ @F

@�ij
Cijkl

@F
@�kl

!

d� kl (1.24)

A similar approach is used to derive an increment of� , which is com-
monly implemented in explicit material integration and which is given in
Equation (1.25).

d� =
F � � y

d� y

d� eq
+ @F

@�ij
Cijkl

@F
@�kl

(1.25)

The total e�ective plastic strain increment is calculated by integrating d� .

1.1.5 Anisotropic yield criteria

For application in sheet metal forming, planar anisotropy is illustrated by
drawing a circular blank into a cup shape. The experiment suggests to
reduce the set of assumptions made in Section 1.1.3 to allow for anisotropic
yielding. Due to the rolling of sheet metal, the microstructure develops
a distinct texture and becomes dependent on the rolling direction, as
described by Ostermann [106] and Banabic [30] and others [63]. The cup
drawing experiment was discussed as early as 1948 by Hill [56] and is still
widely in use today for the purpose of validation [134, 156, 62]. Banabic
[3] provides a well structured overview of available anisotropic models,
which is in part given in Table 1.1. An early criterion de�ned by Hill

11



1 Introduction

Yield model � 0 � 45 � 90 � b R0 R45 R90 Rb � 15i R15i � P S � SH

Hill's family

Hill 1948 x x x x

Hill 1979 x x x

Hill 1993 x x x x x

Lin, Ding 1996 x x x x x x

Leacock 2006 x x x x x

Hershey's family

Hosford 1979 x x x

Barlat 1991 x x x x

Kara�llis Boyce 1993 x x x x x x

BBC 2000 x x x x x x x x

Barlat Yoon 2000 x x x x x x x x

Barlat 2004 x x x x x x x x x

Drucker`s family

Cazacu-Barlat 2003 x x x x x x x x x x

C-P-B 2006 x x x x x x x x x x

Polynomial criteria

Comsa 2006 x x x x x x x x

Soare 2007 (Poly 4) x x x x x x x x x x

Hu 2020 (Poly4*Hosford) x x x x x x x x x x

Free shape criteria

Vegter 2006 x x x x x x x x x x

Vegter lite 2009 x x x x x x x x

Raemy 2017 (FAY) x x x x x x x x x x x x

Hao Dong 2020 x x x x x x x x x x x x

Table 1.1: A selection of anisotropic yield models and mechanical param-
eters needed as structed by Banabic [3]. Minor extensions are
included for free-shape and polynomial yield models.
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1.1 State of the art

[56, 57] is based on the assumption that anisotropy may be de�ned by a
fourth order tensor P such that

sij Pijkl skl � 1 = 0: (1.26)

As illustrated in consise form in [108] this formulation is easily transformed
to the von Mises yield criterion and, when assumptions of symmetry and
orthotropy are taken into account, P becomes

P =

2

6
6
6
6
6
6
6
6
6
4

F + G � F � G 0 0 0

� F F + G � H 0 0 0

� G � H G + H 0 0 0

0 0 0 2L 0 0

0 0 0 0 2M 0

0 0 0 0 0 2N

3

7
7
7
7
7
7
7
7
7
5

(1.27)

And Equation 1.26 becomes the Hill'48 yield criterion with F; G; H; L; M; N
as material constants describing anisotropy. Similar adaptions are made
by Hosford and Backofen [70] and a more generalized form by Hill [58].
Further additions without assumption of symmetry are made by Tsai and
Wu [138], which is a reduction of the Ho�man criterion [67]. Another
mathematical approach with similar result was pursued by Dafalias and
Rashid [31]. The entire set of criteria discussed so far are quadratic in
terms of stresses. However, not every measurement is represented well
with quadratic forms, especially for measurements of aluminium alloys.
This leads to the additional families of non-quadratic and free shape yield
criteria, which will be introduced in Section 1.1.6 and 1.1.7.
While J2 based yield criteria are considered su�cient for orthotropic and
symmetric yielding, extensions to include the third invariant of the devi-
atoric stress tensorJ3 have been discussed early on by Drucker [36], with
a generalization by Cazacu and Barlat [23] and an extension to general
three dimensional form presented by Yoshida et al. [152]. Gao et al. [44]
additionally included I 1. Yoon et al. [151] presented a model in func-
tion of all three stress invariants speci�cally tailored to pressure sensitive
metals, with an extension as a ductile fracture criterion [96].
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1.1.6 Non-quadratic anisotropic yield criteria

A detailed description of linear transformation based yield criteria is given
by Barlat, Yoon and Cazacu in [10]. An early Yield criterion of higher
order has been introduced by Barlat and Lian in 1989 [9]. The underlying
concept is similar to the formulation of quadratic yield criteria. Yielding
is described for incompressible, symmetric and orthotropic materials by
de�ning a yield criterion based on deviatoric stress invariants and applying
a number of linear transformations. Energy equivalence must hold for
all states on the yield surface, which is automatically ful�lled if linear
transformations are applied to the stress tensor. A single transformation
~s is described in agreement with Equation 1.26 as

~s = Cijkl sij (1.28)

This form was applied by Barlat's six component yield function [8] with
additions made by Kara�llis and Boyce in 1993 [84] for face centered cubic
(FCC) materials and body centered cubic (BCC) materials. To increase
complexity and the amount of anisotropy parameters, the transformation
may be applied an in�nite number of n times. Bron and Besson [17]
and Barlat et al. (2005) [5] applied two linear transformations for general
stress states, which results in a total of 18 parameters. Barlat et al. (2003)
[6] applied two linear transformations for plane stress which returns eight
anisotropy parameters� i . The exponent m of the model is recommended
to be m = 6 for BCC and m = 8 for FCC materials based on research
by Logan et al. [95]. The resulting model is commonly referred to as the
YLD2000 model and will be used extensively in this work, as it represents
the state-of-the-art in the aluminium industry. To illustrate the e�ect of
the parameters, two special cases are considered, as suggested by Barlat
et al. [10]. The �rst considers the shear stress to be zero and the second
considers the normal stresses to be zero:

F = j� 1sxx � � 2syy ja + j� 3sxx + 2 � 4syy ja + j2� 5sxx + � 6syy ja (1.29)

F = j2� 7sxy ja + 2 j� 8sxy ja

All details of the model will be described in Section 2.1.1. The imple-
mentation of the model into FE code is described by Yoon et al. [150].
A recent update of the family of criteria has been provided by Aretz and
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Barlat [1] with up to 27 parameters.
Criteria with a very large set of parameters pose a challenge for industrial
applicability due to the amount of necessary testing. Van den Boogaard
et al. [16] and later Lou et al. [97] reduced the parameter set for defor-
mation of metals of the YLD2000-18p model, increasing its applicability.

Modelling of anisotropic and kinematic hardening

As the original assumptions are reduced, more and more detailed and
complex constitutive models are de�ned. Di�erences in tension and com-
pression and kinematic hardening are included by Yoshida and Uemori
[153], in the Homogeneous-Anisotropic-Hardening (HAH) model [7] and
in a model by Chun et al. [25]. Anisotropic hardening without kinematic
e�ects may also be described by considering a plastic strain dependency of
the parameter set of any yield locus, as presented by Wang et al. [148] or
in di�erent form by Peters et al. [112] on the example of the YLD2000 cri-
terion. Asymmetric yielding, especially in use for hexagonal close packed
(HCP) materials has been presented by Cazacu et al. [24] and tested by
Baral et al. [4].

1.1.7 Free shape yield criteria

Using a less physically motivated approach, a yield criterion is a convex
and continuous surface that is at least once continuously di�erentiable.
Many mathematical formulations are possible. In order to describe com-
plex anisotropic behavior, a large number of degrees of freedom is sought
for. To allow for an increased variability in modelling, Vegter et al. [142]
suggested an approach based on a combination of B�ezier and Fourier in-
terpolation in 1995, which was extended to planar anisotropy by Carleer
et al. [21]. Pijlman et al. [113] further presented the details for implemen-
tation and the model found increasing interest in 2006 [145]. WhileF was
previously de�ned as a function of the stress tensor� ij or the deviatoric
stress tensorsij , the Vegter yield criterion describes the yield function
F in dependency of principle stresses� 1 and � 2 under the assumption
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Figure 1.5: Reference and hinge points of the Vegter model [21]

of plane stress. To construct a continuous yield criterion, second order
B�ezier elements are linked, using four reference points at the conditions
of uniaxial tension, equibaxial tension, plane strain and shear. The hinge
points are calculated as intersections de�ned by the derivative in the ref-
erence points, as illustrated in Figure 1.5. The choice of B�ezier elements
ensures a convex and continuously di�erentiable yield criterion. This de-
�nes a yield criterion for planar anisotropy, which is easily extended to
asymmetric yielding with great variability in the adjustment of process
relevant stress states, such as the plane strain state. The Vegter yield cri-
terion has become widely available with implementations in commercial
FE codes. In order to reduce the complexitiy, simpli�cations and adjust-
ments have been published, such as the Vegter lite model [143, 144]. A
very similar approach was recently published by Hao and Dong [53].
An additional free shape yield criterion has been published by Raemy et
al. (2017) [117], referred to as FAY (Fourier Asymmetric Yield) model.
The FAY model selects Fourier series instead of the B�ezier interpolation
of the Vegter criterion, allowing for an additional increase in 
exibility
at the risk of non-convexity, as Fourier series require an additional check
of convexity. If used with the necessary care, the FAY model has found
great applicability in titanium alloys [116], as it covers both asymmetry
and planar anisotropy.
A di�erent strategy with similar results was pursued by Comsa and Ban-
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abic [26] and Soare et al. [122] and later by Hu et al. [72], using higher
order polynomials to �t measured yield data. The resulting yield crite-
ria are very adjustable and thus comparable with the Vegter and FAY
criterion.

1.1.8 Experimental determination of yield criteria
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Figure 1.6: Strategy to �t complex yield models based on tensile experi-
ments every 15 degrees to rolling direction on the example of
an AA2090 aluminium alloy [109].

Experimental testing is conducted to determine stresses for prede�ned
load cases,� ij (� ij (t)). While isotropic models [101, 136] rely entirely on
one uniaxial tensile test [81], anisotropic models introduced the need for
additional testing. The �rst strategy was to use the direction dependency
of the material and to repeat the uniaxial test in other in-plane directions
as suggested by [56] for rolling direction (RD), transverse direction (TD)
and diagonal direction (DD). Every tensile test returns both the uniaxial
stress and the corresponding derivative in form of R-value, or Lankford
parameter. For more complex models such as the YLD2000 [6], a measure-
ment of biaxial stress and biaxial R-value is suggested. Todays standard
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tensile & bulge

special tensile tests
in-plane torsion

tube expansion

cruciformshear

mini punch

Figure 1.7: Experiments in use for de�nition of initial yielding of sheet
metal. Details of experiments are found in [79, 81, 92, 119,
103, 149].

for biaxial stress is the bulge experiment [79]. Measurement of the biaxial
R-value is obtained by disc compression test, as suggested by [6]. In to-
tal, tensile testing in three directions and biaxial testing returns su�cient
information for 8 parameters. A regularly observed practice is to increase
the amount of data used for parameter determination by increasing the
amount of tensile tests to one test every 15 degrees to rolling direction
[109]. This set of data investigates only one stress state but returns a
suitable set of data to �t more complex models and is displayed in Figure
1.6. A di�erent approach is persued by Vegter et al. [145] by de�ning
both dedicated plane strain and shear testing designs to obtain additional
datapoints. Roth and Mohr [119, 120] have provided a systematic analy-
sis of the design of advanced tensile and shear specimen and Lenzen and
Merklein have discussed an adjusted bulge experiment for plane strain in
[94].

Kuwabara et al. [91, 80] have realized the need for a larger experimental
basis early on by proposing a cruciform testing setup. Alternatives are dis-
cussed by Hannon and Tiernan [52]. Geiger et al. [45, 73] and Tasan et al.
[132] have provided similar alternative experimental methods. Cruciform
testing provides an opportunity to de�ne loading in two perpendicular
axis directions. Digital image correlation (DIC) provides information on
local displacement. As the specimen geometry is critical for homogeneous
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Figure 1.8: Illustration of critical loading state in plane strain in FLD
and stress space. Standard measurements often neglect the
importance, as is shown on the example of tension and biaxial
loading.

distribution of strains within the specimen, the topic has been widely
discussed [32, 140]. Hou et al. [71] have designed a cruciform specimen
for large strains speci�cally for dual-phase steels. Upadhyay et al. [140]
provide an overview. The line of thought was extended to tube expan-
sion by Kuwabara [89] and Kuwabara and Sugawara [92], with a tube
formed by internal pressure and additional axial stresses. An extended
tube testing approach, called Ring Hoop Tension Test, was presented by
Dick and Korkolis [33]. All of these testing methods provide informa-
tion on material response in plane strain state, as it represents the most
critical loading case under plane stress. The correlation between critical
states in the forming limit diagram (FLD) and stress space are illustrated
in Figure 1.8. Another testing method, known as the In-Plane Torsion
Test, focuses on shear loading and has been investigated by Tekkaya et al.
[133, 135] for the description of anisotropic yielding. Grolleau et al. [49]
have presented a similar testing geometry for determination of anisotropy.

1.1.9 Advanced approaches

Previous sections introduced the most commonly used assumptions, ex-
periments and models. Within the last years, these assumptions have
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been questioned and very recently, in parallel with the presented work,
new strategies for the determination of yield criteria have evolved.
By measuring pressure sensitivity and determining a volume expansion
considerably smaller than predicted with AFR, Spritzig et al. (1975) [126]
suggested, that AFR does not hold in all cases. This experimental �nding
sparked extensive research and is the foundation to use non-associated

ow rule (nonAFR) for metals. Casey and Sullivan [22], Brunig [18] and
Stoughton and Yoon [128] came to the conclusion, that pressure sensitiv-
ity is prediced correctly when using nonAFR. Stoughton and Yoon [129]
further established a set a stability conditions for nonAFR in 2006. Safaei
et al. [121] investigated the implementation of nonAFR and introducted
a scaling factor to ensure that yield locus and plastic potential intersect
at uniaxial tension. Investigations using nonAFR have been conducted by
Park and Chung [109] and Hippke et al. [62] and others. While nonAFR
�nds increasing application in scienti�c scenarios, industrial applications
are rare, as the increased set of parameters introduces higher risk of over-
�tting.
Recently, a discussion of suitable exponents of non-quadratic yield mod-
els for BCC and FCC metals has evolved, based on research presented by
Manopulo et al. [99], Hippke et al. [61] and Pilthammer et al. [114]. All
authors have found strong indication, that the long standing assumption
of an exponent 6 for BCC and an exponent 8 for FCC metals may not be
true.
In the �eld of parameter identi�cation, microstructural analysis from the
�eld of material science has found increased application in constitutive
modelling. Roters et al. [118] provided a crystal plasticity (CP) FFT
program and Hirsiger et al. [64] and Coppieters et al. [28] presented ap-
plicable stategies in 2018 both using large amounts of scienti�c computing
power. More applications in the �eld followed by Berisha et al. [13] and
Han et al. [51] and it remains an active scienti�c �eld.
Another very recent approach for evaluation of parameter sets for yield
criteria has evolved though mathematical optimization strategies. G•uner
et al. [50] have presented a �rst approach for inverse identi�cation of yield
loci using optically measured strain �elds. Ilg et al. [75, 76] outlined the
possibilities of the commerical optimizer LS-Opt using optically measured
tensile experiments and Coppieters et al. [27] recently extended the ap-
proach to a cruciform specimen with increased complexity.
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Figure 1.9: Full-�eld optimization strategy used by Ilg et al. [75] to �t
post necking regime of tensile experiments.

1.2 Aim of the thesis

With the amount of research documented, it becomes clear that the scien-
ti�c �eld of constitutive modelling is continuously searching for increased
precision in both experiments and models in every possible direction.
The description of plastic material behaviour remains challenging, as the
requirements for manufacturing design include extreme precision, while
small measurement errors su�ce to signi�cantly change resulting models.
The gap between industrial application and research focus is increased, as
the many options are rarely compared to real production. Increasing the
understanding of constitutive modelling and de�ning a suitable approach
for industry is the aim of this work. Correct prediction of plane strain
loading presents a central challenge, as it represents the most critical stress
state in sheet metal forming. As the YLD2000 and the Vegter model rep-
resent the current industrial standard in modelling of aluminium alloys,
these two models will be combined with the described advanced methods.
Performance in dependency of modeling strategy is measured on the basis
of Nakajima and cross die testing. The content may be summarized in
the following points:

ˆ pursue advanced experimental strategies for determination of constitu-
tive models,

ˆ exploit mathematical optimization schemes to increase model precision,
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ˆ analyze sensitivity of constitutive models for FE applications,

ˆ focus on prediction of plane strain loading,

ˆ use an industrial geometry to de�ne suitable long term strategy,

ˆ quantify model performance using an industrial demonstrator,

ˆ highlight optimal strategies for industrial application.
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2 Analytical investigation and numerical
analysis of yielding behavior

A large number of yield formulations has been introduced in Chapter 1,
ranging from isotropic yielding with von Mises [101] and Tresca [136] to
anisotropic yielding with Hill'48 [56], YLD2000 [6] and free shape criteria
such as Vegter [145] and FAY [117]. Additionally, anisotropic and kine-
matic hardening, such as YLD2000var [112], HAH [7] and Yoshida model
[152] are introduced. This large set of models needs to be reduced to a sub-
set of industrially applicable cases. The two metals most commonly in use
in sheet metal forming are deep drawing steels (DC) and aluminium 6000
and 7000 alloys. Deep drawing steel has been used in automotive indus-
try for many decades, with modeling using Hill'48 or recently YLD2000.
Aluminium has found introduction in series production as a lightweight
alternative to steel for non-structural components and is most commonly
modeled by YLD2000 or recently Vegter type yield formulations. Figure
2.1 illustrates yield locus shapes for DC05 steel and 6014 aluminium. The
largest apparent di�erence is a focus on biaxial in
uence for steel. This
introduces a well de�ned plane strain point and continuously changing
derivatives. Aluminium exhibits a strongly plane strain dependent yield
behavior due to only minor di�erences in yield normal, which explains
di�culty to predict the response of aluminium in plane strain. Many
steels are both strain rate dependent and exhibit anisotropic hardening,
which reduces the signi�cance of statements focused on yielding alone due
to interaction of e�ects. For aluminium alloys these e�ects are negligible
allowing for a clean investigation of yield locus in
uence. As development
leans towards more 
exible formulations, YLD2000 and Vegter are chosen
to be investigated on the example of a 6014 aluminium alloy. The exper-
imental and optimization based methods are equally applicable to steel,
when anisotropic hardening and rate sensitivity are taken into account.
In order to investigate the in
uence of YLD2000 and Vegter for applica-
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Figure 2.1: Typical yield shapes for DC05 deep drawing steel in (a), show-
ing Hill48 based on R-values and YLD2000. Original data
from [111]. Equivalently typical shapes for aluminium 6014 in
(b), with YLD2000 and Vegter. The large di�erence in plane
strain and biaxial yielding is apparent.
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2.1 Investigated yield criteria

bility in FEM and industry, it is of central importance to be familiar with
the respective formulations, as given in Section 2.1. In addition, further
details are needed to understand the mechanism of the Vegter model and
Section 2.2 investigates an option to reduce the input data by making an
assumption derived from isoptropic yielding. As the two yield criteria are
de�ned in dependency of di�erent variables, Section 2.3 illustrates valid
transformations between di�erent variables in stress and strain space. A
short discussion of common and advanced representation spaces and their
advantages is the topic of Section 2.3.1. Important in
uences of mea-
surement of plane strain point are presented in Section 2.4 and a novel
modelling approach based on interpolation of two YLD2000 yield loci is
found in Section 2.5. Section 2.6 summarizes the content of the chap-
ter.While the analytical sensitivities represent the response of the model
to a parameter change, this change is better investigated for a speci�c
geometry. In consequence, a sensitivity analysis is part of an optimization
of Nakajima geometries and is presented in Section 4.4.

2.1 Investigated yield criteria

Two families of yield criteria will be discussed in this work. The �rst are
non-quadratic linear transformation based criteria, with the example of
YLD2000, and the second are geometrical formulations based on interpo-
lation functions, with the example of the Vegter criterion. Both models
will be introduced. Stability conditions will be derived for both plane
strain and shear condition for the Vegter criterion, as the geometrical
de�nition leaves room for non-convex solutions.

2.1.1 The YLD2000 yield criterion for plane stress

The YLD2000 formulation is a non-quadratic yield locus for plane stress
condition proposed by Barlat et al.(2003) [6]. It accounts for planar
anisotropy and higher order 
ow exponents. The formulation is based
on eight parameters � i for anisotropy and an exponentm. This section
introduces the model formulation, with details on the derivatives given
in Appendix A.1. The yield surface is a function of general stress state
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[� x ; � y ; � xy ]. The formulation for the yield locus uses two linear transfor-
mations on the stress tensor:

2�� y = � 0+ � 00

with

� 0 = jX 0
1 � X 0

2jm , � 00= j2X 00
2 + X 00

1 jm + j2X 00
1 + X 00

2 jm

with

X 1 = f 1(� i ,��� ) and X 2 = f 2(� i ,��� )

(2.1)

X 0
1 and X 0

2 are the principal values ofXXX 0. The same applies toX 00
1 and

X 00
2 . The transformed stress tensorsXXX 0 and XXX 00are de�ned as

XXX 0 = CCC0TTT��� = LLL 0���

XXX 00= CCC00TTT��� = LLL 00���

Where CCC0, CCC00, TTT represent the transformation matrices for two linear
transformations of the stress tensor��� . Please note, ifCCC0 and CCC00 are
equal to the unit matrix, the yield function becomes isotropic. The two
linear transformations are combined in the tensorsLLL 0 and LLL 00, which are
given below as function of the anisotropy parameters� i .

