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Summary

Classical molecular dynamics (MD) simulations are an established computational
tool to study the structure and dynamics of (bio)molecules in solution. Therein,
the interactions between atoms are described by a classical (e�ective) potential
energy function, also known as the force �eld. An overview of common interaction
functions and approximations employed in classical force �elds is provided in
Chapter 1. The accuracy of the employed molecular model is normally correlated
to its complexity, which is re�ected by the computational cost. The development
of new methods for MD simulations is normally aimed at improving one of these
two aspects to a signi�cant degree, while minimizing the impact on the other.
Both directions of methodological advancement will be addressed in the following
Chapters.

In Chapter 2, we introduce a new adaptive-resolution scheme for MD simu-
lations (AdSoS), which allows for a change in the resolution of molecules in a
simulation on the �y. In contrast to existing approaches, the change in resolu-
tion is introduced through a parameter-scaling scheme, which guarantees the
thermodynamic compatibility of models at arbitrary resolution by construction.
This is shown analytically by means of statistical-mechanical equations of state,
and via proof-of-principle numerical validations on a simple Lennard-Jones �uid.

In Chapter 3, the AdSoS approach is generalized to more practically relevant
situations involving molecular dipolar solvents, spherical geometries and the
inclusion of a solute. In particular, it is shown that residual density and polarization
artifacts in and at the surface of the boundary layer can easily be corrected by
means of grid-based longitudinal and orientational biasing potentials constructed
in a preliminary pure-solvent simulation.

Chapter 4 presents correction schemes for electrostatic and van der Waals
interactions in MD simulations with pairwise additive force �elds, such that
an atom-based straight cuto� can be used together with the computationally
e�cient reaction-�eld method to treat long-range electrostatic interactions in
a conservative manner. The proposed correction schemes have the following
properties: (i) they bring the force but not the potential energy to zero at the
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cuto�; (ii) as a result, they lead to a modi�cation of the interaction that
is comparatively small; (iii) they permit to perform rigorously conservative
simulations; (iv) the energies can easily be corrected back to the unmodi�ed
form, either on the �y or in a post-processing step. The mathematical formalism
of these schemes is presented in detail, and they are validated using 57 organic
liquids.

Chapter 5 investigates the feasibility of bypassing the use of charge groups
(CGs) within the CombiFF scheme for force-�eld optimization by: (i) replacing
the current electronegativity equalization scheme, namely the electronegativity-
equalization method (EEM), by a split-charge equilibration (SQE) approach;
(ii ) replacing the CG-based nonbonded interaction scheme by an atomic cuto�
applied together with shifting functions introduced in Chapter 4. Using the
(halo)alkane family as a test system, these adjustments are shown to provide a
CG-free variant of the CombiFF force �eld with similar (even slightly improved)
accuracy.

Finally, we show in Chapter 6 that the published observations of attraction
between colloidal particles in solution, which carry an electric charge of the
same sign, can be explained based on the solvation asymmetry of water. This
is achieved by adding the excess hydration free energies of charged interfaces
calculated by MD simulations to the potentials of mean force obtained from a
continuum electrostatics model. The asymmetric nature of the water molecule
and its orientation at an interface in solution prove central to explaining the
experimental observation that like-charge attraction occurs between negatively
charged particles but not between positive particles in aqueous solution.



Zusammenfassung

Klassische Molekulardynamik-Simulationen (MD) stellen eine etablierte rechner-
gestützte Methode dar, um auf die Strukturen und Dynamik von (Bio)-Molekülen
in Lösung zu schliessen. Darin werden die Wechselwirkungen zwischen Atomen
mit Hilfe von klassischen (e�ektiven) Funktionsformen für die potenzielle Energie
(auch Kraftfelder genannt) modelliert. Kapitel 1 verscha�t einen Überblick über
herkömmliche Wechselwirkungsfunktionen und die damit verbundenen Nähe-
rungen in klassischen Kraftfeldern. Normalerweise korrelieren Genauigkeit und
Komplexität von Molekülmodellen, wovon sich letzteres im rechnerischen Auf-
wand niederschlägt. Die Entwicklung von neuen Methoden für MD Simulationen
setzt sich üblicherweise eine signi�kante Verbesserung eines dieser Aspekte zum
Ziel, ohne damit den anderen sehr zu beeinträchtigen. In den folgenden Kapiteln
werden methodische Fortschritte in beide dieser Richtungen angesprochen.

In Kapitel 2 führen wir ein neues Schema für MD-Simulationen mit adaptiver
Au�ösunng (AdSoS) ein, welches Änderungen der Au�ösung von Molekülen im
Laufe der Simulationen ermöglicht. Im Gegensatz zu bestehenden Methoden
wird die Änderung der Au�ösung mit einer Parameterskalierung in Verbindung
gebracht, welche per De�nition die thermodynamische Kompatibilität von Model-
len mit unterschiedlicher Au�ösung garantiert. Dies wird analytisch mit Hilfe von
statistisch-mechanischen Zustandsfunktionen bewiesen, sowie auf numerische
Art durch Validierung anhand eines einfachen Lennard-Jones Fluids.

In Kapitel 3 wird die AdSoS-Methode verallgemeinert und auf praktisch relevan-
tere Situationen übertragen, einschliesslich molekularer dipolarer Lösungsmittel,
sphärischer Geometrien und einem Szenario mit einem gelösten Sto� im Lö-
sungsmittel. Insbesondere wird gezeigt, dass restliche Artefakte in der Dichte
und Polarisierung in und auf der Ober�äche der Grenzschicht einfach korrigiert
werden können, und zwar mit Hilfe von gitterbasierten longitudinalen und rich-
tungsabhängigen Bias-Potentialen, die in einer vorhergehenden Simulation des
reinen Solvens aufgebaut werden.

Kapitel 4 stellt Korrekturmechanismen für elektrostatische sowie van der Waals
Wechselwirkungen in MD-Simulationen mit paarweise additiven Kraftfeldern vor,
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womit eine abrupte Abschaltung der Wechselwirkungen auf atomarer Basis in
Kombination mit der leistungse�zienten Reaktionsfeld-Methode angewendet wer-
den kann, um den konservativen Charakter der weitreichenden elektrostatische
Wechselwirkungen zu bewahren. Die vorgeschlagenen Korrekturmechanismen ha-
ben folgende Eigenschaften: (i) sie anullieren die Kräfte, nicht aber die potentielle
Energie an der Abschaltungsdistanz; (ii) damit eingergehend ist die Modi�kati-
on der Wechselwirkungsfunktionen vergleichsweise gering; (iii) sie erlauben die
Durchführung von rigoros konservativen Simulationen; (iv) die Energien können
auf einfache Weise zu ihrer ursprünglichen Form rückkorrigiert werden, entweder
im Laufe der Simulation oder im Nachhinein. Der mathematische Formalismus
dieser Schemata wird im Detail dargestellt, und sie werden anhand von 57
organischer Flüssigkeiten validiert.

Kapitel 5 untersucht die Durchführbarkeit einer Umgehung der Ladungsgruppen
(CGs, charge groups) innerhalb des CombiFF Schemas zur Kraftfeldoptimierung,
anhand von: (i) des Ersatzes der bisher verwendeten Elektronegativitätsaus-
gleichmethode (EEM) durch das Split-Ladungsausgleichsverfahren (SQE); (ii)
des Ersatzes des CG-basierten ungebundenen Wechselwirkungsschemas durch
einen atomaren Abschaltungsmechanismus in Verbindung mit der in Kapitel
4 eingeführten Verschiebungsfunktionen. Basierend auf der Molekülfamilie der
Haloalkane zur Validierung konnten wir zeigen, dass diese Anpassungen eine
CG-freie Variante des CombiFF Kraftfelds mit einer ähnlichen (wenn nicht etwas
verbesserten) Genauigkeit widergeben.

Letztendlich zeigen wir in Kapitel 6, dass publizierte Beobachtungen von An-
ziehung zwischen Kolloidpartikeln in Lösung, die eine Ladung mit dem gleichen
Vorzeichen aufweisen, anhand der Solvatationsasymmetrie von Wasser erklärt
werden können. Dies wird durch Addition der überschüssigen freien Solvatations-
energien von geladenen Ober�ächen aus MD-Simulationen mit dem Potenzial
der mittleren Kraft aus Kontinuums-Elektrostatik Berechnungen erreicht. Die
asymmetrische Natur des Wassermoleküls und seine Orientierung in der Nähe
von Ober�ächen in Lösung erweisen sich ausschlaggebend, um experimentelle Be-
funde von Like-Charge-Attraktionen zu erklären, die zwischen negativ geladenen,
nicht aber zwischen positiven Partikeln in wässriger Lösung auftreten.
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1
Introduction

All models are wrong, but some are useful.
� George Box

The studies of molecular structures and properties by means of experi-
mental methods gave rise to signi�cant advances in the �eld of chemical
and biological sciences over the last two centuries. On the other hand,
the rapid increase in computing power in course of the last few decades
made it possible to gain insight into molecular mechanisms using computer
simulations. While measurements of macroscopic observables are generally
designed to verify or falsify a hypothesis related to the microscopic properties
of a system, simulations provide a complementary mechanism to extrapolate
macroscopic quantities from a microscopic ensemble.
On the microscopic level, the interactions within and between molecules are
governed by quantum mechanics. However, a solution of the Schrödinger
equation is only possible for very small systems owing to the computational
complexity of the numerical procedure. In order to gain insights into systems
with larger distance and time scales, models using e�ective interaction
functions are commonly used. Depending on the system size, an atomistic,
mesoscale or macroscale representation may be preferred. Each level of
resolution reduces the complexity of the model at the cost of accuracy.
The goal of this Chapter is to provide a comprehensive overview of the
interaction functions applied in (atomistic) molecular dynamics (MD) simu-
lations, and to outline the reasoning behind their design and assess their
limitations. The last Section brie�y touches on multiscaling approaches
while focusing on the interface between an atomistic and coarse-grained
(mesoscale) model.

1



2 Introduction

1.1 CLASSICAL FORCE FIELDS IN MOLECULAR DYNAM-
ICS SIMULATIONS

1.1.1 From Quantum to Classical Mechanics

In the context of molecular mechanics, a force �eld de�nes the interaction function
between particles. Out of the four fundamental interactions between elementary
particles in the Standard Model of particle physics, only electromagnetism is
relevant on molecular scales.1 An "exact" description of the dynamics of electrons
and nuclei is given by the (time-dependent) Schrödinger equation

ih̄
d
dt

jY (r , t)i = Ĥ jY (r , t)i (1.1)

whereH is the Hamilton operator, which typically contains kinetic and potential
energy contributions from electrons and nuclei, andY (r , t) the (time-dependent)
wave function, the complex square of which represents the probability density of
all particles at a given positionr at time t. Eq. 1.1 can be further separated into a
time-dependent (standing waves) and a time-independent part (time-independent
Schrödinger equation, TISE) because the Hamiltonian is time-independent. The
TISE is often solved in the framework of the Born-Oppenheimer2 (BO) approx-
imation, which assumes that the motion of electrons and nuclei is decoupled,
i.e. the wave function can be split into an electronicYel(r el; r nuc) and nueclar
Ynuc(r nuc) part, such thatY = Ynuc Yel. As a consequence, the Schrödinger
equation can be solved separately for the electrons and nuclei, leading to

Ĥ el jYel(r el; r nuc)i = Eel(r nuc) jYel(r el; r nuc)i (1.2)

[K̂nuc + Eel(r nuc)] jYnuc(r nuc)i = Enuc jYnuc(r nuc)i (1.3)

The electronic Schrödinger equation 1.2 has now only a parametric dependence
on the nuclear coordinatesr nuc, while the nuclear counterpart 1.3 only depends
on the coordinates of the nuclei and a mean �eld on the electrons at a particular
nuclear con�guration. The adiabatic BO approximation is only applicable if
the nuclear and electronic energy levels are well separated, and breaks down
for materials with zero energy gaps like metals3 or graphene.4 For insulating
materials, the separation ansatz signi�cantly reduces the complexity of the TISE,
and is widely used in quantum chemistry and molecular spectroscopy.

The development of e�cient methods to solve the Schrödinger equation is
a topic of active research. Typically, the computational cost associated with
electronic structure calculations scales asO(N4) to O(N7) in the numberN
of electrons, depending on the method. Although these methods have been
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invaluable to shed insights into the gas-phase properties of small molecules and
various chemical phenomena, the computational complexity is a limiting factor
for the accessible system sizes and time scales. An approach to further decrease
the complexity of the governing equations is to resort at least partially to a
classical treatment of the dynamics. The correspondence between quantum and
classical mechanics is established by the Ehrenfest theorem,5

m
d hr i

dt
= hpi (1.4)

d hpi
dt

= �
�

dU
dr

�
(1.5)

which relates the time derivative of the expectation values of the positionr and
(linear) momentump operators to the expectation value of the momentum and
the force, respectively. Eqs. 1.4 and 1.5 are analogous to Newton's equations of
motion, using the approximationhdU/d r i � dU/d hr i .

Ab initio molecular dynamics (AIMD)6,7 makes use of the BO approximation
to solve the electronic Schrödinger equation 1.2 in the electronic ground state
using density functional theory (DFT),8,9 while using a classical treatment for
the nuclear motion

mnuc r̈ nuc = r nuc[K̂nuc + Eel(r nuc)] (1.6)

The Car-Parrinello method10�12 further improves the computational e�ciency of
AIMD by mapping the electronic problem onto a purely classical problem involving
the treatment of electrons as additional degrees of freedom in the framework
of and extended Lagrangian dynamics. The extension of Car-Parrinello MD to
constant pressure and temperature has allowed the study of small condensed-phase
systems (possibly using microsolvation).13�16 Despite the e�ciency improvements
in AIMD, the rapid growth of the number of electrons with the system size is a
limiting factor in terms of performance.

A force �eld in classical molecular mechanics (MM) can be described as a
scalar potential energy function, and the forcesF correspond to its negative
gradient, in analogy to Eq. 1.5,

F = �
dU (r )

dr
(1.7)

In contrast to ab initio methods, electrons and nuclei are no longer treated
explicitly, but are grouped together as atoms making up the coordinate vectorr .
Due to the implicit nature of the electronic degrees of freedom,U is no longer
the potential-energy component of the QM Hamiltonian̂H , but an empirical
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function, which includes the contribution of the electrons in an e�ective manner.
A key aspect of force-�eld engineering is to select suitable functional forms and
to calibrate appropriate parameters in order to include quantum e�ects into the
classical model in a mean-�eld fashion. As mentioned before, the elementary
interactions between particles are electrostatic in nature, but the empirical nature
of classical force �elds necessitates the splitting of the potential energy function
into di�erent contributions. Typically, these include covalentUcov and nonbonded
terms, where the latter are further split into electrostaticUele and van der Waals
Uvdw interactions

U (r ) = Ucov(r ) + Uele(r ) + Uvdw (r ) (1.8)

These terms will be elaborated in more details in the following sections. It is
important to note that in the context of MM force �elds, many of which model
atoms as point charges, the electrostatic term accounts for only part of the
(nonbonded) interactions between molecules.

In the context of (bio)molecular simulations, the four major families of force
�elds are AMBER,17�22 CHARMM,23�25 GROMOS26�30 and OPLS.31�35 These
force �elds rely on a �xed-charge model (although versions with �uctuating
charges exist36,37), and use similar functional forms for the potential-energy
function, but rely on di�erent strategies for their parametrization.

Despite the gain in performance, the loss of the QM representation of electrons
remains a serious shortcoming, because the distribution of electrons plays a
signi�cant role not only for chemical reactions (bond making and breaking), but
also for intermolecular interactions (polarization e�ects). It is therefore common
to re-introduce QM e�ects into the classical model, either by treating a part of the
system of interest quantum-mechanically (QM/MM simulations), or by applying
ad hoc modi�cations to the force �eld for modeling quantum phenomena.

1.1.2 Components of Classical Force Fields

1.1.2.1 Covalent Interactions

Covalent bonds in molecules result from the pairing of electrons with di�erent
spins, and the shape of the involved molecular orbitals de�nes the molecular
geometry. In spectroscopy, it is sometimes convenient to separate translational,
vibrational and rotational degrees of freedom in molecules, and in the simplest
cases (such as a free particle in a box, a quantum harmonic oscillator or a
rigid rotor), the energy levels associated with these modes can be calculated
analytically. However, this is not possible in the general case. In addition to
complex geometries, one needs to consider anharmonic contributions as well
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as couplings between rotational and vibrational modes (hence the notion of
rovibrational spectroscopy). This often involves solving the nuclear TISE within
the BO approximation (Eq. 1.3).38,39 In condensed phase, couplings between
(low-frequency) intermolecular and (high-frequency) intramolecular modes can
also occur to a small degree.40�42 The inherent complexity of these phenomena
is not compatible with the performance demands on a (bio)molecular force �eld,
which is why the covalent interactions between atoms are usually treated in an
ad hoc manner. For a generic covalent variablez (e.g. bond length, angle,...)
close to its equilibrium valuez0, its potential energy can be expanded in a Taylor
series43,44

Ucov(z) = k2(z � z0)2 + k3(z � z0)3 + k4(z � z0)4 + . . . (1.9)

where the linear term is zero as the force has to vanish atz = z0. Retaining
only the leading term results in a harmonic approximation of covalent potential
energy-contributions, which is a common feature in classical force �elds. The
harmonic force constantsk2 and reference coordinatesz0 can then be derived from
spectroscopic methods or X-Ray experiments to reproduce the conformational
behavior, which is essential to many biomolecular processes. The harmonic
approximation is, however, too crude to account for spectroscopic properties,
and the energies stored in covalent degrees of freedom no longer have a physical
meaning (i.e. they do not match the corresponding heats of formation). As a
consequence, thermodynamic properties (e.g.free energies) can only be calculated
relative to the gas phase with MD, using the assumption that the energy stored
in covalent terms cancels out. Additionally, thead hoc treatment of covalent
interactions limits the temperature transferability of force �elds. The partial
excitation of bonds results in a superlinear scaling of the energy they store
with the temperature, whereas the harmonic treatment leads to a constant heat
capacity in accordance with the equipartition theorem.

In classical force �elds, the covalent potential-energy function is frequently
split into contributions from bond stretchingUbond , bond-angle bendingUangle,
dihedral-angle torsionU torsion and improper dihedral-angle bendingU improper

according to

Ucov = Ubond + Uangle + U torsion + U improper (1.10)

A graphical illustration of these contributions can be found in Fig. 1.1
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Figure 1.1: Illustrative representation of covalent terms and their parameters in a classical
force �eld. (a) Stretching of the bond between atoms i and j modeled by a harmonic spring
with force constant kbond and equilibrium distance r0

ij obeying Hooke's law. (b) Bending of

the i-j-k angle with the force constant kangle and equilibrium angle q0
ijk . Note that the angle

potential is harmonic in the angle qi jk , and not in the i-k distance. (c) Torsional dihedral
with angle f 0

ijkl and its projection along the j-k bond. The force constant ktorsion describes
the depth of the periodic potential, while m is its multiplicity (6 in the illustrated case). (d)
Improper dihedral interaction, which couples the i-j-k and j-k-l planes via a harmonic spring
with the force constant kimproper to an equilibrium dihedral angle x0

ijkl between these two
planes.

The interaction between directly bonded atomsi and j at distancer i j can be

treated as a harmonic spring (Fig. 1.1a) with a harmonic force constantkbond,h
ij

and a reference bond lengthr0
ij

Ubond ( i , j) =
1
2

kbond,h
ij [r i j � r0

ij ]
2 (1.11)

This functional form is implemented in AMBER, CHARMM, OPLS, and GROMOS
up to version 37C4.45 Since version 43A1 in GROMOS, Eq. 1.11 is replaced by
a quartic equation to improve computational e�ciency,

Ubond ( i , j) =
1
4

kbond,q
ij [r2

ij � (r0
ij )

2]2 (1.12)
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with kq,bond
ij = [ 2(r0

ij )
2]� 1kh,bond

ij being the quartic force constants. At small
displacements from equilibrium, Eqs. 1.11 and 1.12 have similar properties. Bond
stretching is rarely allowed in practice, because the high frequency of bond
vibrations represents a limiting factor for the time step required to accurately
integrate the classical equations of motion (typically 0.5 fs). By constraining
the bond lengths (e.g. by using the SHAKE algorithm46), the magnitude of the
time step can be increased to 2 fs. This does not imply a loss of accuracy as the
treatment of bond stretching by the harmonic model does not faithfully represent
a chemical bond as stated before.

The bond-angle bending potential energy (Fig. 1.1b) in AMBER, CHARMM,
OPLS and GROMOS up to version 37C445 is given by

Uangle( i , j, k) =
1
2

kangle,h
ijk [qi jk � q0

ijk ]2 (1.13)

whereki jk is the force constant,qi jk the angle spanned by atomsi, j and k,
and q0

ijk the reference angle. In order to improve the computational e�ciency,
GROMOS uses a cosine form since version 43A1

Uangle( i , j, k) =
1
2

kangle,cos
ijk [cosqi jk � cosq0

ijk ]2 (1.14)

Eq. 1.14 avoids the expensivearccoscalculation, but its application is problematic
for linear molecules where the gradient ofq is very small ifq is close to 0 orp .47

Some versions of the CHARMM force �eld also include a harmonic potential
between third neighbors (atomsi and k in Fig. 1.1b, Urey-Bradley form23,48).
After bond-stretching, bond-angle bending usually represents the fastest motion
in molecular systems. Constraining the angles in addition to the bonds is therefore
a viable method to smoothen the potential-energy surface, but there are some
caveats. First, torsional barriers may be harder to cross due to the reduced
�exibility. Second, the removal of momentum in the direction of the constraints
causes statistical artifacts, leading to a distortion of the resulting torsional pro�les.
This can be compensated by a biasing (Fixman) potential,49,50 but it is seldom
done in practice. Constraining angles is therefore only common for small solvent
molecules, which are fully rigidi�ed by pairwise distance constraints. Alternatively,
the bond-angles can be constrained directly.51

The potential energy function for torsional dihedralsf i jkl spanned by quadru-
plets of atomsi, j, k and l (Fig. 1.1c) is given by45

U torsion ( i , j, k, l ) = ktorsion
ijkl [1 + cos(mf i jkl � g)] (1.15)

wherektorsion
ijkl is the torsional force constant andg the phase angle. The multi-

plicity m is set according to the geometry of the torsion. GROMOS, AMBER
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and CHARMM use the same functional form, while OPLS implements cosine
series instead.

Finally, the planarity of molecules and the chirality of tetrahedral centers are
commonly imposed through improper dihedrals (Fig. 1.1d). In GROMOS and
CHARMM, these are de�ned by the anglexi jkl between thei-j-k and the j-k-l
planes, with their potential energy amounting to,

U improper ( i , j, k, l ) = kimproper
ijkl [xi jkl � x0

ijkl ]
2 (1.16)

with the associated force constantkimproper
ijkl and reference anglex0

ijkl . In AMBER
and OPLS, one employs instead the functional form for the torsional dihedrals
from Eq. 1.15.

A more accurate treatment of the covalent interaction has been pursued by
some force �elds. Some of the earlier "spectroscopic" force �eld like MM352

and CVFF53,54 retain higher-order terms in the Taylor expansion from Eq. 1.9 in
the bond-stretching and bond-angle bending potentials. While this treatment
is partially able to account for anharmonicity, it still does not allow for bond
breaking and formation. In reactive force �elds,55 Eq. 1.11 is frequently replaced
by the Morse potential,

Ubond,Morse( i , j) = D i j [1 � exp(� ai j (r i j � r0
ij ))]

2 (1.17)

whereD i j and ai j are the well depth and width of the potential, respectively.
The Morse potential is implemented in the UFF56 and DREIDING57 force �elds.
Similarly, the RMD method58�60 takes over the potential and parameters from
MM3, while substituting the bond-stretching term for a Morse potential.

Another approach adopted in reactive force �elds is the combination of multiple
potential energy surfaces. The Extended Valence Bond method (EVB)61�64

couples two non-reactive potentials by placing them on the diagonal of the
Hamiltonian matrix, while its o�-diagonal terms account for their coupling. The
Adaptive Reactive Molecular Dynamics method (ARMD),65,66 on the other hand,
consists of a reactive region relying on a Morse potential and a non-reactive
region with harmonic bonds, and an adiabatic coupling of these two potential
energy surfaces.

The enormous increase in computing power and data availability in the last two
decades has led to an increase in popularity of more complex functional forms
with more tunable parameters. For example, the ReaxFF model67�69 de�nes
bonded energy terms as a function of the bond order BOi j = BO i j (r i j ), which in
turn is a function of the interatomic distance and parameters �tted against QM
and experimental data (e.g. heats of formation).
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Reactive force �elds are a valuable tool to shed insight into processes involving
bond formation and dissociation, but they lack the generality of the more
expensive QM/MM approach. Even when sophisticated interaction potentials are
applied, their accuracy is limited by the molecules as well as the target properties
used in their calibration.

1.1.2.2 Electrostatic Interactions

At the level of elementary particles, electrostatic forces acting between pairs of
point charges are a fundamental component of the QM HamiltonianĤ . This
does not hold in the strict sense for molecular mechanics, where electrons are
no longer accounted for explicitly. Atoms occupy a �nite volume in space, and
their electronic structure can be described by a charge densityr (r ). The charge
density is isotropic for a single atom in vacuum, but this is not necessarily the
case in a polar environment (e.g. in a molecule). Therefore, the electrostatic
energyUele of a point chargeq interacting with the charge densityr (see Fig.
1.2a) can be expressed as,70

Uele =
Z

r (r 0)y (r 0)dr 0 (1.18)

wherey is the electrostatic potential generated by the chargeq at a given position
in space,r . If this electrostatic potential is known at a positionr , its value atr 0

in the close vicinity ofr can be approximated via multipole expansion70

y (r 0) = y (r ) +
3

å
k

(r0
k � rk)

dy
drk

�
�
�
�
r

+
1
2

3

å
k

3

å
l

(r0
k � rk)( r0

l � r l )
d2y

drkdr l

�
�
�
�
r

+ . . .

(1.19)

wherek, l 2 f x, y, zg stand for the three Cartesian directions. The �rst term in
Eq. 1.19 is the electric potential at positionr , which is given by

y (r ) =
1

4pe0

q
r

(1.20)

wheree0 is the permittivity of vacuum. The second term in Eq. 1.19 can be
related to the electric �eldE

E (r ) = �r y (r ) =
1

4pe0

q
r3 r (1.21)

Eq. 1.19 can be inserted into Eq. 1.18 to calculate the electrostatic potential
energy betweenq and r . Using the de�nition of the electric dipole moment�
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Figure 1.2: Schematic representation of a point chargeq interacting with an extended charge
distribution r . (a) Splitting of the charge density at a distance r from a point charge q
into electric multipole moments: the net charge q0 (electric monopole), the dipole � and
the quadrupole Q. These moments are equivalent to derivatives in a Taylor series used to
estimate the electric potential generated by q at a distance r 0 close to r . (b) Approximation
of the multipole expansion by retaining only its monopolar term q0 in �xed-charge force
�elds.

and the electric quadrupole momentQ, as well as the net charge of the atom,
q0 (electric monopole)

q0 =
Z

r (r 0) dr 0 (1.22)

mk =
Z

r (r 0)( r0
k � rk) dr 0 (1.23)

Qkl =
Z

r (r 0)( r0
k � rk)( r0

l � r l ) dr 0 (1.24)

the energy can be expressed as

Uele = q0y (r ) +
3

å
k

mkEk(r ) +
1
2

3

å
k

3

å
l

Qkl
¶Ek(r )

¶r l
+ . . . (1.25)

The usefulness of Eq. 1.25 lies in the splitting of contributions by multipole
moments of decreasing interaction range (the magnuitude of charge-charge,
charge-dipole and charge-quadrupole interactions decreases withr � 1, r � 2 and
r � 3, respectively). The �rst moment is given by the net charge of the atom,
as de�ned in Eq. 1.22, while higher moments account for increasingly �ne
inhomogenities inr (due to anisotropic charge distributions in the environment).
A visualization of the multipole moment up to quadrupoles is given in Fig. 1.2a.

Most classical force �elds, on the other hand, treat atoms in molecules as
point charges. This means that the e�ective charge density in the MM model
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collapses to a delta function,r MM = q0d(r 0� r ) (Fig. 1.2b). With regard to the
multipole expansion from Eq. 1.25, this implies a truncation after the monopolar
term, rendering the interactions purely Coulombic.

Uele � q0y (r ) =
1

4pe0

q q0

r
(1.26)

The multipoles omitted from Eq. 1.25 account for two types of interactions.71

First, they represent the inherent anisotropy of the charge distribution inside the
molecule. Examples include lone pairs,p -orbitals in aromatic rings ors-holes
in halogenated molecules.72,73 Second, the electron densityr can adapt to an
external electric �eld, a phenomenon known as electronic polarization. This
includes the response to an applied electric �eld, but also the interaction with
di�erent solvent environments.

Various strategies have been adopted in the design of classical force �elds to
include multipole interactions in an e�ective manner. Structures in the electron
density which are approximately spherically symmetric, can be modeled by o�-
site charges, as is the case for the TIP4P74 and TIP5P75 water models, or the
s-hole particles attached to halogen atoms in the OPLS3 force �eld.76 For more
complex charge distributions such asp -orbitals, angle-dependent potentials can
be applied.77,78 Polarization e�ects of the solvent also need to be taken into
account during the parametrization of the electrostatic potential in the condensed
phase. Often, the electronic polarization e�ects lead to an e�ective increase in
the atomic charges compared to the gas phase. For example, the simple point
charge (SPC) water model79 with a dipole moment of 2.27D is overpolarized
compared to an isolated water molecule with 1.85D.80 If partial charges are to
be derived from QM calculations, polarization e�ects are commonly includede.g.
by applying the COSMO solvation model.81

Thesead hoc �xes may be su�cient for a wide range of use cases, but an
inclusion of explicit polarization can further enhance the accuracy of the model for
a wider range of parameters.71 In the development of polarizable force �elds, three
strategies are commonly applied. The �rst category includes explicitly higher-order
multipoles in Eq. 1.25. The AMBER f02pol82,83 and �12pol84 force �elds employ
point dipoles in addition to point charges, while the AMOEBA family85�87 also
retains the quadrupoles. Second, the charge-on-spring model, also called Drude
oscillator, couples (Drude) particles to atoms via a harmonic spring, leading to an
equivalent representation of �uctuating dipoles. This strategy is adopted by the
CHARMM Drude force �eld88,89 and the GROMOS charge-on-spring90�94 model.
Lastly, �uctuating charge (FQ) models introduce a con�guration dependence of
the atomic charges by means of the electronegativity equalization method (EEM),
and examples thereof include the CHARMM-FQ37,95 and ABEEMsp 96�98 force
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�elds. Despite the versatility of polarizable force �elds, the inclusion of additional
parameters requires a very careful optimization. The increase in the number of
degrees of freedom also enhances the roughness of the potential energy surface,
making the polarizable models prone to sampling issues.99

In force �elds using point charges, pairs of atoms interact via the Coulomb
potential as in Eq. 1.26. However, di�erent choices can be made with regard to
the treatment of its truncation and periodicity. In general, the interaction range
of the Coulomb potential can be split into a short-ranged part, where the pairwise
interactions are calculated directly, and a long-range part, that is approximated
with di�erent methods. The inclusion of the long-range contributions is particularly
important for electrostatic interactions due to the slowly decaying tail of the1/ r
potential.100 An explicit calculation of these contributions corresponding to an
in�nitely large periodic arrangement of charges can be obtained with lattice-sum
(LS) methods. Therein, the Coulomb potential is given by an in�nite sum over
lattice shift vectorsn 2 Z 3

Uele(r ) =
1

4pe0

1
2 å

n

0
N

å
i

N

å
j

qiqj

jr i j + n j
(1.27)

wherei and j loop over all particles in the system with their associated chargesqi
and qj , and the primed sum indicates the omission of thei-j term whenn =0. Eq.
1.27 cannot be used directly to evaluate the interactions, as its result depends on
the order of summation (conditional convergence). A convergent expression for
Uele has been derived by Ewald in 1921.101 Therein, the electrostatic potential
y i generated by a particlei (located at positionr i )

y i (r ) =
qi

4pe0

Z d(r 0� r i )
jr � r 0j

dr 0 (1.28)

is split to a short-ranged (y S(r )) and a long-ranged (y L(r )) component, such
that y i = y S,i + y L,i . These two components can be written as,102

y S,i (r ) =
qi

4pe0

Z d(r 0� r i ) � G(r 0� r i )
jr � r 0j

dr 0

y L,i (r ) =
qi

4pe0

Z G(r 0� r i )
jr � r 0j

dr 0
(1.29)

whereG is a function ofr , which is �nite at r = 0 and decays to zero in the
limit r ! ¥ . A common choice forG is the Gaussian kernel,

G(r ) =
�

a2

p

� 3
2

exp
n

� (ar)2
o

(1.30)
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It can be seen that for any choice ofG, it cancels out in the sum of the short- and
long-range terms in Eq. 1.29. However, this splitting is bene�cial for the numerical
evaluation of the potentialy i . The short-range potentialy S,i is singular atr =
0, but decays quickly withr . The continuous and periodic long-range potential
y L,i can be calculated in Fourier space. The solution for the electrostatic energy
then reads,103

Uele(r ) =
1

4pe0

"
1
2

N

å
i

N

å
j

å
n

0
qiqj

erfc(ajr i j + n j)
jr i j + n j

+
1

2p V

N

å
i

N

å
j

å
l

qiqj
4p 2

k2 exp
�

�
k2

4a

�
cos(k � r i j )

�
a

p
p

N

å
i

q2
i + J(M , P)

#

(1.31)

wheren and l are vectors with (positive and negative) integer components, and
k = 2p L � 1l is the reciprocal-space vector associated withl . The �rst term in
Eq. 1.31 is the short-range energy, resulting fromy S. The complementary error
function results from integrating over the Gaussian kernel of Eq. 1.30 causes a
quick decay of the1/ r function, so that lattice vectors withjn j > 0 are often
omitted in practice. The second term stems from the long-range potentialy L,
after a Fourier transform of the lattice vectorsl to wave vectorsk . This term
converges in reciprocal space due to the exponential damping. The third term is
the self energy, which arises from the non-zero value ofG(r ) at r = 0. Finally,
J(M , P) is a shape-dependent extrinsic potential, which depends on the box
dipole momentM and on the summation geometryP.103 This term was not
part of the original Ewald summation formula,101 and was added later,104�107 as
the original formulation did not account for systems with a net dipole moment.
In spherical geometry (P = S), this contribution amounts to108,109

J(M , S) =
2p

(2es + 1)V
jM j2 (1.32)

wherees is the dielectric permittivity of the boundary. Note that Eq. 1.32 vanishes
for es ! ¥ (tinfoil boundary). Eq. 1.32 is appropriate for systems which are
periodic in all three dimensions. In case of a two-dimensional periodicity (withz
being the non-periodic dimension)J is given by (R = rectangular geometry)109

J(M , R) =
2p
V

M 2
z (1.33)
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It has been shown103 that the (three-dimensional) Ewald formula in Eq. 1.31
together with Eq. 1.33, and the (much less e�cient) lattice summation in two
dimensions110 are equivalent.

A direct evaluation of the reciprocal-space component in Eq. 1.31 by means of
a triple summation over particle pairs and wave vectorsk is computationally very
expensive. Grid-based methods such as Particle-particle particle-mesh (P3M)111

or Particle-Mesh Ewald (PME)112 can be used to arrive at an approximate
solution for the lattice summation by means of fast Fourier transforms, which
greatly reduces the computational cost.

If the system periodicity re�ects the physical boundary conditions, LS methods
are often employed for their accurate treatment of long-range anisotropy. For
non-periodic systems (such as solutions), the spurious periodicity induces a
dependence of various simulated properties on the box size.113�115 Variants of
LS approaches have therefore been proposed which aim at mimicking a non-
periodic system in di�erent ways. One approach makes use of the modi�cation of
the boundary conditions of the Poisson equation.116 Alternatively, the isotropic
periodic sum (IPS) method117,118 constructs an in�nite lattice of image charges
by placing axial and random images of the interacting region in successive shells.
The e�ective potential-energy functions are then computed by integrating over
all possible con�gurations and �tted onto simple polynomial forms.

Unlike LS, cuto�-based methods truncate the interactions at a cuto� distance
Rc, and the omission of the expensive reciprocal-space calculation makes them
computationally much cheaper. However, a straight cuto� (SC) truncation is
only appropriate in case of �nite (droplet) boundary conditions, because for
commonly usedRc (� 2 nm), the interactions of pairs beyond the cuto� have
a non-negligible e�ect on the structural and thermodynamic properties of the
simulated systems due to the long-ranged nature of the1/ r potential-energy
function, and the discontinuity in potential energy and forces is a source of
cuto� noise. To address the second point, the vanishing of the potential energy
and/or forces can be enforced by introducing a shifting or switching function.
Shifting functions consist of a distance-dependent term, which is multiplied
with the Coulomb potential-energy function, while switching functions split the
interaction range at a switching distanced < Rc and are active only in the range
d � r � Rc, thus the short-range interactions remain unperturbed. A variety of
shifting and switching functions for the Coulomb potential-energy function has
been proposed in the literature, which can cancel di�erent subsets of derivatives
of the potential energy.119 Some of these are part of the CHARMM force �eld.120

However, the substantial alteration of the Coulomb potential-energy function
without a physical basis has been found to cause a major disruption of various
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Figure 1.3: Onsager model of reaction-�eld (RF) electrostatics. (a) Schematics of the model
involving a dipole moment min a vacuum cavity with a radius Rc. The surrounding dielectric
medium has a permittivity eRF. A point inside the cavity can be described by its distance
r from the cavity center, the angle q between the distance and the dipole vector, and the
azimuthal angle f , which is omitted here because of symmetry. (b) Comparison of the
Coulomb 1/ r potential (in blue) with the Coulomb reaction-�eld variant (orange curve) with
eRF = 4.

structural and thermodynamic properties, such as the dipole-dipole correlation
and the electrostatic energy.121,122 Similarly, the use of too short switching ranges
(� 0.4 nm) may signi�cantly reduce di�usion,119,123 because a steep switching
of the potential energy can result in large forces.

Shifting functions designed on the basis of physical considerations, on the
other hand, not only guarantee the continuity of the potential-energy function,
but are also able to incorporate the long-range interactions with the surroundings
into the potential-energy function of the interacting pairs.

One such example is the Coulomb reaction-�eld (CRF) method.124 The expres-
sion was �rst derived by Onsager,125 while its usefulness in molecular simulations
was later pointed out by Barker and Watts.124 The model consists of an ideal
dipole m in a vacuum cavity with a radiusRc, immersed in a homogeneous
dielectric medium with permittivityeRF (Fig. 1.3a). Because the Onsager model
does not contain any free charges, its electric potential must obey the Laplace
equation

r 2y (r, q) =
1
r2

¶
¶r

�
r2 ¶y

¶r

�
+

1
r2 sin q

¶
¶q

�
sin q

¶y
¶q

�
= 0 (1.34)

wherer is the distance of a given point in space from the cavity center andq
the angle between the distance and dipole moment vectors (see also Fig. 1.3a).
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The azimuthal anglef is omitted in the de�nition of y because of symmetry.
An ansatz for the electric potential inside (y in ) and outside (y out ) the cavity,
which satis�es Eq. 1.34, is given by

y in =
1

4pe0

h m
r2 � Ar

i

y out =
1

4pe0

B
eRFr2

(1.35)

where1/ (4pe0)m/ r2 is the energy of a dipole moment in vacuum. The coe�-
cients A and B are then determined by the dielectric boundary conditions

y in (r, q)jr= Rc = y out (r, q)jr= Rc

dy in (r, q)
dr

�
�
�
�
r= Rc

= eRF
dy out (r, q)

dr

�
�
�
�
r= Rc

(1.36)

leading to

A =
2(eRF � 1)
2eRF + 1

m
R3

c

B =
3eRF

2eRF + 1
m

(1.37)

Combining Eq. 1.36 and 1.37 along withm= å j qj r j , one obtains for the electric
potential

y in =
1

4pe0
å

j
qj

"
1
r j

+
2(eRF � 1)
1 + 2eRF

r2
j

R3
c

#

y out =
1

4pe0
å

j
qj

3
1 + 2eRF

1
r j

(1.38)

Hence, the potential energyUele = å i qiy in (r i ) expressed in terms of interacting
charges at a distancer � Rc results in the pair potential,126

Uele(r ) =
1

4pe0
å

i
å
j> i

qiqj

 
1
r i j

+
eRF � 1
1 + 2eRF

r2
ij

R3
c

�
3eRF

1 + 2eRF

1
Rc

!

, (1.39)

wherer i j = jr i � r j j is the interatomic distance. The factor 2 in ther2 term
from Eq. 1.38 vanishes due to a summation over unique atom pairs, and the
distance-independent o�set term (in1/ Rc) ensures thatUele

ij (Rc) = 0. Eq.
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1.39 is the Coulomb reaction-�eld potential energy function,124 which is graphi-
cally illustrated in Fig. 1.3b. In comparison to the original Coulomb potential,
the reaction-�eld energy curve is �atter as a result of the screening by the
homogeneous dielectric outside the cavity.

In the strict sense, Eq. 1.39 is only valid when the cavity is neutral. This needs
not always be the case in MD simulations, where molecules located at the cuto�
boundary may give rise to a net charge inside the cavity. In this case, the Laplace
equation 1.34 is no longer valid. Instead, the electric potential inside the cuto�
needs to satisfy the Poisson equation,

r 2y in (r ) = �
1
e0

å
i

qid(r � r i )

r 2y out = 0

(1.40)

whereqi are the point charges located inside the cavity. Eq. 1.40 can be expanded
as a series of Legendre polynomials,127 and Eq. 1.39 can be recovered as an
approximation upon retention of the �rst two terms in the series.128

In order to extend the reaction-�eld method to �nite ionic strengths, the
outside potentialy out needs to satisfy the Poisson-Boltzmann equation129

r 2y out (r ) = k2y out (r ) (1.41)

in addition to y in from Eq. 1.40, wherek is the inverse Debye screening length

k =
q

2e2c0/ (eRFe0kBT) , (1.42)

wheree is the elementary charge,c0 the molar electrolyte concentration,kB the
Boltzmann constant andT the absolute temperature. This leads to the pairwise
potential energy between atomsi and j129

Uele
ij =

qiqj

4pe0

"
1
r i j

�
CRF

2R3
c

r2
ij �

1 � (1/2 )CRF

R3
c

#

(1.43)

whereCRF is the screening term due to the dielectric permittivities inside (eCS)
and outside (eRF) the cuto� as well as the free ions

CRF =
(2eCS � 2eRF)(1 + kRc) � eRF(kRc)2

(eCS + 2eRF)(1 + kRc) + eRF(kRc)2 , (1.44)

Eqs. 1.43 and 1.44 lay the foundation for the Coulomb reaction-�eld scheme,
as it is implemented in the GROMOS simulation engine.130
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An alternative cuto�-based scheme for the calculations of electrostatic in-
teractions is the Wolf method,131 which bases itself on a model of a spherical
cavity carrying the neutralizing charge on its surface. The damped shift force
(DSF) approach132 is a popular modi�cation of the original Wolf method. It also
includes the shifting of the force to zero at the cuto�, as well as a damping
parameter which is to be calibrated against LS methods.

