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Summary

The thesis develops “rational belief bubbles” as a generalization of rational

expectations bubbles (REBs). Rational belief bubbles posit, just as REBs

do, the possibility of bubbles in a standard neoclassical competitive market

setting, i.e. a setting with utility-maximing agents in a friction-free environ-

ment. By relaxing the rational expectations hypothesis of Muth and Lucas

to the rational belief hypothesis of Kurz (1994, 1995), however, one can over-

come the severe limitations of REBs. For example, instead of using exogenous

“sunspots”, one can trace the origin of the bubble to endogenous forces, in

particular the structure and time-varying coherence of the social network of

agents (the “correlation of beliefs”). To prepare the ground, the first paper

discusses the insu�ciency of previous bubble definitions in the literature and

proposes a new one that juxtaposes bubbles with e�cient markets in a pre-

cise way. The second paper re-examines the bubble literature through the

lens of symmetry breaking. We divide the literature into two classes, rational

expectations models and heterogeneous expectations models, and show that

the latter relies predominantly on the device of explicit symmetry breaking.

In the third, eponymous paper of this thesis, we finally show an alterna-

tive way of generating bubbles through spontaneous symmetry breaking: our

rational belief bubbles. By breaking the symmetry of heterogeneous expec-

tations spontaneously rather than explicitly, we are able to forego the usual

market frictions or behavioral biases with which bubbles are conventionally

explained, while at the same time being more plausible and flexible than the

class of rational expectations models.



Zusammenfassung

Die vorliegende Arbeit entwickelt das Konzept von “rational belief bub-

bles” als Generalisierung der sogenannten “rational expectations bubbles”

(nachfolgende REBs). Rational belief bubbles zeigen wie REBs auf, dass Fi-

nanzblasen auch unter streng neoklassischen Annahmen unter Wettbewerb-

sbedingungen möglich sind, also auch mit nutzenmaximierenden Agenten

in einem friktionsfreien Markt usw. Indem die Hypothese rationaler Er-

wartungen von Muth und Lucas jedoch zur Hypothese von “rational beliefs”

von Kurz (1994, 1995) relaxiert wird, können die Limitationen von REBs

umgangen werden. So brauchen beispielsweise nicht mehr sogenannte exo-

gene “sunspots” herangezogen werden, um die Entstehung von Finanzblasen

zu erklären, sondern es können endogene Faktoren wie die Struktur und

Kohärenz des sozialen Graphen der Agenten (modelliert durch die Korre-

lation der “rational beliefs”) herangezogen werden. Um das Hauptmodell

vorzubereiten, diskutiert das erste Papier der Thesis zunächst einmal die

gängigen Definitionen in der Literatur von Finanzblasen und zeigt deren

Schwächen auf, um schliesslich eine eigene, neue Definition vorzuschlagen, die

Finanzblasen explizit dem Konzept von e�zienten Märkten gegenüberstellt.

Das zweite Kapitel bietet einen Literaturüberblick unter dem Sichtwinkel des

sogenannten “symmetry breaking” aus der Quantenphysik. Wir teilen die

bestehende Literatur in zwei Klassen, zum einen Modelle mit rationalen Er-

wartungen, zum anderen Modelle mit heterogenen Erwartungen. Wir zeigen

schliesslich, dass die bestehenden Modelle mit heterogenen Erwartungen ver-

schiedene Variationen des “explicit symmetry breaking” benutzen, um Fi-

nanzblasen zu generieren. Im dritten, namengebenden Artikel schliesslich

zeigen wir, dass es auch möglich ist, Finanzblasen mit sogenanntem “spon-

taneous symmetry breaking” zu generieren: unser “rational belief bubble”



Modell. Der Vorteil liegt dabei darin, dass man nicht mehr auf Marktfriktio-

nen oder behaviorale Biases zurückgreifen muss, um eventuelle Verfehlungen

des Marktes zu erklären.
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Chapter 1

Introduction

Bubbles, in one form or another, are a widely recognized phenomenon. But

because the standard model of competitive markets cannot account for them1,

they are customarily explained by violations of at least some of the classical

axioms. Bubble models are therefore almost always special models. That

is, they treat bubbles as discrete market outcomes, separate from normally

functioning markets. We propose instead a single model that folds all the

possible market outcomes into one parameter space: a unified market model,

if you will. In particular, we show how bubbles can arise within the confines

of the competitive market paradigm, i.e. in a setting where agents are ratio-

nal, markets are friction-free, information is symmetrically distributed and

costless, equilibrium is attained at all times etc. Because we maintain all the

standard assumptions of competitive markets, we can treat bubbles as “just

another market outcome” next to e�cient markets and markets with excess

volatility.

To devise our model, we build on the work of Kurz and Motolese (2011).

They construct an equilibrium asset pricing model under the rational belief

hypothesis. Rational belief theory is a generalization of rational expectations

to a setting in which either the stationarity of the economic system is not

1We discuss rational expectations bubbles in chapter 2.
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certain or in which the system is non-stationary but stochastically stable2.

Unsurprisingly, we view our theory of bubbles as a generalization of (and

improvement on) the theory of rational expectations bubbles (REBs), hence

the title of this paper. REBs depend on the survival of a bubble component in

asset prices but do not explain what it is or why it exists in the first place. We

show that the market belief state variable of Kurz and Motolese (2011) can

turn into a bubble component if the degree with which the (rational) beliefs

of agents are correlated passes a certain threshold level. This ties bubbles,

and more broadly market behavior as such, to the social topology of agents.

That is, we identify the notion of correlated beliefs as the determinant of

di↵erent market regimes, with special attention to bubbles.

Our analysis starts with a drastic reduction of the dimensionality of the

parameter space of Kurz and Motolese (2011) to a single number between

0 and 1. This allows us to sharpen their assumption of “su�ciently corre-

lated beliefs”, which is key but left informal in their original model. We then

modify it slightly such that their market belief state variable can assume

long-memory persistence in a particular region of the reduced parameter

space. Exploiting the tractability of our reformulation, we then generate all

the di↵erent market outcomes by varying the degree with which the beliefs

of agents are correlated: When agents form expectations independently, ex-

pectational mistakes cancel out and markets are e�cient; when their beliefs

are “su�ciently correlated” to break the law of large numbers, Kurz and

Motolese (2011)’s original result of endogenous excess volatility holds; once

another threshold in the parameter space is passed and a so-called giant con-

nected component emerges in the state space of beliefs, the market develops

bubbles.

The main di↵erence to other bubble models with heterogeneous expec-

tations is that our theory is fully consistent with the classical assumptions.

There are no behavioral or noise traders, no market frictions, and no asym-

metries in the information flow of the economy. In this respect, our theory

2We provide a summary of the theory including key definitions in chapter 3.
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of bubbles is similar to that of rational expectations bubbles (REBs). But

by weakening the expectational hypothesis from rational expectations to ra-

tional beliefs, we can weaken its oft-absurd implications. In particular, our

model can explain negative as well as positive bubbles, and they do not need

to be present from the beginning but can arise spontaneously (and repeat-

edly). Most importantly, perhaps, unlike REBs rational belief bubbles have

a clear economic interpretation.

Current theories of bubbles, as a discrete phenomenon, roughly divide into

two classes: On the one hand, there are rational expectations bubbles (REBs)

in an essentially neoclassical setup under homogeneous expectations; on the

other hand, there are heterogeneous expectations bubbles (HEBs) in what

could be called New Keynesian setups with frictions of one kind or another. In

this article, we propose a hybrid theory that locates bubbles, like the former,

within the tight subspace of axiomatically “perfect markets”3 but that allows

investors, like the latter, to disagree. More specifically, we build on the

asset pricing model of Kurz and Motolese (2011) and modify it such that

bubbles arise in a particular region of its parameter space. By generalizing

from rational expectations to rational beliefs, we are able to weaken the oft-

absurd implications of the original theory of “rational bubbles”. At the same

time, by staying within its Euclidean confines, we retain and reinvigorate its

message that bubbles are not borne from foolishness or frictions but inherent

in the market mechanism itself.

Almost incidentally, we find that by making room for bubbles in the

phase space of Kurz and Motolese (2011)’s model, we are now able to gener-

ate all the di↵erent market outcomes—from the maximally e�cient market

where fundamentals map directly to the market price, to endogenous “excess”

volatility, their original result, to positive as well as negative bubbles—within

a singular model, simply by traversing its parameter space. This surprising

result arose but as a side-e↵ect of our original goal. In a sense, locating

3Shorthand for a setup with rational agents, price-taking behavior, absence of frictions,

symmetric information, and market clearing equilibrium
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bubbles in the highly idealized setting of a Radner (1972) equilibrium almost

automatically leads to a unified theory of markets, without us even trying.

Much of the credit for this insight is, no doubt, due to the choice of our

base model and, in particular, to the groundwork laid by Prof. Kurz (Kurz,

1994a,b).

Our argument is simple enough on a substantive level. In essence, we

claim that it is the convergence of beliefs beyond a certain threshold that

is responsible for bubbles. In order to develop it formally, though, we need

some concepts and results that have not been used in the economic literature

before. For example, we introduce the notion of long strange segments from

probability theory to formulate a new, rigorous definition of bubbles; apply

the concept of spontaneous symmetry breaking from theoretical physics to

populations of heterogeneous agents; and rely on properties of spectral dis-

tributions of large random matrices, representing random graphs of agents,

in the proof of a key result. We also use relatively specialized notions from

economic theory, e.g. rational belief theory as a generalization of the ratio-

nal expectations paradigm, or linear aggregation to obtain (transient) long-

memory in one of the state variables. Lest we lose the reader in the thick of

these formalisms, we shall trace the arc of the argument once in its entirety

before filling in the details in the main part of this paper. Before we do,

though, let us first give some context.

REBs have their roots in an older strand of the macroeconomic literature

that Camerer (1989) classified as “rational growing bubbles”. Dealing with

monetary variables, the common thread in these models is that the indeter-

minacy of the equilibrium path may leave room for bubbles in the solution

space of dynamic equilibrium models. Blanchard (1979), Blanchard and Wat-

son (1982) and Tirole (1985, 1982) apply this idea in the context of financial

markets to model asset price bubbles. In a REB, market price p

t

is the su-

perposition of a fundamental value v

t

and a “bubble component” b

t

, that
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is

p

t

= v

t

+ b

t

(1.1)

Crucially, the presence of the bubble component, as well as its stochastic

properties, must be known to all the agents. By imposing certain conditions

on the dynamics of the bubble component, e.g. bounds on its growth rate

or the absence of a transversality condition on its limit behavior, the theory

then shows that bubbles may indeed be consistent with a competitive market

equilibrium. No greater fool in the form of behavioral or noise traders is

needed for the survival of a bubble, nor are market frictions or informational

asymmetries required for its existence. In other words, bubbles may arise

even when agents are rational, act as price-takers, have equal access to all

information, trade freely without frictions, and equilibrium is attained at all

times.

Alas, the technical conditions on the bubble component have rather strik-

ing implications that immediately neuter the power of this message. Recall-

ing that by contrapositive, if a theory implies an absurdity, then that theory

cannot be true, REBs are implausible to the point of being unusable. For

example, as Diba and Grossman (1987, 1988) point out, the bubble compo-

nent has to be present from the very beginning of (trading) time in order for

the theory to hold. That is, if there is to be a REB in an asset, this asset

must have been overvalued from day one. As a consequence, bubbles also

can never recur. Once a bubble asset has been deflated, its valuation must

now and for all time forward be correct. Furthermore, as the bubble has

to be explosive in expectation for the equilibrium to obtain, bubbles cannot

occur in assets with upper bounds on their prices, which excludes the entire

credit market, and they must always be positive, which precludes periods of

undervaluation. This in turn implies that when a bubble ends in a crash,

prices must fall exactly to fundamental value and cannot undershoot.

But even as a pure Gedankenspiel or thought experiment, REBs have little

value as the model says nothing about the origin of the bubble component:

Where does it come from? What is the economic mechanism behind it? What
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is it? Their lack of motivation prevents us from connecting REBs to other

market outcomes: For example, what makes a bubble market di↵erent from

an e�cient one? Why does a bubble arise in one market and not another?

In fact, the requirement that the bubble component be present from the first

day of trading makes such a connection impossible: Either the market is in

a REB or it is not, it cannot transition from one state to the other.

Keynes (1936, ch. 12) suggested that a non-fundamental, speculative el-

ement may naturally arise in otherwise competitive markets if agents hold

diverse beliefs about the future because then

the energies and skill of the professional investor and speculator

are [. . . ] concerned, not with what an investment is really worth

to a man who buys it ‘for keeps’, but with what the market will

value it at.

Implicit in this argument is the assumption that agents have finite holding

periods or at least the possibility to sell the asset back to the market at

some point before its maturity. The combination of finite holding periods

and investor disagreement leads to a decision calculus that incorporates the

opinions of others. That is, diversity gives rise to an endogenous, strategic el-

ement in the price discovery process. In modern language, this idea has been

formalized in the form of higher-order beliefs (Allen et al., 2006, Bacchetta

and Van Wincoop, 2008).

Of course, a bubble component based on higher-order beliefs cannot be a

REB because the heterogeneity required directly contradicts the uniformity

imposed by rational expectations. A di↵erent theory would be needed and,

coincidentally or not, it was around the same time as Blanchard (1979) in-

troduced REBs that Harrison and Kreps (1978) started a separate bubble

literature based on heterogeneous expectations. Today, this class of het-

erogeneous expectations bubbles (HEBs) encompasses the vast majority of

bubble theories4, and although rich and variegated in its details, it is also

4We refer the reader to the surveys of Stiglitz (1990), Brunnermeier and Oehmke (2013),
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strikingly uniform in its emphasis on market failures. To use a more memo-

rable turn of phrase, the HEB literature “throws bucketfuls of grit into the

smooth-running neoclassical paradigms”5 in order to explain bubbles. To un-

derstand why, we organize our review of the literature along two questions:

One, with what do we replace the expectational hypothesis if investors are

not to have converged to rational expectations? That is, what is the reason

for investor disagreement? And two, how does this disagreement then trans-

late into bubbles?

With respect to the first question, there are three main explanations: The

first one, using a Bayesian framework, relies on heterogeneous priors. The

basic idea is that agents use di↵erent priors in interpreting news and thus end

up with di↵erent posteriors even if the information they receive is perfectly

symmetric (i.e. everybody observes the same signal and nobody has an in-

formation advantage). The problem is that as more and more data comes in,

investor disagreement is bound to disappear as the data will at some point

dominate all the original priors and force beliefs to converge to the correct

one (rational expectations). The only way to stop this from happening, in a

stationary world, is to make learning costly.

A second strand of the literature explains diverse beliefs with behavioral

biases. Expressed in a Bayesian framework, and to contrast the approach

with heterogeneous priors, one could for example let the agents follow a vari-

ety of updating rules. This would lead to disagreement even if the agents all

started from the same priors and had equal access to information. Implicit

in this argument is the assumption that the rules are suboptimal6. Mecha-

nisms proposed in the literature to explain such suboptimal learning include

Xiong (2013), Scherbina and Schlusche (2014), Camerer (1989), O’Hara (2008) for an

overview and references.
5Leslie (1993) as quoted in Snowdon and Vane (2005, p. 365)
6Optimality, while not necessarily restricted to singletons, would almost certainly not

be able to support the required variety of updating rules (and the persistence of this

variety!).
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limited attention, representativeness, conservatism, or overconfidence. The

noise trader literature can be viewed as a variant of this behavioral approach,

leaving open the precise nature of the bias.

The third approach is institutional, relying on frictions or asymmetries in

the information flow to generate disagreement. One example is the principal-

agent relationship between real-money investors and their advisers or fund

managers. The latter may have incentives to distort the information they

submit to their investors. The degree with which such distortions are com-

mitted and deciphered then varies naturally from manager to manager and

investor to investor, respectively, giving rise to a heterogeneously informed

population of agents, even if agents do not su↵er as above from cognitive

defects. The source of the heterogeneity is structural, not behavioral.

To sum up, we see that the first major source of “grit” lies in how the HEB

literature motivates its very premise. That is, in their present form, HEBs

are umbilically tethered to some behavioral or institutional defect. This is,

of course, not unrealistic. After all, misaligned incentives are a reality and,

as Summers famously quipped, “There are idiots. Look around.” But, as

we shall argue below, it is not necessary from a theoretical standpoint. It is

possible to explain investor disagreement without all this axiomatic overhead

that makes the models more special than they need to be.

With respect to the second question, how disagreement translates into bub-

bles, the literature is too variegated and specific to neatly summarize in the

space available. After all, it is usually the precise formulation of such a

mechanism that is the point of a paper. We can nevertheless make a similar

observation to the above: as far as we can tell, all existing HEB models rely

on frictions of some kind to translate disagreement into bubbles. For exam-

ple, Harrison and Kreps (1978), Scheinkman and Xiong (2003a,b), Allen and

Gorton (1993), Allen et al. (1993), Jarrow (1980) and others impose short-

sale constraints; Abreu and Brunnermeier (2003) put capital constraints on

individual arbitrageurs while Shleifer and Vishny (1997) put them on ar-
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bitrageurs as a group; Allen and Gale (2000a,b) have traders with limited

liability; Abreu and Brunnermeier (2002) cite holding costs; etc. This cou-

pling between heterogeneity and frictions throughout the literature, when

viewed as a whole, is suggestive of an artifact, in the sense that the inclu-

sion of those frictions seems to serve a technical rather than an economic

purpose. To explain what we mean, as well as to prepare the ground for our

own approach, let us introduce the concept of symmetry breaking7.

Symmetry, in a formal sense, refers to invariance under a group action.

For example, if a geometrical object is constructed such that a rotation by

(multiples of) ⇡/n, for some n, would always leave it in the same state as

before the rotation, it is said to be symmetric w.r.t. this operation. More

to the point, let a diverse investor population consist of optimists, marked

by a positive number whose magnitude indicates the degree of optimism,

and pessimists, demarked by analogous negative numbers. Absent further

conditions, the population must be assumed to be symmetric, meaning that

optimists and pessimists balance out. Statistics such as the mean then be-

come invariant to operations such as flipping the signs on the population. In

order for the diversity to be of consequence, one therefore needs to break the

symmetry first. Regardless of how the diversity is motivated, this is an issue

every model based on heterogeneous agents must address.

But symmetries can be broken in two ways: Explicitly and spontaneously.

Explicit symmetry breaking proceeds from the “outside” by tacking extra

conditions onto the original problem statement. For example, a di↵erential

equation may originally admit a symmetric solution set. But if the mod-

eler imposes an initial condition that removes some of the original solutions,

this invariance may be broken and the solution set becomes asymmetric. In

contrast, spontaneous symmetry breaking (SSB) eschews the imposition of

extra constraints or conditions. It proceeds from the “inside”, by examin-

7We refer the reader to Castellani (2003) for a good introduction to symmetry breaking

on the conceptual level as well as references to some of the classic treatments. The fourth

Messenger lecture by Richard Feynman is also useful to gain some geometric intuition for

this concept.
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ing the parameter space of the original problem for critical values. When

successful, this approach yields partitions of the parameter space such that

crossing certain boundaries breaks the system’s symmetry naturally, without

any additional structure.

Against this background, it becomes apparent that the HEB literature re-

lies throughout on explicit symmetry breaking8. Abstracting from the good

reasons and justifications cited by individual models, this is why diversity and

frictions correlate so strongly in the literature. A short-sale constraint, for

example, breaks the symmetry by excluding the pessimists wholesale from

the market; a capital constraint by limiting their influence; etc. That ex-

plicit symmetry breaking is always determinate in the direction in which the

symmetry is broken also explains the literature’s otherwise curious neglect of

negative bubbles. Imposing a short-sale constraint can, after all, never lead

to a negative bubble by construction. There is, however, no good reason why

negative bubbles should not be expected to happen, or why they deserve less

attention. We conclude that regardless of how investor disagreement is mo-

tivated, the second major source of “grit” is the way in which its symmetry

is broken.