LLL 0 =
1
3

2

6
4

2� 1 � � 1 0

� � 2 2� 2 0

0 0 � 7

3

7
5

LLL 00=
1
9

2

6
4

8� 5 � 2� 3 � 2� 6 + 2 � 4 4� 6 � 4� 4 � 4� 5 + � 3 0

4� 3 � 4� 5 � 4� 4 + � 6 8� 4 � 2� 6 � 2� 3 + 2 � 5 0

0 0 � 8

3

7
5

The parameter set, � i and m, is determined from optimization with non-
linear Newton-Raphson algorithm.
The �rst derivative of the yield function with respect to the stress tensor
in its general form is:

@�
@���

=
@� 0

@XXX 0 �
@XXX 0

@���
+

@� 00

@XXX 00�
@XXX 00

@���
=

@� 0

@XXX 0 � LLL 0+
@� 00

@XXX 00� LLL 00 (2.2)

As the formulation includes a multitude of partial derivatives, the details
can be found in the Appendix A.1, as published by Yoon et al. (2004)
[150].
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2.1 Investigated yield criteria

2.1.2 The Vegter yield criterion

The Vegter yield criterion follows a di�erent approach. Instead of trans-
forming the stress input to result in an anisotropic distortion of the yield
surface, a mathematical approach is chosen. In �rst approximation the
plane stress yield surface is considered a function of two variables, the
planar principle stresses, that should de�ne a potential of equal energy.
A convex surface is drawn by linking second order B�ezier curves. This
formulation is extended to planar anisotropy by introduction of the angle
to rolling direction (RD) as variable. Fourier interpolation is used be-
tween di�erent angles to RD. In consequence, the Vegter yield criterion
is de�ned as a function of principle stresses and angle to rolling direction
[� 1; � 2; � ]. A detailed description is given below, based on a short intro-
duction given in Hippke et al. (2020) [61], which was based on original
publication by Vegter and Van Den Boogaard (1995) [142] and imple-
mentation by Pijlman et al. (1998) [113]. The Vegter yield criterion in
dependency of B�ezier curves is de�ned in Equation (2.3) in dependency
of reference points~A and ~C and hinge points ~B .

~� = � eq � ~f = � eq � [ ~A + 2 t( ~B � ~A) + t2( ~A + ~C � 2~B )] (2.3)

This formulation is explained in detail in the following Sections.

B�ezier curves with Bernstein basis

Farin (2002) [42] presents a concise summary of curve de�nitions in com-
puter aided graphical design (CAGD), including the following de�nition
of B�ezier curves based on Bernstein polynomials. Bernstein polynomials
are de�ned by

B n
i (t) =

 
n

i

!

t i (1 � n)n � i (2.4)

with binomial coe�cients for 0 � i � n as
 

n

i

!

=
n!

i !(n � i )!
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2 Analytical investigation and numerical analysis of yielding behavior

For the case of the Vegter yield criterion, only Bernstein polynomials of
second order are of interest. This reduces Equation 2.4 to

B 2
0 (t) =

2!
0!(2 � 0)!

� t0 � (1 � t)2 = (1 � t)2

B 2
1 (t) =

2!
0!(2 � 1)!

� t1 � (1 � t)1 = 2 t(1 � t)

B 2
2 (t) =

2!
0!(2 � 2)!

� t2 � (1 � t)0 = t2,

(2.5)

which is illustrated in Figure 2.2 (a). This set is used to de�ne a B�ezier
function as de�ned in (2.6), already adjusted for second order terms.

b2
0(t) =

2X

i =0

bi � B 2
i

= b0 � B 2
0 (t) + b1 � B 2

1 (t) + b2 � B 2
2 (t)

= (1 � t)2b0 + 2 t(1 � t)b1 + t2b2

(2.6)

The corresponding derivatives are de�ned [42] in general form as

d
dt

bn
0 = n

n � 1X

i =0

(bi +1 � bi )B n � 1
i .

For the second order case,n = 2, the formulation is reduced signi�cantly:

1. First order derivative with respect to t is a line (order 1)

2. Second order derivative with respect tot is a point (order 0)

3. The �rst order derivatives may be de�ned to be C1-continuous.
Second order B�ezier functions do not allow for C2-continuity.

De�ning a yield surface with B�ezier elements

Equation (2.6) is restructured as suggested by Vegter and Boogaard (2006)
[145] using the identities b0 = ~A, b1 = ~B , b2 = ~C and b2

0(t) = ~f . The
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Figure 2.2: Second order Bernstein polynomials (a) and principle of con-
struction of second order B�ezier element (b).

B�ezier part of Vegter yield criterion results, in Equation (2.3). In the set
of curves ~f , every curve is evaluated from ~A (t = 0) to ~C (t = 1). These
points are referred to as reference points.~B is referred to as hinge point.
The process of drawing one second order B�ezier element is displayed in
Figure 2.2 (b). Transforming this formulation to a yield locus means that
points ~A and ~C are on the yield locus and need to be measured. Points
~B are calculated. This is achieved by taking the normal vectors in~A and
~C. ~B is the point of intersection between lines tangential to the B�ezier
element in ~A and ~C. In mathematical form, point ~B is calculated by
solving the set of Equations (2.7) for the missing components (B1; B2).
~n and ~m signify the normal, or R-values. A solution is quickly achieved
with the Gauss algorithm.

( ~B � ~A) � ~n = 0

( ~B � ~C) � ~m = 0
(2.7)
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2 Analytical investigation and numerical analysis of yielding behavior

In function of reference points and normals, the coordinates of~B result
as

B1 =
(A1n1 + A2n2)m2 � (C1m1 + C2m2)n2

n1m2 � n2m1

B2 =
(C1m1 + C2m2)n1 � (A1n1 + A2n2)m1

n1m2 � n2m1

The resulting coordinates are equivalent to the solution presented by Veg-
ter and Boogaard [145].
To construct a yield locus under assumption of tension-compression sym-
metry, three B�ezier elements are linked and numbered in clockwise manner
as

1. biaxial to plane strain,

2. plane strain to uniaxial,

3. uniaxial to shear.

This is illustrated in Figure 2.3. One consequence of piecewise de�ni-
tion is the need to select the correct element for any given stress state.
As suggested by Pijlman et al. [113], the selection criterion is the ratio
� = � 2=� 1. The concept is easily extended to asymmetric yielding, as
shown by Pijlman et al. (1998) [113].
To conclude with a valid yield locus de�nition, Equation (2.3) needs to be
solved for equivalent stres� eq. As ~A, ~B and ~C are known and the correct
B�ezier element is selected, the focus shifts to �nding the corresponding
point on that B�ezier element, tsol . As Equation (2.3) represents two equa-
tions that both need to result in � eq, the solution becomes a quadratic
formula as described in [113]. As 0� t � 1 holds, only one solution in the
given interval is feasible.

Introducing planar anisotropy with Fourier interpolation

Previous sections de�ned the yielding behavior in� 1 � � 2 plane, without
taking planar anisotropy into account. The approach of the Vegter model
is to add the angle to rolling direction 0 � � � 90 as a third variable
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Figure 2.3: Regions and corresponding B�ezier elements of a Vegter yield
locus (a) and visual representation of the interpolation method
of the Vegter model [61] (b).

of the model and to interpolate between measurements with a Fourier
series. Assuming orthotropy results in both RD (� = 0) and TD ( � = 90)
as symmetry planes. The conditions are:

~f (� ) = ~f (� � ),

~f (
1
2

� + � ) = ~f (
1
2

� � � ).

The �rst results in a reduction to an even series, excludingsin (� ) term,
and the second allows only forcos(2k� ) terms. Additionally it is assumed,
that the series needs to �t three evenly spaced measurements. The result-
ing Fourier series is of the type

f (� ) = � 0 + � 1cos(2� ) + � 2cos(4� ), (2.8)
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2 Analytical investigation and numerical analysis of yielding behavior

with coe�cients

� 0 =
f (� = 0) + 2 f (� = 45) + f (� = 90)

4
,

� 1 =
f (� = 0) � f (� = 90)

2
,

� 2 =
f (� = 0) � 2f (� = 45) + f (� = 90)

4
.

A special condition applies to the biaxial point, as detailed by Vegter et
al. [145], as the same value and derivative hold for all angles to rolling
direction.
As the yield locus is de�ned in function of principle stresses and an angle,
it is now possible to rotate the yield function to the more commonly used
form of � x ; � y ; � xy .

2.1.3 Stability of the Vegter yield criterion

The geometric freedom of the Vegter criterion adds the possibility of non-
physical behavior, if the underlying parameter set is poorly measured.
The consequence may be a non-convex yield locus, which would violate
work equivalence. Geometric evaluations present a solution by providing
boundary conditions for plane strain and shear loading. The constraints
are de�ned in function of stresses and R-values at the neighboring points.
The resulting boundary conditions are derived below. The underlying as-
sumptions for isotropic yielding, � P S = 0 :5 and � SH = � 1, are illustrated
by red lines in Figure 2.4. Naturally, complexity is reduced signi�cantly,
if isotropic yielding is assumed to some extend, as shown in Section 2.2.
If more precise measurements are unavailable, the isotropic assumption
provides reasonable guidance.

Geometrical stability conditions for plane strain

The geometrical minimum boundary condition of the plane strain point
is de�ned by connecting neighboring stress states, tension and biaxial
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Figure 2.4: Geometrical stability criteria for Vegter yield criterion for
plane strain (a) and shear (b). Stable area illustrated in grey.
If isotropy is assumed, solution must additionally lie on red
line.

loading. The maximum boundary is de�ned by the R-values, similar to the
calculation of point ~B , as given in Section 2.1.2. The boundary conditions
are shown in Figure 2.4 (a) as gray area and the corresponding equations
are given below, including isotropic assumption� P S = 0 :5:

f ps;i;min >
� � b� t;i

(� b � � t;i )� ps;i � � b
, f ps;i;max � min (x t;i ; xb)

with

x t;i =
(1 + Ri )� t ; i

(1 + Ri ) � Ri � P S
, xb =

(1 + Rb)� b

Rb� P S;i + 1

Geometrical stability conditions for shear

The boundary conditions for shear are de�ned similar to the conditions
for plane strain above. For the example of shear in RD, the two points are
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2 Analytical investigation and numerical analysis of yielding behavior

tension in RD and TD and the corresponding R-values. Additionally, the
shear stress ratio� SH is taken into account. For isotropic yielding, this
simpli�es to � P S = � 1 The equations are given below and an illustration
is found in Figure 2.4 (b).

f sh;i;min > 0:5, f sh;i;max � min (x t;i ; x t;i +90 )

with

x t;i =
(1 + Ri )� t ; i

(1 + Ri ) � Ri � SH
, x t;i +90 =

� � t;i +90

� SH � R i +90

1+ R i +90

2.2 Reduction of parameter set for with
assumptions of isotropic yielding as used in
Vegter lite criterion

A recent publication by Butcher and Abedini (2019) [20] discusses nec-
essary physical conditions for plastic 
ow based on basic continuum me-
chanics. While the authors state a general relevance, their underlying
assumption remains isotropic yielding. Nevertheless, the derivation may
be helpful as support in yielding de�nition, if precise measurements in
generalised plane strain are missing. This section will present the deriva-
tion for the case of plane stress. While Butcher and Abedini present the
derivation in dependency of strain and stress based Lode parameter,� L

and L respectively, we will �rst show that this set of parameters is eas-
ily transformed to our preferred set of strain and stress ratios� and �
in Section 2.2.1. The derivation for in-plane shear and plane strain are
further shown in Section 2.2.2 and Section 2.2.3. The underlying set of
assumptions for the material in question is as follows:

1. isotropic yielding

2. homogeneous without defects

3. incompressible and rigid-plastic

4. isotropic hardening
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2.2 Reduction of parameter set for with assumptions of isotropic yielding as used in Vegter lite criterion

5. no dependency on hydrostatic stress

6. orthotropic and symmetric for tension and compression

7. not an HCP material with multiple deformation mechanisms

In addition, associated 
ow is assumed. This set of constraints is com-
mon for ductile plastic deformation and especially prevalent in bulk metal
forming. The simpli�cation of rigid-plastic behavior under isotropic (von
Mises) yielding introduces following equation:

sij = 1=� � d� ij (2.9)

with sij as the deviatoric stress matrix, � as plastic multiplier and d� ij as
increments of plastic strain. The resulting relations are given in Section
2.2.2 and 2.2.3.
While the original publication [20] claims validity for anisotropic harden-
ing, they also display a large array of historic measured data. This historic
measured data is evaluated to �nd that most measurements occur at or
close by the expected stress ratios for isotropic yielding, which indicates a
relevance when no further measurement is available. The assumptions will
be used exclusively to de�ne missing inputs of original �tting of Vegter
yield criterion. The assumptions coincide with those made by the Vegter
lite criterion [144].

2.2.1 Transformation of stress and strain state

The suggested de�nition of strain based Lode parameter� L as de�ned in
Equation (2.10) is transformed to strain ratio � = d� 2=d�1 as shown in
Equation (2.11).

� L =
3 � d� 2

d� 1 � d� 3
(2.10)

� L =
3�

2 + �
(2.11)

� =
2� L

3 � � L
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2 Analytical investigation and numerical analysis of yielding behavior

T � L L � �

shear 0 � -3 � -1

tension 1/3 -1 -1 � R=(1 + R) 0

plane strain � 0 � 0 �

biaxial 2/3 3Rb=(2 + Rb) 1 Rb 1

Table 2.1: Stress state dependent values for parameter sets assuming or-
thotropic behavior and de�ning shear as equal stress with oppo-
site sign. � signify points that may only be de�ned for isotropic
hardening, as these are dependent on the yield locus formula-
tion.

The Lode parameterL is more commonly used in stress dependent form,
especially in the �eld of fracture modelling and is commonly presented in
combination with stress triaxiality T. T represents hydrostatic loading,
while L is an indicatior for deviatoric loading. In consequence,L is of
greater interest in the presented case. The de�nition and its transfor-
mation to the stress ratio � = � 2=� 1 is given in Equation (2.12), with
reduction to plane stress case of� 3 = 0.

L =
2� 2 � � 1 � � 3

� 1 � � 3
=

2� 2 � � 1

� 1
= 2 � � 1 (2.12)

T =

p
2

3
� 1 + � 2p

(� 1 � � 2)2 + � 2
2 + � 2

1

=
1
3

1 + �
p

� 2 � � + 1
(2.13)

The parameter set of stress ratio� and strain ratio � are considered a more
intuitive set and will be used for further investigation. Table 2.1 shows
the typical values of the parameters � L , L , � and � for the important
loading cases of shear, tension, plane strain and biaxial tension. The
values are displayed for orthotropic material, leaving an asterisk,� , where
the values are commonly either experimentally de�ned or result from the
chosen formulation of yield locus. These points will be questioned and
clari�ed in the following Section.
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2.3 Analysis of representation space

2.2.2 In-plane shear under plane stress

Under the assumptions of plane stress,� 33 = 0, with the addition of
isotropic yielding � 11 = � � 22 for in-plane shear. In consequence,

s33 = � 33 �
� 11 + � 22 + � 33

3
= �

� 11 + � 22

3
= 0

� =
� 22

� 11
= � 1

Assuming rigid plastic behavior and isotropy as in Equation 2.9 and taking
� = � 1 additionally results in

� =
d� 22

d� 11
=

�s 22

�s 11
=

2� 22 � � 11

2� 11 � � 22
= � 1 (2.14)

This result completes the �rst line of Table 2.1 for � and with Equation
2.10, the strain based Lode parameter becomes� L = � 3.

2.2.3 Plane strain under plane stress

Similarly to Section 2.2.2, plane stress applies in addition to general plane
stain constraint of d� 22 = 0, which results with Equation 2.9 in s22 = 0.
By de�nition, it then hold for plane stress and isotropic yielding that

s22 = � 22 �
� 11 + � 22

3
=

2� 22 � � 11

3
= 0 (2.15)

which directly results in
� =

� 22

� 11
= 0 :5. (2.16)

This result completes the third line of Table 2.1 for � and with Equation
2.12, the stress based Lode parameter becomesL = 0 and the triaxiality
becomesT = 1=

p
3.

2.3 Analysis of representation space

Part of a general analysis of models used in both forming and fracture led
to the question of di�erence in their representation. While the forming
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limit curve is displayed in major strain space (� 2 � � 1), yielding is mostly
described in general stress space (� x ; � y ; � x y). Special yield criteria have
selected principle stress space in combination with an angle to rolling di-
rection (� 1; � 2; � ). Fracture criteria usually depend on triaxiality or Lode
parameter and e�ective plastic strain. Bai and Wierzbicki [2] de�ne tri-
axiality T and Lode parameter L . Additionally, both R-value and � is
used to describe strain ratios and stresses may also be de�ned as ratios
using � . As examples, Zeng space [155] is de�ned as� eq � � and Yoshida
space [154] is de�ned as� eq � � . An extension of Zeng space is known as
polar FLC space by Stoughton and Yoon [130] as� eq � atan(� ) This Sec-
tion focuses on the transformation between the mentioned variables and
discusses their respective uses. It may be stated in advance, that under
a set of basic assumptions, all combinations are capable of displaying the
same data. What does change considerably is the point of view and the
sensitivity to speci�c changes. The largest di�erence is apparent for non
proportional loading. The underlying set of assumptions is:

1. associated 
ow rule

2. no hydrostatic pressure

3. yield locus is known

4. plane stress applies

2.3.1 Transformation of space variables

This section explains de�nitions of space variabels and gives details on
the transformation between them. Two helper functions are introduced
to simplify expressions. The �rst is a normalized measure of the yield
function, as suggested by Volk and Suh [147]. It is de�ned asf (� ) =
� 1=�( ��� ). The second is a measure of relative e�ective plastic strain
g(� ) = � � eq=� � 1 and is commonly expressed in dependency off (� ) as
g(� ) = f (� )(1 + �� ), as suggested by Hora et al. [69]. The assumption
of associated 
ow rule (AFR) allows us to de�ne � not only as strain
ratio, but also as a function of the yield locus derivatives. As the yield
locus is directly a function of stress ratio� , the two variables are directly
related by yield locus de�nition. This inter-dependency is expressed by
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2.4 Investigation of measurement errors on results for plane strain

de�ning yield locus dependent ratio of � and � as � � (� � ). The variables
in dependency of each other are de�ned as given in Equations (2.17), for
the case that major strains are measured. If the underlying experiment
allows for evaluation of major stresses and thus of� , more relations be-
come independent of yield locus. The transformations are illustrated in
Figure 2.5.

� =
� � 2

� � 1

� = arctan(� )

� = � � (� ) using AFR

T =
� H

� eq
= f (� ) �

1 + �
3

using f (� )

� L =
3�

2 + �
L = 2 � � 1

� � eq = g(� ) � � � 1 using f (� ) and g(� )

� eq =
X

� � eq

(2.17)

2.4 Investigation of measurement errors on
results for plane strain

In order to design yield surfaces more e�ciently, their interaction with
the incremental plastic strain and eventually the stress tensor is of central
importance. Equation (1.23) and (1.25) show the derived formulations
for the increment of plastic strain by two methods with minor variations.
Following the approach of Equation (1.23),

� =
@F

@�ij
Cijkl d� tot

kl

d� y

d� eq
+ @F

@�ij
Cijkl

@F
@�kl

,
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Figure 2.5: Transformations between strain and stress variables, if only
major strains are measured. Yield locus dependent variables
are marked in red. � can be calculated directly, if both in-
plane stresses are measured.

the dependency of� and F is governed by the derivative of the yield func-
tion, @F

@� , which directly corresponds to the normal direction on the yield
surface. Despite this apparent relation, the yield function is perceived as
a function in stress space only, neglecting the importance to incremental
strain calculation. Minor di�erences in stress space, speci�cally in mea-
surement of � b, may be visually insigni�cant to yield locus shape in stress
space, but considerably alter the derivative of the yield function in sen-
sitive areas such as plane strain or shear. To visualize such in
uences
and to increase general sensitivity for changes of yield locus, derivative
dependent representations are recommended. As visualization,� (� ) is
chosen to represent the derivative of the yield locus. The de�nition was
previously presented in Section 2.3.1.
To illustrate the mentioned e�ects, � b and � 0 will be varied for a YLD2000
yield locus within a range of 5%. The yield locus is shown in both stress
space and� (� ) space. Especially the plane strain point, which is de�ned
as � = 0 changes considerably. In addition, the in
uence of the exponent
of YLD2000 is illustrated in similar matter. While it is often suggested
to hold the exponent constant, it appears reasonable to include the expo-
nent as an additional �tting parameter. Figure 2.6 visualizes the changes
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exibility

in � 0, � b and exponent m. A focus on the plane strain point is given
in Figure 2.7 by displaying the stress ratio in plane strain � P S against
a change in input parameter. A strong in
uence of each parameter is
apparent. It should be noted, that the exponent m is changed with a
very high resolution at an interval of � m = 0 :1. Nevertheless, the e�ect
appears to be a step-wise function. It is apparent, that� P S is especially
sensitive to minor changes in measured stresses. In consequence, careful
selection of stress values is of central importance. One strategy is to eval-
uate stresses at su�ciently high plastic strain and to recalculate the initial
yield locus based on assumption of isotropic hardening. Most common is
an evaluation at a plastic strain of 4%, as boundary e�ects have receded.