A common drawback of cuto�-based methods is the assumption of a homo-
geneous environment outside the cuto� sphere, which makes LS methods the
preferred option for simulations of interfaces, although correction schemes for
anisotropic environments are emerging.133,134

The aforementioned splitting of the potential energy function into a short- and
a long-range contribution can be used to categorize a wide range of methods, but
some fall outside the scope of this classi�cation. These include the fast multipole
method,135 or tabulated potential-energy functions (or forces), frome.g. neural
networks.136,137

1.1.2.3 Van der Waals Interactions

The formalism for electrostatic interactions presented in the last section de-
scribes the interactions between permanent charges and multipole moments.
In reality, however, charge distributions are subject to statistical �uctuations,
which are correlated to external polarization e�ects in accordance with the
�uctuation-dissipation theorem.138 It is common to split these interactions into
three components: the averaged interaction between permanent electric mul-
tipoles, induction of polarization by a permanent multipole onto a polarizable
molecule, and �nally dispersion forces resulting from correlations of �uctuating
multipoles in polarizable particles.139 These interactions are typically much weaker
compared to electrostatic interactions between permanent charges (and dipoles).
For this reason, only their leading term resulting from the dipolar component is
usually retained. The three types of interactions between permanent and induced
dipoles are illustrated graphically in Fig. 1.4.

In addition to the above-mentioned (attractive) forces, molecules at short
distances are subject to repulsive interactions due to charge penetration e�ects
and Pauli repulsion between particles of equal spins. In the literature, short-range
repulsion is often treated separately from the attractive part of van der Waals
(vdW) interactions.139 Here, a joint de�nition is adopted, which is consistent
with the convention used in MD simulations. The attractive part of the vdW
potential is often calleddispersionin the MD literature, even though dispersive
interactions only account for a fraction thereof, as will be shown later.
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Figure 1.4: Sketch of the geometry of the van der Waals interaction components. (a) The
orientation interaction between two permanent dipoles, averaged over anglesq1, q2 (between
the distance r and dipole moment vectors m1 and m2), and f (between the two planes
spanned byr and the dipoles, respectively). (b) Induction interaction between a permanent
dipole mand a non-polar atom (i.e. without a permanent dipole) with polarizablity a. (c)
Dispersion interaction between two apolar atoms with polarizabilities a1 and a2.

The separation of the nonbonded interactions into an electrostatic and a
vdW component is not without ambiguity. As was mentioned in the last section,
mean-�eld and induction e�ects are frequently captured in practice by the
electrostatic potential, and the use of overpolarized models or the inclusion of
explicit polarization terms blurs the boundaries between the two components. The
splitting depends on the employed force �eld and, consequently, the electrostatic
and vdW parameters of a given model are correlated in the general case.

The individual contributions to the vdW potential and their implications for
classical force �elds will be outlined in more detail below.
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First, consider two permanent dipolesm1 and m2 at a distancer. Their relative
orientation can be described by three angles,q1, q2 and f (Fig. 1.4a). Their
interaction energy is then given by139

Umm(r, q1, q2, f ) = �
1

4pe0

m1m2

r3 (2 cosq1 cosq2 � sin q1 sin q2 cosf ) . (1.45)

If the distancer is su�ciently large, the correlations in the motion of the two
dipoles is weak, albeit not negligible. As a result, the orientations in Eq. 1.45
are not equally probable, as the Boltzmann distribution gives more weight to
orientations with a lower energy.139 The angle-averaged energyUmm(r) can be
related to its instantaneous analogueUmm(r, q1, q2, f ) by using the potential
distribution theorem,140

hexp f � U (r, q1, q2, f )/ kBTgi q1,q2,f = exp f � U (r)/ kBTg , (1.46)

where the angular brackets indicate an ensemble average. In the high-temperature
limit ( Umm> kBT), the exponential function from Eq. 1.46 can be approximated
by the convergent Taylor series,ex � 1 + x + x2/2 . The linear term therein
cancels out due to the orientational isotropy, and the leading quadratic term
gives rise to ther � 6 scaling of the angle-averaged interaction energy between
permanent dipoles

Umm(r) = �
1

(4pe0)2
1

3kBT
m2

1m2
2

r6 . (1.47)

Eq. 1.47 is also known as the orientation interaction or Keesom energy.139,141

The energy component arising from induction can be calculated in an analogous
fashion. Therein, a permanent dipoleminduces a dipole momentmind in a non-
polar molecule by polarizing its charge density. The amount of displacement of the
electrons by an external electric �eld is de�ned as the polarizability,a = mind / E
(see also Fig. 1.4b). The dipole-induced dipole interaction energy is given by

Uma = � m2a
1 + 3 cos2 q
2(4pe0)2r6 (1.48)

Because the induction e�ect is much weaker than the interaction between two
permanent dipoles, the Boltzmann average of Eq. 1.48 can be approximated by
an angle-averaging overq. Given that the angle average ofcos2 q is 1/3, one
obtains the expression for the Debye interaction (or induction),139

Uma(r) = �
1

(4pe0)2
m2a
r6 . (1.49)
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The Keesom and Debye contributions both involve a permanent dipole and are
not able to explain attractive interactions between atoms or molecules without
a permanent dipole. The missing piece in the vdW equation is made up of
interactions between induced dipoles, resulting from the correlated �uctuations in
the electron densities of the interacting atoms. The equilibrium between creation
and annihilation of instantaneous dipoles via consecutive absorption and emission
of light, hn, can be shifted in response to the polarization of the environment,
giving rise to dispersion (London)139,142,143 forces between two non-polar atoms
with polarizabilitiesa1 and a2 (see also Fig. 1.4c),

Uaa(r) = �
3
2

1
(4pe0)2

a1a2

r6
hn1n2

n1 + n2
(1.50)

A uni�ed model for all three attractive contribution to the vdW potential has
been formulated by McLachlan139,144 as a function of the frequencyn. Therein,
the Keesom and Debye interaction energies are recovered in the "zero frequency
limit", as typical rotational relaxation frequencies are several orders of magnitude
below frequencies associated with electronic excitation. On the other hand,
London interactions are recovered by integrating over absorption frequencies.

At short distance ranges, the interaction function is dominated by Pauli
repulsion145 between electrons with the same spin, as well as charge penetration
e�ects. Both contributions can be described by an exponential function,146

U rep(r) = A exp(� Br) (1.51)

A correction for the above-mentioned charge penetration e�ects needs to be
applied to the multipole expansion (Eq. 1.25), which assumes a separation of
the interacting charge densities146 (i.e. the chargeq not being immersed inr
in Fig. 1.2a). This correction is included in some force �elds relying on explicit
polarization,147 and can also be added to improve the quality of partial charges
derived from QM calculations.148

Owing to the non-additivity of dispersive interactions149 resulting from the
presence of many-body e�ects, and to the quantum-mechanical nature of the
Pauli repulsion, a direct evaluation of the physical interaction function is not
viable in the framework of classical simulations. Instead, vdW interactions are
usually represented by e�ective interaction functions in classical force �elds.
These group together interactions of di�erent types which share the same
distance dependence, and map them onto pairwise potential energy functions.
The attractive contributions are encompassed into a single term,� C6r � 6, often
referred to as dispersion energy. The exponential form of repulsive interactions in
Eq. 1.51 is not suited for a fast numerical evaluation, and can be substituted by
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a term in + C12r � 12 to mimic the short-range repulsion. Combining these two
terms gives the Lennard-Jones (LJ) potential,150

ULJ(r) = � C6r � 6 + C12r
� 12 (1.52)

which is employed by all of the four major (bio)molecular force �elds.45 A
straight truncation of the LJ interactions is often the method of choice, which
can be justi�ed by the short-ranged nature of the corresponding potential-energy
function. However, the systematic exclusion of attractive interactions causes a
dependence of the density on the cuto� distanceRc, which can be alleviated using
an analytical long-range LJ correction. This correction accounts for attractive
interactions with a medium of homogeneous density outside the cuto�. Note that
the IPS potential-energy function, which is capable of accounting for long-range
e�ects, can also be applied to the LJ interactions.151 An extension of PME to
LJ interactions (LJ-PME) has also been reported.152

The Buckingham (or exp-6) potential153 aims at a more faithful representation
of the repulsive component of the vdW potential, at the cost of computational
e�ciency. Its functional form reads

UBuck(r) = � C6r � 6 + A exp(� Br) (1.53)

where the additional parameter compared to the LJ potential in Eq. 1.52 allows
for more �exibility. Some interaction functions also include higher-order dispersion
terms, such as the exp-6-8 potential.154

1.1.3 Force-Field Parametrization

Over the last few decades, the rapid increase in computer power has been pushing
the limits of accessible system sizes and time scales in MD simulations as well
as their throughput. These new developments are raising the demands on the
employed force �elds, such as an accurate representation of a wide range of
compounds and phenomena associated with long timescales. Therefore, the
development and optimization of molecular mechanics force �elds is an area
of active research.45 These can be roughly classi�ed according to three main
aspects: the reference data against which a force �eld is �tted, the form of
interaction function implemented by the engine, and the optimization procedure
itself.155

The reference data are typically taken from quantum-mechanical calculations
or directly from experiments. The ease of accessibility of QM data raised an
interest in QM-derived force �elds156�161 for their theoretically unlimited coverage
of chemical space. However, the �rst-principle approach does not guarantee a
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good �t to experimental data due to approximations in the QM calculations,
such as the vacuum or implicit-solvent boundary conditions, the level of theory
and the basis set. Many of the major force �elds therefore employ a hybrid
approach by deriving partial charges from QM, while �tting the LJ coe�cients to
experimental data.21,22,29,35,76 Some force �elds rely on experimental data only
for their nonbonded parameters.27,33,34,162 In contrast to the high availability of
QM data, experimental data are much sparser, and their kind and availability vary
according to the types of molecules. As a result, di�erent force �elds have been
parametrized for various classes of molecules, such as lipids,163�166 amino acids
and nucleic acids,18,21,24,28 carbohydrates,167�170 small molecules22,25,29,171 or
salt solutions.172�175 Note that other types of reference data might be considered,
e.g. potential energy surfaces from classical atomistic models for the �tting of
coarse-grained force �elds.176�179

The employed interaction function is tailored to the desired accuracy and
complexity, and possible choices have already been discussed in the previous
sections. All of the four major families of (bio)molecular force �elds rely on a
�xed-charge representation and use the same 6-12 LJ potential (Eq. 1.52) to
model vdW interactions.45

Finally, the optimization procedure de�nes how the reference data is mapped
to the chosen interaction function. The link is established by a set of parameters
to be optimized. It is often convenient to de�ne topological parameters based
on their chemical environment, such as distinct types of atoms, bonds, angles
and dihedrals. The mapping builds on the assumption that these parameters are
transferable between di�erent molecules. The atom types generally map to a set
of LJ coe�cients, while types of bonds, angles and dihedrals de�ne the reference
distance or angle as well as a force constant. Manual assignment of force �eld
descriptors to molecules has been prevalent in the past, but a number of tools
and web servers have been developed for this task in the recent years.29,180�184

Other approaches to de�ne topological parameters have also been proposed,e.g.
assigning them based on fragment matching.185,186

For QM-derived parameters, the transferability assumption is superseded by a
direct calculation for every new compound, even though models are still needed
to extract these parameters from the corresponding electron densities. This can
be achieved by �tting QM potentials (torsion scans, ESP/RESP187 method
to derive partial charges), or by atoms-in-molecule (AIM) methods relying on
electron density partitioning (such as the Hirshfeld188,189 and DDEC190�192

methods to �t partial charges, and the Tkatschenko-Sche�er193 scheme for
the LJ dispersion coe�cients), among other methods. It is also not uncommon
to translate theab initio charges back to topological parameters. Some of the
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simplest numerical recipes for this purpose are the electronegativity equalization
method (EEM),194�197 and the split-charge equilibration method (SQE).198,199

The simplicity of EEM and SQE has established these methods as promising can-
didates for the development of �uctuating-charge polarizable force �elds,37,95,200

but the non-uniqueness of the associated parameters has been a long-standing
issue.201,202 The approach of using empirical parameters associated with bonds
is closely related to the bond-charge increment (BCI)203,204 and bond-charge
correction (BCC)205 methods applied in some widely used force �elds,22,35,76

where the bond charges act as a correction for QM charges derived at a limited
accuracy. More recently, machine-learning approaches have also been successfully
trained on QM models to predict partial charges.206�208

The optimization procedure can be of varying complexity depending on the
type of reference data. Because �tting to QM data is a rather well-de�ned process,
it has a long history of automation approaches.43,53,209�213 Fitting experimental
data, however, is a tedious process, as the correspondence between parameters
and observables is not straightforward. Only recently have approaches based on
trial and error been superseded by automated work�ows,85,155,214�221 most of
which involve calculating gradients in parameter space from simulations. The
reduction of time and e�ort by means of automation is a key advancement to
meet the demands on modern force �elds in terms of accuracy and throughput.

1.2 MULTISCALE METHODS

With increasing time and length scales, the atomistic representation of molecules
becomes less and less a�ordable in terms of computational cost, and the use
of coarse-grained (CG) models becomes preferable. A common characteristic
of CG models is the reduction of the number of degrees of freedom by repre-
senting multiple atoms in a molecule with a single interacting site. Formally
speaking, even the atomistic model used in MD simulations results from the
mapping of elementary particles to atoms, but the concept of coarse-graining is
usually associated with supra-atomic models in literature.222 Besides reducing
the computational cost, CG models can also improve the sampling e�ciency
due to a smoothing of the potential-energy surface, which in turn allows for
longer integration time steps. The reduction of the number of parameters also
simpli�es the parametrization of CG models. However, dynamic processes which
involve the eliminated degrees of freedom can no longer be represented with a
good accuracy, such as interactions between polar functional groups or hydrogen
bonding.
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As has been discussed in the previous section, force �elds need to be calibrated
against the same type of properties as one may need to extract from a given
system. In many cases, the properties of interest can be recovered by modeling
interactions at well-de�ned distance (and time) scales, which makes it su�cient
to use a single potential-energy function for the entire system. However, this is
not well-suited for processes, which are governed by the interplay of phenomena
taking place over a wide range of length and time scales. Common examples of
such systems include large biomolecules223,224 and polymers,225 but even the
short- and long-range solvation e�ects for a molecule in solvent can be perceived
as a multiscale e�ect.

Multiscaling approaches aim at incorporating multiple potential-energy func-
tions into a single system.223,226�232 These can be classi�ed into four main cate-
gories: (i) back mapping, where trajectories from CG simulations are converted
to the �ne-grained (FG) level during post-processing;228,233�243 (ii ) resolution
exchange, where the entire system switches between the FG and CG representa-
tions over the course of a simulation;244�253 (iii ) guided sampling, where coupled
simulations are performed simultaneously at the FG and CG levels, the latter
driving an accelerated dynamics in the former;254�261 (iv) mixed or adaptive
resolution, where FG and CG regions coexist spatially within the same system.

The rest of this section will focus on multiscaling in space by means of adaptive
resolution models (classiv).

1.2.1 The Adaptive Resolution (AdResS) Scheme

In spatial multiscaling, the simulation box is divided in a region with the �ne-
grained (FG) atomistic model, and another one with the CG model. These models
are represented by their respective potential energy functionsU FG and UCG.
Here, we assume thatU FG depends on the positionsr of all atoms (denoted by
indicesi and j), whereasUCG only depends on the center-of-mass positionsR
of molecules (denoted by indicesa and b), i.e. one molecule is mapped to one
CG bead. In this case, the inter-molecular potential energy of moleculea can be
written as262

U FG
a =

1
2

Nmol

å
b6= a

U FG
ab =

1
2

Nmol

å
b6= a

å
i2a

å
j2 b

U FG(r i j ) (1.54)

UCG
a =

1
2

Nmol

å
b6= a

UCG
ab (R ab) (1.55)
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Methods used to represent multiple models at a spatial separation distinguish
themselves in the treatment of the FG-CG boundary. The adaptive resolution
method (AdResS) tackles the interface by placing a hybrid layer (HY) between
the FG and CG subsystems, where the model is progressively changed from FG
to CG resolution on the �y. This change is achieved by introducing a switching
function l (R ) of the molecular position in the box. This function is de�ned such
that l = 1 if the molecule is in the FG region,l = 0 if it is in the CG region,
and 0 < l < 1 if it is in the HY region. The cosine function is a popular choice
for l (R ) in the hybrid layer due to its smoothness and continuous behavior at
the boundaries.263

The interpolation between the two models can be implemented in two distinct
ways. In particular, one can choose to interpolate either the forces of the energy.
In the former case, the forces between moleculesa and b, Fab are given by a
weighted sum depending on their positions in space,264

Fab = l (R a) l (R b) å
i2a

å
j2 b

F FG
ij + [ 1 � l (R a) l (R b)]F CG

ab (1.56)

This formulation is compatible with Newton's third Law, which is a desired prop-
erty for hydrodynamics applications. The forces are, however, non-conservative
because they are not derived from a Hamiltonian function. As a result, the
application of a thermostat is required to remove the heat generated by particles
moving through the boundary layer. Pressure di�erences between the FG and
CG models can be remedied by applying a thermodynamic forceF th, which is
iteratively calculated from the gradient of the local number densityr ,265

F th
i,n+ 1 = F th

i,n �
1

(r � )2kT
r r n(r i ) (1.57)

wheren is the index of the current iteration,r � the reference number density
and kT the isothermal compressibility (assumed equal for the two models). Eq.
1.57 ensures a �at density pro�le along the switching coordinate. The pressureP
generated by the thermodynamic force compensates for the discrepancy between
the models, such that

PFG + r �
Z

HY
F th(r)dr = PCG. (1.58)

The variant of AdResS relying on energy interpolation is called the Hamiltonian
adaptive resolution scheme (H-AdResS).266 Therein, the system HamiltonianH
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is de�ned using an interpolation of the potential-energy functions of the two
subsystems, namely

H = K +
Nmol

å
a

l (R a)U FG
a + [ 1 � l (R a)]UCG

a (1.59)

whereK is the kinetic energy, and the molecular potential energy functions
are de�ned in Eq. 1.54 and 1.55. In analogy to Eq. 1.56, the potential energy
between two molecules can be rewritten as an interpolation of the FG and CG
potentials based on Eq. 1.59 as

Uab = l abU FG
ab + ( 1 � l ab)UCG

ab (1.60)

where we de�nedl ab = [ l (R a) + l (R b)]/2 . The forces derived from Eq. 1.60
are then given by

Fab = l abF FG
ab + ( 1 � l ab)F CG

ab � (U FG
ab � UCG

ab )r R ab l ab (1.61)

The �rst two terms in Eq. 1.61 are analogous to the force interpolation in Eq.
1.56. However, the two representations di�er in the presence or absence of the
last term in Eq. 1.61, which is also referred to as the drift force.266�269 Note that
this term is not antisymmetric with respect to the exchange of the interacting
particles, and hence does not obey Newton's third Law. It has in fact been
proven that the simultaneous ful�llment of energy conservation and Newton's
third Law is impossible.270 The drift force always acts along the gradient of
l , and is responsible for moving particles across the boundary layer in case
of a theromdynamic mismatch betweenU FG and UCG. The resulting unequal
densities (and chemical potentials) in the two regions can be corrected by applying
a compensating potential, which can be derived by thermodynamic integration
over systems at a constantl 266 (with l a = l (R a))

DHa( l a) =
DF ( l a)

N
=

1
N

Z l a

0

�
dH ( l 0)

dl 0

�
dl 0

=
1
N

Z l a

0

D
U FG

a � UCG
a

E

l 0
dl 0

(1.62)

whereF is the Helmholtz free energy. It can be seen that the bias in Eq. 1.62
removes the ensemble average of the drift force from Eq. 1.61. The Hamiltonian
including this compensating potentialHD can be constructed by addition of the
contributions from individual molecules in Eq. 1.62 according to

HD = H � å
a

DHa( l a) . (1.63)
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This biasing potential removes the FG-CG density mismatch by design, but it
does not address a potential pressure mismatch. The pressure in both subsystems
can be equalized by addingDP( l )/ r � to Eq. 1.62. However, this approach is
no longer compatible with a constant density, which is why it is rarely used in
practice. Also, even though the "constant-density approach" aligns the density
of the CG and FG regions, it does not eliminate the density artifacts in the HY
region. These artifacts are commonly addressed by applying the thermodynamic
force, as given in Eq. 1.57.262

A great advantage of (H-)AdResS over multiscaling methods involving a �xed
FG-CG boundary is the ability of individual molecules to di�use freely across the
entire system. Not only does the progressive switching mitigate artifacts due
to the interactions of the di�erent models, but the open-boundary mechanism
is especially advantageous if the number of molecules in a given region is not
known in advance. In these cases, the application of mechanisms involving a
�xed number of FG/CG molecules separated by half-harmonic restraints can
lead to severe artifacts.271,272 The exchange of molecules between subsystems
in AdResS, on the other hand, is able to mimic a grand-canonical ensemble.273



2
Solvent scaling as an alternative

to coarse-graining in
adaptive-resolution simulations:
The Adaptive Solvent-Scaling

(AdSoS) scheme

These rules are no di�erent than rules of a
computer system. Some of them can be bent,
others can be broken.

� Morpheus, The Matrix

A new approach termed Adaptive Solvent-Scaling (AdSoS) is introduced
for performing simulations of a solute embedded in a �ne-grained (FG)
solvent region itself surrounded by a coarse-grained (CG) solvent region,
with a continuous FG$ CG switching of the solvent resolution across a
bu�er layer. Instead of relying on a distinct CG solvent model, the AdSoS
scheme relies on CG models de�ned by a dimensional scaling of the FG
solvent by a factors, accompanied by as-dependent modulation of its mass
and interaction parameters. The latter changes are designed to achieve
an isomorphism between the dynamics of the FG and CG models, and to
preserve the dispersive and dielectric solvation properties of the solvent with
respect to a solute at FG resolution. This scaling approach o�ers a number of
advantages compared to traditional coarse-graining: (i) the CG parameters
are immediately related to those of the FG model (no need to parametrize

29
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a distinct CG model); (ii ) nearly ideal mixing is expected for CG variants
with similar s-values (ideal mixing holding in the limit of identicals-values);
(iii ) the solvent relaxation timescales should be preserved (no dynamical
acceleration typical for coarse-graining); (iv) the graining levelNG (number
of FG molecules per CG bead) can be chosen arbitrarily (i.e. NG = s3 is
not necessarily an integer); (v) this level can be varied continuously as a
function of the position in an adaptive-resolution scheme (without requiring
a bundling mechanism). By construction, the AdSoS scheme minimizes the
thermodynamic mismatch between the di�erent regions of the adaptive-
resolution system, leading to a nearly homogeneous scaled solvent density
s3r . Residual density artifacts in and at the surface of the boundary layer can
easily be corrected by means of a grid-based biasing potential constructed
in a preliminary pure-solvent simulation. The present article introduces the
AdSoS scheme and provides an initial application to pure atomic liquids (no
solute) with Lennard-Jones plus Coulomb interactions in a slab geometry.

2.1 INTRODUCTION

Classical molecular dynamics (MD) simulations provide insight into the connec-
tion between microscopic interactions and macroscopic properties in the context
of (bio)molecular systems, thereby explaining and complementing experimental
observations. However, when carried out at fully atomistic resolution, these sim-
ulations are computationally intensive, resulting in severe limitations concerning
the accessible system sizes and timescales. One general strategy to limit the
computational cost is to reduce the number of degrees of freedom involved in
the calculation,i.e. to treat some of them implicitly rather than explicitly. The
in�uence of the implicit degrees of freedom on the explicit ones is then handled
by introducing corresponding mean-force (and, possibly, �uctuation) terms.

Considering solvated (macro)molecules, one may distinguish two main ap-
proaches to reduce the number of degrees of freedom: implicit-solvent and
coarse-grained models. In implicit-solvent models,274�279 the solvent is omitted
and its in�uence on the solute degrees of freedom is represented by mean-force
(non-polar and electrostatic) and �uctuation (stochastic and frictional) terms. In
coarse-grained (CG) models,179,222,226,227,231,280�287 the resolution of the solute
and/or solvent is reduced from individual atoms to beads representative for
small groups of atoms, and the mean e�ect of the omitted intra-bead degrees
of freedom is reintroduced by an appropriate parametrization of the e�ective
potential-energy function for inter-bead interactions. An early example of this
approach is the use of united-atoms to represent the aliphatic CHn group as a



2.1 Introduction 31

single interaction site.288 United-atoms are often employed in models that are
otherwise at fully atomistic resolution, and the word �ne-grained (FG) will be
used here to denote models at (united-)atom resolution.

Numerous hybrid methods combine FG and CG representations within the same
calculation, attempting to strike a favorable balance between the higher accuracy
of the FG resolution and the higher e�ciency of the CG resolution. These so-called
multi-scaling approaches223,226�232 can be classi�ed into four main categories:
(i) back mapping, where trajectories from CG simulations are converted to
the FG level during post-processing;228,233�243 (ii ) resolution exchange, where
the entire system switches between the FG and CG representations over the
course of a simulation;244�253 (iii ) guided sampling, where coupled simulations
are performed simultaneously at the FG and CG levels, the latter driving an
accelerated dynamics in the former;254�261 (iv) mixed or adaptive resolution,
where FG and CG regions coexist spatially within the same system (references
provided below).

Considering a single solute in a given solvent (e.g. hydrated macromolecule
or lipid bilayer), mixed- and adaptive-resolution approaches typically aim at
combining an accurate FG description in and close to the solute with a cheaper
CG description of the bulk solvent. The separation between FG and CG regions
involves the existence of a boundary, which may be characterized by the following
features:263,269,271,272,289�299 (i) geometry,e.g. slab for a bilayer or spherical
for a macromolecule; (ii ) location, e.g. between a FG solute and a CG solvent,
or between a FG solute plus FG solvation layer and a CG solvent; (iii ) rigidity,
i.e. whether the boundary is �xed or �exible in terms of shape and position
relative to the solute; (iv) permeability,i.e. whether the boundary is permeable or
impermeable to the FG and CG particles and, if permeable, whether the exchange
involves di�usion (FG+CG mixing) or interconversion (FG$ CG transformation);
(v) thickness,i.e. whether the boundary is a dividing surface or a bu�er layer; (vi)
possible application of a potential at this boundary,e.g. restraints to segregate
the FG and CG particles, or correction potential to prevent density artifacts.

A particularly interesting combination228,263,269,271,272,293,295�300 relies on the
use of a �nite-thickness boundary (either �xed or �exible) separating a FG
solute plus FG solvation layer from a CG solvent. On one hand, compared to a
direct solvation of the FG solute in the CG solvent, this combination provides
a much more accurate FG treatment of the solute and of its �rst solvation
shells271,293,297,301�311. On the other hand, considering that solvent-solvent
interactions in the bulk are typically determinant in terms of computational costs,
it is also expected to retain most of the e�ciency gain associated with a CG
resolution of the solvent. In practice, the computational gain will depend on
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the level of grainingNG of the CG solvent model, de�ned as the number of FG
molecules mapped to a single CG solvent bead (typically an integer withNG � 1).
Another key advantage of this setup is that it only requires the design of a CG
model for the solvent, which is generally much easier than the corresponding
task for the solute. There exist two main variants of this approach concerning
the treatment of the bu�er layer separating FG and CG solvent regions.

In the mixed-resolution variant, the FG and CG molecules are allowed to mix
in the bu�er region.271,272,293,295�297 Spontaneous segregation may occur if the
FG and CG models have poor mixing properties.296 Otherwise, the extent of
mixing may be controlled by means of restraints relative to the solute, with
attractive and/or repulsive components for the FG and CG solvent particles,
respectively. In the adaptive-resolution variant,263,269,298,299 the FG and CG
particles interconvert into each other as they go through the bu�er region.
When NG = 1, this can be achieved by morphing,i.e. interpolating between
the interaction potentials or forces of the FG and CG models using a coupling
variable that varies continuously with position across the bu�er layer. When
NG > 1, the transformation maps unequal numbers of solvent molecules, and
may be combined with a bundling scheme that associates clusters of nearby FG
molecules to a single CG bead.299,300,312�315

The most popular adaptive-resolution schemes relying on morphing across a
�xed bu�er layer are the Adaptive Resolution Simulation (AdResS) scheme264,265,316�318

and its Hamiltonian (H-AdResS)232,263,266,269,298�300,312,319�321 variant (see also
Refs. 228, 322�329 for related schemes). Here, the bu�er region is de�ned by
an internal (FG to bu�er) and an external (bu�er to CG) boundary, both of
which are �xed in space relative to the solute. Between the two boundaries, the
resolution of a solvent particle changes progressively according to a switching
parameterl that is a continuous function of position, and evaluates to1 (full
FG) and to 0 (full CG) at the inner and outer boundaries, respectively. This
progressive switching can be performed using two di�erent schemes:232,263,318 (i)
force interpolation,264,316,318 where the parameterl is used to scale the forces
associated with the particle at the FG (weightl ) and at the CG (weight1 � l )
resolutions; or (ii ) energy-interpolation,266,319�322,330 where the parameterl
is used to scale the corresponding energies instead. Using force interpolation,
Newton's third law is satis�ed by construction, but the weighted force does not
derive from a potential, so that energy conservation may be violated. Using
energy interpolation, energy conservation is satis�ed by construction, but the
weighted force has a component along the gradient of the switching parameterl
in space, so that Newton's third law may be violated. Irrespective of the above
choices, adaptive-resolution schemes relying on a bu�er layer with FG$ CG
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solvent interconversion (as well as the closely related mixed-resolution schemes)
have three main shortcomings.

First, for a given choice of solvent (typically water), they rely on a unique
graining levelNG that must be selected prior to the design of a model for the
CG solvent particle. If an e�cient algorithm is used for the calculation of the
pairwise interactions in the MD simulation,i.e. achieving (nearly) linear scaling
with the system size, the maximal achievable computational gain is then limited
by NG. Second, given the choice of a solvent and graining level, the CG model
must be parametrized, which is a non-trivial task. For water, many di�erent CG
models are available in the literature,281,331�343 with NG ranging from 1 to 10.

The accuracy of a given CG representation will depend in particular on
how well it reproduces the pure-liquid and self-solvation properties of the
solvent.296,305,311,344 Third, adaptive- or mixed-resolution simulations are typi-
cally a�ected by boundary artifacts, arising from a limited compatibility between
the selected FG and CG representations, as well as from the presence of interfaces
within the system. Even if a CG model has been calibrated against a given FG
model, some extent of non-ideal mixing and imbalanced cross-solvation prop-
erties are unavoidable. In the case whereNG > 1 and the FG$ CG involves
bundling, the system may also be a�ected by de�ciencies inherent to bundled
water models.345,346

Artifacts arising from a thermodynamic mismatch between the two FG and CG
models can be largely remedied by applying a correcting potential accounting for
the chemical-potential di�erence between the two models.317,319�321,328 Residual
interfacial artifacts in the density are commonly removed via application of
an ad hoc thermodynamic force acting in the direction of the local density
gradient.265,318 Additionally, the insertion of solvent atoms during the FG-CG
interconversion may give rise to very large forces, which need to be avoided by
force capping347 or by energy minimization.348

The present article addresses the above shortcomings by introducing a simple
and elegant approach to derive CG models of arbitrary graining levels directly
based on a given FG solvent model. The mapping involves a scaling of the spatial
dimensions by a factors, with the FG model corresponding tos = 1, along with
a correspondings-dependent adjustment of the force-�eld parameters of the
solvent molecule. For a given value ofs, the CG model thus represents a �blown
up� version of the FG model, which involves the same number of interaction sites
but di�erent atomic parameters, and corresponds to a graining levelNG = s3. By
selecting an appropriates-dependence of the atomic parameters, it is possible to
preserve the dispersive and dielectric solvation properties with respect to a solute
at FG resolution. The relaxation timescale of these properties is also una�ected,
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in contrast to the acceleration of the dynamics usually observed in traditional
coarse-graining.349�351

This scaling approach o�ers a number of advantages compared to traditional
coarse-graining schemes: (i) the CG parameters are immediately related to those
of the FG model (no need to parametrize a distinct CG model); (ii ) nearly ideal
mixing is expected for CG variants with similars-values (ideal mixing holding
in the limit of identical s-values); (iii ) the solvent relaxation timescales should
be preserved (no dynamical acceleration typical for coarse-graining); (iv) the
graining levelNG can be chosen arbitrarily (i.e. NG = s3 is not necessarily an
integer); (v) this level can be varied continuously as a function of the position in
an adaptive-resolution scheme (without requiring a bundling mechanism).

Based on these ideas, we propose a new adaptive scheme called Adaptive
Solvent-Scaling (AdSoS), where the parameters, which governs the scaling of
the solvent, varies as a function of the position of a solvent molecule in space.
Starting from s = 1 in the FG region close to the solute, the value ofs is
progressively increased across a bu�er layer to reach a valuesmax, which is then
kept constant in the long-range CG region. Here, an initial application of the
AdSoS approach is presented, considering a simple monoatomic solvent with
Lennard-Jones150 plus Coulomb352 interactions in a slab geometry. Extension to
water, spherical geometry and systems involving solutes will be presented in a
subsequent article.

2.2 THEORY

2.2.1 Intuitive Considerations

The goal of this section is to provide an intuitive overview of the solvent-scaling
approach which de�nes the FG-to-CG mapping in the AdSoS scheme. The
presented concepts will be formalized in the following sections.

The dynamics of a physical system is described by quantities with units, which
can be expressed as combinations of fundamental units of length, mass, time and
charge (e.g. meter, kilogram, second and Coulomb in the SI system). However,
the equations governing the system dynamics are independent of a speci�c choice
for the fundamental units. An interesting corollary to this principle is the following.
If one de�nes a scaling of the fundamental units and absorbs the corresponding
scaling factors into the physical quantities, one obtains a scaled system that
still obeys the same equations of motion as the original one. In other words,
such a scaling represents a form of physical isomorphism in terms of the system
dynamics.
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The scaling considered here is de�ned by a unitless scaling factors, initially
assumed constant,i.e. independent of space and time. This parameter controls
the following transformation of the fundamental units

f r̃ , m̃, t̃, q̃g = f sr� , s� 2m� , t � , s1/2 q� g , (2.1)

wherer, m, t and q stand for length, mass, time and charge, respectively. The
quantities with a star correspond to the original physical system, and those with
a tilde to the scaled system. It will be shown in the following sections that the
above scaling of the fundamental units: (i) scales the coordinates, velocities and
accelerations bys; (ii ) scales the forces bys� 1; (iii ) leaves time and energy
invariant; (iv) leaves the dynamics (e.g. the classical Hamiltonian equations of
motion) unaltered.

As an illustrative example, consider a system consisting of an apple of 1 kg at a
height of 5 m with a downwards velocity of 1 m�s� 1 and subject to a gravitational
acceleration of10 m�s� 2 giving a force of 10 N. The corresponding scaled system
with s = 2 will consist of a �scaled� apple of 0.25 kg at 10 m from the ground
with a downwards velocity of 2 m�s� 1 and subject to a gravitational acceleration
of 20 m�s� 2 giving a force of 5 N. The kinetic and potential energies of the two
systems are the same (0.5 and 50 J, respectively). Applying Newton's second
law to propagate the dynamics of both systems in time will produce isomorphic
trajectories,i.e. trajectories in which the con�gurations remain scaled variants of
each other at all times. The coordinates and velocities for the scaled system are
ampli�ed by s, while the energies of the two systems remain identical.

Considering a classical molecular system where the interatomic interactions
include a Lennard-Jones and a Coulomb component, the scaling of various
physical quantities (atomic interaction parameters, con�gurational variables and
thermodynamic observables) associated with the scaling of Eq. 2.1 is summarized
in Table 2.1.

Irrespective of the choice ofs, the microcanonical (NVE) trajectory of a scaled
system will remain isomorphic to that of the original system, provided that
an appropriate scaling of the initial con�guration (coordinates and velocities
ampli�ed by s, volume multiplied bys3, identical energy), mass (scaled bys� 2)
and interaction parameters (Lennard-Jonesc6 and c12 square-root coe�cients
ampli�ed by s3 and s6, respectively, and charges multiplied bys1/2 ) has been
applied. The same observation applies to the canonical situation (NVT, ther-
mostated dynamics), considering that the temperature, which is proportional to
the kinetic energy, is una�ected by the scaling. Extension to isothermal-isobaric
conditions (NPT, thermo- and barostated dynamics) is also straightforward,
albeit with an important proviso. Since the pressure is ampli�ed bys� 3 upon
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f (s) parameter con�guration observable

s� 3 r , P

s� 2 m

s� 1 F, p

1 t H , U, K , W, T, e

s1/2 q

s r, v

s3 c6 V k

s6 c12

Table 2.1: Dependence of various physical quantities on the scaling factors, considering a
classical molecular system subject to Lennard-Jones and Coulomb interactions. The scaling
of the quantities is de�ned by Q̃ = f (s) Q� , where Q� is the quantity in the original physical
system and Q̃ the corresponding quantity in the scaled system. The atomic interaction
parameters considered are the mass (m), the charge (q), and the Lennard-Jones parameters
(c6 and c12). The latter parameters correspond to single-atom root-mean-square dispersion
and repulsion coe�cients, respectively. Their products determine the magnitude of the
corresponding interactions for two given atoms (geometric-mean combination rule). The
con�gurational variables considered are the time (t), coordinate ( r), volume (V), velocity
(v), momentum ( p) and force (F). The thermodynamic observables considered are the
Hamiltonian ( H ), kinetic energy (K ), potential energy (U), virial ( W), temperature ( T),
pressure (P), number density (r ), isothermal compressibility (k) and relative dielectric
permittivity ( e).

scaling, the corresponding reference pressure must be adjusted accordingly to
achieve isomorphic trajectories.

In the special case where the system is a pure solvent described by a selected
FG model ats = 1 (unscaled system), a scaled model withs > 1 is expected
to provide a reasonable CG description of this liquid for three reasons. First,
comparing volume elementsDV of the FG solvent and of its scaled variant, as
illustrated in Fig. 2.1 for a monoatomic solvent, one observes that the number
of particles insideDV is reduced by a factors� 3 upon scaling. This results in an
e�ective graining levelNG = s3, which is not necessarily an integer. Second, the
above isomorphism suggests that the relaxation properties (timescales) should
be identical for the two volume elements. Third, most importantly, the solvation
properties of the two volume elements with respect to a solute at FG resolution
are expected to be nearly identical. The reasoning underlying this last statement
is also illustrated in Fig. 2.1.
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��V, FG solvent 
(s = 1) 

r

rFG solute

��V, CG solvent 
(s > 1) 

Figure 2.1: Schematic illustration of a solute at FG resolution interacting with volume
elements of the FG and scaled CG models. A FG atom in the solute has the same dispersive
interaction with a solvent volume element DV at a given distance r irrespective whether
it is �lled with FG solvent or with a scaled CG version of this solvent. The same holds for
the electrostatic interaction energy of a dipolar solvent with the FG solute, as the dielectric
permittivity is una�ected by the scaling.

Concerning the Lennard-Jones interactions, consider a solute FG atom inter-
acting with the volume elementDV of scaled CG solvent. For the dispersion
component, thec6 single-atom coe�cient of the solvent is scaled bys3 while the
number of solvent molecules inDV is scaled bys� 3. The two e�ects compensate
each other,i.e. the volumic dispersive solvation properties of the solvent are the
same at the FG and CG levels. This is not the case for the repulsion component,
which increases ass3 (factor s6 for the c12 single-atom coe�cient of the solvent
times factors� 3 for the solvent number density). However, the magnitude of this
repulsive term inr � 12 decreases rapidly with the distance from the solute,i.e. this
e�ect is expected to become negligible if the CG model is employed su�ciently
far from the solute (as should be the case in the AdSoS scheme). Concerning
the Coulomb interactions and restricting the discussion to a neutral solute in
a dipolar solvent, the relevant factor is not the scaling of the solvent charges
(s1/2 ) and number density (s� 3), but that of the relative dielectric permittivity.
Since the permittivity is a unitless intensive quantity, it is not a�ected by the
scaling, and the dipolar solvation of the solute is also the same at the FG and
CG levels. Note that the dielectric (Debye) relaxation time of the solvent is also
preserved by the scaling.
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The following sections provide a more formal description of the solvent-scaling
approach and of the adaptive-resolution scheme inspired by the above consider-
ations. It is restricted to: (i) an atomic liquid with pairwise Lennard-Jones150

and Coulomb352 interactions, the former with a geometric-mean combination
rule;353,354 (ii ) an adaptive-resolution setup involving the pure solvent in a slab
geometry (no solute). A subsequent article will describe the extension of the
scheme to a molecular solvent (water), a system in spherical geometry, and
situations involving a solute.

2.2.2 Reference System

Consider a reference system ofN atoms at FG resolution, the associated quantities
being labeled with a star superscript. The system is characterized by the3N-
dimensional Cartesian coordinate and momentum vectorsr � and p� , along with
a Hamiltonian

H � (r � , p� ) = K � (p� ) + U � (r � ) , (2.2)

where U � and K � are the kinetic and potential energies, respectively. The
dynamics of the system obeys the Hamiltonian equations of motion,

dp�

dt
= �

¶H � (r � , p� )
¶r � and

dr �

dt
=

¶H � (r � , p� )
¶p� , (2.3)

wheret stands for the time.
In the speci�c case of an atomic liquid with Lennard-Jones plus Coulomb

interactions, the terms of Eq. 2.2 take the form

K � (p� ) =
N

å
i

p� 2
i

2m�
i
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(2.5)
where r �

i j = jr �
i � r �

j j is the distance between atomsi and j, and e0 the
permittivity of vacuum. The force-�eld parameters involved in these expressions
are the massm�

i and chargeq�
i of an atomi, along with its square-root Lennard-

Jones coe�cientsc�
6,i (dispersion) andc�

12,i (repulsion).
The systems considered in practice are subject to periodic boundary conditions

based on a computational box of �xed volumeV � , and possibly be coupled to
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a thermostat at a reference temperatureT. To keep the equations as simple
as possible, the corresponding modi�cations of Eqs. 2.2-2.5 are not introduced
explicitly. Note also that the star superscript was omitted from the quantities
N, T and t for simplicity, as they will not be a�ected by the scaling (i.e. t � = t,
N � = N and T� = T).

2.2.3 System Scaling in Terms of Con�guration

Next, consider a scaled system where a �xed parameters is introduced to
alter the coordinates and momenta of the reference system. In the following,
a tilde overscript will be used to indicate quantities with an explicit functional
dependence on the reference-system quantity (star superscript) and on the scaling
factor (s). The scaling is de�ned by

r̃
.= r̃ (r � , s) = sr � , p̃

.= p̃(p� , s) = s� 1p� and Ṽ
.= Ṽ (V � , s) = s3V � .

(2.6)
As stated earlier, the quantitiesN, T, and t are not altered (i.e. t̃ = t � = t,
Ñ = N � = N and T̃ = T� = T).

For any �xed choice ofs, a scaled trajectory of the reference system is de�ned
as the trajectory generated by propagating the reference system (r � and p� as a
function of t for givenV � and T) using Eq. 2.3 with the HamiltonianH � (r � , p� )
of Eq. 2.2, followed by a scaling of the successive con�gurations using Eq. 2.6.

2.2.4 Trajectory Isomorphism

At this point, assume that one can engineer a HamiltonianH for which the
energetic quantities are invariant upon scaling,i.e. with

H ( r̃ , p̃, s) = K (p̃, s) + U( r̃ , s) = H � (r � , p� )

with K (p̃, s) = K � (p� ) and U( r̃ , s) = U � (r � ).
(2.7)

In the speci�c case of the atomic liquid with Lennard-Jones plus Coulomb
interactions, the terms of this Hamiltonian read

K (p̃, s) =
N

å
i

p̃2
i

2s� 2m�
i

(2.8)

and

U( r̃ , s) = �
N

å
i

N

å
j> i

s6c�
6,i c�

6,j r̃ � 6
ij +

N

å
i

N

å
j> i

s12c�
12,i c�

12,j r̃ � 12
ij +

1
4pe0

N

å
i

N

å
j> i

sq�
i q�

j r̃ � 1
ij .

(2.9)
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The HamiltonianH depends ons through its three variables, and the corre-
sponding total derivative must be zero due to invariance upon scaling (Eq. 2.7),
i.e.

dH ( r̃ , p̃, s)
ds

=
�

¶H
¶r̃

�

p̃ ,s

�
¶r̃
¶s

�

r �
+

�
¶H
¶p̃

�

r̃ ,s

�
¶p̃
¶s

�

p �
+

�
¶H
¶s

�

r̃ ,p̃
= 0 .