To achieve the equivalent of REBs under heterogeneous expectations then,

we must address the two questions raised above—how to explain investor

disagreement and how to translate this disagreement into bubbles—in a

“grit-free” way, i.e. in a way that does not violate the precepts of ratio-

nality, atomicity, absence of frictions, symmetry of information, and perpet-

ual attainment of equilibrium. Our approach, in a nutshell, is to use Kurz

(1994a,b)’s rational belief (RB) theory to answer the first question and to

break the symmetry of diverse beliefs spontaneously to address the second

one.
8With the exception of DeLong et al. (1990, 1991) who simply assume the symmetry

away by centering the population of noise traders around a non-zero “average bullish-

ness” while letting the arbitrageurs know the true fundamental value (but not the average

misperception of the noise traders).
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RB theory explains investor disagreement without resorting to behavioral

or institutional defects of any kind but has remained curiously underappre-

ciated in the literature. Although it is a very elegant theory, it is in our

experience also often misapprehended. For example, French (2003) char-

acterizes rational beliefs as the result of a Bayesian learning process9; Lin

(2012) is confused about the nature of the dynamic system in the setup of the

theory, leading to statements like “apparent stationarity but intrinsic non-

stationarity”10; and Xiong (2013) seems to say that rational beliefs converge

to rational expectations if the environment is stationary11. We therefore pro-

vide a summary as well as pointers to the original RB literature in chapter

3. The basic idea is quickly explained though:

Just as RE can be understood as an attractor of individual expectations

in stationary environments, RB theory provides an anchor to expectations in

“less than stationary” ones. It is a common misconception that “less than

stationary” must automatically mean non-stationary (and thus unlearnable).

Halfway in-between stationary and non-stationary systems lies the class of

(weak) asymptotic mean stationary (WAMS) systems. Saving the technical

definition for later, WAMS systems are a superset of stationary systems but

a subset of non-stationary ones (see figure 1.1). While stationary systems can

be learned completely, given enough data, and while non-stationary systems

9Nielsen (2007) shows that this is possible but he uses a modified version of the theory,

relying on so-called SIDS measures introduced in Nielsen (1997). In Kurz (1994a,b)’s

original statement of the theory, there is no learning. Also note that French made his

assertion a few years before Nielsen’s note. Presuming that he did not anticipate the

subtleties of Nielsen’s argument, it is therefore fair to classify it as a misapprehension of

the theory.
10What is missing in his description is the notion of stochastic stability, which is the

central concept of the theory. Stability is analogous to stationarity but still fundamentally

di↵erent in that it does not refer to the true distribution but to a related measure.
11Kurz (1994b) actually asserts that merely believing in nonstationarity, independent

of whether the system is, in fact, stationary, is self-fulfilling. That is, when agents assign

nonzero measure to the set of nonstationary systems, their actions may in equilibrium

render the endogenous variables nonstationary, even when all the exogenous variables are

stationary.
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Figure 1.1: Hierarchy of process models in increasing generality (when moving

outwards from the center). For example, iid models can be viewed as a special

case of general non-stationary models with an infinite-dimensional independence

copula and the restriction that all the univariate distributions have to be identical.

A stationary process is an n-stationary process with n = 1. Etc.

cannot be learned no matter how much data, WAMS systems o↵er some but

not complete learnability: Enough to survive, too little to thrive, if you will.

It is this two-sided bound on what can be learned that makes WAMS

systems an attractive model of economic dynamics12. After all, almost ev-

12Note that the stable measure associated with WAMS systems is a generalization of

cyclical or recurrent behavior associated with so-called N -stationary systems (where the

probabilities remain invariant to time-shifts of fixed multiples, e.g. every N periods). It is

therefore a natural way to model economic systems with their ups and downs. For details

and references, see section ??
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eryone will agree that one cannot learn everything from history but that,

at the same time, one can learn something from it. The basic assumption

of RB theory is that the economic system falls into this category of WAMS

systems. From this arises e↵ortlessly—without further assumptions about

cognitive biases, suboptimal learning, frictions or asymmetries in the distri-

bution of information—a natural diversity of outlooks: If there is an upper

bound on what can be learned, agents must fill in the blanks, so to speak,

and they must do so in non-falsifiable, idiosyncratic ways. At the same time,

they are bound from below by the something that can be learned from the

system. This something provides a source of falsifiability to the agents, and

thereby anchors diverse beliefs about the future in a common reality.

To be more concrete, RB theory locates the timing of events beyond

the upper bound of learning. For example, a recession one year from today

may have a di↵erent probability of occurring than a recession two years

from today, but these probabilities are specific to their time and as such not

learnable, no matter how much data the agents accumulate. At the same

time, agents cannot just “make stu↵ up”. In WAMS systems, the empirical

distribution converges to a so-called stable measure which is, like stationary

ones, invariant to the passage of time13. Agents are thus bound from below

in the sense that they can (and therefore should) learn the probability with

which to expect events like recessions to occur eventually14.

Recall that the point of rational expectations is to restrict the scope of

forecasting errors, not to eliminate them by model fiat. That is, mistakes in

forecasting are presumed to be inevitable but random and centered around

13To save at least some readers from a source of confusion we ran into when learning

the theory, it is this invariance to, or stability against, the flow of time that the “stable”

refers to. That is, it has nothing to do with the class of stable distributions! It is an

interesting question, though, whether these stable measures can be characterized as a

natural attractor for WAMS systems analogous to stable distributions for sums of random

variables or max-stable distributions for maxima of random sequences.
14Pun intended: Stochastic stability could indeed be viewed as a dynamical systems

analogue to the measure theoretic limes infimum.
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the true value (relative to the model). Analogously, RB theory says agents

can and will be o↵ in their calendar-bound forecasts but they are not allowed

to consistently under- or overestimate the frequency with which an event oc-

curs over a given forecast horizon15. Presumably because this is the best

agents can do in WAMS systems, just as converging to rational expectations

is the best agents can do in stationary systems, Kurz (1994a,b) applied the

rationality label to such agents.

Based on this notion of rational disagreement then, Kurz and Motolese (2011)

build an equilibrium asset pricing model that incorporates a form of higher-

order beliefs (HOBs). Our main interest lies in their derivation of an equilib-

rium map from fundamentals d

t

and market belief Z

t

to price p

t

. Comparing

it to equation 1.1 makes immediately obvious why:

p

t

= a

d

d

t

+ a

Z

Z

t

(1.2)

The second question, how to translate diversity into bubbles, suddenly as-

sumes a much more concrete form: Can we use market belief Z

t

to induce a

bubble?

To answer this question, we need a precise definition of bubbles. What

exactly are we required to show? What properties does Z

t

need in order to

drive a bubble? Alas, to this day bubbles remain somewhat of “a fuzzy word,

filled with import but lacking a solid operational definition” (Garber, 2000).

We therefore start our analysis by proposing a new, rigorous definition in

chapter 2. Borrowing the notion of long strange segments (LSS) from the

theory of stochastic processes, our definition captures the essence of common

bubble descriptions: Large, sustained deviations of price from value, or a

period in which prices appear decoupled from fundamentals. LSS simply

encode these notions in a precise mathematical language. Take, for example,

an iid Gaussian process with mean 0 and variance 1. If we sample the process

15Note: This observation, to be more rigorous about the length of the forecast horizon,

could lead to a reinterpretation of RB theory in terms of point processes and intensities

(and their estimation).
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for a su�ciently long time, we expect its sample average to be close to 0. If

we observe a long interval during which its sample average lies in R\[�1, 1]

instead, we are dealing with a LSS.

Without even seeing the precise formalism, it is clear that what counts

as “long” or “strange” must depend on the particulars of the process. More

specifically, the length of the interval and the magnitude of the threshold

must be such that, in combination, the LSS becomes a rare event. What

counts as rare, in turn, is connected to the autocorrelative properties of the

process16. Clearly, a highly autocorrelated process is more likely to generate

large samples bounded away from the mean than a process with low auto-

correlations. But how low is low, and how high is high? The boundaries are

fluid and subjective, except in one case: the phase transition from short- to

long-memory. To show that market belief Z

t

can drive a bubble, we there-

fore seek a structural break in the serial dependence of Z

t

such that Z

t

is a

fast-moving, short-memory process in one region of the parameter space and

a slow-moving, long-memory one in another region. Bubbles thus appear as

regimes of transient long memory.

In normal times, Z

t

fluctuates relative quickly around 0 and the price

process therefore also never strays far from a region around fundamental

value a

d

d

t

. In other words, deviations from value (nonzero realizations of Z

t

)

get arbitraged away relatively quickly in non-bubble, short memory periods.

When we move to the slow-moving, long-memory region of the parameter

space of the model, however, the endogenous, strategic calculus takes over

and deviations become persistent, even cumulative. That is, a rational belief

bubble (RBB) happens when market belief Z

t

comes to dominate the price

process, or

1

t

j

� t

i

+ 1

tjX

t=ti

Z

t

2 B (1.3)

16This was, by the way, the original motivation of re-introducing LSS as a mathematical

subject by Mansfield et al. (2001) and others. That is, LSS are interesting as a device

to generalize the notion of long memory to heavy-tailed processes with infinite second

moments.
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for a su�ciently long interval [t
i

, t

j

] and a region B su�ciently far removed

from 0 /2 B. For example, we could assume a constant fundamental value of

a

d

d

t

= 100 for a stock and specify B

+ = (100, 1) for positive bubbles and

B

� = [�100, �50) for a negative one, with B = B

+ [ B

�. Assuming a daily

frequency of observations, we could further specify t

j

� t

i

+1 > 1000. Again,

these are just arbitrary example numbers meant to illustrate; the specifics

depend on the particulars of the model17.

Now we know what we need: a phase transition from short- to long-memory

in the market belief state variable Z

t

. By relaxing one of Kurz and Motolese

(2011)’s model assumptions, we are able to bring a result from the literature

on linear aggregation to bear on this problem. This result shows that Z

t

does

indeed assume long-memory under certain conditions which can, in turn, be

linked to the correlation structure between the beliefs of agents. Before we

can explain how, though, we need to clarify what it means for beliefs to be

correlated in the RB framework in the first place:

To start with, correlation between the beliefs of agents does not say any-

thing about their beliefs per se, i.e. whether they are optimistic or pessimistic.

(Positively) correlated beliefs means they tend to become more optimistic or

pessimistic contemporaneously. In other words, positively correlated agents

interpret news in similar ways while negatively correlated agents interpret

it in diverging ways. But what does it mean, in the context of an asset

pricing model, that agents become, say, more optimistic together? Clearly,

it means that they will tend to add to their long positions (or reduce their

short ones) contemporaneously too, thus driving the price up. Alternatively,

17Although arbitrary, our example is also meant to reference and honor Fischer Black

who said “we might define an e�cient market as one in which price is within a factor of

2 of value, i.e., the price is more than half of value and less than twice value. The factor

of 2 is arbitrary, of course. Intuitively, though, it seems reasonable to me, in the light of

sources of uncertainty about value and the strength of the forces tending to cause price

to return to value. By this definition, I think almost all markets are e�cient almost all of

the time.” (Black, 1986)
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(positively) correlated beliefs could also lead to the agents growing more pes-

simistic together. They will then reduce their long positions (or add to their

short ones) contemporaneously, driving the price down. Given diverse but

correlated beliefs, agents must therefore take the optimism or pessimism of

other people into consideration. When sentiment rises, agents should expect

prices to increase over and beyond their own assessment of fair value, and

vice versa.

The important point is that Kurz and Motolese (2011) require correlated

beliefs for their model to work. Only then does market belief Z

t

have a

nontrivial distribution, Z

t

6= 0 with probability 1, and the average sentiment

in the population becomes relevant for pricing. But they never make this

requirement precise other than that there needs to be enough correlation in

order for the law of large numbers (LLN) to be “not operative”. They also

seem to presume a smooth relation between the degree of correlation in the

system and the average market belief Z

t

18. We believe we can clarify and

make more precise the role of belief correlations on the aggregate outcome.

To lower the degree of abstraction and show the relevance of the discus-

sion, we represent the correlation matrix in terms of a social network. This is

mathematically equivalent because for su�ciently large systems, the average

correlation ⇢̄ between agents must be positive. By substituting this average

correlation for every non-zero o↵-diagonal entry in the matrix, we can treat it

as the adjacent matrix of an undirected social graph. Communication within

self-contained groups or clusters then correspond to block (sub)matrices in

the belief correlation matrix. Figure 1.2 illustrates that this e↵ectively re-

duces the number of terms in the average or Z

t

. What maintaining “enough

correlation” for endogenous excess volatility therefore really means is that

the average size of agent clusters or their associated submatrices grows “fast

enough” relative to the number n of agents. This will prevent the law of

18“In essence, with increased diversity the e↵ects of the law of large numbers are more

pronounced. The converse holds as well: markets are more risky the higher is the degree

of unanimity in them.”
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large numbers from applying as the limit can then never be reached, so to

speak. As we discuss in section ??, Kurz and Motolese (2011)’s model in

e↵ect requires a lower bound on the rate with which the average cluster size

of the social graph of agents scales. As long as this lower bound is observed,

the market exhibits endogenous “excess volatility”. Below this lower bound,

heterogeneity averages out and the market becomes maximally e�cient, in

the sense that fundamentals map to prices without endogenous “interference”

of any kind (Z
t

= 0).
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Figure 1.2: Stylized correlation matrices. White color entries indicate correlation

coe�cients of 0, light gray entries of ⇢̄ 2 (0, 1]

We are much more interested in establishing a new upper bound on the

correlation structure, however, beyond which, as we shall argue, rational

belief bubbles occur. That is, once the average cluster size in the social graph

or the connectivity between agents passes a certain threshold, market belief

Z

t

passes from short- to long-memory. To show this, we need to modify Kurz

and Motolese (2011)’s model slightly. In their setup, the market belief process

Z

t

is necessarily a short-memory or fast moving process. This stems from a

particular model assumption that imposes equal rates of memory or decay
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over the cross-section of agents in the form of uniform ARMA coe�cients.

That is, agents are diverse in their degrees of optimism or pessimism but

they are uniform in the degree to which they change those beliefs.

We assume instead that agents have varying degrees of memory, or that

their beliefs fluctuate with di↵erent speeds. In other words, some agents

might change from optimism to pessimism much faster than others who re-

main more steady in their outlook. The modification is semiparametric in

that it specifies the distribution of this memory parameter only in a particu-

lar region, and it is a generalization of the original model in that the original

(constant) parameter distribution can be obtained simply by setting the ex-

ponent of the parametrization to zero. We introduce another mild change to

Kurz and Motolese (2011)’s original setup by treating the correlation matrix

between beliefs as random. Given its size, this is a common technique to

avoid having to specify millions of entries individually by hand. For exam-

ple, an agent population of only 1 million agents would require us otherwise

to fill in close to 500 billion (with a B) o↵-diagonal entries. Strictly speak-

ing, this might not even be considered a modification for Kurz and Motolese

(2011) mention variations in the correlation structure over time. However,

they do not exploit this property in their theory and leave the nature of the

correlation structure open.

From these two changes, we can combine Za↵aroni (2004)’s result on the

aggregation of linear processes with a famous result from random matrix

theory by Füredi and Komlós (1981). Saving the technicalities for the main

part, the intuition is as follows: First, note that the degree with which agents

are connected to each other, or with which their beliefs correlate with each

other, does not increase linearly. Take for example a pair of clusters A,B

each of size m. When an agent from cluster A starts to talk to an agent

from cluster B, the number of connections in the system (corresponding to

non-zero o↵-diagonal entries in the correlation matrix of beliefs) does not

increase by one but by m

2. This is because this single link now connects all

the agents from both blocks with each other (agents from the two original
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blocks are now separated by one degree). As the size of clusters increases,

the growth rate in the average connectivity also increases: The larger the

clusters, the larger the e↵ect of a connection between them. At some point,

there emerges a so-called giant connected component in the social graph of

agents. This is a cluster that is so large that, in e↵ect, everybody is connected

to everybody19 and everybody’s beliefs are correlated to each other—the

ultimate groupthink, if you will. This network structure translates into the

adjacent correlation matrix of beliefs such that Füredi and Komlós (1981)’s

result becomes applicable and a dominant eigenvalue emerges in the spectral

distribution of the correlation matrix. A dominant eigenvalue means that

there exists a pervasive common factor in the belief evolution of agents.

We exploit this by rewriting the transition equations of Kurz and Motolese

(2011)’s in a way that makes them amenable to Za↵aroni (2004)’s main

result. This result says that in the presence of a common, pervasive factor,

the aggregate or average process will assume long memory, even though each

of the constituent processes has short-memory. We have thus established the

link between the persistence of market belief Z

t

and the social topology of

the agents in the system.

Well in line with our intuition about bubbles, a rational belief bubble

(RBB) therefore corresponds to a social structure where everybody’s beliefs

are correlated, if ever so slightly, to each other. We emphasize that this has

nothing to do with imitation. Correlated beliefs only mean that everybody

tends to interpret news in the same way. A zeitgeist or fashion dynamic, if

you will. We further emphasize that the fact that beliefs are correlated does

not make them irrational. By the precepts of RB theory, agents might be

wrong in their timing but they never stray from historical possibility. On a

final note, the persistence of the optimism or pessimism again does not mean

agents are irrationally exuberant or depressed. Due to our modification of

the model, agents vary in the speed with which they adjust their beliefs.

19For the graph theorists: This is of course not literally true. We are only trying to

sketch the intuition here. For technical details, see the main part.
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The mere fact that there are some slow-moving agents in the system means

that other agents need to take account of this, in their own strategic calcu-

lus of higher-order beliefs. Although the problem of infinite regress is not

treated explicitly in Kurz and Motolese (2011), we interpret the emergence

of a long-memory process from the aggregation of short-memory ones as a

natural outcome of such a dynamic.

Let us now turn to the details.
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Chapter 2

Definition of bubbles
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1 Introduction

Despite an etymology that reaches all the way to the 17th century, bubbles

to this day largely remain “a fuzzy word, filled with import but lacking a

solid operational definition” (Garber, 2000).

Few of the definitions pro↵ered in the literature are rigorous. As section 2,

which presents a sample from the “zoo” of bubble definitions, demonstrates,

many are rather vague and implicit. This often makes the definitions di�cult

to disentangle from the theories which they support. For example, it is not

obvious if the explosiveness of expectations in rational expectations bubbles

(REBs) belongs to the explanandum or the explanans. That is, are explosive

expectations taken to be constitutive of bubbles or are they part of the model

used to explain them? Furthermore, definitions that do not “match” each

other, or are even outright inconsistent with each other, beg the question

of how the results or policy implications of di↵erent studies relate to each

other. Vague or incomplete definitions can make it especially di�cult to

see if di↵erent studies are really talking about the same thing, even if they

outwardly all deal with “bubbles”.

The casual manner in which bubbles are often defined has implications

beyond being nettlesome. It also prevents us from solving the substantive

problem of “bubble birth”. Most of the literature only treats the existence

or survival of bubbles under competitive market forces. That is, it asks why

bubbles, once born, are not arbitraged away. But remarkably few, if any,

address the question of how they originate in the first place. For example,

Diba and Grossman (1987) have shown that under rational expectations,

bubbles cannot arise after the start of trading. REBs, if they are to exist,

must have been present since the initial trading period, or “since forever”.

This implies that either all markets are in a bubble (all the time) or none

are (and never will).

Without a plausible mechanism of bubble birth, the important possibility

that some markets are e�cient while others have bubbles, or that a market

may fluctuate between e�ciency and bubbles, is precluded. Bubbles and
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e�cient markets appear as constitutionally separate concepts, or competing

“market paradigms”. The disconnect can be partly explained by the history

of economic ideas. The e�cient market hypothesis essentially formalizes

Hayek (1945)’s view of the market mechanism. Most bubble theories, in turn,

can be viewed as variations on Minsky’s financial instability hypothesis, as

Brunnermeier and Oehmke (2013) have pointed out. But Minsky saw his

theory as an extension of Keynes’s (see, for example, Minsky, 2008). Both

bubbles and e�cient markets have thus been conceived in the long-running

debate about the fundamental nature of markets (Wapshott, 2011): Markets

are either self-correcting and informationally e�cient or they are wild and

prone to dislocations. In other words, a market either is a bubble (as opposed

to being in a bubble) or it is e�cient.