2.5 An interpolation based formulation of
yielding for increased 
exibility

This section presents a novel approach to combine two outer boundaries
of yield loci into one single formulation. The formulation was shortly
presented in my Master thesis [59] and will be extended here to provide
further detail. Observations of material behavior of DC05 [59] have shown
that yielding between shear and tension is best represented by very large
exponents of the YLD2000 yield function, which corresponds to a Tresca
like behavior. Additionally it is investigated if the range between tension
and biaxial loading is better represented by lower exponents to be able to
describe behavior in plane strain correctly. This underlying observation
is translated to a model by de�ning one yield surface for loading between
shear and tension area and another yield locus between tension and biaxial
loading. This formulation allows for increased 
exibility and is de�ned in
dependency of stress ratio� . The following sections will illustrate the
underlying idea as well as the consequence for both yield function and
�rst derivative. Section 2.5.2 will outline the challenge of guaranteed
convexity for interpolation based yielding. The implementation of the
new yield locus is presented shortly in 2.5.3. The yield locus will be
applied within this work and compared to other presented approaches in
Chapter 5.
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Figure 2.6: Illustration of e�ect of changes in � 0 (a), (b) and � b (c), (d) on
resulting model for YLD2000 in both stress space and deriva-
tive based space in RD.
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Figure 2.7: E�ect of changes in exponentm between values of 4 and 8
in (a) and (b). In
uence of changes in input parameters � 0

and � b on stress ratio in plane strain � P S in (c). (d) shows
in
uence of m on � P S evaluated in steps of � m = 0 :1.
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2 Analytical investigation and numerical analysis of yielding behavior

2.5.1 De�nition of interpolation based yielding

The mathematical formulation is in its most simple form a linear interpo-
lation using the parameter � as given in Equation (2.18). � = � holds for
the range of 0� � � 1. For the range of � 1 � � < 0, � = 0. With the
underlying purpose in mind to have a tresca shape in shear and a round
in shape in plane strain, the model is designed for a larger exponentm1

for F1 and a lower exponentm2 for F2.

F = � � F1 + (1 � � ) � F2 (2.18)

This linear transition is the approach presented in [59] and is considered
necessary to allow for a smooth change of the derivative. Both yield
function and derivative are displayed in Figure 2.8. As the parameter� is
dependent on the stress ratio� in the original formulation, the derivative
in general form is presented below.

@F
@�

=
@�
@�

(F1 � F2) + �
@F1
@�

+ (1 � � )
@F2
@�

(2.19)

The derivatives of the respective yield functions are known, so is the
parameter � . The derivative @�=@� becomes equivalent to@�=@� for
0 � � � 1. As � is the ratio of principal stresses, the derivation with re-
gards to general stress tensor is de�ned in dependency of principal stresses
s1 and s2 as

s1 = � m + r

s2 = � m � r

with

� m = 0 :5 � (� x + � y ),

r =

r � � x + � y

2

� 2
+ � 2

xy .
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2.5 An interpolation based formulation of yielding for increased 
exibility

In consequence, the derivative becomes

@�
@�

=
@�
@�

@�
@s

�
@s
@�

(2.20)

=
@�
@�

@�
@s

 
@s

@�m

@�m
@�

+
@s
@r

@r
@�

!

As a simpli�cation, the model may also be de�ned di�erently. If both
stress and R-value are kept equivalent for both boundary yield surfaces,
a direct switch between the formulations becomes possible, changing to
� = 1 for 0 � � � 1. The formulation remains C1-continuous, which
is equivalent to the derivative of Vegter yield model. As the simpli�ed
case reduces the stress dependency of� , the complexity of the derivative
in Equation 2.19 is reduced consistently with@�=@�= 0. The resulting
formulation is illustrated in Figure 2.8.

2.5.2 Convexity in interpolation based yielding

The combination of yield loci proposed above in Section 2.5.1 present a
stable and convex formulation of a new yield locus. However, many other
combinations may appear tempting, two of which are discussed. The �rst
is a linear transition between plane strain and biaxial loading, the sec-
ond between tension and plane strain. The investigation shows, that a
di�erent range of linear interpolation poses a great challenge if required
convexity is to be guaranteed. This is not investigated by mathematical
proof, but by practical and simple display of di�erent yield locus combi-
nations. The alternative combinations are a linear transition in the range
of 0:5 < � < 1 or alternatively 0 < � < 0:5, as shown in Figure 2.9. As
is shown, a transition not starting at tension will result in a non convex
shape. A transition �nishing before biaxial loading remains stable. This
is of increased interest, as the yielding behavior in biaxial loading may
be adjusted independently of the remaining yield locus. In order to allow
for an adjustment of the transition, the yield locus combination is imple-
mented in Fortran for LS-Dyna including an upper limit of the transition
set additional parameter in the user de�ned material de�nition.

45



2 Analytical investigation and numerical analysis of yielding behavior
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Figure 2.8: Model response for interpolation based yield locus (a) and cor-
responding derivative in RD as � vs. � (b). The boundary
yield loci F 1 and F 2 have exponentsm1 = 4 :5 and m2 = 10.
The direct switch formulation is represented in red, the inter-
polated yield locus in green. The part of both yield formula-
tions that remains unused is given as grey dashed line.
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for arbitrary transitions. Only the transition in green is rea-
sonable, as the other becomes non-convex.

2.5.3 Implementation of interpolation based yielding

The material model is implemented in agreement with Equations (2.18)
and (2.19). Both boundary yield formulations are considered to be YLD2000.
The underlying implementation was done as part of previous work [59, 62,
61], a cutting-plane algorithm is used within an explicit material integra-
tion framework. Only the combination of the yield loci is outlined here:

c u t o f f = cm ( 3 4 )
! F1 , F2 , dF1/ d s i g , dF2/ d s i g
c a l l y i e l d l ocusYLD2000 ( param1 , m1 , e l s i g , F1 , s i g F 1 )
c a l l y i e l d l ocusYLD2000 ( param2 , m2 , e l s i g , F2 , s i g F 2 )
!
! T r a n s f o r m a t i o n to main s t r e s s s p a c e
sigm = 0 . 5 * ( e l s i g (1)+ e l s i g ( 2 ) )
R = s q r t ( 0 . 5 * ( e l s i g (1) � e l s i g ( 2 ) ) * * 2 . + e l s i g ( 3 ) * * 2 . )
s1=sigm + R
s2=sigm � R
! dR/ d s i g
R s i g (1)= 0 . 2 5 * ( e l s i g ( 1 ) � e l s i g ( 2 ) ) /R
R s i g (2)= � 0.25 * ( e l s i g ( 1 ) � e l s i g ( 2 ) ) /R
R s i g (3)= 0 . 5 0 * e l s i g ( 3 ) /R
! ds1 / d s i g
s 1 s i g (1)= 0 . 5 + R s i g ( 1 )
s 1 s i g (2)= 0 . 5 + R s i g ( 2 )
s 1 s i g (3)= 0 . 0 + R s i g ( 3 )
! ds2 / d s i g
s 2 s i g (1)= 0 . 5 � R s i g ( 1 )
s 2 s i g (2)= 0 . 5 � R s i g ( 2 )
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2 Analytical investigation and numerical analysis of yielding behavior

s 2 s i g (3)= 0 . 0 � R s i g ( 3 )
! d e t e r m i n a t i o n o f a l pha paramete r
i f ( s1 * s2 . l e . 0 . 0 ) then

! second o r t h i r d quadran t
kappa = 0 . 0
do i =1 ,3

s i g F ( i ) = s i g F 2 ( i )
enddo

e l s e i f ( s1 * s2 . g t . 0 . 0 ) then
! f i r s t quadran t

i f ( s1 . ge . 0 . 0 ) then
a lpha = s2 / s1
i f ( a l pha . l t . c u t o f f ) then

kappa = 1 . 0 / c u t o f f * a l pha
! dkappa / da lpha

d k a d a l = 1 . 0 / c u t o f f
e l s e i f ( a l pha . ge . c u t o f f ) then

kappa = 1 . 0
d k a d a l = 0 . 0

e n d i f
! da lpha / d s i g
do i =1 ,3
a l p h a s i g ( i ) = ( s 2 s i g ( i ) * s1 � s 1 s i g ( i ) * s2 ) / s1 ** 2
! dPhi / d s i g
s i g F ( i ) = d k a d a l * a l p h a s i g ( i ) * ( F1 � F2 )

+ kappa * ( s i g F 1 ( i ) � s i g F 2 ( i ) ) + s i g F 2 ( i )
enddo

e l s e i f ( s1 . l t . 0 . 0 ) then
! f o u r t h quadran t

a lpha = s1 / s2
! r e p e a t c a l c u l a t i o n o f f i r s t quadran t w i th i n v e r s e v a l u e s

e n d i f
! new y i e l d l o c u s
F = kappa * F1 + (1.0 � kappa ) * F2

2.6 Conclusion

This chapter introduced all yield models that are investigated within this
work. The focus lies on two industrial standards, YLD2000 and Vegter.
In order to ensure stable use of the Vegter model, necessary constraints
for both plane strain and shear condition have been discussed. Further-
more, a reasonable strategy to predict the second plane strain coordinate
has been presented using assumptions of isotropy. As yield formulations
will be shown in diagrams other than � x � � y , a number of additional
representation spaces and the corresponding transformations have been
introduced. To extend the set of available modelling strategies, a novel
approach for yield locus de�nition is presented. Using an interpolation
scheme, it becomes possible to de�ne independent yield formulations for
stress states in tension and biaxial loading. All of these models will be
investigated further in the following chapters.
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3 Experimental determination of
yielding

The focus of this work lies on the development of e�cient methods to pre-
dict plastic yielding. This prediction is highly dependent on the measured
data. Direct �tting, optimization and inverse determination all depend on
quality of experimental data. The digital image correlation (DIC) method
evaluates displacements over large areas and provides both global and lo-
cal information on the strain �eld. As DIC is used to evaluate a large
array of experiments, the method is introduced in Section 3.1. To provide
experimental points and to acknowledge existing standards, Section 3.2
gives details on common experiments for the determination of constitutive
models in sheet metal forming. This set of experiments includes tensile
test in Section 3.2.1, bulge test in Section 3.2.2 and Nakajima experiment
in Section 3.3, which have all been conducted for a 6014 aluminium alloy.
Two advanced experimental approaches for the de�nition of yielding are
evaluated to compare model performance. These two approaches were
published previously, in Hippke et al. [61]. The �rst approach, in Sec-
tion 3.4, is a yield locus based on DIC analysis of cruciform specimen. A
similar geometry to that proposed by Kuwabara et al. [91] was used and
experiments were conducted at PSI. The second approach, in section 3.5,
calculates the yielding behavior based on an EBSD (electron backscatter
di�raction) image of the micro structure by applying a crystal plasticity
algorithm. This approach was suggested by [118] and extensive research
on the methodology has been conducted within the dissertation of S. Hir-
siger (2020) [65].
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3 Experimental determination of yielding

Figure 3.1: Principle of strain evaluation with DIC on the example of a
randomized pixel map.

3.1 Strain measurement with DIC

The DIC method tracks the displacement and strain �eld on the surface
of components without any contact by correlating arrays of pixels from
image to image. DIC is relatively easy to use and less error prone than
manual measurement, which leads to a large area of application. Blocks
of pixels need to be random and unique, which is ensured by providing a
large range of contrast and intensity. A software then constructs full �eld
strain and displacement maps from the tracked pixel blocks. To illustrate
the underlying concept, see Figure 3.1. In the example, a cluster of 3� 3
pixels is selected (red) and will be referred to as a facet. When the spec-
imen is distorted, so is the facet. The DIC algorithm �nds the distorted
facet within the following image and calculates the resulting incremental
deformation and strain. This procedure is repeated for an array of over-
lapping facets and averaged over the area to return an accurate strain
�eld. The software of choice applied in this work is GOM ARAMIS Pro-
fessional. Many other softwares exist, both commercial and license free.
As DIC is pixel based, the local resolution depends on the image size,
while the time resolution depends on the frame rate. This combination
- a high resolution camera at high frame rate - introduces the technical
challenge and is the driving cost factor for high end DIC systems. At
least two cameras are needed to evaluate 3D parts with DIC. The camera
systems used vary depending on the experiment. The bulge and Nakajima
tests were performed with two 6 MP cameras to provide 3D evaluation of
the tested geometries. The cruciform tension experiments were observed
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3.1 Strain measurement with DIC

with a 3D system of two 4 MP cameras and the notched tensile and shear
testing were observed by a 16 MP macro lens for 2D evaluation.
In order to apply DIC to an experiment, a pattern is applied to the test
sample. Most common is the application of a speckle pattern of �nely
distributed white or black dots on a base coat of the opposite color. The
chosen spay paint needs to be chosen carefully, as it needs to stick per-
fectly to the specimen material and needs to be elastic enough to undergo
the deformation of the experiment without cracks within the paint. Ad-
ditionally, a vapor deposition technique was found to be best suited to
consistently produce extremely �ne patterns. After spaying the base coat,
the top layer of dots is added by spraying a cloud in the air above the
test sample and to let the vapor of paint particles deposit on the sam-
ple. An even �ner distribution is accomplished by use of a professional air
brush. Details on the respective experiment are given in the correspond-
ing section. As the DIC system will only be applied as an existing tool
in evaluation, please refer to Gonzalez and Woods [46] for a very detailed
description of the method.

3.1.1 Equivalent reduction of DIC data

When isotropic hardening is assumed, the shape of the yield locus does
not change with increasing plastic strain. Equivalently, the stress state
response to small strains is equivalent to the stress state response for
large strains at the same strain ratio. In order to apply this knowledge
to the large sets of DIC data, we are seeking the �rst point in time of
the experiment that equivalently represents the strain distribution of the
experiment as a whole. This reduction has a number of desirable e�ects:

ˆ accelerated extraction of results in preprocessing (GOM)

ˆ accelerated extraction of results in postprocessing (LS-OPT)

ˆ reduced simulation time

As this reduction requires knowledge of the speci�c experiments investi-
gated, further details are given in Section 3.3.2.
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3 Experimental determination of yielding

3.2 Basic experiments in sheet metal forming

As basis of constitutive modelling for plastic behaviour, two experiments
are considered absolute standard. Both tensile test and bulge test have
been evaluated according to their corresponding ISO norms [79]. The
data provided by the experiments is a reference for modelling and a well
de�ned standard to rely on. In consequence, this data is widely used for a
large number of engineering applications. The tensile experiment provides
trusted data for uniaxial tensile condition with a de�ned homogeneous
behavior for loading conditions prior to di�use necking. The tensile test
has been performed for rolling direction (RD), transverse direction (TD)
and diagonal direction (DD). All details are given in Section 3.2.1. The
bulge experiment was designed to ful�ll two purposes. The �rst purpose
is to provide a hinge point for the de�nition of a yield locus for biaxial
loading as outlined in Section 3.2.2. The second purpose is to provide
a possibility to extrapolate uniaxial yield curve to approximately twice
the plastic strain reached in uniaxial testing. This extrapolation is based
on plastic work equivalence and outlined in Section 3.2.3. NTR5 and SH
experiments are part of a larger set used in description of failure surfaces,
as detailed by Wierzbicki [2] or Roth and Mohr [120]. A quick overview
of the test geometries are given in Section 3.2.4 for NTR5 and in Section
3.2.5 for SH.

3.2.1 Tensile stress and R-values from tensile experiment

The uniaxial tensile test has been developed to acquire basic parame-
ters of metals. The determined parameter set includes Young's modulus
E , yield strength Rp and poisson ratio � as well as the ultimate tensile
strength Rm . If extended with a measurement of the specimen width, the
Lankford coe�cient, or R-value, is determined. As the tensile test is well
described in ISO 6892:2019 [81], only a quick overview of the procedure is
given here. Additionally, the experimental results for the tested material
are presented. While an evaluation with DIC is possible for the tensile
test, the experiments are evaluated with mechanical extensometers for
this case. As the focus lies on uniform elongation and the tensile tests are
conducted to de�ne support points of the yield surface, a local resolution
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3.2 Basic experiments in sheet metal forming

of the strain �eld is not necessary.
Both E and � are parameters describing the elastic behaviour of a mate-
rial. E refers to the inclination of the yield curve in the elastic range and
� describes the ratio of transverse to axial strain. Rp signi�es the onset
of plastic yielding and is de�ned as the yield strength at a plastic strain
of 0.2%. Rm is the maximum technical stress a material can bear under
tensile condition prior to the onset of di�use necking. Both values are il-
lustrated in Figure 1.4. The Lankford coe�cient is the counterpart of the
poisson ratio for plastic deformation. It describes the plastic anisotropy
of any sheet material and is de�ned as the ratio of transverse strain to
thickness strain, R = � 2=�3.
In Equation (3.1), the technical yield stress and technical strain are given,
with F representing the measured force andA0 and L 0 representing the
initial cross sectional area of the specimen and its initial length respec-
tively. � L represents the change in specimen length. Further, the true
stress and true strain are calculated according to Equation (3.2).

� tech =
F
A0

� tech =
� L
L 0

(3.1)

� =
F
A

=
F
A0

� e�
1 � = ln (

� L + L 0

L 0
) (3.2)

Figure 3.2 shows the measured force-displacement curves,F � u, as well
as the resulting true stress - true strain curves� � � and the development
of the R-values over true strain R � � for both tested materials.
The mechanical parameters are provided in Table 3.1.

material RpRD RpDD RpT D AgRD

RmRD RmDD RmT D A80RD

AA6014-T4 134.39 135.01 134.71 19.86 %

252.35 243.22 243.53 23.03 %

Table 3.1: Mechanical parameters determined from tensile test. Stresses
in MPa.
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Figure 3.2: Measured data from uniaxial tensile test for AA6014, showing
the correspondingF � u curve in (a), the true yield curves in
(b) and the R-value over plastic strain in (c).
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3.2 Basic experiments in sheet metal forming

3.2.2 Biaxial yield stress from hydraulic bulge experiment

The bulge experiment is described in detail in DIN EN ISO 16808:2014
[79]. During a bulge experiment, a piece of sheet metal is clamped by a
circular die and blank holder and formed by hydraulic oil until rupture.
The setup is illustrated in Figure 3.3 The pressurep is measured by the
machine setup up to a precision of 1%. The plastic strain� 3, thickness t
and the radius of curvature � are measured continuously with a support-
ing DIC system at the dome of the specimen. Using oil as forming media
adds additional complexity, as the camera system needs to be protected.
This is done via glass panels in front of the cameras and light source. Due
to hydraulic forming, a concentration of strains at biaxial loading is ex-
pected. A further detailed discussion of the bulge experiment is provided
by Mutrux et al. [104]. The setup of a bulge experiment is shown in
Figure 3.3. Using Barlow's formula, and assuming perfect biaxial stress
state, the actual biaxial stress is calculated as given in Equation (3.3).

� B =
� � p
2 � t

(3.3)

The radius of curvature is evaluated based on the assumption of a spherical
geometry of the bulge dome. The position on the dome that exhibits
maximum strain prior to fracture is the position where true stress and
thickness strain are evaluated. A spherical set of reference points is de�ned
with radius r 1 and the same set is evaluated for all stages except the early
stages, where no bulging is obvious. To be able to obtain more stable
results, an average is taken with regards to a second set of reference points
with radius r 2. According to DIN EN ISO 16808 [79], stable values and a
good approximation result when r 1 and r 2 are de�ned as follows:

r 1 = (0 :125� 0:025) � ddie

r 2 = (0 :050� 0:010) � ddie

The resulting measured biaxial yield curves for both materials are shown
in Figure 3.4, including the uniaxial yield curves in rolling direction as
comparison. Due to imperfect strain distribution at the beginning of
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3 Experimental determination of yielding

(a) (b)

Figure 3.3: (a) Principle setup of a hydraulic bulge experiment and (b)
illustration of the evaluation of the radius of curvature � as
described in [79]

forming, the biaxial stress, or stress ratio, is generally determined at su�-
ciently large plastic strain of � eq > = 0 :1. Section 3.2.3 goes into additional
detail by evaluating the ratio of biaxial stress to uniaxial stress continu-
ously and Section 3.1 presents details on the optical measurement setup
and evaluation technique.
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Figure 3.4: Biaxial yield curves as determined in hydraulic bulge experi-
ment and uniaxial yield curves in rolling direction for AA6014.
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3.2 Basic experiments in sheet metal forming

3.2.3 Extrapolation of the uniaxial yield curve from bulge
experiment

In order to extract the equivalent uniaxial yield curve from the measured
biaxial yield curve, the principle of equivalent plastic work is applied, see
Equation (3.4). With � f as plastic yield stress,� eq as equivalent plastic
strain and � i and � i as principle stresses and principle plastic strains.

� f � @�eq = � 1 � @�1 + � 2 � @�2 + � 3 � @�3 (3.4)

As for the case of biaxial loading, it holds that � 1 = � 2 and � 3 = 0.
Additionally, volume consistency holds as given in Equation (3.5). In
consequence, Equation (3.4) is reduced to Equation (3.6)

@�1 + @�2 + @�3 = 0 (3.5)

� f � @�eq = � � B � @�3 (3.6)

If isotropic hardening is assumed, it is now possible to calculate the equiv-
alent plastic strain of the bulge experiment by integrating the equation
and solving for equivalent plastic strain. This approach is identical to a
search for an equivalent area below the respective yield curves, as illus-
trated in Figure 3.5 (a). Figure 3.5 (b) shows the uniaxial yield curve
and the equivalent biaxial yield curve as well as the corresponding �tted
hardening model. The corresponding material parameters and formula
for the extrapolation model are given in Table 3.2.

material hardening model formula

AA6014-T4 Hockett-Sherby � = A � (A � B ) � e� m �� n
eq

A[MPa] B [MPa] m n

357.53 134.39 6.0 0.8338

Table 3.2: Formulation and �tted parameters of hardening model used for
extrapolation of the yield curve.
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Figure 3.5: Principle of plastic work equivalence in (a). Transformed bi-
axial yield curve as well as the �tted hardening model for
AA6014 in (b).