(2.10)
As shown explicitly in Appendix Sec. 2.6.1 for the speci�c case of Eqs. 2.8 and
2.9, the three terms can be identi�ed with important system quantities, namely
�

¶H
¶r̃

�

p̃ ,s

�
¶r̃
¶s

�

r �
= 2s� 1W ( r̃ , s) ,

�
¶H
¶p̃

�

r̃ ,s

�
¶p̃
¶s

�

p �
= � 2s� 1K (p̃, s)

(2.11)
and �

¶H
¶s

�

r̃ ,p̃
= 3s� 1ṼP( r̃ , p̃, s) , (2.12)

whereK is the kinetic energy,W the virial andP the pressure. These three
quantities are related by the equation355

P =
2(K � W )

3Ṽ
, (2.13)

which is consistent with the vanishing total derivative in Eq. 2.10.
Combining the Hamiltonian equations of motion for the reference system in

Eq. 2.3 with the scaling de�nitions of Eq. 2.6 and the requirements of Eq. 2.7,
one obtains

dp̃
dt

= s� 1 dp�

dt
= � s� 1 ¶H (r � , p� )

¶r � = �
¶H (r � , p� )

¶(sr � )
= �

¶H ( r̃ , p̃, s)
¶r̃

and
dr̃
dt

= s
dr �

dt
= s

¶H (r � , p� )
¶p� =

¶H (r � , p� )
¶(s� 1p� )

=
¶H ( r̃ , p̃, s)

¶p̃
.

(2.14)

Thus, the scaled system also obeys Hamiltonian equations of motion. The same
applies for modi�ed equations involving periodic boundary conditions (with the
scaled volumeṼ of Eq. 2.6) and thermostating (with an unaltered temperature
T).

This observation suggests that one may consider the coordinates and momenta
of the scaled system as variables on their own right, instead of functions relating
them to the reference system. This choice will be indicated in the following by
plain symbols (i.e. dropping the tilde overscript). In this perspective, Eq. 2.14 is
rewritten as

dp
dt

= �
¶H (r , p, s)

¶r
and

dr
dt

=
¶H (r , p, s)

¶p
. (2.15)
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For any �xed choice ofs, a trajectory of the scaled system is de�ned as the
trajectory generated by propagating the scaled system (r and p as a function of
t for givenV and T) using Eq. 2.15 with the HamiltonianH (r , p, s) satisfying
Eq. 2.7. A scaled trajectory of the reference system(sr � (t), s� 1p� (t)) and a
trajectory of the scaled system(r (t), p(t)) are then rigorously identical owing
to Eq. 2.14, provided that their initial con�gurations are appropriately related
by the scaling of Eq. 2.6. This property is here referred to as an isomorphism
between the dynamics of the reference and of the scaled systems.

2.2.5 System Scaling in Terms of Force-Field Parameters

From this point onward, only the latter perspective of the scaled system will be
retained. In this perspective, the scaling is viewed as an explicits-dependence of
the HamiltonianH (r , p, s) without any implicit dependence throughr and p,
which are con�gurational variables of the scaled system on their own right. In the
speci�c case of the atomic liquid with Lennard-Jones plus Coulomb interactions,
it is convenient to introduce scaled force-�eld parameters,

m̃
.= m̃(m� , s) = s� 2m� , c̃6

.= c̃6(c�
6, s) = s3c�

6 ,

c̃12
.= c̃12(c�

12, s) = s6c�
12 and q̃

.= q̃(q� , s) = s1/2 q� .
(2.16)

Inserting these de�nitions, the Hamiltonian terms of Eqs. 2.8 and 2.9 become

K (p, s) =
N

å
i

p 2
i

2m̃i
(2.17)

and

U(r , s) = �
N

å
i

N

å
j> i

c̃6,i c̃6,j r � 6
ij +

N

å
i

N

å
j> i

c̃12,i c̃12,j r � 12
ij +

1
4pe0

N

å
i

N

å
j> i

q̃i q̃j r
� 1
ij .

(2.18)
Note the strong analogy between these equations and the corresponding expres-
sions of Eqs. 2.4 and 2.5 for the reference system, which is clearly advantageous
in terms of computational implementation.

A consequence of adopting the perspective of the scaled system is that the
derivative of the Hamiltonian with respect tos is now a partial derivative that
no longer vanishes. Only the third term in Eq. 2.10 is retained,i.e. that of Eq.
2.12, leading to

dH (r , p, s)
ds

=
�

¶H (r , p, s)
¶s

�

r ,p
= 3s� 1VP(r , p, s) . (2.19)
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Table 2.1 provides an overview of the scalings of various physical quantities
(atomic interaction parameters, con�gurational variables and thermodynamic
observables). Note that a scaling by a factors > 1 increases the particle velocities
in proportion to their coordinates (factors for both) but decreases the particle
momenta (factors� 1) because the masses are simultaneously reduced (factor
s� 2). Note also that if cuto� truncation is applied to the pairwise interactions,
the isomorphism can be preserved provided that the cuto� distance is scaled as
well, i.e.

R̃c
.= R̃c(R�

c, s) = sR�
c . (2.20)

Of particular importance is the observation, that unlike all the energetic
quantities as well as the temperature, the number densityr , the pressureP
and the compressibilityk are not invariant upon scaling. Considering the scaling
of the volume (s3), the fact that the pressure-volume product is an energetic
quantity (no scaling), and thatk has units of an inverse pressure, one has

r (s) = s� 3r � , (2.21)

P(s) = s� 3P� , (2.22)

and
k(s) = s3k� . (2.23)

Owing to Eq. 2.22, the pressure under NVT conditions depends ons. Ac-
cordingly, the trajectory isomorphism upon scaling can only be preserved in the
NPT ensemble if the reference pressurePref of the barostat is adjusted to the
scaling factor ass� 3P�

ref. However, if the scaled model is to be used as a CG
representation of the solvent at the same reference pressurePref = P� as would
be appropriate for the FG model, the isomorphism breaks down. In particular,
the pressure increase froms� 3P� to P� is expected to cause an increase in the
densityr of the system froms� 3r � (Eq. 2.21) to a smaller valuer NPT. Using
a �rst-order approximation for the density increase resulting from this pressure
change leads to

r NPT(s) =
s� 3r �

1 � k� P� (s3 � 1)
. (2.24)

The s-dependence of thes-corrected densitys3r NPT under NPT conditions at
�xed ( e.g. atmospheric) pressurePref may seem to represent a major drawback
of CG models constructed by scaling of a given FG model, as it suggests that the
liquid (and solvation) properties of the CG model will progressively deviate from
those of the FG model upon increasings. However, as discussed at the end of
the next section, this does not represent an issue within an adaptive-resolution
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scheme that can accommodate pressure inhomogeneities in such a way that a
volume element of CG solvent at scalings is in equilibrium at the pressures� 3P�

that leads to the appropriates-corrected densitys� 3r � .

2.2.6 Adaptive Resolution with Solvent Scaling (AdSoS Scheme)

Owing to the isomorphism between reference and scaled solvent and to the
equivalence in their dispersive and dielectric solvation properties, the scaled
solvent is an excellent candidate for the CG representation of a given FG solvent
in an adaptive-resolution setup. In this case, the �xed scaling parameters must
be generalized to a functions(r ), that depends on the position of the solvent
molecule.

The discussion is restricted here to a pure atomic liquid in slab geometry, as
illustrated in Fig. 2.2. The FG compartment, which could later encompass a
planar solute (e.g. membrane), is associated with a uniform scaling factors = 1
corresponding to the reference FG model. The CG compartment, which is meant
to account for the long-range solvation of the solute at reduced computational
cost, is associated with a uniform scaling factors = smax, which can be chosen
arbitrarily. Between the FG and the CG regions, two compartments with an
s-gradient (SG) allow for a progressive switching ofs between1 and smax and
betweensmax and1. The progressive evolution of thes-value along thez-direction
of the box is de�ned by a continuous functions(z). The volume of the box, the
sizes of the four compartments and the functions(z) are all kept �xed during
the simulation.

Because the system now involves interactions between atoms at di�erent
local s-values, an exact isomorphism to some reference system can no longer be
de�ned, andad hocchoices must be made to preserve a qualitative similarity
with the homogeneous-scaling situation. The Hamiltonian retained for the AdSoS
scheme reads

H (r , p) = �
N

å
i

N

å
j> i

s3
i s3

j c�
6,i c�

6,j r � 6
ij +

N

å
i

N

å
j> i

s6
i s6

j c�
12,i c�

12,j r � 12
ij

+
1

4pe0

N

å
i

N

å
j> i

s1/2
i s1/2

j q�
i q�

j r � 1
ij +

N

å
i

p2
i

2s� 2
i m�

i

,

(2.25)

wheresi
.= s(r i ) and sj

.= s(r j ). Here, anad hocchoice was made to scale
the interaction between atomsi and j according to a pairwise scaling factorsi j
that is given by the geometric mean ofsi and sj . This choice leads to simple
equations and produces the correct result whensi = sj (e.g. when both atoms
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smax

s = 1

FG FGSGSG CG

Figure 2.2: The Adaptive Solvent-Scaling (AdSoS) scheme applied to a pure atomic liquid
in slab geometry. The computational box is periodic along the three directions and �lled
with solvent atoms at di�erent levels of scaling. The scaling parameter s a�ecting an atom
depends on its position along thez-direction via a function s(z). This function de�nes a
�ne-grained (FG) region ( s = 1) and a coarse-grained (CG) region (s = smax), separated by
two transition regions featuring s-gradients (SG). The FG compartment could encompass a
planar solute and the CG compartment is meant to account for the long-range solvation of
this solute at reduced computational cost.

are within the FG or within the CG region). Otherwise, it provides a reasonable
(though not unique) combination.

The negative derivative of the Hamiltonian of Eq. 2.25 with respect to the
position of an atom represents the force on this atom

F i = �
dH
dr i

= �
�

¶H
¶r i

�

si

�
�

¶H
¶si

�

r i

dsi

dr i
. (2.26)

In the context of the atomic liquid with Lennard-Jones plus Coulomb interactions,
this reads

F i = å
j6= i

�
q̃i q̃j

4pe0
r � 3
ij � 6c̃6,i c̃6,j r

� 8
ij + 12c̃12,i c̃12,j r

� 14
ij

�
r i j

+ å
j6= i

 

�
1
2

q̃i q̃j

4pe0
r � 1
ij � 3c̃6,i c̃6,j r

� 6
ij + 6c̃12,i c̃12,j r

� 12
ij �

p2
i

m̃i

!

s� 1
i

¶si

¶r i
,

(2.27)

where the scaled atomic parameters (tilde overscript) are de�ned according to
Eq. 2.16. The �rst term in the above equations represents the physical pairwise
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force acting along the interatomic vector. The second term represents a so-called
drift force,266�269 which is only present in regions wheres varies, and acts along
the correspondings-gradient.

The inclusion of the drift force in the dynamics of the adaptive-resolution
system is essential to prevent the occurrence of density artifacts. This can be
understood intuitively by considering successive slabs of widthsDz (identical
volumesDV) along thez-axis of the box as a series of isothermal-isobaric systems.
These slabs share the same temperatureT, and the corresponding numbers of
particles and pressures follow from Eqs. 2.21 and 2.22, namelyDN (z) = r (z)DV
with r (z) = s� 3(z)r � and P(z) = s� 3(z)P� . Assuming a su�cient number of
particlesDN in each slab, the chemical potential is equal to the Gibbs free energy
G divided byDN, and its total derivative with respect tos reads

dm(P, T, s)
ds

=
1

DN

" �
¶G
¶s

�

P,T
+

�
¶G
¶P

�

s,T

¶P
¶s

+
�

¶G
¶T

�

s,P

¶T
¶s

#

. (2.28)

The �rst term represents the driving force for as-changevia the change of the
Hamiltonian. It can be evaluated as an ensemble average over Eq. 2.19, leading
to

1
DN

�
¶G
¶s

�

P,T
=

1
DN

�
¶H
¶s

�
= 3s� 1r � 1hPi . (2.29)

The second term represents the driving force for thes-changevia the change of
the pressure. It can be evaluated using Eq. 2.22, leading to

1
DN

�
¶G
¶P

�

s,T

¶P
¶s

=
DV
DN

(� 3s� 2P� ) = � 3s� 1r � 1P . (2.30)

Finally, the third term vanishes in the absence of anys-dependence for the
temperature. It follows that the total derivative of Eq. 2.28 is zero. Accordingly,
there is no net driving force for the atoms to move alongz

�
dm(z)

dz
= �

dm(P, T, s)
ds

ds
dz

= Ft + hFdi = 0 . (2.31)

The �rst component is of thermodynamic nature, namely

Ft = 3s� 1r � 1P
ds
dz

= � r � 1 dP
dz

. (2.32)

It accounts for the e�ect of the pressure gradient, and tends to drive atoms from
higher to lower pressure (leading to pressure homogenization) or, equivalently,
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from lower scaling to higher scaling. The second component accounts for the
mean e�ect of the drift force, which is given by

Fd,i = �
¶H
¶si

dsi

dz
so that hFdi = � 3s� 1r � 1hPi z

ds
dz

. (2.33)

On average, this force compensates the thermodynamic driving force, enabling an
inhomogeneous the pressure at equilibrium. Owing to this pressure heterogeneity
maintained by the action of the drift force in the AdSoS setup, a volume element
of CG solvent at scalings is in equilibrium at the pressures� 3P� that leads to the
appropriates-corrected densitys� 3r � . If a reference pressure (e.g.atmospheric) is
speci�ed for the system, it will only be relevant for the FG compartment. Because
the pressure heterogeneity renders the barostating of the system non-trivial, the
design of an AdSoS variant for NPT conditions is left for future work.

2.2.7 Density Artifacts and Correction Potential

The FG and CG regions both involve a homogeneouss-value, so that their
properties are expected to scale according to Table 2.1. In the SG region, the
drift force along thez-axis compensates for the driving force related to the
heterogeneous pressure pro�le. As a result, the AdSoS scheme should generate a
nearly homogeneous pro�le for the scaled densitys3r , and provide an appropriate
description of solvation for a possible solute embedded in the FG region.

In practice, however, the presence ofs-variations in the system may still
cause artifacts, which are expected to become increasingly pronounced for large
s-gradients. Additional causes for such artifacts may include: (i) the use of
an ad hoc geometric-mean rule to combine thesi and sj factors within the
pairwise interactions (Eq. 2.25); (ii ) speci�c close-range packing and orientation
alterations between the solvent molecules in (or close to) regions presenting
s-variations; (iii ) the use of cuto� truncation in the calculation of the non-bonded
interactions.

If desired, these artifacts can be eliminated by adding a biasing potential
along the z-direction, as done in some implementations of AdResS317 (note
that the thermodynamic force,265,318 which is applied for this purpose in more
recent versions of AdResS, is not derived from a potential energy function).
In the present work, following the local-elevation umbrella-sampling (LEUS)
approach,356 this biasing potential is represented as a weighted sum of local
basis functions centered at successive grid points along thez-axis. A �rst local-
elevation357 phase involves the non-equilibrium build-up of the biasing potential.
A second umbrella-sampling phase358 involves the equilibrium sampling of the
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system using a frozen biasing potential. Note that such a biasing potential is
expected to be speci�c to a given AdSoS setup,i.e. choice of solvent, value
of smax, sizes of the FG, CG and SG compartments, and choice of thes(z)
function. It should be generated in the absence of solute,i.e. in the situation
where a homogeneous scaled-density pro�les3r is expected. The potential is
then assumed to be portable from system to system (if the box dimensions and
Rc are preserved),i.e. applicable irrespective of the solute.

2.2.8 Integrator

The equations of motion for the AdSoS scheme are easily implemented in the
form of a leap-frog integrator359 involving the momenta. For propagating the
coordinate and momentum vectors of a particlei over a time stepDt given the
force F i of Eq. 2.26 (or Eq. 2.27), this gives

pi (t + Dt/2 ) = pi (t � Dt/2 ) + F i (t)Dt

and r i (t + Dt) = r i (t) +
pi (t + Dt/2 )

mi (t)
Dt ,

(2.34)

where it is noted that the massmi is time-dependent. This dependence is due
to the scaling of masses (Eq. 2.16), which makes them depend on the position
(and thus on time). Using

v i (t � Dt/2 ) = pi (t � Dt/2 )/ mi (t � Dt) (2.35)

and

v i (t + Dt/2 ) = pi (t + Dt/2 )/ mi (t), (2.36)

this leap-frog scheme can be rewritten for the integration in terms of velocities360

as

v i (t + Dt/2 ) =
�

si (t)
si (t � Dt)

� 2

v i (t � Dt/2 ) +
F i (t)
mi (t)

Dt

and r i (t + Dt) = r i (t) + v i (t + Dt/2 )Dt .

(2.37)

The �rst term in the velocity equation ensures that a change of massvia a
change ofs is accompanied by a corresponding velocity adjustment leading to
an unaltered momentum. Note that this integrator is only �rst-order accurate
(error proportional toDt) and not symplectic.360 Symplectic integrators preserve
the volume of the phase space, such that the system stays on the same manifold
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safe for numerical �uctuations.361 As a consequence, symplecticity guarantees a
conserved system Hamiltonian, with �uctuations around its mean that increase
with Dt.362 The leap-frog integrator is only symplectic if the Hamiltonian is
separable into a component which only depends on the positions, and a component
that only depends on the momenta, in which case it is third-order accurate (error
proportional to Dt3). This is not true for the AdSoS scheme, where the kinetic
energy couples the position and momentum coordinates. Although a symplectic
integration scheme for such non-separable Hamiltonians has been proposed,363

its underlying mechanism involves simulating two replicas, which would be
detrimental to the computational e�ciency of AdSoS. Therefore, the integration
scheme of Eq. 2.37 is expected to cause an energy drift in NVE simulations that
scales linearly with the time step.

A thermostat can easily be added to the integrator of Eq. 2.37, as the reference
temperatureTref and its coupling timet T are not a�ected by the scaling. Using
the Berendsen thermostat,364 velocitiesv (t + 1/2 Dt) merely need to be rescaled
with a factor l given by

l (t +
Dt
2

) =

"

1 +
Dt
t T

 
Tref

T(t + Dt
2 )

� 1

!# 1/2

. (2.38)

2.3 METHODS

The AdSoS scheme in slab geometry (without solute) for an atomic liquid
with Lennard-Jones and Coulomb interactions was implemented in a GROMOS-
compatible simulation engine written in C++ (SAMOS221). This implementation
relied on the geometry of Fig. 2.2, the Hamiltonian of Eq. 2.25, the forces of Eq.
2.27, and the modi�ed leap-frog integrator of Eq. 2.37. In a preliminary step,
simulations were also performed for systems with a homogeneous scaling,i.e. a
�xed s-value throughout the computational box, and the Hamiltonian of Eqs.
2.7-2.9. All �oating-point operations were carried out in double precision to limit
the noise induced by numerical errors.

The atomic liquid considered was argon atT = 87 K, with the atomic
massm� = 39 g�mol� 1 and the square-root Lennard-Jones coe�cientsc�

6 =
0.07915kJ�mol� 1�nm� 3 and c�

12 = 3.138� 10� 3 kJ�mol� 1�nm� 6 (taken from
the GROMOS 54A7 force �eld28) at the FG level. Most simulations involved an
atomic chargeq� = 0, as appropriate for liquid argon. To test the scheme for
Coulomb interactions, additional simulations were performed for a hypothetical
argon-based ionic liquid with atomic chargesq� = � 0.05 e at the FG level.
The reference number density for the uncharged FG model, as evaluated by an
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independent NPT simulation at 87 K and 1 bar, isr � = 20.7nm� 3. The same
value was used as a reference for the ionic liquid. All simulations were carried out
under periodic boundary conditions and, unless otherwise speci�ed, at a constant
volume. For comparison, preliminary simulations with homogeneous scaling were
also performed at a constant pressure of 1 bar.

2.3.1 Simulations of Liquid Argon with Homogeneous Scaling

A series of simulations of liquid argon with homogeneous scaling was carried out
to test the validity of the isomorphism relating the FG system to CG systems
constructed by scaling. To this purpose, nines-values ranging from 1 to 5 in steps
of 0.5 were considered, withs = 1 corresponding to the FG system. For eachs-
value, the force-�eld parameters were scaled according to Eq. 2.16, corresponding
to CG models with graining levelsNG ranging from 1 to 125. The corresponding
initial con�gurations were generated by performing a scaling according to Eq. 2.6,
starting from a common computational box containing 1000 FG argon atoms
pre-equilibrated at number densityr � . Note that the initial velocities are scaled
by s (following from the scaling of the mass bys� 2 and of the momenta bys� 1),
and that the number density becomess� 3r � (Eq. 2.21).

Two sets of simulations were then performed considering the nine di�erent
s-values under either NVT or NPT conditions. In both cases, the temperature
was maintained close to 87 K using a weak-coupling thermostat364 (Eq. 2.38)
with a coupling time of 0.1 ps. In the latter case, the pressure was maintained
close to 1 bar using a weak-coupling barostat,364 with a coupling time of 0.5 ps
and a compressibilityk� = 0.0578 bar� 1. The latter value corresponds to the
uncharged FG model, and was evaluated based on independent liquid simulations
at di�erent pressures. The pairwise interactions were evaluated at every step and
truncated at a cuto� distanceR̃c, which scaled withs according to Eq. 2.20,
with R�

c = 1.4 nm at the FG level. The integration time step was set to 2 fs,
and each system was simulated for 1 ns.

2.3.2 AdSoS Simulations of Liquid Argon

For the AdSoS simulations of liquid argon in the slab setup of Fig. 2.2, the
dependence of the scaling factors on the position alongz is represented using a
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Figure 2.3: Schematic illustration of the box partitioning, position-dependent scaling factor,
and expected density pro�les in AdSoS simulations with three di�erent values of smax. The
two panels show: (a) the position-dependent scaling factors(z) as given by Eq. 2.39; (b)
the relative number density r (z)/ r � , where r � is the number density of the FG model. The
latter quantity is expected to scale with s� 3, so that the scaled density r scl (Eq. 2.41, thick
gray line) should have a uniform value of one along the entirez-range, irrespective of the
choice of smax. The �gure also illustrates a hypothetical FG solute (FS) region as the central
half of the FG region (blue strips, z � 1

4dFG and z � Lz � 1
4dFG), used in the analysis of the

simulations to estimate the long-range solvation energy in the AdSoS setup.

piecewise linear function, as illustrated in Fig. 2.3a (see also Appendix Sec. 2.6.2
for alternative choices). The corresponding mathematical expression is

s(z) =

8
>>>>>><

>>>>>>:

1 z � 1
2dFG or z � Lz � 1

2dFG

1 + smax � 1
dSG

(z � 1
2dFG) 1

2dFG < z < 1
2dFG + dSG

smax
1
2dFG + dSG � z � Lz � 1

2dFG � dSG

1 + smax � 1
dSG

(Lz � z � 1
2dFG) Lz � 1

2dFG � dSG < z < Lz � 1
2dFG ,

(2.39)

wheredFG, dSG and dCG are the widths of the FG region, of the two SG regions,
and of the CG region, respectively,Lz is the box-edge length in thez-direction,
and smax is the maximum scaling factor (de�ning the resolution of the CG
region).
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Five smax values ranging from 1 (system entirely FG) to 3 (CG model with
NG = 27) in steps of 0.5 were considered. The box dimensions and partitioning
were kept identical for all choices ofsmax, with Lx = Ly = 7 nm, Lz = 10 nm,
dFG = 2 nm, dSG = 2 nm and dCG = 4 nm. The number of atomsN was
determined for each value ofsmax according to

N = LxLyr �
Z Lz

0
s� 3(z)dz (2.40)

with rounding of the result to the closest even integer. The values ofN range
between 10144 atoms forsmax = 1 and 3080 atoms forsmax = 3 (see Tables
2.3 and 2.4 in the results section). Increasingsmax leads to a smaller number of
atoms in the CG and SG regions, and to largers-gradients in the SG regions. The
values ofLx and Ly were selected in such a way that the CG region still contains
about 150 atoms forsmax = 3. For each value ofsmax, initial con�gurations
were prepared by randomly placing the appropriate numberN of atoms in the
computational box, followed by energy-minimization and 50 ps equilibration at
87 K using temperature constraining.365�367

Two sets of simulations were performed considering the �ve di�erent choices
of smax, and involving either NVE or NVT conditions. The NVE simulations were
carried out for 100 ps using three di�erent time steps of 0.5, 1 or 2 fs. The NVT
simulations were performed for a duration of 1 ns using a time step of 2 fs. The
temperature was maintained close to 87 K using a weak-coupling thermostat364

(Eq. 2.38) with a coupling time of 0.1 ps. For all simulations, the non-bonded
interactions were truncated using a minimum-image convention (no cuto�).

The NVE simulations were only used to assess energy conservation. The NVT
simulations were analyzed in terms of property pro�les and energy components.
Density pro�les r (z) along thez-axis were extracted from the coordinate trajec-
tories using a bin width of 0.05 nm. In the absence of an internal thermodynamic
mismatch between regions at di�erent scaling (and in the absence of a solute),
this function should depend onz asr (z) = s� 3(z)r � (Eq. 2.21), as illustrated by
r (z)/ r � in Fig. 2.3b. In practice, it is convenient to consider the scaled density
pro�le

r scl(z) = s3(z)r (z)/ r � , (2.41)

which is expected to present a uniform value of one over the entire box in an ideal
pure-solvent situation. Temperature pro�lesT(z), which were constructed on-
the-�y using a bin width of 0.1 nm, were also extracted. De�ning a hypothetical
FG solute region (FS) as the central half of the FG region (blue strips in Fig. 2.3),
interaction energies between the FS and the SG+CG regions were monitored
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as an estimate for the long-range solvation energy of this hypothetical solute
in the AdSoS setup. This interaction energy was partitioned in terms of the
di�erent non-bonded contributions, and standard errors on these quantities were
estimated by block-averaging.368

2.3.3 AdSoS Simulations of an Argon-based Ionic Liquid

To investigate the e�ect of Coulomb interactions in the system, the AdSoS
simulations of the previous section were repeated for a hypothetical argon-based
ionic liquid. For this, the argon atoms were assigned a chargeq� of � 0.05 e
at the FG level, positive for half of the atoms and negative for the other half
(allowed by the rounding ofN to an even number in Eq. 2.40). The magnitude
of the charges is su�ciently low to prevent crystallization and avoid artifacts
resulting from the lack of a long-range correction for the electrostatic interactions
(i.e. beyond the applied minimum-image truncation). The setup and analysis of
these simulations is otherwise identical to that of the corresponding simulations
for the uncharged liquid argon.

2.3.4 Correction of Density Artifacts with a Biasing Potential

A series of AdSoS simulations were performed to investigate the feasibility
of correcting residual artifacts in the density pro�les using a biasing potential
constructed according to the LEUS scheme.356 These simulations were performed
for both liquid argon and the argon-based ionic liquid, and relied onsmax = 2
(CG model withNG = 8). Two important modi�cations in the setup led to
a more practically relevant situation. First, the non-bonded interactions were
truncated using a spherical cuto�Rc = 2.8 nm (instead of a minimum-image
convention). Second, the simulations of the ionic liquid relied on reaction-
�eld electrostatics124,129 with conducting boundaryeRF = ¥ (instead of plain
Coulomb interactions).

The biasing potential covered az-range from0 to Lz/2 and was applied
symmetrically with respect to the midpoint of the box (center of the CG region,
see Fig. 2.2). It was constructed as a weighted sum of local truncated-polynomial
functions369 (see Appendix A therein) centered at successive grid points with a
spacing of 0.1 nm. The local-elevation phase lasted 2 ns and involved a force-
constant increment per visit of10� 2 kJ�mol� 1, where the contribution of a given
atom was weighted bys3 in order to arrive at a homogeneous scaled densityr scl
as given in Eq. 2.41. The umbrella-sampling phase lasted 1 ns and relied on a
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Upot (NVT) P (NVT) s3r NPT (NPT)

s [kJ mol� 1] [bar] [nm� 3]

1 -5807.4 5.18 20.677

2 -5807.4 0.65 20.714

3 -5807.2 0.21 20.801

4 -5807.2 0.09 20.959

5 -5807.3 0.04 21.204

Table 2.2: Results for the simulations of liquid argon with homogeneous scaling under
NVT and NPT conditions. The reported values are the total potential energy Upot (NVT),
the average pressureP (NVT), and the average s-corrected number density s3r (NPT).
The potential energies and s-corrected densities have a statistical error on the order of
10� 1 kJ mol� 1 and 10� 3 nm� 3, respectively, as estimated by block-averaging368 (the
statistical error of the pressure amounts to about 7 % of its magnitude).

frozen biasing potential de�ned as an average over the last 1.9 ns of the build-up
phase.

2.4 RESULTS AND DISCUSSION

2.4.1 Simulations of Liquid Argon with Homogeneous Scaling

The results for the simulations of liquid argon with homogeneous scaling under
both NVT and NPT conditions are reported in Table 2.2 for �ve di�erent integer
s-values. The results for the average pressureP (NVT) and for the average
s-corrected densitys3r NPT (NPT) are also shown graphically in Fig. 2.4 (also
including half-integers-values).

Under NVT conditions, the simulations performed at di�erents-values, which
were initiated by scaling the same FG con�guration, are expected to evolve along
rigorously isomorphic trajectories. This means that scaling the initial condition as
r (0) = sr � (0) andv (0) = sv � (0) should imply that at all timest, r (t) = sr � (t)
and v (t) = sv � (t). In addition, all energetic quantities should be una�ected.
This is indeed the case for the total potential energiesUpot with s � 2 (Table
2.2). For the highers-values, small deviations are observed, which can be traced
back to a divergence in the trajectories after a few thousand steps caused by �nite
numerical precision. Note that if the isomorphism is demonstrated here under
NVT conditions (with the proviso of possible numerical deviations), it holds as
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Figure 2.4: Pressure (NVT conditions) or s-corrected density (NPT conditions) upon system
scaling. The two panels show: (a) the pressureP(s) as a function of the scaling factor s
under NVT conditions, where the individual points are from the simulations and the curve
corresponds to Eq. 2.22 with P� = 5.18 bar; (b) the s-corrected number density s3r NPT (s)
as a function of the scaling factor s under NPT conditions, where the individual points are
from the simulations and the curve corresponds to Eq. 2.24 withP� = 1 bar and k� =
0.0578 bar� 1. The results from the simulations are reported numerically in Table 2.2.

well for simulations under NVE conditions,i.e. in the absence of thermostating
(with the same proviso).

The evolutionP(s) of the pressure as a function of the scaling factors under
NVT conditions is displayed in Fig. 2.4a, together with the analytical curve from
Eq. 2.22 withP� = 5.18bar. Note that the latter pressure, which corresponds
to the FG model (s = 1), is somewhat above 1 bar. This results from the very
high sensitivity of the pressure to the exact densityr � selected when setting up
the computational box (i.e. r � is in fact slightly above the density of the liquid
argon model at 1 bar). As expected, the pressure scales with the inverse-cube of
s. Again, slight deviations from the analytical expression are due to trajectory
divergences caused by a �nite numerical precision.

The evolution of thes-corrected densitys3r NPT(s) as a function of the scaling
factor s under NPT conditions at a reference pressurePref set to 1 bar andk� =
0.0578 bar� 1 is displayed in Fig. 2.4b, together with a curve corresponding to Eq.
2.24 with P� = 1 bar. The latter expression provides a �rst-order approximation
to the density change resulting from the pressure change froms� 3P� to Pref.
This corresponds to an increasingly strong compression upon increasings. As a
result, thes-corrected density increases withs. This change is well described by
Eq. 2.24 for lows-values. At highs-values, deviations relative to this estimate
become more important due to the in�uence of higher-order contributions.
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2.4.2 Number of Particles in the AdSoS Simulations

Given the use of identical sizes for the FG region, the two SG regions, and the
CG region of the computational box (Fig. 2.2), the numberN of atoms required
to �ll this box (Eq. 2.40) decreases with the scaling factorsmax de�ning the
resolution of the CG region. The corresponding values are reported in Tables 2.3
and 2.4 (identical for the liquid argon and argon-based ionic liquid). The number
N decreases rapidly upon increasingsmax. For the selected system geometry, the
FG region occupies 20% of the total volume, which imposes a lower bound of
about 2030 FG atoms, corresponding to the limit ofN whensmax becomes very
large. The upper bound of10144atoms corresponds to the system represented
fully at FG resolution,i.e. with smax = 1. This number is already reduced by
about a factor two withsmax = 1.5 (maximal graining levelNG of about 3.4),
and by about a factor 3 withsmax = 3 (NG of 27). If an e�cient algorithm is
used for the calculation of the pairwise interactions,i.e. achieving (nearly) linear
scaling with the system size, the reduction factor in terms of the number of
atoms is expected to provide an equivalent reduction in terms of computational
cost.

2.4.3 AdSoS Simulations of Liquid Argon

The scaled density and the temperature pro�les under NVT conditions, as well
as the energy drifts under NVE conditions, are shown in Fig. 2.5 for the AdSoS
simulations of liquid argon withsmax = 1, 2 or 3. Since the thermodynamic
force (due to the inhomogeneous pressure pro�le along thez-axis) and the drift
force (due to the position dependence of the Hamiltonianvia s in the presence of
an s-gradient) compensate each other on average, the scaled densitiesr scl (Eq.
2.41) are expected to be homogeneous at a value of one throughout thez-range
(Fig. 2.3b). This compensation is only expected to hold in a strict fashion in the
limit of small s-gradients.

As can be seen in Fig. 2.5a,r scl is indeed very close to one throughout the box
(oscillations on the order of 1 %) in the fully FG situation (smax = 1, no solvent-
scaling involved). However, artifacts appear for the choicessmax = 2 or 3, which
involve negative deviation peaks at the FG-SG boundaries, and positive deviation
peaks at the CG-SG boundaries, as well as slight positive deviations over the
SG regions. The magnitudes of the peaks are about 8 % forsmax = 2 (maximal
graining NG of 8) and 15-25 % forsmax = 3 (maximal NG of 27). These peaks
probably result from the stepwise change in the derivative of thes-gradient at the
FG-SG and CG-SG boundaries, and from potential preferential-packing e�ects,
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Figure 2.5: Scaled density and temperature pro�les (NVT) as well as energy drifts (NVE)
for the AdSoS simulations of liquid argon with smax = 1, 2 or 3. For each value of smax

(lines), the three panels (columns) display: (a) the scaled density pro�le r scl (Eq. 2.41) along
the z-axis of the box in the NVT simulation; (b) the temperature pro�le T(z) along the
z-axis of the box in the NVT simulation; (c) the time series of the change in total energy
(total energy minus that of the �rst con�guration) corresponding to three di�erent choices
of integration time steps in the NVE simulations. For the NVT simulations, the reference
density is r � = 20.7 nm � 3, the reference temperature is 87 K, and the integration time step
is 2 fs. The NVE simulations were initiated from a con�guration equilibrated under the NVT
conditions.

which tighten or loosen the arrangement of spherical particles at speci�c ratios
of van der Waals radii. The e�ect of di�erent choices ofs(z) on these density
artifacts is discussed in Appendix Sec. 2.6.2. In spite of these artifacts in the SG
region and at its boundaries, a homogeneous scaled density very close to one
is still achieved in the FG and CG compartments for allsmax, suggesting that
AdSoS might still account appropriately for short- and long-range solvation in
these cases. In addition, as will be shown further below, these artifacts can be
corrected for using an appropriate biasing potential.

The solvent-scaling involved in the AdSoS scheme does not alter the tempera-
ture. As a result, the temperature pro�lesT(z) are expected to be homogeneous
over the entirez-range. As can be seen in Fig. 2.5b,T(z) is very close to 87 K
throughout the box (with variations/oscillations on the order of 0.5 K) in the fully
FG situation (smax = 1, no solvent-scaling involved). For the choicessmax = 2
or 3, the variations inT(z) are on the same order of magnitude, although the
oscillations in the CG compartment (and in the SG compartments close to the
CG region) are noticeably larger, especially forsmax = 3. This increase is related
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smax N utot Usol
6 Usol

12

[kJ mol� 1] [kJ mol� 1] [kJ mol� 1]

1.0 10 144 -5.9044 -241.2 0.896

1.5 5 484 -5.8985 -239.7 0.928

2.0 4 056 -5.8924 -238.6 0.962

2.5 3 424 -5.8896 -240.0 1.014

3.0 3 080 -5.8864 -241.5 1.073

Table 2.3: Energy and energy component analysis for the AdSoS simulations of liquid
argon with smax ranging from 1 to 3 in steps of 0.5. For each smax value, the di�erent
columns report the total number N of atoms in the box given by Eq. 2.40 (applied with
rounding to the closest even integer), the total potential energy utot = N � 1Utot per atom,
the long-range dispersive componentUsol

6 to the solvation of a hypothetical solute, and
the corresponding long-range repulsive componentUsol

12 . The hypothetical solute region
corresponds to the solvent atoms in the FS region (Fig. 2.3), and the long-range solvation
refers to the interaction energy of these atoms with those in the SG and CG regions (Fig.
2.2). Error estimates calculated using block-averaging368 are on the order of magnitude of
� 10� 4, � 10� 1 and � 10� 3, respectively, for utot , Usol

6 and Usol
12 .

to the smaller number of particles in this region upon increasingsmax, leading
to poorer statistics at �nite simulation time. Besides this e�ect, the comparison
shows that the AdSoS modi�cation of the dynamics does not induce any arti�cial
temperature heterogeneities.

The integrator of Eq. 2.37 is expected to be accurate to the third order inDt
for smax = 1 and to the �rst order only forsmax > 1. This is in line with the
increase in the energy drift withDt for smax = 2 and 3 in Fig. 2.5c, while only the
energy �uctuations increase upon increasing the time step for the fully FG system.
Note that the magnitudes of these drifts remain in all cases extremely small
relative to the total energy of the system (about -48, -19 and -15�103 kJ�mol� 1

for smax = 1, 2 or 3, respectively). These energy drifts also decrease when
the integration time step is reduced, which implies the absence of a systematic
(zeroth-order) integration error.

The average potential energyutot per atom, as well as the dispersive and
repulsive componentsUsol

6 and Usol
12 of the long-range solvation energy of a

hypothetical FG solute (interaction of atoms in the FS region of Fig. 2.3 with
atoms in the SG and CG region) are reported in Table 2.3 for AdSoS simulations
with smax values ranging between 1 and 3 in steps of 0.5.

As the solvent-scaling is constructed to preserve the energetic quantities, the
contribution of any atom to the total potential energy of the system should
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in principle be independent of its scaling factor. Here again, this property is
only expected to hold in a strict fashion in the limit of smalls-gradients. In
practice, the value ofutot decreases in magnitude upon increasing the value of
smax. However, the change is extremely small, at most about 0.3 % whensmax

is changed from 1 to 3 (change inNG from 1 to 27).
Finally, the de�nition of a hypothetical solute region permits to test whether

the long-range contribution to the dispersive solvation is properly accounted for
in the AdSoS setup. The valuesUsol

6 are very close to each other, irrespective
of smax, with a slight non-monotonic trend (decrease in magnitude between 1
and 2, increase in magnitude between 2 and 3). The magnitude of the variation
only represents about 1 % ofUsol

6 , supporting the conservation of the long-range
dispersive solvation upon scaling in AdSoS. In contrast, the repulsive contribution
increases withsmax, because the volumetric repulsive component is expected to
increase ass3 upon solvent-scaling (factors6 for the interaction, factors� 3 for
the density). Indeed, the value ofUsol

12 increases systematically withsmax. The
change is important in relative terms, amounting to an increase of about 24 %
betweensmax values of 1 and 3. However, due the short-ranged nature of the
repulsive term inr � 12, its contribution (and the associated change) are negligible
compared to the dispersive component.

2.4.4 AdSoS Simulations of an Argon-based Ionic Liquid

The scaled density and the temperature pro�les under NVT conditions, as well
as the energy drifts under NVE conditions, are shown in Fig. 2.6 for the AdSoS
simulations of the argon-based ionic liquid (chargesq� = � 0.05 e on the atoms
at the FG level) withsmax = 1, 2 or 3. The r scl(z) and T(z) pro�les for the ionic
liquid under NVT conditions, as well the energy drifts under NVE conditions,
are very similar to those obtained for liquid argon in Fig. 2.5, suggesting that
the same qualitative conclusions can be drawn in the presence of electrostatic
interactions in the system.

The average potential energyutot per atom as well as the electrostatic, disper-
sive and repulsive componentsUsol

ele, Usol
6 and Usol

12 of the long-range solvation
energy of a hypothetical FG solute are reported in Table 2.4.

The value ofutot is lower compared to that of liquid argon (Table 2.3) due
to the inclusion of Coulomb interactions that are favorable on average. Again,
the magnitude ofutot decreases slightly upon increasing the value ofsmax, by
about 0.3 % whensmax is changed from 1 to 3. Thus, the Coulomb interactions
satisfy the expected invariance of energy quantities, just as was the case for the
Lennard-Jones interactions.
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Figure 2.6: Scaled density and temperature pro�les (NVT) as well as energy drifts (NVE)
for the AdSoS simulations of the hypothetical argon-based ionic liquid with smax = 1, 2 or
3. For each value ofsmax (lines), the three panels (columns) display: (a) the scaled density
pro�le r scl (Eq. 2.41) along the z-axis of the box in the NVT simulation; (b) the temperature
pro�le T(z) along the z-axis of the box in the NVT simulation; (c) the time series of
the drift in total energy (total energy minus that of the �rst con�guration) corresponding
to three di�erent choices of integration time step in the NVE simulations. For the NVT
simulations, the reference density isr � = 20.7 nm � 3, the reference temperature is 87 K, and
the integration time step is 2 fs. The NVE simulations were initiated from a con�guration
equilibrated under the NVT conditions.

Similarly to liquid argon, the valuesUsol
6 are very close to each other with a

slight non-monotonic trend (variation limited to about 1%), and the repulsive con-
tribution Usol

12 increases systematically withsmax (increase by 19%), but remains
small in magnitude. The values ofUsol

ele are a�ected by large errors, but appear to
be small and positive, suggesting a slightly unfavorable electrostatic solvation of
the FG solute region. In addition, this component increases systematically with
smax. This �nding suggests that the electrostatic component of the long-range
solvation may not be appropriately described for an ionic liquid, because the free
charges scale ass1/2 . A correct scaling is expected for the dielectric solvation by
a molecular liquid, but not necessarily for the free-charge solvation by an ionic
liquid. The sign and trend inUsol

ele may also in part be related to density artifacts
at the FG-SG and CG-SG boundaries.
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smax N utot Usol
ele Usol

6 Usol
12

[kJ mol� 1] [kJ mol� 1] [kJ mol� 1] [kJ mol� 1]

1.0 10 144 -6.4468 0.2 -241.2 0.898

1.5 5 484 -6.4415 0.7 -239.1 0.924

2.0 4 056 -6.4351 2.4 -239.7 0.973

2.5 3 424 -6.4324 2.1 -239.7 1.010

3.0 3 080 -6.4289 3.8 -241.1 1.068

Table 2.4: Energy and energy component analysis for the AdSoS simulations of the argon-
based ionic liquid with smax ranging from 1 to 3 in steps of 0.5. For each smax value,
the di�erent columns report the total number N of atoms in the box given by Eq. 2.40
(applied with rounding to the closest even integer), the total potential energy utot = N � 1Utot

per atom, the electrostatic component Usol
ele to the solvation of a hypothetical solute, the

corresponding long-range dispersive componentUsol
6 , and the corresponding long-range

repulsive componentUsol
12 . The hypothetical solute region corresponds to the solvent atoms

in the FS region (Fig. 2.3), and the long-range solvation refers to the interaction energy
of these atoms with those in the SG and CG regions (Fig. 2.2). Error estimates calculated
using block-averaging368 are on the order of magnitude of � 10� 4, � 1, � 10� 1 and � 10� 3,
respectively, for utot , Usol

ele, Usol
6 and Usol

12 .