The question of why or how a market may pass from e�ciency to bubbles

cannot be answered until we relate bubbles and e�ciency explicitly to one

another. And this is not a matter of theory so much as it is one of conceptual

clarification. In order to understand (or at least think about) the problem

of bubble birth, we must take a step back and (re-)define both bubbles and

e�ciency together. The goal is to reframe the two as dynamic market regimes

rather than fixed market attributes.

In section 3, we therefore take another look at the well-worn concept of

e�cient markets, with an eye on bubbles. Our main finding is slap-on-the-

forehead obvious in hindsight, yet we feel justified in reporting it because it

remains commonly overlooked: namely, that the concept of market e�ciency

embowers a time-dimension. Just as e�ciency can only be defined relative

to an information set, it also requires a time-scale. It is not enough to say a

market “is e�cient”. One must also specify the time-scale at which e�ciency

is deemed to hold. For example, a market may be e�cient on a daily scale

but exhibit hysteresis on the scale of minutes, which could be exploited for

arbitrage. Formally, the martingale property on one time-scale does not

automatically translate down to smaller scales. It is possible for processes to

be persistent on one time-scale and yet to satisfy the martingale property on
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a larger one. In fact, as Roll (1984) has shown, when liquidity is not infinite,

the price process has to have some serial correlation. We think of the smallest

time-scale at which the martingale property holds as informing on a market’s

“information processing” speed, which is inversely proportional to it, i.e. on

the speed at which it absorbs and prices news correctly.

This hitherto hidden time-dimension of market e�ciency provides the

connecting tissue between e�cient and bubble markets: Given the normal

speed of a market, we (re-)define bubbles in section 4 in terms of a lengthening

of the time-scale at which e�ciency holds. That is, bubbles are regimes

in which it takes a market significantly longer than normal to reflect the

relevant information set. Formally, a bubble thus appears as a violation of

the martingale property at the original time-scale, say t. During a bubble, the

price process changes such that the martingale property now only holds on a

longer time-scale, say T > t. To emphasize this point—that the concept of a

bubble must be tied to the same time-scale t of a market as its e�ciency—we

also speak of a t-bubble.

Our re-definition of bubbles is su�ciently weak so as to be compatible

with most of the existing definitions in the literature. The lengthening of

the time-scale only serves to create space for a variety of bubble dynamics

“in-between” the points at which the martingale property is restored. At the

most basic level, the explanandum of a bubble, as defined by this shift in

scales, can be modeled by a change in memory of the price process. The task

of a bubble explanans then would be to explain how this change in memory

comes about. This is the approach we have taken in Sohn and Sornette

(2016). Regardless of the dynamics at play, the mere act of locating e�cient

markets and bubbles at opposite ends but on a common scale now makes

transition dynamics possible and thus brings the problem of bubble birth

into sharper focus than before. We view this as the main contribution of this

paper.
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2 Bubble definitions

Fama once famously vented that “I didn’t renew my subscription to The

Economist because they use the word bubble three times on every page. Any

time prices went up and down – I guess that is what they call a bubble.”3

Polemic as it is, the complaint is not entirely without foundation. Even a

quick dive into the bubble literature invariably ends in a bog of definitions.

In the following, we present a small sampling. To aid our discussion, we have

bunched them into three broad categories.

Statistical definitions As a first group of bubble definitions, there are

those that focus on the price trajectory or other observables such as trad-

ing volume, without reference to theoretical notions like fundamental value.

For example, Kindleberger and Aliber (2005) regard as bubbles “any upward

price movement over an extended period of fifteen to forty months that then

implodes.” Exchanging the specification of the time-horizon for a size re-

quirement, as it were, Goetzmann (2017) defines bubbles as a doubling in

the market price followed by a 50% fall4. Presumably, then, bubbles cannot

occur in fixed income or other markets where there is a natural upper bound

on the market price! The fund manager GMO proposes that bubbles occur

“when prices rise two standard deviations above their norm.”5 This is more

flexible than an absolute size requirement but, alas, opens a whole other can

of worms, like estimation issues, ergodicity assumptions, or the question of

whether the second moment even exists for a given asset.

Brock, as cited in Veres (2013), defines bubbles as “a monotonically in-

creasing sequence of prices.” Hüsler et al. (2013) and Leiss et al. (2015) cite

super-exponential growth rates6 as the hallmark of a bubble. This chimes

3Quoted in Cassidy (2010).
4One may recall here that Black (1986) defined e�cient markets as ones “in which

price is within a factor of 2 of value. [. . . ] The factor of 2 is arbitrary, of course.”
5Mackintosh (2014), Buttonwood (2017)
6faster than exponential growth, or growth rates that themselves grow
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with Kindleberger and Aliber (2005) in that it also implies an unsustainable

price path but di↵ers in that it does not require an “implosion” or market

crash.

What the definitions in this category have in common is that they neither

imply nor necessitate a mispricing per se. They focus on the observable (the

price series) and do not mix theoretical concepts into the definition. In

particular, there is no notion of value here. This is an appealing feature for

a definition, as explanandum and explanans then are clearly separated from

each other. Bubbles, defined like this, can be tested without the problem

of the joint hypothesis. On the downside, insofar as a definition depends on

the full path, including a crash at the end, it can be guilty of post hoc ergo

propter hoc in practice. Insofar as the theoretical underpinning is lacking, the

definitions in this category can also be too broad in scope: Empirically, too

many price series can fit a statistical bubble definition without necessarily

corresponding to our intuition of what a bubble “should” be. For example,

an interest rate sensitive stock might follow a rate cycle up “over an extended

period of fifteen to forty months” only to then “implode” upon the revelation

of a criminal investigation. Few would characterize this as a bubble. Context,

as it were, is important.

Comparative definitions As a second category, there are bubble defini-

tions based on comparisons, usually between price and some notion of value.

For instance, the New Palgrave Dictionary of Economics defines bubbles

as “asset prices that exceed an asset’s fundamental value” (Brunnermeier,

2008). Bland as it may appear, this excludes the possibility of negative bub-

bles, a significant restriction to make by definition, as it were. Temin and

Voth (2004) by contrast identify bubbles as “periods of substantial mispric-

ing” which allows for undervaluations as well as overvaluations but adds a

size requirement (“substantial”). Levine et al. (2014) define bubbles as sim-

ply a “misfit between the market price and the true value of an asset” with

no such qualification. This lack of specificity makes it hard to see where the

5



line between excess volatility and bubbles should be drawn. The point is

not to niggle or read too much into what may have been intended as merely

passing remarks in a much longer work. It is to show that just because a

definition is done casually does not mean it has no consequences—especially

when we have to relate di↵erent studies to each other.

Apart from direct appeals to value, comparisons can also refer, more

obliquely, to the information sets on which “true value” is presumably based.

For instance, Blanchard and Watson (1982) define bubbles as price move-

ments which are “unjustified by information available at the time.” More

emphatically, Asness (2014) demands that the term should apply only when

“no reasonable future outcome can justify” the price. This seems to posit a

range of admissible price paths, defining bubbles negatively, or by exclusion.

For all their di↵erences, comparative definitions always require a theory

of asset pricing, if only implicitly, for a notion of what the correct price is

supposed to be. This is their Achilles’ heel and the chief criticism of e�cient

market proponents. For example, Santos and Woodford (1997) compare the

market price of an asset to the state-price weighted sum of its real payo↵s,

while Siegel (2003) uses the realized return on an asset over a su�ciently

long time after trading. Di↵erent studies can thus agree, in general terms,

to define bubbles as a divergence of price from value and still disagree over

whether a particular price series is a bubble or not. It all seems a bit arbitrary,

confirming the suspicions of those who think that the very notion of bubbles

is jerry-rigged.

Detailed definitions A third group of definitions goes beyond the per-

ceived gap between price and value by tying it to specific explanations. For

example, Kirman and Teyssière (2002) require that the gap between price

and value be “endogenous, i.e., not directly produced by exogenous shocks.”

In other words, the mispricing must arise in a certain way in order for it to

count as a bubble. Brunnermeier and Oehmke (2013) concur that “not every

temporary mispricing can be called a bubble.” In particular, it has to arise
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“because investors believe they can sell the asset at an even higher price

to some other investor in the future,” so for them the speculative motive

is essential. Roubini (2006) even introduces a policy dimension by distin-

guishing between “endogenous” and “exogenous” bubbles, where the former

are bubbles whose “probability and size can be a↵ected by monetary policy”

while the latter cannot7. As an extreme example of the involute nature of

the definitions in this category, let us quote from Shiller (2014):

I would say that a speculative bubble is a peculiar kind of fad or

social epidemic that is regularly seen in speculative markets; not a

wild orgy of delusions but a natural consequence of the principles of

social psychology coupled with imperfect news media and information

channels. [. . . ] I o↵ered a definition of bubble that I think represents

the term’s best use: A situation in which news of price increases spurs

investor enthusiasm which spreads by psychological contagion from

person to person, in the process amplifying stories that might justify

the price increases and bringing in a larger and larger class of investors,

who, despite doubts about the real value of an investment, are drawn

to it partly through envy of others’ successes and partly through a

gambler’s excitement.

Basically the obverse to our first category, it is not surprising then to find

that detailed definitions tend to be too narrow in scope. Would a bubble that

arose by a di↵erent mechanism, or in a market in which the proposed mech-

anism does not apply, also be a “bubble”? For example, would a “political

bubble” (McCarty et al., 2013) not count as a bubble to Brunnermeier and

Oehmke (2013)? Or if it did, doesn’t this mean that there must exist a less

restrictive superset of bubbles, of which the two variants (political vs. specu-

lative) are but particular cases? And if not, how are we to relate the results

and policy implications of di↵erent studies to each other? Would a bubble

7A similar but more general argument, less focused on monetary policy, has been put

forth in Johansen and Sornette (2010).

7



indicator constructed for, say, speculative bubbles still be expected to detect

politically driven ones?

The above quote also illustrates that the more detailed a definition, the

more likely it is to mesh the notion of bubbles with behavioral assumptions

or market frictions. Arguably it is this that makes bubbles such a loaded

term. With respect to recessions, inflation or unemployment, the debates

may be vigorous but at least their subjects are accepted. By contrast, bubbles

remain existentially controversial. Perhaps this is because the more detailed

a definition, the more it acts as a Trojan horse: the mere use of the term

may already admit of assumptions one does not wish to make. It is thus that

the rejection of behavioral hypotheses or doubt about the e↵ectiveness of

monetary policy may lead one to reject the concept of bubbles, almost as an

unintended side e↵ect. For the sake of discussion, we should therefore move

away from such evocative definitions towards greater formalism and pithiness.

In the words of Brock (2014), “for the quality of a theory to improve over

time, definitions must become more rigorous and less ambiguous.”

3 E�cient markets

Since Hayek (1945), the view of markets has shifted from their allocative

function (as emphasized by the early classics) to a conception of markets

as information processing machines8. In this more modern view, markets

transform informational inputs, modeled by a filtration (Ft)1t=0, into price

signals (pt)1t=0. Markets thus act as a map �F ! �p from news to price

changes. Market attributes are naturally defined in terms of these primitives.

Eliding the discount factor for simplicity, the e�ciency of markets has been

characterized by the martingale property (cf. Samuelson, 1965, 1973, LeRoy,

1989), where

Et(pt+1|Ft) = pt (1)

8Cf. Mirowski (2002) or Gleick (2011)
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That is, the market is said to be e�cient relative to the news process (Ft)1t=t0

i↵ the map �F ! �p produces a martingale. Economically, this means that

price is an unbiased predictor and that the price history cannot be exploited

for (excess) profit9 because the increments �p cannot be serially dependent.

A related perspective is that an e�cient market does not allow trading profits

based on the current information set (Jensen, 1978)10:

Amarket is e�cient with respect to information set ✓t if it is impossible

to make economic profits by trading on the basis of information set

✓t. By economic profits, we mean the risk adjusted returns net of all

costs. Application of the zero profit condition to speculative markets

under the assumption of zero storage costs and zero transactions costs

gives us the result that asset prices (after the adjustment for required

returns) will behave as a martingale with respect to the information

set ✓t.

Standard as this conception of market e�ciency is, it embowers an aspect

that is often overlooked: the time dimension. It is implicitly understood in

equation (1) that t is the relevant time-scale. That is, if we take t0 to be the

present, equation (1) can be written out like

Et0(pt0+n⇥t|Ft0) = pt0 (2)

with n = 1 and the understanding that the martingale condition holds for n 2
N. To see where we are leading with this somewhat awkward transcription,

think of any given discrete-time price process as merely a sampling from

an underlying continuous-time process. But time is infinitely divisible and

the same price process can be sampled at di↵erent rates or frequencies, for

example ⌧ < t. It is true that the finite-dimensional distributions of a process

determine, in their totality, the distribution of a process11. However, the mere

9Where “excess” means returns above those expected under the stochastic discount

factor or systematic risk premia, see Lucas (1978).
10Our emphasis
11As long as the consistency conditions in Kolmogorov’s existence theorem are satisfied,

see Billingsley (1999, thm. 13.6).
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fact that a process is a martingale on one time-scale neither necessitates nor

implies that it is one on another.

This opens the possibility that a market is e�cient on one time-scale

but ine�cient on another. Such a disjunction between time-scales can be

supported empirically12 as well as theoretically, from reading Roll (1984) “in

reverse”: To recap his argument, as long as liquidity is not infinite and there

is a strictly positive bid-ask spread s > 0 in the market, successive price

changes �p will exhibit serial dependence and the martingale property will

not hold. Adapting his notation, let those price changes be measured at

the time-scale ⌧ < t, i.e. �p2⌧ = p2⌧ � p⌧ , to make the connection to our

discussion clearer. The bid-ask spread induces an asymmetry in the price

path at the scale ⌧ (see figure 1): If the last transaction was conducted at

the bid, then the next move can only be up (by the spread s) or 0. If the last

transaction was conducted at the ask, then the next move can only be down

(by s) or 0. One time-step further, the situation is reversed. If the last move

was up or 0 (down or 0), then the next move can only be down or 0 (up or

0). The bid-ask spread thus introduces a serial dependence into successive

price movements that is not compatible with the martingale condition of an

e�cient market.

12See for example Barany and Beccar Varela (2012) or, more plastically, the case study

of Maloney and Mulherin (2003). The point being that a market, no matter how e�cient,

always needs some time to digest information.
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Figure 1: Table of transition probabilities, conditional on the last transaction

having been conducted at the bid or at the ask price, adapted from Roll (1984,

p. 1129)

At the same time, over a su�cient number n of time-steps ⌧ , the transition

probabilities converge to a (symmetric) steady state. This means that for

t > n⌧ , with n su�ciently large, the e↵ect of the bid-ask spread (or, by

extension, other microstructural factors) “washes out”: Measured on the

micro-scale ⌧ , the process exhibits serial dependence; measured on the macro-

scale t > n⌧ , the price process can conform to the martingale property again.

Let us illustrate this phenomenon analytically with a toy model, the two-

step random walk in Arneodo and Sornette (1984), a special case of the class

of persistent random walks (cf. Rudnick and Gaspari, 2004, sec. 5.2). Let

�p 2 {U,D} for up = +1, down = -1. Define ⇡UU as the joint probability

that the price goes up twice in a row; ⇡UD as the probability that an up move

is followed by a down move; and ⇡DD, ⇡DU as the probabilities of down-down

and down-up moves. Let ⇡UU = 1/6, ⇡DU = ⇡UD = 1/3, ⇡DD = 1/6. Suppose

the last move was up and start at time t0 with pt0 = 100. Then

E(pt0+⌧ |Ft0) = E(pt0+⌧ |up) (3)

= 100 + ⇡U |U ⇥ 1 + ⇡D|U ⇥ (�1) (4)

= 100 +
1

3
� 2

3
(5)

6= 100 (6)

where ⇡U |U , ⇡D|U are the corresponding conditional probabilities. That is, one
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time-step forward, this two-step random walk is not a martingale. However,

if we perform the same calculation two time-steps forward,

E(pt0+2⌧ |Ft0) = E(pt0+2⌧ |up) (7)

= 100 + ⇡UU |U ⇥ 2 + ⇡DD|U ⇥ (�2) (8)

= 100 +
1

3
� 1

3
(9)

= 100 (10)

The reason is that the memory gets lost at the time-scale t = 2⌧ ,

⇡UU |U =
⇡UU^U

⇡U
(11)

=
⇡UU ⇥ ⇡U

⇡U
(12)

= ⇡UU (13)

As a result, even though the same price process exhibits serial correlation at

the scale ⌧ , it conforms to the martingale property at the scale t = 2⌧ .

To sum up, market e�ciency has a time-dimension. It is therefore not

enough to speak of a market as e�cient. In addition to the news process

(Ft)1t=0 relative to which e�ciency is defined, one also needs to state at which

time-scale e�ciency is supposed to hold. The time it takes a market to fully

absorb an information increment �F can be random but has a characteristic

scale, in the sense that it fluctuates within certain bounds or that its mean

is defined. In the following, we will take this characteristic time-scale of a

market as a given13 and call it t.

13It is also possible, though, to conceive of financial markets in which the mean time

to digest news diverges. This could occur, for instance, when the absorption time is

distributed according to a power law in the tail with tail exponent less than 1. As many

response functions are power laws in the time domain with small exponent, this is indeed an

interesting possibility. In this case, the market would never be e�cient even at arbitrarily

large time-scales.
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4 Bubbles

In light of the above, our new definition of bubbles needs no further ado. In

order to emphasize that the concept of a bubble must be tied to the same

time-scale t of a market as its e�ciency, we speak of t-bubbles.

Definition 4.1. Given a market that is e�cient relative to F at the time-

scale t, a t-bubble occurs when the price process changes such that the mar-

tingale condition Et0(pt0+T |Ft0) = pt0 now only holds at time-scales T > t.

As a boundary case, we include regimes where T = 1 or the condition never

holds.

Colloquially, we may call t-bubbles simply “bubbles” so long as it is clear

that the notion of a bubble only makes sense when set in relation to the

“normal speed” ⇠ 1/t of the market in which it is to occur. A bubble is

a slowdown in the map �F ! �p, a sort of “informational constipation”

of the market if you will, and a slowdown needs a reference point. Just as

market e�ciency cannot be defined in a vacuum but only relative to a news

process F at a time-scale t, the bubble definition we propose depends on the

benchmark of an e�cient market.

Moving the focus to time-scales allows us to purge all reference to “fun-

damental value” from the explanandum, just as there are no more behavioral

traders or speculative motives or market frictions left in it, all of which we

believe to belong more properly to the explanantes proposed. Yet for all this,

or should it be because of this, our re-conception of bubbles is weak enough

to be compatible with the literature. The general principle is to eliminate

(the conditions for) the bubble from a model and inspect the time-scale t at

which the market in the model is e�cient. If the bubble component has a

mean survival time, this is the lower bound for T . For example, under the

limited arbitrage argument of Abreu and Brunnermeier (2003), the duration

of the bubble is finite with a survival time of ⌧̄ (in their notation). Without

the bubble, the market is e�cient at the time-scale t; with a bubble, it slows

down with a longer required time-scale T = ⌧̄ .
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The class of rational expectations bubbles constitutes an interesting ex-

ample because even under a bubble the price path of, for instance, Blanchard

(1979) still follows a martingale. In equilibrium, the probability of a crash is

supposed to exactly balance the added growth factor of the bubble compo-

nent bt = pt � p̄, where p̄ is the fundamental value, or

Et(bt+1|bt > 0) = bt (14)

if we elide the discount factor for simplicity. That is, the price would simply

incorporate the bubble component via

E(pt+1|Ft) = p̄+ bt (15)

How are we to make sense of definition 4.1 in light of this? We said above

that the e�ciency of a market depends, conceptually, on the specification of

both an information process and a time-scale. Definition 4.1 in turn relies

on an e�cient market as a benchmark. To fit the important class of rational

expectations bubbles with our new definition, note that the information set

(or filtration) F = (Ft)1t=0 contains, or is generated by, all the fundamental

variables as well as the bubble component b = (bt)1t=0. Therefore, the bubble

according to 4.1 cannot be defined relative to F . Instead, we must introduce

a “copy” of the market, a hypothetical in which all the elements are the

same (agents and their preferences, assets, institutions, etc.) except the

information process, which should not contain, or be generated by, the bubble

component bt. Let us call this filtration G = (Gt)1t=0. It is only against this

hypothetical e�cient market against which the bubble in Blanchard (1979)

can properly be defined in accordance with 4.1.