Investigation of anisotropic hardening based on bulge experiment

In Section 3.2.3 it was mentioned, that isotropic hardening is assumed.
Using the biaxial and uniaxial yield curve, it can also be determined,
if that assumption is justi�ed. Additionally, if the assumption is not
justi�ed, the ratio of biaxial stress to uniaxial stress in rolling direction
� b=� 0 in dependency of plastic strain is calculated as a parameter to �t
an anisotropic yield locus. For the aluminium alloy discussed, ratio and
linear �t for 0 :05 � � eq � 0:15 are shown in Figure 3.6. A minor deviation
from the ideal case is visible, with 0:96 � � b=� 0 � 1:01. This indicates
that the material undergoes anisotropic hardening to a small extent. As
�rst approximation, the isotropic hardening assumption will be pursued.
An anisotropic hardening model will be �tted in Section 3.6.2.

Estimation of biaxial R-value Rb based on bulge experiment

In order to estimate the biaxial R-value, the �rst and second principle
strain at the pole of the bulge dome are extracted. While it is commonly
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Figure 3.6: Ratio of biaxial stress to uniaxial stress over plastic strain.

assumed that perfect equibiaxial loading is applied in a bulge experiment,
the assumption is only true with regard to the ratio of stresses. A constant
equibiaxial stress ratio is given due to the pressure controlled nature of
the experiment. Only for perfectly isotropic yielding does this imply equal
strains for both directions. For any sheet material with pronounced rolling
texture, the strain ratio under equibiaxial stress is likely to be di�erent
from unity. To emphasize this e�ect, the ratio of the principle strains is
given in Figure 3.7. By de�nition, the ratio is equivalent to the biaxial
R-value, as given in Equation (3.7). For AA6014-T4, the biaxial R-value
is determined to be linear and the resulting R-value is averaged in the
area of �rst principle strain 0 :05 < � 1 < 0:15.

Rb =
� T D

� RD
(3.7)
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3.2.4 Notched tensile plane strain experiment

This section has been published in part in Hippke et al. (2020) [60]. The
geometry of Notched Tensile with Radius 5 mm (NTR5) was selected as
its central gauge area undergoes a loading state extremely close to perfect
plane strain. Being a tensile experiment ensures behaviour independent
of friction and 3D-e�ects. The geometry is given in Figure 3.8 (a) and the
force-displacement curve is given in Figure 3.8 (b). 2D-DIC measurement
is used to evaluate the strain evolution in the gauge area. Due to the size of
the specimen, a macro lens is used for the camera and the speckle pattern
is applied with an airbrush. The measured strain distribution in major
strain space is given in Figure 3.8 (c). The stress is measured in the �rst
principle direction, but the specimen undergoes multi axial loading. In
consequence, the acting stress may only be computed by either assuming
a stress ratio � = 0 :5 or by iterating the yield locus parameters until
perfect agreement of the measured and simulated strain �elds is reached.
The �rst approach is applied to �t the initial Vegter yield criterion, the
second approach is described in detail in Chapter 4. The experiment is
performed in RD, DD and TD to obtain measurement results for di�erent
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3.2 Basic experiments in sheet metal forming

angles to rolling direction. The acting stress is calculated by measuring
both surface strains and the acting force. The stress in �rst principle
direction then becomes� = F=A using true area calculated with strain
measurement as given in Equation (3.8). The third principle strain is
calculated based on volume consistency, as given previously in Equation
(3.5).

A1 = A0 � e�
1 (3.8)

To extract measures for yield locus description, the equivalent to initial
yielding is sought. Work equivalence principle is used to determine the
�rst principle stress under the assumption that � 2 = 0 :5 � � 1. The pro-
cedure is described in Section 3.4.4. The evaluation is shown in Figure
3.8 (d). The stress is taken at a plastic strain of 1% and the stress at
0% plastic strain is calculated under the assumption of isotropic yielding
from tensile data.

3.2.5 Shear experiment

The geometry used for shear testing was optimized by Roth and Mohr
[120] to provide linear shear testing paths for the use with 6000 class alu-
minium alloys. The exact geometry was kindly provided by the inventors
and is shown in Figure 3.9 (a). The corresponding force-displacement
curve in RD is given in Figure 3.9 (b). The equivalent setup from the
NTR5 specimen is used. The measured strain distribution in major strain
space is given in Figure 3.9 (c). The shear stress is de�ned similarly to
the normal stress as� = F=A. The di�erence is, that the force F is act-
ing parallel to the plane of deformation. The rotation of the specimen
is taken into account by measuring the angle between the axis of major
deformation and the loading axis. To be able to compare equivalent stress
in shear experiment with the tensile result in Figure 3.9 (d), a von Mises
approach is chosen as a �rst approximation with� v =

p
3� . The di�erence

in equivalent stress is due to the di�erence in yield locus shape between
von Mises and the real yield locus shape, which will be de�ned based on
the actual shear stress� .
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Figure 3.8: Geometry of plane strain tensile test (NTR5) in (a) and force-
displacement curves in (b) and the resulting major strain �eld
of the gauge area for RD in (c). (d) shows the evaluation
method for �rst principle stress under plane strain based on
work equivalence for testing in RD.
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Figure 3.9: Geometry of shear test (SH) in (a) and force-displacement
curves in (b) and resulting strain distribution in (c). (d) shows
the evaluation result for shear stress.
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3 Experimental determination of yielding

3.3 The Nakajima experiment

The Nakajima experiment is designed to measure linear strain paths for
di�erent loading ratios in order to determine the onset of localization in
dependency of strain state. The experiment is designed to de�ne the
forming limit curve (FLC) following DIN EN ISO 12004 [78]. The FLC is
a diagram of major strain in function of minor strain, as was previously
introduced in Section 2.3.1. While the investigation of failure is not part
of this work, the output of the DIC measurement of Nakajima testing
is a perfect source of data for use in optimization in Chapter 4. The
mechanical details of the experiment and the DIC evaluation are described
in Section 3.3.1. Section 3.3.3 evaluates true displacement as opposed to
de�ned settings for the given setup. Finally, Section 3.3.4 introduces
major strains along section planes of all Nakajima samples, which will be
used as part of a validation strategy in Chapter 5.

3.3.1 Experimental setup and DIC evaluation

The setup of Nakajima test is a deep drawing experiment, with punch,
die and blank holder. The geometry is a spherical punch of diameter
D = 100 mm. The blank holder and die are designed to allow no material

ow between them. This is achieved either by a draw bead or very high
blank holder forces. In the case of aluminium, a draw bead is likely to
shear the material and a high blank holder force ofFB = 200 kN is used.
The process is strongly friction dependent and the test is only valid if
fracture occurs in the central region. To minimize friction, two layers
of PTFE foil with grease between sheet, foils and punch was used. To
conduct the test at a constant strain rate, the speed of the punch is set
at 1 mm s� 1.

Figure 3.10 (a) shows the general setup of the Nakajima experiment and
Figure 3.10 (b) shows a drawing of the visible part of the blank geometry.
The name of the specimen indicates the width of the central area, e.g.
specimenB100 has a width of w = 100 mm. Two approaches exist for the
evaluation of Nakajima experiments for the determination of experimen-
tal FLCs, commonly known as cross-section method and time-dependent
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3.3 The Nakajima experiment

(a) (b)

Figure 3.10: Principle of the Nakajima experiment in (a) [78], a parame-
terized example of the blank geometry in (b), with 1: length
of testing section, 2: width of testing section and 3: transition
radius. The placement of sections for validation is indicated
with a red line.

method. Within the scope of this publication, however, the FLC is not of
central importance as the focus lies on yielding behavior instead of failure
prediction. An alternative set of tool and blank geometry that has been
shown to perform very similarly is known as the Marciniak test [78]. Un-
derlying concepts of both tests are very similar.
An alternative to the experimental determination of the FLC testing is
the Modi�ed Maximum Force Criterion (MMFC) presented by Hora et al.
[68, 69, 99]. The model presents a convenient alternative, as it requires
no additional testing and relies entirely on uniaxial tensile test.
One current topic in research is the investigation of localization and failure
under non-linear loading [154, 147, 99]. An investigation of the assumed
linearity of strain paths in Nakajima experiments has been presented by
Hippke et al. (2018) [62]. The publication discusses a number of common
models for failure prediction for non-linear loading, including the GFLC
model by Volk et al. (2013) [147] and the eMMFC model by Hora et al.
(2013) [69], and suggests an additional, optimization based approach.
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3 Experimental determination of yielding

3.3.2 DIC evaluation and reduction of dataset

In order to identify the onset of necking, the Nakajima test is captured
with a 3D DIC sytem at a frame rate of 60 Hz. To remain consistent, the
DIC settings are selected equal to the setting of the bulge experiment. As
the Nakajima geometry exhibits two symmetry planes, these are exploited
to reduce the data set considerably. Additionally, any localized strain
e�ects may be neglected if yielding is investigated. In consequence, the
facet size of the DIC measurement is increased, further reducing the data
set. Finally, the time resolution is reduced from the initial 60 Hz to 1 frame
per 2:5 mm of displacement of the pole of the geometry. This correlates
exactly with simulation frames and prepares the data for later comparison
and optimization in Chapter 4.

3.3.3 Evaluation of punch displacement

It is necessary to question and check the de�ned parameters of the con-
ducted experiment in order to obtain the highest possible agreement within
a simulation. With this in mind, the prede�ned displacement of the punch
of 1 mm s� 1 was compared with the DIC result of the displacement at the
pole of Nakajima sample. The results deviate slightly, indicating a power
loss of 2% as a machine characteristic. The resulting actual machine speed
that will be used for virtual reproduction of the experiment is 0:98 mm s� 1,
as illustrated in Figure 3.11.

3.3.4 Nakajima strain distribution for validation

The strain distribution of the Nakajima samples is evaluated with DIC
for the entire 3D geometry. While the entire strain distribution may be
of interest, the distribution is quarterly symmetric and the most relevant
strains are measured at the central pole. To be able to compare simulation
result and experiment, the measured 3D strain distribution is reduced to
a lengthwise section through the pole. This allows for a more e�cient
evaluation without loss of information. To illustrate the development
over time, the sections are de�ned for a number of drawing heights for
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Figure 3.11: Displacement set by setup of Nakajima experiment and ac-
tual displacement measured with DIC.

each geometry. The measurement result is displayed in Figures 3.12 and
3.13 for the specimens B50, B80, B100, B120 and B200. Both minor and
major strain is used in validation in Chapter 5.

67



3 Experimental determination of yielding

0 20 40 60 80 100
section length [mm]

0

0.05

0.1

0.15

m
aj

 [-
]

(a)

0 20 40 60 80 100
section length [mm]

-0.05

-0.025

0

0.025

0.05

m
in

 [-
]

(b)

0 20 40 60 80 100
section length [mm]

0

0.05

0.1

0.15

m
aj

 [-
]

(c)

0 20 40 60 80 100
section length [mm]

-0.05

-0.025

0.0

0.025

0.05

m
in

 [-
]

(d)

Figure 3.12: Strain distributions of sections through Nakajima specimen.
(a) B50 � maj , (b) B50 � min , (c) B80 � maj , (d) B80 � min
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Figure 3.13: Strain distributions of sections through Nakajima specimen.
(a) B100 � maj , (b) B100 � min , (c) B120 � maj , (d) B120 � min ,
(e) B200 � maj , (f) B200 � min
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3 Experimental determination of yielding

3.4 Initial yield locus with cruciform testing

This section was published in part in Hippke et al. [61] and will be ex-
panded here to provide further detail.
This �rst set of reference data is acquired from cruciform experiments,
as proposed by Kuwabara et al. [90] and as described in details in the
corresponding ISO norm [80]. The specimen design was altered to be able
to use the available clamping system at Paul-Scherrer-Institute (PSI). By
measuring the forces along two directions and the strain distribution via
DIC, stress-strain relations are derived for multi axial loading states. This
provides an opportunity to de�ne yield loci with a higher precision due
to the greater number of support points. Firstly, the displacement ratios
of 10:-1, 20:-1, 1:0, 20:1, 10:1, 2:1 and 1:1 are tested. All ratios except
for 10:-1 are used for modelling of the yield locus. The ratio of 10:-1 is
excluded due to buckling e�ects within the specimen.
The experimental setup is explained in Section 3.4.1, the updated spec-
imen design is elaborated in Section 3.4.2. Section 3.4.3 discusses the
speckle pattern for DIC. Section 3.4.4 illustrates the resulting strain dis-
tributions and explains the averaging of strain values over time and space.

3.4.1 Experimental setup

All information regarding the biaxial machine are provided online by PSI
[110]. The biaxial load frame provides an opportunity to conduct test-
ing with up to 100 kN in vertical direction and up to 50 kN in horizontal
direction. Additionally, the vertical axis may be used for torsion experi-
ments up to 200 N m, which will not be used in this work. The machine
is displayed in Figure 3.14 (a). The holder geometry used is shown in
Figure 3.14 (b). The holders available are designed for thick specimen
of a thickness t = 10 mm. Due to this restriction, a special design was
developed to be able to use the holders with specimens of approximately
t = 1 mm of thickness as described in Section 3.4.2. A low displacement
speed of 0:03 mm s� 1 is chosen to enable a high time resolution with DIC.
The specimens are cut by water jet.
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3.4 Initial yield locus with cruciform testing

(a) (b)

Figure 3.14: Biaxial load frame used (a) and holders for biaxial specimen
(b) at Paul-Scherrer-Institute [110].

3.4.2 Specimen design with spacers

To �t the biaxial load frame at PSI, a special setup is developed for sheet
material of thickness t = 1 mm. As the available clamping system only
holds the specimen through the de�ned geometry, rupture in the arms
of the specimen needs to be prevented. This is achieved by combining
the aluminium sheet with two steel spacers of thicknessts = 4 :5 mm on
each end of the arms. This results in a total thickness of the setup of
10 mm. The spacers are �xed to the specimen with fourM 4 � 8 counter-
sunk screws each. The INOX A2 screws are tightened with the maximum
allowed torque of 2:7 N m. The clamping of the specimen is designed to
induce a more even stress distribution in the arms in order to prevent an
early rupture at a hole.
In order to predict specimen performance, the design change was accom-
panied by simulation of the process. Initially, the changed setup and en-
forced shape constraints of the arms introduced non-homogeneous strain
distributions and very small plastic strain results in simulation of 0.5 % in
the central area prior to rupture at the holes. In consequence, the design
criteria of the specimen were:
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3 Experimental determination of yielding

ˆ homogeneous strain distribution in central area

ˆ maximize possible e�ective plastic strain in central area

ˆ prevent rupture at loading holes

After a number of iterations, the performance of the specimen increased
and a homogeneous plastic strain of 1.5% was reached for the biaxial load
case, as shown in Figure 3.16 (a). In addition, the maximum strain has
been redirected to occur in the arms. This is the desired con�guration.
The concentration of strains in the arms instead of the central region is
expected, as the arms undergo tension. A concentration of strain until
rupture in the central area of the specimen is only possible through a
change in specimen thickness, as has been presented with di�erent ap-
proaches by Uphadyay et al. [141] and Jocham et al. [82]. This option is
not investigated further due to the preexisting small thickness. The �rst
approach would require to machine the sheet material of 1 mm down to
lower thickness evenly from both sides. The second approach suggests to
weld additional layers of sheet material onto the specimen, which poses
a large challenge for aluminium alloy and would inevitably in
uence the
micro structure of the material due to induced heat.

3.4.3 DIC setup and e�ects of speckle pattern

As the GOM ARAMIS DIC system at PSI resolves the central square of
the specimen of 40 mm� 40 mm with two times 4MP (megapixel), the
spacial resolution is very high at 2500 pixels per 1 mm2 per camera. For
strain correlation, the GOM ARAMIS software (V2016.3) is used, with
square facets of edge size 19 pixels and an overlap of 4 pixels. A linear
total strain measure is used to calculate the total strain within a �eld of
3 � 3 points to guarantee a local resolution of the resulting strain.
To be able to correlate the actual strain distribution to the images taken,
an especially �ne speckle pattern needs to be sprayed on the specimen.
This is performed in a separate chamber by producing a vapor cloud of
color spray above the specimen and leaving the vapor to dispose slowly
onto the specimen. The resulting pattern provides the needed resolu-
tion. For completion, it is stated, that a white speckle pattern on black
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3.4 Initial yield locus with cruciform testing

(a) (b)

Figure 3.15: Geometry (a) and design with spacers (b) of cruciform spec-
imen adjusted to �t the available biaxial tension machine.
Previously published in [61].

(a) (b)

Figure 3.16: (a) Simulation result of major strain distribution for biaxial
loading during development of specimen. (b) Major strain
DIC measurement and distribution on the example of a sam-
ple under equibiaxial loading.
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ground performed considerably better than the usual black-on-white pat-
tern. This e�ect depends both on the settings within the DIC evaluation
software and on the speci�c spray paint used.

3.4.4 Strain distribution of cruciform samples

The measured strain distribution is evaluated using the DIC settings given
in Section 3.4.3. The measured major and minor strain distributions for
AA6014-T4 are given in Figure 3.17 and Figure 3.18 respectively.
The experiments show the plastic strain reached a maximum of 2.5 % for a
tensile loading state and at least 1.5 % for any of the other tested loading
paths, which correlates with simulation result. The small strains measured
are su�cient for the investigated purpose, as only the yielding behavior is
of interest. Additionally, the bulge experiment has given some indication
that isotropic hardening may be assumed, as described in Section 3.2.3. In
consequence, even small plastic strains are su�cient for the applicability
of the experimental data.
The experimental data is averaged in both space and time dimension as
described below.

Space and time average of strain values

The distributions of both strains along the axis directions are extracted
for each time step of each experiment. The strain distribution is then
homogenized by utilizing only the mean over the measured area of the
specimen. The corresponding formula is given in Equation (3.9), with
the strain of each measured point indicated by the index i and the total
number of points per time step indicated by the index n.

� avg 1 =
P n

i =1 � i

n
(3.9)

In addition, the resulting strain path is smoothed with respect to time
using simple moving averages overm = 5 time steps at a frame rate of 1
picture per second. This corresponds to an averaging over a displacement
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(a) (b) (c)

(d) (e) (f)

Figure 3.17: Measurement result of� xx in cruciform specimen for the dis-
placement ratios (a) 20:-1, (b) 1:0, (c) 20:1, (d) 10:1, (e) 2:1,
(f) 1:1 for AA6014-T4.
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(a) (b) (c)

(d) (e) (f)

Figure 3.18: Measurement result of� yy in cruciform specimen for the dis-
placement ratios (a) 20:-1, (b) 1:0, (c) 20:1, (d) 10:1, (e) 2:1,
(f) 1:1 for AA6014-T4.
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3.4 Initial yield locus with cruciform testing

span of 0:15 mm, as given in Equation (3.10).

� avg 2 =
� m + � m � 1 + � � � + � m � 4

m
(3.10)

The resulting strain paths are displayed in FLD form in Figure 3.19.
Additionally, the �gure contains linear �ts for calculation of strain ratio
� , as described in detail in Section 3.4.5.

(a) (b)

Figure 3.19: Resulting full paths and linear �t for calculation of � in (a)
and experimental and �tted values of � in (b). The given
ratios are the experimental displacement ratios. The results
are shown for rolling direction. Figure previously published
in [61]

Calculation of plastic strain

Using both the extracted strain values from DIC and force measurement,
the equivalent plastic work principle is applied to calculate equivalent
plastic strain. As the principle is described on the example of the bulge
test in Section 3.2.2, it is only shortly outlined below. The true stress in
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each direction and the corresponding true plastic strain is calculated as
follows: "

� 1

� 2

#

=

"
F1=A0 � e� 1

F2=A0 � e� 2

#

(3.11)

"
� p

1

� p
2

#

=

"
� 1 � � 1=C1

� 2 � � 2=C2

#

(3.12)

The sum of plastic work in the two directions is then set equal to the
plastic work in tensile test to be able to calculate equivalent plastic strain
through integration.

W0 = W1 + W2 =
Z � p

0
� 1d� 1 +

Z � p

0
� 2d� 2 (3.13)

3.4.5 Evaluation of strain ratio � from cruciform data

The strain ratio beta is de�ned as the ratio of the strain derivatives in
�rst and second major strain direction. This formulation is numerically
often reduced to the ratio of strain increments, see Equation (3.14).

� =
@�2
@�1

=
� � 2

� � 1
(3.14)

While the expected value of� for any linear path is constant, the numeric
derivative results in strong deviations of that constant value due to the
incremental nature of the de�nition of � . In order to reduce the numeric
e�ects for the determination of � , a linear �t was proposed in Hippke et
al. (2020) [61].
For the cruciform experiments, the displacement ratios are strictly linear.
In consequence, the strain paths are expected to be linear as well, which
in turn results in constant values of � . A linear regression is calculated
in major strain space, where � is directly equal to the inverse of the
inclination. To prove this concept, the strain paths are shown in Figure
3.19 (a). Additionally, the �gures show a linear �t of each strain path to
emphasise the behavior. The discussed e�ect becomes apparent in Figure
3.19 (b), which displays both the numerically calculated strain ratio � and
the linear �t values in function of �rst principle strain � maj . To provide
an overview, the �gures only show the results for rolling direction.
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3.4 Initial yield locus with cruciform testing

3.4.6 Resulting stress paths of cruciform specimen

The resulting true stresses are calculated as given in Equation (3.11) based
on force measurement and strains. The resulting stress paths are given in
� x � � y space in Figure 3.20 (a). The �gure shows the result in rolling di-
rection and transverse direction. Since cruciform testing is tension based,
most experiments take place in the �rst quadrant. As one force value is
measured per loading direction, no smoothing is performed. The stress
path is divided into elastic (dotted) and plastic range. The onset of plastic
yielding is de�ned by work equivalence between the cross-tension speci-
men and the total elastic work de�ned as Wel = R2

p=(2E). Values for
yield locus determination are taken at 1% of e�ective plastic strain. This
small o�set was chosen to reduce measurement uncertainty with respect
to the exact point of initial yielding.