2.4.5 Correction of Density Artifacts with a Biasing Potential

Although the AdSoS setup is expected to keep the thermodynamic mismatches
in the system to a minimum (near-ideal mixing properties of scaled atoms at
comparables-values, continuous change ofs with position, appropriate pressure
variations enabled by the drift force), density artifacts may still occur. As seen in
the previous sections, these artifacts a�ect nearly exclusively the SG region as well
as the FG-SG and CG-SG interfaces, and are enhanced by strongs-gradients in
the SG regions. In contrast, the densities in the homogeneous CG and FG regions
as well as the interaction energies do not appear to be signi�cantly altered. In
the following, it is shown that the residual density artifacts can be essentially
eliminated by means of a biasing potential. In addition, the minimum-image
cuto� used in the previous tests is replaced by a spherical-cuto� truncation, as
would be used in practical applications of the method, and the truncation of
electrostatic interactions is damped using a reaction-�eld correction.124,129

Figure 2.7a,b shows the scaled density pro�le and the applied biasing potential
for liquid argon withsmax = 2. In the unbiased case (red curve), the CG and FG
densities are o�set by about 2 % in comparison to the minimum-image setup of
Fig. 2.5a. When using a single cuto� distance for the entire system, the tail of
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Figure 2.7: Scaled density pro�les and applied biasing potential in the AdSoS simulations of
liquid argon and of the hypothetical argon-based ionic liquid with smax = 2. For liquid argon
(a,b) and the argon-based ionic liquid (c,d), the panels show: (a,c) the scaled density pro�le
r scl (Eq. 2.41) along the z-axis of the box in a simulation without (red curve) or with (blue
curve) a biasing potential, as well as the density pro�le in the reference fully FG system
with smax = 1 (black curve); (b,d) the biasing potential applied to the system involving
biasing. In the representation of the biasing potential, the kernel functions are shown in a
color spectrum ranging from yellow to violet. The enveloping blue curve corresponds to the
sum of these kernel functions. Note that the biasing potential covers az-range from 0 to
Lz/2 and is applied symmetrically with respect to the midpoint of the box (center of the
CG region, see Fig. 2.2).

the dispersive interactions, which is omitted, will have a larger magnitude for the
CG particles compared to the FG particles. As a result, one observes a slightly
decreased density in the CG compared to the FG region (see also Appendix Sec.
2.6.2). The minimum-image setup su�ers in principle from the same limitation,
but the e�ective cuto� in the z-direction is 5 nm (compared toRc = 2.8 nm
for the spherical cuto�), which probably explains why the e�ect is negligible
in this case. All these density artifacts (peaks at the interfaces and o�sets) are
essentially eliminated by applying a biasing potential, as can be seen from the
blue curve in Fig. 2.7a. As expected, the biasing potential in Fig. 2.7b re�ects
the main features of the unbiased density pro�le.

The corresponding curves for the argon-based ionic liquid are shown in Fig.
2.7c,d. Considering the high similarity of the results compared to the uncharged
argon liquid, it appears that the presence or absence of small charges in the
system does not have a signi�cant in�uence on the density pro�les.
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2.5 CONCLUSIONS

The aim of this article was to introduce a new approach termed Adaptive
Solvent-Scaling (AdSoS) for performing simulations of a solute embedded in a
FG solvent region (for an accurate representation of the short-range solvation)
itself surrounded by a CG solvent region (for an e�cient representation of
the long-range solvation), with a continuous FG$ CG switching of the solvent
resolution across a bu�er layer. This setup is very similar to the AdResS scheme.
However, instead of interpolating between distinct FG and CG models, the AdSoS
approach scales the dimensions of the FG solvent by a factors, accompanied
by a s-dependent modulation of its mass and interaction parameters. In the
case of homogeneous systems, this modulation is designed to achieve a perfect
isomorphism between the dynamics of the FG model and that of the scaled CG
model, irrespective of thes-value. Time, temperature, and energetic properties
are not a�ected by the scaling. This is not the case for the pressure, which is
reduced upon increasings, accompanied by an increase in the compressibility.
Most importantly, the scaling preserves the volumetric dispersive and dielectric
solvation properties of the solvent relative to a FG solute.

In the context of AdSoS, the system involves interactions between solvent
molecules at di�erent locals-values, and an exact isomorphism to some reference
system can no longer be de�ned. However, the method is still expected to bene�t
from a qualitative similarity with the homogeneous-scaling situation. Although the
AdSoS setup is designed to keep the thermodynamic mismatches in the system
to a minimum by imposing near-ideal mixing properties of scaled molecules at
comparables-values, a continuous change ofs with position and appropriate
pressure variations enabled by the drift force, density artifacts may still occur.
These e�ects are limited and can be corrected by application of a grid-based
biasing potential. This potential should be calibrated in the absence of solute,i.e.
in the situation where solvent homogeneity is expected, and is assumed portable
from system to system,i.e. applicable irrespective of the solute.

The present article provided an initial application of AdSoS to atomic liquids
with Lennard-Jones plus Coulomb interactions in a setup involving the pure liquid
in slab geometry. Future developments will follow three main directions as brie�y
discussed below.

First, a number ofad hocchoices involved in AdSoS may have a signi�cant
in�uence on its accuracy, and should thus be analyzed in more detail. These
include in particular: (i) the functional form selected for the position dependence
of the scaling factors (e.g. piecewise linear as used herevs. smoother curve
choices; see Appendix Sec. 2.6.2); (ii ) the combination rule adopted to de�ne the
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pairwises-factor based on thes-factors of the interacting atoms (e.g. geometric
mean as used herevs. other combination rule); (iii ) the appropriate choice of
smax and of the sizes of the FG, SG, and CG compartments (in relation to the
solute size and properties, the requirement for su�cient FG solvation of this
solute, and the requirement for a negligible contribution of the incorrectly-scaling
Lennard-Jones repulsive term); (iv) the implementation of cuto� truncation of
the non-bonded interactions (e.g. minimum-image or �xed spherical cuto�vs.
s-dependent cuto� ranges).

Second, the scheme should be extended to more practically relevant situations.
These include in particular: (i) molecular dipolar solvents (e.g. water); (ii ) radial
geometries (i.e. spherical layers for FG, SG, and CG regions); (iii ) inclusion
of a solute (e.g. membrane in the slab geometry, and ion, dipole or peptide
in a radial geometry). These extensions have already been explored, and will
be reported in a forthcoming article. In the context of water, they involve in
particular the use of a per-molecule (rather than per-atom) scaling factor, the
adjustment of the procedure to enforces-dependent bond-length constraints,
and the introduction of a second biasing potential correcting for small artifacts
in the dipolar orientation.

In addition, two more challenging methodology developments should be tackled,
namely: (i) how to generalize the approach to aqueous solutions at �nite ionic
strengths; (ii ) how to generalize the approach to simulations performed at
constant pressure. The �rst issue is challenging considering that the interaction
between FG solute charges and ionic charges in the CG region will scale withs1/2 ,
thereby altering the interactions of a solute with its counter-ion environment. The
second issue is non-trivial as well considering the inhomogeneity of the system
pressure. Finally, it may be of interest to investigate the feasibility of �exible-
boundary271,370 (rather than �xed-boundary) as well as distance-based371,372

(rather than position-based) variants of the scaling.

2.6 APPENDIX

2.6.1 Hamiltonian derivatives

In this Appendix, the expressions of Eqs. 2.11 and 2.12 for the three terms in
Eq. 2.10 are derived explicitly in the context of an atomic liquid with Lennard-
Jones plus Coulomb interactions. The derivations follow from the Hamiltonian
expression of Eq. 2.7 with its two terms given by Eqs. 2.8 and 2.9, along with
the scalings of Eq. 2.6.
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For the second term in Eq. 2.10, one �nds
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with the kinetic energyK de�ned in Eq. 2.17. Finally, for the third term of Eq.
2.10, one �nds
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where the last equality follows from Eq. 2.13. As expected, the three terms cancel
each other in the sum of Eq. 2.10. The third term accounts for the explicit
s-dependence of the Hamiltonian, and is the only one relevant in Eq. 2.19.

2.6.2 E�ect of di�erent scaling functions and cuto� schemes

Figure 2.8 investigates the e�ect of the cuto�, the time step, the width of the SG
layer and of the choice of the scaling functions(z) on the AdSoS density pro�les.
The magnitude of the density artifacts does not change considerably between the
di�erent s(z) functions. In all cases, these artifacts are most pronounced in the
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Figure 2.8: Scaled density pro�les for AdSoS simulations of liquid argon with smax = 2.
Three di�erent functions for s(z) are compared: the piecewise-linear function of Eq. 2.39,
a sine function263 (see Eq. 1 therein), and the ONIOM-XS function.373 Unless otherwise
indicated, the integration time step is 2 fs. The successive columns correspond to: (a) results
obtained with a minimum-image cuto�; (b,c) interactions truncated at 2.8 nm. In (a) and
(b) the boundary layer dSG is set to 2 nm, whereas in (c) it is set to 3 nm.

regions of high curvature of the corresponding switching function. Even though
the sine function263 (and ONIOM-XS373) cancel the 1st (and 2nd ) derivative(s)
at the boundaries, the density artifacts are merely shifted towards the center of
the SG regions.

The time step does not play a measurable role in the context of the piecewise-
linears-gradient, as can be seen in the upper row of Figure 2.8b. When switching
from minimum image cuto� (Fig. 2.8a) to a spherical cuto� at 2.8 nm, the FG
and CG densities are no longer aligned, as the dispersive interactions of the CG
atoms are more a�ected by the truncation compared to those of the FG atoms.
The magnitude of density artifacts signi�cantly decreases upon broadening of
the SG layer (Fig. 2.8c) due to the decrease in the magnitude of thes-gradient.





3
Simulation of aqueous solutes

using the Adaptive Solvent-Scaling
(AdSoS) scheme

A method is more important than a discovery, since
the right method will lead to new and even more
important discoveries.

� Lev Landau

The Adaptive Solvent-Scaling (AdSoS) scheme is an adaptive-resolution
approach for performing simulations of a solute embedded in a �ne-grained
(FG) solvent region itself surrounded by a coarse-grained (CG) solvent
region, with a continuous FG$ CG switching of the solvent resolution
across a bu�er layer. Instead of relying on a distinct CG solvent model,
AdSoS relies on CG models de�ned by a dimensional scaling of the FG
solvent by a factors, accompanied by as-dependent modulation of its mass
and interaction parameters. The latter changes are designed to achieve
an isomorphism between the dynamics of the FG and CG models, and to
preserve the dispersive and dielectric solvation properties of the solvent
with respect to a solute at FG resolution. As a result, the AdSoS scheme
minimizes the thermodynamic mismatch between the di�erent regions of
the adaptive-resolution system. The present article generalizes the AdSoS
approach, initially introduced for pure atomic liquids in slab geometry, to
more practically relevant situations, involving: (i) molecular dipolar solvents
( e.g. water); (ii ) spherical geometries (i.e. appropriate for globular solutes);
(iii ) inclusion of a solute (in the spherical geometry,e.g. dipole, peptide or

67



68 The AdSoS scheme for water

ion). In particular, it is shown that residual density and polarization artifacts
in and at the surface of the boundary layer can be easily be corrected
by means of grid-based longitudinal and orientational biasing potentials
constructed in a preliminary pure-solvent simulation.

3.1 INTRODUCTION

Classical molecular dynamics (MD) simulations carried out at fully atomistic reso-
lution are computationally intensive, resulting in severe limitations concerning the
accessible system sizes and timescales. One approach to reduce this computational
cost relies on the use of coarse-grained (CG) models,179,222,226,227,231,280�287

where the resolution of the solute and/or solvent is reduced from individual
atoms to beads representative of small groups of atoms. An early example of
this approach is the use of united-atoms to represent the aliphatic CHn group as
a single interaction site.288 United-atoms are often employed in models that are
otherwise at fully atomistic resolution, and the word �ne-grained (FG) will be
used here to denote models at (united-)atom resolution.

Numerous multi-scaling methods223,226�232 have been developed to combine
FG and CG representations within the same calculation, with the goal of striking
a favorable balance between the higher accuracy of the FG resolution and the
higher e�ciency of the CG resolution. Among these, mixed- or adaptive-resolution
approaches are based on FG and CG regions coexisting spatially within the same
system.

Considering a single solute in a given solvent (e.g. hydrated macromolecule
or lipid bilayer), a particularly interesting combination of this type relies on
embedding the FG solute in a FG solvent region itself surrounded by a CG
solvent region, the two regions being separated by a bu�er layer permitting
FG$ CG mixing or interconversion.228,263,269,271,272,293,295�300 Compared to a
direct solvation of the FG solute in the CG solvent, this combination provides a
much more accurate FG treatment of the short-range solvation.271,293,297,301�311

On the other hand, considering that solvent-solvent interactions in the bulk are
typically determinant in terms of computational costs, it is also expected to
retain most of the e�ciency gain associated with a CG resolution of the solvent.
Another key advantage of this setup is that it only requires the design of a CG
model for the solvent, which is generally much easier than the corresponding task
for the solute. In practice, the computational gain will depend on the number
NG of FG molecules mapped to a single CG solvent bead (level of graining),
and on the numberNS of interaction sites associated with the CG bead. In the
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context of CG water models,281,331�343 typical values ofNG and NS are in the
ranges of 1-10 and 1-3, respectively.

In the mixed-resolution variant, the FG and CG molecules are allowed to mix
in the bu�er layer.271,272,293,295�297 The extent of mixing is typically controlled
by means of attractive and/or repulsive restraints relative to the solute. In the
adaptive-resolution variant,263,269,298,299 the FG and CG particles interconvert
into each other as they go through the bu�er layer. WhenNG = 1, this can be
achieved by morphing,i.e. interpolating between the interaction potentials or
forces of the FG and CG models using a coupling variable that varies continu-
ously with position across the bu�er layer. WhenNG > 1, the transformation
maps unequal numbers of solvent molecules, and may be combined with a
bundling scheme that associates clusters of nearby FG molecules to a single CG
bead.299,300,312�315

The most popular adaptive-resolution schemes relying on morphing across a
�xed bu�er layer are the Adaptive Resolution Simulation (AdResS) scheme264,265,316�318

and its Hamiltonian (H-AdResS) variant232,263,266,269,298�300,312,319�321 (see also
Refs. 228, 322�329 for related schemes). Here, the bu�er region is de�ned by
an internal (FG to bu�er) and an external (bu�er to CG) boundary, both of
which are �xed in space relative to the solute. Between the two boundaries, the
resolution of a solvent particle changes progressively according to a switching
parameterl that is a continuous function of position, and evaluates to1 (full FG)
and to 0 (full CG) at the inner and outer boundaries, respectively. The switching
is applied to the forces in AdResS (thereby enforcing the validity of Newton's
third law) or to the Hamiltonian in H-AdResS (thereby enforcing conservation of
the total energy).

Adaptive-resolution schemes relying on a bu�er layer with FG$ CG solvent
interconversion (as well as the closely related mixed-resolution schemes) have
three main shortcomings:374 (i) for a given choice of solvent, they rely on a unique
graining levelNG that must be selected prior to the design of a CG model; (ii )
this CG model must be parametrized, which is a non-trivial task; (iii ) the limited
compatibility between the FG and CG representations induces boundary artifacts.
The latter artifacts347,374,375 can be eliminated by application of di�erent types
of corrections, including a biasing of the chemical potential,317,319�321,328 forces
along the local density-gradient.265,318,376

In a recent article374 we introduced a simple and elegant approach to derive
CG models of arbitrary graining levels directly based on a given FG solvent model.
The mapping involves a scaling of the spatial dimensions by a factors, with
the FG model corresponding tos = 1, along with a correspondings-dependent
adjustment of the force-�eld parameters of the solvent molecule. The latter
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changes are designed to achieve an isomorphism between the dynamics of the FG
and CG models, and to preserve the dispersive and dielectric solvation properties
of the solvent with respect to a solute at FG resolution. For a given value of
s, the CG model thus represents a �blown up� version of the FG model with a
graining levelNG = s3, which involves the same numberNS of interaction sites
in the same angular geometry, but di�erent bond lengths and atomic interaction
parameters. In this respect, it is interesting to note that a �blown-up� water-
like aspect has been selected empirically in a few existing three-site CG water
models.336,341,342 The scaling approach o�ers a number of advantages compared
to traditional coarse-graining: (i) the CG parameters are immediately related to
those of the FG model (no need to parametrize a distinct CG model); (ii ) nearly
ideal mixing is expected for CG variants with similars-values (ideal mixing holding
in the limit of identical s-values); (iii ) the solvent relaxation timescales should
be preserved (no dynamical acceleration typical for coarse-graining349�351 ); ( iv)
the graining levelNG can be chosen arbitrarily (i.e. NG = s3 is not necessarily
an integer); (v) this level can be varied continuously as a function of the position
in an adaptive-resolution scheme (without requiring a bundling mechanism).

Based on these ideas, we proposed a new adaptive scheme called Adaptive
Solvent-Scaling (AdSoS), where the parameters governing the scaling of the
solvent varies as a function of the position of a solvent molecule in space. Starting
from s = 1 in the FG region close to the solute, the value ofs is progressively
increased across a bu�er layer to reach a valuesmax, which is then kept constant
in the long-range CG region. By construction, the AdSoS scheme minimizes
the thermodynamic mismatch between the di�erent regions of the adaptive-
resolution system, leading to a nearly homogeneous scaled solvent densitys3r .
Residual density artifacts in and at the surface of the boundary layer can easily be
corrected by means of a grid-based biasing potential constructed in a preliminary
pure-solvent simulation.

The original article374 provided an initial application AdSoS considering a simple
monoatomic solvent (no solute) with Lennard-Jones plus Coulomb interactions in
a slab geometry. The goal of this article is to extended the AdSoS scheme to more
practically relevant situations, involving a molecular dipolar solvent (e.g. water),
a radial geometry (i.e. spherical rather than planar layers), and the inclusion of a
solute (e.g. solute water molecule, ion or dipeptide).

3.2 THEORY

The solvent-scaling approach for the de�nition of CG solvent models with arbitrary
graining levels, and the implementation of this approach into an adaptive-
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resolution scheme (AdSoS), have been described in details in a previous article.374

This information is only brie�y summarized below, and the reader is referred to
the original publication for more details. The main focus of the next three sections
are to generalize AdSoS to: (i) a molecular solvent; (ii ) a solute-solvent system
in spherical geometry; (iii ) a correction potential including an orientational
component.

In the generalization from an atomic to a molecular solvent, the choice is
made here to apply a common value of the scaling factors (determined by the
position of a speci�ed reference point in the molecule) to all the atoms within the
molecule. This choice is considered more appropriate than to use distinct scaling
factors for the di�erent atoms (determined by their own position) because it is
consistent with a linear scaling of interatomic distances (bonds) that preserves
the angular structure (bond angles, dihedral angles) of the solvent molecules
upon scaling. For simplicity, it is also assumed that the selected FG solvent
model is entirely rigid (no intramolecular interactions), and that its speci�cation
is complemented by the selection of a reference atom (e.g. oxygen atom for a
rigid water model).

3.2.1 AdSoS Scheme for a Solvent Molecule

In the solvent-scaling approach, the CG representation of a given FG solvent
model is de�ned as a scaled version of this FG model. The transformation is
controlled by a scaling parameters that can be varied continuously, and de�nes
the amount of (isotropic) stretching in the e�ective size of the solvent molecule
along each Cartesian dimension. The values = 1 corresponds to the original FG
model, while valuess > 1 lead to a continuum of CG models with increasing
graining levelsNG = s3. In the context of a molecular solvent, the numberNS of
interaction sites is preserved as well as their angular geometry, while the e�ective
size is increasedvia a scaling of the bond lengths and van der Waals radii.

As detailed in the previous article,374 the scalings of the di�erent system
propertiesa� (force-�eld parameters, con�gurational variables, thermodynamic
observables) follow equations of the form

a(s) = snaa� , (3.1)

where a� refers to the property of the unscaled system. The exponentsna

corresponding to the most important system properties are summarized in Table
3.1.



72 The AdSoS scheme for water

na parameter con�guration observable

� 3 r , P

� 2 m

� 1 F, p

0 qo, eRF t H ,U,K ,W, T, e

1/2 q

1 bo r, v

3 c6 V k

6 c12

Table 3.1: Dependence of system properties on the scaling factor. The exponentna controlling
the scaling of a property a based on the scaling factors via Eq. 3.1 is reported for the
most important properties. The force-�eld parameters considered are the mass (m), the
reference bond lengths (collectively notedbo), the reference bond angles or dihedral angles
(collectively noted qo), the Lennard-Jones parameters (c6 and c12), the charge (q), and the
reaction-�eld permittivity ( eRF). The Lennard-Jones parameters correspond to single-atom
root-mean-square dispersion and repulsion coe�cients, respectively. Their products determine
the magnitude of the corresponding interactions for two given atoms (geometric-mean
combination rule353,354). The con�gurational variables considered are time (t), coordinate
(r), volume (V), velocity ( v), momentum ( p) and force (F). The thermodynamic observables
considered are Hamiltonian (H ), kinetic energy (K ), potential energy (U), virial ( W),
temperature (T), pressure (P), number density (r ), isothermal compressibility (k) and
relative dielectric permittivity ( e).

In the AdSoS scheme,374 the scaling factorsi of a solvent moleculei is adapted
on-the-�y, based on the position vectorRi of its reference atom within the system,
i.e.

si = s(R i ) . (3.2)

Typically, a s-value of one will be used in the immediate neighborhood of a FG
solute, and then progressively increased as a function of the distance from this
solute. The interaction parameters of the molecule are then determined by Eq.
3.1 based on the local valuesi of the scaling factor,i.e.

ai (si ) = sna
i a�

i (3.3)

whereai can bemi , bo,i , qo,i , c6,i , c12,i or qi and the exponentsna are given in
Table 3.1. For the con�gurational variables and the thermodynamic observables,
the scalings of Eq. 3.1 only hold exactly in the context of systems with a
homogeneouss-value.374 However, they are expected to hold approximately in
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the AdSoS setup, provided that thes-gradients within the system are su�ciently
low. Note, in particular, that the energetic quantities (including the temperature),
the relaxation times, and the dielectric permittivities are all invariant upon scaling.

The AdSoS Hamiltonian reads

H (r , p) = K (r , p) , + Ucov(r ) + Uele(r ) + Uvdw (r ) , (3.4)

wherer and p are the atomic position and momentum vectors, respectively,K
is the kinetic energy, andUcov, Uele and Uvdw are the covalent, electrostatic
and van der Waals potential energies, respectively, The kinetic energy, which
depends here on position (via si ) as well as on momenta, is given by

K (r , p) = å
i

p2
i

2mi (si )
, (3.5)

In the context of a rigid solvent molecules (no intramolecular interactions) and
given that the solute is restricted to the FG compartment of the box, the covalent
interaction term is not a�ected by the solvent-scaling scheme. The electrostatic
potential energyUele corresponds to Coulomb352 interactions with a reaction-�eld
correction,124,129 and is given by
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whereeo is the permittivity of vacuum,r i j = r i � r j is the vector connecting
atom j to atom i, r i j = jr i j j the corresponding interatomic distance,eRF the
reaction-�eld permittivity, andRc the cuto� distance. The van der Waals potential
energyUvdw corresponds to a Lennard-Jones function150 with a geometric-mean
combination rule,353,354 and is given by
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Eqs. 3.4-3.7, together with Eq. 3.3, thena exponents listed in Table 3.1, and a
speci�cation for the functions in Eq. 3.2, provide the framework of the AdSoS
scheme.

The Hamiltonian of Eq. 3.4 depends on the atomic positions not only explicitly,
but also implicitly,via the position-dependence of the functionsi . The force on
a particle i is given by
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The �rst term in the above equations represents the physical pairwise force
acting along the interatomic vector. The second term represents a so-called drift
force,266�269 which is only present in regions wheres varies, and acts along the
correspondings-gradient. The detailed expressions for the forces associated with
the terms of Eqs. 3.5-3.7 are provided in Appendix Sec. 3.6.1.1.

The inclusion of the drift force in the dynamics of AdSoS is essential to
prevent the occurrence of density artifacts. As shown previously,374 this force
compensates on average for the thermodynamic driving force resulting from a
heterogeneous pressure in the system (P(s) = s� 3P� ). Because the pressure
heterogeneity is maintained by the action of the drift force, a volume element
of CG solvent at scalings is in equilibrium at the pressures� 3P� that leads to
the appropriate number density (r (s) = s� 3r � ). Note that this compensation
only holds strictly in the limit of a su�ciently large number of molecules and of
su�ciently small s-gradients in the system.

Owing to the time-dependence of the masses (via the position-dependence
of si ), the leap-frog integrator359 must be adapted to the AdSoS situation. The
adjusted version can be derived directly from the Hamiltonian equations,360,374

v i (t + Dt/2 ) =
�

si (t)
si (t � Dt)

� 2

v i (t � Dt/2 ) +
F i (t)
mi (t)

Dt (3.9)

r i (t + Dt) = r i (t) + v i (t + Dt/2 )Dt, (3.10)

wherev are the atomic velocities,F the forces andDt the integration step. The
corresponding adaptation of the SHAKE algorithm46 to the AdSoS scheme is
outlined in Appendix Sec. 3.6.1.1.

3.2.2 System Geometries

As illustrated in Figure 3.1, two di�erent system geometries are considered for the
implementation of AdSoS, namely slab and spherical geometries. Both involve a
computational box simulated under periodic boundary conditions. For simplicity,
the discussion is restricted here to a rectangular box for the slab geometry, and to
a cubic box for the spherical geometry. The three Cartesian directionsa = x, y, z
are associated with unit vectorsea and box-edge lengthsLa. In slab geometry,
the special direction is thez-direction. In spherical geometry, the edge length
of the cubic box is simply notedL. In both cases, the box is partitioned into
three di�erent regions: (i) the FG region, which contains the solute surrounded
by unscaled solvent molecules; (ii ) the SG region, where the scaling factor is
progressively increased from 1 tosmax; (iii ) the CG region, where the solvent is
homogeneously scaled ats = smax. The widths of these regions are noteddFG,
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dSG and dCG, respectively. In the slab case, the system includes two SG regions
of widths dSG, so that Lz = dFG + 2dSG + dCG In the spherical case,dFG refers
to the diameter (twice the radius) of the FG region, anddCG represents twice the
minimum distance between the start of the CG region and the wall (or the the
minimum width of the CG regionvia periodicity), so thatL = dFG + 2dSG+ dCG
The equations below assume that the representative periodic copies of the solvent
molecules are selected as minimum-image positions relative to the center of the
computational box.

In both geometries, an absolute position vectorr within the box is converted
to a unitless relative position vectora that will serve to de�ne thes-value and
its gradient. In slab geometry, the vectora is de�ned as

a(r ) = L� 1
z

�
rz �

Lz

2

�
ez (slab) . (3.11)

The magnitude ofa is zero in the(x, y, Lz/2 ) plane and increases with the
distance from this plane up to a maximum of1/2 . The direction ofa is along
� ez at the left and + ez at the right of the plane. In spherical geometry, the
vector a is de�ned as

a(r i ) = L� 1 å
a= x,y,z

�
ra �

L
2

�
ea (spherical) . (3.12)

The magnitude ofa is zero at the box center
�
Lx/2, Ly/2, Lz/2

�
and increases

with the distance from this point up to a maximum of31/2 /2 at the cube corner.
The direction ofa is always along the vector connecting the box center to the
particle. In both geometries, the relative distancea is de�ned as the norm ofa.

The dependence of the scaling factors on the positionr within the box is
formulated in terms of the relative distancea(r ) as

s(r ) = w(a(r )) (3.13)

with

w(a) =

8
>>>><

>>>>:

1 a < 1
2dFG

sin2
�

p (a� 1
2 dFG)

2dSG

�
1
2dFG < a < 1

2dFG + dSG

smax a > 1
2dFG + dSG.

(3.14)
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Figure 3.1: Schematic representation of the box partitioning in AdSoS for the the slab (top)
and spherical (bottom) geometries. The FG region is marked in red, the SG region in dark
blue and the CG region in light blue. The widths dFG, dCG and dSG of the di�erent regions
are also indicated. The scaling factor is modulated according to Eq. 3.14.

wheredX (with X = FG, CG or SG) is equal todx/ Lz in slab geometry and to
dX / L in the spherical case. The gradient of the scaling function can be obtained
using the chain rule based on Eqs. 3.13 and 3.14, namely

ds
dr

=
dw
da

da
dr

(3.15)
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3.2.3 Adaptive Biasing Potential

In principle, the AdSoS setup is designed to keep the thermodynamic mismatches
in the system to a minimum by imposing near-ideal mixing properties of molecules
at comparables-values, a continuous change ofs with position and appropriate
pressure variations enabled by the drift force. However, variations ofs may still
cause artifacts, which are expected to become increasingly pronounced for large
s-gradients. Additional causes for such artifacts may include: (i) the use of an
ad hocgeometric-mean rule to combine thesi and sj factors within the pairwise
interactions; (ii ) speci�c close-range packing and orientation alterations between
the solvent molecules in (or close to) regions presentings-variations; (iii ) the
use of cuto� truncation in the calculation of the non-bonded interactions. In the
context of an atomic solvent,374 artifacts concern only the density, and a�ect
nearly exclusively the SG region as well as the FG-SG and CG-SG interfaces, and
are enhanced by strongs-gradients. In the context of a molecular solvent (this
work), one has also to consider the possibility of artifacts in the polarization
of the solvent molecules. In practice, both types of artifacts are expected to
remain limited in the case of su�ciently lows-gradients, and can be corrected by
application of longitudinal (for the density) and orientational (for the polarization)
grid-based biasing potentials. This potential should be calibrated in the absence
of the solute,i.e. in the situation where solvent homogeneity and isotropy is
expected, and is then assumed portable from system to system,i.e. applicable
irrespective of the solute.

In the present work, these biasing potentials are constructed using the local-
elevation umbrella-sampling (LEUS) approach,356 where a biasing potential is
represented as a weighted sum of local basis functions. A �rst local-elevation357

phase involves the non-equilibrium build-up of the biasing potential. A second
umbrella-sampling phase358 involves the equilibrium sampling of the system using
a frozen biasing potential. Note that such a biasing potential is expected to be
speci�c to a given AdSoS setup,i.e. system geometry, choice of solvent, value of
smax, sizes of the box compartments, and choice of thes(z) function. Here, we
chose a cubic B-spline kernel function,377,378

G(x) =

8
>>><

>>>:

(2 � j xj3)/6 1 � j xj � 2

x2(jxj � 2)/2 + 2/3 0 � j xj � 1,

0 otherwise

(3.16)

The longitudinal biasing potential for correcting density artifacts is constructed
along the relative distancea for the corresponding system geometry (Eqs. 3.11
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and 3.12). The distance coordinate is split into a one-dimensional grid, with
the grid pointsk = 1...K. Each grid point is the origin of a kernel functionG
(Eq. 3.16). The longitudinal biasing potential energy functionUr to correct the
density is applied to the reference point of each solvent moleculeR m and reads

Ur (r ) = br

M

å
m

K

å
k

wr ,kG
�

1
w

a(R m) � ak

Dk

�
, (3.17)

wherem = 1...M are the molecules coupled to this biasing potential,br is the
force constant, which determines the rate of the build-up,ak and wr ,k are the
(relative) distance coordinate and weight associated with grid pointk, w is
the kernel width in grid units andDk = max(a)/ K is the grid spacing. The
algorithms for constructing and applying the biasing potential from Eq. 3.17
are outlined in Appendix Sec. 3.6.1.2. There are two main di�erences in this
biasing procedure compared to the standard LEUS procedure.356 First, all solvent
molecules are coupled to the same biasing potential through their reference atom,
whereas the bins alonga may have di�erent volumes. For this reason, a set of
volumetric factors are introduced

vk =
Z L

0
Q(a(r ) � kDk) � Q(a(r ) � (k + 1)Dk)dr , (3.18)

with Q being the Heaviside step function. These volumetric factors are used for
the normalization of the density at a given grid point. The second di�erence is
that the weight increments need to be multiplied bys3(r ) to account for the
scaling of the number density.

The orientational biasing potential energy functionUm to correct the polariza-
tion is applied to all all solvent atomsi = 1...N with a charge-weighting

Um(r ) = bm

N

å
i

qi

K

å
k

wm,kG
�

1
w

a(r i ) � ak

Dk

�
=

N

å
i

qiF m,i (r i ), (3.19)

with F m,i being the electric biasing potential acting on atomi

F m,i (r i ) = bm

K

å
k

wm,kG
�

1
w

a(r i ) � ak

Dk

�
. (3.20)

The biasing potentialUm is coupled tomr , which is the projection of the local
dipole moment vector� (r ) onto the relative position vectora

mr (r ) =
a(r ) � � (r )

a(r )
. (3.21)
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Compared to a homogeneous isotropic system, the presence of an interface, which
distorts the orientational pro�le, can be seen as a local electric �eld acting on
the molecular dipoles. The purpose ofUm is thus to apply an electric �eld, which
cancels the electric �eld induced by the interface. From classical electrostatics,
the relation between potential energyU, electric potentialF , and electric �eld
E is given by

U = � � � E = � å
i

qi r i � E i � å
i

qiF i . (3.22)

The electric potential is de�ned as a line integral of the electric �eld,

F (r) = �
Z

C
E � dr , (3.23)

and therefore the approximation in Eq. 3.22 holds if the �uctuation in the
local electric �eld over the size of the molecule is negligible. When constructing
the biasing potential,mr is calculated using Eq. 3.21. Settingmr equal to the
projection of the electric �eld ontoa, the electric potential along the distance
coordinateF (r) can be obtained with Eq. 3.23. Finally,Um is applied according
to Eq. 3.19. More details on the algorithmic procedures can be found in Appendix
Sec. 3.6.1.2.

In contrast to the LEUS approach,356 which relies on a damping of the build-
up rate (similar to well-tempered metadynamics379) during the LE phase, the
present scheme relies on a constant build-up rate in the LE phase (which leads to
oscillations in the weights) and the biasing potential for the US phase is de�ned
by averaging the weights over the end of the build-up phase.

3.3 METHODS

3.3.1 Computational Details

The AdSoS scheme was implemented into the GROMOS simulation program.130

The solvent considered was water, with the parameters of the simple point charge
(SPC) model.79 The molecule is entirely rigid, and its reference point was selected
to be the oxygen atom. The parameters for the various solutes were taken from
the GROMOS 54A7 force �eld.28

The initial con�gurations for pure-liquid simulations were obtained by randomly
placing M water molecules in the computational box. The number of molecules
M was determined according to

M = r �
Z Lx

0

Z Ly

0

Z Lz

0
s� 3(x, y, z) dx dy dz , (3.24)
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wherer � = 32.5nm� 3 is the bulk number density of liquid water at 298.15 K
and 1 bar, ands the scaling function de�ned by Eq. 3.13.

Simulations in slab geometry were carried out for three possible choices ofsmax,
namely 1.0, 1.5 and 2.0. They relied on a rectangular computational box with
Lz = 10 nm containingM water molecules, with the the partitioningdFG = 2.0
nm, dSG = 2.0 nm and dCG = 4.0 nm (Fig. 3.1, left). For smax = 1.0 (FG
reference system), the parameters wereLx = Ly = 2.5 nm and M = 2031. For
smax = 1.5, they wereLx = Ly = 4 nm and M = 2859. For smax = 2.0, they
wereLx = Ly = 6 nm and M = 4890. The relative positiona was set according
to Eq. 3.11.

Simulations in spherical geometry were carried out for two possible choices
of smax, namely 1.0 and 2.0. For the reference simulations withsmax = 1 (fully
FG), a small cubic box with edge lengthL = 3 nm containingM = 877 water
molecules (FG/S) as well as a large cubic box with edge lengthL = 3 nm
containing M = 16640 water molecules (FG) were considered. The AdSoS
simulations relied on a cubic box with edge lengthL = 8 nm containingM =
2732water molecules, with the partitioningdFG = 2.0 nm, dSG = 2.0 nm and
dCG = 2.0 (Fig. 3.1, right). The relative positiona was calculated using Eq.
3.12.

All simulations were carried out in the canonical (NVT) ensemble at 298.15 K
using a weak-coupling thermostat364 with 0.1 ps coupling time. The equations
of motion were integrated with a time step of 2 fs. The full rigidity of the water
molecules was maintained using three distance constraints, enforced using the
SHAKE algorithm46 with a relative geometric tolerance of10� 12. This tolerance
was chosen smaller than usual (which is around 10� 4) in order to rule out
the possibility of artifacts due to unequal noise at di�erent scaling. The non-
bonded interactions were evaluated on the basis of charge-group truncation at
a single-range cuto� distanceRc, based on a pairlist updated every step. The
reaction-�eld correction124,129 was applied with a permittivityeRF set to 61.

To assess the in�uence of the cuto�, the simulations were performed considering
di�erent cuto� radii Rc. For the FG reference systems (smax = 1, both slab
and spherical geometries),Rc was set to 1.2 and/or 1.4 nm (in some cases also
2.4 nm). In the scaled setup (smax = 1.5 and 2.0), the values considered are
Rc = 1.8 nm for smax = 1.5, and Rc = 2.0, 2.4 or 2.8 nm in case ofsmax = 2.0.
The use of larger cuto� distances in the AdSoS setup (relative to the value of
1.4 nm typically employed from FG simulations using GROMOS) is rendered
necessary by the linear scaling of distances (Table 3.1), which leads to an e�ective
interaction range reduced toRc/ smax in the CG region.
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Prior to production, the pure-liquid systems were subject to energy minimization
with harmonic bonds (scaling of the force constantk with s as kb(s) = s� 2k�

B),
followed by a minimization with rigid bonds, and by 0.1 ns equilibration. Unbiased
simulations were carried out for 10 ns, and the coordinates were written out every
100 steps. In spherical geometry, the oxygen atom of one water molecule was
additionally restrained to the center of the box with a harmonic force constant
of 104 kJ mol� 1 nm� 2.

The build-up of the biasing potentials for the density in Eq. 3.17 and orien-
tations in Eq. 3.19 was carried out for 20 ns, and the biasing potentials used
in the US phase were de�ned as averages over the last 15 ns of the LE phase.
For the density bias, the force constant was set tobr = 10� 2 kJ mol� 1 and the
kernel widthwr in grid units to 1. The orientational bias relied onbm = 10� 5

kJ mol� 1 and wm = 2. In slab geometry, the number of grid points was set
to K = 51 (resulting in Dk = 0.1 nm). In spherical geometry it was set to
K = 73 ( DK = 0.096nm). In the production runs of 10 ns length, the averaged
biasing potentials were frozen. The build-up was carried out separately for each
distinct cuto�. In spherical geometry, the build-up was carried out without the
aforementioned position restraint on the center water molecule. Note that both
(longitudinal and orientational) bias potentials were always built up and applied
simultaneously. From here on, we will refer to these two biases collectively unless
explicitly stated otherwise.

Simulations of capped alanine dipeptide in spherical geometry were set up by
replacing eight central water molecules in the pre-equilibrated cubic box. The
Ca atom of the dipeptide was restrained to the box center with a harmonic
force constant of105 kJ mol� 1 nm� 2. The resulting system was equilibrated
for another 0.1 ns. Con�gurations were written out every 500 steps for a total
sampling time of 100 ns. Simulations were carried out with and without the
biasing potentials. The same biasing potentials as constructed for the pure water
system were applied.

Simulations of an ion in spherical geometry were set up by replacing the central
water molecule in the pre-equilibrated cubic box. with a Na+ or a Cl� ion, which
was positionally constrained to the box center. The biasing potentials were again
taken from the corresponding pure-liquid simulations. Sampling was carried out
for 10 ns. Free-energy calculations also relied on 1 ns simulations performed with
jqj = 0.05, 0.5 and 0.75e ion charge (instead of the full charge).
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3.3.2 Analyses

Density pro�les were calculated by time-averaging the scaled number density
s3(z)r (z) in slab geometry (over the range[0,Lz]) and (4p r2) � 1s3(r)r (r)
in spherical geometry (over the range[0,L/2 ] up to the nearest box wall).
Orientational pro�les were calculated as time and space averages ofmr (r ) from
Eq. 3.21. Solute-solvent interaction energies were extracted from the simulated
trajectories using the GROMOS++380 programene_ana . Rotational relaxation
times were calculated with the GROMOS++ programrot _rel , which calculates
the �rst and second Legendre polynomials of the the autocorrelation function of
of the OH bond

C1(t) = hr OH (t ) � r OH (t + t)i t � exp(� t/ t OH
1 ) (3.25)

C2(t) =
1
2

(3C1(t)2 � 1) � exp(� t/ t OH
2 ) (3.26)

The �rst and second rotational relaxation timest OH
1 and t OH

2 were estimated
by �tting the slope of the linearized form of Eqs. 3.25 and 3.26.

Time series of thef and y dihedrals in the alanine dipeptide were calculated
using the GROMOS++ programtser .

Single-ion solvation free energiesDGcorr were calculated according to

DGcorr = DGraw + DGextra, (3.27)

whereDGraw is the uncorrected free energy obtained by integrating the electric
potential F = Uele/ q as

DGraw =
Z � 1

0
F (q)dq , (3.28)

and DGextra is the free-energy correction described in Ref. 381. This correction
consists of four terms: (A) a correction for the use of e�ective non-Coulombic
electrostatic interactions inside and outside the cuto�; (B) a correction for
�nite-size e�ects due to periodic boundary conditions; (C) a conversion from
atom-based to molecule-based energy calculation; (D) a standard-state correction.
The corrected electrostatic ion-solvent interaction energyUcorr

ele was calculated
according to

Ucorr
ele = UCB

ele + UCE
ele , (3.29)

whereUCB
ele is the recalculated ion-solvent interaction energy using pure Coulomb

interactions (Rc ! ¥ ), and UCE
ele is the contribution to the electrostatic energy
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Figure 3.2: Scaled density pro�les s3r / r � of a box with SPC water in slab geometry without
(a) and with (b) an applied biasing potential (longitudinal and orientational). The bulk
number density is r � = 32.5 nm � 3. The black line corresponds to the FG reference system
(smax = 1). The green line shows the system withsmax = 1.5. Blue lines represent systems
with the same smax = 2, and three di�erent cuto� values ( Rc = 2.0, 2.4 or 2.8 nm). The
shaded blue vertical strips mark the two SG regions surrounding the FG region.

from the dielectric continuum beyond the cuto� in close analogy with the Born
equation382

UCE
ele = �

1
4pe0

�
1 �

1
ew

�
q2

Rc
, (3.30)

whereew = 78.4 is the static dielectric permittivity of water.

3.4 RESULTS AND DISCUSSION

3.4.1 Density and Orientational Pro�les for Pure Water

The density pro�les for pure water in slab geometry are shown in Fig. 3.2 for the
FG reference system (smax = 1) and the AdSoS setups (smax = 1.5 or 2). In the
scaled systems without biasing potential (Fig. 3.2a), two kinds of density artifacts
can be observed. The �rst kind are the sinusoidal �uctuations in the SG region.
These �uctuations do not decrease with increasing cuto�, and they can also be
observed in the much simpler case of liquid argon with minimum-image cuto�.374

This e�ect can most likely be attributed to the non-vanishings-gradient in the
SG region. The second kind of artifact is the density mismatch between the
FG and CG subsystems. In contrast to the �uctuations in the SG region, this
mismatch decreases with increasingRc. A possible reason is that the e�ective



84 The AdSoS scheme for water

0 2 4 6 8 10
z / nm

0.10

0.05

0.00

0.05

0.10

r
(a)

0 2 4 6 8 10
z / nm

(b)

sm ax : 1.0, Rc: 1.2

sm ax : 1.5, Rc: 1.8

sm ax : 2.0, Rc: 2.0

sm ax : 2.0, Rc: 2.4

sm ax : 2.0, Rc: 2.8

Figure 3.3: Orientational pro�les mr of a box with SPC water in slab geometry without (a)
and with (b) an applied (longitudinal and orientational) biasing potential. The quantity mr

is de�ned by Eq. 3.21. The black line corresponds to the FG reference system (smax = 1).
The green line shows the system withsmax = 1.5. Blue lines represent systems with the
samesmax = 2, and three di�erent cuto� values ( Rc = 2.0, 2.4 or 2.8 nm). The shaded blue
vertical strips mark the SG regions surrounding the FG region.

cuto� Rc/ s(r ) is much smaller for the CG than for the FG particles. Consequently,
the FG atoms are experiencing stronger attractive dispersive interactions, leading
to a higher density in the FG region. A setup with an adaptive cuto� was also
tested, but it introduced even greater deviations from the bulk density in the SG
region (Appendix Fig. 3.10).