E(pt+1|Gt) = p̄ (16)

6= p̄+ bt (17)

That is, relative to the e�cient market, the bubble component introduces an

estimation or valuation error which survives with probability ⇡ and collapses

with probability 1�⇡. It thus has an expected length of ⇡/(1�⇡) time-steps
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of scale t, or T > ⇡/(1 � ⇡) ⇥ t. For example, if ⇡ = .95, then T > 19t. As

the probability (1� ⇡) of a crash approaches zero, T ! 1 in the limit.

The example of rational expectations bubbles indicates a link between

time-scales and information processes. Taking the e�cient market as a base-

line, if we change the information process from G (containing only fundamen-

tal variables) to F (including knowledge of the bubble), the price continues

to follow a martingale at the original time-scale t. If we leave the informa-

tion process unchanged from the benchmark of an e�cient market, then the

time-scale at which the martingale property is restored expands to T > t.

This link between the information process and the characteristic time-

scale of a market leads to an alternative representation of our bubble defini-

tion that leaves the time-scale untouched. We mention it here only in passing

as it needs to be more fully developed in a separate paper. Even an idealized

e�cient market errs by ⇠t+1 = pt+1 � Et(pt+1|Ft). These errors are by as-

sumption (or under the e�cient market hypothesis) independent, and we can

further assume identically distributed. As a consequence of this iid assump-

tion, any subsample average of the errors will be close to its mean 0. One

can quantify this adherence of the subsample averages, or violations thereof,

with a statistic called long strange segments (LSS), first studied by Erdös

and Rényi (1970) and more recently by Samorodnitsky and his collaborators

(Samorodnitsky, 2006, Mansfield et al., 2001, Rachev and Samorodnitsky,

2001).

Definition 4.2. Given an ergodic, stationary stochastic process ⇠ = (⇠1, ⇠2,

. . . ) with finite mean µ = E⇠1 and ✓ 2 B, the Borel-algebra over R, we define

for every n = 1, 2, . . .

Rn(✓, ⇠) = sup

⇢
tj � ti : 0 6 ti < tj 6 n,

⇠ti+1 + · · ·+ ⇠tj
tj � ti

2 ✓

�
(18)

with Rn = 0 if the supremum is taken over the empty set. Given a ✓ such

that µ /2 ✓, we call the subsequence (⇠t)
tj
t=ti a long strange segment (LSS).

That is, long strange segments indicate the longest subperiods in which the

law of large numbers seems to be temporarily suspended. The farther away
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✓ is from µ = 0 (in our case) or the longer tj � ti, the “stranger” the segment

or its occurrence in the sequence. The functional thus captures exactly the

usual intuition about bubbles, namely the deviation from a natural reference

value over a sustained period of time.

It is worth emphasizing here that the deviations are not relative to “fun-

damental value” but to the benchmark of the e�cient market: The sequence

of (⇠t)1t=0 stem from the presumption of a martingale price process. This in

turn means that the presumed statistical properties of (⇠t)1t=0 are specific to

the filtration (Ft)1t=0 and the time-scale t that were used to pin down the

e�ciency of the market. Usually it is assumed that only variables that a↵ect

the fundamentals or the dividend process are part of the information pro-

cess (Ft)1t=0. Suppose now that the actual price process contained a “bubble

component” as in Blanchard (1979), i.e. a variable that is orthogonal to the

dividend process, say (bt)1t=0. Let us write (Gt)1t=0 for an information pro-

cess that contains this bubble component and define the concomitant error

sequence by ⌘t+1 = pt+1 � E(pt+1|Gt). Now it is (⌘t)1t=0 that is iid, with

correspondingly small and bounded LSS.

By contrast, since the bubble component is outside (Ft)1t=0 relative to

which market e�ciency was originally defined, it enters the error terms (⇠t)1t=0

and thus bounds them away from µ = 0: ⇠t = ⌘t + bt. Setting ✓ = (0,1),

Rn(✓, ⇠) scales with n and becomes orders of magnitude larger than under the

e�cient market regime (i.e. without the bubble component). This di↵erence

between the behaviors of ⇠t and ⌘t motivates our alternative representation

of bubbles in terms of errors:

Definition 4.3. A bubble is a market regime (=a set of conditions) dur-

ing which the long strange segments Rn(✓, ⇠) of the error terms ⇠t = pt �
Et�1(pt|Ft�1) with 0 /2 ✓ grow faster (as a function of n) than under condi-

tions of market e�ciency.
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5 Conclusion

During our review of the bubble literature (Sohn and Sornette, 2017), we

noticed that most of it only treats the existence or survival of bubbles un-

der competitive market forces but cannot explain how they arise in the first

place. This omission is curious for its prevalence, given the import of the

question. We think it stems from the insu�ciency of previous bubble def-

initions, in particular from the lack of connection between the concepts of

bubbles and e�cient markets. In a sense, the di↵erence between the two

was too jarring. E�cient markets and bubbles seemed like separate “market

paradigms”, rather than opposite ends on a common scale.

In this article, we have argued that it is time, or memory, that provides

the connecting tissue between the two concepts. The martingale condition

expresses the idea that the information relative to which e�ciency is defined

cannot be exploited for easy profit. Obversely, it tells us that new information

will find its way into prices. The time-scale at which the condition holds

tells us how fast. If something interferes with the market such that new

information is not reflected in prices, or takes much longer than before until

it is, we speak of a bubble. This new perspective makes it much more natural

to think of reasons why or how a market may transition from one state to

the other. We view this as one of the main advantages of our definition.

Another problem our new definition addresses is the limitation of many

bubble models to partial equilibria. Take, for example, the explosiveness of

expectations in rational expectations bubbles. Not only does this seem to

exclude the entire credit market, which is much larger and more important

than the stock market. As Kurz (2015) argues, it also does not translate well

into a general equilibrium setting because the bubble cannot stay isolated.

It must eventually capture all assets and prices in the economy, at which

point the concept of a bubble loses its force if not its entire meaning. A

similar argument has been made by Loewenstein and Willard (2006) for (or

rather against) noise trader bubbles where very mild assumptions about the

availability of a riskless asset diminish the force of the noise traders and thus
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the possibility of bubbles as defined therein.

Our definition not only allows for an easier birth but also an easier life

of bubbles under competitive market forces. The reason is that a slowing-

down of the information processing capacity of a market is a relatively mild

condition. If all markets need time to transform news into prices, then some

markets can take longer than others without acting as a wrecking ball to the

entire price system (as bubbles with explosive price expectations do).
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d’Analyse Mathématique, 23(1):103–111, 1970.

Peter M. Garber. Famous First Bubbles: The Fundamentals of Early Manias.

MIT Press, 2000.

James Gleick. The Information: A History, a Theory, a Flood. Pantheon,

2011.

William N. Goetzmann. Bubble investing: Learning from history. In David

Chambers and Elroy Dimson, editors, Financial Market History: Reflec-

tions on the Past for Investors Today, chapter 9. 2017.

Friedrich A. Hayek. The use of knowledge in society. American Economic

Review, 35(4):519–530, 1945.
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1 Introduction

Contrary to popular caricatures, the e�cient market hypothesis (EMH) [33,
34, 75] does not presume the market to be clairvoyant. It posits that prices
are (conditionally) unbiased, which is far more accomodative. The market
can be e�cient and wrong, as long as mispricings are temporary and not
systematic. Contrary to Shiller [82], the EMH also does not preclude “excess
volatility”. It is a statement about the absence of bias, not about precision.
In particular, it is agnostic about the conditioning filtration. Where the EMH
draws the line is with bubbles. Bubbles constitute a systematic bias in the
price discovery of markets and are thus, quite literally, considered outliers:
outside the range of permissible market outcomes under the EMH. Bubbles
thus present a direct challenge to the EMH.

The financial instability hypothesis (FIH) [62–64], by contrast, not only
recognizes bubbles as a possibility; it ascribes a special role to them. Accord-
ing to the FIH, economies vacillate between two “financing regimes”, one of
which is marked by market excesses or bubbles. This cycle between stability
and instability, sketched in more detail in Kindleberger and Aliber [48], is
considered inescapable. Bubbles, in other words, are supposed to be perma-
nent fixtures of market economies. Little surprise then that the literature on
bubbles has a greater a�nity with the FIH, as Brunnermeier and Oehmke
[20] point out. Minsky originally conceived of the FIH as an interpretation
of the General Theory [47]. Insofar as this places the bubble literature into
the broader discourse between “Mr. Keynes and the classics” [43], it is only
fitting that much of it has a New Keynesian flavor1.

The existing literature on bubbles is thus strikingly uniform in its empha-
sis on market failures. For example, there are “animal spirits”-type models
where behavioral [3, 11, 83, 84] or noise traders [28, 86] overvalue an asset
while limits to arbitrage [1, 2, 27, 56, 65, 70, 79, 80, 95] prevent the market
from correcting this mistake. Another substrand of the literature derives
market distortions from skewed incentives, e.g. the principal agent relation-
ship between real money investors and fund managers [6, 87] or agency issues
concerning the flow of credit in the financial sector [4, 5, 36–38]. Even when
the source of investor disagreement is left open, the models still require short-

1To be sure, brushing with such a broad stroke is bound to rub some the wrong way. As
Snowdon and Vane [89] rightly point out, “economists dislike being labelled or linked to
any specific research programme or school”. We just cannot escape the impression that the
bubble literature seems to reflect, in fractal fashion, the dichotomy in the macro literature
between those who, in the words of Greenwald and Stiglitz [40], “derive the dynamic,
aggregative behaviour of the economy from the basic principles of rational, maximizing
[agents]” and those who seek to “adapt microtheory to macrotheory” instead.
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sale constraints to generate their bubbles [42, 45, 61].
Models based on a mix of “animal spirits” and market imperfections ap-

peal to our intuition. They conform to our everyday sense of the madness
of crowds. By contrast, the neoclassical vision of perfect markets filled with
rational, well-informed agents seems comparatively di�cult to jibe with the
notion of bubbles. And yet, although e�cient markets and rational expec-
tations seemed to be two sides of the same coin, Blanchard [14] showed that
bubbles can survive and thrive in a rational expectations equilibrium. The
EMH was thus revealed to be a special, if important, case of competitive
equilibria. Indeed, if we remind ourselves that rational expectations are a
form of self-fulfilling prophecies, the notion of Rational Expectations Bub-
bles (REBs) does not seem so surprising anymore. After all, bubbles are
often described as such themselves. Contrary to intuition, bubbles there-
fore are consistent with the neoclassical vision of rational agents and market
equilibrium.

The literature is thus split on whether bubbles constitute a market fail-
ure or are a natural market outcome. The answer to this question is of more
than academic interest though. If bubbles are caused by psychological biases,
do they not simply represent a transfer of money from the “dumb” to the
“smart” side of the market (and would the “smart” side of the market not
end up with all the money eventually)? And if bubbles are caused by institu-
tional defects, should they not disappear as markets develop? It would seem
to follow that the primary role of policy makers is to either get out of the way
or to help eliminate frictions: The closer a real-world market to its theoretical
ideal, the more confident we should be in its e�ciency. Suppose, on the other
hand, that bubbles were inherent in the market mechanism, i.e. not contin-
gent on limits to arbitrage or other market frictions but simply a possible
outcome of competitive markets. In this case, the situation would seem to
be analogous to natural monopolies. Attendant on the macroeconomic sig-
nificance of such “natural” bubbles, policy makers would have a more active
role to play. In particular, they should seek to identify developing excesses
and lean against them.

To make progress on this question, we must first take a step back though
and agree on what we are actually talking about. This is not as obvious
as it may seem at first! Consequential as they are, and although they were
recognized long ago [58], bubbles remain, in the words of Garber [35], “a fuzzy
word, filled with import but lacking a solid operational definition”. This
lack of formal clarity is of concern when we wish to understand or construct
theoretical explanations of bubbles, and even more so when we wish to test
those theories. Fama famously vented that “I didn’t renew my subscription
to The Economist because they use the word bubble three times on every
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page. Any time prices went up and down – I guess that is what they call
a bubble.” [23]. Polemic or not, his complaint is not entirely unreasonable.
Take, for example, Shiller [85]:

I would say that a speculative bubble is a peculiar kind of fad or
social epidemic that is regularly seen in speculative markets; not a
wild orgy of delusions but a natural consequence of the principles of
social psychology coupled with imperfect news media and information
channels. [. . . ] I o↵ered a definition of bubble that I think represents
the term’s best use: A situation in which news of price increases spurs
investor enthusiasm which spreads by psychological contagion from
person to person, in the process amplifying stories that might justify
the price increases and bringing in a larger and larger class of investors,
who, despite doubts about the real value of an investment, are drawn
to it partly through envy of others’ successes and partly through a
gambler’s excitement.

Comparing this reasonable yet rather involved description to the formal
clarity and simplicity with which the EMH was put forth, the source of
Fama’s frustration is understandable. The problem extends further than for-
mal clarity though: It appears that the bubble literature has not even sub-
stantively settled yet on what, exactly, its subject is supposed to be. There
would sometimes seem to be as many definitions as there are researchers!
Sifting through a number of definitions, they seem to fall roughly into one of
three categories:

First, there are purely quantitative, theory-free definitions that focus on
the price trajectory. For example, Kindleberger and Aliber [48] regard as
bubbles any “upward price movement over an extended period of fifteen to
forty months that then implodes”. Alternatively, the fund manager GMO
proposes that bubbles occur “when prices rise two standard deviations above
their norm” [59]. These definitions do not imply or presuppose a mispricing.
They separate the empirical observation from theoretical explanations.

As a second category, there are definitions based on comparisons. For
example, Blanchard and Watson [13] refer to bubbles as price movements
which are “unjustified by information available at the time”. The New Pal-
grave Dictionary of Economics defines bubbles as “asset prices that exceed
an asset’s fundamental value.” [19]. (Note that this excludes negative bub-
bles, a point we will return to shortly.) Definitions of this class rely on some
theory of asset pricing, if only implicitly, for a notion of what the “correct”
price is supposed to be. The necessity to derive, as opposed to observe, the
comparison value makes these definitions highly contingent. For example,
Santos and Woodford [76] take as value a state-price weighted sum of real
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payo↵s to a security, while Siegel [88] compares the price to the realized re-
turn on an asset over a su�ciently long time after trading took place2. No
matter which theory is used, though, purely comparative definitions keep the
theoretical overhead to a minimum by leaving the origin or properties of the
gap between price and value unspecified. The salient fact is its existence.

The third category of definitions, in which we would place Shiller’s, goes
further by tieing the definiendum to a specific characterization of this gap.
For example, Kirman and Teyssière [49] require that it “should be endoge-
nous, i.e., not directly produced by exogenous shocks”. In other words, the
mispricing must arise in a certain way for it to qualify as a bubble. Other
specifications pertain to the magnitude, duration, or dynamics of the gap.
For example, Brunnermeier and Oehmke [20] state that “not every tempo-
rary mispricing can be called a bubble”. It has to be “large [and] sustained”
and it is “often explosive”. Sornette [93] devotes several chapters to charac-
terize bubble dynamics in much more detail, using superexponential growth
and log-periodic power laws (see also Corsi and Sornette [26], Hüsler et al.
[44] and Leiss et al. [54]). In short, definitions in this category often mesh
with a particular bubble theory (as opposed to a value theory, as in the sec-
ond category). While this adds detail and perhaps makes a definition more
“operational” from the viewpoint of a particular author, it also restricts its
scope. Would a bubble that arose by a di↵erent mechanism, or in a market
in which the proposed mechanism does not apply, also be a “bubble”? If
so, doesn’t this mean that there must exist a less restrictive “superclass” of
bubbles, of which the two variants are particular cases3?

The number and variability of bubble conceptions makes reviewing and
organizing the literature di�cult. Are two authors really talking about the
same thing when they o↵er di↵erent explanations or models for a bubble?
Before we start our discussion, our first order of business is therefore to clarify
the scope of it. That is, what do we consider a bubble? The literature
suggests a certain minimum set of features a price sequence must possess
in order to be deemed a bubble: One, that the asset is mispriced, relative
to a reference value. And two, that this mispricing is sustained.4 A lot of
authors seem to agree that a sustained deviation of price from something is
a necessary (but not su�cient) condition for a bubble.

To span a wide variety of theories in our discussion, we therefore adopt

2Where what is su�ciently long is determined by the duration of the asset
3See, for example, Andersen and Sornette [9] who distinguish between di↵erent types

of bubbles, depending on the volatility that accompanies the (in this case) stock price rise.
4In fact, when told that “most people would define a bubble as an extended period

during which asset prices depart quite significantly from economic fundamentals”, even
Fama could agree that “That’s what I would think it is” [23].
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it as ours. Indeed, in the spirit of Brock [15]’s admonition that “in order for
the quality of a theory to improve over time, definitions must become more
rigorous and less ambiguous”, Sohn [90] even proposes a formalization of it
in terms of “long strange segments” [32, 60, 72, 73]. Although this formalism
is not necessary for our purpose here, the point is that our definition is broad
enough to encompass most of the relevant literature, yet sharp enough to
also serve as a basis for more formal treatments. In particular, it can be used
to place bubbles clearly and precisely in antonymous relation to e�cient
markets.

We conclude this introduction with a remark on the relationship between
bubbles and crashes. “Bubbles“ as metaphor evoke the notion of a “bursting”
at the end. This corresponds to the view that sustained deviations are not
enough, or that an important property of a bubble is that it contain a phase
of acceleration (“explosive growth”) which culminates in a sharp reversal
(“crash”). In our view, as well as Shiller [85]’s by the way, this entanglement
of bubbles, explosiveness, and crashes stretches the metaphor too far. Histor-
ically, as Johansen and Sornette [46] have shown, bubbles do not always end
in crashes but can also deflate over time. Moreover, insofar as bubbles may
appear in markets other than equities, they cannot always be explosive. Take
for example the bond market, where the zero-lower bound of interest rates
furnishes a sharp upper bound on prices. Furthermore, sustained deviations
from value may also be negative, as was argued also by Yan et al. [101]. This
is an oft-neglected aspect of the phenomenon and due to limited liability it
too prevents explosive dynamics. That being said, it bears emphasizing that
our definition does not exclude explosiveness or crashes. These are possible
features, perhaps even signatures, of certain kinds of bubbles, but not con-
stituent of the phenomenon as such. With this out of the way, let us now
look into what the literature has to say about why bubbles may arise.

2 Theories of Bubbles: An Overview

Theories of bubbles roughly divide into two classes: On the one hand, there
are rational expectations bubbles (REBs) in an essentially neoclassical setup
under homogeneous expectations5; on the other hand, there are heterogeneous
expectations bubbles (HEBs) in what could be called New Keynesian setups
with frictions of one kind or another.