(a) (b)

Figure 3.20: (a): Normalized full stress paths of cruciform experiment in
� x � � y space including yield locus points at 1% plastic strain.
(b): Stress ratio � for all experiments in rolling direction and
indicated value at 1% plastic strain.
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3.4.7 Evaluation of stress ratio � from cruciform data

The stress ratio � is de�ned as the ratio of second principle stress to �rst
principle stress � 2=� 1. This returns less measurement noise than the de-
termination of beta, as no derivatives are involved. The resulting stress
ratios are shown in Figure 3.20 (b) for the entire plastic range of all exper-
iments in rolling direction. The stress ratio exhibits constant development
for tensile and biaxial regime. For the plane strain range, the stress paths
only become linear after equivalent plastic strain of approximately 1%. In
consequence, the alpha value is determined at a plastic strain� eq = 0 :01.
This choice was made to ensure a more accurate �t for large strain defor-
mation.

3.4.8 Investigation of biaxial loading state

The biaxial loading state is often referred to as both a state of equal strain
and equal stress. However, this only holds for isotropic material. To illus-
trate the in
uence of material anisotropy on the biaxial state, a measure-
ment with equal forces has been conducted in addition to that of equal
displacements. While, naturally, forces and displacements remain equal in
relation to each other, they may not be held equal simultaneously. Figure
3.21 shows both force and displacement over time for both con�gurations.
Figure 3.20 illustrates the measured stress paths. The path following per-
fectly equal stresses is that of equal force boundary condition (BC). The
two adjacent paths show stress response for equal displacement BC for
rolling direction and transverse direction. While measurement with equal
loading or force would indicate a strong di�erence in biaxial point, this is
not believed to be the reason for the measured di�erence.The di�erence
in forces correlates perfectly with the di�erence in uniaxial testing for RD
and TD, as both have a di�erence of 7%. In consequence, the di�erence
in forces may be due to tensile state in cruciform arms rather than biaxial
state in specimen center.
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3.5 Initial yield locus based on crystal plasticity calculation

(a) (b)

Figure 3.21: Two types of biaxial loading: Force (a), when displacements
are equivalent and displacements (b) when forces are equal.
This results in two di�erent points in stress space.

3.5 Initial yield locus based on crystal plasticity
calculation

This section was published in part in Hippke et al. [61]. The method-
ology provides an additional set of data points in stress space based on
texture measurement with EBSD. This is included mostly for compar-
ison, as the method provides an interesting addition to the other ap-
proaches presented. These crystal plasticity calculations were conducted
for AA6014-T4 alloy as part of the dissertation of S. Hirsiger [65], where
the computational details can be found. Hence, only the necessary infor-
mation of the crystal plasticity predicted yield locus are given here.
After EBSD measurements of the texture of an AA6014-T4 sample, crys-
tal plasticity (CP) calculations with 5456 representative orientations have
been performed in the CP-FFT environment of DAMASK [118] to eval-
uate the yield points and 
ow directions. The representative volume ele-
ment (RVE) has been derived with the software Neper [115] into a RVE of
the size 643, as shown in Figure 3.22. Simulations are performed in steps

81



3 Experimental determination of yielding

Figure 3.22: Generation of RVE with 643 elements from EBSD texture
measurement for CP calculation. [65]

of � � = 5 � covering the �rst quadrant of the yield space while enforcing
the relative stress value ofP11=P22. Properties are evaluated at a strain
energy density of 3 MPa, the equivalent of� pl = 0 :02 for uniaxial tension
in RD. All calculation have been additionally performed on a RVE with
rotated texture by 45 � . Equation (3.15) shows the de�nition of matrices
for the boundary conditions.

_F =

0

B
@

� � �

0 � �

0 0 �

1

C
A P =

0

B
@

cos� 0 0

� sin � 0

� � 0

1

C
A � P (3.15)

A comparison of the computed plastic 
ow direction based on YLD2000
and CP simulations for AA6016-T4 has been presented in Berisha et al.
[13]. It was shown that the yield locus exponent for AA6016-T4 strongly
di�ers from the suggested literature value of m = 8. The in
uence of
discretization of the RVE on the prediction accuracy of the yield loci is
discussed both by Hirsiger et al. [64] and Berisha et al. [13].

82



3.6 Experimentally based de�nition of yielding

3.6 Experimentally based de�nition of yielding

Yield formulations YLD2000 and Vegter are �tted on the basis of de-
scribed experiments. To compare with the common state of the art, the
industrial standard procedure is applied in Section 3.6.1. Section 3.6.2 ex-
pands the basic concept to include anisotropic hardening with YLD2000.
Section 3.6.3 introduces the �tting strategies based on cruciform tension
(CT) measurement and crystal plasticity (CP) calculation.

3.6.1 Yielding based on original experiments for
comparison

The industrial standard is to �t yield loci based on a minimal set of stresses
and R-values. In the case of the YLD2000 model, as outlined in Section
2.1.1, the parameter set is composed of stresses and R-values in rolling
direction (RD), diagonal direction (DD) and transverse direction (TD)
as well as in biaxial direction. The input parameters are summarized in
Table 3.3. Additionally, the resulting parameters � i are provided in Table
3.4. With the original �tting strategy of the YLD2000 reference model
with a �xed exponent m, a direct correlation between the eight inputs
and outputs is generated.

m � 0=� 0 � 45=� 0 � 90=� 0 � b=� 0

R0 R45 R90 Rb

AA6014-T4 8 1.0 0.9408 0.9350 0.9900

0.83 0.44 0.76 0.986

Table 3.3: Input parameters for original YLD2000 for AA6014-T4 based
on tension and biaxial experiments.

For the Vegter model, as outlined in Section 2.1.2, the minimal set are
stresses and R-values for shear, tension, plane strain and biaxial condition
for RD, DD and TD. The parameter sets are determined based on exper-
iments described. NTR5 and SH geometries are used to determine the
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3 Experimental determination of yielding

�t m � 1 � 2 � 3 � 4

� 5 � 6 � 7 � 8

original 8 0.9218 1.1005 0.9024 1.0457

1.0189 1.0261 0.9635 1.2346

CT-based 6.0512 0.8673 1.1329 1.1820 1.0292

1.0143 0.8831 0.9523 1.0963

CP-based 5.7566 0.9366 1.0726 1.1285 1.0873

1.0136 1.0108 0.9250 1.1283

Table 3.4: Parameters for YLD2000 yield locus �t of AA6014-T4 based
on original experiments, CT and CP.

plane strain and shear stresses. To represent the industrial standard, one
assumption is taken from the Vegter-light model. The second stress un-
der plane strain state is determined by assuming a stress ratio of� = 0 :5,
as derived in Section 2.2. Equivalently, a stress ratio of� = � 1:0 is as-
sumed for shear loading. Table 3.5 provides the input data for the Vegter
yield locus. For completion, Figure 3.24 (a) shows the �tted yield loci for
YLD2000 in stress space and Figure 3.24 (b-d) illustrates the response of
the derivatives in form of � (� ) in RD, DD and TD. Figure 3.25 shows the
equivalent results for Vegter yield loci.

3.6.2 Anisotropic hardening �t based using an extended
YLD2000 formulation

The underlying data used in the �t of YLD2000 in Section 3.6.1 is de�ned
as the respective value at the onset of yielding and isotropic hardening is
assumed. This section is extending the description by �tting a YLD2000
yield locus for every increment of plastic strain. As the parameters� i

become dependent on plastic strain, an extension to the numerical for-
mulation by Barlat [6] becomes necessary and is provided by Peters et al.
[112], who validated the strategy on DC05 deep drawing steel.
The plastic strain dependent data of the tensile test is shown in Figure 3.2
(b) and (c) and the biaxial stress ratio and biaxial R-value are displayed
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f un; 0 R0 f ps1;0 f ps2;0 f sh; 0 f bi

f un; 45 R45 f ps1;45 f ps2;45 f sh; 45 Rb

f un; 90 R90 f ps1;90 f ps2;90 f sh; 90

original 1.0 0.83 1.0703 0.5352 0.5620 0.9900

0.9408 0.44 1.0152 0.5076 0.5549 0.9860

0.9350 0.76 1.0310 0.5155 0.5514

CT-based 0.9979 0.9248 1.1071 0.5535 0.6247 0.9671

0.9914 0.3292 1.0719 0.5360 0.5720 1.100

0.9696 0.7733 1.0688 0.5344 0.5000

CP-based 0.9929 0.8875 1.0899 0.5450 0.6097 0.9330

0.9703 0.3995 1.0264 0.5130 0.5956 0.900

0.9597 0.6688 1.0653 0.5326 0.5094

Table 3.5: Parameters for Vegter yield locus �t of AA6014-T4 based on
original experiments, CT and CP experiments.

in Figures 3.6 and 3.7. In order to neglect initial measurement instabil-
ity, the evaluation starts at a plastic strain of 1%. Figure 3.23 (a) shows
the resulting yield locus for a select number of plastic strain values. The
resulting set of � i (� eq) is determined using polynomial �tting of order 5
for to even out the raw data. The result is shown in Figure 3.23 (b). The
model will be referred to as YLD2000 var.
It is apparent, that no strong anisotropic yielding occurs for AA6014-T4.

3.6.3 Advanced experimental �tting strategies - CP and
CT

The content of this section was in part published in Hippke et al. [61].
CT results from Section 3.4 and CP results from Section 3.5 are used to
�t both YLD2000 and Vegter yield loci under assumption of AFR. A least
square algorithm determines the optimal parameter set for each model,
including the yield exponent of the YLD2000 model. The �tting error
is chosen to be a combination of relative yield stress and strain ratio� ,
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3 Experimental determination of yielding

(a) (b)

Figure 3.23: (a) YLD2000 var yield locus for di�erent increments of plastic
strain � eq and (b) plastic strain dependent parameters � i ,
approximated with polynomials of order 5.

as given in Equation (3.16). � i represent the solution of the yield locus
function at the corresponding stress,Fi are the �tting errors of the yield
locus. Gi are the error of the derivative of the yield locus. � mi represent
the measured strain ratios. Depending on the yield locus implementation,
the derivatives may need to be rotated to major strain directions. The
index i refers to each respective experiment. BothF and G are vectors
over all �tting points, with a weighted error calculation. � 0 represents
the yield stress in tensile condition for rolling direction. The weights for
all �ts are given in Table 3.6. The resulting yield loci are displayed in
Figure 3.24 (a) for YLD2000 and Figure 3.25 (a) for Vegter. Figures (c)-
(e) display the response of the derivative for RD, DD and TD respectively
in form of � (� ). The parameter sets for both CP and CT based YLD2000
are given in Table 3.4 and for the Vegter criterion in Table 3.5.
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3.6 Experimentally based de�nition of yielding

err i = [ w1 � Fi ; w2 � Gi ]2 (3.16)

with Fi = � i � � 0 (3.17)

and Gi =
@� i =@�2
@� i =@�1

� � mi (3.18)

Model w1 w2

YLD2000 CT 1 1

YLD2000 CP 2 1

Vegter CT 1 1

Vegter CP 2 1

Table 3.6: Overview of weights for the �tting of CT and CP based yield
loci.
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(a) (b)

(c) (d)

Figure 3.24: YLD2000-2D yield locus �tted based on original experiments,
CP and CT. (a) shows the result in stress space and (b-d)
display the result for the derivative in RD, DD and TD as
� (� ).
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(a) (b)

(c) (d)

Figure 3.25: Vegter yield locus �tted based on original experiments, CP
and CT. (a) shows the result in stress space and (b-d) display
the result for the derivative in RD, DD and TD as � (� ).
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3.7 Conclusion of experimental determination

Both typical and advanced experiments have been conducted to be able to
present large variation of options to de�ne yielding based on experimental
data. Advanced experiments are cruciform tension (CT) and crystal plas-
ticity (CP). These present an addition to original experiments, namely
tensile tests, bulge experiment, notched tensile (NTR5) and shear (SH)
experiments.
Two yield loci have been �tted based on experiments in di�erent con�gu-
rations. The yield loci are YLD2000 and Vegter. Con�gurations of yield
loci are based on CP, CT and the standard experiments. Additionally, an
anisotropic hardening �t was made for YLD2000. The original �ts are to-
day's industrial standard and represent the reference con�guration. The
advanced models will be analyzed as experimentally based alternatives to
the industrial standard in Chapters 5 and 6.
It is apparent, when considering Figures 3.24 and 3.25, that all measure-
ment results occur in a relatively narrow band for the small strains de-
termined, with CT and CP measurements providing addional data points
between the original experiments. Only limited di�erences are visible in
stress space, see Figures 3.24 and 3.25 (a). Nevertheless, the derivatives
describing the normal orientations vary considerably between original �ts
and advanced stategies for both YLD2000 and Vegter. The result em-
phasizes the need to ensure high �tting quality of derivatives in addition
to stress values. Figure 3.25 (c) is a great example that the Vegter yield
criterion is only �rst order continuous, which is apparent as the derivative
shows piece wise behaviour. If this introduces practical di�culties will be
discussed in Chapter 6.
The result of Nakajima testing, which was introduced in Section 3.3.1,
will be used in Chapter 5 for validation and comparison of models.
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4 Inverse full �eld strain based design
of yield surface

The previous Chapter focused on determination of yielding based on mea-
surement of prede�ned experimental points. By design, each experiment
returned exactly one corresponding point in stress space. Established yield
models are then used to interpolate between measured points. This chap-
ter investigates the possibilities of using optimization strategies to de�ne
yielding by an iterative procedure. Any geometry, from simple geometries
to complex industrial parts, exhibits a large variety of di�erent loading
states over time and space. By measuring entire geometries with DIC, see
Section 3.1, immense databases of strain increments become accessible,
unfortunately without knowledge of the corresponding stress values. As
plastic strain increments are correlated to the normal of yield locus under
associated 
ow rule, an iterative approach can be pursued. By adapting
the yield locus parameters, a perfect �t between measured strain incre-
ments and yielding prediction is sought. Full �eld optimization with entire
geometries as input provides an advanced, data based strategy for yielding
de�nition.
The underlying concept was pursued previously on simple geometries.
G•uner et al. (2011) [50] pursued an iterative approach but was limited by
computational power reducing model complexity for e�ciency, Ilg et al.
(2018, 2019) [75, 76] focused purely on tensile geometries and Coppieters
et al. (2018) [27] applied the strategy to planar cruciform tension speci-
men.
This chapter describes the development of full �eld optimization applied

to the present challenge, gradually increasing complexity. To give a short
introduction, the underlying principle of optimization will be explained in
Section 4.1, followed by a general description of the application to 2D and
3D geometries in Section 4.2. Further general information on optimiza-
tion history and evolution of algorithms is provided by Forsberg (2002)
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4 Inverse full �eld strain based design of yield surface

Figure 4.1: Schematic of full �eld based iterative parameter determina-
tion including pre- and post-processing with prior sensitivity
analysis.

[43] and Luenberger (1989) [98]. The �rst application in Section 4.3 is
to de�ne the plane strain point by exploiting measurement of the NTR5
samples and to extract a more suitable design of yieldlocus. The exponent
m was optimized for YLD2000 and the plane strain coordinates for Veg-
ter. The result is very reasonable for both cases. Nevertheless, research
by Manopulo et al. (2015) [99] was taken as inspiration to question the
approach. The publication concludes, that no single exponentm is ca-
pable to reproduce strain distributions of all Nakajima examples, which
is illustrated in Figure 4.2. In consequence, the optimization strategy
will be extended to 3D evaluation of Nakajima samples. As the exponent
m appears not to be su�cient, Section 4.4 investigates the sensitivity of
the selected samples to all yield inputs using Sobol indices. In order to
increase e�ciency, Section 4.5 analyzes measured strain distributions in
Nakajima samples to select a representative subset. The result presents
insight into the interdependency of model parameters. Finally, the param-
eter set is reduced back to the exponentm, which is proven to be the most
sensitive parameter for all tested cases, especially in plane strain loading.
This is proven during validation in Chapter 5, as it is in fact possible to
reproduce all Nakajima geometries with the same exponent. Section 4.3
determines optimal parameter sets for YLD2000 and Vegter for prediction
of the NTR5 plane strain geometry. The entire set of Nakajima samples
is used in Section 4.6 to determine the exponentm of YLD2000. Two
parameters for plane strain with the Vegter yield criterion are optimized

92
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based on Nakajima samples in Section 4.7. The resulting yield de�nitions
for both 2D and 3D strategy are discussed in Section 4.8. The presented
results for optimization based on NTR5 geometry have been published
previously in Hippke et al. (2020) [60].

Figure 4.2: Challenge to predict di�erent loading cases simultaneously on
the example of strain distribution in Nakajima testing using
the YLD2000 yield criterion [99].

4.1 Principle of optimization for full-�eld
application

The type of optimization considered is constrained, continuous, static,
deterministic and non-linear. The optimization is set up as single objec-
tive function, by combining di�erent variables in one error calculation.
Classi�cation as static is due to the assumption of isotropic hardening.
Otherwise a change over time, or more precisely over� eq, would need to
be considered. Additionally, while stochastic e�ects form an intrinsic part
of any numeric calculation, the correlation of strains and stresses is con-
sidered deterministic. This means, that the yield locus de�nes a unique
stress tensor for each measured strain tensor.
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4 Inverse full �eld strain based design of yield surface

The mathematical formulation of an optimization problem is given in
general form in Equation 4.1. Most commonly, an objective functionf (x)
is formulated and then minimized, subject to additional inequality con-
straints gi (x) and equality constraints hj (x).

min (f (x)) (4.1)

s:t:

gi (x) � 0; i = 1 ; 2; :::; m

hj (x) = 0; j = 1 ; 2; :::; l

The Karush-Kuhn-Tucker [87, 85] equations are a set of necessary opti-
mality conditions for a solution. While these conditions provide a perfect
framework for the design of optimization algorithms, they are only rarely
checked explicitly due to the demand for computationally expensive sec-
ond derivatives.

4.2 Setup of full �eld optimization

The procedure of iterative full �eld parameter determination is schemati-
cally given in Figure 4.1. The methodology evolved after many iterations
from a simpli�ed direct approach. The initial design did not contain de-
sign space exploration and evaluation of sensitivities. The basic approach
is used for NTR5 samples, as only the behavior in plane strain is investi-
gated. An investigation of sensitivities based on Sobol indices [124] is used
to reduce the parameter set prior to optimization. This methodology is
used in optimization of Nakajima samples, as these present more complex
correlations between strain distribution and parameters.
All full-�eld optimizations start with a DIC measurement, which will be
transformed to a suitable database for interpretation and comparison with
simulation results. An iterative optimization scheme is then used to deter-
mine the optimal set of yield parameters. Post-processing of the iterations
allows for an analysis of the result as well as of the optimizer.
According to Bui [19], the following set of common challenges in the de�ni-
tion of suitable full �eld data is known to produce an ill-posed optimization
problem:
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4.2 Setup of full �eld optimization

ˆ noise in experimental data,

ˆ false experimental data,

ˆ incompatible data, i.e. the model is by design not able to reproduce the
measured data,

ˆ modeling errors in constitutive model.

These challenges focus on the necessity for suitable information within the
data. Noise will remain within any measurement and it is only reasonable
to aim to reduce noise as far as possible, while observing and controlling
the e�ect. False data and modeling errors can be avoided by careful
execution of each step. Incompatible data may pose a challenge and will
be checked regularly. The following Sections give further detail on each
step of the procedure.

4.2.1 DIC analysis and pre-processing for full �eld
evaluation

The software ARAMIS by GOM is used to extract strain �elds and cor-
responding coordinates of each facet. Additionally, the measured global
forces are exported. In order to allow for perfect alignment of specimen,
the coordinates of alignment points need to be extracted as well. The
alignment points are highlighted in Figure 4.3, with additional geometries
shown in Appendix A.6. The procedure works equivalently for all geome-
tries and requires at least three points for a least square correlation of
the coordinates. All reasonable symmetries should be taken into account
to allow for e�cient calculation. A quarter of the specimen is used for
Nakajima samples. NTR5 samples are used entirely, as calculation times
are already in the range of seconds.
The data may either be exported as a special xml-database or as one csv
table per stage. The xml-database may be imported directly as multi-
point history database in LS-OPT. After alignment, LS-Opt maps mea-
sured quantities by spacial average to the FE-mesh in use, reducing the
amount of data points to the number of elements. Alternatively, the
coordinates and strain values for each facet may be extracted from csv
tables. While this format is more cumbersome, it allows for access with
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(a) (b)

Figure 4.3: Alignment of FE mesh and measurement data. (a) shows
NTR5 in RD, (b) shows Nakajima B50. The Nakajima sam-
ples use a reduced spacial resolution, to increase e�ciency.
Similar procedures are used for all samples in optimization.
The points used for alignment are highlighted as red triangles.

MATLAB, enabling full potential of data management and interpreta-
tion. Both strategies were used e�ectively, with increased e�ciency and
decreased 
exibility when using the xml database.