Fig. 3.2b shows that both kinds of density artifacts can be eliminated by
applying longitudinal and orientational biasing potentials. The time series of
the weightswr ,k and the biasing potentials alonga are shown in the Appendix
Sec. 3.6.2.2. The LEUS weights are well converged after about 10 ns. The
biasing potentials re�ect the shape of the density pro�les in Fig. 3.2a, and the
peak-to-peak di�erence inUr is about 1.5 - 2 kJ mol� 1, depending onsmax and
Rc.

The orientational pro�les of the water molecules for pure water in slab geometry
are displayed in Fig. 3.3. In the absence of a biasing potential (Fig. 3.3a), the
e�ect of the SG interface on the orientation of the water molecules has a longer
range than for the density, with the polarization in the FG and CG regions being
highly a�ected by the interface. The magnitude of polarization artifacts increases
with smax (and hence also with thes-gradient in the SG region), and decreases
with an increasing cuto�Rc. This e�ect is largely independent from the density
artifacts, because applying a biasing potential for the density alone did not
a�ect the polarization in a signi�cant manner (data not shown). Figure 3.3a
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Figure 3.4: Scaled density and orientational pro�les around the center water molecule in
spherical geometry along the scaling axisd = aL. The top row shows the density distribution
of the (a) unbiased and the (c) biased system (longitudinal and orientational bias). The
bottom row shows the projection of the dipole moment vector onto the scaling axis mr

(Eq. 3.21) for the (c) unbiased and (d) biased system. The central molecule is positionally
restrained at d = 0 in the FG region. The shaded blue vertical strips at the right of the FG
region mark the SG region. The CG region corresponds tod > 3 nm.

also suggests a preferential orientation of the hydrogen atoms towards the FG
region in the center of the box. Fig. 3.3b shows that applying the longitudinal
and orientational biasing potentials results in a �at orientational pro�le, which
is comparable to the FG reference. Time series of the weightswm,k and biasing
electric potentialsF m are provided in Appendix Sec. 3.6.2.2.

The density and orientational pro�les for water in spherical geometry are shown
in Fig. 3.4. The density pro�le along the scaling axisd = aL is equivalent to the
radial distribution function (RDF) of the water molecule which was positionally
restrained to the box center (atd = 0). Figs. 3.4a and 3.4b show similar spurious
�uctuations in the local density and polarization as was observed in slab geometry
(Figs. 3.2a and 3.3a). The weightswr ,k and wm,k as well asUr and F m are shown
Appendix Sec. 3.6.2.2. Figs. 3.4c and 3.4d show that, as in the slab geometry,
the application of the biasing procedure eliminates the artifacts. It also improves
the alignment of the RDF peaks.
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smax Rc bias Uele Uvdw t OH
1 t OH

2

[nm] [kJ mol � 1] [ps]

1.0 1.0 No -96.7(2) 14.19(7) 3.2 1.6

1.2 No -97.0(2) 14.11(6) 3.8 1.8

1.4 No -97.3(2) 14.12(6) 3.8 1.9

2.4 No -97.5(2) 14.04(7) 3.9 1.9

2.0 2.0 No -100.6(2) 14.90(8) 5.0 2.5

Yes -100.0(2) 14.67(6) 5.3 2.5

2.4 No -99.3(2) 14.62(8) 4.3 2.2

Yes -98.7(2) 14.39(6) 4.4 2.2

2.8 No -98.6(2) 14.38(7) 3.9 2.1

Yes -98.2(2) 14.19(7) 3.9 2.0

Table 3.2: Electrostatic Uele and van der WaalsUvdw interaction energies of the central FG
water molecule with its surroundings, and its rotational relaxation times t OH

1 and t OH
2 . Rc is

the cuto� radius. Numbers in parentheses indicate the error estimate on the energy, which
was calculated using block averaging.

3.4.2 Interaction Energy and Relaxation Time of Water

The electrostatic and van der Waals components of the interaction energy of the
central FG water molecule with its surroundings, as well as its �rst and second
rotational relaxation times are listed in Table 3.2 for the di�erent AdSoS setups
in spherical geometry. The corresponding autocorrelation functions of the OH
bonds are shown in Appendix Sec. 3.6.2.3. The solute-solvent interaction energies
are in good agreement. The residual di�erences are predominantly in�uenced
by the choice of cuto� (more than by the presence or absence of the biasing
potentials). A signi�cant cuto� dependence is also present for the rotational
relaxation times. The values oft OH

1 and t OH
2 converge for the FG reference and

the scaled systems if the cuto� is su�ciently large. The experimental value for
t OH

2 is 1.95 ps for water,383 which is in good agreement with the large-cuto�
limit.

3.4.3 Conformational Behavior of Aqueous Alanine Dipeptide

The conformational behavior of aqueous alanine dipeptide in the AdSoS scheme
under spherical geometry can be compared to the FG reference using Ramachan-
dran plots of the backbonef and y torsional angles (Fig. 3.5a). All histograms
are in good alignment, which suggests that the conformational dynamics of the
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Figure 3.5: Ramachandran plots of capped alanine dipeptide from 100 ns simulations in
water after smoothing with a Gaussian kernel density estimator. The zwitterionic peptide
has charges of� 1 e on its terminal methyl groups. Projections of the histogram onto the
individual angles are shown on the margins. The CG system refers tosmax = 2.0 and Rc =
2.4 nm. The CG+B system has the same parameters as the CG system with the additional
biasing potential. The FG reference setup consisted of a small box of 3 nm edge length with
Rc = 1.4 nm.

solute is largely determined by its short-range interactions. Note that transitions
to the left-handed helix were never observed within the 100 ns simulation times
for all setups. A much longer simulation time might be necessary to cross this
barrier.384

To investigate the e�ect of the presence of charges, an arti�cially constructed
alanine dipeptide withq = � 1 e at its terminal methyl groups was also considered.
The resulting Ramachandran plots are shown in Fig. 3.5b. Again, no signi�cant
di�erences to the reference were observed. The zwitterionic topology is likely to
cancel any long-range polarization e�ects on the solvent.

3.4.4 Single Ion Hydration

The radial distribution functions around the Na+ and Cl� ions in water, as
well as the projected dipole moment of the solventmr are shown in Fig. 3.6.
Similar to the RDF of the central water molecule (Figs. 3.4a and b), the density
�uctuations around the ions are short-ranged and largely limited to the FG region.
However, the solvent polarization induced by the ions decays over a much longer
distance. When the biasing potential is applied, a good alignment ofmr with the
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Figure 3.6: Density and orientation pro�les of water molecules along the scaling axisd = aL,
with the Na + (left) and Cl � ions (right) at the box center ( d = 0.0). (Top): Scaled radial
distribution function of the given ion. (Bottom): Mean projection of the dipole moment
vector onto the scaling axis. The black line shows the corresponding distributions of the FG
reference system withRc = 2.4 nm. The blue lines represent a setup with smax = 2.0 with
(solid lines) or without (dashed lines) the (longitudinal and orientational) biasing potential.
Di�erent shades of blue correspond to di�erent cuto�s.

FG reference can be reached. The small dents inmr at Rc (2.0, 2.4 or 2.8 nm for
the respective systems) are likely artifacts from the group-based cuto� scheme.
The same e�ect is present for the FG scheme to a smaller degree. It has been
shown128,385,386 that the group-based cuto� scheme does not faithfully reproduce
distance-dependent Kirkwood factors for solvents with a high permittivity. The
scaling of the dipole moment vector withs3/2 as well as the lower degree of
statistical averaging in the SG/CG region might amplify the existing artifact. An
analogous comparison of van der Waals energies can be found in Appendix Sec.
3.6.2.4. The van der Waals are much more consistent between di�erent scaling
schemes and cuto�s compared to electrostatic energies due to their short-ranged
character.

The ion-solvent electronic interaction energiesUele and their Coulomb-corrected
counterpartsUcorr

ele according to Eq. 3.29 are shown in Fig. 3.7. The uncorrected
energies show a much stronger cuto�-dependence than those of a water molecule
(Table 3.2), because the net charge on the ions induces a distance-dependent
polarization of the solvent. The correction for the Coulomb interactions from Eq.
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Figure 3.7: Ion-solvent electrostatic interaction energies evaluated for Na+ and Cl� with
di�erent scaling factors and biasing schemes: FG = FG system in the large box (L = 8 nm)
with cuto� Rc = 1.2 or 1.4 nm, FG/S = same FG system in the small box ( L = 3 nm),
CG = AdSoS system with smax = 2.0 and cuto�s Rc = 2.0, 2.4 or 2.8 nm without biasing
potentials, CG+B = same CG system with the biasing potentials. (Top): Raw energies from
the Coulomb reaction-�eld scheme in Eq. 3.6. (Bottom): Corrected energies according to
Eq. 3.29. The horizontal blue lines correspond to the FG reference withRc = 2.4 nm.

3.29 accounts for this e�ect and leads to a much better alignment of the FG
and CG+B schemes, with a maximum energy di�erence of about 5 kJ mol� 1.
The FG/S scheme shows more signi�cant deviations due to �nite-size e�ects,
which are not accounted for by Eq. 3.29.

An important observation from Fig. 3.7 is that the use of the biasing procedure
is crucial for obtaining correct ion-solvent interaction energies, even though the
density and orientational artifacts in Fig. 3.6 have a similar magnitude as for a
neutral system. The non-vanishing long-range polarization of the solvent around
an ion has a signi�cant contribution to its potential energy and is more sensitive
to small �uctuations in the RDF and dipole orientations around the ion.

Fig. 3.8 shows the calculated charging free energiesDG of Na+ and Cl� . The
corresponding numerical values are listed in Appendix Tab. 3.3. The mismatch
between box and cuto� sizes introduces signi�cant di�erences inDGraw , which
were obtained from direct integration of the electric potential (see Appendix
Figs. 3.22 and 3.23). After applying the free-energy correction toDGraw , which
accounts for both Coulombic and �nite-size e�ects, the agreement between the



90 The AdSoS scheme for water

FG FG/S CG CG+B

450

400

350

300

G
ra

w
[k

J
m

o
l

1
]

NA+

FG FG/S CG CG+B

400

375

350

325

CL-

FG FG/S CG CG+B

450

400

350

300

G
co

rr
[k

J
m

o
l

1
]

FG FG/S CG CG+B

400

375

350

325

cutoff
1.2

1.4

2.0

2.4

2.8

Figure 3.8: Solvation free energies evaluated for Na+ and Cl� with di�erent scaling factors
and biasing schemes: FG = FG system in the large box (L = 8 nm) with cuto� Rc = 1.2 or
1.4 nm, FG/S = same FG system in the small box (L = 3 nm), CG = AdSoS system with
smax = 2.0 and cuto�s Rc = 2.0, 2.4 or 2.8 nm without biasing potentials, CG+B = same
CG system with the biasing potentials. (Top): Raw solvation free energies from the Coulomb
reaction-�eld scheme in Eq. 3.28. (Bottom): Corrected free energies according to Eq. 3.27.

FG, FG/S and CG+B schemes improves substantially. The maximum deviation
of the CG+B and FG results is about 12 kJ mol� 1. However, these results are
di�erent from the solvation free energies calculated under NPT conditions with
P = 1 bar, with DGcorr = -465.0 kJ/mol and -283.4 kJ/mol for Na+ and Cl� ,
respectively.387 The reported NVT simulations exhibit a signi�cant underpressure
due to electrostriction. The scaling of the compressibility withs3 might dampen
this e�ect in the CG systems by allowing the solvent molecules to get closer to
the ions, which may be the reason why the free energies calculated with the
CG+B scheme are closer to the NPT results than the FG and FG/S results for
both ions. The experimentally determined hydration free energies are -420.2
kJ mol� 1 and -307.8 kJ mol� 1 for Na+ and Cl� , respectively.388

3.4.5 Computational E�ciency

The main motivation for the design of the solvent-scaling scheme is a performance
improvement following from the reduction of the number of molecules in the
system. This speed gain is re�ected by the simulation timings, which are shown
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Figure 3.9: Comparison of timings for the FG (with Rc = 1.4 nm), CG and CG+B schemes
(both with Rc = 2.4 nm) as a function of the number P of cores. The values are extrapolated
from simulations with 104 steps to the unit of nanoseconds per day. The calculations were
performed on AMD EPYC 7742 CPUs (2.6 GHz) on the ETH HPC cluster Euler.

in Fig. 3.9 as a function of the number of processorsP. Note that the FG, CG
and CG+B scheme share the same box size, but the AdSoS systems di�er from
the FG system in the number of molecules.

The GROMOS MD engine makes use of specialized routines to accelerate
simulations of aqueous systems with the SPC water model.130 The AdSoS scheme
was implemented in a similar fashion. The group-based truncation approach
allows for a calculation of the nonbonded interactions on the basis of entire
molecules instead of atoms, and the SPC parameters were hardcoded. As the
biasing procedure, which acts on all particles, is computationally demanding, a
parallelization of the LEUS routine with MPI was introduced alongside the existing
distributed-memory routines for the nonbonded interactions and the SHAKE
algorithm for the solvent. To this purpose, a LEUS instance was initialized on each
processor and assignedN/ P particles, which are coupled to this potential. The
CG and CG+B schemes show a comparable performance for up to 16 processors
(Figure 3.9). Increasing the number of cores further, the tasks become more
and more �ne-grained and the timings become dominated by communication
overheads. The pairwise interaction calculation bene�ts from additional resources
up to 48 processors until the performance saturates. The CG box exhibits a
linear scaling with up to 8 cores, which is an inherent limitation to the scaling of
GROMOS for comparable numbers of atoms.
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3.4.6 Future Developments

The solvent-scaling scheme is so far only developed for constant-volume simula-
tions. Due to the presence of the gradient-dependent drift forces, the pressure is
not a well-de�ned quantity of the system. In our previous work,374 we demon-
strated that the drift forces uphold a pressure gradient in the box according to
P(s) = s� 3P� , which suggests that the average pressure of the system is not
meaningful. To be able to calculate accurate free energies at constant pressure,
an extension of the method to NPT conditions is crucial. A possible avenue could
be the coupling of the pressure only to the pressure of the FG region, which can
be calculated using the volume-averaging method.389 This will require also an
adaption of the biasing procedure to NPT simulations.

Another current shortcoming of the method is the size requirement on the
boxes to provide a smooth transition from the FG to the CG model. With the
biasing procedure at hand to cancel the interface artifacts, smaller SG regions
may be explored in the future to increase the performance even further. For
the AdResS scheme, it was shown that the hybrid region (equivalent to the SG
region in the current scheme) could be completely eliminated upon application
of the thermodynamic force to correct for density �uctuations.347 Note, however,
that AdSoS handles the SG region more e�ciently than AdResS, as it does not
require the evaluation of two separate Hamiltonians.

Furthermore, it should be straightforward to extend the AdSoS setup in
spherical geometry to an ellipsoidal boundary in a rectangular box. An asymmetric
box partitioning would be better suited for non-spherical (e.g. elongated) solutes,
in combination with roto-translational constraints to prevent them from escaping
the FG region. And lastly, the possible use of an adaptive cuto� (i.e. depending
on si and sj ) should be analyzed in more detail,e.g. by exploring alternative
combination rules and combining the setup with the biasing potential.

3.5 CONCLUSION

The AdSoS method is a novel adaptive-resolution scheme, which distinguishes
itself from previous approaches by relying on a continuum of CG models of
increasing graining levels (without �xed upper bound), that are entirely de�ned
by a scaling of the reference FG model. Thus, the increasing in graining is not
obtained by grouping atoms or molecules into beads, but by scaling the atomic
parameters of the FG solvent molecules. In this work, the applicability of this
method was extended from atomic liquids (previous work) to water, by introducing
a molecule-based de�nition of the scaling, along with the implementation of



3.5 Conclusion 93

additional interactions relevant for rigid solvent molecules, such as reaction-�eld
electrostatics and handling of bond constraints. Furthermore, a spherical system
geometry was de�ned in addition to the slab geometry, which is more appropriate
for a solute-in-solvent scenario. To address artifacts in the density and molecular
orientations induced by the scaling interface, a biasing procedure was developed
based on the LEUS method. It is shown that these interfacial artifacts generally
do not exceed 5% in the unbiased case, and that the biasing procedure can be
used to eliminate them completely.

The scheme was further validated for systems with a FG solute in the AdSoS
scheme. For neutral solutes, the interaction energies and rotational relaxation
times of water, as well as the backbonef / y distribution of alanine dipeptide,
were compared with the FG reference and were found to be in good agreement
even when no biasing potential was applied. These analyses also suggest that the
cuto� radius needs to be scaled withsmax, i.e. Rc = smaxR�

c in order to mimic
a FG system with a cuto� radius ofR�

c. Timings show that a tenfold increase in
speed can be achieved in the linear-scaling regime by using the AdSoS scheme
to reduce the number of molecules.

In order to validate the scheme for charged solutes, solute-solvent interaction
energies as well as solvation free energies were calculated for the Na+ and
Cl� ions in water. Unlike the properties of neutral solutes, the charge-solvent
interaction energies have proven very sensitive to small discrepancies in the local
density or polarization. Therefore, the use of the biasing scheme is crucial in
this case. Applying a Coulomb correction to the energies, the FG and CG+B
energies are in good agreement, which suggests that the AdSoS scheme is able to
reproduce solute-solvent interaction energies even for charged species. Solvation
free energiesDGcorr calculated with the CG+B scheme were within 12 kJ mol� 1

from the FG reference.
The scheme can be easily extended to small rigid solvents other than water.

For each molecule, one has to choose a reference position for the scaling, ideally a
central atom. In the future, the solvent-scaling can be used not only to accelerate
solute-in-solvent simulations for aqueous solutes, but also to accommodate
di�erent solvents and/or solvent mixtures.
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3.6 APPENDIX

3.6.1 Implementation details

3.6.1.1 Solvent-scaling scheme

The forces can be calculated by taking the negative gradient of the Hamiltonian
in Eq. 3.4, which evaluates to

F i (r ) = f pws,ele
i (r ) + f pws,vdw

i (r )

� s� 1
i �

dsi

dr i
å
m

2

42ki + å
n2 PL(m)

�
1
2

uele
mn + 3uc6

mn + 6uc12
mn

�
3

5 ,
(3.31)

wherem loops over all atoms in the same molecule as atomi, and n loops over
all secondary particles in the pairlist of atomm. The gradientdsi / d r i is only
non-zero at the reference positions for the scaling,i.e. if r i = R i . The �rst two
terms are the pairwise components of the (electrostatic and Van der Waals)
forces, which are given by
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Please refer to Table 3.1 for the de�nition of parameter symbols used in Eq.
3.32. The second term in Eq. 3.31 is the drift force, which breaks the symmetry
of Newton's 3rd Law. Therein,umn are the potential-energy components of the
interaction between atomsm and n,

uele
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Finally, ki is the kinetic energy of atomi,

ki =
1
2

miv
2
i . (3.34)
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This contribution introduces a velocity-dependent force, which stems from the
coordinate dependence of the kinetic energy,K(r , p).

The SHAKE algorithm applies the method of undetermined multipliers to
impose a set of distance constraintsk = 1...K on the atomic coordinatesr . Each
constraint k is associated with a reference distanced0

k between atomsk1 and k2,
such that d0

k = jr k1
� r k2

j. At each time step, the constraint forcesF c
i acting

on the atomsi = 1...N in the time interval[t, t + Dt] are calculated, such that
the constraints are ful�lled att + Dt within a speci�ed tolerance:

F c
i = � 2

K

å
k= 1

lk(t)(dik1
� dik2

)r k(t) (3.35)

Because the Lagrange multiplierslk(t) cannot be calculated analytically for
molecules with more than two atoms, an iterative procedure must be applied.
Decoupling the constraints and linearizing the resulting equation results in

lk(t) =
r 2

k(t + Dt) � (d0
k)2

4Dt2
h
m� 1

k1
+ m� 1

k2

i
r k(t) � r k(t + Dt)

(3.36)

These multipliers can then be used to reset the coordinates according to

r k1
(t + Dt)  r k1

(t + Dt) � 2Dt2m� 1
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lk(t)r k(t)
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lk(t)r k(t)
(3.37)

Equations 3.36 and 3.37 are iterated until convergence is reached. Upon adapting
SHAKE to the scaling, the coordinate dependence of the reference distances
as well as atomic masses needs to be taken into account. This results in a
modi�cation of Eq. 3.36 to

lk(t) = 1
4Dt2

r 2
k(t+ Dt)� sk(t+ Dt)(d0�

k )2
h
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+ m� 1
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i
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i
r k(t+ Dt)�dsk/ d R k(t)

(3.38)

whered0�
k is the unscaled reference distance of constraintk, mi = s� 2

i m�
i the

scaled mass of atomi, and R k the reference position for the scaling of the
molecule to which constraintk belongs. The coordinate resetting is applied in
accordance with Eq. 3.37, combined with

R k(t + Dt)  R k(t + Dt) + 2Dt2m� 1
R lk(t) � sk(t)(d0�

k )2 � dsk/ d R k (3.39)

where mR is the mass of the reference position. This side e�ect is a conse-
quence of the implicit dependence of the reference positions on all atoms in the
corresponding molecule through the scaling factors.
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3.6.1.2 Adaptive biasing potential

The procedures for building up the respective biasing potentials as well as their
applications are outlined below.

Herein, the dipole moment vector� is converted to a unit vector in order to
compensate for the scaling of bond lengths.

Algorithm 1: Build-up procedure for the density bias potential.

Data: moleculesm = 1...M with coordinatesr m of their oxygens,
scaling factorssm,

grid pointsk = 1...K, weightsw r = f wr ,kg, volumetric factors
v = f vkg
Result: Updated weightswr ,k of density bias
for m = 1...M do

k  grid point closest toa(R m);
wr ,k  wr ,k + v� 1

k s3
m;

end
w r  w r � min (w r );

Algorithm 2: Application procedure for the density bias potential.
This part is equivalent to the standard local-elevation routine.

Data: moleculesm = 1...M with coordinatesr m of their oxygens,
grid pointsk = 1...K, weightsw r = f wr ,kg, force constantbr

Result: Density bias potentialUr and forces
for m = 1...M do

for k = 1...K do

add ui = br wr ,k G
�

1
w

a(r i )� ak
Dk

�
to Ur ;

add �r r i ui to forces on particlei
end

end

The obtained electric potential is then used with Eq. 3.20 in the main text to
obtain the biasing potential energy function for the orientations. Note that the
proportionality factor betweenmnet and E is absorbed into the force constantbm.
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Also, for the solvent scaling we setqi = q�
i , otherwise the bias potential would

introduce a drift force alonga.

Algorithm 3: Build-up procedure for the orientational bias po-
tential.
Data: moleculesm = 1...M with coordinatesR m of their

oxygens,
molecular dipoles� i , grid pointsk = 1...K, weightswm = f wm,kg,
local electric �eld contributionsek
Result: Updated weightswm,k of the orientational bias potential
set f ekg to 0;
for m = 1...M do

k  grid point closest toa(R m);
ek  ek + � m � a(R m)/ (mm a(R m)) ;

end
for k = 1...K do

wm,k  wm,k �
Rrk

0 ekdr
end

The integral of the local electric �eld contributions can be evaluated numerically.
The integration scheme also implies that the �rst weight is always zero. Similarly,
because the target distribution for the molecular orientations is biased towards
zero instead of a constant value, the normalization by volumetric factors, such
as was applied for the density bias, is not necessary.
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Algorithm 4: Application procedure for the orientational bias
potential.

Data: atoms i = 1...N with their coordinatesf r ig
grid pointsk = 1...K, weightswm = f wm,kg, force constantbm

Result: Bias potential energyUm and forces
for i = 1...N do

for k = 1...K do

F m,i  bmwm,k G
�

1
w

a(r i )� ak
Dk

�
;

Um  Um+ qi f i ;
add � qi r r i F m,i to forces on particlei;

end
end

3.6.2 Additional results

3.6.2.1 Density pro�le with a variable cuto�

z

s3

Figure 3.10: Scaled density pro�le of a box with SPC water in slab geometry without an
applied biasing potential. The cuto� Rc was determined based on the combination rule
Rc( i , j) = max(si , sj )R�

c , using R�
c = 1.2 nm. All other simulation conditions were set equal

to the bulk water system in slab geometry with smax = 2 described in the Methods section.
The blue vertical strips mark the two SG regions surrounding the FG region.
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3.6.2.2 Time series of bias weights and biasing potentials

(a) smax: 1.5, Rc = 1.8 (b) smax: 2.0, Rc = 2.0

(c) smax: 2.0, Rc = 2.4 (d) smax: 2.0, Rc = 2.8

Figure 3.11: Time evolution of the weights wr ,k during the build-up phase for the di�erent
systems in slab geometry. The biasing potential was constructed from the average weights
over the last 15 ns (running averages are shown as bold lines).
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Figure 3.12: Biasing potential Ur for the scaled box in slab geometry along thez-coordinate.
The individual spline kernel functions are shown in rainbow colors (matching the colors in
Fig. 3.11 for the associated weights), and their sum represents the position-dependent bias
potential, which is shown in blue. The shaded regions mark the presence of ans-gradient.
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(a) smax: 1.5, Rc = 1.8 (b) smax: 2.0, Rc = 2.0

(c) smax: 2.0, Rc = 2.4 (d) smax: 2.0, Rc = 2.8

Figure 3.13: Time evolution of the weights wm,k during the build-up phase for the di�erent
systems in slab geometry. The biasing potential was constructed from the average weights
over the last 15 ns (running averages are shown as bold lines).
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Figure 3.14: Electric biasing potential F m for the scaled box in slab geometry along the
z-coordinate. The individual spline kernel functions are shown in rainbow colors (matching
the colors in Fig. 3.13 for the associated weights), and their sum represents the position-
dependent bias potential, which is shown in blue. The shaded regions mark the presence of
an s-gradient.
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(a) smax: 2.0, Rc = 2.0 (b) smax: 2.0, Rc = 2.4

(c) smax: 2.0, Rc = 2.8

Figure 3.15: Time evolution of the weights wr ,k during the build-up phase for the di�erent
systems in spherical geometry. The biasing potential was constructed from the average
weights over the last 15 ns (running averages are shown as bold lines).
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Figure 3.16: Biasing potential Ur for the scaled box in spherical geometry along the distance
coordinate d = aL. The individual spline kernel functions are shown in rainbow colors
(matching the colors in Fig. 3.15 for the associated weights), and their sum represents the
position-dependent bias potential, which is shown in blue. The shaded regions mark the
presence of ans-gradient.
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(a) smax: 2.0, Rc = 2.0 (b) smax: 2.0, Rc = 2.4

(c) smax: 2.0, Rc = 2.8

Figure 3.17: Time evolution of the weights wm,k during the build-up phase for the di�erent
systems in spherical geometry. The biasing potential was constructed from the average
weights over the last 15 ns (running averages are shown as bold lines).
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Figure 3.18: Biasing electric potential F m for the scaled box in spherical geometry along the
distance coordinate d = aL. The individual spline kernel functions are shown in rainbow
colors (matching the colors in Fig. 3.17 for the associated weights), and their sum represents
the position-dependent bias potential, which is shown in blue. The shaded regions mark the
presence of ans-gradient.
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3.6.2.3 Autocorrelation functions of the O-H bond vector

Figure 3.19: (a) First- and (b) second-rank autocorrelation functions of the O-H bond of a
water molecule in a fully FG system. The correlation functions resulting from various cuto�
radii are shown in di�erent colors.

Figure 3.20: First (a, b) and second-rank (c, d) autocorrelation functions C1(t) from Eq.
3.25 and C2(t) from Eq. 3.26 of the O-H bond of a FG water molecule surrounded by
scaled solvent. The correlation functions associated with di�erent cuto� radii are shown in
di�erent colors. The left column (a, c) shows the correlations from unbiased simulations,
while systems in (b, d) were subject to a biasing potential. The black line shows a reference
system with smax = 1 for comparison.
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3.6.2.4 Potential and free energies of single ions in water

Figure 3.21:Ion-solvent Van-der-Waals interaction energies evaluated for four ions considering
di�erent scaling and biasing schemes: FG: FG in the large (L = 8 nm) box, CG: adaptive
system with smax = 2, and CG+B: the CG system with the bias potential.



3.6 Appendix 109

ion smax size Rc bias Uele F DGraw DGcorr

Na+ 1.0 large 1.2 No -638 -638 -283 -444

1.4 No -662 -662 -294 -443

2.4 No -721 -721 -324 -444

small 1.2 No -631 -631 -279 -441

1.4 No -651 -651 -289 -439

2.0 large 2.0 No -670 -670 -278 -406

Yes -713 -713 -322 -450

2.4 No -686 -686 -288 -408

Yes -732 -732 -332 -452

2.8 No -701 -701 -297 -411

Yes -745 -745 -342 -456

Cl� 1.0 large 1.2 No -648 648 -323 -335

1.4 No -672 672 -334 -334

2.4 No -729 729 -364 -333

small 1.2 No -642 642 -320 -332

1.4 No -661 661 -330 -329

2.0 large 2.0 No -762 762 -400 -377

Yes -712 712 -353 -330

2.4 No -771 771 -403 -372

Yes -722 722 -356 -326

2.8 No -777 777 -406 -369

Yes -730 730 -359 -322

Table 3.3: Electrostatic ion-solvent interaction energies Uele, electrostatic potential F =
Uele/ q, and charging free energiesDG for Na+ and Cl� . DGraw correspond to the uncorrected
free energies obtained from integrating overF , while DGcorr include free-energy corrections
described in Ref. 381. All energies are given in units of kJ mol� 1.
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Figure 3.22: Electric potential F = Uele/ q of the solvated Na+ /Na � and Cl+ /Cl � ions as a
function of their charge for various systems and cuto� radii: FG: FG in the large (L = 8
nm) box, FG/S: FG in the small ( L = 3 nm) box, CG: adaptive system with smax = 2, and
CG+B: the CG system with the bias potential.

Figure 3.23:Uncorrected solvation free energyDGraw from Eq. 3.28 of the solvated Na+ /Na �

and Cl+ /Cl � ions as a function of their charge for various systems and cuto� radii: FG: FG
in the large (L = 8 nm) box, FG/S: FG in the small ( L = 3 nm) box, CG: adaptive system
with smax = 2, and CG+B: the CG system with the bias potential.



4
Reaction-�eld Electrostatics in

Molecular Dynamics Simulations:
Development of a Conservative

Scheme Compatible with an
Atomic Cuto�

I feel a great disturbance in the Force.
� Obi-Wan Kenobi, The Emperor Strikes Back

In molecular dynamics (MD) simulations of condensed-phase systems,
straight-cuto� (SC) truncation of the non-bonded interactions is well known
to cause cuto� noise and serious artifacts in many simulated properties.
These e�ects can be drastically reduced by applying the truncation based on
distances between neutral charge groups (CG) rather than between individual
atoms (AT). In addition, the mean e�ect of the omitted electrostatic
interactions beyond the cuto� distance can be reintroduced using the
reaction-�eld (RF) method, where the medium outside the cuto� sphere
is approximated as a dielectric continuum of permittivity equal to that of
the solvent. The RF scheme is generally applied with CG truncation. This
is justi�ed for low solvent permittivities, where the RF correction is small
and an AT truncation would lead to severe issues, just as in the SC case.
However, it is less appropriate for solvents with high permittivity, where the
RF correction acts as a physically motivated shifting function, and a CG
truncation may in turn lead to artifacts and poorer energy conservation. In

111
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this study, we assess the impact of truncation artifacts on 57 organic liquids,
which were used in the calibration of the GROMOS-compatible 2016H66
force �eld. Furthermore, combinations of shifting and switching schemes
with RF-based electrostatic interactions as well as van der Waals (Lennard-
Jones) interactions are introduced to resolve the issues with AT truncation.
These shifting and switching schemes have the following properties: (i) they
bring the force but not the potential energy to zero at the cuto�; (ii) as a
result, they lead to a modi�cation of the interaction that is comparatively
small; (iii) they permit to perform rigorously conservative simulations; (iv)
the energies can easily be corrected back to the unmodi�ed form, either on
the �y or in a post-processing step. The mathematical formalism of these
schemes is presented in detail, and their validation is performed using the
57 organic liquids.

4.1 INTRODUCTION

Classical atomistic simulation and, in particular, molecular dynamics (MD) is
nowadays a key component in the investigation of (bio-)chemical processes in the
condensed phase.368,390�394 These simulations rely on a potential-energy function
or force �eld,44,45,395�397 constructed as a sum of covalent terms, accounting for
interactions between close neighbors within the same molecule, and non-bonded
terms to describe the through-space interactions between more remote neighbors
as well as between di�erent molecules. The non-bonded interactions include
an electrostatic (EL) and a van der Waals component, the latter commonly
represented using the Lennard-Jones (LJ) function.150 For condensed-phase
(bio-)molecular systems, the accuracy of a force �eld depends most critically on
the representation of the dihedral-angle torsions398�401 and of the non-bonded
EL and LJ interactions45,113,114,402�404 (see Tables 1 and 2 in Ref. 403 for an
overview of studies investigating the impact of di�erent choices). The calculation
of the non-bonded interactions also represents the computational bottleneck
in MD simulations, and a trade-o� must be established between accuracy and
e�ciency depending on the system and properties of interest.

Restricting the discussion to pairwise-additive force �elds and to simulations
carried out under periodic boundary conditions, the non-bonded interactions are
typically split into short- and long-range components by application of a cuto�
distanceRc to reduce the computational e�ort. A speci�c calculation scheme
is then characterized by the following components:100,126,402,403,405 (A) the
long-range approximationused for the EL and LJ interactions beyond the cuto�;
(B) the application modusof the cuto� splitting, i.e. the entities considered for
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the truncation; (C) the pairlisting procedurefor the short-range interaction; (D)
the short-range smoothingpossibly applied to the interaction; (E) the force-�eld
parametersused for both EL and LJ interactions. These components are discussed
in turn below.

For both EL and LJ interactions, there are three main options for thelong-range
approximation(A), namely: (i) complete omission, leading to a straight-cuto�
(SC) scheme; (ii) approximation as a continuous medium, leading to a mean-�eld
(MF) scheme; (iii) approximation as a periodic medium, leading to a lattice-sum
(LS) scheme.

For the cuto� distances typically used in simulations (ranging between 0.9
and 1.4 nm), and considering the large magnitude and long-range nature of the
EL interactions, abrupt truncation of these interactions in a SC approach (Fig.
4.1a) leads to large errors in many simulated properties.128,403,406�408 For the LJ
interactions, the SC scheme is less problematic.409 Mainly a cuto�-dependent
underestimation (relative to the long-cuto� limit) of the densities, vaporiza-
tion/sublimation enthalpies and surface-tension coe�cients404,410,411 occurs due
to the neglect of the predominantly dispersive (i.e. attractive) interactions beyond
the cuto�. The SC approach nevertheless remains the most common scheme
for LJ interactions nowadays, as it is consistent with the calibration conditions
of many popular force �elds. This situation might, however, change in the near
future.

In the MF approximation, an assumption of homogeneity and isotropy is made
for the medium outside the cuto� sphere. The response of this medium is mapped
to a constant term added to the system energy and virial, or to a short-range cor-
rection added to the pairwise potential energy, force and virial. For the EL interac-
tions, MF approaches include in particular the reaction-�eld (RF),124,128,129 �gen-
eralized� reaction-�eld412�414 , Wolf damping,131 zero multipole,415�419 screening
function,420�423 and isotropic periodic sum117,118,133,424�427 methods. For the LJ
interactions, available MF schemes include the tail-correction368 and LJ isotropic
periodic sum117,118,151,427,428 approaches. Given a su�ciently large cuto�, phys-
ically motivated MF approximations are appropriate for bulk systems, but may
become problematic when the medium outside the cuto� sphere is inhomoge-
neous and/or anisotropic,e.g. at the surface of a macromolecule or for systems
in interfacial/slab geometries.134,404,429 Note that anisotropic MF variants have
also been proposed for these situations, considering both EL interactions133,134

and LJ interactions.430�439 See also Ref. 440 for an alternative route relying on
emulating large cuto� distances in MF calculations using a LS scheme.

In the LS approximation, an assumption of exact periodicity is made for
the system simulated under periodic boundary conditions, which is considered
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Figure 4.1: Schematic illustration of di�erent treatments of the pairwise EL interactions
(similar considerations apply to LJ interactions as well). The cuto� distance is Rc. The
unmodi�ed (physical) interaction function u(r) is shown for reference in all panels (blue
dotted). (a) u(r) truncated with a SC scheme (blue solid). (b) u(r) modi�ed using a SH
(orange) or a SW (pink) scheme. (c) u(r) corresponding to the RF scheme in its usual
implementation for eRF = 5. (d) u(r) corresponding to the RF scheme with the sameeRF
value of 5 without o�-setting the energy to zero at Rc (dotted green line shifted up by a
constant to the dashed green line), together with the proposed RF(+LJ)/AT/SH (orange)
or RF(+LJ)/AT/SW (pink) modi�cations.

to be an in�nite pseudo-crystal. By convoluting point charges with a charge-
shaping function, the calculation is split into a real- and a reciprocal-space
component.441 The range of the former is made shorter than the cuto�, so that
this component can be calculated exactly442 (or nearly exactly in the case of a
Gaussian charge-shaping function) by pairwise summation. The latter compo-
nent is long-ranged but periodic and smooth in real-space, so that it converges
rapidly in reciprocal-space. For the EL interactions, it can be evaluated either by
direct summation over reciprocal-lattice vectors, as in the Ewald101,443 method,
or using grid-based fast Fourier transforms, as in the particle-particle�particle-
mesh (P3M)111,444 and particle-mesh Ewald (PME)112,445�447 methods. Both
approaches exist as well for the LJ interactions, namely LJ Ewald,410,443,448�451

LJ P3M,452,453 and LJ PME.152,445,454 Note that these schemes may be compu-
tationally expensive unless a strict geometric-mean combination rule354 applies
to the LJ parameters,410,449 or such a rule is used as an approximation during the
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calculation.454 The use of a LS approach is most appropriate for truly periodic
systems (crystals, neglecting static and dynamic disorder), but only approximate
for inherently non-periodic systems such as liquids and solutions. In practice,
for the comparatively short-ranged LJ interactions, LS and MF approximations
typically lead to comparably accurate results for bulk systems,404,447 but gener-
ally not for interfacial systems, where LS is to be preferred.152,410,429,452,454,455

There are three additional advantages to the use of MF over LS schemes: (i) for
large systems, they enable an O(N) scaling of the computational cost, compared
to an O(N log N) scaling for FFT-based LS schemes,444,456 (ii) they enable a
pairwise (or groupwise) partitioning of the interaction energy without additional
computational cost, whereas such a direct partitioning is not possible in LS
schemes (i.e. it would require additional FFTs441), and (iii) for processes involv-
ing net-charge changes, the application of LS schemes is a�ected by intricate
methodological issues.457

A second characteristic of the non-bonded interaction scheme is theapplication
modus(B) of the cuto� splitting, which may be based on distances between:
(i) individual atoms, resulting in an atomic (AT) cuto� scheme; (ii) atom
groups, resulting in a charge-group (CG) cuto� scheme. Here, CGs are small
groups of close covalent neighbors within a molecule, for which the partial
charges should add up to an integer value. Historically, CG truncation was
found necessary to permit the simulation of polar liquids using a SC scheme
for the EL interactions.79,458�460 In this way, the cuto� noise for Coulombic
interactions involving neutral charge groups was reduced fromO[R� 1

c ] in the
SC/AT scheme toO[R� 3

c ] in the SC/CG scheme. In addition, the use of a
CG-based short-range pairlist461 represented a simple way to reduce memory
requirement and computational cost. Note, however, that a well-implemented AT
scheme relying on a group-based extended pairlist can reach a very comparable
level of computational e�ort. In practice, there are several reasons why modern
force �elds should probably favor AT over CG truncation: (i) if the potential-
energy function of a MF scheme does not exactly vanish at the cuto�, CG
truncation leads to loss of energy conservation and heating,458,459 as well as
other artifacts;128,426,462�464 (ii) in the context of LS and of some MF schemes,
the short-range potential-energy function actually vanishes at the cuto�, and an
AT truncation then becomes the natural choice; (iii) the de�nition of neutral
charge-groups within molecules generally requires charge adjustments that are
di�cult to automate in the context of force-�eld design.465

The third characteristic of the non-bonded interaction scheme concerns the
pairlisting procedure(C), which may rely on: (i) a pairwise summation that is
exact at each simulation timestep; (ii) a summation dictated by an approximate
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pairlist. Here, common time-saving techniques include Verlet461 and twin-range466

schemes, where the pairlist is only recalculated at periodic intervals. These
variants are in principle designed to increase e�ciency while negligibly a�ecting
the simulated properties. However, a number of cases have been reported where
the implementation of the method and/or the associated parameters may cause
serious artifacts in simulations.404,467,468

The fourth important aspect concerns the possibleshort-range smoothingof
the interaction126,405,462 (D), where the options are: (i) no smoothing applied;
(ii) application of a shifting (SH) function; (iii) application of a switching (SW)
function. The SH approach119,126,405,469�473 refers to the modi�cation of the
short-range interaction over the entire range from0 to Rc, so as to enforce
speci�c continuity conditions atRc (e.g. vanishing potential-energy function
along with a number of its derivatives). The SW approach119,469,472,474,475 refers
to a similar modi�cation applied only over a limited range[Rc � d, Rc] with
0 < d < Rc (and enforcing continuity conditions atRc � d as well). Switching has
the advantage over shifting that the very-short-range interactions (belowRc � d)
remain unmodi�ed, but the drawback that it may induce large forces in the range
[Rc � d, Rc] if d is chosen small. Historically, SH and SW schemes (with either
CG or AT truncation) were applied for the EL interactions to reduce noise and
artifacts introduced by SC truncation (Fig. 4.1b). However, the use of suchad hoc
schemes without physical motivation may cause major disruptions in the simulated
structural, thermodynamic and dynamical properties.119,121�123,462,475,476 The
SW and SH approaches have also been applied to EL interactions in complement
to MF schemes, for example in the switched RF approach,477 or in variants of
the Wolf-damping method.132,476,478�482 In view of the small LJ forces at typical
cuto� distances, the application of SH or SW schemes to the LJ interactions has
been less frequently considered,473,475,483 although it may still be useful if one
wishes to enforce a strict energy conservation in simulations. Note that SH and
SW schemes are irrelevant in the LS case, where the cuto� is only a numerical
parameter and the level of noise is (nearly) exclusively controlled by the accuracy
of the reciprocal-space evaluation.

Finally, the choice of appropriateforce-�eld parameters(E) and the options
selected for pointsA-D above (also including the cuto� distanceRc itself, and
the possible use of speci�c LJ combination rules) are inter-dependent. This is
because force-�eld parameters are e�ective quantities, which partly compensate
for approximations made in the functional-form representation. As a result, a
force �eld is only expected to provide accurate results under simulation conditions
that are close to the ones selected during its calibration. For example, the use of
a MF or LS long-range component is not recommended for a force �eld that was
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calibrated with SC, both in the context of LJ interactions151,152,404,411,484�486

and EL interactions.404,487,488 The cuto�-dependence of the simulated properties
may be reduced, but the deviations from experiment are likely to increase, unless
an appropriate reparametrization is performed.