5To be more precise, under an average expectations operator that allows the law of
iterated expectations to operate and that conforms to the true probability model given
the model assumptions.
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2.1 Rational expectations bubbles

To recall, a rational expectations equilibrium is a state in which the proba-
bility assessments of the agents within a model have converged to the true
probability distribution implied by it. In other words, agents are supposed to
know how the economy works (“full structural knowledge”) and what proba-
bility laws govern its behavior. This knowledge in turn leads them to behave
in ways that exactly support and reinforce said probability law endogenously.
Like the EMH, it is currently fashionable to denigrate this modeling device
for its apparent lack of realism but one should understand the context in
which it was adopted. In particular, it is a reaction to, and in our view sig-
nificant progress on, the modeling device of adaptive expectations popular
at the time.6

The idea of rational expectations bubbles (REBs hereafter) has its roots
in an older strand of the macroeconomic literature that Camerer [22] called
“rational growing bubbles”. Dealing with monetary variables, the common
thread in these models [12, 16, 17, 21, 74, 77, 78, 99] is that the indeterminacy
of the equilibrium path may leave room for bubbles in the solution space of
dynamic equilibrium models. The optimality and market clearing conditions
do not su�ciently restrict the solution space, even under rational expecta-
tions. As long as the bubble component in prices grows at a su�cient rate
in expectation (hence Camerer’s moniker), the market for the bubble asset
will clear.

The explosiveness this implies for the price path is not intuitive for mon-
etary models but Blanchard and Watson [13], Blanchard [14] and Tirole
[96, 97] apply the idea in the context of financial markets to model asset
price bubbles where it is more natural to think of explosive price paths (in
expectation) for infinitely lived assets such as stocks. In a REB, market price
p

t

is the superposition of a fundamental value v

t

and a “bubble component”
b

t

, that is
p

t

= v

t

+ b

t

(1)

Crucially, the presence of the bubble component, as well as its stochastic
properties, must be known to all the agents7. By imposing certain conditions

6We suspect that some of the criticism is also due to poor labeling: The “rationality”
of rational expectations has nothing to do with the choice-theoretic concept of rational
agents though. For agents to be able to learn the correct distribution, the assumption
and indeed requirement is that the economic system is ergodic, or at least stationary, and
that the agents have access to enough data to learn the correct probabilities. Under such
circumstances, knowledge about the true distribution is attainable and it would indeed
be unreasonable to form one’s expectations with any other distribution. It is only in this
loose sense that rational expectations are “rational”.

7Again, more precisely, to the average agent. In conformance with the rational expec-
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on the dynamics of the bubble component, e.g. bounds on its growth rate
or the absence of a transversality condition on its limit behavior, the theory
then shows that bubbles may indeed be consistent with a competitive market
equilibrium.

Suppose that the payo↵ of the asset is x

t+1 = p

t+1 + d

t+1 with {d

t

} an
infinite sequence of dividends and that there exists a stochastic discount
factor m

t+1 in the economy such that8

p

t

= E
t

(m
t+1xt+1) (2)

The expectation is taken with respect to the “correct” probability under
rational expectations. In the simplest case, we take m

t+⌧

= (1 + r)�⌧ and
repeated substitution (as well as the law of iterated expectations, a point we
will return to later) yield the standard discounted cash flow formula for the
fundamental value v

t

.

v

t

= E
t

" 1X

⌧=t+1

d

⌧

(1 + r)⌧�t

#
(3)

If the transversality condition E
t

(p
t+T

) = o((1 + r)T ) as T ! 1 is im-
posed, then

p

t

= v

t

(4)

for all t. If this condition is not satisfied, however, then a bubble component
such as

b

t

= lim
T !1

E
t


b

T

(1 + r)T �t

�
(5)

is also a possibility as long as the expectations operator is rational.
Now suppose that the bubble b

t

grows at a rate of r

b

so that b

T

=
(1 + r

b

)T �t

b

t

. If r

b

< r, then b

t

= 0 for all t and the asset is fairly priced. If
r

b

> r, then b

t

= 1 for all t. It follows that the growth rate of the bubble
must equal the discount rate of the asset itself. But as long as the bubble
grows at the “proper” rate, it is fully consistent with all the standard neo-
classical assumptions about rationality etc. No greater fool in the form of
behavioral or noise traders is needed for its survival, nor are market frictions
or informational asymmetries required for its existence. In other words, bub-
bles may arise even when agents are rational, act as price-takers, have equal
access to all information, trade freely without frictions, and equilibrium is
attained at all times.

tations paradigm, it is possible that agents are not aware of all the facts inside the model
world as long as the average expectations operator does conform to the postulated true
model.

8Cochrane [25] is a standard reference.
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Criticism of the theory Unfortunately, the su�cient conditions for ra-
tional bubbles are rather severe. Santos and Woodford [76] show that if
markets are complete and the collective endowment in the economy is finite
(if valued at the appropriate state-prices), then bubbles of the kind outlined
above cannot exist or arise. They generalize this to rule out rational bub-
bles even for sequentially incomplete markets, arbitrary borrowing limits,
incomplete participation of households in spot markets, etc. making REBs
contingent on very special model restrictions. This diminishes the theoret-
ical robustness of REBs. Recalling that a theory that implies an absurdity
cannot be true, the theory is further weakened by its rather unrealistic nec-
essary conditions. For example, as Diba and Grossman [29, 30] point out,
the bubble component has to be present from the very beginning of (trading)
time in order for the theory to hold. That is, if there is to be a REB in an
asset, this asset must have been overvalued from day one (and it can never
be under- or correctly valued by the market). As a consequence, bubbles also
can never recur. Once a bubble asset has been deflated, its valuation must
now and for all time forward be correct. Furthermore, as the bubble has
to be explosive in expectation for the equilibrium to obtain, bubbles cannot
occur in assets with upper bounds on their prices, which excludes the entire
credit market, and they must always be positive [76, sec. 2], which precludes
periods of undervaluation. This in turn implies that when a bubble ends in
a crash, prices cannot undershoot.

The theory of REBs has also been subject to empirical criticism. For
example, Lux and Sornette [57] demonstrate that a large class of REBs lead
to the prediction of the heavy tail pdf of returns with exponent µ < 1, which
is counterfactual as the data rather suggest µ ' 3.

Even as a pure Gedankenspiel or thought experiment, REBs remain silent
about the most important issue, namely the bubble component: Where does
it come from? What is the economic mechanism behind it? What is it?
This lack of motivation prevents us from connecting REBs to other market
outcomes. For example, what makes a bubble market di↵erent from an e�-
cient one? Why does a bubble arise in one market and not another? In fact,
the requirement that the bubble component be present from the first day
of trading makes such a connection between market outcomes impossible:
Either the market is in a bubble state, or it is not; it cannot transition from
one state to the other. It a sense, one could even argue that REBs are not
really a theory of bubbles after all. The theory presumes the existence of a
bubble and then erects conditions for its survival; but it does not explain it.
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2.2 Heterogeneous expectations bubbles

Keynes [47, ch. 12] hypothesized that a wedge between price and value may
arise in otherwise competitive markets if agents hold diverse beliefs about
the future because then

the energies and skill of the professional investor and speculator are
[. . . ] concerned, not with what an investment is really worth to a man
who buys it ‘for keeps’, but with what the market will value it at.

Implicit in this argument is the assumption that agents have finite holding
periods or at least the possibility to sell the asset back to the market at some
point before its maturity, giving them a potentially valuable resale option.
The combination of finite holding periods and investor disagreement leads
to a decision calculus that incorporates the opinions of others. That is,
heterogeneous expectations give rise to an endogenous, strategic element in
the price discovery process.

And coincidence or not, it was around the same time as Blanchard [14]
introduced REBs that a separate strand of the literature centered on het-
erogeneous expectations got started by Harrison and Kreps [42]. Today,
this class of heterogeneous expectations bubbles (HEBs) encompasses the
vast majority of bubble theories9, and although it is rich and variegated,
there seems to run a common theme through it: It “throws bucketfuls of
grit into the smooth-running neoclassical paradigms”, to borrow a colorful
phrase from Leslie [55]10. To understand why, we organize our review of this
part of the literature along two questions: One, with what do we replace the
expectational hypothesis if investors are not to have converged to rational
expectations? That is, what is the source for investor disagreement? And
two, how does this disagreement then translate into bubbles? That is, what
is the transmission mechanism from disagreement to bubbles?

2.2.1 Sources of heterogeneity

With respect to the first question, the source of investor disagreement, there
are two main explanations: The first one relies on the structure of information
in the economy. In brief, one can start from heterogeneous priors which trans-
late even public information into heterogeneous posteriors; alternatively, one
can assume a common prior but let agents have private information, which

9We refer the reader to the surveys of Brunnermeier and Oehmke [20], Camerer [22],
O’Hara [71], Scherbina and Schlusche [81], Stiglitz [94], Xiong [100] for an overview and
references.

10Quoted in Snowdon and Vane [89, p. 365]
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then translates into heterogeneous posteriors; or one can assume frictions
in the information flow between agents, say in a principal-agent relation-
ship. The second general approach to explain investor disagreement is via
behavioral or psychological biases.

Informational approaches To frame our discussion in this section, let us
write ✓ for a state variable which a↵ects the payo↵ distribution of the asset
but is unobservable.

If one wishes to maintain the assumption that all relevant information
(about ✓) is publicly available (and free), agents observe a noisy signal s̃ and
update their beliefs about the true state of ✓ on the basis of this signal. It
is clear that if agents start from di↵erent prior beliefs about ✓, then their
expectations about future asset payo↵s will di↵er. Morris [67] exploits this
and shows that even small di↵erences in priors may lead to large specula-
tive premiums. It follows from this setup, however, that said speculative
premiums are transient: As more and more data comes in, investor disagree-
ment is bound to disappear as the data will at some point dominate all the
original priors and force beliefs to converge to the correct one (rational ex-
pectations). This also means that disagreement should only apply at the
beginning of (trading) time, explaining perhaps overpricing of IPOs but less
useful to explain bubbles in assets such as gold. The only way to stop the
priors from converging, in a stationary world, is to make learning costly, see
for example Grossman and Stiglitz [41].

Another way to explain investor disagreement is to assume a common
prior but let agents observe private signals s̃

i

about ✓. This approach,
grounded in Harsanyi’s work, has a long tradition in economics (cf. Mor-
ris [66, sec. 2]). Allen et al. [8] use this setting to formalize Keynes’s intu-
ition about the importance of higher-order beliefs. Both the common prior
assumption and the assumption of private information have been heavily
criticized, however, see for example Morris [66] for a discussion of the former
and Kurz [52] for a discussion of the latter.

Last but not least, information can also get lost in translation between
agents of di↵erent types, for example investors and their portfolio managers
in a delegated investment management framework, see for example Allen
and Gorton [6]. The latter may have incentives to distort the information
they submit to their investors. The degree with which such distortions are
committed and deciphered then varies from manager to manager and from
investor to investor, giving rise to a heterogeneously informed population of
agents, even if agents do not su↵er as above from cognitive defects. That is,
the source of the heterogeneity is structural, not behavioral.
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Behavioral approaches A second strand of the literature explains di-
verse beliefs with psychological biases. Such biases include limited attention,
representativeness, conservatism, and overconfidence. The noise trader liter-
ature can be viewed as a variant of this behavioral approach, leaving open
the precise nature of the bias.

2.2.2 Transmission mechanisms from heterogeneity to bubbles

With respect to the second question, how disagreement translates into bub-
bles, the literature is too variegated and specific to neatly summarize in the
space available. After all, it is usually the precise formulation of such a mech-
anism that is the main point of a paper. We can nevertheless observe that
as far as we can tell, HEB models rely on frictions of some kind to translate
disagreement into bubbles.

Market frictions The primary market friction cited in the bubble litera-
ture concerns short-sale constraints. Harrison and Kreps [42], Scheinkman
and Xiong [79, 80], Allen and Gorton [6], Allen et al. [7], Jarrow [45] and
others follow this route. Capital constraints or limited trading positions are
basically just a milder form of the short-sale constraint, in that it allows
agents to put on shorts but limits them in how big the position can become.
Abreu and Brunnermeier [1, 2], for instance, “assume that each arbitrageur
can only trade within a maximum long position and a maximum short posi-
tion in the number of shares”, thus putting capital constraints on individual
arbitrageurs while Shleifer and Vishny [87] put them on arbitrageurs as a
group. It is obvious how, given a diverse group of investors or traders, re-
stricting them to long positions or limiting their trade sizes will lead to biases,
even if the population as a whole is not biased. A more subtle approach is
presented by imposing frictions in the informational structure of the economy.

Informational frictions We view the distinction between private and
public information, or the assumption that agents may hold and profit from
private information, as a friction. The existence of valuable but private sig-
nals about the true state of the economy must mean that the free flow of
information is disrupted by something, even if this something is not specified
explicitly in these models. This disruption of the free flow of information,
in turn, can a↵ect prices and lead to bubbles. Because this approach has
relevance for our own, we discuss it in more detail here.

In modern language, Keynes’s intuition has been formalized in the form
of higher-order beliefs. Although the formal approach is rather subtle, see
for example Brunnermeier [18, Sec. 1.1] and Morris et al. [68], the basic
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idea remains simple. An agent with an opinion about the future state of the
world is said to hold a first-order belief; an agent who not only forms her own
opinion but also speculates on the opinion of others thereby forms a second-
order belief; and so on ad infinitum. Unfortunately, k-th order beliefs quickly
become confusing and di�cult to handle for k > 2, see Townsend [98]. In
order to circumvent the “infinite regress”, one can either impose additional
assumptions on the information structure11 or simply cut the process o↵ at
some point. In fact, Keynes had also ventured that people do not ordinarily
take this calculation to the theoretical limit but, at best, to the second or
third degree. This has later been borne out by several experimental studies,
see for example Nagel [69] or Du↵y and Nagel [31].

The simplest way to model the e↵ect of higher-order beliefs is, of course,
to cut the chain o↵ at the second order, i.e. at the first level at which reason-
ing about the reasoning of others appears. Furthermore, in order to not have
to carry around the full distribution of expectations about the underlying
variable, we only look at functional(s) of it. Under the assumption of atom-
icity or price-taking behavior, the obvious functional is the mean, although
we will later see that higher-order moments can be important as well. Given
that agents i in index set I are allowed to form heterogeneous expectations
E

it

(x
t+1), we thus define the average expectations operator

Ē
t

(x
t+1) =

Z

I

E
it

(x
t+1) di (6)

Consider now Allen et al. [8]’s example with x

t

⇠ N(µ, 1/↵) for all t

so that conceptually there is no learning and notationally we can drop the
subscript. Let agents observe a private signal x̂

i

= x+"

i

with "

i

⇠ N(0, 1/�).
Then the common prior is N(µ, 1/↵), each agent updates her belief each
period anew by a single datapoint x̂

i

and agents thus have heterogeneous
(posterior) beliefs:

E
i

(x) =
↵µ + �x̂

i

↵ + �

(7)

Aggregating those beliefs to

Ē(x) =
↵µ + �x

↵ + �

(8)

yields the average belief held in the population, over which each agent i then

11Cf. Brunnermeier [18, ch. 4.2] and references therein
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forms a second-order belief

E
i

(Ē(x)) =
↵µ + �E

i

(x)

↵ + �

(9)

=
↵µ + �

⇣
↵µ+�x̂i

↵+�

⌘

↵ + �

(10)

=

 
1 �

✓
�

↵ + �

◆2
!

µ +

✓
�

↵ + �

◆2

x̂

i

(11)

Aggregating one more time and comparing to (8) now shows that the average
expectations operator does not behave like in “the usual case”: it violates
the law of iterated expectations!

Ē(Ē(x)) =

 
1 �

✓
�

↵ + �

◆2
!

µ +

✓
�

↵ + �

◆2

x (12)

To see the import of this violation, expand the basic asset pricing equation
(2).

p

t

= E
t

(m
t+1(pt+1 + d

t+1)) (13)

= E
t

(m
t+1(Et+1(mt+2xt+2) + d

t+1)) (14)

= E
t

(m
t+1) [E

t

(E
t+1(mt+2xt+2)) + E

t

(d
t

+ 1)] (15)

= . . . (16)

= E
t

1X

j=1

m

t,t+j

d

t+j

(17)

This shows that the identification of the price of an asset with its discounted
expected dividend stream, or its fundamentals, hinges on the validity of the
law of iterated expectations for the relevant expectations operator.

In an atomistic world, the price (2) is determined by the average expec-
tation. The failure of the law of iterated expectations for the average expec-
tations operator thus opens up another transmission mechanism by which
the heterogeneity of expectations can a↵ect asset prices and possibly lead
to bubbles. In fact, it can be shown that the deviation from the standard
result grows with repeated applications of the average expectations operator.
Bacchetta and Van Wincoop [10] exploit this property to derive an explicit
“higher-order wedge” between price and value (or, more precisely, the price
that would hold without the interference of higher-order beliefs).

We note, however, that the above example and Bacchetta and Van Win-
coop [10]’s result critically depend on the information structure, or the way
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in which the heterogeneity of expectations has been modeled. In particular,
there must be some friction in the flow of information such that the assump-
tion of private information is justified.

The strong coupling between heterogeneity and frictions in the literature,
when viewed as a whole, is suggestive of an artifact, in the sense that the
inclusion of those frictions seems to serve a technical rather than an economic
purpose. To explain what we mean, as well as to prepare the ground for our
own approach, let us introduce the concept of symmetry breaking12.

3 Symmetry breaking

Symmetry, in a formal sense, refers to invariance under a group action. For
example, if a geometrical object is constructed such that a rotation by (mul-
tiples of) ⇡/n, for some n, would always leave it in the same state as before
the rotation, it is said to be symmetric w.r.t. this operation.

More to the point, let a diverse investor population consist of optimists,
marked by a positive number whose magnitude indicates the degree of op-
timism, and pessimists, demarked by analogous negative numbers. Absent
further conditions, the population must be assumed to be symmetric, mean-
ing that optimists and pessimists balance out. Statistics such as the mean
then become invariant to operations such as flipping the signs on the popula-
tion. This is why the strong assumption of rational expectations is actually
consistent with heterogeneous populations. As long as the population is
symmetrically distributed around the true mean, the average expectation
will conform to the rational expectation of a model. And this is also the
deeper, underlying reason why models with heterogeneous beliefs seem to re-
quire frictions: diversity per se is symmetric and therefore “not enough”. For
the diversity to be of consequence, one needs to break the symmetry first.
Regardless of how the diversity is motivated, this is an issue every model
based on heterogeneous agents must address. But symmetries can be broken
in two ways: Explicitly and spontaneously.

Explicit symmetry breaking proceeds from the “outside” by tacking extra
conditions onto the original problem statement. For example, a di↵erential
equation may originally admit a symmetric solution set. But if the mod-

12We refer the reader to Castellani [24] for a good introduction to symmetry breaking
on the conceptual level as well as references to some of the classic treatments. The fourth
Messenger lecture by Richard Feynman is also useful to gain some geometric intuition for
this concept. An early proposal to use the concept of spontaneous symmetry breaking to
account for speculative bubbles is found in Sornette [92].

14



eler imposes an initial condition that removes some of the original solutions,
the symmetry is broken and the solution set becomes asymmetric. In con-
trast, spontaneous symmetry breaking (SSB) eschews the imposition of extra
constraints or conditions. It proceeds from the “inside”, by examining the
parameter space of the original problem for critical values. When successful,
this approach yields partitions of the parameter space such that crossing cer-
tain boundaries breaks the system’s symmetry naturally, without imposing
additional structure.

Against this background, it becomes apparent that the HEB literature
overwhelmingly relies on explicit symmetry breaking13. We believe this is
why diversity and frictions correlate so strongly in the literature. A short-sale
constraint breaks the symmetry by excluding the pessimists wholesale from
the market; a capital constraint by limiting their influence; informational
frictions enable agents to hide or distort signals from each other, leading to
asymmetric information. That explicit symmetry breaking is always deter-
minate in the direction in which the symmetry is broken may also explain
the literature’s neglect of negative bubbles. Imposing a short-sale constraint
can, after all, never lead to a negative bubble by construction. Economi-
cally, however, there is no good reason why negative bubbles should not be
expected to happen, or why they deserve less attention14.