4.2.2 Objective function for full �eld evaluation

When the input data set is properly de�ned as in Section 4.2.1, the opti-
mization software LS-OPT is capable of correlating each position and time
increment of the measured data to the simulation result using a dynamic
time warping (DTW) algorithm. The details of the DTW algorithm are
given in Section 4.2.3. The resulting objective function is to minimize the
error between measured strains �� i and simulated major and minor strains
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4.2 Setup of full �eld optimization

� i . A similar comparison of global forces in simulation Fj and experi-
ment �Fj is added in addition. As the error values may change order of
magnitude due to their respective physical de�nition, weighing factors wi

are introduced in the objective function, as given in Equation (4.2). The
index j represents time progression and the indexi represents element
position. The error values are normalized with the maximum number of
measured stages or timesn and the number of spacial evaluation points
m. To simplify interpretation, both minor and major strains are indicated
by � i .

f (x i ) =
w1

n � m

nX

j =1

mX

i =1

jj � i (x) � �� i jj2 +
w2

n

nX

j =1

jjFj (x) � �Fj jj2 (4.2)

4.2.3 Dynamic time warping - multi dimensional curve
�tting

The DTW-algorithm originates in the music industry, and is described
in details by M•uller (2007) [105]. The general concept is outlined here
for reference. The distance between two data sets is calculated using the
corresponding warping path. The warping path is the minimum distance
needed to pass all points on a given curve and is calculated using the rela-
tive distances along the considered directions. For the case of optimization
in strain space, the algorithm is used in a 2D formulation with � x repre-
senting � � min and � y representing � � maj . DTW presents a very stable
algorithm usable for one-to-one as well as one-to-many mappings, which
is of importance as many experimental points are mapped to one �nite
element. The concept is illustrated in Figure 4.4 and additional details
are provided in A.5.
Great care needs to be taken with respect to the total length of the com-
pared curves, as DTW maps the entire curves on each other. In the
speci�c case of strain mapping, this refers to the time range of simulation
and experiment necessarily being the same. For the NTR5 samples, the
time of maximum load was used as �nal time for all con�gurations, as
it represents the onset of necking for tension experiments. In addition
the global displacements have to be set precisely as in experiment, as the
strain distributions are by de�nition most sensitive to displacements. For
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Figure 4.4: Principle of dynamic time warping (DTW) algorithm illus-
trating calculated di�erences between curves as illustrated in
LS-Opt manual [127]. More details are given in A.5.

the Nakajima samples, time correlation was achieved by correlating until
an experimental time of 27:5 sec, which corresponds to a drawing depth
of 25 mm.

4.3 Application to plane strain with 2D
geometry

This section was published to a considerable extent in Hippke et al. (2020)
[60]. The section gives details on the full �eld optimization method using
a 2D NTR5 tensile geometry. The geometry is chosen due to predominant
loading close to perfect plane strain condition, as is visible in Figure 3.8.
The extraction of DIC data is described in Section 4.2.1. The simplicity
in optimization with a tension based specimen lies in the reduced amount
of process parameters, as only tensile forces are present. In consequence,
the strain response is attributed directly to material speci�c properties.
This geometry is used as a reference of the methodology and optimization
settings, before more complex parts and processes are investigated. Sec-
tion 4.3.1 describes the optimization setup and Sections 4.3.2 and 4.3.3
elaborate the results.
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4.3.1 De�nition of optimization problem

The general optimization problem given in Equation (4.1) is adjusted
to �t the presented problem for YLD2000 as equivalent to the objective
function given in Equation (4.2) with a constraint only for the lower and
upper boundary of the exponent. The boundaries are chosen to represent
a relatively large range of 4 � m � 10, under the assumption that an
optimum may be found within these boundaries. If the result is found on
a boundary, it is strongly suggested to repeat optimization with changed
parameters. The selected starting value ism0 = 6. In �rst approxima-
tion, the forces are excluded by selectingw1 = 1 and w2 = 0. The force
response will be checked for the optimal result in post processing.
For the Vegter yield criterion, the variable parameters change to the plane
strain stresses in the respective direction. For the example of rolling di-
rection, these aref ps1;0 and f ps2;0. Additional inequality constraints are
de�ned. This set of constraints is necessary to guarantee stable de�ni-
tion of B�ezier elements. For comparison, the constraints correspond to
the grey area in Figure 2.4 (a). Constraints are given in Equation 4.3.
i 2 [0; 45; 90] indicates the angle to rolling direction, � i is the transformed
R-value in the respective tensile direction. The constraints are de�ned in
LS-Opt as part of the sampling strategy and are illustrated in Figure 4.5.

f ps2;i

f ps1;i � � i
�

� b

j� b � � i j
f ps2;i

� i � f ps1;i
�

1
� i

(4.3)

f ps2;i

(Rb + 1) � b � f ps1;i
�

1
Rb

An additional constraint applies in order to ensure convexity of the B�ezier
function in logical consequence to the second component of the derivative
in plane strain being de�ned as zero:

f ps1;i � � b.

A sequential response surface method (SRSM) is chosen with a quadratic
polynomial metamodel and D-optimal sampling for optimization of YLD2000
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Figure 4.5: De�nition of constraints for optimization of Vegter yield cri-
terion on the example of rolling direction.

m-value. For Vegter, the Kriging metamodel with space �lling point se-
lection performed more consistently, mostly due to the strong nonlinear
interdependency of design variables and response. Adaptive simulated an-
nealing (ASA) is used as optimization algorithm, which is a generalized
Monte Carlo algorithm [100, 77]. Major and minor strain responses are
compared simultaneously in agreement with Equation (4.2). The setup is
shown in Figure 4.6 as illustrated in LS-OPT.

4.3.2 Resulting yield descriptions for YLD2000

The optimization strategy based on NTR5 specimen with the objective
to minimize strain error by changing the exponent m resulted in a value
of m = 5 :89. The resulting yield locus is illustrated in Figure 4.17. The
result is reasonable for an optimization in plane strain and illustrates that
the methodology is successful. The optimization took 17 iterations to con-
verge, successfully minimizing the resulting strain error. The evolution of
the optimization is shown in Figure 4.7. As an additional control mecha-
nism, the measured and simulated forces are compared for both YLD2000
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Figure 4.6: Setup of full �eld optimization in LS-OPT for plane strain
geometry NTR5. Strategy is similar for YLD2000 and Vegter.
Only di�erence are additional constraints for optimization of
Vegter yield criterion.
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(a) (b)

Figure 4.7: Convergence of full �eld optimization based on NTR5 sam-
ple for the error value (a) and the m-value (b). Both �gures
published in [60]

and Vegter in Figure 4.9. The di�erence between optimum and measured
strain distributions is shown in Figure 4.8, illustrating a near perfect �t
for major strain and only small deviations for minor strain.

4.3.3 Resulting yield descriptions for Vegter yield locus

It is necessary to evaluate the plane strain points of the Vegter yield crite-
rion independently for each relevant angle to rolling direction. This is due
to the piecewise de�nition of the Vegter yield criterion with independent
reference points for the B�ezier elements in RD, DD and TD. In conse-
quence, the optimization procedure outlined above is repeated for every
direction. The optimization problem remains equivalent, with the objec-
tive function given in Equation (4.2) and constraints given in Equation
(4.3). The resulting parameters are given in Table 4.5 and an illustration
of the resulting yield locus and derivative is shown in Figure 4.17. To
illustrate the optimization procedure, the constraints and error distribu-
tion are illustrated in Figure 4.10 (a), (b) and (c) for RD, DD and TD
respectively. The �gures simultaneously display the calculated optimum
for each sample. The constraints are taken into account during sampling,
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(a) (b)

Figure 4.8: Resulting error distances � � maj (a) and � � min (b) for
YLD2000 optimization using NTR5 at the stage of maximum
load [60].

Figure 4.9: Resulting force against displacement for optimization result of
YLD2000 and Vegter [60]. Force is not part of the optimiza-
tion and checked afterwards for �rst validation. Accuracy is
su�cient for both optimization results.
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successfully avoiding calculation of unreasonable combinations.

4.4 Sensitivity analysis of YLD2000 parameters
using Nakajima samples

In order to identify the sensitivities of the YLD2000 formulation to all
inputs, a large sensitivity analysis is conducted. While both the ten-
sile and biaxial measurements are considered trustworthy, this study is
designed to provide information on the importance of measurement pre-
cision for this set of experiments. The entire design space is investigated
and all nine input parameters are considered. The corresponding ranges
are given in Table 4.1. Sobol indices are calculated from a metamodel as
a representation of sensitivity for non-linear optimization problems. The
mathematical formulation of Sobol indices is outlined in Appendix A.4.
The sampling of the sensitivity study was chosen as space �lling, with an
RBF-Network (radial basis function) as metamodel. The strategy is not it-
erative, meaning that one iteration is used to calculate metamodel surface
and global sensitivities. A total of 83 simulations are run per Nakajima
geometry. Resulting sensitivities are displayed as bar diagram in Figure
4.11 (a). In order to guarantee comparability, the Sobol sensitivities are
presented as percentage of total sensitivity per geometry. To give an even
more unambiguous representation, the sensitivities are further displayed
as sum over all geometries per parameter in Figure 4.11 (b). This repre-
sentation gives a clear indication, that only the variablesm, � b, R45 and
� 0 are su�ciently sensitive for further investigation. While the parameter
� 0 shows relatively high sensitivity in total, this is only due to the impor-
tance in close-to-tension B50 specimen. Additionally, the measurement
in tensile test of the parameters� 0 and R45 are considered trustworthy.
The evaluation of � b is described in detail in Section 3.2.2, however, the
sensitivity result indicates that great care needs to be taken when evalu-
ating � b. In summary, the sensitivity study reduces the parameter set to
the initially investigated exponent m, proving its importance. Additional
sensitive parameters are identi�ed and great care should be taken during
evaluation.
An additional sensitivity analysis for the Vegter yield criterion was omit-
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4.4 Sensitivity analysis of YLD2000 parameters using Nakajima samples

(a) (b)

(c)

Figure 4.10: Optimization of plane strain point with Vegter. Illustration
of optimization constraints and accumulated error as well as
resulting optimum. (a) shows result in RD, (b) in DD and (c)
in TD. A cubic polynomial interpolation is used to calculate
the accumulated error distribution.
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4 Inverse full �eld strain based design of yield surface

parameter min start max

� 0 130 MPa 134.39 MPa 140 MPa

� 45 120 MPa 126.43 MPa 130 MPa

� 90 120 MPa 125.66 MPa 130 MPa

� b 130 MPa 133.05 MPa 140 MPa

R0 0.5 0.83 1.0

R45 0.3 0.44 1.0

R90 0.5 0.76 1.0

Rb 0.8 0.986 1.2

m 4 6 10

Table 4.1: Parameter ranges for sensitivity analysis of input parameters
for YLD2000 in Nakajima testing.

ted, as Section 4.3.3 already presents an optimization of a total of six
Vegter parameters. Focus of this work lies on investigation of methodolo-
gies and detailed illustration of procedures.

4.5 Sensitivity of yield derivative to changes in
exponent m for YLD2000

In order to increase understanding of the in
uence of a potential change in
exponent on the resulting derivative, the exponent is changed within the
range of 4 � m � 8 and the corresponding derivatives are calculated as
� � � diagram. Figure 4.12 illustrates the in
uence. Of importance to our
investigation are especially the points of no change, as the exponentm has
no in
uence on these states. The �rst two such states that are no surprise
are under tension and biaxial loading, as these states are prede�ned by
other parameters. However, a third point is apparent, which corresponds
to perfect plane strain as � = 0 :0. This means in direct consequence,
that optimizations of the m-value are more promising in areas of strong
impact. Area 1: 0 � � � 0:5 and area 2: 0:5 � � � 1:0. The next logical

106



4.5 Sensitivity of yield derivative to changes in exponent m for YLD2000

(a)

(b)

Figure 4.11: Sensitivities for YLD2000 resulting from optimization with
full parameter set for all Nakajima con�gurations in (a) and
as sum over all con�gurations for easy interpretation in (b).
Further investigation will focus on m, as the measurement of
stresses� i and R-valuesRi can be trusted.
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4 Inverse full �eld strain based design of yield surface

Figure 4.12: E�ect of changes in m-value on derivative of yield function
displayed in � � � space. The areas of strong e�ect are high-
lighted, as these are of special interest.

step is to derive which Nakajima geometry corresponds to these areas and
to optimize based on the selected geometries.

4.5.1 Investigation of strain distribution in Nakajima
samples using histograms

The underlying idea to use Nakajima samples for determination of yielding
is based on the knowledge, that Nakajima samples are by design spread
within the area between tensile and biaxial loading. In consequence, they
should provide a perfect set of experiments for yielding optimization in
that area. This is especially interesting, as Nakajima testing is conducted
as part of FLC determination for any sheet material as part of standard
procedure.
Using the reduced data as described in Section 3.3.2, histograms of the
occurrence of strain states may be derived as strain ratio� over the num-
ber of occurrences. These histograms illustrate the area of focus of a full
�eld optimization using each data set, split into 50 bins. The two param-
eter ranges of interest correspond to area 1:� 0:5 � � � 0:0 and area
2: 0:0 � � � 1:0. As it is numerically possible, but not physical, that
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4.6 Optimization of exponent m of YLD2000 using Nakajima samples

� � 1:0, this case is excluded by calculating the inverse if necessary. All
cases of� � � 1:0 are reduced to� = � 1:0. Figures 4.13 and 4.14 (a) show
the histograms for di�erent Nakajima specimen. To increase stability of
the optimization, the full �eld analysis is using two samples per geometry.
Histograms show the distribution for both samples simultaneously. The
geometries B50 and B80 are perfectly suited for optimization in area 1,
so very similar results are expected in optimization. The geometry B120
exhibits two peaks, one in each area, which appears to be a promising dis-
tribution. The typical plane strain geometry of B100 has a strong focus at
� = 0, with a spread to both areas. The geometry B200 focuses directly
on area 2. The result is expected to be interesting, as the entire area be-
tween tension and plane strain is neglected. Following the line of thought
presented within the interpolation based YLD2000 model in Section 2.5,
it is likely that a rounded yield locus shape results for B200. This would
be the case for a very small exponentm. The result is discussed in Section
4.6.2.

4.6 Optimization of exponent m of YLD2000
using Nakajima samples

The Nakajima geometries are used in a full-�eld setup with the exponent
m as design variable. The setup correlates with that for NTR5, described
in Section 4.3.1. All symmetries are used to increase e�ciency. Addition-
ally, both time and mass scaling mechanisms are activated as an explicit
FE algorithm is used. All Nakajima specimen are evaluated in time steps
of 2:5 sec until a maximum time of 27:5 sec, which corresponds to DIC
evaluation. This corresponds to a drawing depth of 25 mm, which is prior
to localization for all specimen. A representation of � x and � y of the
DTW algorithm is shown for each sample in Appendix A.7. Table 4.2
summarizes the resulting m-values. The results of all specimen except
B200 are discussed and interpreted in Section 4.6.1 The result of B200 is
discussed separately in Section 4.6.2.
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4 Inverse full �eld strain based design of yield surface

(a) (b)

(c) (d)

Figure 4.13: Histograms of Nakajima geometries in function of measured
strain ratio � .
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4.6 Optimization of exponent m of YLD2000 using Nakajima samples

(a) (b)

Figure 4.14: (a): histograms of Nakajima geometry B200 in function of
measured strain ratio� . (b): friction in
uence on total strain
error for Nakajima geometry B200.

specimen optimal m iterations residual

B50 5.95 3 0.247

B80 7.11 4 0.331

B100 4.37 3 0.324

B120 5.77 7 0.393

B200� 2.00 3 0.451

avg 5.80

Table 4.2: Results of optimization of m-value for each geometry based on
Nakajima samples. � the lower limit was reduced for B200 to
the lowest possible value,m = 2. B200 is excluded in the
average.
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4 Inverse full �eld strain based design of yield surface

4.6.1 Resulting yield description for Nakajima based
YLD2000

In order to obtain a suitable formulation for most Nakajima geometries,
the proposed approach is the arithmetic mean of the resulting exponents
of geometries B50, B80, B100 and B120. This cooresponds to the result
of simultaneous optimization of the geometries, as the error residuals are
of very similar size. The geometry B200 is excluded from the average, as
explained in Section 4.6.2. The resulting m-value thus becomesm = 5 :80.
The full parameter set is given in Table 4.2.

4.6.2 Explanation of optimization result based on B200
specimen

The lower limit for a reasonable m-value was set to the value ofm = 4. In
order to investigate how low the optimal exponent for B200 would become,
the lower limit was adjusted to m = 2. Even this limit was consistently
reached when using B200 as an optimization geometry. The optimization
converges quickly to this boundary value and would most likely continue
further to lower exponents, if these were numerically possible and physi-
cally reasonable. This correlates with the observation, that smaller yield
exponents represent the strain behavior of geometries under biaxial load-
ing well. This e�ect is already observed by Manopulo et al. [99] and
continues here in a more extreme form. This e�ect is also addressed by
the interpolation based approach in Section 2.5, that provides a possibility
to de�ne a di�erent yield exponent in the area of plane strain to biaxial
loading. For the case of standard YLD2000, it remains to be said that this
underlines the necessity for more complex methodologies or formulations
if all Nakajima geometries are to be represented. Despite being excluded
from calculation of average exponent, B200 is reproduced almost perfectly
with the resulting exponent, as illustrated in Chapter 5.
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4.7 Optimization of plane strain point of Vegter using Nakajima samples

Investigation of friction in
uence on B200 specimen

A strong external in
uence on strain distributions in Nakajima testing
is the friction between sheet and tools. In order be entirely convinced
friction may be excluded as a reason for change in behavior for B200
specimen, a short optimization was run with the objective to minimize
strain error while changing the coulomb friction between sheet and punch.
Figure 4.14 (b) shows the response of combined error for major and minor
strain against friction value. The minimum clearly lies at a friction value
of � = 0 :0, which indicates that the assumption of minimal friction in
experiment is correct.

4.7 Optimization of plane strain point of Vegter
using Nakajima samples

The optimization setup is a combination of the setup for Nakajima sam-
ples with YLD2000 described in Section 4.6 and the necessary sampling
constraints described in Section 4.3.1. As a result, a quarter of the Naka-
jima geometries is used in a full-�eld setup with both f ps1;RD and f ps2;RD

as design variables. As Nakajima samples for aluminium are cut with
the rolling direction along the central axis, only an optimization for RD is
reasonable. To properly evaluate the result for other directions, Nakajima
testing in TD or DD is required. Both time and mass scaling mechanisms
are activated as an explicit FE algorithm needs to be used with the Veg-
ter implementation. All Nakajima specimen are evaluated as described in
Section 4.6. Table 4.3 summarizes the resulting parameter sets in depen-
dency of the Nakajima geometry. Additionally, the number of iterations
and the error residual have been extracted. The error residual is the sum
over all incremental errors for all time steps for two geometries. Similar
to the selection of the optimal con�guration with YLD2000 in Section
4.6, the resulting values are averaged to gain a plane strain point suitable
for all Nakajima samples. Figures 4.15 and 4.16 illustrate the optimiza-
tion result and the �nal averaged plane strain point. The resulting yield
locus is shown in Figure 4.17. The resulting set of parameters becomes
f ps1;0 = 1 :103 and f ps2;0 = 0 :497, when geometry B200 is excluded. The

113



4 Inverse full �eld strain based design of yield surface

specimen f ps1;0 f ps2;0 iterations residual

B50 1.108 0.767 14 0.236

B80 1.094 0.426 6 0.329

B100 1.121 0.533 7 0.336

B120 1.089 0.261 5 0.358

B200� 1.187 0.413 5 0.903

avg 1.103 0.497

Table 4.3: Results of optimization of Vegter plane strain parameters for
each geometry of Nakajima samples.� B200 is excluded from
average, as residual is very high and result is on boundary con-
straint.

exclusion of B200 is reasonable when optimizing the plane strain point, as
B200 geometry is governed by the biaxial stress and R-value,� b and Rb.
In the presented case, these values are held constant. Additionally, the
optimization �nds a 
at minimum on a constraint boundary at very high
over all error residuals, which shows that B200 is not in
uenced strongly
by the plane strain point.

4.8 Results and discussion of optimization
based yield description

This chapter presented a strategy to de�ne yielding based on full �eld
optimization using both 2D and 3D geometries. The strategy is applied
to two di�erent yield models, YLD2000 and Vegter. Both yield models
and both types of geometries returned very similar results. The lower
complexity of the 2D geometry allows for considerably shorter calculation
times. If an optimization for a speci�c strain range is desired it is rea-
sonable to select a 2D geometry in that speci�c range instead of using
more complex and numerically expensive 3D geometries. The numerical
performance of the models will be checked in Chapter 5.
Table 4.4 summarizes the resulting parameter sets for the di�erent opti-
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4.8 Results and discussion of optimization based yield description

(a) (b)

(c) (d)

Figure 4.15: Result for Vegter yield locus with Nakajima full �eld opti-
mization for geometries B50 (a), B80 (b), B100 (c) and B120
(d). Error surface is displayed as cubic interpolation between
points. Error values are sum over two measured samples.
Constraints are given as red lines.
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4 Inverse full �eld strain based design of yield surface

(a) (b)

Figure 4.16: Result for Vegter yield locus with Nakajima full �eld opti-
mization for geometry B200 (a) and averaged �nal result (b)
without B200.
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4.8 Results and discussion of optimization based yield description

mization strategies for YLD2000 and Table 4.5 shows the result for Vegter.
A visual representation of the results in both stress space and� � � space
is given in Figure 4.17, where it becomes obvious, that both YLD2000 re-
sults are equivalent. The results for the Vegter yield criterion vary slightly
in the representation of derivatives. As the Nakajima based optimization
does not allow for adjusted plane strain points in DD and TD, only the
NTR5 based formulation of Vegter is used for validation. The central
points are summarized:

ˆ full �eld optimization presents a reasonable strategy for yield locus cal-
ibration,

ˆ 2D geometries are more cost-e�cient than 3D geometries,

ˆ 2D and 3D geometries return very similar results for both YLD2000
and Vegter,

ˆ Plane strain point f P S 1;0 of Vegter converges at the same value for all
tested geometries,

ˆ Nakajima samples in one direction have only limited value as other
directions may not be optimized,

ˆ B200 is not a reasonable geometry when optimizing plane strain point.