The present work focuses on the implementation of one of the best established
MF approaches for EL interactions, namely the RF method.124,128,129 In the
context of molecular liquids, this scheme is underpinned by a particularly sound
theoretical basis, as it rests on the Onsager model for a dipole at the center of a
cavity immersed in a dielectric medium.125 It is also the standard electrostatic
scheme compatible with the GROMOS force �eld.130,489,490 The RF scheme
depends on the permittivityeRF of the dielectric medium outside the cuto� sphere,
which is generally taken to be that of the solvent (or pure liquid) considered.
In its usual implementation (see Eq. 4.1 in the Theory Section), the potential
energy vanishes at the cuto�, but this is generally not the case for the force
(Fig. 4.1c, green curve with non-zero derivative atRc). In the limit eRF ! 1
(vacuum), the RF scheme becomes like a SC scheme (Fig. 4.1a), except for
the introduction of a constant o�set in� R� 1

c that brings the function to zero
at Rc. In the limit eRF ! ¥ (conducting), the RF scheme becomes similar
to a physically motivated SH scheme (Fig. 4.1b, orange curve), in which the
potential energy and its �rst derivative vanish atRc. As mentioned above, the RF
scheme is generally applied with CG truncation, which is justi�ed for low solvent
permittivities, but more problematic for solvents with high permittivity.128 Indeed,
a few studies128,464,491,492 have already considered the use of a RF/AT scheme
for aqueous systems, with similar or improved results compared to RF/CG.

The goal of this study is to assess the in�uence of the cuto� treatment on
selected properties of pure liquids, as well as to eliminate the need for charge
groups by introducing SH and SW schemes in combination with an AT truncation
of the RF-based EL interactions and LJ interactions, which are appropriate for
low as well as high values ofeRF. This work follows analogous developments in
the context of Wolf damping479,480 and isotropic periodic sum425 methods. The
proposed RF(+LJ)/AT/SH and RF(+LJ)/AT/SW schemes have the following
properties: (i) they bring the force but not the potential energy to zero at the
cuto�; (ii) as a result, they lead to a modi�cation of the interaction that is
comparatively small; (iii) they permit rigorously conservative simulations; (iv)
the energies can easily be corrected back to the unmodi�ed form, either on the
�y or in a post-processing step. The main idea is to shift/switch the force to
zero at Rc, and let the potential energy level-o� to a constant (Fig. 4.1d). This
results in an energy contribution involving all atom pairs at a distance larger
than Rc. However, this term is easy to calculate and induces neither a force nor
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a virial contribution. The bene�t of this approach is that the continuity of the
potential energy as well as that of its �rst (and second) derivatives atRc can be
achieved (conservative scheme), but with a limited perturbation of the original
RF forces compared to a corresponding shifting/switching of the potential energy
(Fig. 4.1b).

In this article, the mathematical formalism of these RF(+LJ)/AT/SH and
RF(+LJ)/AT/SW schemes is presented in detail. This is followed by their
validation in terms of the densities and vaporization enthalpies of the 57 organic
liquids considered in the calibration of the GROMOS-compatible 2016H66 force
�eld. 171 The e�ect of di�erent schemes on the radial distribution functions (RDFs)
and dipole-dipole orientation correlation functions (DOCs) of some model liquids
are also analyzed.

4.2 THEORY

4.2.1 RF-based EL Interactions with AT or CG Cuto� Schemes

The Coulomb plus RF potential energyvRF,ij between two atomsi and j with
chargesqi and qj at a distancer i j = jr j � r i j is commonly implemented in the
form124,128�130,489,490

vRF,ij (r i j ) =
qiqj

4pe0

 
1
r i j

+
eRF � 1
1 + 2eRF

r2
ij

R3
c

�
3eRF

1 + 2eRF

1
Rc

!

, (4.1)

wheree0 is the permittivity of free space. This expression assumes that the
atoms are at the centers of their respective spherical cuto� spheres of radiiRc,
�lled by vacuum and surrounded by a homogeneous dielectric medium of relative
permittivity eRF (Onsager model125) that is exempt of free charges (no Debye
screening129). For simulations in solution (or pure liquids), the value ofeRF is
typically selected to be that of the solvent (or liquid). The potential energyvRF,ij
and the associated interatomic forcefRF,ij are shown in Fig. 4.2 for di�erent
values ofeRF, assuming atomic charges of the same sign. Owing to the third
term in Eq. 4.1,vRF,ij is exactly zero at the cuto� distanceRc, irrespective of
the value ofeRF (Fig. 4.2a).

One can distinguish two limiting cases.
In the limit eRF ! ¥ (e.g. orange curve foreRF = 80, representative for

water), the interatomic forcefRF,ij nearly vanishes at the cuto� distanceRc.
Thus, in this high-permittivity regime, the RF interaction plays the role of a
nearly perfect shifting function, a favorable situation to avoid cuto� noise and
pair-distribution artifacts. However, in this regime, the potential energy rises



4.2 Theory 119

Figure 4.2: Pairwise Coulomb plus RF potential energy and interatomic force close to the
cuto� distance. A cuto� distance Rc = 1.4 nm and atomic charges of the same sign were
used. (a) The potential energy vRF,ij of Eq. 4.1 as a function of the interatomic distance
r i j . (b) The force fRF,ij as a function of r i j , which is the negative derivative of the potential
energy and corresponds to the force exerted by atomi on atom j projected along the
interatomic vector r i j = r j � r i .

again shortly beyondRc for charges of identical sign,i.e. the interatomic force
becomes unphysically attractive (or repulsive for charges of opposite signs). Such
a situation may occur when using CG truncation,128 because interacting CG pairs
that have their centers close toRc may involve some interatomic distances that
actually exceedRc. In contrast, this situation is excluded with AT truncation.

In the limit eRF ! 1 (e.g. green curve foreRF = 2, representative for a
non-polar organic solvent), the RF interaction becomes progressively closer to a
Coulomb interaction with SC truncation,i.e. the RF screening no longer acts
like a shifting function. In this low-permittivity regime, an AT truncation scheme
is expected to induce serious artifacts in the simulated properties.128 These can
be largely remedied by a CG-based truncation.

The consequences of these features on simulated pair-distribution functions are
illustrated in Fig. 4.3 for four model liquids, in the form of RDFs calculated using
either a RF/CG or a RF/AT scheme for the EL interactions. The results obtained
using a LS scheme are shown for comparison. In addition, the corresponding
DOCs and distance-dependent Kirkwood factors are depicted in Fig. 4.4 for
chloroform and water.

For the three low-permittivity systems (Fig. 4.3a-c), the use of AT truncation
leads to an arti�cial peak in the RDF atRc, particularly pronounced for the
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Figure 4.3: Radial distribution functions (RDFs) for four model liquids: modi�ed GROMOS
CCl4 models493 with a charge of +0.4 e (a) or +0.86 e (b) introduced on the central carbon
atom (and neutralized by the chlorine atoms), the GROMOS CHCl3 model494 (c), and the
SPC water model79 (d). The RDFs g(r) are calculated for the carbon (a,b,c) or the oxygen
(d) atoms. The EL interactions are calculated using RF/CG (blue lines) or RF/AT (red
lines), in both cases using a cuto� distance Rc of 1.4 nm (vertical dashed line), as well as
with LS (thick gray lines). For the LJ interactions, the same scheme (i.e. CG or AT) was
used as for the EL interactions. The values ofeRF are 2.24 for CCl4, 4.81 for CHCl3 and 61
for SPC water.

CCl4 model with high partial charges. The reason is that molecule pairs at a
distance close toRc can take advantage of a strong potential-energy decrease
when they adopt relative positions and orientations that maximize the number
of oppositely-charged atom pairs just inside the cuto� and of like-charged atom
pairs just outside the cuto�. In contrast, the RF/CG curves are smooth atRc

and very close to the reference LS curves.
In the high-permittivity case of water (Fig. 4.3d), the AT scheme results in a

small wiggle in the RDF aroundRc, which is essentially absent for the RF/CG
scheme. However, an opposite di�erence is observed for the DOC of water
(Fig. 4.4b), where the RF/CG scheme shows negative correlations belowRc and
positive ones above, which is also re�ected by a dip in the correspondingG(r). In
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Figure 4.4: Dipole-dipole orientation correlation functions (DOCs) and distance-dependent
Kirkwood factors G(r) for (a) CHCl 3 (GROMOS CHCl3 model494), and for (b) water (SPC
water model79). The DOCs c(r) correspond to the average of the angle-cosine between the
dipole-moment vectors of the two molecules, binned as a function of distance based on the
carbon (a) or the oxygen (b) atoms. The EL interactions are calculated using RF/CG (blue
lines) or RF/AT (red lines), in both cases using a cuto� distance Rc of 1.4 nm (vertical
dashed line), as well as with LS (thick gray lines). The same settings were used as for Fig.
4.3.

contrast, the RF/AT curve is very close to the reference LS one. This e�ect in the
RF/CG case is probably related to the slight like-charge attraction between the
hydrogen atoms beyondRc for molecule pairs close toRc in favorable orientations.
Note that these observations on the di�erences between RF/CG and RF/AT for
water were already reported previously in Ref. 128 (see Figs. 2-4 therein; note
that the labels for the CG/1 and AT/2 curves are mistakenly inverted in Fig 2a).
For CHCl3, the e�ect on the DOC is very small (Fig. 4.4a), likely due to the
much smaller partial charges and dipole moment. The Kirkwood factors with LS
and RF/CG are in good agreement up toRc and diverge afterwards. The use
of an AT cuto� causes a slightly stronger alignment of the dipoles close to the
cuto� distance compared to the LS reference.
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4.2.2 Objective of the Modi�cation Schemes

The observations of the previous section suggest that when applying RF-based
EL interactions in their usual implementation,124,128�130,489,490 a CG truncation
is to be preferred in the low-permittivity limit, whereas an AT truncation is
more adequate for solvents with high permittivity. This is inelegant as well
as problematic for intermediate or mixed situations. To address this issue, we
introduce here a scheme, which combines RF-based EL interactions with AT
truncation, and is designed to ful�ll the following requirements (Fig. 4.1d): (i) the
pairwise potential-energy function is unaltered at zero interatomic distance (in a
limiting sense); (ii) it is continuous at the cuto�; (iii) it is constant (generally
non-zero) at and beyond the cuto�; (iv) its �rst derivative vanishes at the
cuto� ( i.e. zero force atRc); (v) its second derivative also vanishes at the
cuto� ( i.e. continuous force atRc). A similar change is also explored for the LJ
interactions, so as to achieve non-bonded interaction schemes, which ensure a
rigorous conservation of the total energy.

The proposed AT schemes will be further referred to asmodi�ed schemes
(mod). They are always implemented with AT truncation, and involve either an
additive polynomial shifting function or an additive spline switching function. In
order to be compatible with the standard energies, a correction can be added
to the modi�ed energies, either on the �y or as a post-processing step. These
recalculated energies will be referred to ascorrected(cor) energies.

4.2.3 Standard and Modi�ed Schemes

For the ease of notation, the subscriptw is introduced here to specify the
interaction type, namely �RF� for the Coulomb plus reaction-�eld term, �LJ6�
for the dispersiveC6 term of the Lennard-Jones interactions, and �LJ12� for
the corresponding repulsiveC12 term. De�ning pairwise topology-dependent
prefactors as

cRF,ij =
qiqj

4pe0
, cLJ6,ij = � C6,ij and cLJ12,ij = C12,ij , (4.2)

the standard potential-energy function can be written as

Ustd = Uoff
RF + Uslf

RF + å
w2f RF,LJ6,LJ12g

å
i

å
j2 PL( i)

cw,ij uw(r i j ), (4.3)

where the three in�uence functions are de�ned as

uRF(r) =
1
r

+
eRF � 1
1 + 2eRF

r2

R3
c
, uLJ6(r) = r � 6, uLJ12(r) = r � 12, (4.4)
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the RF o�set term as

Uoff
RF = �

3eRF

1 + 2eRF

1
Rc

1
4pe0

å
i

å
j2 PL( i)

qiqj , (4.5)

and the RF self-term as

Uslf
RF = �

1
2

3eRF

1 + 2eRF

1
Rc

1
4pe0

2

4å
i

q2
i � e� 1

RF

 

å
i

qi

! 2
3

5 . (4.6)

In Eqs. 4.3 and 4.5, the notationj 2 PL( i) refers to the pairlist of an atomi, i.e.
all the atomsj > i that are within Rc of i according to the selected CG or AT
cuto� criterion. The term uRF(r) in Eq. 4.4 accounts for the �rst two terms of
the RF potential-energy functionvRF,ij (r i j ) of Eq. 4.1. The contribution of the
third term is gathered into the energy o�setUoff

RF of Eq. 4.5. The motivation for
the self-termUslf

RF of Eq. 4.6 is discussed in Ref. 490 (see Eq. 34 therein). Note
that both Uoff

RF and Uslf
RF are con�guration-independent. They induce neither a

force nor a virial, and are only relevant in the context of systems undergoing
charge changes. For simplicity, the handling of excluded atom pairs has not been
explicitly indicated in the above equations. As discussed elsewhere,490 the entire
LJ interaction but only the Coulomb component inr � 1

ij of the RF interaction
should be omitted from the terms of Eq. 4.3 involving excluded atom pairs.

Turning to the modi�ed schemes, it is convenient to introduce a superscript
W standing for the modi�cation type, namely �SH� for shifting or �SW� for
switching. For these modi�ed schemes, Eq. 4.3 is altered to

Umod,W = Ustd � Uoff
RF � Uslf

RF + å
w2f RF,LJ6,LJ12g

�
Ushr,W

w + U lnr, W
w

�
. (4.7)

Besides omittingUoff
RF and Uslf

RF, the modi�cation involves the addition of a
short-range (shr; inside the cuto�) and a long-range (lnr; outside the cuto�)
component. These are given by

Ushr,W
w = å

i
å

j2 PL( i)
cw,ij u

W
w (r i j ) (4.8)

and
U lnr, W

w = å
i

å
j /2 PL( i)

cw,ij ũ
W
w (Rc). (4.9)

Here, the modi�cation is speci�ed by the in�uence functionuW
w (r) to be added

to the original in�uence functionuw(r) of Eq. 4.4, and notation

ũW
w (r) = uw(r) + uW

w (r) (4.10)
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is introduced for the modi�ed function inside the cuto�. The short-range term
will be designed to enforce the required continuity conditions. The long-range
term is required to ensure energy conservation. However, it induces neither a
force nor a virial. Because it does not account for the long-range interaction
energy in a physically meaningful way, this component will be removed when
calculating corrected energies in a post-processing step.

Since the summation in Eq. 4.9 involves a mere constant, this equation can
be converted to

U lnr, W
w = ũW

w (Rc)

2

4

 

å
i

å
j> i

cw,ij

!

�

0

@å
i

å
j2 PL( i)

cw,ij

1

A

3

5 . (4.11)

The �rst term involves all particle pairs but is constant throughout a simulation.
The second term must be recalculated at each simulation timestep, but only
involves the inexpensive summation of a distance-independent quantity over
particle pairs within the cuto�.

Following the objectives of Section 4.2.2, the conditions to impose onuW
w (r)

are
dũW

w

dr
= 0 and

d2ũW
w

dr2 = 0 at r = Rc (4.12)

along with
ũW

w (0) = uw(0) i.e. uW
w (0) = 0. (4.13)

The forms of selected functionsuW
w (r) satisfying these conditions are detailed in

the two following sections for the shifting (W = SH, Eq. 4.14) and switching (W
= SW, Eq. 4.15) schemes. Note that the indicated equations only specify these
functions in the relevant range up toRc, as the contribution ofũW

w (r) beyond
Rc is already encompassed in the long-range termU lnr, W

w .

4.2.4 Shifting Function

The SH scheme relies on a polynomial of the form

uSH
w (r) = aw,mrmw + aw,nrnw with 0 < mw < nw , (4.14)

which already satis�es Eq. 4.13 by construction. For a given choice of the expo-
nentsmw and nw , the coe�cients aw,m and aw,n are entirely determined by the
conditions of Eq. 4.12. The corresponding analytical expressions, which also de-
pend onRc andeRF, are provided in Appendix Sec. 4.6.1 forw 2 f RF, LJ6, LJ12g.
These expressions can be precalculated at the start of a simulation.
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The exponentsmw andnw are related to the distance scale of the modi�cation.
When the exponents are high, the damping of the force towards zero is operated
over a small distance range below the cuto�,i.e. the decrease of the force becomes
an increasingly close approximation to a step function. When the exponents are
low, the force is shifted more progressively towards zero over the entire distance
range from 0 toRc. The choice of even integer exponents is also advantageous
in terms of computational e�ciency. In this work, only pairs of even integers with
nw = mw + 2 are considered. In addition, the conditionmw � 4 is imposed,
because the choicemRF = 2 would involve altering the quadratic term of the
potential energy,i.e. changing the e�ective permittivityeRF. This option is
nevertheless brie�y discussed Appendix Sec. 4.6.5.

As an illustration, the curves for the modi�ed potential energycRF,ij ũSH
RF

and the associated interatomic forcecRF,ij f̃ SH
RF are displayed in Fig. 4.5a for

two variants with mRF-nRF combination = 4-6 (purple) and 12-14 (orange),
respectively. A more detailed analysis of the amount of change in the in�uence
function introduced by di�erent exponent combinations is provided in Appendix
Sec. 4.6.2 (in the context of RF-based EL interactions). This analysis indicates
that mw , the smaller of the two exponents, is the one that predominantly
determines the shape of the modi�ed in�uence function.

4.2.5 Switching Function

The SW scheme relies on a fourth-order polynomial operating over the distance
range fromRc � dw to Rc, namely

uSW
w (r) =

�
� uw(r) +

1
4

bw,4r4 +
1
3

bw,3r3 +
1
2

bw,2r2 + bw,1r + bw,0

�

Q(r � Rc + dw) with 0 < dw < Rc,
(4.15)

whereQ is the Heaviside step function (zero if its argument is negative, one
otherwise). This expression can be identi�ed with a cubic spline495 for the forces,
and already satis�es Eq. 4.13 by construction. For a given choice of the range
parameterdw , the �ve coe�cients bw,0 to bw,4 are entirely determined by the
conditions of Eq. 4.12, along with corresponding requirements of continuity up
to the second derivative atRc � dw . The corresponding analytical expressions,
which also depend onRc and eRF, are provided in Appendix Sec. 4.6.3 for
w 2 f RF, LJ6, LJ12g. Again, these expressions can be precalculated.

Similarly to the exponentsmw and nw of the SH scheme, the parameter
dw speci�es the distance scale of the SW scheme. In the limit of a smalldw ,
the decrease of the force becomes an increasingly close approximation to a
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Figure 4.5: In�uence of the SH (left) and SW (right) modi�cations on the pairwise Coulomb
plus RF potential energy cRF,ij ũW

RF (top), interatomic force cRF,ij f̃ W
RF (middle), and radial

distribution function (RDF) (bottom) of a model liquid. For the SH scheme (a,c,e), variants
with values 4-6 (purple) or 12-14 (orange) for mRF and nRF are shown. For the SW scheme
(b,d,f), variants with values 0.78 (purple) or 0.36 (orange) for dscl

RF (corresponding to dRF
of 0.7 and 0.4 nm, respectively) are shown. Atomic charges of the same sign were used,
i.e. cRF,ij > 0. The cuto� Rc = 1.4 nm is marked (vertical black dashed line) as well as the
position of Rc � dRF for the SW scheme (vertical orange and purple dotted lines), and the
RF permittivity is eRF = 2.24. RDFs g(r) (e,f) were calculated for the carbon atoms for the
modi�ed GROMOS CCl4 model493 with a charge of +0.86 e on the central carbon atom
(neutralized by the chlorine atoms). The RDFs corresponding to simulations with standard
RF/CG (cyan) or RF/AT (red) are shown for comparison.

step function. Whendw is chosen larger, the force is shifted more progressively
towards zero over a larger distance interval belowRc. However, for values of the
parameterdw higher than a given thresholddmax

w , the modi�ed in�uence function
ũSW

w presents a spurious minimum in the range[Rc � dw , Rc]. This situation
should be avoided as it may lead to artifacts. For this reason, it is preferable to
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de�ne the switching range by means of a scaled parameterdscl
w in the interval

(0, 1], as

dw =

8
<

:
2dscl

w dmid
w if 0 < dscl

w � 1/2

dmid
w + ( 2dscl

w � 1)(dmax
w � dmid

w ) if 1/2 < dscl
w � 1.

(4.16)

The upper thresholddmax
w is the value ofdw for which the second derivative

of the force (i.e. the third derivative ofũSW
w ) vanishes atRc. The intermediate

thresholddmid
w is the value ofdw , for which this second derivative vanishes at

Rc � dw . The important point is that for anydscl
w in the range(0, 1], i.e. any dw

in the range(0,dmax
w ], the second derivative of the force remains positive over

the entire switching range, which results in a monotonous switching exempt from
artifacts. The analytical expressions fordmid

w and dmax
w , which also depend on

Rc and eRF, are provided in Appendix Sec. 4.6.3 forw 2 f RF, LJ6, LJ12g. Here
also, these expressions can be precalculated.

As an illustration, the curves for the modi�ed potential energycRF,ij ũSW
RF

and the associated interatomic forcecRF,ij f̃ SW
RF are displayed in Fig. 4.5b and

4.5d for two variants withdscl
RF = 0.78 (purple) and 0.36 (orange), respectively.

Comparing to the SH scheme in Fig. 4.5a and 4.5c, one sees that for a sensible
range of exponentsmw and nw in SH or distance parametersdscl

w in SW, both
modi�cation schemes can yield analogous in�uence functions.

4.2.6 Corrected Energies

The potential energyUmod,W in Eq. 4.7, withW = SH or SW, is the one relevant
for the dynamics of the system when using the corresponding modi�cation scheme.
Since the schemes are applied with AT truncation and the potential energy is
continuous (up to its second derivative) at the cuto�, strict energy conservation
is ensured. However, the potential energyUstd of the standard scheme in Eq. 4.3
is also relevant, because: (i) it excludes the arti�cial interactionsU lnr, W

w of Eq. 4.9
beyondRc; (ii) it excludes the interaction modi�cationUshr,W

w of Eq. 4.8 within
the cuto� sphere; (iii) it is the one compatible with the parametrization conditions
of the force �eld. For this reason, it is useful to calculate not only the modi�ed but
also the corrected (to standard) non-bonded potential energy while performing
the dynamics or afterwards. This can be done straightforwardly using Eq. 4.7
rewritten for Ucor as

Ucor = Umod,W + Uoff
RF + Uslf

RF � å
w2f RF,LJ6,LJ12g

�
Ushr,W

w + U lnr, W
w

�
. (4.17)
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This calculation induces little extra overhead during the simulation, considering
that all the terms can be precalculated or are already calculated at each timestep.
The only exception is the second term in Eq. 4.11, but this is inexpensive. One
may also envision the possibility to apply a correction similar to Eq. 4.17 to the
virial during the simulation. This option is explored in Appendix Sec. 4.6.5 and
4.6.6 and only brie�y discussed here.

Note that neither the standard nor the corrected energies encompass a long-
range component for the LJ interactions,e.g. in the sense of a tail-correction,368

in agreement with the calibration conditions for the GROMOS force �elds.171,404

Such a tail-correction could (and probably should) be added at some point, but
this would require a consistent force-�eld reparametrization.

4.3 COMPUTATIONAL PROCEDURES

4.3.1 Simulation Details

The proposed modi�cation schemes were implemented into the GROMOS soft-
ware package.130 They were tested using a set of 57 small molecules, which
were employed in the calibration of the GROMOS-compatible 2016H66 force
�eld. 171 The same force-�eld parameters were used. The list of compounds, along
with key experimental properties, were taken from Ref. 171 and are provided in
Appendix Tab. 4.1. A subset of 11 molecules (marked in Table S1) was selected
as the calibration set, which was used to investigate the e�ect of parameter
variations in the modi�cation schemes. The full set of 57 molecules, referred to
as the validation set, was then used to further test the schemes with appropriate
parameter choices.

The calculations for each compound included 1 ns simulations in the liquid
phase and 10 ns simulations in the gas phase. In both cases, the timestep was set
to 2 fs, all bond lengths were constrained with SHAKE,46 and the coordinates
and energies were written out every 1 ps.

The liquid-phase simulations were carried out using MD for a cubic box of 512
molecules under periodic boundary conditions in the isothermal-isobaric ensemble.
The average temperature and pressure were maintained close to 298.15 K (unless
indicated otherwise in Table S1) and 1 atm using a Berendsen thermo- and
barostat,364 with coupling times of 0.1 and 0.5 ps, respectively. The center-of-
mass translational motion was removed every 2 ps. The simulations were started
from pre-equilibrated con�gurations, and an additional 0.1 ns equilibration was
performed for every new parameter setting. The gas-phase simulations were
carried out using stochastic dynamics (SD) for a single isolated molecule with a
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friction coe�cient of 91 ps� 1. The reference temperature was identical to that
in the corresponding liquid simulation.

All simulations presented in the main article relied on a cuto� distance of
Rc = 1.4 nm, a pairlist updated every timestep, the inclusion of long-range EL
interactions, and the neglect of the long-range LJ component. These settings are
compatible with the parametrization conditions of the 2016H66 force �eld.171,404

The results of analogous simulations withRc = 1.2 nm instead are provided in
the Appendix

Five schemes were considered for the long-range EL interactions in the liquid-
phase simulations: (i) a lattice-sum scheme (LS); (ii) the standard RF scheme
with CG cuto� (RF/CG); (iii) the standard RF scheme with AT cuto� (RF/AT);
(iv) SH-modi�ed RF schemes with AT cuto� (RF/AT/SH); (v) SW-modi�ed
RF schemes with AT cuto� (RF/AT/SW). The LS scheme relied on the P3M
method,111,444 using a Gaussian charge-shaping function of width parameter 0.4
nm� 1 and a grid of 64� 64� 64 points. For the RF schemes, the permittivity
eRF was set to the experimental value for the compound (Table S1). For the
LJ interactions in the �rst series of simulations, SC truncation was used with a
CG-based cuto� when using RF/CG, AT in all other cases.

After determining appropriate parameter choices for the SH and SW schemes
applied to the EL interactions, a second series of calculations considered the
possibility of also modifying the LJ interactions with a SH or SW scheme. The
additional schemes are labeled RF+LJ/AT/SH and RF+LJ/AT/SW. They rely
on the same parameter choices for the RF modi�cations, selected as appropriate
in the preceding phase.

The gas-phase simulations always rely on the same EL and LJ scheme as used
in the corresponding liquid-phase simulation (including the possible application
of the SH or SW modi�cations), with only two di�erences. The RF permittivity
eRF was set to 1, and the LS case was mapped to exactly Coulombic interactions
with SC/AT truncation. Note that for the small molecules considered here,
intramolecular interatomic distances larger thanRc never occur in the simulations.

In addition, simulations for four model liquids were performed to assess the
magnitude of possible cuto� artifacts (shown in Figs. 4.3, 4.5 and 4.8). The corre-
sponding topologies are based on the standard GROMOS models for chloroform494

and carbon tetrachloride,493 as well as the simple-point-charge (SPC) water
model.79 For CCl4, the original model does not involve partial charges. Thus,
charges of +0.4eor + 0.86ewere introduced on the carbon atom (and neutralized
by the chlorine atoms) to test the e�ect of a molecular quadrupole. These simu-
lations were carried out in the canonical ensemble at 298.15 K and the densities
were set close to the corresponding experimental values. For water, they involved
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2200 molecules instead of 512. For chloroform and water, the simulations were 10
ns to obtain converged DOCs and Kirkwood factors, for the other two solvents 1
ns simulations were performed. Besides this, the same parameters were used as
for the other liquid simulations.

4.3.2 Analyses

The analysis of the trajectories was performed using the GROMOS++ analysis
programs,380 and involved the calculation of the liquid densitiesr liq , vaporization
enthalpiesDHvap , static relative dielectric permittivitiese, and self-di�usion
coe�cients D. For the four model liquids, RDFsg(r) and DOCsc(r) were
calculated.

The liquid densityr liq as well as the total potential energiesUliq and Ugas

were extracted from the trajectories using the GROMOS++ene_ana program.
The potential energies were corrected according to Eq. 4.17, and the result used
to calculate the vaporization enthalpy as

DHvap = Ucor
gas �

Ucor
liq

N
+ RT, (4.18)

where N = 512 is the number of molecules in the liquid simulations,R the
universal gas constant, andT the absolute temperature.

The static relative dielectric permittivitiese were determined using the applied
electric-�eld method.344,496 To this purpose, an external electric �eldEext

z ranging
between 0.01 and 1enm� 2 was applied along thez-direction of the computational
box. For the LS calculations, the local �eld determining the forces on the individual
charges is equal toEext

z . However, for the RF/CG calculations, this local �eld
must be reduced by a factor3eRF/ (1+ 2eRF) (see Eq. 14 in Ref. 496). This arises
as a consequence of the non-Coulombic nature of the integrated dipole-dipole
interaction tensor. For RF/AT, it turns out that the integration of this tensor
leads to a result that is very close to the LS rather than the RF/CG one (see
Appendix B in Ref. 128). Consequently, for RF/AT, the local �eld determining
the forces on the individual charges is set equal toEext

z , as in the LS case. The
resulting average box dipole momenthM zi in the z-direction was evaluated from
0.5 ns simulations at each selected �eld strength. The permittivitye was then
calculated using the GROMOS++ programeps _field according to

e = 1 +
1
e0

hM zi
hV i Eext

z
, (4.19)

where hV i is the average box volume. Following Ref.496, in order to avoid
saturation e�ects, the range considered forEext

z was subsequently restricted by
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the condition (12kBpe0) � 1mEext
z < 50, wheremstands for the molecular dipole

moment andkB for the Boltzmann constant. The reported values ofe were
obtained by averaging over the results of Eq. 4.19 at the di�erent �eld strengths
satisfying this condition. For �exible molecules,mis con�guration-dependent and
was approximated by averaging over all molecules in the �nal con�guration of
the simulation. The permittivities of the liquids contained in the calibration set,
which were obtained using the external electrc-�eld method, were also compared
to the values calculated using corresponding �uctuation formulae in Appendix
Sec. 4.6.5. The two methods have been found to be in good agreement.

The self-di�usion coe�cients D were calculated based on the liquid simu-
lations using the GROMOS++ programdiffus , which relies on the Einstein
relation497,498

D = lim
t! ¥

1
6Nt

N

å
i= 1

D
(r i (t + t ) � r i (t )) 2

E

t
. (4.20)

In practice,D is evaluated from the slope of the atomic mean-square displace-
ments with respect to timet in the long-time limit.

The RDFsg(r) were calculated with the GROMOS++ programrdf according
to

g(r) =
N I

4p r2Drr I
, (4.21)

whereN I is the number of atoms of typeI at a distance betweenr and r + Dr
from the reference atom, andr I is the bulk number density of atomsI . Finally,
the DOCsc(r) were calculated according to

c(r) =

*
� i � � j

mi mj

+

r

=


cosf i j

�
r

(4.22)

wheref i j is the angle between the dipole moment vectors� of moleculesi and j
at a distancer. Distance-dependent Kirkwood factorsG(r) were obtained using,

G(r) = 1 + 4pr
Z r

0
r02g(r0)c(r0)dr (4.23)

using the RDFg(r), DOC c(r), and the bulk number densityr .
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4.4 RESULTS AND DISCUSSION

4.4.1 Modi�cation Schemes for RF-based EL Interactions

The deviations in the simulatedr liq and DHvap values over the calibration set
relative to the LS reference are illustrated in Fig. 4.6 for the RF/CG, RF/AT,
RF/AT/SH and RF/AT/SW schemes with a cuto� distanceRc = 1.4 nm. A
number of di�erent parameter combinations are compared for the SH and SW
schemes applied to the RF-based EL interactions. The corresponding results for
Rc = 1.2 nm are shown in Appendix Fig. 4.13. For the SH scheme, the lowest
exponents considered aremRF = 4 and nRF = 6 (4-6 SH scheme), because the
choicemRF = 2 would correspond to changing the e�ective permittivityeRF.
The choice of highest exponent combination (12-14 SH scheme) is based on
the onset of signi�cant deviations from the LS curves in the RDFs of the model
liquids (Fig. 4.5e,f). For the SW scheme, the entire accessible range(0, 1] in
terms of the scaled switching distancedscl

RF was considered (i.e. 0.05 to 1.0).
As can be seen in Fig. 4.6, the 4-6 SH and the 0.75 SW schemes appear to

reproduce the LS results most accurately withRc = 1.4 nm. The same holds
when considering a 1.2 nm cuto� instead (Fig. S1). These speci�c parameter
combinations are thus retained as the most appropriate for the implementation of
smooth RF/AT/SH or RF/AT/SW schemes. For these speci�c schemes, most of
the deviations inr liq and DHvap relative to LS are within one standard deviation
of the purely statistical error a�ecting the calculated properties. Since the
smoothing corrects for discontinuities at the cuto� but not for errors related to the
instantaneous inhomogeneity/anisotropy of the medium outside the cuto� sphere,
the above observation suggests that the errors related to the cuto� discontinuities
are more pronounced than those related to the continuum approximation, at
least for simple bulk systems and for the longest cuto� distance of 1.4 nm.

The validation of the selected 4-6 SH and 0.75 SW schemes in the context
of RF/AT electrostatics on the full set of 57 organic compounds is shown in
Fig. 4.7 for Rc = 1.4 nm (and in Appendix Fig. 4.14 forRc = 1.2 nm). In
addition to r liq and DHvap , the static relative dielectric permittivitiese and
the self-di�usion coe�cients D are also compared to the LS results. For both
cuto� values, a direct comparison to the experimental data is shown in Figs.
4.15 and 4.16. However, the latter comparison is viewed here as less relevant
than the comparison against LS, because it mixes errors from the force-�eld
parametrization with those resulting exclusively from the non-bonded scheme.

As was observed for the calibration set (Fig. 4.6), the 4-6 SH and 0.75 SW
schemes substantially reduce the deviations inr liq and DHvap relative to LS for
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Figure 4.6: Distributions of the absolute errors in the liquid density r liq (top) and vaporization
enthalpy DHvap (bottom) over the calibration set for various RF-based EL interaction schemes:
RF/CG, RF/AT, RF/AT/SH and RF/AT/SW. All together with SC truncation of the LJ
interactions (CG when using RF/CG, AT otherwise). The errors are determined relative to
the LS scheme along with SC/AT truncation of the LJ interactions as a reference. Di�erent
parameters are considered for the SH scheme (exponentsmRF and nRF) and the SW scheme
(scaled switching distancedscl

RF). The cuto� distance is Rc = 1.4 nm. The blue area sketches
the error distribution, the central blue bar indicates the mean absolute error (MAE), the
red circle shows the root-mean-square error (RMSE), and the gray area represents one
standard deviation of the statistical error a�ecting the MAE. The latter value is obtained by
evaluating the statistical error in each simulation by block averaging, and propagation onto
an error on the MAE considering the set of molecules.

the validation set (Fig. 4.7a-c). Note, however, that the agreement with LS was
already good for the original RF/CG and RF/AT schemes.

The static relative dielectric permittivitiese (Fig. 4.7d) calculated using the
RF/AT/SH and RF/AT/SW schemes remain close to those obtained with the
RF/AT scheme. These values also agree very well with the reference LS values.
The correlation of RF/CG permittivities with LS is signi�cantly worse compared
to the schemes using an AT cuto�. For a few compounds, the permittivity results
were compared to values calculated using corresponding �uctuation formulae
(Appendix Sec. 4.6.5), and found to also agree very well.

The self-di�usion coe�cients D (Fig. 4.7e) obtained using RF/AT tend to
be signi�cantly lower compared to LS and the three other RF schemes. This
reduced di�usion likely results from the preferential positioning of molecule pairs
close to the cuto� distanceRc, which appears in the form of an arti�cial peak in
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Figure 4.7: Validation of the 4-6 SH and 0.75 SW schemes for RF-based EL interactions
considering a number of thermodynamic properties: (a) densityr liq , (b) vaporization en-
thalpy DHvap , (c) distributions of the absolute deviations in r liq and DHvap , (d) dielectric
permittivities e, and (e) self-di�usion coe�cients D. The results for RF/CG and RF/AT are
shown for comparison. All schemes rely on SC truncation of the LJ interactions (CG when
using RF/CG, AT otherwise). The errors are determined relative to the LS scheme along
with SC/AT truncation of the LJ interactions as a reference. The cuto� distance is Rc =
1.4 nm. The solid black diagonal line in the correlation panels indicates perfect agreement.
The blue area in panel (c) sketches the error distribution, the central blue bar indicates the
mean absolute error (MAE), the red circle shows the root-mean-square error (RMSE), and
the gray area represents one standard deviation of the statistical error a�ecting the MAE.
The latter value is obtained by evaluating the statistical error in each simulation by block
averaging, and propagation onto an error on the MAE considering the set of molecules. The
dashed lines in panels (d) and (e) correspond to a linear least-square �t for RF/AT, RF/CG
and RF/AT/SW, and the dotted line shows the least-square �t for RF/AT/SH.

the RDF (Fig. 4.5e,f). The modi�cation schemes eliminate these RDF artifacts
and, as a result, the di�usive behavior in RF/AT/SH and RF/AT/SW matches
very well the LS and RF/CG results.

As mentioned above, the choicemRF = 2 and nRF = 4 was not considered
for the SH scheme. However, if one accepts to use a SH scheme corresponding
to an altered e�ective permittivityeRF, the simplest alternative is to use the
unmodi�ed RF interaction withe ! ¥ . In this case, the corrected energyUcor is
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not evaluated using Eq. 4.17, but by re-calculating the potential energy according
to the actual permittivity eRF. For completeness, this option was also explored
and the corresponding results are shown in Appendix Fig. 4.17 forRc = 1.4
nm (and Fig. 4.18 forRc = 1.2 nm). Even this simple modi�cation leads to a
signi�cant improvement of the agreement with the LS results, although the 4-6
SH scheme still performs slightly better.

Another option to consider is to apply a correction similar to that of Eq. 4.17
to the virial during the simulation. The results without and with such a correction
in the context of the RF/AT/SH scheme are compared in Appendix Fig. 4.19
for Rc = 1.4 nm (and Fig. 4.20 forRc = 1.2 nm). Such a virial correction
slightly worsens the results and was thus not adopted. In particular, the values for
benzene (BZN; like CCl4 a quadrupolar molecule with no dipole moment) di�er
signi�cantly, due to changes in the RDF at short-range, as shown in Appendix
Fig. 4.21.

Finally, in order to verify that the �nal RF/AT/SH and RF/AT/SW schemes
are indeed exempt of the cuto� artifacts observed in the original RF/CG and
RF/AT schemes, the RDFs, DOCs and Kirkwood factorsG(r) analogous to those
of Figs. 4.3 and 4.4 are shown in Figs. 4.8 and 4.9, along with the curves from
LS as a reference. Except for the slight oscillation in the RDF for water observed
previously for RF/AT, which is still present, the RF/AT artifacts in the RDFs as
well as the RF/CG artifact in the DOC of water have both been entirely removed.
It can be seen in Fig. 4.9a that in the low-permittivity regime, the distance-
dependent Kirkwood factors still deviate from the LS reference, resembling the
RF/AT case (Fig. 4.4a). A similar alignment of RF/AT with RF/AT/SH and
RF/AT/SW was also observed for the static dielectric permittivity (Figs. 4.7
and S2), which is also a dipolar property. However, it can be argued that due
to the bad correlation of static dielectric permittivities with experimental values
irrespective of the cuto� treatment (Figs. S3 and S4), this �nding is of little
practical relevance.

4.4.2 Modi�cation Schemes for the LJ Interactions

The deviations in the simulatedr liq and DHvap values over the calibration
set relative to the LS reference are illustrated in Fig. 4.10 for RF+LJ/AT/SH
and RF+LJ/AT/SW, and compared to the previous schemes RF/AT/SH and
RF/AT/SW. The results for Rc = 1.2 nm are shown in Appendix Fig. 4.22. For
the EL interactions, the previously determined 4-6 SH and 0.75 SW schemes
were used. A number of di�erent parameter combinations are tested for the
LJ interactions. For simplicity, the same parameters are used for the dispersive
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Figure 4.8: Radial distribution functions (RDFs) for four model liquids. This �gure is
analogous to Fig. 4.3 (see the corresponding caption for more information). Comparison
of results with LS (thick gray), 4-6 RF/AT/SH (dotted) and 0.75 RF/AT/SW (dashed).
SC/AT was used for the LJ interactions in all cases.

(LJ6) and repulsive (LJ12) components of the LJ interactions. The modi�cation
applied to the dispersive component is actually dominanting the in�uence on the
simulatedr liq and DHvap (data not shown). For the SH scheme, the extreme
schemes in terms of tested exponents (mLJ6-nLJ6 and mLJ12-nLJ12) are a 12-14
SH and a 36-38 SH scheme. For the SW scheme, scaled switching distances
(dscl

LJ6 and dscl
LJ12) from 0.05 to 0.75 were considered.

As can be seen in Fig. 4.10, the deviations of bothr liq and DHvap appear to
follow systematic trends withRc = 1.4 nm (and Rc = 1.2 nm, see Appendix Fig.
4.22). Relative to the LS reference, the deviations in both quantities become more
limited when the modi�cation scheme acts mainly at large distances,i.e. just
below the cuto� (high exponents in SH, short switching distance for SW). The
reason for these pronounced trends resides in the fact that the LJ interactions close
to the cuto� distance are dominated by the dispersive (attractive) component.
As a result, the modi�cation scheme slightly damps the cohesive forces in the
system, more so when the modi�cation extends into the shorter distance range.
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Figure 4.9: Dipole-dipole orientation correlation functions (DOCs) and distance-dependent
Kirkwood factors G(r) for CHCl3 and H2O. This �gure is analogous to Fig. 4.4 (see the
corresponding caption for more information). Comparison of results with LS (thick gray), 4-6
RF/AT/SH (dotted) and 0.75 RF/AT/SW (dashed). SC/AT was used for the LJ interactions
in all cases.

The e�ect is more signi�cant forr liq , because the modi�cation in�uences the
virial, provoking a slight expansion of the system and a decrease in the density.
It is less signi�cant forDHvap , because the potential energy is corrected for the
e�ect of the modi�cation, i.e. the change only re�ects the e�ect of the slightly
altered density, not of the altered energetics.

For SW, the choice of a 0.05 SW scheme, which only becomes active at a
distance of 0.025 nm fromRc, leads to reasonably small deviations ofr liq and
DHvap , and was retained for the following. The SH scheme is less suited to
achieve similar distance scales for the modi�cation, because the magnitude of the
required exponents would give rise to numerical instability. For example, the 0.05
SW scheme could be approximated by a SH scheme where the lower exponent
is about 200, which would lead to coe�cientsaLJ6,m and aLJ6,n on the order of
10� 30. For the subsequent validation, the 36-38 SH scheme was selected as the
best possible option.
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Figure 4.10: Distributions of the absolute errors in the liquid density r liq (top) and va-
porization enthalpy DHvap (bottom) over the calibration set for LJ modi�cation schemes
RF+LJ/AT/SH and RF+LJ/AT/SW. The results for RF/AT/SH and RF/AT/SW with
SC/AT truncation of the LJ interactions are shown for comparison. The errors are determined
relative to the LS scheme along with SC/AT truncation of the LJ interactions as a reference.
For the RF-based EL interactions, the 4-6 SH or 0.75 SW scheme was used, respectively. A
number of di�erent parameter combinations are tested for the LJ interactions. The cuto�
distance is Rc = 1.4 nm. The blue area sketches the error distribution, the central blue
bar indicates the mean absolute error (MAE), the red circle shows the root-mean-square
error (RMSE), and the gray area represents one standard deviation of the statistical error
a�ecting the MAE. The latter value is obtained by evaluating the statistical error on each
simulation by block averaging, and propagation onto an error on the MAE considering the
set of molecules.