4 Rational Belief Bubbles

We saw in section 2.1 that the theory of REBs establishes bubbles as con-
sistent with rationality, symmetric information, price-taking or atomicity,
absence of frictions, and the attainment of a competitive equilibrium. Unfor-
tunately, it remains silent on the causes or mechanisms behind bubbles. By
contrast, we saw in section 2.2 that the literature on HEBs furnishes us with
a plethora of possible explanations, citing “animal spirits” in various forms.
But as we argued in section 3, on the whole the literature on HEBs also
relies on explicit symmetry breaking by way of frictions to turn disagreement
into bubbles. In the following, we describe an alternative approach: Like
HEBs, we have a heterogeneous agent population. But like REBs, we eschew
the imposition of frictions of any kind. Instead we identify a critical point
in the parameter space of an equilibrium model and exploit it to break the

13With the exception of DeLong et al. [27, 28] who simply assume the symmetry away
by centering the population of noise traders around a non-zero “average bullishness” while
letting the arbitrageurs know the true fundamental value (but not the average mispercep-
tion of the noise traders).

14Cf. Yan et al. [101]
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symmetry of heterogeneous agents spontaneously.

4.1 Heterogeneous expectations re-examined

Apart from the mechanisms outlined in section 2.2.1, there is another way
to model and motivate heterogeneity that has remained curiously underap-
preciated in the literature, namely rational belief (RB) theory. The idea is
to motivate investor disagreement not psychologically but epistemologically.

Just as RE can be understood as an attractor of individual expectations
in stationary environments, RB theory provides an anchor to expectations in
“less than stationary” ones. It is a common misconception that “less than
stationary” must automatically mean non-stationary (and thus unlearnable).
Halfway in-between stationary and non-stationary systems lies the class of
weak asymptotic mean stationary (WAMS) systems. WAMS systems are a
superset of stationary systems but a subset of non-stationary ones (see figure
??). While stationary systems can be learned completely, given enough data,
and while non-stationary systems cannot be learned no matter how much
data, WAMS systems o↵er some but not complete learnability: Enough to
survive, too little to thrive, if you will.

It is this two-sided bound on what can be learned that makes WAMS
systems an attractive model of economic dynamics15. After all, almost ev-
eryone will agree that one cannot learn everything from history but that, at
the same time, one can learn something from it. The basic assumption of RB
theory is that the economic system falls into this category of WAMS systems.
From this arises—without further assumptions about biases or informational
asymmetries or frictions—a natural diversity of outlooks: If there is an upper
bound on what can be learned, agents must fill in the blanks, so to speak, and
they may do so in non-falsifiable, idiosyncratic ways. At the same time, they
are bound from below by the something that can be learned from the system.
This something provides a source of falsifiability to the agents, and thereby
anchors diverse beliefs about the future in a common reality. Technically,
this is also necessary to prevent “anything goes” type results.

To be more specific, RB theory locates the timing of events beyond the
upper bound of learning. For example, a recession one year from today
may have a di↵erent probability of occurring than a recession two years
from today, but these probabilities are specific to their time and as such not
learnable, no matter how much data the agents accumulate. At the same

15Note that the stable measure associated with WAMS systems is a generalization of
cyclical or recurrent behavior associated with so-called N -stationary systems (where the
probabilities remain invariant to time-shifts of fixed multiples, e.g. every N periods). It is
therefore a natural way to model economic systems with their ups and downs.
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Figure 1: Hierarchy of process models in increasing generality (when moving
outwards from the center). For example, iid models can be viewed as a special
case of general non-stationary models with an infinite-dimensional independence
copula and the restriction that all the univariate distributions have to be identical.
A stationary process is an n-stationary process with n = 1. Etc.

time, agents cannot just “make stu↵ up”. In WAMS systems, the empirical
distribution converges to a so-called stable measure which is, like stationary
ones, invariant to the passage of time16. Agents are thus bound from below
in the sense that they can (and therefore should) learn the probability with
which to expect events like recessions to occur eventually.

Recall that the point of rational expectations is to restrict the scope of
forecasting errors, not to eliminate them by model fiat. That is, mistakes in
forecasting are presumed to be inevitable but random and centered around
the true value (relative to the model). Analogously, RB theory says agents

16To save at least some readers from a source of confusion we ran into when learning
the theory, it is this invariance to, or stability against, the flow of time that the “stable”
refers to. That is, it has nothing to do with the class of stable distributions! It is an
interesting question, though, whether these stable measures can be characterized as a
natural attractor for WAMS systems analogous to stable distributions for sums of random
variables or max-stable distributions for maxima of random sequences.
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can and will be o↵ in their calendar-bound forecasts but they are not allowed
to consistently under- or overestimate the frequency with which an event
occurs over a given forecast horizon. Presumably because this is the best
agents can do in WAMS systems, just as converging to rational expectations
is the best agents can do in stationary systems, Kurz [50, 51] applied the
rationality label to such agents or their beliefs17.

4.2 Asset pricing under rational beliefs

We summarize the model of Kurz and Motolese [53], adopting their notation
to make references or comparisons easier.

Suppose that there is an asset which pays out dividends d

t

and further
suppose that it is described be the law of motion

d

t+1 = �

d

d

t

+ ⇢

d

t+1 (18)

with unknown, possibly nonstationary, innovation term ⇢

d

t+1. For example,
there might be periods [t

i

, t

j

] with i, j 2 N and i < j during which E(⇢
t

) >

0 (< 0) for t 2 [t
i

, t

j

]: “good” (“bad”) times.
Although unknown, the true data generating process is presumed to be

WAMS. It is hence not learnable from the data but it has associated with it
a stable measure represented by

⇢

d

t+1 ⇠ N(0, �

2
d

) (19)

That is, on average, over the very long run, the data could also have been
generated by, or is consistent with, (18) in conjunction with (19). This
stationary process serves as the common reference point for all agents. It
fixes the set of rational beliefs, in the sense that their beliefs d

i

t

about d

t

are
formed by augmenting the stationary measure as follows:

d

i

t+1 = �

d

d

t

+ �

g

d

g

i

t

+ ⇢

id

t+1 (20)

In other words, an agent expresses its subjective assessment by deviating
from the stationary forecast with a “state of belief” variable g

i

t

.
The rationality criterion requires that d

i

t

is consistent with (generates the
same stable distribution as) the true data generating process. One way to

17Again, to prevent misunderstandings induced by poor terminology, rationality in this
context has nothing to do with the consistency axioms underlying utility functions. It is
used here only to indicate loosely “the best one can do under the circumstances”, where
the circumstances refer to the ergodic properties of the system.
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satisfy this criterion is to specify

g

i

t+1 = �

Z

g

i

t

+ ⇢

ig

t+1 (21)

⇢

ig

t+1 ⇠ N(0, �

2
g

) (22)

Invoking Sklar’s theorem, we can impose a Gaussian copula over the
marginal belief innovations in (22) and treat the system of beliefs as an n-
dimensional Gaussian random vector

⇢g

t

⇠ N(0, ⌃g) (23)

with some covariance matrix ⌃g. ⌃g has entries �

2
g

on the diagonal by (22)
and entries �

ij

g

on the o↵-diagonal for the covariance between the beliefs of
agents i, j. Letting �

2
g

= 1 for simplicity, covariances �

ij

g

now equal %

ij

g

, the
pairwise correlations. In the following, we therefore refer to ⌃g when we
speak of “correlated beliefs”.

If agents know that beliefs are diverse, a fact easily ascertained by asking
others for their opinion about the future, then higher-order beliefs come into
play, as outlined above. Keeping in mind our discussion above, we restrict
ourselves to the average belief (the first level at which reasoning about the
reasoning of others appears):

Z

t

=
1

n

nX

i

g

i

t

(24)

where n is the number of agents in the system and i 2 I = {1, 2, . . . , n}.
It follows that

Z

t+1 =
1

n

X

i

�

Z

g

i

t

+
1

n

X

i

⇢

ig

t+1 (25)

= �

Z

Z

t

+ ⇢

Z

t+1 (26)

The careful reader will notice that the second summand in the above will
almost surely converge to 0 as n ! 1 if ⌃g is diagonal or, more generally, if
the belief innovations ⇢

ig are independent. Kurz and Motolese [53] therefore
require “enough” correlation between the innovations for Z

t

not to vanish
but do not specify ⌃g further. In particular, they say that the correlations
may be time-varying. It follows that the true process Z

t

, analogous to the
dividend process d

t

, is unknown and possibly nonstationary. It is however
also assumed to be WAMS, and since the market belief is presumed to be
observable, enough data has been gathered by the agents to infer the stable
measure. According to this (estimate of the) stable measure,

⇢

Z

t+1 ⇠ N(0, �

2
Z

) (27)
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By the “beauty contest” argument sketched above, the relevant state
(sub)space must now be expanded to include the average or market belief Z

t

in addition to the dividend process d

t

. Analogous to the latter, agents thus
form expectations Z

i

t

by augmenting the stable measure like:

Z

i

t+1 = �

Z

Z

t

+ �

g

Z

g

i

t

+ ⇢

iZ

t+1 (28)

Kurz and Motolese [53] then show that there exists a unique equilibrium
map d ⇥ Z ! p from the state (product) space to prices in the form of

p

t

= a

d

d

t

+ a

Z

Z

t

+ P0 (29)

Expressed like this, the question of how to translate heterogeneous ex-
pectations into bubbles suddenly assumes a much more concrete form: Can
we use market belief Z

t

to induce a bubble?

4.3 From correlated beliefs to bubbles

By relaxing one of Kurz and Motolese [53]’s model assumptions, we are able
to bring a result from the literature on linear aggregation to bear on this
problem18. Following an argument started by Granger [39] and made more
precise and general by Za↵aroni [102], the average of linear time-series models
can yield long memory, in the sense of a power law decaying autocorrelation
function, even though all the individual summands have exponentially de-
caying autocorrelations. There are essentially two requirements for this to
happen, one of which we state in the following:

Axiom 4.1. Let the agents have coe�cients �

i

in (21). In particular, we as-
sume that the coe�cients �

i

are drawn from a family of absolutely continuous
distributions with support [0, 1) with density

f(�
i

; b) ⇠ c

b

(1 � �

i

)b as �

i

! 1 from below (30)

with parameters �1/2 < b < 0 and 0 < c

b

< 1.

The other requirement concerns the correlation structure ⌃g and merits
greater attention. Recall that Kurz and Motolese [53] left open the possibility
of nonstationary variations in the correlation of beliefs ⌃g. To quantify the
overall strength of correlation, we can calculate the average or expected o↵-
diagonal entry in ⌃g, E(%g

ij

) = %̄

g. In the following, let us further assume that
the population size n is su�ciently large so that %̄

g is restricted to be positive,

18The arguments in this section are expanded and proved in Sohn and Sornette [91].
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%̄

g 2 [0, 1]. There are infinitely many correlation matrices that are consistent
with an average correlation %̄

g = 0. To see this, note that correlations are
transitive, in the sense that if agents i and j are correlated and j and k are
correlated, then i and k are correlated as well. It follows that we can reshu✏e
the indices such that any ⌃g can be rewritten in the form of block matrices
on the diagonal. Whenever two block matrices of equal size have opposite
average correlations, the average is zero.

We can thus distinguish between two regions in the state space of n-
dimensional, symmetric and positive-semidefinite matrices: One for which
%̄

g = 0 and another for which %̄

g

> 0. We now claim that on passing between
those two regions, ⌃g induces a structural break in the behavior of the market
belief variable Z

t

.

Proposition 4.1. Suppose that the correlations in ⌃g are independently
(though not necessarily identically) distributed, centered around a mean value
of E(%ij

g

) > 0, and dispersed with a variance of Var(%ij

g

). There then exists a
common component or “representative belief” ⇡

t

⇠ N(0, #) iid in the innova-
tions that captures most of the variation of Z

t

(and all of it in the limit). The
transition functions (21) of agent states of belief can be rewritten in terms of
this representative belief to

g

i

t+1 = �

i

g

i

t

+ s

i

⇡

t+1 + "

i,t+1 (31)

The presence of a “representative belief” ⇡

t

means that the individual
belief states g

i

t

co-evolve. At this point, we need to clarify what it means for
beliefs to be correlated in the RB framework: To start with, correlated beliefs
is a convenient misnomer for what should properly be called “correlated belief
innovations”. That is, correlation between the beliefs of agents does not
say anything about their beliefs per se, i.e. whether they are optimistic or
pessimistic relative to the stable measure. Positively correlated beliefs means
agents tend to become more optimistic or pessimistic contemporaneously.
The intuition is that they interpret news in similar ways (as opposed to
negatively correlated agents who interpret it in diverging ways). Positively
correlated beliefs thus lead to a more homogeneous population over time
while negatively correlated beliefs lead to a more dispersed one.

But what does it mean, in the context of an asset pricing model, that
agents become, say, more optimistic together? Clearly, it means that they
will tend to add to their long positions (or reduce their short ones) con-
temporaneously too, thus driving the price up. Alternatively, (positively)
correlated beliefs could also lead to the agents growing more pessimistic to-
gether. They will then reduce their long positions (or add to their short ones)
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contemporaneously, driving the price down. Given diverse but correlated be-
liefs, agents must therefore take the optimism or pessimism of other people
into consideration.

We can now establish a link from the social topology of agents to the
time-series properties of Z

t

.

Proposition 4.2. When a “representative belief” appears in the individual
state of belief transitions, market belief Z assumes long-memory persistence
and a bubble in the sense of sustained deviations from fundamentals emerges.

To see the di↵erence to the original model specification in Kurz and Mo-
tolese [53], compare the first 100 autocorrelations of Z under the original and
the modified specifications in figure 2.
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Figure 2: First 100 autocorrelations of the original, short-memory (yellow) and
the modified, long-memory (blue) processes, where the parameters are chosen such
that the first-order autocorrelation is equal.

Although the original Z can be persistent too, its persistence is of a fun-
damentally di↵erent nature (and roughly of the same order as the persistence
of the dividend process). Because it has short-memory, or an integrable cor-
relogram, it will fluctuate relatively quickly around its mean zero. Under the
modification in assumption 4.1, however, Z can also assume long-memory
persistence if the correlations in ⌃g evolve such that beliefs are overall pos-
itively correlated on average. Given that n is supposed to be very large, a
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positive %̄

g, or extremely long-range correlations, are therefore not a day to
day phenomenon but a special situation.

Qualitatively, the superposition of a short-memory and a long-memory
process implies that the long-memory one will dominate. Changes in funda-
mentals thus have comparatively little e↵ect on prices. Instead, it is changes
in sentiment or market belief �Z that drive the price dynamics. Well in
line with our intuition about bubbles, a rational belief bubble (RBB) thus
corresponds to a social structure where everybody’s beliefs are correlated, if
ever so slightly, to each other. It bears emphasizing that correlations are an
inherently social phenomenon; it always takes two to tango. Bubbles thus
become an emergent phenomenon.

5 Conclusion

We opened this article with summaries of the e�cient market (EMH) and
financial instability (FIH) hypotheses. Juxtaposed like this, it appeared that
the EMH and the FIH are opposing viewpoints: That if one is right, the
other must be wrong. And this is indeed the traditional reading.

But in seeking to explain bubbles within the axiomatic confines of ide-
alized markets, our model identified the correlation of beliefs as the driving
force behind how well a market functions. That is, the degree to which the
beliefs of agents are correlated spans a spectrum of market regimes: When
that correlation is nil, the law of large numbers works in conjunction with the
rational belief hypothesis to eliminate biases in the price discovery process.
When the correlation is “large enough” in the sense of Kurz and Motolese
[53] but the correlation length finite, their original result holds and we can
observe price volatility in excess of the volatility of the fundamental dividend
process. Finally, as the correlation length goes to infinity, a “representative
belief” forms and market belief Z assumes transient long memory: a bubble,
in the sense of sustained deviations from fundamentals.

Insofar as the correlation of beliefs fluctuates over time, the relationship
between bubbles and e�cient markets may thus be less adversarial than, for
lack of a better word, fraternal. That is, both appear as special cases of
a more general market model that allows for epistemic uncertainty instead
of “hardcoding” bubbles in a combination of animal spirits and market or
informational frictions.

We also wish to point out the a�nity between our RBBs and the work
of Allen et al. [8] and Bacchetta and Van Wincoop [10]. Equation (12)
shows that it is the public signal that introduces the bias into the average
expectation. But what does a public signal do in the context of otherwise
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private information? It coordinates expectations, or it induces correlated
beliefs ! In other words, the presence of a public signal implies correlated
beliefs (but the converse does not hold). In that sense, RBBs constitute
a generalization of Allen et al. [8] and Bacchetta and Van Wincoop [10]’s
insights to a frictionless information economy.

24



References

[1] Dilip Abreu and Markus K. Brunnermeier. Synchronization risk and de-
layed arbitrage. Journal of Financial Economics, 66(2):341–360, 2002.

[2] Dilip Abreu and Markus K. Brunnermeier. Bubbles and crashes.
Econometrica, 71(1):173–204, 2003.

[3] George A. Akerlof and Robert Shiller. Animal Spirits: How Human
Psychology Drives the Economy, and Why It Matters for Global Capi-
talism. Princeton University Press, 2009.

[4] Franklin Allen and Douglas Gale. Bubbles and crises. Economic Jour-
nal, 110(460):236–255, 2000.

[5] Franklin Allen and Douglas Gale. Asset price bubbles and monetary
policy. Working Paper, May 2000.

[6] Franklin Allen and Gary B. Gorton. Churning Bubbles. Review of
Economic Studies, 60(4):813–836, 1993.

[7] Franklin Allen, Stephen Morris, and Andrew Postlewaite. Finite Bub-
bles With Short Sale Constraints and Asymmetric Information. Journal
of Economic Theory, 61:206–229, 1993.

[8] Franklin Allen, Stephen Morris, and Hyun Song Shin. Beauty contests
and iterated expectations in asset markets. Review of Financial Studies,
19(3):161–177, 2006.

[9] Jørgen Vitting Andersen and Didier Sornette. Fearless versus fearful
speculative financial bubbles. Physica A, 337(3):565–585, 2004.

[10] Philippe Bacchetta and Eric Van Wincoop. Higher order expectations
in asset pricing. Journal of Money, Credit and Banking, 40(5):837–866,
2008.

[11] Nicholas Barberis, Andrei Shleifer, and Robert W. Vishny. A model of
investor sentiment. Journal of Financial Economics, 49:307–343, 1998.

[12] Fischer Black. Uniqueness of the Price Level in Monetary Growth Mod-
els with Rational Expectations. Journal of Economic Theory, 1974.

[13] Olivier Blanchard and Mark W. Watson. Bubbles, Rational Expec-
tations and Financial Markets. In P. Wachtel, editor, Crises in the
Economic and Financial Structure. Lexington Books, Lexington, MA,
1982.

25



[14] Olivier J. Blanchard. Speculative bubbles, crashes and rational expec-
tations. Economics Letters, 3:387–389, 1979.

[15] Horace W. Brock. Resolving the market e�ciency paradox. SED:
Strategic Economic Decisions, Mar 2014.

[16] William A. Brock. Money and growth: The case of long run perfect
foresight. International Economic Review, 15:750–777, 1974.

[17] William A. Brock. A simple perfect foresight monetary model. Journal
of Monetary Economics, 1:133–150, 1975.

[18] Markus K. Brunnermeier. Asset Pricing under Asymmetric Informa-
tion: Bubbles, Crashes, Technical Analysis, and Herding. Oxford Uni-
versity Press, 2001.

[19] Markus K. Brunnermeier. Bubbles. In Steven N. Durlauf and
Lawrence E. Blume, editors, The New Palgrave Dictionary of Eco-
nomics. Macmillan, 2nd edition, 2008.

[20] Markus K. Brunnermeier and Martin Oehmke. Bubbles, financial
crises, and systemic risk. In George M. Constantinides, Milton Harris,
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1 Introduction

Keynes (1936, ch. 12) famously hypothesized that the price of an asset may

decouple from its value if agents hold diverse beliefs about the future because

then

the energies and skill of the professional investor and speculator

are [. . . ] concerned, not with what an investment is really worth

to a man who buys it ‘for keeps’, but with what the market will

value it at.

In other words, di↵erences of opinion give rise to a strategic element in the

price discovery process; substance becomes subordinated to opinion.