4.8.1 In
uence of R-value on second stress in plane strain
for optimization with Vegter

The large di�erence in second stress value of plane strain point of Vegter,
f ps2;i , with � f ps2;i = 0 :506, stands in opposition to a near constant �rst
stress value,f ps1;i , with � f ps1;i = 0 :102. This asks for a discussion of the
causality. The parameter set for plane strain with Vegter yield criterion is
bound by the constraints described in Section 4.3. The second constraint
is highly dependent on the R-value, or� i . A lower R-value, as prevalent
for the discussed material in DD, directly results in a steeper constraint
which reduces the feasible area of the optimization. While this is no proof
of causality, a strong correlation is apparent within the parameter set in
Table 4.5. This indicates, that a low R-value results in a relatively high
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4 Inverse full �eld strain based design of yield surface

�t m � 1 � 2 � 3 � 4

� 5 � 6 � 7 � 8

NTR5 5.89 0.9330 1.0670 0.8736 1.0500

1.0240 1.0350 0.9173 1.2880

Nakajima 5.80 0.9411 1.0563 0.8601 1.0485

based 1.0253 1.0452 0.9139 1.2921

Table 4.4: Parameters for YLD2000 yield locus �t of AA6014-T4 based
on optimization strategies with NTR5 and selected Nakajima
specimen. The resulting parameter sets are extremely similar,
which is an indicator for the robustness of the result.

plane strain point when using the Vegter criterion. An e�ect which is
known for other yield criteria, such as Hill'48.

f un; 0 R0 f ps1;0 f ps2;0 f sh; 0 f bi

f un; 45 R45 f ps1;45 f ps2;45 f sh; 45 � bi

f un; 90 R90 f ps1;90 f ps2;90 f sh; 90

NTR5-based 1.0 0.83 1.105 0.379 0.5620 0.9900

0.9408 0.44 1.141 0.740 0.5549 0.9860

0.9350 0.76 1.066 0.316 0.5514

Nakajima 1.0 0.83 1.103 0.497 0.5620 0.9900

based 0.9408 0.44 1.0152 0.5076 0.5549 0.9860

0.9350 0.76 1.0310 0.5155 0.5514

Table 4.5: Parameters for optimized Vegter yield locus based on NTR5
and Nakajima specimen. Plane strain points have been opti-
mized in RD, DD and TD with NTR5 and in RD with Nakajima
specimen.
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(a) (b)

(c) (d)

Figure 4.17: Resulting yield locus (a) and derivative in RD (b) for
YLD2000 based on NTR5 and Nakajima optimization. (c)
and (d) show the respective results for the Vegter yield for-
mulation.
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5 Validation of methodologies

Previous chapters presented a large number of methodologies to de�ne
plastic yielding on the example of an AA6014-T4 aluminium alloy. Chap-
ter 2 introduces the numerical formulations of the two yield locus models
used within the framework of other chapters:

ˆ YLD2000,

ˆ Vegter.

Chapter 3 presented strategies to de�ne the yield locus based on two sets
of experiments and one approach combining experiment and CP-FEM
calculation. The set of tension, bulge, NTR5 and shear experiment are
grouped as original experiments.

1. original experiments,

2. cruciform tension experiment,

3. crystal plasticity calculations.

In addition to this set of experimental methodologies, Chapter 4 presents
strategies to exploit the entirety of optically measured data for yield locus
calibration based on optimization:

4. NTR5 based optimization,

5. Nakajima based optimization.

The general methodology of full �eld optimization is applied to both yield
locus formulations. In consequence, the resulting formulations amount to
a total of ten. Two cases are deducted. The �rst, as optimization based
yield parameters for YLD2000 ended up at the identical numerical result
for both NTR5 and Nakajima. The second, as optimization of Vegter with
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5 Validation of methodologies

Nakajima samples is only valid for RD. NTR5 provides additional data for
DD and TD. In consequence, four YLD2000 formulations and four Vegter
formulations remain.
Furthermore, Chapter 2 presents two additional strategies to de�ne yield-
ing. The �rst is a more 
exible yield locus formulated as interpolation
between two independent yield formulations. The second is a YLD2000
formulation that includes anisotropic hardening by using a plastic strain
dependent paramter set. Both of these formulations are speci�cally de-
signed with YLD2000 in mind.

1. interpolated YLD2000

2. YLD2000 var

When including these two special cases, six di�erent formulations of YLD2000
and four formulations of Vegter result. This set includes the standard for-
mulations of both YLD2000 and Vegter. Due to the large amount of
parameter sets, the validation will be split into a comparison of each yield
locus type separately, before comparing the best cases of both models.
In order to provide an objective comparison, reasonable validation tests
need to be de�ned. The �rst is based on lengthwise cross sections of Naka-
jima specimen as detailed in Section 5.1 and the second compares the
thickness distribution of a deep drawn cross-die geometry in Section 5.2.
Average error values are used as a measure of comparison for Nakajima
sections. Before applying a comparison to the cross-die, the most sensitive
region is selected. Focus will be placed on the area of� 0:25 � � � 0:25,
as an optimal prediction of the plane strain state is desired. A summary
of results is given at the end of each section and a general summary can
be found in Section 5.4. To provide an overview of all parameter sets,
they are reprinted in Table 5.1 for YLD2000 and Table 5.2 for Vegter.
The parameters of anisotropic yielding �t YLD2000var is given in Section
3.2.3 and for interpolated YLD2000, YLD2000intp, in Section 2.5.
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�t m � 1 � 2 � 3 � 4

� 5 � 6 � 7 � 8

original 8 0.9218 1.1005 0.9024 1.0457

1.0189 1.0261 0.9635 1.2346

CT-based 6.0512 0.8673 1.1329 1.1820 1.0292

1.0143 0.8831 0.9523 1.0963

CP-based 5.7566 0.9366 1.0726 1.1285 1.0873

1.0136 1.0108 0.9250 1.1283

Opt 5.89 0.9330 1.0670 0.8736 1.0500

1.0240 1.0350 0.9173 1.2880

Table 5.1: Parameters for YLD2000 yield locus �t for all strategies dis-
cussed

f un; 0 R0 f ps1;0 f ps2;0 f sh; 0 f bi

f un; 45 R45 f ps1;45 f ps2;45 f sh; 45 � bi

f un; 90 R90 f ps1;90 f ps2;90 f sh; 90

original 1.0 0.83 1.0703 0.5352 0.5620 0.9900

0.9408 0.44 1.0152 0.5076 0.5549 0.9860

0.9350 0.76 1.0310 0.5155 0.5514

CT-based 0.9979 0.9248 1.1071 0.5535 0.6247 0.9671

0.9914 0.3292 1.0719 0.5360 0.5720 1.100

0.9696 0.7733 1.0688 0.5344 0.5000

CP-based 0.9929 0.8875 1.0899 0.5450 0.6097 0.9330

0.9703 0.3995 1.0264 0.5130 0.5956 0.900

0.9597 0.6688 1.0653 0.5326 0.5094

Opt 1.0 0.83 1.105 0.379 0.5620 0.9900

0.9408 0.44 1.141 0.740 0.5549 0.9860

0.9350 0.76 1.066 0.316 0.5514

Table 5.2: Parameters for Vegter yield locus �t for all strategies discussed.
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5 Validation of methodologies

5.1 Nakajima cross section test

Evaluating the precision of yield models based on cross sections of Naka-
jima specimen is an idea introduced by Manopulo et al. (2015) [99] and
later applied by Hippke et al. (2016, 2020) [61, 59]. Using sections of Naka-
jima samples at di�erent drawing heights presents a validation strategy
that includes a large variety of loading states at di�erent levels of e�ec-
tive plastic strain. The simultaneous comparison of di�erent Nakajima
samples covers the entire area between tensile and biaxial loading. Sec-
tion 3.3.4 describes the evaluation technique of sections for major and
minor in-plane strains, including all details of the Nakajima experiment.
Section 5.1.1 provides the results for all discussed models, separated into
YLD2000 and Vegter for readability. To be able to compare on a more
deterministic level, Section 5.1.2 introduces an error value normalized over
section length and number of heights in Equation (5.1). The evaluation of
this error provides a well established and reasonable estimation of model
performance. A focus should be placed on any model performing well over
all geometries, as a model that is suited to general application is of higher
industrial relevance than a pure special purpose de�nition. Section 5.1.4
discusses the e�ect of reproduction of minor strain for B120 on the �nal
result and places the relavance of this case in perspective.

5.1.1 Comparison of strain distribution along section
length

This section illustrates the strain distribution of major and minor strain
along a central section through each Nakajima specimen. Section place-
ment is shown in Figure 3.10. Simulation results are aligned with exper-
imental data by correlation of position along section length. The strain
is evaluated at drawing heights 10 mm, 15 mm and 20 mm for geometries
B50 and B80 and drawing heights 5 mm, 15 mm and 25 mm for geome-
tries B100, B120 and B200. The strain results are given in Figures 5.1,
5.2, 5.3, 5.4 and 5.5. Only minor di�erences are apparent for most cases.
The minor strain of B120 and selected cases of B200 are a exceptions.
Both the reference con�guration with YLD2000 and with Vegter perform
relatively poor. This gives a �rst indication of increased precision with
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5.1 Nakajima cross section test

the methodologies developed in this work. A more generalized measure of
comparison is introduced in Section 5.1.2.

5.1.2 Evaluation of error between prediction and
experiment for Nakajima sections

The evaluation strategy based on a reduction of the result to an error value
was previously published in Hippke et al. (2020) [61] with the de�nition
below, where n represent the number of measured points along a sec-
tion and height and N represents the respective number of the evaluation
height. In order not to bias the error calculation toward any geometry,
N = 3 holds for all geometries.

err =
1

N � n

X

N

X

n

(� sim � � exp )2 (5.1)

The error is calculated separately for major strain and minor strain and
is displayed in form of histograms in Figure 5.6. A detailed list of all error
values is found in the Appendix A.3.

5.1.3 Discussion of result for B200 geometry

The result in validation shown in Figure 5.5 are of special interest, as
the B200 geometry was excluded from the inverse full �eld strategy dur-
ing de�nition of optimal exponent m. The solution then coincided with
the inverse full �eld result for NTR5. While the exponent that resulted
from optimization for B200 was m = 2 :00, the result using NTR5 was
m = 5 :89. This strong di�erence might indicate that the NTR5 based
inverse result is not capable of a �t of B200. However, this is not the case.
The NTR5 based yield locus, YLD2000 Opt, �ts the strain distribution of
B200 extremely well. The detailed error values are given in the Appendix
in Table A.1. This result illustrates, that a combined approach of sim-
ple geometries with original tensile and bulge experiment may be a very
suitable strategy.
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5 Validation of methodologies

(a) (b)

(c) (d)

Figure 5.1: B50: distribution of major and minor strain in comparison
with experimental data for YLD2000, � maj in (a), � min in (c)
and Vegter, � maj in (b) and � min in (d).
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(a) (b)

(c) (d)

Figure 5.2: B80: distribution of major and minor strain in comparison
with experimental data for YLD2000, � maj in (a), � min in (c)
and Vegter, � maj in (b) and � min in (d).
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(a) (b)

(c) (d)

Figure 5.3: B100: distribution of major and minor strain in comparison
with experimental data for YLD2000, � maj in (a), � min in (c)
and Vegter, � maj in (b) and � min in (d).
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(a) (b)

(c) (d)

Figure 5.4: B120: distribution of major and minor strain in comparison
with experimental data for YLD2000, � maj in (a), � min in (c)
and Vegter, � maj in (b) and � min in (d).
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5 Validation of methodologies

(a) (b)

(c) (d)

Figure 5.5: B200: distribution of major and minor strain in comparison
with experimental data for YLD2000, � maj in (a), � min in (c)
and Vegter, � maj in (b) and � min in (d).

130



5.1 Nakajima cross section test

(a)

(b)

Figure 5.6: Calculated error of Nakajima sections for all con�guration di-
vided into major strain (a) and minor strain (b).
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5 Validation of methodologies

con�guration error � maj error � min total error total error �

[� 10� 4] [� 10� 4] [� 10� 4] [� 10� 4]

YLD2000 original 6.41 6.70 13.11 10.97

YLD2000 Opt 1.86 7.84 9.70 4.46

YLD2000 CT 3.23 6.33 9.56 3.85

YLD2000 CP 2.87 9.34 12.21 4.39

Vegter original 5.50 9.37 14.87 13.08

Vegter Opt 2.50 4.89 7.39 3.58

Vegter CT 3.11 6.63 9.74 4.33

Vegter CP 2.46 10.0 12.46 4.26

YLD2000 intp 5.53 5.24 10.77 7.01

YLD2000 var 5.29 6.24 11.53 8.91

Table 5.3: Accumulated total error per �tting strategy. Total error � sig-
ni�es total error when B120 is excluded. Detailed error values
per geometry are provided in Appendix A.3.
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5.1 Nakajima cross section test

5.1.4 Discussion of results for minor strain of B120

All investigated methodologies aim at an increased precision over all load-
ing states, which has been achieved for every �tting strategy presented.
The increased error in� min of the B120 sample is correlated to the model
performance in the range of� > 0:0, which is the range around the biaxial
state. The only geometry that contains this loading state is B200, where
the large errors are not repeated. An investigation of other process pa-
rameters quickly points to friction e�ects, as an increased friction between
punch and sheet leads to decreased� min . However, the shape of the result
changes simultaneously. A change of blank holder force does not impact
the strain distribution signi�cantly if kept in a reasonable band.
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5.1.5 Discussion of resulting error evaluation

Figure 5.6 underlines the �rst impression in Section 5.1.1. While geome-
tries B50, B80 and B100 exhibit similarly small errors for all con�gura-
tions, only advanced modelling strategies provide a reasonable prediction
for B200, especially CT, CP and OPT. The correct prediction of the minor
strain of B120 becomes a selection criterion between the more advanced
models. The CP strategy's precision is reduced due to its error for� min

of B120. When excluding B120 from error evaluation, the CP strategy is
equally capable. The optimization based strategy with Vegter performs
best independently of B120. While larger di�erences in the strategies may
have been expected between the advances strategies, the initial statement
of a change of strategy rather than of model has been found true. In order
to be able to make a comparison between the strategies, Table 5.3 gives
the sum of the error for each model. The results may be summarized as
follows:

ˆ any advanced strategy performs better than industrial standard,

ˆ the two strategies CT and OPT perform best,

ˆ Vegter performs on average slightly better than YLD2000,

ˆ both YLD2000 and Vegter are able to �t plane strain and biaxial yield-
ing simultaneously,

ˆ the geometry B120 governs the error evaluation. Without consideration
of B120, the di�erence between original and advanced strategies is even
more signi�cant,

ˆ the CP strategy performs equally well as CT and OPT, if B120 is ex-
cluded.

5.2 Validation based on cross-die experiment

The cross-die is a geometrically more complex deep drawing component
which has been used in di�erent con�gurations in previous work. Peters
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5.2 Validation based on cross-die experiment

Figure 5.7: Schematic of evaluation procedure for cross-die geometry.

[111] used a cross-die geometry for validation after introduction of the
YLD2000-var for DC05 steel. Gorji [47] extended the validation strategy
to both a cross-die and a triangular die geometry for crack prediction of
aluminium alloys. The speci�c cross-die experiments used in this work
were performed at Novelis Switzerland SA. The entire evaluation strategy
is summarized as a schematic 
ow diagram in Figure 5.7. Details of the
experimental setup and geometry are given in Section 5.2.1. Digitaliza-
tion with GOM ATOS is described in Section 5.2.2 and the mapping of
experimental data to the FE element set is described in Section 5.2.3.
Section 5.2.4 presents a preconditioning setup, to determine the initial
o�set during manual testing of the cross-die. Furthermore, Section 5.2.5
presents selected focus areas where di�erences between models are most
prevalent and presents the measures of comparison. Section 5.2.6 summa-
rizes the result. Figure 5.8 displays a 3D representation of the tool setup
in simulation.

5.2.1 Experimental setup

The machine setup is a single action direct drawing press with a hydraulic
drawing cushion. A few tests were necessary, to �nd a satisfactory con�g-
uration with su�cient drawing depth without any necking or cracking. To
�nd the optimal drawing depth, blank holder force and blank size, a spec-
imen was �rst tested until fracture, with a second repetition of the test
being stopped just before the critical punch displacement. A blank holder
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5 Validation of methodologies

Figure 5.8: Setup of cross-die tools in simulation.

force of 160 kN was found to perform best, in combination with a blank
size of 230 mm and a punch displacement of 48 mm, which corresponds
to a drawing depth of 42 mm. Lubrication was applied by distributing a
few drops of oil with a roller, which introduces friction as an unknown
variable. Positioning took place manually based on a rough grid carefully
drawn on the testing die.
The geometry of the tools is symmetric, with punch dimensions given in
Figure 5.9. Die and blank holder are designed for a drawing gap of 1:2 mm.
The punch speed is constant, at 20 mm=sec

5.2.2 Measurement with ATOS

The use of a industrial demonstrator drawn on a testing press presented
a set of initial challenges in order to use the experiments e�ectively. After
performing the experiment externally, the geometries were scanned with
the optical system GOM ATOS. This digitization provides a three dimen-
sional cloud of surface data of the part geometry. In order to evaluate
both sides of the geometry, which is paramount for an investigation of
thickness, cubes with reference points had to be added to three part cor-
ners. A consequence is, that a thickness measurement is not possible at
the position of the cubes, which corresponds to three times a surface of
10mm� 10mm. The entire part is evaluated by adding markers to the part
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5.2 Validation based on cross-die experiment

(a) (b)

Figure 5.9: Dimensions of punch for cross-die. Front view (a) and section
cut A-A (b). The die shape is identical at an drawing gap of
1:2 mm.

and correlating their positions within a large array of pictures for a set
of de�ned positions. A total of 116 pictures were taken and correlated to
ensure a valid measurement, especially at hard to reach areas such as the
inside of the cross-die. The resulting geometry is extracted as a STL mesh.

5.2.3 Evaluating thickness and mapping of data to FE
mesh

The measured 3D data points in form of an STL mesh need to be turned
into a data set that may be compared to simulation results of plane stress
elements. The only quantity that may be extracted is the distance be-
tween the two outer surfaces of the geometry, which corresponds to the
thickness. The thickness is de�ned as the orthogonal distance between
the two outer surfaces. In order to evaluate the thickness automatically,
an algorithm was written in MATLAB that exploits the functionality of a
ray intersection algorithm by Tuszynski (2020) [139]. For each element of
the STL mesh, a search is conducted along the normal direction and any
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(a) (c)

Figure 5.10: Thickness distribution as calculated from STL data (a) and
as mapped on quad mesh (b).

other elements of the STL mesh intersecting that normal are extracted.
The second element of intersection is chosen and the distance between
this element and the initial element is calculated. It is necessary to select
the second element of intersection, as the �rst reported element is the ini-
tial element itself. This algorithm is repeated for each element, de�ning
part thickness of the entire part. The algorithm is stable, but e�ciency
could be improved. In order to compare the thickness of the STL mesh
to that of a simulation result, the same algorithm may be used. The only
di�erence is, that the initial element set is the quad element set from sim-
ulation. Each quad element is assigned the thickness of the nearest STL
element. Once the thickness is mapped to the quad mesh, the comparison
between thickness values is conducted per element. The calculated thick-
ness distribution of the STL mesh is illustrated in Figure 5.10 (a) and the
distribution mapped to quad elements is shown in Figure 5.10 (b).

5.2.4 Initial positioning using optimization

Due to manual placement of the metal sheet, small o�sets and rotations
of the initial position become possible. In addition, the initial shape was
found not to be perfectly square. Finally, lubrication was applied by dis-
tributing a few drops of oil with a roller. Due to the large set of uncertain
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parameter disp x [mm] scl x [-] rot z [-]

disp y [mm] scl y [-] � [-]

value 0.5796 1.0006 0.1465

1.1244 1.0132 0.1051

Table 5.4: Resulting parameter set of preconditioning optimization for val-
idation with cross-die.

process parameters, it was considered best to perform a preconditioning
optimization to determine all external factors independently of yield for-
mulations. To avoid a bias for any of the investigated yield models, the
optimization uses isotropic vonMises yielding. The deviation in draw-in
of the �nal shape is considered a suitable objective for the optimization,
as most parameters directly in
uence the blank position. The following
parameter set is considered:

ˆ Placement error in X

ˆ Placement error in Y

ˆ Scaling of sample in X

ˆ Scaling of sample in Y

ˆ Rotation of sample

ˆ Friction coe�cient

As a comparison of draw-in is not a built-in option in LS-Opt, a speci�c
routine was written in Matlab that extracts the �nal outline of the simula-
tion and compares with the measurement result to allow for systematic use
in an optimization environment. Using an SRSM strategy with Kriging
metamodel and space �lling point selection converges after 21 iterations
at the �nal parameter set. The almost perfect correlation of measured
and simulated draw-in is shown in Figure 5.11, the optimized parameter
set is given in Table 5.4. Especially the large displacements in x and y
direction explain the previously problematic comparison of draw-in and
thickness strain.
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Figure 5.11: Resulting correlation of draw-in after preconditioning opti-
mization.