The validation of the selected 36-38 SH and 0.05 SW schemes for LJ interac-
tions (along with 4-6 SH or 0.75 SW schemes for RF-based EL interactions) on
the full set of 57 organic compounds is shown in Fig. 4.11 forRc = 1.4 nm (and
for Rc = 1.2 nm in Appendix Fig. 4.23).

As was observed for the calibration set (Fig. 4.10), a slight systematic underes-
timation of r liq and DHvap is observed. As expected, this was more pronounced
for the SH compared to the SW scheme (Fig. 4.11a-c). The self-di�usion coe�-
cients D (Fig. 4.11d) seem to be sensitive to the introduced perturbation to the
potential-energy function, but the similar least-square �ts to the data indicate
that this might be a statistical rather than a systematic e�ect.
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Figure 4.11: Validation of the selected modi�cation schemes for the LJ interactions
RF+LJ/AT/SH with 36-38 SH and RF+LJ/AT/SW with 0.05 SW considering a num-
ber of thermodynamic properties: (a) density r liq , (b) vaporization enthalpy DHvap , (c)
distributions of the absolute deviations in r liq and DHvap , and (d) self-di�usion coe�cients
D. The results for RF/AT/SH and RF/AT/SW with SC/AT truncation of the LJ interactions
are shown for comparison. The errors are determined relative to the LS scheme along with
SC/AT truncation of the LJ interactions as a reference. For the RF-based EL interactions,
the 4-6 SH or 0.75 SW scheme was used, respectively. The cuto� distance isRc = 1.4 nm.
In panel (c), the blue area sketches the error distribution, the central blue bar indicates
the mean absolute error (MAE), the red circle shows the root-mean-square error (RMSE),
and the gray area represents one standard deviation of the statistical error a�ecting the
MAE. The latter value is obtained by evaluating the statistical error on each simulation by
block-averaging, and propagation onto an error on the MAE considering the set of molecules.
The solid black diagonal line in the correlation panels indicates perfect agreement. The
dashed lines in panel (d) correspond to a linear least-square �t for RF/AT/SH, RF/AT/SW
and RF+LJ/AT/SW, and the dotted line shows the least-square �t for RF+LJ/AT/SH.

Here again, it is of interest to consider the application of a correction similar
to that of Eq. 4.17 to the virial during the simulation. Although this option was
not retained in the case of the RF-based EL interactions, in the context of the LJ
interactions, it may provide a possibility to counteract the systematic decrease
in densities resulting from the modi�cations of the potential-energy function.
The results without and with such a virial correction, applied only for the LJ
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interactions in the context of the RF+LJ/AT/SH and RF+LJ/AT/SW schemes
are compared in Appendix Fig. 4.24 forRc = 1.4 nm (and for Rc = 1.2 nm in
Fig. 4.25). This virial correction noticeably improves the results. For this reason,
one might consider adopting it in future work.

4.5 CONCLUSION

The RF approach for calculating EL interactions in MD simulations is commonly
applied with a CG truncation, to avoid the occurrence of severe artifacts in the
context of low-permittivity solvents. However, AT truncation may be preferable
when considering high-permittivity solvents, where it reduces the cuto� noise and
leads to an improved representation of dipole-dipole correlations. Furthermore,
CG truncation relies on the de�nition of neutral charge groups within molecules,
generally requiring charge adjustments that are di�cult to automate in the
context of force-�eld design.

To address these issues, simple modi�cation schemes are proposed here, which
are compatible with an AT truncation for both RF-based EL as well as LJ
interactions. The objective of these modi�cations is to ensure that the pairwise
force and its derivative vanish at the cuto� distance. However, instead of leveling
the potential energy to zero, a constant contribution is added for all atom pairs
at a distance larger than the cuto�. The calculation of the latter component
is inexpensive and the modi�ed potential energy permits to conduct rigorously
conservative simulations. The energies can easily be corrected back to the
unmodi�ed form, either on the �y or in a post-processing step. Two di�erent
types of modi�cation were considered.

The SH schemes rely on a two-terms polynomial added to the pairwise inter-
action energy. The e�ective range of the shifting is determined by the selected
even integer exponentsnw and mw (with nw = mw + 2, mw � 4). Due to the
restriction to small even integer exponents, the calculation of the modi�ed forces
induces only limited overhead in the pairwise interaction calculation, provided
that the exponents are pre-selected and hard-coded in the program.

The SW schemes rely on a cubic spline function added to the pairwise force.
The perturbation range is determined by a scaled switching distancedscl

w (with dscl
w

in the range(0, 1]). The computational overhead of this scheme may be slightly
higher, considering that its straightforward implementation adds two conditional
(if) statements in the pairwise interaction calculation (di�erent switching ranges
for the EL and LJ interactions). Alternatively, the use of three separate range-
based pairlists would permit to avoid these conditional statements, at the cost
of more implementation e�orts. In both cases, the scaled switching distance
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could be given as an input parameter to the simulation, and does not need to be
hard-coded.

Simulations involving a set of 11 organic liquids were used to calibrate ap-
propriate distance parameters for both schemes, separately for the RF-based EL
and the LJ interactions. Further simulations considering 57 organic liquids were
then used to validate the retained SH and SW schemes in terms of liquid density,
vaporization enthalpy, relative dielectric permittivity, and di�usion constant.

For the EL interactions, an appropriate modi�cation improves, or at least does
not mitigate the agreement with LS for all the monitored properties. For the
permittivity calculation, it should be noted that the same equations are to be
applied for the (modi�ed) RF/AT schemes as for LS, whereas the equations
di�er in the RF/CG case. Both the SH and SW schemes can be tuned to give
very similar modi�cations, and are in principle equally adequate for RF-based EL
interactions.

For the LJ interactions, even the least disruptive modi�cations increase the
deviations relative to the LS reference. This is due to the slight damping of the
dispersive (cohesive) interactions, and a resulting decrease in density. The e�ect
is more pronounced for the density itself compared to the vaporization enthalpy.
Due to the use of corrected energies, the change in vaporization enthalpy only
re�ects the e�ect of the altered density, not of the altered energetics. Note that
correcting the virial during the simulation noticeably improves the results for both
quantities. One might thus consider adopting this strategy in future work. In the
context of LJ interactions, the SW scheme leads to smaller deviations relative to
LS compared to the SH scheme, because it enables shorter modi�cation ranges
without giving rise to numerical problems.

The in�uence of the modi�cation schemes introduced in this work on the
simulated properties are limited, suggesting that these schemes can be used
together with the GROMOS force �elds without requiring a reparametrization
and without incurring a pronounced accuracy loss. Further tests on more complex
(multi-component, biomolecular) systems will be performed, also considering the
occurrence of charged species (ions, ion pairs, charged residues). It is important
to stress that the modi�cations introduced here for the LJ interactions do not
account for long-range LJ interactions. In the future, a proper LJ tail correction
could (and probably should) be added, which will require a consistent force-�eld
reparametrization.
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4.6 APPENDIX

4.6.1 Coe�cients of the Shifting Function

Given a choice for the exponentsmw and nw , analytical expressions are provided
here for the coe�cientsaw,m and aw,n in Eq. 4.14. These coe�cients also depend
on the cuto� radius Rc and the RF permittivityeRF. The expressions are deter-
mined by the conditions of Eq. 4.12, and reported here forw 2 f RF, LJ6, LJ12g.
The coe�cients are given by

aRF,m =
3R� (mRF+ 1)

c

mRF(nRF � mRF)
2eRF + nRF � 1

1 + 2eRF
(4.24)

aRF,n =
3R� (nRF+ 1)

c

nRF(mRF � nRF)
2eRF + mRF � 1

1 + 2eRF
(4.25)

aLJ6,m =
6(nLJ6 + 6)R

� (mLJ6+ 6)
c

mLJ6(nLJ6 � mLJ6)
(4.26)

aLJ6,n =
6(mLJ6 + 6)R

� (nLJ6+ 6)
c

nLJ6(mLJ6 � nLJ6)
(4.27)

aLJ12,m =
12(nLJ12+ 12)R

� (mLJ12+ 12)
c

mLJ12(nLJ12 � mLJ12)
(4.28)

aLJ12,n =
12(mLJ12+ 12)R

� (nLJ12+ 12)
c

nLJ12(mLJ12 � nLJ12)
(4.29)

4.6.2 Amount of Change in the RF In�uence Function Caused by Shifting

Here, we analyze the amount of change introduced in the RF in�uence function
by the use of di�erent combinations for the exponentsmRF and nRF in the
shifting function of Eq. 4.14. The amount of change can be measured by means
of an integralDu up to the cuto�

Du =
Z Rc

0
dr (aRF,mrmRF + aRF,nrnRF) (4.30)
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Figure 4.12: Amount of change introduced by the shifting function into the RF in�uence
function for di�erent values of its parameters. The integrated deviation Du of Eq. 4.30 is
shown as a function of the exponentsmRF and nRF in Eq. 4.14. The graphs rely on a cuto�
distance Rc = 1.4 nm and consider four di�erent permittivities eRF. The lower triangle as
well as the diagonal are irrelevant given the selected condition0 < mw < nw speci�ed in
Eq. 4.14.

This unitless quantity is shown in logarithmic form as a function ofmRF and
nRF in Fig. 4.12. From this analysis, it appears thatmRF, the smaller of the two
exponents, is the one that predominantly determines the shape of the modi�ed
in�uence function.

4.6.3 Coe�cients of the Switching Function

Given a choice for the range parameterdw , analytical expressions are provided here
for the �ve coe�cients bw,0 to bw,4 in Eq. 4.15. These coe�cients also depend on
the cuto� radius Rc and the reaction-�eld permittivityeRF. The expressions are
determined by the conditions of Eq. 4.12, along with corresponding requirements
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of continuity up to the second derivative atRc � dw , and reported here for
w 2 f RF, LJ6, LJ12g. The coe�cients are given by

bw,4 = d� 3
w

�
2u0

w(Rc � dw) + dwu00
w(Rc � dw)

�
(4.31)

bw,3 = d� 3
w

�
3(dw � 2Rc)u0

w(Rc � dw) + dw(dw � 3Rc)u00
w(Rc � dw)

�
(4.32)

bw,2 = Rcd� 3
w

�
6(Rc � dw)u0

w(Rc � dw) + dw(3Rc � 2dw)u00
w(Rc � dw)

�

(4.33)

bw,1 = R2
cd� 3

w
�
(3dw � 2Rc)u0

w(Rc � dw) + dw(dw � Rc)u00
w(Rc � dw)

�

(4.34)

bw,0 = uw �
�

1
4

bw,4(Rc � dw)4 +
1
3

bw,3(Rc � dw)3

+
1
2

bw,2(Rc � dw)2 + bw,1(Rc � dw)
�

(4.35)

where

uRF(r) =
1
r

+
eRF � 1
1 + 2eRF

r2

R3
c

(4.36)

u0
RF(r) = �

1
r2 +

2(eRF � 1)
1 + 2eRF

r
R3

c
(4.37)

u00
RF(r) =

2
r3 +

2(eRF � 1)
1 + 2eRF

1
R3

c
(4.38)

uLJ6(r) = r � 6 (4.39)

u0
LJ6(r) = � 6r � 7 (4.40)

u00
LJ6(r) = 42r � 8 (4.41)

uLJ12(r) = r � 12 (4.42)

u0
LJ12(r) = � 12r � 13 (4.43)

u00
LJ12(r) = 156r � 14 (4.44)
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are the value, �rst-derivative and second-derivative values of the in�uence function
uw . The expressions fordmid

w and dmax
w in Eq. 4.16 are also reported here for

w 2 f RF, LJ6, LJ12g. These are

dmid
w = �

3
2

u0
w(Rc � dmid

w )
u00

w(Rc � dmid
w )

(4.45)

dmax
w = � 3

u0
w(Rc � dmax

w )
u00

w(Rc � dmax
w )

. (4.46)

Note that the numerators are always negative, so that the switching distances
dmid

w and dmax
w are always positive. Equations 4.45 and 4.46 can be solved

numerically fordmid
w and dmax

w in the pre-processing.

4.6.4 Organic Compounds Considered

Table 4.1: Compounds employed in the calibration of the 2016H66 force �eld along with
key experimental properties, reported from Ref. 171). The experimental quantities are the
static relative dielectric permittivity e, the liquid density r liq , the vaporization enthalpy
DHvap , and the self-di�usion constant D. The reference temperatureT is 298.15 K, unless
indicated otherwise. These 57 compounds represent the validation set in the present work.
The 11 compounds de�ning the calibration set are also indicated.

Chemical
function

Name Cal. eexp T r exp
liq DHexp

vap Dexp

(K) (kg m � 3) (kJ
mol� 1)

(10� 9 m2

s� 1)

Alcohols methanol x 33.50 784.00 37.43 2.32

ethanol 24.00 784.93 42.31 1.01

propanol 20.00 799.60 47.49 0.65

butanol 17.70 805.75 52.34 0.51

pentanol 15.10 810.10 56.94 0.26

hexanol 13.00 815.34 61.85 0.21

heptanol 11.50 820.00 66.81 0.17

octanol 10.10 821.57 70.98 0.14

propan-2-ol 19.10 780.00 45.52 0.65

butan-2-ol 16.70 802.41 49.66

pentan-2-ol 13.80 805.40 53.10

pentan-3-ol 13.40 816.00 53.10

cyclohexanol 16.40 968.40 62.01

2-methylpropan-2-ol 11.50 781.20 46.82 0.28

2-methylbutan-2-ol 5.70 805.00 50.20

Ethers dimethylether x 6.20 254 722.00 21.24
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Chemical
function

Name Cal. eexp T r exp
liq DHexp

vap Dexp

(K) (kg m � 3) (kJ
mol� 1)

(10� 9 m2

s� 1)

diethylether 4.20 707.82 27.10 6.10

1-methoxypropane 3.70 735.60 27.60

1,2-dimethoxyethane 7.30 863.70 36.39 3.00

Aldehydes acetaldehyde x 21.10 778.00 26.11

propionaldehyde 18.40 791.20 29.63

butyraldehyde 13.40 796.40 33.68

Ketones propanone x 20.80 784.40 31.30 4.77

butanone 17.70 799.70 34.51

pentan-2-one 15.40 801.50 38.40 2.97

pentan-3-one 16.60 809.45 38.56

hexan-2-one 14.50 806.70 42.90 2.06

hexan-3-one 10.57 810.00 42.47

Carboxylic
acids

acetic acid x 6.20 1043.92 51.60 0.99

propionic acid 3.40 988.08 57.30

butyric acid 2.90 953.20 58.00

Esters ethylacetate x 6.00 894.55 35.62 2.77

methylpropionate 6.00 909.00 35.85

propylacetate 5.60 883.03 39.83

butylacetate 5.10 876.36 43.64 1.55

Amines ethylamine x 8.70 677.00 26.60

propylamine 5.10 712.10 31.26

butylamine 4.90 736.83 35.74

diethylamine 3.90 701.60 31.32

triethylamine 2.40 723.05 34.81 2.97

ethylenediamine 13.80 893.10 46.00 0.98

Amides acetamide x 65.00 364 989.20 56.10

N-methylacetamide 139.50 333 926.00 54.39 0.70

dimethylacetamide 37.80 936.34 49.15 1.31

Thiols ethanethiol x 6.70 833.00 27.30

propanethiol 5.70 841.10 31.89

butanethiol 5.10 836.74 36.53

Sul�des,
disul�des

dimethylsul�de x 6.70 842.28 27.65

diethylsul�de 5.70 831.18 35.77

ethylmethylsul�de 5.87 832.00 31.85

dimethyldisul�de 9.60 1062.50 38.33

Aromatic
com-
pounds

benzene x 2.30 873.60 33.84 2.16

toluene 2.40 862.19 37.99 2.59
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Chemical
function

Name Cal. eexp T r exp
liq DHexp

vap Dexp

(K) (kg m � 3) (kJ
mol� 1)

(10� 9 m2

s� 1)

phenol 13.40 333 1054.46 55.40 0.78

p-hydroxytoluene 13.50 309 1018.50 64.96 0.61

aniline 6.70 1017.50 55.83 0.62

pyridine 12.90 978.24 40.41 1.49

4.6.5 Calibration and Validation of the RF-based EL Modi�cation Schemes

Calibration Results With a 1.2 nm Cuto�

Figure 4.13: Distributions of the absolute errors in the liquid density r liq (top) and vaporiza-
tion enthalpy DHvap (bottom) over the calibration set for various RF-based EL interaction
schemes. This �gure is the analogue of Fig. 4.6, considering a cuto� Rc = 1.2 nm instead of
1.4 nm. See the corresponding caption for more information.
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Validation Results With a 1.2 nm Cuto�

Figure 4.14: Validation of the selected SH and SW schemes for RF-based EL interactions
considering a number of thermodynamic properties. a cuto� Rc = 1.2 nm instead of 1.4 nm.
See the caption of Fig. 4.7 for more information.
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Comparison Against Experimental Values

Figure 4.15: Validation of the selected SH and SW schemes for RF-based EL interactions
considering a number of thermodynamic properties. This �gure is the analogue of Fig. 4.7,
but excluding panel (c) and considering experimental data (from Table 4.1) rather than LS
results as the reference. The cuto� Rc is 1.4 nm. See the corresponding caption of Fig. 4.7
for more information. In (c), the �t was only performed in the range of 0 � eexp � 30.
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Figure 4.16: Validation of the selected SH and SW schemes for RF-based EL interactions
considering a number of thermodynamic properties. This �gure is the analogue of Fig. 4.14,
but excluding panel (c) and considering experimental data (from Table 4.1) rather than
LS results as a reference. The cuto� Rc is 1.2 nm. See the corresponding caption for more
information. In (c), the �t was only performed in the range of 0 � eexp � 30.

Comparison of the Static Dielectric Permittivities Obtained From the Applied-�eld
Method with the Fluctuation Formula

Static dielectric permittivitiese were calculated from trajectories of 50 x 1 ns MD
simulations (as described in the Methods section in the main text) with di�erent
initial velocities. For RF/CG,e was calculated according to the �uctuation
formula,

(e � 1)
2eRF + 1
2eRF + e

=



M 2

�
� hM i 2

3e0 hV i RT
, (4.47)

whereM stands for the box dipole moment. For LS, RF/AT, RF/AT/SH and
RF/AT/SW, e was calculated according to,
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Name eRF RF/CG RF/AT LS RF/AT/SH RF/AT/SW
Methanol 33.5 24.5 26.1 27.9 27.2 25.0
Dimethylether 6.2 17.9 17.3 17.2 17.3 17.6
Acetaldehyde 21.1 24.2 23.8 23.9 24.0 24.0
Propanone 20.8 13.8 14.2 14.0 14.2 14.0
Acetic acid 6.2 3.7 3.7 3.7 3.6 3.9
Ethylacetate 6.0 5.0 5.0 5.0 5.0 5.0
Ethylamine 8.7 5.4 5.4 5.4 5.4 5.3
Acetamide 65.0 29.8 31.1 31.4 31.3 31.2
Ethanethiol 6.7 6.2 6.1 6.1 6.1 6.1
Dimethylsul�de 6.7 12.1 12.5 11.9 11.9 12.2
Benzene 2.3 1.1 1.1 1.1 1.1 1.1

Table 4.2: Static dielectric permittivities e calculated with the �uctuation formula (Eqs. 4.47
and 4.48).

Name eRF RF/CG RF/AT LS RF/AT/SH RF/AT/SW
Methanol 33.5 26.2 24.9 24.3 24.1 23.9
Dimethylether 6.2 11.2 16.4 16.9 16.5 16.8
Acetaldehyde 21.1 22.0 22.8 23.6 23.4 22.7
Propanone 20.8 14.9 14.1 13.7 13.6 13.8
Acetic acid 6.2 4.0 3.8 3.3 2.3 3.7
Ethylacetate 6.0 5.2 4.9 5.1 5.1 5.0
Ethylamine 8.7 5.9 5.3 5.1 5.3 5.2
Acetamide 65.0 34.3 29.3 30.5 31.5 31.0
Ethanethiol 6.7 6.1 5.9 5.9 5.9 5.9
Dimethylsul�de 6.7 9.8 12.2 11.9 11.5 11.9
Benzene 2.3 1.1 1.1 1.1 1.1 1.1

Table 4.4: Static dielectric permittivities e calculated with an applied external electric �eld
(Eq. 4.19).

e � 1 =



M 2

�
� hM i 2

3e0 hV i RT
. (4.48)

A comparison of results from the �uctuation formula with the applied-�eld
method is shown in Tables 4.2 and 4.4.
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Switching Scheme Relying oneRF ! ¥

The screening of switching (SW) and shifting (SH) functions for the RF-based
EL interactions leads to the best results for a modi�cation operated over a
large distance range below the cuto�. In the context of the SH scheme, this
corresponds to low exponentsmRF andnRF. In the main text, the choicemRF = 2
andnRF = 4 was not retained for the SH scheme as it modi�es the quadratic term,
i.e. the e�ective reaction-�eld permittivity eRF. Here, this option is nevertheless
investigated. More precisely, the simulation was carried out witheRF = ¥ . In
this case, the corrected energyUcor was evaluated by re-calculating the potential
energy according to the actual permittivityeRF. This eRF ! ¥ scheme is
compared to the 4-6 SH scheme in Figures 4.17 and 4.18 (1.4 and 1.2 nm
cuto�). Even this simple modi�cation leads to a signi�cant improvement of the
agreement with the LS results, although the 4-6 SH scheme still performs slightly
better.

Figure 4.17: Correlation of (a) densities r liq , (b) vaporization enthalpies DHvap , (c) corre-
sponding error distributions, and (d) di�usion constants D with LS, considering the 4-6 SH
scheme or theeRF ! ¥ for the RF-based EL interactions (SC/AT LJ interactions), The
modi�cation schemes only apply to the RF-based EL interactions. The cuto� Rc is 1.4 nm.
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Figure 4.18: Correlation of (a) densities r liq , (b) vaporization enthalpies DHvap , (c) corre-
sponding error distributions, and (d) di�usion constants D with LS, considering the 4-6 SH
scheme or theeRF ! ¥ for the RF-based EL interactions (SC/AT LJ interactions), The
modi�cation schemes only apply to the RF-based EL interactions. The cuto� Rc is 1.2 nm.

Alternative Virial De�nition for RF-based EL Interactions

To counteract the e�ect of the EL potential-energy modi�cation on the pressure,
an alternative de�nition of the virial can be used, which accounts for the forces
arising from the original potential-energy function excluding those from the
modi�cation schemes.

Wmod,W =
1
2 å

i
å
j> i

F std
ij � r i j (4.49)

giving rise to the pressure

Pmod =
2(K � Wmod )

3V
. (4.50)

The latter de�nition is then used for the instantaneous pressure in the simulations.
Figures 4.19 and 4.20 (1.4 and 1.2 nm cuto�) are analogous to Fig. 4.7, but
compare simulations without or with the correction of the virial. In the present
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context of RF-based EL interactions (along with SC/AT truncation of the LJ
interactions), the virial correction does not improve the results. Benzene is the
most prominent outlier. The corresponding RDFs are shown in Fig. 4.21. The
virial correction is seen to slightly a�ect the short-range density (�rst peak),
which is lower than in the RF/AT case.

Figure 4.19: Correlation of (a) densities r liq , (b) vaporization enthalpies DHvap , (c) corre-
sponding error distributions, and (d) di�usion constants D with LS, considering the 4-6 SH
scheme for the RF-based EL interactions (SC/AT LJ interactions), with normal or corrected
virial. The modi�cation schemes only apply to the RF-based EL interactions. The cuto� Rc

is 1.4 nm.
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Figure 4.20: Correlation of (a) densities r liq , (b) vaporization enthalpies DHvap , (c) corre-
sponding error distributions, and (d) di�usion constants D with LS, considering the 4-6
SH scheme for the RF-based EL interactions (SC/AT LJ interactions), with with normal or
corrected virial. The modi�cation schemes only apply to the RF-based EL interactions. The
cuto� Rc is 1.2 nm.

Figure 4.21: Carbon-carbon RDF of benzene using the 4-6 SH scheme for the RF-based
EL interactions (SC/AT LJ interactions), with normal or corrected virial. The modi�cation
schemes only apply to the RF-based EL interactions. The LS, RF/CG and RF/AT curves
are shown for reference. The cuto� Rc is 1.4 nm.
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4.6.6 Calibration and Validation of the LJ Modi�cation Schemes

Calibration Results With a 1.2 nm Cuto�

Figure 4.22: Distributions of the absolute errors in the liquid density r liq (top) and vaporiza-
tion enthalpy DHvap (bottom) over the calibration set for various LJ interaction schemes.
This �gure is the analogue of Fig. 4.10, using a cuto� Rc = 1.2 nm instead of 1.4 nm. See
the corresponding caption for more information.
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Validation Results With a 1.2 nm Cuto�

Figure 4.23: Validation of the selected SH and SW schemes for LJ interactions considering
di�erent thermodynamic properties. This �gure is the analogue of Fig. 4.11, using a cuto�
Rc = 1.2 nm instead of 1.4 nm. See the corresponding caption for more information.
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Alternative Virial De�nition for the LJ Interactions

To counteract the e�ect of the LJ potential-energy modi�cation on the pressure,
an alternative de�nition of the virial can be used, which accounts for the forces
arising from the original potential-energy function excluding those from the
modi�cation schemes. Here, this correction was applied only to the LJ interactions
(not to the RF-based EL interactions), and the virial is de�ned as

Wmod =
1
2 å

i
å
j> i

(F mod,EL
ij + F std,LJ

ij ) � r i j (4.51)

Figures 4.24 and 4.25 (1.4 and 1.2 nm cuto�) are analogous to Fig. 4.11, but
compare simulations without or with the correction of the LJ virial. The virial
correction is found to improve the results for the LJ modi�cations signi�cantly.

Figure 4.24: Correlation of (a) densities r liq , (b) vaporization enthalpies DHvap , (c) corre-
sponding error distributions, and (d) di�usion constants D with LS, using the 36-38 SH or
0.05 SW schemes applied to the LJ interactions, with normal or corrected LJ virial according
to Eq. 4.51. For the RF-based EL interactions, a 4-6 SH or a 0.75 SW scheme is used. The
cuto� Rc is 1.4 nm.
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Figure 4.25: Correlation of (a) densities r liq , (b) vaporization enthalpies DHvap , (c) corre-
sponding error distributions, and (d) di�usion constants D with LS, using the 36-38 SH or
0.05 SW schemes applied to the LJ interactions, with normal or corrected LJ virial according
to Eq. 4.51. For the RF-based EL interactions, a 4-6 SH or a 0.75 SW scheme is used. The
cuto� Rc is 1.2 nm.





5
CombiFF optimization of a

GROMOS-compatible force �eld
for (halo)alkanes: Bypassing the

use of charge groups.

Calling a system 'non-linear' is like calling all wild
animals 'non-elephants'.

� Stan Ulam

The CombiFF approach [Oliveiraet al. J. Chem. Theory. Comput. 16
(2020) 7525] is a work�ow for the automated re�nement of force-�eld
parameters against experimental condensed-phase data considering entire
classes of organic molecules. As an initial application, it was used to cal-
ibrate a GROMOS-compatible united-atom force �eld for the saturated
acyclic haloalkane family (32 parameters) against experimental liquid den-
sities r liq and vaporization enthalpiesDHvap concerning 486 haloalkane
molecules (749 observables). One peculiarity of CombiFF is that it relies
on an electronegativity-equalization (EE) scheme to assign the atomic
partial charges, based on values for the hardness and electronegativity of
the di�erent atom types. In practice, the scheme was also combined with
the de�nition of charge groups (CGs),i.e. small groups of close covalent
neighbors with a zero total charge. These CGs were needed both at the
level of the charge-assignment procedure, to damp charge-transfers as a
function of the topological distance within a molecule, and at the level
of the nonbonded-interaction calculation, to reduce the noise induced by

161
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the cuto� truncation of the reaction-�eld electrostatic interactions in low-
polarity solvents. However, the de�nition of CGs is arbitrary and di�cult to
automate, and CG-based truncation may lead to a loss of energy conser-
vation and to cuto� artifacts in high-polarity solvents. The present study
investigates the feasibility of bypassing the use of CGs within CombiFF by: (i)
replacing the current EE scheme, namely the electronegativity-equalization
method (EEM), by a split-charge equilibration (SQE) approach including
bond-hardness terms to damp charge transfers; (ii ) replacing the CG-based
nonbonded interaction scheme by an atomic cuto� applied together with
minimal-impact shifting functions. Revisiting the (halo)alkane family as a
test system, these adjustments are shown to provide a CG-free variant of
the CombiFF force �eld with similar (or even slightly improved) accuracy.

5.1 INTRODUCTION

The ability of classical molecular dynamics (MD) simulation to accurately rep-
resent the properties of a given system depends crucially on the quality of the
underlying potential-energy function or force �eld.44,45,395�397,499,500 One may
tentatively distinguish three strategies in the design of condensed-phase force
�elds:221,501 fragment-based force �elds469,502�505 (FBFF), QM-derived force
�elds156�160,506�508 (QDFF), and hybrid force �elds187,509 (HYFF). In FBFF,
the force-�eld parameters are speci�ed within molecular fragments representative
of the relevant chemical functional groups, and molecular topologies are built by
assembling these fragments. The fragment parameters are calibrated primarily by
�tting against experimental thermodynamic data for small organic compounds
in the condensed phase. The assumption invoked is that of a transferability of
the fragment parameters across di�erent molecules. In QDFF, the force-�eld
parameters are derived (nearly) exclusively based on quantum-mechanics (QM)
calculations for the target molecule. The assumption invoked is that of a compat-
ibility between the interaction parameters appropriate for the isolated molecule
and for the molecule in the condensed phase. Finally, HYFF represents an in-
termediate situation where partial charges determined in a QDFF fashion are
combined with van der Waals (and covalent) parameters determined in a FBFF
fashion. The assumption invoked is that of a separability between van der Waals
coe�cients and partial charges, which are assumed uncorrelated.

The HYFF and QDFF strategies are the most popular nowadays, in particular
because they bene�t from fast QM calculation methods,510�517 promise an
exhaustive coverage of the chemical space,518,519 take into account induction
e�ects,160,193,507,520�526 and are comparatively easy to automate. However,
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compared to the FBFF strategy, they also involve three main shortcomings: (i)
the need to specify a reference structure and environment in the QM calculations
leads to an implicit dependence of the topological information on con�gurational
information; (ii ) the partial charges and van der Waals coe�cients are not
strictly speaking QM observables,i.e. they result fromad hocderivation recipes
rather than physics-based rules, and their values may also strongly depend on
the choice of a QM level of theory and basis set;522,527�537 (iii ) in practice,
some parameters must still be optimized empirically for an accurate description
of condensed-phase properties.20,157,160,507,508,525�527,536�541 In contrast, the
FBFF strategy fully acknowledges that the nonbonded parameters are truly
empirical quantities. They compensate in a mean-�eld fashion for all sorts of
de�ciencies in the force-�eld functional form, and are correlated with a number
of associated choices404 (e.g. van der Waals combination rules, cuto� distances,
and treatment of the long-range interactions).

In a recent article,221 we introduced a FBFF scheme called CombiFF for the
automated re�nement of force-�eld parameters against experimental condensed-
phase data, considering entire classes of organic molecules constructed using a
fragment libraryvia combinatorial isomer enumeration. The main steps of the
scheme are: (i) de�nition of a molecule family; (ii ) combinatorial enumeration
of all isomers; (iii ) query for experimental data; (iv) automatic construction
of the molecular topologies by fragment assembly; (v) iterative re�nement of
the force-�eld parameters considering the entire family. An important aspect of
CombiFF is that the atomic partial charges are not speci�ed explicitly within the
fragments,171 but determined implicitly using an electronegativity-equalization
(EE) scheme,199,221 which permits to account for electronic induction e�ects
within molecules. The corresponding atomic parameters,i.e. hardness and elec-
tronegativity, are expected to be much less dependent on the covalent environment
of an atom than the partial charge itself.

One main goal of CombiFF is to render the FBFF approach competitive with
respect to the HYFF and QDFF alternatives, by permitting: (i) a su�ciently
broad (even if not exhaustive) coverage of the chemical space; (ii ) an appropriate
representation of induction e�ects; (iii ) a high degree of automation in the
topology construction and parameter optimization. Another key feature of the
scheme is that once the time-consuming task of target-data selection and curation
has been performed, the optimization of a force �eld is entirely automatic and,
given access to a su�cient number of processors, and only requires a few days
of wall-clock computational time. For this reason, CombiFF also represents an
ideal framework for assessing the impact of speci�c functional-form decisions on
the accuracy of a force �eld at an optimal level of parametrization.
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As a �rst application,221 CombiFF was used to design a GROMOS-compatible
united-atom force �eld for the saturated acyclic haloalkane family. A total of 749
experimental liquid densitiesr liq and vaporization enthalpiesDHvap concerning
486 haloalkane molecules were considered for the calibration and validation of
32 nonbonded interaction parameters. The same approach was subsequently
applied501 to extend the force �eld to eight common chemical functional groups
of oxygen and/or nitrogen. In both cases, a very good level of agreement with
experiment could be achieved in terms of the two target properties, with root-
mean-square deviations on the order of 20-50 kg�m� 3 for r liq and 2-5 kJ�mol� 1

for DHvap . The force �elds calibrated using CombiFF in Refs. 221 and 501 rely
on the use of charge groups (CGs),i.e. small groups of close covalent neighbors
within a molecule for which the partial charges should add up to an integer value,
typically zero in the context of neutral molecules (no ionized functional groups).
There are two reasons for this choice.

The �rst reason for using CGs in CombiFF is related to the EE scheme.
The EE scheme employed up to now, which will be further referred to as
the electronegativity-equalization method196,197 (EEM), considers molecules as
conductor-like entities, and enables arbitrary charge transfers between atoms
irrespective of their topological distance in a molecule.199,201,542,543 As a result,
it leads to charge delocalization across unrealistically long paths199 and to an
incorrect scaling of the polarizability with molecule size.544,545 The arti�cial
introduction of neutral CGs within the EEM scheme represents a simple mean
to restrict the e�ective range of the charge transfers.545 For example, in the
haloalkane force �eld,221 EEM charge �ows are only allowed along the carbon-
halogen bonds, leading to the de�nition of neutral charge-groups of at most �ve
atoms. Neutral CGs are used as well for the extension to oxygen and/or nitrogen
compounds501 (see Fig. 3 therein).

The second reason for using CGs in CombiFF is related to the electrostatic in-
teraction scheme employed in the simulations. For compatibility with the standard
GROMOS design,27,28,171,489 the simulations rely on Coulombic352 interactions
with a reaction-�eld (RF) correction,124,128,129 truncated at a distanceRc on
the basis of pairwise CG distances. Historically, CG truncation, as an alternative
to atom-based (AT) truncation, was found necessary to permit the simulation of
polar liquids using truncated Coulombic interactions.79,458�460 In this way, the
cuto� noise for the interaction between neutral CGs was reduced from charge-
charge magnitude (orderR� 1

c ) in the AT scheme to dipole-dipole magnitude
(order R� 3

c ) in the CG scheme. This argument still holds for RF interactions
in the context of low-permittivity solvents, where the RF correction is small
and AT truncation may induce strong cuto� artifacts.385 In addition, relying
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on a CG-based short-range pairlist461 represents a simple way to reduce the
computational cost and memory requirement of the pairlist making.

In the context of the derivation of partial charges based on QM calculations, it
has already been noted that the de�nition of neutral CGs within molecules requires
ad hoccharge adjustments that are neither justi�ed based on the underlying
electron density or electrostatic potential, nor easy to automate in the context
of force-�eld design.465,546 The same arguments apply to the EEM scheme
currently employed in CombiFF. For example, in the haloalkane force �eld,221

the restriction of charge �ows to carbon-halogen bonds represents an arbitrary
decision, which results in the absence of any charge delocalization between a
halogenated carbon atom and its carbon neighbors. However, alternative EE
models have also been developed that compromise between conductor- and
insulant-like behaviors by damping charge transfers across successive bonds,
thereby restoring a correct polarizability scaling. Among these, the split-charge
equilibration scheme198 (SQE) relies in essence on reassigning the concepts of
hardness and electronegativity to bonds instead of atoms.

In the context of the electrostatic interactions, one should distinguish two
limiting situations of the RF scheme.385 When considering a high-permittivity sol-
vent, the RF correction works as a physically-motivated shifting function. In this
case, CG truncation is not only unnecessary, but actually leads to a loss of energy
conservation458,459 as well as other artifacts.128,426,462�464 When considering a
low-permittivity solvent, the RF correction becomes small, and the use of CG trun-
cation alleviates issues in the pair-correlation functions and in the dynamics.128,385

However, the same result may be achieved by adding a minimal-impact shifting or
switching functions to the RF interaction within an AT truncation.385 The same
modi�cations can be applied to the Lennard-Jones150 (LJ) interactions as well,
leading to rigorously conservative simulations.385 The other common scheme for
calculating electrostatic interactions relies on lattice-sum methods,101,441,444,445

which are also naturally combined with an AT truncation for the splitting of the
real- and reciprocal-space interactions. Note, �nally, that the reduced compu-
tational cost and memory requirement for making a CG pairlist can easily be
reproduced within a well-implemented AT cuto� scheme relying on a group-based
extended pairlist.

The goal of the present article is to investigate, in the context of the
(halo)alkane family,221 the feasibility of bypassing the use of CGs within the
CombiFF scheme. To this purpose, three options are considered for the EE
scheme: (i) EEM with CGs (EEM-G); (ii ) EEM applied to the entire molecule
(EEM-M); ( iii ) SQE applied to the entire molecule (SQE-M). In a preliminary
step, these approaches are compared in their ability to capture trends from the
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QM electron density, interpreted in terms of density derived electrostatic and
chemical (DDEC) charges.190�192 In a following step, the above choices are
combined with three options for the nonbonded-interaction scheme: (i) charge-
group cuto� (CG); (ii ) atomic cuto� (AT); ( iii ) atomic cuto� modi�ed with
a minimal-impact shifting function385 (SH). Only �ve relevant combinations
are actually considered in the comparison. For each of them, a (halo)alkane
condensed-phase force �eld is fully optimized using the CombiFF scheme. The
resulting force �elds are then compared in terms of their charge sets and their
ability to accurately reproduce the experimental data.

5.2 THEORY

The CombiFF scheme currently relies on the de�nition of CGs for resolving two
issues: (i) the unrestricted application of the basic EEM scheme to obtain atomic
partial charges would lead to undamped charge transfers across large topological
distances; (ii ) the AT truncation of the RF electrostatic interactions would cause
artifacts in the pair distributions and dynamics for low-permittivity solvents.
The next two sections explain how these issues are resolved in the present work
without relying on CGs.

5.2.1 Charge-Assignment Schemes

Two types of EE approaches are considered and compared for the determination of
the atomic partial charges within CombiFF, namely the EEM scheme196,197 and
the SQE scheme.198 Both are empirical ways to construct the charge distribution
in a molecule based on a Taylor expansion of the electrostatic energyEele of
the isolated molecule truncated to the second order. They di�er concerning the
variables taken into account for this expansion, namely atomic charges for EEM
and charge-transfers across bonds for SQE.

In the EEM approach,196,197 the energyEele is written in terms of theN
atomic partial chargesqi as

Eele =
N

å
i

c iqi +
1
2

N

å
i

N

å
j

Ji j qi qj . (5.1)

The parameters in this equation are the atomic electronegativityc i (driving force
for the acquisition of a negative charge), the atomic hardnesshi = Jii (resistance
against a charge modi�cation relative to the neutral state), and the pairwise
interaction termsJi j with j 6= i (interaction between the charges on di�erent
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atoms). Approximating the latter interaction as a Coulomb overlap between two
Gaussian charge distributions of widthsRi and Rj , one may write these terms as

Ji j =
1

(4peo)r i j
erf

"
r i j

(R2
i + R2

j )
1/2

#

, (5.2)

where erf is the error function,eo the permittivity of vacuum, andr i j the distance
between atomsi and j (in a speci�ed molecular conformation). As a result of
quasi-instantaneous charge �ows between the atoms of a molecule, the energyEele
is expected to be minimal at all times, with the constraint that the total charge
Q of the isolated molecule remains constant. This corresponds to Sanderson's
postulate,547 stating that the e�ective electronegativities of all the atoms in a
molecule equalize to a common valuec, in close analogy to a chemical potential,
namely

dEele

dqi
= c i +

N

å
j

Ji j qj = c with
N

å
i

qi = Q . (5.3)

This constrained minimum condition can be written in matrix form as221,548
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Q

�
, (5.4)

and subsequently solved for the charges. A major shortcoming of this approach is
that it leads to a conductor-like behavior of the molecule199 and to a superlinear
scaling of the polarizability with the molecule size,544,545 unless neutral CGs are
introduced to restrict the e�ective range of the charge transfers.221,545

The SQE approach198 addresses the above issues by means of a variable
transformation from atom to bond space, and the addition of extra terms
accounting for bond hardness. Here, the energyEele is not written in terms of
the chargesqi themselves, like in Eq. 5.1, but in terms of charge-transfersqi j
across the bonds. Given a listm = 1...M of all the unique bonds in the molecule,
where bondm connects atomi(m) to atom j(m) with i(m) < j(m), the charge
of an atomk reads

qk =
Q
N

+
M

å
m

qi j (dj,k � di ,k) , (5.5)

whered is the Kronecker symbol,i = i(m), j = j(m) and qi j is the charge-
transfer from atomi to j. The corresponding energyEele is then formulated
as

Eele =
M

å
m

c i j qi j +
1
2

M

å
m

M

å
n

Gi j ,kl qi j qkl , (5.6)
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wherek = k(n) and l = l (n). The minimum condition onEele can now be
written in matrix form

Gq = � � , (5.7)

whereG is the MxM matrix of Gi j ,kl, q is the M-vector of qi j , and � is the
M-vector of c i j . Note that, in contrast to Eqs. 5.3 and 5.4, the total-charge
constraint is no longer explicitly enforced here, since it is implicitly included in
Eq. 5.5. If one de�nes the bond parameters in terms of atom parameters as

c i j = c j � c i and Gi j ,kl = Jik � Jil � Jjk + Jjl , (5.8)

the SQE scheme is entirely equivalent to the EEM scheme for neutral molecules.
The damping e�ect along bonds is obtained by adding extra diagonal elements
to the G matrix, corresponding to bond hardness (resistance against a charge
modi�cation relative to the non-polarized state),i.e.

Gi j ,kl = Jik � Jil � Jjk + Jjl + 2hi j ,kl di j ,kl . (5.9)

The addition of such a bond-hardness term has been shown to damp the
charge-transfers through molecules, leading to the correct scaling behavior of
the polarizability.545 Note that some implementations of SQE include bond-
electronegativity parameters as well,199 and that pair parameters could also be
introduced for atoms separated by more than one bond (e.g. to account for
conjugation542 and/or mesomery549 e�ects).

5.2.2 Nonbonded Interaction Schemes

It was shown385 that combinations of minimal-impact shifting or switching
schemes with RF-based electrostatic interactions can resolve the issues with AT
truncation. Similar functions were also derived for the LJ interactions. These
schemes have the following properties: (i) they bring the force but not the
potential energy to zero at the cuto�; (ii ) as a result, they lead to a modi�cation
of the interaction that is comparatively small; (iii ) they permit to conduct
rigorously conservative simulations; (iv) the energies can easily be corrected back
to the unmodi�ed form, either on the �y or in a post-processing step. In the
present work, speci�c shifting functions (SH) are selected for the implementation
of the AT cuto�, namely the 4-6 SH for the RF interactions and the 12-14 SH
for the LJ interactions.385

The shifted interactions are de�ned by the corresponding in�uence functions
corresponding to RF, dispersive LJ (LJ6), and repulsive LJ (LJ12) interactions.
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Introducing the subscriptw to specify the interaction type (RF, LJ6, or LJ12),
the in�uence functionũw is de�ned in such a way that the corresponding pairwise
interaction energy between atomsi and j at distancer i j is given bycw,icw,j ũw(r i j ),
with the topology-dependent prefactorscw,i given by

cRF,i = ( 4pe0) � 1/2 qi ,

cLJ6,i = i C1/2
6,ii , and

cLJ12,i = C1/2
12,ii .