Keynes’s view stands in marked contrast to Galton (1907, 1908), a con-

temporary of his, who equally famously reported from a weight-judging com-

petition. People were asked to guess the weight of an ox after it would be

slaughtered and dressed. None of the individual estimates were correct but,

identifying the “middlemost”1 estimate (of 787 votes) as the “vox populi”,

the consensus estimate came within less than one percent of the correct value

(1207 lbs. vs. 1198 lbs.). This was better than all but a handful of individual

estimates.

In the context of markets and economies, whether crowds tend to “mad-

ness” or “wisdom” is of profound consequence for political economy, indus-

trial policy, and regulation. To analyze the e↵ect of di↵erences of opinion in

financial markets, the concept of higher-order beliefs (HOBs) has been used

(Allen et al., 2006, Bacchetta and Van Wincoop, 2008). Indexing agents by

a set I and writing d

t

for the stream of dividends or interest rates associ-

ated with an asset, let agents hold diverse beliefs Ei

t

6= Ej

t

, i, j 2 I about the

future. This heterogeneity is reflected in individual asset demand functions

↵

i,t

= ↵(p
t

;
P

k

Ei

t

(d
t+k

), ✓

i) in that i’s demand for the risky asset as a func-

tion of its price p

t

depends on the dividend stream expected by i. ✓

i collects

1Presumably the median in today’s terminology; the OED defines the word as “That

[. . . ] in the very middle, or nearest the middle.”
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“all other parameters” but will be neglected in the following for simplicity.

If the agent intends to liquidate or sell the asset back to the market at some

future date t+T (or if there is even only a risk that i will be forced to sell, for

example by a liquidity event), then future cash flows split between dividends

and the expected price at liquidation:

↵

i,t

= ↵

 
p

t

;
TX

k=1

Ei

t

(d
t+k

) + Ei

t

(p
t+T

)

!
(1)

Given the competitive market assumption, agents act as price takers and

price is determined by aggregate or average demand ↵

t

=
R

I

↵

i,t

di. If the

asset demand functions are linear in the expectations, then the aggregate

expectations operator Ē =
R

I

E
i

di will apply and the basic asset pricing

equation will be of the form

p

t

= Ē
t

(m
t+1(p

t+1 + d

t+1)) (2)

= Ē
t

1X

k=1

m

t+k

d

t+k

(3)

for some stochastic discount factor m

t

.

Substituting this back into individual demand functions,

↵

i,t

= ↵

 
p

t

;
TX

k=1

Ei

t

d

t+k

+ Ei

t

 
Ē

T

1X

k=1

m

T +k

d

T +k

!!
(4)

we see that agents’s asset demand functions depend on both an exogenous

state variable, the fundamentals (in the form of expected dividends), and

an endogenous state variable, the average or market beliefs prevailing in the

future. Even if she disagrees with the market, agent i needs to give strategic

consideration to market expectations.

One might think that from a macro perspective whether an individual

agent agrees or disagrees with the market is irrelevant as long as the average

belief is correct, or rational expectations hold. Unfortunately, it is not so

simple. The identification of the price of an asset with its discounted expected

2



dividend stream, or its fundamentals, not only depends on the correctness

of the expectation per se but also on the validity of the law of iterated

expectations. Writing x

t

= p

t

+d

t

for the total return, this can be easily seen

by expanding (2):

p

t

= Ē
t

(m
t+1(p

t+1 + d

t+1)) (5)

= Ē
t

(m
t+1(Ē

t+1(m
t+2x

t+2) + d

t+1)) (6)

= Ē
t

(m
t+1)

⇥
Ē

t

(Ē
t+1(m

t+2x

t+2)) + Ē
t

(d
t+1)

⇤
(7)

= . . . (8)

Consider now Allen et al. (2006)’s example. Let dividends d be iid, d ⇠
N(y, 1/a) and disregard learning e↵ects over time. Each agent receives a

signal x

i

= d+"

i

composed of a common, public element d and "

i

⇠ N(0, 1/b).

Expectations then are heterogeneous because agents mix the common prior

with these private signals:

Ei(d) =
ay + bx

i

a + b

(9)

When aggregated, these private expectations yield an average expectation of

Ē(d) =
ay + bd

a + b

(10)

Let i now form a second-order belief

Ei(Ē(d)) =
ay + bEi(d)

a + b

(11)

=
ay + b

�
ay+bxi

a+b

�

a + b

(12)

=

 
1 �

✓
b

a + b

◆2
!

y +

✓
b

a + b

◆2

x

i

(13)

Aggregating again and comparing to (10) now shows that the average expec-

tations operator actually is not a “normal” expectations operator: it violates
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the law of iterated expectations!

Ē(Ē(d)) =

 
1 �

✓
b

a + b

◆2
!

y +

✓
b

a + b

◆2

d (14)

It would seem that the di↵erences of opinion induced by the private signals

are responsible for this failure. After all, if one eliminates the private signals

from the model, imposing homogeneous (rational) expectations instead, then

the law of iterated expectations holds as expected: Ei(d) = Ē(d) = Ē(Ē(d)) =

y. In fact, the failure is more subtle and has to do with the way in which

the heterogeneity is generated. To see this, one need only go to the other

extreme and eliminate the public signal, keeping the private signals instead:

x

i

= y + "

i

. Then Ei(d) = x

i

and again Ē(d) = E
i

(Ē(d)) = Ē(Ē(d)) = y!

The law of iterated expectations for the average expectations operator

failed because the private signals x

i

= d + "

i

were coordinated by the public

signal d. Both diversity and coordination were required. Forecast errors did

not cancel out because they were correlated. Letting x

j

= d + "

j

, we have

Cov(x
i

, x

j

) = E((x
i

� y)(x
j

� y)) (15)

= E((d � y + "

i

)(d � y + "

j

)) (16)

= E((d � y)2 + (d � y)"
i

+ (d � y)"
j

+ "

i

"

j

) (17)

= Var(d) (18)

> 0 (19)

This leads to two conclusions: One, generating heterogeneous expecta-

tions in an asymmetric information framework with coexisting public and

private information actually boils down to a particularly strong case of cor-

related beliefs: Every pair of agents i, j holds correlated beliefs about the

future. And two, the violation of the law of iterated expectations, and hence

the wedge between price and value, is actually not the result of heterogeneity

ipso facto but of the correlation structure between individual expectations

(or “correlated beliefs”).
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In section 2, we present the rational belief hypothesis as an alternative

and perhaps more general way to model investor disagreement that allows for

richer structures of correlation (or more general, nonlinear or nonelliptical,

dependence structures2). Section 3 sketches asset pricing under the rational

belief hypothesis. In section 4, we will then show how this more flexible

structure can be exploited to generate asset price bubbles as a function of

the correlation structure. This is in contrast to previous approaches in the

heterogeneous expectations bubble literature, where it is the diversity per

se (usually in combination with market frictions) that drives the bubble.

Section 5 concludes.

2 Rational belief theory

The raison d’être of Rational Belief (RB) theory is to explain persistent in-

vestor disagreement, and to do so not psychologically but epistemologically.

Although it is a very elegant theory, it is in our experience underappreci-

ated in the literature and sometimes misapprehended. For example, French

(2003) characterizes rational beliefs as the result of a Bayesian learning pro-

cess3, while Xiong (2013) seems to say that rational beliefs converge to ra-

tional expectations if the environment is stationary4. We therefore provide

2See Nelsen (2006) for examples or Embrechts et al. (2015, sec. 7.2.2) for a discussion

of “fallacies” concerning correlation modeling, in particular thm. 7.28(3).
3Nielsen (2007) shows that this is possible but he uses a modified version of the theory,

relying on so-called SIDS measures introduced in Nielsen (1997). In Kurz (1994a,b)’s

original statement of the theory, there is no learning. Also note that French made his

assertion a few years before Nielsen’s note. Presuming that he did not anticipate the

subtleties of Nielsen’s argument, it is therefore fair to classify it as a misapprehension of

the theory.
4Kurz (1994b) actually asserts that merely believing in nonstationarity, independent

of whether the system is, in fact, stationary, is self-fulfilling. That is, when agents assign

nonzero measure to the set of nonstationary systems, their actions may in equilibrium

render the endogenous variables nonstationary, even when all the exogenous variables are

stationary.
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a summary as well as pointers to the original RB literature.

2.1 The intuition behind RB theory

Kurz (1994a,b)’s theory of rational beliefs (RB) can be viewed as a general-

ization of Rational Expectations (RE) to environments that are not ergodic

or even stationary. Just as RE can be understood as an attractor of individ-

ual expectations in stationary environments, RB theory provides an anchor

to expectations in “less than stationary” ones.

It is a common misconception that “less than stationary” must auto-

matically mean non-stationary (and thus unlearnable). Halfway in-between

stationary and non-stationary systems lies the class of (weak) asymptotic

mean stationary (WAMS) systems. WAMS systems are a superset of sta-

tionary systems but a subset of non-stationary ones (see figure 1). While

stationary systems can be learned completely, given enough data, and while

strictly non-stationary systems cannot be learned no matter how much data,

WAMS systems o↵er some but not complete learnability: Enough to survive,

too little to thrive, if you will.

It is this two-sided bound on what can be learned that makes WAMS sys-

tems an attractive model of economic dynamics5. After all, almost everyone

will agree that one cannot learn everything from history but that, at the same

time, one can learn something from it. The fundamental assumption of RB

theory is that the economic system falls into this category of WAMS systems.

From this arises—without further assumptions about biases or informational

asymmetries or frictions—a natural diversity of outlooks: If there is an upper

5Note that the stable measure associated with WAMS systems is a generalization

of cyclical or recurrent behavior associated with so-called N -stationary systems (where

the probabilities remain invariant to time-shifts of fixed multiples, e.g. every N periods,

cf. Gray (2009, ch. 5)). It is therefore a natural way to model economic systems with

their ups and downs. Closely related to N -stationary systems, periodically correlated pro-

cesses require only the first and second moments to be invariant periodically, cf. Pisarenko

et al. (2005). The relation between N -stationarity and PCPs is analogous to the relation

between strict and covariance stationarity.

6



Figure 1: Hierarchy of process models in increasing generality (when moving

outwards from the center). For example, iid models can be viewed as a special

case of stationary models with an infinite-dimensional independence copula and the

restriction that all the univariate distributions have to be identical. A stationary

process, in turn, is a special case of an N -stationary process with N = 1. Etc.
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bound on what can be learned, agents must fill in the blanks, so to speak,

and they must do so in non-falsifiable, idiosyncratic ways. At the same time,

they are bound from below by the something that can be learned from the

system. This something provides a source of falsifiability to the agents, and

thereby anchors diverse beliefs about the future in a common reality. Apart

from the intuition, this is also necessary to prevent “anything goes” type

results.

To understand the upper and lower bounds on learning in the RB frame-

work, recall that stationarity essentially means that every finite-dimensional

event (or cylinder6) has a probability that is invariant to shifts in time. For

example, the probability that a recession happens three quarters from now is,

unconditionally, exactly the same as a recession happening 10 quarters from

now. Non-stationarity, by contrast, means the recession three quarters from

today and the one ten quarters out are events specific to their time. Their

probabilities may or may not di↵er. In WAMS systems, the probabilities

are fixed by the time index, like in non-stationary systems, but there exists

an associated probability measure that is invariant in time, like in station-

ary systems. This so-called stable measure indicates long-run frequencies or

average probabilities for events.

For example, the recession three quarters out could have a probability of

1/3, and the one ten quarters out has a probability of 2/3 of happening, but

over a long enough time, recessions happen half the time. Di↵erent WAMS

systems can have the same stable measure associated with them. It wouldn’t

matter, for example, if the recession three quarters out had a probability of

2/3 and the one ten quarters out of 1/3. This is a crucial point because

viewed the other way around, it means many di↵erent non-stationary but

WAMS systems are compatible with any given stable measure.

6A cylinder set consists of infinite-dimensional objects that “fit” a finite-dimensional

description, cf. footnote 7
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2.2 Formal summary

Let S be a generic state space, S

1 the set of all sequences over this state

space (or the infinite-dimensional product S ⇥ S ⇥ . . . ), and s 2 S

1 a par-

ticular sequence with elements s

t

, t = 1, 2, . . . , that is s = (s
t

)1
t=1 2 S

1.

Furthermore, let ⌫ be a probability measure on the Borel algebra B(S1) and

T : S

1 �! S

1 a shift transformation T (s1, s2, . . . ) = (s2, s3, . . . ). Writing

T

j for the j-th composition of T on itself and T

�1 for the inverse trans-

form, we have a dynamical system (S1
, B(S1), ⌫, T ). Letting C(S1) be the

collection of all cylinders7 in B(S1),

Definition 2.1. Weak asymptotic mean stationarity (WAMS). The dynam-

ical system (S1
, B(S1), ⌫, T ) as well as the measure ⌫ are said to be weakly

asymptotic mean stationary if for all cylinders C 2 C(S1),

lim
J!1

1

J

J�1X

j=0

⌫(T �j

C) (21)

exists.

The basic assumption of RB theory is that the economic system falls

into this category of WAMS systems. From this arises e↵ortlessly—without

further assumptions about cognitive biases, suboptimal learning, frictions or

asymmetric distribution of information—a natural diversity of outlooks. To

see how, note that T

�j

C 6= C in general, hence ⌫(T �j

C) 6= ⌫(C) in general.

As the composition of C changes steadily as time evolves, RB theory locates

the timing of events beyond the upper bound of learning.

At the same time, they are bound from below by the something that can

be learned from the system. This something is the limit probability measure

7A set C 2 B(S1) is called a cylinder if it has representation

C = {s 2 S1 : (st1 , . . . , stm) 2 Bm} (20)

for m > 1, arbitrary indices (t1, . . . , tm), and Bm 2 B(S)⇥m, the product space formed by

m copies of the sigma algebra B(S).
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lim
J!1

1
J

P
J�1
j=0 ⌫(T �j

C) for all cylinders C 2 C(S1) which provides a source

of falsifiability to the agents, and thereby anchors diverse beliefs about the

future in a common reality. That is, agents cannot just “make stu↵ up”.

In WAMS systems, the empirical distribution converges to a so-called stable

measure which is, like stationary ones, invariant to the passage of time8:

Theorem 2.2. If (S1
, B(S1), ⌫, T ) is WAMS, there is an associated sta-

tionary measure ⌫̄ such that 8 C 2 C(S1),

lim
J!1

1

J

J�1X

j=0

⌫(T �j

C) = ⌫̄(C) (22)

Proof. See Kurz (1994a).

Agents are thus bound from below in the sense that they can (and there-

fore should) learn the probability with which to expect events like recessions

to occur eventually. Rational beliefs are defined based on this stationary

measure ⌫̄ associated with the true (but unknown) measure ⌫:

Definition 2.3. A probability measure Q is compatible with the data if

(S1
, B(S1), Q, T ) is stable with associated stationary measure ⌫̄.

Definition 2.4. Given a dynamical system (S1
, B(S1), ⌫, T ) and P the set

of all probability measures over (S1
, B(S1)), the set of rational beliefs rel-

ative to the true measure ⌫ is

B(⌫) = {Q 2 P : Q is compatible with the data} (23)

In stationary systems, the set B(⌫) of rational beliefs is a singleton: It

is precisely the rational expectations measure. In WAMS systems, however,

the set B(⌫) of rational beliefs is large. Since the true distribution ⌫ is

unknown to both agents and us the model-builders, all we can reference is

8To save the reader from a potential source of confusion, it is this invariance to, or

stability against, the flow of time that the “stable” refers to. That is, it has nothing to do

with the class of stable distributions!
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the associated stationary measure ⌫̄. As long as a belief Q is compatible with

the data the system emanates, the agent holds a rational belief even if this

belief di↵ers from the rational belief of another agent.

The point of rational expectations is to restrict the scope of forecasting

errors, not to eliminate them by model fiat. That is, mistakes in forecast-

ing are presumed to be inevitable but random and centered around the true

value (relative to the model). Analogously, RB theory says agents can and

will be o↵ in their time-bound forecasts but they are not allowed to con-

sistently under- or overestimate the frequency with which an event occurs.

Presumably because this is the best agents can do in WAMS systems, just

as converging to rational expectations is the best agents can do in stationary

systems, Kurz (1994a,b) applied the rationality label to such agents:

Definition 2.5. A rational agent forms or has belief Q 2 B(⌫).

3 Asset pricing under rational beliefs

Based on this notion of rational disagreement about the future, Kurz and

Motolese (2011) present an infinite-horizon, discrete-time equilibrium asset

pricing model. Let (d
t

)1
t

be an exogenous random sequence of payo↵s of a

risky asset. This random sequence has a true probability which is possibly

non-stationary, unknown, and unknowable but assumed to be WAMS. What

the agents can observe is a large sample of historical data d

t

, t = �1, �2, . . .

from which they then infer a unique empirical probability measure ⌫̄ in the

language of theorem 2.2. That is, the historical data could have been gener-

ated by

d

t+1 = �

d

d

t

+ ⇢

d

t+1 (24)

⇢

d

t+1 ⇠ N(0, �

2
d

) (25)

if it followed a stationary process. This is the common reference point for

all agents i 2 I = {1, 2, . . . , n}, where n is the number of agents in the
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system. The law of motion (24) fixes the set of rational beliefs, as described

in definition 2.4.

Subjective beliefs about the fundamentals d

i

t

about d

t

are formed by aug-

menting the stationary measure as follows:

d

i

t+1 = �

d

d

t

+ �

g

d

g

i

t

+ ⇢

id

t+1 (26)

That is, an agent expresses its subjective assessment by deviating from the

stationary forecast with a “state of belief” variable g

i

t

. The individual beliefs

are assumed to be rational in the sense of definition 2.5, which implies (and

necessitates) that g

i

t

fluctuates around 0:

g

i

t+1 = �

Z

g

i

t

+ ⇢

ig

t+1 (27)

⇢

ig

t+1 ⇠ N(0, �

2
g

) (28)

The innovations ⇢

ig

t+1 to the individual belief states are coupled by a correla-

tion matrix ⌃g. This matrix will play an important role later. The notion

of correlated beliefs actually refers to correlated belief innovations.

As diverse expectations are readily ascertained by agents, the state space

is “expanded” by their presence. Kurz and Motolese (2011) restrict them-

selves to the average state of belief, dubbed “market belief” Z

t

, the first level

at which reasoning about the reasoning of others appears:

Z

t

=
1

n

nX

i

g

i

t

(29)

This is basically a measure of market sentiment, with Z

t

> 0 indicating that

agents on average expect temporarily higher than normal payo↵s (and vice

versa). Market belief or sentiment Z

t

evolves according to

Z

t+1 =
1

n

X

i

�

Z

g

i

t

+
1

n

X

i

⇢

ig

t+1 (30)

= �

Z

Z

t

+ ⇢

Z

t+1 (31)

Since ⌃g may be time-varying, Z

t

may be nonstationary. Note that this is the

only possible source of non-stationarity here, and that this random variation

12



in the correlation structure can only a↵ect the variance of the disturbance

term. It is, however, also assumed to be WAMS, yielding a stationary rep-

resentation with

⇢

Z

t+1 ⇠ N(0, �

2
Z

) (32)

By assumption,
 

⇢

d

t+1

⇢

Z

t+1

!
⇠ N

 
0

0
,

"
�

2
d

0

0 �

2
Z

#
= ⌃̃

!
, iid (33)

But as Kurz and Motolese (2011) emphasize, the “true distribution of ⇢

Z

t+1 is

unknown. Correlation across agents exhibits non stationarity and this prop-

erty is inherited by the {Z

t

, t = 1, 2, . . . } process.” As with the fundamentals

process, all the agents can do is estimate the stationary empirical measure.

Kurz and Motolese (2011) then show that there exists a unique equilib-

rium map d ⇥ Z ! p from the state space to prices. The map is derived by

specifying standard exponential utility functions, writing down the consump-

tion and savings calculi of the agents given their respective rational beliefs

about the future, as explained above, and finally deriving and aggregating

their demand functions for the asset in question. This yields

Proposition 3.1. Under the setup described above, there exists a unique

equilibrium price map

p

t

= a

d

d

t

+ a

Z

Z

t

+ P0 (34)

from the state space of fundamentals d

t

and market belief Z

t

to prices p

t

.