5.2.5 De�nition of error measures and focus areas

Being able to automatically compare measurement and FE result and
knowing the settings for all other parameters enables us to investigate
the performance of the desired models. As the e�ort in previous chapters
focused on increased precision of models around plane strain loading, a
comparison needs to take place in relevant areas. In order to identify
these areas, the strain ratio beta is evaluated for the YLD2000 original
con�guration as a reference. Figure 5.12 (a) highlights the area of� 0:25 �
� � 0:25 on a quarter of the geometry. Two large areas of interest exist,
one in the concave part of the wall and the other in the bottom of the
part. In addition, a narrow band of transitioning beta states exists going
around the wall of the specimen. While being a large area, the absolute
strain values at the bottom of the part are small, ranging only to e�ective
plastic strain of � eq � 0:1. Additionally, the bottom section is not critical
for failure. The area in the concave part of the wall and the adjacent
transition to 
ange area, however, exhibit very large plane strain loading
and are critical areas of the specimen. In consequence, the comparison
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5.2 Validation based on cross-die experiment

(a) (b)

Figure 5.12: Distribution of strain ratio for � 0:25 � � � 0:25 on a quarter
of the cross-die, indicating relevant areas of comparison (a)
and selection of viewing area (b) for detailed investigation in
Figure 5.13.

of results will focus on this area. The exact de�nition of the area is
illustrated in Figure 5.12 (b), with axis limits de�ned as 0 � x lim � 92,
� 92 � ylim � 0 and � 45 � zlim � 3 and the viewing angle being rotated
by 45 degrees to focus on the relevant area. An illustration of percent
error of the simulated thickness distribution is given in Figure 5.13 for
every investigated case.

The evaluated error is de�ned as a percentage of the experimentally de-
termined thickness value as given in Equation (5.2).

"% =
jtsim � texp j

texp
� 100 (5.2)

The arithmetic mean of the error for the entire geometry is calculated and
given in Table 5.5. The mean, however, does not vary signi�cantly due
to the large number of elements and a more suitable evaluation is that of
the speci�c area.
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con�guration error "% error compared to

[%] YLD2000 original [%]

YLD2000 original 3.4315 100.00

YLD2000 Opt 3.5303 102.88

YLD2000 CT 3.1475 91.72

YLD2000 CP 3.6294 105.77

Vegter original 3.5217 102.63

Vegter Opt 3.1218 90.97

Vegter CT 3.2219 93.89

Vegter CP 3.8444 112.03

YLD2000 intp 3.4093 99.35

YLD2000 var 3.3516 97.67

Table 5.5: Arithmetic mean of thickness error in percent, as de�ned in
Equation (5.2) and error normalized with YLD2000 original.
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5.2.6 Evaluation and discussion of model performance

The percent error introduced in Section 5.2.5 is used in order to compare
and evaluate the performance of all the discussed models. At �rst, the
mean error given in Table 5.5 is investigated. While the absolute values
are similar, a few con�gurations show an increased precision. Ranked in
order, Vegter Opt, YLD2000 CT and Vegter CT outperform other con�g-
urations. Furthermore, a few con�gurations exhibit relatively large mean
error, especially Vegter CP and YLD2000 CP.
The localized investigation using Figure 5.13 results in a similar impres-
sion, with YLD2000 CT and Vegter CT performing exceptionally well,
followed by Vegter Opt. Very interestingly, the increased average error of
both CP con�gurations may be related to a local error out of the beta
range � 0:25 � � � 0:25. The performance in plane strain is almost
perfect. In consequence, CP appears to be an outstanding strategy to
predict plane strain behavior, but at the cost of underestimating other
loading states.
It may be summarized, that

ˆ the cross tension based strategy performed well, both on average and
in the focus area,

ˆ the optimization based strategy with Vegter performed best on average,

ˆ other advanced strategies (YLD2000 Opt and CP and YLD2000 var)
performed well in plane strain with decreased precision for other loading
states.

5.3 Summary of methodologies and optimal
result

Three advanced methodologies for determination of yielding are presented
in this work. Most novel is the pursuit of a full �eld optimization for deter-
mination of initial yielding. The cruciform tension methodology is based
on more complex experiments to directly measure yielding for a large ar-
ray of stress ratios and the crystal plasticity approach determines yielding
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Figure 5.13: Percent error of thickness distribution as side view of a quar-
ter of the cross-die.
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5.4 Conclusion of validation strategies

based on EBSD measurement and complex calculation. To determine the
advantage gained by each methodology, standardized references are used.
Two additional model approaches have been included in order to classify
them in comparison with the other appraoches. The �rst of the two mod-
els is an interpolation based yield locus with two separate exponents for
tensile and biaxial loading and the second is anisotropic yielding based
on a variable parameter set. In order to enable a general comparison of
the �tting methodologies based on both Nakajima and cross-die, a ranked
list is presented in Table 5.6 that contains the results for resulting error
of Nakajima samples with and without B120, as well as both average and
local error evaluation of cross-die. A color code is used for each strategy
to indicate the relative position on each list, giving a fast overview of the
performance of each strategy. The strategy that remains most consistently
in the top portion of the evaluation is cruciform tension (CT), followed
by full �eld optimization (OPT).

5.4 Conclusion of validation strategies

Two validation strategies have been applied in order to evaluate model
performance for the total of ten con�gurations, including original �tting
of YLD2000 and Vegter. The �rst validation strategy is based on com-
parison of central sections through Nakajima specimen and the second
strategy compares thickness distribution of a cross-die.
The comparison of major and minor strain along Nakajima sections results
in a clear advantage of all advanced strategies in comparison to original
�tting procedure. This result is independent of the strong impact of the
error for B120.
For the cross-die geometry, two measures are compared. The �rst is a
mean error over the entire geometry, the second is a focus on an area of
plane strain loading. Evaluation of mean error exhibits only minor di�er-
ences between the con�gurations. The local investigation highlights the
performance of CT and full-�eld (Opt) based strategies. A summary of all
validations is provided that highlights cruciform tension testing (CT) as
best on average. Additionally, full-�eld (Opt) in combination with Vegter
has proven a very powerful modelling strategy.
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Rank Nakajima Nakajima cross-die cross-die

error no B120 mean local

1 Vegter Vegter Vegter YLD2000

2 YLD2000 YLD2000 YLD2000 Vegter

3 YLD2000 Vegter Vegter

4 Vegter Vegter Vegter

5 YLD2000 YLD2000

6 YLD2000 YLD2000 YLD2000

7 YLD2000 Vegter Vegter

8 Vegter YLD2000 YLD2000

9 YLD2000 YLD2000 YLD2000 Vegter

10 Vegter Vegter Vegter

Opt CT

CP original

YLD2000
intp

YLD2000
var

Table 5.6: Ranked list of performance for each �tting strategy by color.
Best on top. Evaluation by numeric error.
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5.5 Cost analysis of all presented methods

strategy wh CPUh

CT 40 4

CP 32 3600

Opt 8.5 17

Table 5.7: Over all cost separated into work hours (wh) and CPU hours
(CPUh) for the three main strategies per material.

5.5 Cost analysis of all presented methods

In order to evaluate the industrial applicability of the three presented
strategies, an approximation of cost is needed in addition to the scienti�c
evaluation of performance. Two measures are determined: �rstly the
total human work hours (wh) needed and secondly the total CPU hours
(CPUh). Some cost is given in swiss francs (CHF), as it was performed
externally. This evaluation of cost does not include the initial hurdle for
experimental equipment or initial programming of evaluation scripts, but
merely the cost incurred if respective procedure is repeated regularly by
an experienced user. A summary is provided in Table 5.7. Additionally,
details of the three strategies are provided below.

Cost evaluation of cruciform tension strategy

The total cost evaluation of cruciform specimen assumes a known speci-
men geometry and available testing equipment. The procedure starts with
water jet cutting of the specimen, followed by application of speckle pat-
tern and setup of DIC system. The major part is the actual experiment,
followed by post processing of the generated data. Post processing is split
into evaluation of averages in DIC and execution of a prepared script com-
bining strain and force measures. A total of 16 load paths is tested, with
three repetitions per path. Pre processing of each test is averaged at 10
minutes and the experiment at 20 min. Post processing is expected to
take another 20 minutes. Necessary software is a data based evaluation
software such as MATLAB or Python.
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description cost incurred

water jet cutting 3000,- CHF

preparation of specimen 8 wh

experiment 16 wh

post processing 16 wh + 4 CPUh

Table 5.8: Cost incurred by CT strategy per material.

description cost incurred

EBSD measurement 16 wh

RVE generation 8 wh

CP calculation 3600 CPUh

post processing 8 CPUh

Table 5.9: Cost incurred by CP strategy per material.

Cost evaluation of crystal plasticity strategy

The total cost evaluation of crystal plasticity assumes that EBSD mea-
surement is possible and that very large computational power is available.
The strategy starts with an EBSD measurement of the required material
followed by generation of an RVE. The calculation took place on a high
performance cluster. Post processing may be short, when all required
steps have been programmed. Required softwares are DAMASK for the
central calculation, Neper for generation of the RVE, and MATLAB for
post processing.

Cost evaluation of full �eld optimization strategy

The total cost evaluation of full �eld optimization assumes availability of
testing equipment for underlying experiments, preferably NTR5 in three
directions with three repetitions each. The specimen need to be prepared
and tested, followed by extraction of DIC data in a suitable database for-
mat. Recommended is the use of ARAMIS in combination with LS-Opt
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5.6 Directional testing - common method with a focus on tensile loading

description cost incurred

preparation of specimen 1 wh

experiments 2 wh

extraction of DIC data 4.5 wh + 8 CPUh

optimization run (avg) 9 CPUh

post processing 1 wh

Table 5.10: Cost incurred by Opt strategy per material.

due to their highly developed interface and compatibility. A prede�ned
LS-Opt evaluation needs to be adjusted to the speci�c case at hand and
the calculation can be started. The cost is dependent on the number
of iterations needed, the number of variables and the sampling strategy.
The amount given below is calculated as tge average of both YLD2000
and Vegter optimization for NTR5. Be aware, that Nakajima based opti-
mization results in a signi�cant increase of CPUh. Post processing is cut
very short, as LS-Opt directly provides the optimal parameter set. This
strategy only works as e�ciently with DIC evaluation with ARAMIS, op-
timization with LS-Opt and calculation with LS-Dyna.

5.6 Directional testing - common method with
a focus on tensile loading

Directional testing is widely applied to evaluate the 
exibility of yield
models. The idea is to use tensile test results for many angles to rolling
direction and to check, if the yield model is capable of reproducing these
loading states. If the tensile results are used as �tting input, the ability
to �t all measured points results in a statement about model 
exibility, as
applied by Park and Chung [109]. If model 
exibility for tensile state is
of high importance for the studied application, e.g. for earing pro�les of
cup drawing, this strategy is valid. For general applications other loading
states such as plane strain, biaxial loading or shear are of increased impor-
tance. However, directional testing result does not allow for a statement
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on performance in other states. Nevertheless, directional testing was per-
formed and is shown in Figure 5.14. The experimental points displayed
are those of the tensile experiments. Models that have the tensile exper-
iments within their set of �tting parameters, original and opt, reproduce
these very well. In this representation, almost no di�erence is perceived
between these two models. Models CT and CP are not bound by tensile
experiments and thus must return a di�erent distribution. All models
reproduce the general tendency for both stress ratio and R-value.
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(a)

(b)

Figure 5.14: Directional testing for tensile loading for all models discussed.
No statement on model performance in other loading states
is possible. (a) shows response for stress ratio, (b) shows
response for R-value.
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6 Concluding remarks

This work demonstrates the capability of standard yield formulations,
when combined with advanced parameter determination methods. For
two di�erent families of yield models, three di�erent strategies of eval-
uation have been presented. All three strategies increase model preci-
sion signi�cantly for a large variety of stress states. In consequence, this
work shifts the focus from increasing model complexity to an increase in
�tting precision. The three advanced strategies follow entirely di�erent
approaches. Cruciform tension (CT) experiments present a reliable �t-
ting strategy based on a much larger number of support points under
multi-axial loading. Crystal plasticity (CP) requires both experimentally
challenging EBSD measurement and extremely high computational e�ort.
Full �eld optimization (Opt) does not increase experimental e�ort, but
adds some computational e�ort. In addition, knowledge and availability
of optimization algorithms becomes necessary. Especially CT and Opt
may be implemented in an industrial testing setup with the strategy and
algorithms provided in this work.
This work contributed signi�cantly in identifying the most suitable strat-
egy. The procedure is summarized shortly:

ˆ conduct standard experiments to de�ne reference con�gurations,

ˆ select and execute more advanced strategies:

{ conduct cruciform tension tests,

{ include crystal plasticity calculation,

{ conduct full-�eld optimization based on DIC data,

ˆ validate model performance:

{ validation measure based on sections of Nakajima specimen,
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{ industrial validation based on cross die geometry,

ˆ de�ne optimal strategy for industrial application.

The selection of optimal strategy is based on the two validations. The
recommended strategy for future use becomes cruciform tension, closely
followed by full-�eld optimization. Great support in evaluation of model
sensitivity and continuity of derivatives was provided by transforming the
yield formulation to � � � space. As this space directly represents yield
derivatives, it is strongly recommended to include in future investiga-
tions. Finally, two additional models have been investigated. The �rst
is an interpolation based YLD2000 and the second is a YLD2000 �t for
anisotropic hardening. Both of these models were able to perform better
than original �tting with almost no additional cost.
A perfect alternative to non-quadratic yield formulations presents the ge-
ometrically constructed Vegter yield locus. The formulation based on
B�ezier interpolation introduces additional 
exibility that allows to �t both
plane strain and shear point directly. This direct �tting approach may be
easier for application on a daily basis in industry, especially as the plane
strain point may be adjusted directly. The Vegter model performed on
average similarly to the YLD2000 model. The only disadvantage is a non
continuous second derivative, which makes fully implicit material integra-
tion di�cult. However, this was not found to be problematic in practice.
It has long been suggested to use the YLD2000 model only with expo-
nent 8 for FCC metals and exponent 6 for BCC metals. For the case of
FCC metal, this suggestion has been proven wrong. The exponent should
always be included as ninth �tting parameter.

ˆ the interpolated YLD2000 model is introduced and tested, performing
better than original �tting,

ˆ yield locus representation in� � � space leads to an intuitive interpre-
tation of yield derivative,

ˆ the Vegter yield model provides a 
exible alternative to the YLD2000
model,

ˆ the exponent of the YLD2000 model is a very reasonable additional
�tting parameter,
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ˆ cruciform tension experiments prove to be perfectly suited to measure
initial yielding for all tension based stress states,

ˆ full-�eld optimization is investigated in detail and provides a stable
alternative to the original approach,

ˆ based on validation, cruciform tension performs most consistently and
is selected as recommended strategy,

ˆ full-�eld optimization returns the best result in most con�gurations
when combined with Vegter,

ˆ all advanced strategies perform signi�cantly better than standard mod-
elling techniques,

ˆ the incurred cost per strategy has been estimated for reference.
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Appendix

A.1 Derivative of YLD2000 yield criterion
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for the singular case ofX 0
1 = X 0

2, the derivatives are de�ned to be equal
to zero.
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A.2 Derivative of Vegter yield criterion

A.2 Derivative of Vegter yield criterion

The derivative of the Vegter yield criterion was published by Vegter and
Boogaard [145] as a derivative with respect toXXX = � 1; � 2; cos(2� ). In
the formulation, sin (2� ) is abbreviated with s and cos(2� ) is abbreviated
with c. Total derivative becomes
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and with the derivative of the B�ezier terms as
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The derivatives of ~f with respect to t are well de�ned. The only exception
is the condition under biaxial stress. Vegter and Boogaard [145] present
a solution at the singularity.

A.3 Detailed evaluation of strain error for
validation based on Nakajima sections

The following two tables include the accumulated error per geometry and
�tting strategy for both YLD2000 and Vegter and both major and minor
strain.
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error of � min B50 B80 B100 B120 B200 sum sum�

[� 10� 4 ] (no B120)

YLD2000 original 0.47 0.22 0.06 1.02 4.93 6.70 5.68

YLD2000 Opt 0.47 0.77 0.60 4.79 1.21 7.84 3.05

YLD2000 CT 0.13 0.31 0.08 4.77 1.04 6.33 1.56

YLD2000 CP 0.22 0.70 0.57 7.05 0.80 9.34 2.29

Vegter original 0.42 0.25 0.06 0.67 7.97 9.37 8.70

Vegter Opt 0.19 0.47 0.28 2.87 1.08 4.89 2.02

Vegter CT 0.15 0.45 0.24 4.65 1.14 6.63 1.98

Vegter CP 0.26 0.94 1.05 7.46 0.68 10.0 2.54

YLD2000 intp 0.31 0.31 0.04 2.35 2.23 5.24 2.90

YLD2000 var 0.49 0.32 0.08 1.57 3.78 6.24 4.67

Table A.1: Accumulated error of � min per geometry and �tting strategy
including total error per �tting strategy and total error exclud-
ing B120 as sum� .

error of � maj B50 B80 B100 B120 B200 sum sum�

[� 10� 4 ] (no B120)

YLD2000 original 0.31 0.14 0.35 1.12 4.49 6.41 5.29

YLD2000 Opt 0.22 0.14 0.20 0.45 0.85 1.86 1.41

YLD2000 CT 0.18 0.35 0.53 0.94 1.23 3.23 2.29

YLD2000 CP 0.20 0.39 0.48 0.77 1.03 2.87 2.10

Vegter original 0.28 0.16 0.35 1.12 4.49 5.50 4.38

Vegter Opt 0.22 0.20 0.58 0.94 0.56 2.50 1.56

Vegter CT 0.20 0.42 0.57 0.76 1.16 3.11 2.35

Vegter CP 0.20 0.37 0.55 0.74 0.60 2.46 1.72

YLD2000 intp 0.32 0.55 1.18 1.42 2.06 5.53 4.11

YLD2000 var 0.27 0.09 0.30 1.05 3.58 5.29 4.24

Table A.2: Accumulated error of � maj per geometry and �tting strategy
including total error per �tting strategy and total error exclud-
ing B120 as sum� .
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A.4 Sobol indices for non-linear dependency

Parameter sensitivities are investigated using the Sobol (or variance-based)
sensitivity analysis. This analysis method de�nes global sensitivities based
on a decomposition of the variance of the output into fractions, which are
then correlated with the inputs. The Sobol method is especially powerful,
as it is able to deal with non-linear responses. Below, the calculation of
�rst order Sobol indices is outlined. Higher order indices are calculated
similarly, see Sobol and Kucherenko [123]. The relation of input to out-
puts is de�ned in dependency of additive componentsf i;j;k of the original
objective function f :

v = f 0+
nX

i =1

f i (x i )+
nX

i =1

nX

j = i +1

f ij (x i ; x j )+ :::+ f 1;2;3;:::n (x1; x2; :::xn ) (A.2)

From these components, their variances are computed as

Vi;:::;j =
Z

:::
Z

f 2
i;:::;j dxi :::dxj (A.3)

and the total variance as

V =
nX

i =1

Vi +
nX

j = i +1

Vij + ::: + V12:::n . (A.4)

The �rst order indices Si result as the relation the variance of each com-
ponent to the total variance:

Si =
Vi

V
. (A.5)

A.5 Dynamic time warping algorithm

This section reprints the summary of the algorithm as presented in LS-
Opt user's manual [127].

161



Appendix A Appendix

DTW calculates the distance between two data sets, which may vary in
time, via its corresponding warping path W = ( w1; :::; wl ). This path is
the result of the minimum accumulated distance which is necessary to
traverse all points in the curves. The normalized DTW distance can be
formulated as

DTW (P; Q) =
1
l
min W f

lX

i =1

� (wi )g,

where � (wi )) = d(ph ; qk ) if wi = ( h; k), h 2 1; :::; n and k 2 1; :::; m. Algo-
rithmically, the method calculates a matrix of accumulated distances as
follows:
Input : Two polygonal curvesP = ( p1; :::; pn ), Q = ( q1; :::; qm )
Output : DTW (P; Q)

1. Initialize matrix M of sizen � m

2. Set the values of M to the Eurclidean distance between the points in
P and Q

3. Replace the values ofM in the following way in order to obtain the
minimal accumulated distance:

for i = 1,...,n
for j = 1,...,m

if i>1 and j=1 M(i,j) = M(i-1,j)+M(i,j)
else if i=1 and j>1 M(i,j) = M(i,j-1)+M(i,j)
else if i>1 and j>1 M(i,j) = min(M(i-1,j)+M(i,j),

M(i,j-1)+M(i,j),
M(i-1,j-1)+M(i,j))

return M(n,m)

In general, due to normalization by the length of the path, the normalized
DTW distance is una�ected by the density of points and yields substan-
tial results. Nevertheless we strongly suggest using a comparable density
of uniformly distributed points on both curves by interpolating missing
points where necessary (with the built-in method). This approach avoids
insu�cient optimization runs and yields comparable results.
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A.6 Alignment of additional Nakajima samples

(a) (b)

(c) (d)

Figure A.1: Alignment of FE mesh and measurement data for additional
Nakajima samples. (a) shows B80, (b) B100, (c) B120, (d)
B200.
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(b) (c)

(d) (e)

Figure A.2: DTW error measures for Nakajima samples. (a) shows �x =
� � maj for B100, (b) � y = � � min for B100, (c) � x = � � maj

for B120, (d) � y = � � min for B120.

A.7 Error measures of DTW algorithm of
relevant Nakajima geometries

For completion, the resulting � x and � y of the DTW algorithm for all
Nakajima geometries used in iterative full �eld approach are shown in
Figure A.2 and A.3. The Nakajima based strategy was replaced by NTR5
based strategy eventually. Some local errors are still present, especially
for major strain.
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(b) (c)

(d) (e)

Figure A.3: DTW error measures for Nakajima samples. (a) shows �x =
� � maj for B50, (b) � y = � � min for B50, (c) � x = � � maj for
B80, (d) � y = � � min for B50.
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