Proof. See Kurz and Motolese (2011, theorem 2).

Our main interest lies in this equilibrium map. When beliefs are diverse

and su�ciently correlated, agents must take market sentiment into account,

independently of their own beliefs about the fundamentals of the asset. When

sentiment rises, agents expect prices to increase over and beyond their own

assessment of fair value; when it falls, prices can be expected to come in

below fundamental value. All this is rational. The question thus arises: Can

we use market belief or sentiment Z

t

to explain bubbles? This then is our

point of departure.
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4 Bubbles as the result of correlated beliefs

beyond a threshold

We are twelve; oh, make us one,

Like drops within the Social

River

Brave New World,

Alduous Huxley

We now make the following modification to Kurz and Motolese (2011):

Axiom 4.1. Let the agents have coe�cients �

ig in (27). In particular, we

assume that the coe�cients �

ig are drawn from a family of absolutely contin-

uous distributions with support [0, 1) with density

f(�ig; b) ⇠ c

b

(1 � �

ig)b as �

ig ! 1 from below (35)

with parameters �1/2 < b < 0 and 0 < c

b

< 1.

The density in the hypothesis is only specified for values close to 1, so

this is a flexible semiparametric specification. The only hard requirement

is that the coe�cients cannot be bounded away from 1 (although they can

never attain it). Agents now di↵er from each other w.r.t. the persistence of

their belief states g

i

t

. This means that agents di↵er in their trading horizons:

Short-term day traders form subjective expectations that flit around much

faster than long-term investors who form expectations over multi-year, even

decade-long horizons.

Let us now represent the investor population by a social graph. For

simplicity, we use the Erdos-Renyi random graph model G(n, p), where n

is the number of agents (or vertices) in the system and p 2 [0, 1] is the

probability with which a random pair of agents i, j is linked by an edge

{i, j}. The edge is represented by a set as opposed to a tuple as we take

the graph to be undirected. To keep things tractable, we also do not assign

weights to links or distinguish between di↵erent degrees of correlation.
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Whenever agents (or their nodes) are connected in the graph, we take

their beliefs to be correlated9. Moreover, we let their beliefs be correlated by

a constant ⇢̄ 2 (0, 1], thereby abstracting not only from directions of influence

(by the undirectedness of the graph) but also from variations in the degree of

influence10. In our model, the pertinent fact is that (or whether) there exists

some level of mutual influence or communication, regardless of its direction

or strength. Formally, ⌃g is constructed via the rule 8 i 6= j 2 {1, . . . , n},

�

g

ij

= �

g

ji

=

8
<

:
⇢̄, if i, j are connected;

0, otherwise
(36)

where �

g

ij

is the (i, j)-th component of ⌃g. Since the social graph of the

agents is random, so is ⌃g.

A group of agents that is connected to each other, or whose beliefs are

correlated, is called a clique or “component” of the graph. One can distin-

guish between two kinds of cliques or components. If the size of a clique does

not scale with the total number of agents in the system, or is independent of

n, then we call it a “small component”. If a clique is such that it becomes

larger the larger becomes n, it is called a “giant component”. This di↵erence

in the scaling behavior of cliques has an important consequence for ⌃g.

9For those unfamiliar with the terminology of graphs, note that there is a di↵erence

between two agents being “linked” by an edge and being “connected” by a path. Vertices

i, j in the graph are said to be linked if the graph contains an edge {i, j} between them.

For vertices to be connected, it su�ces that there exist a path between them. Agents

that are linked are also connected but agents may be connected without being linked. For

example, if agents i and j are linked by {i, j} and agents j and k are linked by {j, k} but

there is no edge between agents i and k, agents i and k are still considered connected via

the path {{i, j}, {j, k}}.
10That ⇢̄ is chosen positive stems from the fact that su�ciently large groups of agents

cannot be all negatively correlated. Suppose, for example, that there are three agents i, j, k

all perfectly negatively correlated. If i becomes more optimistic, j must become more

pessimistic, which means k must become more optimistic. But this belies the negative

correlation between i and k. The same principle holds with less-than-perfect (negative)

dependence in larger groups.
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By construction, the correlation of beliefs is transitive: if agents i, j have

correlated beliefs and agents j, k, then so do agents i, k. Graphically, this

means that every clique of agents can, after appropriate reshu✏ing of the

indices, be represented by a block matrix in ⌃g. The size of a clique is the

number of nodes or agents contained in it. If a clique of correlated agents has

size m, say, then the corresponding block matrix in ⌃g is of m⇥m dimension.

Obviously, if we pick any o↵-diagonal entry �

g

ij

from such a block, its value is

⇢̄; if we pick an entry of ⌃g that is not part of a clique, then its value is zero.

But what about a random pick from ⌃g, i.e. the unconditional expectation

E(�g

ij

) or average correlation in the system as a whole?

The average correlation of beliefs depends on whether the agents are orga-

nized into many separate small components or into a giant component. The

intuition is that small components or cliques of correlated agents essentially

act like one “composite agent”. Since the small components do not scale in

size with n and are mutually independent, the weight of the nonzero corre-

lations within the “composite agents” vanishes as the system size increases.

A system with 1000 isolated agents behaves essentially the same as a system

with 2000 agents who are organized into cliques of 2. For example, the law of

large numbers then acts on these “composite agents” instead of the individ-

ual level11. This is not the case when there exists a giant component in the

social graph of the agents. A giant component scales with the system size n.

Its size is a constant fraction S 2 [0, 1] of n. In this case, the weight of the

non-zero correlations does not vanish but remains a constant fraction of the

total, and the average correlation of beliefs in the system becomes positive.

More formally, the question is how the average correlation of beliefs be-

haves as the system becomes large, or
P

i

P
j 6=i

�

g

ij

n(n � 1)
! E(�g

ij

) (37)

as n ! 1. Let c = (n � 1)p be the mean degree of the graph12. The average

11This can be formalized with a principal component analysis, for example, where one

explicitly constructs these “composite agents” in eigenspace (Jolli↵e, 2002).
12We skip calculations that do not add to our main point. For newcomers to graph
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size of the small components is13

R =
2

2 � c � cS

(38)

The fraction S of the n agents or vertices contained in a giant connected

component depends on c and is the solution or fixed point of14

S = 1 � exp{�cS} (39)

When c < 1, S = 0 or there is no giant component in the graph. For

example, given n = 100, p = .01, c = .99 i.e. the average size of a component

is close to 2. In terms of the corresponding 100 ⇥ 100 correlation matrix, we

then have 50 2 ⇥ 2 block matrices with o↵-diagonal entries of ⇢̄ and the rest

with entries of 0. This yields an average coe�cient of

2(n � 1) ⇥ ⇢̄ + (n � 2)(n � 1) ⇥ 0

n(n � 1)
=

2⇢̄

n

(40)

As the system size n increases, the average correlation tends to 0, and in the

limit, we can take E(�g

ij

) = 0.

When c > 1, a giant component emerges in the graph and the system

behaves di↵erently. The reason is that unlike the small components, the

giant component scales with the system size n. Suppose, for example, that

n = 100 as above and S = .7 (which happens for c ' 1.72). Then the

giant connected component contains 70 agents or vertices and the average

correlation of beliefs is

(S ⇥ n)(S ⇥ n � 1)⇢̄

n(n � 1)
! S

2
⇢̄ (41)

as n ! 1.

As a result of this positive average correlation in the system, market belief

Z

t

will assume long-memory and a price bubble develops, as we now show.

theory, we refer to the excellent textbook by Newman (2010).
13Newman (2010, eqn. 12.40)
14Newman (2010, eqn. 12.15)
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Proposition 4.1. Suppose that E(�g

ij

) > 0 or that the average correlation of

beliefs in ⌃g is positive. Then there exists a common component or “represen-

tative belief” ⇡

t

⇠ N(0, #) iid in the innovations and the transition functions

(27) of agent states of belief can be rewritten in terms of this representative

belief to

g

i

t+1 = �

ig

g

i

t

+ s

i

⇡

t+1 + "

i,t+1 (42)

As a consequence, the aggregate market belief Z

t

assumes long memory per-

sistence.

Proof. Since ⌃g is symmetric and positive definite, we can perform a spectral

decomposition

⌃g = S⇥S0 (43)

where S is the matrix of eigenvectors, ⇥ is the n-dimensional matrix with

the eigenvalues #

i

, i = 1, . . . , n on the diagonal, SS0 = I
n

, the n-dimensional

identity matrix, #

i

2 R+, and #

i

6= #

j

, 8 i 6= j.

According to Füredi and Komlós (1981), if E(�g

ij

) > 0, which we have

shown above to be the case when a giant connected component arises in the

social graph of the agents, then the biggest eigenvalue, #1, is distributed

#1 ⇠ N

✓
(n � 1)E(�g

ij

) + 1 +
Var(�g

ij

)

E(�g

ij

)
, 2 Var(�g

ij

)

◆
(44)

For correlation matrices, one needs to ensure positive definiteness of ⌃g and

Malevergne and Sornette (2004) show that the result remains valid under

suitable restrictions on the support of the o↵-diagonal entries for large sample

correlation matrices.

Given that
P

i

#

i

= trace(⌃g) = n, all other eigenvalues #

i>1 are therefore

constrained to be of the order (1 � E(�g

ij

)). That is, the larger the system,

the greater the dominance of the largest eigenvalue, #1, over all others, #

i>1.

Furthermore, as the variance, unlike the mean, in (44) does not scale with n,

this dominance also becomes more certain as n grows large.
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We exploit this by rewriting the innovations in individual states of belief

in terms of a factor model

⇢

ig

t

= s

i1⇡

1
t

+ "

i

t

(45)

where ⇡

1
t

is the first principal component

⇡

1
t

= S0
1⇢g

t

(46)

and “factor loading” s

i1 is the (i, 1)-th component of eigenvector matrix S

or the i-th component of the first eigenvector S1. Since ⇡

1
t

is simply a linear

combination of (multivariate) Gaussians with mean 0 and variance �

2
g

, it is

itself ⇠ N(0, #1). The belief transitions (27) now take the form

g

i

t+1 = �

ig

g

i

t

+ s

i

⇡

t+1 + "

i,t+1 (47)

=
s

i

1 � �

ig

L

⇡

t+1 +
1

1 � �

ig

L

"

i,t+1 (48)

where L is the lag operator.

Hidden in the "

i

t

= (s
i2, s

i3, . . . , s

in

) · (⇡2
t

, ⇡

3
t

, . . . , ⇡

n

t

)0 is the variation of

all the other principal components in eigenspace. Since the system is or-

thogonal, all the summands are independent from each other. Again, each

principal component ⇡

k

t

, k = 2, . . . , n is nothing but a di↵erent linear com-

bination of the original innovations ⇢g

t

(equation (46)), hence E(⇡k

t

) = 0.
P

n

k=2 s

2
ik

Var(⇡k

t

) =
P

n

k=2 s

2
ik

#

k

< 1 because the total variance is finite.

Therefore, the series "

i

t

converges to zero as n ! 1 (Billingsley, 1995,

thm. 22.6).

It follows that we can neglect the idiosyncratic terms and rewrite indi-

vidual beliefs solely in terms of the common component

g

i

t+1 =
s

i

1 � �

ig

L

⇡

t+1 (49)

Accordingly, market belief (29) now takes the form

Z

n,t

=
1

n

X

i

s

i

1 � �

ig

L

⇡

t

(50)
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If we expand this expression,

Z

n,t

=
1

n

nX

i

�

ig

g

i

t�1 +
1

n

nX

i

s

i

⇡

t

(51)

=
1

n

nX

i

�

ig(�ig

g

i

t�2 + s

i

⇡

t�1) +
1

n

nX

i

s

i

⇡

t

(52)

=
1X

k=0

 
1

n

nX

i=1

s

i

(�ig)k

!
⇡

t�k

(53)

A stochastic process has long memory if its spectral density is of the form

L(!)|!|�2d, for some slowly varying function L at zero and d 2 (0,

1
2) (Beran

et al., 2013). Za↵aroni (2004) shows that for b > �1/2, the coe�cients in

(53) converge

µ

k

= lim
n!1

1

n

nX

i=1

s

i

(�ig)k (54)

that

µ

k

⇠ ak

�(b+1) (55)

for some constant a as k ! 1, and that the limit process

Z

t

=
1X

k=0

µ

k

⇡

t�k

(56)

has a spectral density ⇠ c!

�2d if b < 0, for some constant c and d = �b.

We therefore conclude that in times when a giant connected component

in the social graph arises and the average correlation of beliefs in the system

becomes strictly positive, then market belief Z

t

will assume long-memory

persistence.

The long-memory persistence that market belief assumes as a giant con-

nected component forms in the social graph of agents is qualitatively di↵erent

from the short-memory persistence of the dividend process. To illustrate, we

compare the bubble probabilities under the original setup with those under

long memory: In accordance with Sohn and Sornette (2017), we must first
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specify an e�cient benchmark against which a bubble can be defined. In

Kurz and Motolese (2011), the natural benchmark is a market driven exclu-

sively by the fundamentals (d
t

), or the price map p

t

= P0 +a

d

d

t

(see theorem

3.1). This relationship holds when the correlation of beliefs is su�ciently low

for the law of large numbers to apply. Since the stable distribution of the

dividend process is persistent (cf. equation (24)), we have

E
t

(p
t+n

|d
t

) = P0 + a

d

�

n

d

d

t

(57)

This means that any dividend shock will wash out exponentially fast, or that

the market is (approximately) e�cient at a time-scale T , where T = inf{n 2
N : �

n

d

< "} for any chosen tolerance " > 0.

In Kurz and Motolese (2011)’s original specification, the impact of market

belief Z

t

decays exponentially as well. If market belief exhibits long memory,

however, the e↵ect of correlated beliefs is to break the e�cient time-scale T

and thus induce a T -bubble in the sense of Sohn and Sornette (2017). For

example, let " = .01 ⇥ d

t

, that is, we are satisfied that the market is e�cient

at time-scale T if the price impact of a dividend shock d

t

is expected to

be less than one percent of the shock T periods hence. Let us further fix

�

d

' .77. If the correlation of beliefs is low enough that market belief Z

t

vanishes from the map, then the market is e�cient at a time-scale of T ' 18

t-periods, because 18 = inf{n 2 N : .77n

< .01}.

If, by contrast, the correlation of beliefs is high enough that |Z
t

| > 0, we

distinguish two cases: In the original model in Kurz and Motolese (2011),

market belief Z

t

is comparable in persistence to the dividend process. It thus

adds to the volatility of the composite process (hence “excess volatility”) but

acts qualitatively on the same time-scale as the dividend process. If, however,

the market belief process Z

t

exhibits long-memory, as we have shown above

it could, then the correlation of beliefs adds not just to the volatility of the

process but also prolongs the time at which the price can be expected to

“return to fundamentals”.

For example, what is the probability that the equilibrium price will lie

at least one standard deviation of Z

t

above P0 for a period of 100 days? To
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isolate the e↵ect of long memory on the bubble probability, we normalize the

variance of Z

t

to a constant 1 for all t and calculate P(
P100

t=1 Z

t

> 100) =

1 � P(
P100

t=1 Z

t

6 100). Recalling that Z

t

is a Gaussian process, we note that

100X

t=1

Z

t

⇠ N (0, 10⌃1001) (58)

where 1 is the 100⇥1 vector of ones, ·0 indicates the transpose, and ⌃100 is the

100 ⇥ 100-dimensional covariance matrix of (Z1, . . . , Z100) with (i, j)-entries

�

Z

ij

.

Case 1: Independence Under time independence, i.e. if Z

t

were iid, the

entries �

Z

ij

in ⌃100 are equal to 0 for i 6= j and 1 for i = j. Then

100X

t=1

Z

t

⇠ N (0, 100) (59)

and the probability P(
P100

t=1 Z

t

> 100) ' 0.

Case 2: Short memory Under the setup of Kurz and Motolese (2011),

we have exponentially decaying autocorrelations and the (i, j)-th entry of

⌃100 is

�

Z

ij

= �

|i�j|
Z

(60)

This corresponds to the yellow line in figure 2. For comparison purposes, we

choose a value of �

Z

' .77, which yields

100X

t=1

Z

t

⇠ N (0, 739) (61)

and the probability P(
P100

t=1 Z

t

> 100) ' 0.000117336 or less than 1 in 8500.
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Figure 2: First 100 autocorrelations of the original, short-memory (yellow) and

the modified, long-memory (blue) processes, where the parameters are chosen such

that the first-order autocorrelation is equal.

Case 3: Long memory By contrast with the previous cases, we see a

significant probability of bubbles arising under the long memory specification

of the previous section, with coe�cients as in equation 55. The (i, j)-th entry

of ⌃100 is now

�

Z

ij

=
1X

t=0

µ

t

µ

t+|i�j| (62)

=
1X

t=0

ct

�(b+1)
c(t + |i � j|)�(b+1) (63)

Figure 2 plots the first 100 autocorrelations for a parametrization of b = �1/4

or �

Z

' .77 (both yielding the same first-order autocorrelations).

The slowly decaying o↵-diagonal entries of ⌃100 lead to a much higher
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dispersion of the sum,
100X

t=1

Z

t

⇠ N (0, 3133) (64)

and the probability P(
P100

t=1 Z

t

> 100) ' 0.0369961 or about 1 in 27.

To sum up, leaving everything else the same and just introducing a form

of long memory increased the chances of a bubble by two orders of magni-

tude.

5 Conclusion
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Chapter 5

Conclusion

We started with summaries of the e�cient market and financial instability

hypotheses. Juxtaposed like this, it appeared that the EMH and FIH are

opposing viewpoints: That if one is right, the other must be wrong. And

this is indeed the traditional reading. Do our findings therefore mean that

the FIH is right and the EMH wrong? We think not.

In seeking to explain bubbles within the axiomatic confines of idealized

markets, our model identified the correlation of beliefs as the driving force

behind bubbles. When that correlation is nil, the law of large numbers works

in conjunction with the rational belief hypothesis to eliminate biases in the

price discovery process. The e�cient market is thus not to be confounded

with a perfect one. It is an important special case of it. We conclude from

this that the traditionally antagonistic reading of the EMH vs. the FIH is

wrong. Both hypotheses can describe the same economy but on di↵erent

levels of abstraction.

We can take this argument one step further. The degree to which the

beliefs of agents are correlated spans a spectrum of market regimes, from

e�ciency through excess volatility to bubbles. The parsimony with which we

are able to generate di↵erent market regimes suggests a typology of markets

along a single parametric dimension.

Last but not least, because we are able to generate bubbles without vio-
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lating a single axiom of the modeling device of perfect markets, we conclude

that they are inherent in the market mechanism and not the result of either

foolishness or frictions. In addition, the market clearing conditions of gen-

eral equilibrium are maintained. In conjunction, this leads us to believe that

bubbles are not going to be “learned away” as history progresses. This has

implications for the e�ciency, stability, and regulation of a market economy,

although we do not pursue them in this thesis.

Our analysis shows that bubbles are not, or at any rate not necessar-

ily, the result of behavioral or structural defects but inherent in the market

mechanism itself. We thus do not expect them to disappear over time, no

matter how close the real world may come to theoretical ideals or how much

we learn as economic agents. Indeed, they may appear more often as finan-

cialization and liberalization progress. The converse also holds: If bubbles

can arise under highly idealized settings, they are not the self-evident refu-

tation of the competitive market they have often been mistaken for. That

is, just because there is a bubble does not mean there is a market failure.

Bubbles, as we tried to show, are an inherent part of how markets work. Free

markets, in other words, also have a cost in that they may tend to bubbles

when left to their own devices. That said, much attention has been paid to

the macroeconomic costs associated with bubbles. But as Sornette (2008),

Janeway (2012) and others show, bubbles may also play an important role

in innovation and economic growth. We thus do not interpret our findings

as support for a strong regulatory response to suppress bubbles.
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