(5.10)

Here, the LJ coe�cients are assumed to obey a geometric-mean combination
rule353,354 (based on the homo-atomic coe�cientsC6,ii and C12,ii ), and the
imaginary-numberi is introduced in the expression forcLJ6,i to ensure a negative
pairwise dispersion contribution.

The in�uence function for the shifted RF interactions relies on exponents set
to m = 4 and n = 6 for the shifting function (Eq. 14 of Ref. 385), leading to

ũRF(r) = r � 1 �
CRF

2R3
c
r2 + aRF r4 + bRF r6 (5.11)

with the constantCRF is given by124,128,129

CRF =
(2eCS � 2eRF)(1 + kRc) � eRF(kRc)2

(eCS + 2eRF)(1 + kRc) + eRF(kRc)2 . (5.12)

In these expressions,Rc is the cuto� distance,eCS the dielectric permittivity of
the cuto� sphere, eRF the reaction-�eld permittivity, andk the inverse Debye
screening length. The present works relies oneCS = 1 and k = 0, as appropriate
for atomistic simulations of a pure liquid (zero ionic strength). The coe�cients
aRF andbRF are chosen to enforce a zero value for the �rst and second derivatives
of ũRF at Rc (but not for the function itself). The corresponding expressions are
(see Appendix A in Ref. 385)

aRF =
7 + 4CRF

8R5
c

and bRF = �
2CRF + 5

12R7
c

. (5.13)

The in�uence function for the shifted LJ interactions relies on exponents set
to m = 12 and n = 14 for the shifting function (Eq. 14 of Ref. 385) for both
the LJ6 and the LJ12 terms, leading to

ũLJ6 = r � 6 + aLJ6 r12 + bLJ6 r14 and

ũLJ12 = r � 12 + aLJ12 r12 + bLJ12 r14 .
(5.14)
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Here again, the coe�cientsaLJ6, bLJ6, aLJ12, and bLJ12 are chosen to enforce a
zero value for the �rst and second derivatives ofũLJ6 and ũLJ12 at Rc (but not
for the functions themselves). The corresponding expressions are (see Appendix
A in Ref. 385)

aLJ6 =
5

R18
c

, bLJ6 = �
27

7R20
c

and

aLJ12 =
13
R24

c
, bLJ12 = �

72
7R26

c
.

(5.15)

The e�ect of the shifting in the context of the RF interactions when considering
a low-polarity solvent is illustrated in Fig. 5.1 (curves corresponding toRc =
1.4 nm and eRF = 2.24). Fig. 5.1a shows the in�uence function of Eq. 5.11,
either including or excluding the shifting (two last terms). Fig. 5.1b shows
the corresponding negative derivative, proportional to the magnitude of the
interatomic force. As mentioned above, the shifting ensures that the force (and
its derivative) vanish at the cuto�, but not the value of the in�uence function
itself. Finally, Fig. 5.1c shows the carbon-carbon radial distribution function
g(r) of a CCl4 model (with slightly enhanced charges385) based on simulations
performed using di�erent RF schemes. The unmodi�ed RF/AT scheme causes
a large artifact in theg(r) at the cuto�, which can be e�ciently remedied
either by a RF/CG scheme or by the RF/SH scheme. The di�erence between
RF/CG, RF/AT, and RF/SH is less pronounced in the context of high-permittivity
solvents.385

Given the above choices for the shifted in�uence function, the modi�ed
potential energy as de�ned in Ref. 385 (Eq. 7 therein) reads

Umod = U in + Uout , (5.16)

where
U in = å

w2f RF,LJ6,LJ12g
å

i
å

j2 PL( i)
cw,icw,j ũw(r i j ) (5.17)

and
Uout = å

w2f RF,LJ6,LJ12g
å

i
å

j /2 PL( i)
cw,icw,j ũw(Rc) (5.18)

are contributions corresponding to pairs inside and outside the cuto� range,
respectively. In these expressions,N is the number of atoms andPL( i) denotes
the pairlist of an atomi (i.e. the set of atomsj > i within a minimum-image
distanceRc from i). The potential energyUmod is the one used for the sampling.
Because the involved pairwise terms are continuous atRc (value as well as �rst
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Figure 5.1: E�ect of the shifting of the electrostatic interactions. All curves correspond to
RF interactions with Rc = 1.4 nm and eRF = 2.24. (a) In�uence function ũRF(r) of Eq.
5.11, either excluding (black) or including (violet) the shifting ( aRF and bRF terms). (b)
Negative derivative of ũRF(r), proportional to the force magnitude. (c) Carbon-carbon radial
distribution function g(r) of a CCl4 model with carbon charge qC = 0.86 e (see Ref. 385 for
details), based on simulations performed using a RF/CG scheme (blue), a RF/AT scheme
(red), or a RF/SH (violet) scheme.

and second derivative), the use ofUmod in the Hamiltonian ensures rigorous
energy conservation under NVE conditions. However, it includes a non-physical
componentUout corresponding to pairs beyond the cuto� distance.

In order to remove the latter interaction, a correction was applied to the
modi�ed potential energyUmod in Ref. 385. In this work, however, the energy
was calculated in a slightly di�erent way. Instead of adding a constant energy
contribution for all interacting pairs beyond the cuto�, the potential energy
function (including the shifting function) was o�set to zero at the cuto�. The self-
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energy of the electrostatic interactions was adapted to include this o�set. Strictly
speaking, the o�setting of the LJ potential curve should also be compensated by
a self-energy correction, but this was omitted here due to the short-ranged nature
of the LJ shifting function as well as the small magnitude of the LJ coe�cients.
Compared to Ref. 385, this procedure is analogous (but not equivalent) to the
removal ofUout , while omitting the correction of the short-range component
corresponding to the shifting energy within the cuto�. The motivations for this
choice are that: (i) the short-range component is expected to be relatively small;
(ii ) as a result, its e�ect can easily be absorbed by the force-�eld parameters upon
calibration; (iii ) its omission implies that the modi�ed and corrected energies
correspond to the same forces and virial. Note thatUout is only an addition to the
total energy and has no in�uence on the forces and on the virial. Consequently,
its removal together with the o�setting of the potential energy do not have
an e�ect on the dynamics of the system. With the new approach, however, no
postprocessing is required. The total potential energy reads

U tot = Upws + Uslf , (5.19)

where

Upws = å
w2f RF,LJ6,LJ12g

å
i

å
j2 PL( i)

cw,icw,j
�
ũw(r i j ) � ũw(Rc)

�
(5.20)

and

Uslf = �
1
2

ũRF(Rc)

2

4å
i

c2
RF,i �

 

å
i

cRF,i

! 2
3

5 . (5.21)

Note that for RF electrostatics, a slightly di�erent expression has been suggested
for the self-term, which only di�ers in the context of non-neutral systems (see
Eq. 6 in Ref. 385 and its discussion). BecauseU tot is continuous at the cuto�,
the resulting forces are conservative in contrast toUmod in Ref. 385.

5.3 METHODOLOGY

5.3.1 Methodological Variants Considered

To investigate the feasibility of bypassing the use of CGs within the CombiFF
scheme, �ve methodological variants are considered and compared. They involve
di�erent choices concerning the charge-assignment and nonbonded-interaction
schemes. For the charge-assignment scheme, the three choices are: (i) EEM
scheme allowing charge-transfers only within small neutral CGs (EEM-G); (ii )
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charge nonbonded Nprm
assignment interactions (Nprm / Nobs)
EEM-G CG 28 (8.0)
EEM-G AT 28 (8.0)
EEM-G SH 28 (8.0)
EEM-M SH 36 (6.3)
SQE-M SH 41 (5.5)

Table 5.1: Five methodological variants considered in the present study. The charge-
assignment scheme may be EEM with charge groups (EEM-G), EEM considering the
entire molecule (EEM-M), or SQE considering the entire molecule (SQE-M). The nonbonded
interaction scheme (both RF and LJ components) may be charge-group truncation (CG),
atomic truncation (AT), or atomic truncation plus shifting function (SH). For each of the
�ve variants, the number of nonbonded interaction parameters (Nprm ) to be calibrated for
representing all saturated acyclic (halo)alkane molecules is also indicated. Given the number
of experimental observablesNobs = 225 available for the Nmol = 147 (halo)alkane molecules
considered, the corresponding observable-to-parameter ratios (Nprm / Nobs) are also reported
between parentheses.

EEM scheme allowing charge-transfers over the entire molecule (EEM-M); (iii )
SQE scheme considering the entire molecule as well (SQE-M). Here, the sole
di�erence between SQE-M and EEM-M is the inclusion of the bond-hardness
component in Eq. 5.9, which e�ectively damps charge transfers as a function
of topological distance within the molecule. For the nonbonded interaction
scheme (both RF and LJ components), the three choices are: (i) unmodi�ed
interactions with a charge-group (CG) truncation; (ii ) unmodi�ed interactions
with an atomic (AT) truncation instead; (iii ) modi�ed interactions including a
shifting function (SH), also applied with an atomic cuto�. The SH approach
relies on the modi�ed in�uence functions of Eqs. 5.11 and 5.14 for the RF and LJ
interactions, respectively. Only �ve relevant combinations of the above choices
are actually considered in the comparison. These are listed in Tab. 5.1.

In the context of (halo)alkanes, the EEM-G scheme is similar to that previously
employed in Ref. 221. Charge transfers are only allowed along carbon-halogen
bonds, resulting in neutral CGs encompassing at most �ve (united-)atoms, and
the Coulomb termsJi j of Eq. 5.2 are only included for �rst and second covalent
neighbors, based on distances inferred from the reference bond-lengths and bond-
angles of the force �eld. However, in contrast to Ref. 221, the e�ective radiusRi
used to calculate theJi j terms is set to a �xed value determined by the element
(or united-atom) type. The corresponding values are reported in Appendix Tab.
5.4. These correspond to standard van der Waals radii,550 increased by 0.05 nm
relative to carbon for the united-atoms bearing at least one hydrogen.
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In Ref. 221, the radiusRi was set instead to the LJ collision diametersii for
the homoatomic interaction, which induced an unpleasant correlation between
electrostatic and Lennard-Jones parameters during the calibration. Furthermore,
the factor one-half to convert the diameter to a radius was erroneously omitted,
leading to somewhat overestimated Coulomb terms. The e�ect of this mistake
was largely absorbed by the consistently-calibrated electrostatic parameters, still
resulting in excellent agreement with experiment.221 However, due to the di�erent
radius choices, the electrostatic parameters calibrated in the present study cannot
be strictly compared to those derived in the previous one.

5.3.2 Preliminary Comparison against QM Calculations

As a preliminary step, the three charge-assignment approaches (EEM-G, EEM-
M, and SQE-M) are compared in their ability to capture trends from the QM
electron density, interpreted in terms of DDEC charges.190�192 This comparison
is performed by �tting each of the three charge-assignment schemes against the
calculated DDEC charges for a subset of 412 haloalkane molecules from Ref.
221 (calibration plus validation sets, omitting compounds with more than one
halogen type), and examining the di�erence between the resulting �tted charges
and the original DDEC ones.

The protocol to calculate the DDEC charges is based on Ref. 206. For
each molecule considered, the geometry is �rst optimized using the MOPAC
program.551 The optimization relies on the semi-empirical PM7 method552

and the COSMO solvent model81 (permittivity e = 4). This is followed by a
DFT calculation8,9 performed using the TURBOMOLE program.553 The calcu-
lation relies on a def2-tzvp basis set554,555 and a TPSSh exchange-correlation
functional556 with dispersion correction, along with the COSMO-RS solvent
model557,558 (permittivity e = 4.3). Partial charges are then extracted by electron-
density partitioning according to the DDEC scheme190�192 as implemented in
the DDEC6 program.190

The �tting of the each of the three charge-assignment models against the
DDEC charges is performed by minimizing a weighted mean-square di�erence
(residual) between the two sets of charges with respect to all the EE parameters
of the model (electronegativities and hardnesses). Following Ref. 199, weighting is
applied to improve the balance between the contributions of di�erent atom types
to the residual. It involves a scaling of the square charge di�erenceDq2 for a given
atom in a given molecule byN � 1/2

typ , whereNtyp is the number of occurrences
of the corresponding atom type in the entire set of molecules. This scaling is
expected to provide a good compromise between the goodness of �t for over-
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and underrepresented atom types in the data set.199 The minimization of the
residual with respect to the EE parameters represents a non-linear problem, which
may in principle have multiple solutions (local minima). It is solved iteratively
using Powell's conjugate direction method,559 a non-derivative local optimization
algorithm which searches the parameter space using the linear combination of two
search vectors. This is performed under application of the following restrictions:
the atomic electronegativity valuesc i are restricted to a range between 6 and
60 V; the atomic hardness valueshi are restricted to a range between 6 and 60
V �e� 1; the bond hardness valueshi j in the SQE model are set to 10 V�e� 1.
As has been pointed out earlier,201 these parameters are likely not unique, and
therefore have no physical meaning on their own. Thus, the above restrictions to
particular ranges should to be of little in�uence for the derived partial charges.
The �rst two restrictions prevent the occurrence of minima corresponding to
unphysical situations (e.g. negative parameters). The selected ranges correspond
to parameter values typically obtained when re�ning against condensed-phase
data using the CombiFF scheme. By introducing hardness parameters associated
with the bonds in the SQE scheme, the hardness e�ects are allowed to distribute
between atoms and bonds, and the corresponding fractions do not always align
with chemical intuition. Restricting the bond hardness to a constant value ensures
that a reasonable relative ordering of the atomic hardness values can be achieved.
For the EEM-M and SQE-M schemes, the parameters �tted against DDEC are
also subsequently employed as initial values for the CombiFF calibration against
condensed-phase data.

5.3.3 Parameter Optimization against Condensed-Phase Data

To compare in a fair manner the e�ect of di�erent force-�eld representation
choices concerning the charge-assignment and nonbonded-interaction schemes
(Tab. 5.1), the present study relies on a recalibration of the force-�eld parameters
carried out independently for each di�erent representation choice. This automated
calibration is part of the CombiFF work�ow,221 and the corresponding procedure
is illustrated schematically in Fig. 5.2.

Considering a family ofNmol molecules, initial force-�eld parametersP ini are
re�ned iteratively towards �nal force-�eld parametersPopt using an optimizer
script (OPT). The optimization target is provided by a vectorX exp of Nobs
experimental observables extracted from the literature. At each iteration, the
OPT script relies on simulations of all the molecules performed at the current
parameter vectorP using a GROMOS-compatible simulation engine in C++
called SAMOS. These simulations return the vectorX sim of Nobs simulated
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Figure 5.2: Automated calibration of force-�eld parameters using CombiFF.

observables, as well as the derivatives of these observables with respect to all
the force-�eld parameters (sensitivity matrix). The deviations betweenX sim

and X exp along with the sensitivity matrix and the application of a trust radius
in parameter space lead to the formulation of an updated vectorP for the
next iteration. The next three sections, along with Fig. 5.3 (numerical values
in Appendix Tab. 5.5), provide more information about the application of the
CombiFF optimization.

5.3.4 Molecule Family and Experimental-Data Vector

The family considered here for comparing the e�ect of the di�erent force-�eld
representation choices is the saturated acyclic (halo)alkane family. The molecule
set is a subset of the 486 molecules considered previously for calibration and
validation of a GROMOS-compatible force �eld in Ref. 221, to which 13 linear
alkanes are added. This set encompassesNmol = 147 molecules, distributed
into six groups: alkane (13), �uorinated (21), chlorinated (27), brominated
(33), iodinated (23), and hetero-halogenated (30) compounds. The molecules
encompass 2 to 8 carbon atoms, and the halogenated compounds include 1 to
4 halogen atoms. The molecular structures of theNmol molecules are shown
in Appendix Figs. 5.12-5.17. The distribution of the molecules in the di�erent
groups in terms of molecule sizes (number of carbon atoms) and polarity (static
relative dielectric permittivity) are illustrated in Fig. 5.3b and 5.3c, respectively.

The corresponding experimental-data vector encompassesNobs = 225 entries,
namely 152 forr liq and 73 for DHvap . Most of these entries correspond to
ambient conditions close toP� = 1 bar andT� = 298.15K (about 73% of the
entries are within 0.1 bar fromP� and within 10 K fromT� ). Note that some
molecules only have an experimental value available forr liq or DHvap but not
both, and that a few molecules have multiple experimental values corresponding
to di�erent P, T-conditions. This results in a total ofNcpt = 162combinations of
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Figure 5.3: Selected properties of the (halo)alkane molecules considered in the CombiFF
optimization. The molecules are distributed over six groups: alkanes with no halogen atoms
(Alk), haloalkanes with only one type of halogen atom (F, Cl, Br, I), and haloalkanes with
more than one type of halogen atom (Mix). (a) Experimental values for the density r liq and
vaporization enthalpy DHvap (note that some points correspond to the same molecule at
di�erent pressure/temperature). (b) Counts of the di�erent atom types in the set of molecules.
(c) Distribution of static relative dielectric permittivities e over the set of molecules. (d)
Counts of molecules resolved by their number of carbon atoms. The corresponding numerical
values can be found in Appendix Tab. 5.5.

molecules andP, T-points, which is also the number of simulations to be carried
out at each iteration of the force-�eld calibration procedure. The experimental
data pertaining to theNcpt combinations of molecules andP, T-points is listed
in Appendix Tab. 5.5. For the haloalkanes, these values are taken directly from
Ref. 221 (see Suppl. Mat. Tab. S.5 therein or the data archive under Ref. 560).
The full data set listed therein was used to validate the optimized parameters
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(excluding the molecules used for the optimization). For the alkanes, they were
extracted from the literature in a similar way as in Ref. 221 (see Appendix A.2
therein). A schematic overview of theNcpt experimental data points is depicted
in Fig. 5.3a.

5.3.5 Force-Field Representation and Parameter Vector

The GROMOS-compatible force-�eld representation for the (halo)alkanes is very
similar to that employed in Ref. 221 (see Appendix A.3 therein). It relies on the
same 13 atom types (see Tab. 1 in Ref. 221), namely: four non-halogenated
carbon (united-)atom types CHn, wheren = 0, 1, 2, 3, or 4 is the number
of bound hydrogen atoms (the number of bound carbon atoms is thus4 � n);
four halogen atom types X, where X = F, Cl, Br, or I; four halogenated carbon
(united-)atom types CXm, wherem = 1, 2, 3, or 4 is the number of bound
heavy atoms (including at least one halogen; the number of bound hydrogen
atoms is thus4 � m). The atom types CH4 and CX1 are irrelevant here since
neither methane nor mono-halomethanes are included in the molecule set. The
occurrences of the 11 remaining atom types in theNmol molecules considered
is depicted in Fig. 5.3d. With the possible exception of the quaternary carbon
atom CH0 (only 7 occurrences), all the atom types occur at least 21 times in
the set of molecules considered.

Each atom type is associated with four parameters: the LJ collision diameter
s and well depthe, and the EE hardnessh and electronegativityc . The values
of s and e are related to the homoatomic LJ coe�cientsC6 and C12 in Eq. 5.10
asC6 = 4es6 and C12 = 4es12. The values ofs and e for carbon (united-)atom
types which share the same number of bound hydrogen atoms (e.g. CH1 and
CX3) were constrained to remain equal. This choice di�ers from Ref. 221, where
the CHn types were not optimized. In the EEM-G scheme, the CHn atom types
were not considered in the charge distribution, as they are always neutral. In
the SQE-M scheme, separate bond-hardness parameters were optimized for �ve
distinct bond types, namely one for all the carbon-carbon bonds, and one for
each of the four di�erent types of carbon-halogen bond. As a result, the three
charge-assignment schemes (EEM-G, EEM-M, and SQE-M) have a di�erent
numbersNprm of parameters to be calibrated and, consequently, a di�erent
observable-to-parameter ratio. The corresponding values are reported in Tab. 5.1.

The covalent parameters were taken from Ref. 221 (see Tab. 4 therein) and not
subjected to optimization. For the EEM-G optimization, the initial parameters
were taken from a converged CombiFF calibration which relied on the convention
for van der Waals radii described in Ref. 221. For the EEM-M and SQE-M
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schemes, the starting parameters were those �tted against the DDEC charges in
the preliminary investigations.

5.3.6 Computational Details

Pure-liquid MD and gas-phase stochastic-dynamics (SD) simulations were carried
out in parallel using SAMOS, considering 512 molecules under periodic boundary
conditions (with intermolecular interaction turned o� andeRF set to 1 in the
gas-phase situation). At each iteration of the force-�eld calibration, the systems
were equilibrated for 0.6 ns, and three consecutive production runs were carried
out for 0.6 ns each. For the liquid simulations, the temperature and pressure were
kept constant using a Nosé-Hoover thermostat561 with a coupling time of 0.1 ps,
and an Andersen barostat562 with a coupling time of 0.5 ps. For the gas-phase
simuations, the temperature was maintained by SD, with a friction coe�cient
of 1 ps� 1. The timestep was set to 2 fs. A twin-range pairlist466 was used with
a short-range cuto� of 0.8 nm, a long-range cuto� of 1.4 nm, and a pairlist
update frequency of 5 timesteps. The nonbonded interactions were evaluated
according to Eq. 5.19, usingRc = 1.4 nm. In the CG and AT schemes, the
shifting coe�cients a andb in Eqs. 5.11 and 5.14 were set to zero for both the RF
and LJ interactions. In the SH scheme,a and b were calculated according to Eqs.
5.13 and 5.15. Bond distances were constrained using the SHAKE algorithm46

with a relative geometric tolerance of 10� 6. The center-of-mass motion was
removed every 1000 timesteps.

The CombiFF optimization relied on the minimization of the target function
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Here, the average values of the target observablesXsim
nm (with n = r , DHvap) and

their sensitivitiesSsim
nm are extracted from the MD simulations for each molecule

m in the data set. Combined with the corresponding experimental valuesXexp
nm ,

a local optimization is carried out (Nelder-Mead algorithm563) to �nd a new set
of parametersP new , which minimizes the objective functionQ. The quantity sn

is a normalization constant for each observablen. The corresponding value was
set to sr = 20 kg�m� 3 and sDHvap = 1 kJ �mol� 1. The weightswmn were set to
1 for each molecule, unless the molecule evaporated in course of the simulation
(mean density< 400 kg�m� 3) or if the density did not converge (deviations
between mean values from consecutive simulations of more than 100 kg�m� 3),
in which case the weight was set to 0. Finally,W is the sum of the individual
weightswmn.
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Eq. 5.22 relies on a �rst-order approximation for the relationship between
observables and parameters by omitting higher derivatives. This approximation
is expected to hold for small changes in the parameter vector. For this reason,
a trust radius is de�ned for each parameter, which sets an upper limit to its
relative change per iteration. Here, the trust radius was set to 5% fors and e
and to 10% forc , h and hbond . Note also that Eq. 5.22 leads to a minimization
of the (weighted) mean average error (MAE) of the observables. This measure
is used instead of a root-mean-square error (RMSE) in order to mitigate the
in�uence of outliers.221 However, the RMSE is also calculated at each iteration
for comparison purposes.

5.4 RESULTS AND DISCUSSION

5.4.1 Charge-Assignment Schemes

As a preliminary step, the three charge-assignment approaches are compared in
their ability to reproduce QM-derived DDEC charges after least-squares �tting of
their EE parameters against these charges. The corresponding �tted parameters
are reported in Appendix Tab. 5.6. As has been pointed out earlier,201 these
parameters are likely not unique and have no physical meaning on their own.
For this reason, the models are better compared directly in terms of the partial
charges they generate. Such a pairwise comparison of partial charges is shown
in Fig. 5.4, where the color code corresponds to the 11 relevant atom types.
Note that since the atom type determines the EE parameters (electronegativity,
hardness) but not the charge itself, the same atom type may carry a di�erent
charge in di�erent molecules, depending on its covalent environment (induction
e�ects).

The EEM-G scheme excludes the non-halogenated CHn (united-)atom types
from the charge assignment, hence their charge is always zero. Imposing this
constraint prevents the transfer of charge between functional groups throughout
the molecule. The corresponding DDEC charges for CH2 and CH3 are also
typically close to zero. The EEM-G, EEM-M and SQE-M charges shown here
have been �tted against the DDEC charges, which is why their least-square �t
has a slope of 1. Note that the least-square �t is not symmetric with respect to a
swap of the coordinates, which results in a slight negative deviation for the lower
triangle of Fig. 5.4. None of the EE schemes compared is able to fully account
for the variation in DDEC charges. Even though Eq. 5.2 implies in principle a
conformation dependence of the EEM and SQE charges due to through-space
interactions, the Coulomb overlaps were only considered up to second neighbors.
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Figure 5.4: Pairwise correlations of various sets of partial charges: (DDEC) charges calculated
using DDEC, (EEM-G) charges �tted against the DDEC charges using group-based EEM,
(EEM-M) initial partial charges for the SH/EEM-M optimization, �tted against the DDEC
charges using molecule-based EEM, and (SQE) initial partial charges for the SH/SQE-M
optimization, �tted against DDEC charges using molecule-based SQE. The color scheme
re�ects atom types, which share the sameh and c parameters. Univariate histograms of the
charge distributions are also shown on the diagonal (bars of di�erent colors are overlaid, not
stacked). Dashed lines mark the least-square �t. The Pearson correlation coe�cient R is
also indicated.

Therefore, the EEM and SQE charges are conformation-independent, which is
not the case for the DDEC charges, and hence the two models cannot completely
be aligned. This is probably also the reason why the distribution of the EEM
and SQE charges is narrower compared to that of the QM model. The largest
deviations in the �t correspond to quarternary centers (CX4 and CH0 atom
types) and the tertiary CX3 type.

A comparison of partial charges is shown for four illustrative compounds in
Fig. 5.5. Unlike the charges from the EE schemes, the DDEC charges depend on
the conformation, which can result in di�erent charges for chemically equivalent
atoms (e.g. Cl atoms in 1,1-dichlorodecane). The charges on the halogen atoms
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Figure 5.5: Illustrative examples for the e�ect of the charge assignment scheme on the
partial charges, shown for four haloalkane molecules. The labels have the same meaning as
in Fig. 5.4. The displayed molecules are: 2-chloro-2,3,4-trimethyl-pentane, 1,2-dichloro-4,4-
dimethylpentane, 1,1-dichloro-n-decane and 1,1,1-tri�uoro-2,2-dimethyl-propane.

are in good agreement between the di�erent schemes, whereas the carbon charges
show a greater spread. This may be related to a more limited variability in the
chemical environments of the halogens, which can only be bonded to one of
the four CX types, whereas the carbon atoms can be bonded to any of the
12 atom types. In the EEM-M and SQE-M schemes, the charge on the CXn
atoms tend to be reduced compared to DDEC, while the compensating charge is
distributed more evenly over the molecule. This distribution is prevented in the
EEM-G scheme by imposing neutrality of the CHn atom types. The spreading
of the charge through the molecule is particularly pronounced for the EEM-M
scheme applied to 1,1-dichlorodecane. This e�ect is less pronounced in the
SQE-M schemes, where the introduction of bond hardness parameters damps the
spreading of the charge with topological distance. However, it can also be seen
that both the EEM and SQE schemes fail to reproduce the alternating charge
patterns in the DDEC charges for 2-chloro-2,3,4-trimethylpentane.

Fig. 5.6 shows the charge distributions inn-alkanes terminated by a halogen
atom. The di�erence between EEM-M and SQE-M is made more apparent in this
�gure. In the DDEC case, the charge decays to zero in the center of the molecule
(in chains with at least 5 carbons). In EEM-G, neutrality on the alkyl carbons
is imposed by the CG de�nition. The group-free EEM and SQE schemes both
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Figure 5.6: Partial charges on carbon atoms in haloalkanes of the form (Cn)-C-X (X = F,
Cl, Br or I), with the number of carbons ranging from 2 to 10. The labels have the same
meaning as in Fig. 5.4. The shades mark the standard deviation over four molecules each
with a di�erent halogen atom.

assign small positive charges on the central CH2 atoms, but their magnitude is
lower for SQE than for EEM. The �gure also shows alternating DDEC charge
patterns on the methyl end, which can only partially be represented by the EE
schemes.

5.4.2 CombiFF Optimization

5.4.2.1 Optimization Evolution and Convergence

The CombiFF optimization protocol relies on the objective function of Eq. 5.22
to update the atomic (and bond) parameters. If all the weightswnm are set to 1,
Eq. 5.22 represents a weighted sum of the MAEs of the two observables, namely
the densityr liq and heat of vaporizationDHvap . The MAE and RMSE of the two
observables are shown in Fig. 5.7 as a function of the iteration number for the
�ve di�erent optimization schemes. The corresponding values at the last iteration
are reported in Table 5.2. These values are signi�cantly lower compared to those
of Ref. 221 (RMSD of 50 kg�m� 3 for r liq and 2.7 kJ�mol� 1 for DHvap) because
the methane derivatives are not considered here. During the optimization, the
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Figure 5.7: Evolution of the mean absolute error (MAE) and root-mean-square error (RMSE)
in the density r liq and heat of vaporization DHvap during the optimization against the
experimental values. The di�erent optimization schemes are shown in di�erent colors. The
last simulation (6th iteration) in each series corresponds to the �nal parameter set.

MAE of r liq decreases from 20-25 kg�m� 3 to about 14 kg�m� 3. The MAE of
DHvap converges to less than 1 kJ�mol� 1. The deviations observed with the
initial parameters (iteration zero) are small compared to Ref. 221 because the
LJ parameters have been pre-optimized. The statistics of the RMSE is largely
dominated by outliers, which is most apparent forr liq (CG/EEM-G presents one
outlier with a di�erence larger than 150 kg�m� 3 from the target, while the other
schemes have two).

The MAE varies very little between the di�erent schemes despite their di�erent
observable-to-parameter ratios (Table 5.1). This suggests that the nonbonded
parameters are able to adapt to the changes of the charge-assignment and
nonbonded interaction schemes. The MAE (and hence also the objective function
in Eq. 5.22) converges after about 3 iterations. The individual parameters,
however, are not completely converged even after 6 iterations (see Appendix Figs.
5.18-5.22), especially the hardness and the electronegativity. It is therefore likely
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scheme r liq [kg�m� 3] DHvap [kJ�mol� 1]
MAE RMSE MAE RMSE

CG/EEM-G 13.4 20.7 0.62 0.77
AT/EEM-G 13.8 28.4 0.58 0.75
SH/EEM-G 14.1 29.7 0.60 0.69
SH/EEM-M 14.0 26.0 0.69 0.73
SH/SQE-M 14.1 28.7 0.60 0.73

Table 5.2: Mean absolute error (MAE) and root-mean-squared error (RMSE) of the densities
r liq and heats of vaporization DHvap over the data set at the last (sixth) iteration.

that the available observables are not su�cient to �x the values of all parameters
unambiguously.

5.4.2.2 Comparison of the Final Parameters

The �nal parameters (resulting from the �nal sixth iteration) are reported in
Appendix Tabs. 5.7-5.12. The pairwise correlations between the optimized charges
is displayed in Fig. 5.8. The CG/EEM-G and AT/EEM-G schemes lead to very
similar charges, which shows that the cuto� application mode does not have a
systematic e�ect on ther liq and DHvap observables in this case. The addition of
the shifting function has a damping e�ect on both the RF and the LJ potential,
which causes the charges to adapt. In particular, the use of SH tends to increase
the charge of the chlorine atoms. However, the general ordering of halogen
atoms in terms of their partial charges is still preserved. The most pronounced
deviations arise between group- and molecule-based EE schemes, while these
subsets are well correlated among themselves. They result in large part from
the broadening of the charge distribution of the CHn atom types due to the
lifting of the neutrality constraint, leading to carbon atoms with charges between
q = 0 and 0.5e. Given that all of the optimization schemes result in a very
similar MAE with respect to the observables,r liq and DHvap do not appear
to be overly sensitive to the distribution of partial charges in most cases. On
the other hand, the faithful reproduction of polarization properties is inherently
limited in �xed-charge force �elds.

A comparison of the �nal LJ parametersc6 and c12 is shown in Fig. 5.9.
These values are converted from the LJ well depthe and collision diameter
s, which were used in the optimization. An analogous graph fors and e can
be found as Appendix Fig. 5.23. The LJ parameters are very consistent across
the di�erent optimization schemes. Given that the application of SH for the LJ
interactions damps both the attractive and repulsive branches of the potential,385
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Figure 5.8: Pairwise correlations between the �nal partial charges obtained using the di�erent
optimization schemes. Atom types for carbon with distinct parameters are not resolved.
Dashed lines indicate a least-square �t. The diagonal contains histograms of the individual
charge distributions (in the form of a Gaussian kernel density estimate).

one would expect thec6 and c12 parameters to increase. This is the case to a
limited extent for the CHn atom types (except the CH0 type, which is a�ected
by a large statistical error due to its underrepresentation in the calibration set).
However, these changes are very small, and essentially absent for the halogen
atoms. This suggests that the modi�cation of the LJ potential is at least partially
compensated by an adjustment of the partial charges.

5.4.2.3 Comparison of Final Observables

A comparison between the deviations in the observables (r sim � r exp and
DHsim

vap � DHexp
vap ) for the calibration set of 147 molecules based on the �nal (op-

timized) force-�eld parameters is shown graphically in Fig. 5.10a. The correlation
plots for each scheme are also shown as part of Appendix Figs. 5.18-5.22, and
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Figure 5.9: Final values for the LJ coe�cients c1/2
6 (in 10� 2 kJ1/2 mol� 1/2 nm� 3) and c1/2

12 (in
10� 5 kJ1/2 mol� 1/2 nm� 6) for each LJ atom type. Note that the CH n and CX(4 � n) atom
types share the same LJ parameters. A comparison is shown for the di�erent optimization
schemes. A similar graph for thes and e parameters can be found in Appendix Fig. 5.23.

the numerical values are provided in the online version document (please refer
to Appendix Sec. 5.6.6 for the URL). For all of the optimization schemes, the
observables are in good agreement with the target experimental values. The
MAE and RMSE for both observables also show very little di�erences (Table
5.2). There are two notable density outliers (deviation from experiment above
200 kg�m� 3), which are the same across several of the schemes (shown in the
upper left panel of Fig. 5.11). All of the deviations in vaporization enthalpies are
below 4 kJ�mol� 1.

The observable deviations in the validation set of 602 molecules (all compounds
in Ref. 221 except those used here in the calibration and methane derivatives
with one halogen atom) are shown in Fig. 5.10b, and the corresponding MAE and
RMSE values are listed in Table 5.3. The corresponding numerical values are listed
together with the calibration set online (Appendix Sec. 5.6.6). Not considered
in Fig. 5.10b and Table 5.3 are the compounds for which the liquid simulations
crashed due to a substantial decrease in the box volume (up to six compounds
per scheme). These compounds are listed in Appendix Tab. 5.13. This �nding
indicates that the parameters assigned to these molecules massively overestimate
(underestimate) their attractive (repulsive) interactions. The opposite scenario
was encountered in Ref. 221, where �ve molecules (calibration and validation
sets) evaporated in the liquid simulations.

The RMSE for the validation set ranges between 50 and 110 kg�m� 3 for r liq ,
and between 2 and 4 kJ�mol� 1 for DHvap . These errors are signi�cantly larger
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(a) Calibration set (b) Validation set

Figure 5.10: Boxenplot564 of the di�erences r sim � r exp and DHsim
vap � DHexp

vap for each opti-
mization scheme in the calibration (a) and validation (b) sets. The calibration set corresponds
to the subset from Ref. 221 summarized in Fig. 5.3, whereas the validation set contains
all the molecules considered in Ref. 221 with the exception of the compounds used for
calibration and the four methane derivatives with one halogen atom. Points in the distribution
mark individual molecules (outliers). The center lines mark the median in each distribution.
The darkest boxes contain 50% of the data, and this percentage is divided by two for each
successive level.

scheme r liq [kg�m� 3] DHvap [kJ�mol� 1]
MAE RMSE MAE RMSE

CG/EEM-G 35.9 68.9 2.68 3.03
AT/EEM-G 43.8 101.3 2.64 3.05
SH/EEM-G 35.6 68.5 2.36 2.60
SH/EEM-M 30.2 56.7 2.52 2.74
SH/SQE-M 35.4 70.4 2.02 2.26

Table 5.3: Mean absolute error (MAE) and root-mean-squared error (RMSE) of the densities
r liq and heats of vaporization DHvap over the validation set.

compared to the validation in Ref. 221 (27.6 kg�m� 3 for the density and 1.8
kJ�mol� 1 for DHvap), which is mainly due to the move of the halomethanes
from the calibration to the validation set. The deviations in this work are also
comparable between the di�erent optimization schemes, with the exception of
an increased density error in the AT/EEM-G scheme. This �nding suggests
the presence of cuto� artifacts which might not be absorbed into the atomic
parameters. The schemes relying on SH, however, are able to reproduce the
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Figure 5.11: Structures of the outliers in the density r liq (deviation above 200 kg�m� 3)
and vaporization enthalpy DHvap (deviations above 10 kJ�mol� 1) in the calibration and
validation sets. Molecules are included if they ful�ll the above conditions in at least one of
the �ve optimization schemes.

experimental observables to the same (or even a slightly higher) degree compared
to the CG scheme. The lowest deviations (both MAE and RMSE) are achieved
by the SH/EEM-M scheme forr liq and by the SH/SQE-M scheme forDHvap .
However, given that these trends are not found in the calibration set (Table 5.2),
they are not very conclusive. The structures of outliers inr liq (deviation above
200 kg�m� 3) and DHvap (deviation above 10 kJ�mol� 1) are shown in the lower
half of Fig. 5.11.

All of the outliers contain three or more halogen atoms, often in a geminal
relationship. The correlation of deviations in the simulated observables with the
number of halogen atoms per molecule was also observed in Ref. 221 (Table
6 therein). In addition, all of the density outliers are methane derivatives, and
with one exception, all of them contain at least two �uorine atoms. Almost all of
these outliers have a melting point below room temperature, which is why the
simulations had to be carried out at elevated pressure or reduced temperature.
The same observation was made in Ref. 221 for compounds simulated under
non-ambient conditions, although the density RMSD of the halomethanes therein
was comparable to that of haloalkanes with more than one carbon atom. Note
that the extrapolation from larger molecules to methane derivatives has also
been an issue in other studies,e.g. Ref. 206 for the �tting of partial charges by
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means of a random forest model. The di�culty of deriving suitable force-�eld
parameters for �uoroalkanes has also been underlined many times.565�567

5.5 CONCLUSION

The dependence of the CombiFF force-�eld optimization work�ow on the de�ni-
tion of small neutral CGs poses a limit to its automation potential. In this work,
it was shown that the use of CGs in the optimization can be circumvented by
introducing two modi�cations of the existing protocol. First, the distribution of
charges following EEM applied to individual CGs has been substituted by the
SQE method, which introduces a topology-dependent damping to reduce the
conductivity of the molecule. The SQE method is better suited for an appli-
cation to large molecules compared to EEM, as it recovers the correct scaling
of the polarizability with molecule size.199,545 Second, a shifting function was
applied to the nonbonded interactions, which levels the pairwise forces and their
derivative to zero at the cuto�. The e�ects of this modi�cation on various liquid
properties has been thoroughly analyzed in Ref. 385. The assessment of the
charge-distribution schemes, however, has been carried out as a part of this
work. As has been pointed out earlier,201 the hardness and electronegativity
parameters are likely not unique, and therefore have no physical meaning on
their own. The degeneracy in theh and c parameters leads to a signi�cant
variability, whereas the atomic partial charges themselves are less a�ected. The
non-uniqueness of some force-�eld parameters does not necessarily represent an
issue, unless it results from an incompleteness of the target data. It was shown
here that the parameters of all of the considered charge-distribution schemes
can be �tted against DDEC charges to arrive at a very good correlation. The
EEM-M method has the tendency to distribute small charges over apolar alkyl
chains, which is inconsistent with the damping of the charge �ow through the
molecule that can be observed for the QM charges. This conducting behavior is
likely related to the incorrect polarizability scaling observed for long alkanes with
the EEM method.199,545 It was also shown here that the size-dependent damping
e�ect can be at least partially reintroduced with the SQE scheme. However,
the de�nition of a charge-transfer topology is not always trivial, and placing
bond charges on top of covalent bonds might not be the best option for every
molecule. This choice may need to be reconsidered in the future by involving
consideration of bond orders,568,569 conjugation,542 and/or mesomery.549 The
force-�eld optimization using the CG-free SH/EEM-M and SH/SQE-M schemes
was carried out, resulting in comparable deviations from experimental values as
in the original CG/EEM-G scheme. The validation of the obtained parameters
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on a larger haloalkane data set suggests that a cuto� correction in the MD
simulations is crucial if the truncation is applied on an atomic basis. However,
little can be inferred about the suitability of the selected EE schemes based on
the target observables, namely the density heat of vaporization, which are not
very sensitive to the charge distribution within a molecule. A more exhaustive
analysis of liquid (e.g.dielectric) properties would be necessary to obtain a better
understanding of the advantages and shortcomings of these schemes.

Another possible further development would be the design of a polarizable force
�eld of the �uctuating-charge type,36,37,95,197,204,568,570�574 where an on-the-�y
EE scheme would incorporate the e�ect of the con�guration-dependent (i.e. local
and instantaneous) electric potential on the atomic partial charges during the
MD simulation. A particularly appealing feature of such an approach is that it
would not require any additional force-�eld parameters, but a mere CombiFF
recalibration of the existing parameters under application of the �uctuating-charge
scheme.

5.6 APPENDIX

5.6.1 Van der Waals radii

atom type vdW radius [nm]
CH0 0.170
CX4 0.170
CH1 0.220
CX3 0.220
CH2 0.220
CX2 0.220
CH3 0.220
CX1 0.220
F 0.147
Cl 0.175
Br 0.185
I 0.198

Table 5.4: Van-der-Waals radii associated with the employed atom types used in the
calculation of Coulomb integrals.
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5.6.2 Calibration Set

5.6.2.1 Molecular properties

Table 5.5: List of molecules used in the force-�eld optimization and their associated ex-
perimental values at a given pressureP and temperature T: the liquid density r , heat of
vaporization DHvap , melting point, boiling point, critical point, and the static dielectric
permittivity e0.

class smiles P T r DHvap m.p. b.p. c.p. e0

[bar] [K] [kg m� 3] [kJ mol � 1] [K] [K] [K] [-]
1 Alk CCC 1.00 230.00 582.13 18.8 85.5 231.1 369.8 1.7
2 Alk CC(C)C 19.85 260.00 597.94 - 113.8 261.4 407.8 1.7
3 Alk CC(C)C 1.00 265.00 - 22.4 113.8 261.4 407.8 1.7
4 Alk CCCC 1.00 273.15 601 - 134.9 272.6 425.1 1.8
5 Alk CCCC 9.93 300.00 572.45 - 134.9 272.6 425.1 1.8
6 Alk CCCC 1.00 264.00 - 23.1 134.9 272.6 425.1 1.8
7 Alk CC(C)(C)C 0.99 282.01 603.71 23.65 256.8 282.6 433.8 1.8
8 Alk CC(C)(C)C 1.76 298.15 585.96 - 256.8 282.6 433.8 1.8
9 Alk CCC(C)C 0.92 298.15 616.05 25.46 113.3 301 460.4 1.8
10 Alk CCCCC 1.01 298.15 621.14 26.61 143.5 309.2 469.7 1.8
11 Alk CCC(C)(C)C 1.01 298.15 644.43 28.78 174.2 322.9 489 1.9
12 Alk CC(C)C(C)C 1.01 298.15 658.56 30.03 145.1 331.1 500 1.9
13 Alk CCC(C)CC 1.01 298.15 659.94 30.87 110.3 336.4 504.4 1.9
14 Alk CCCC(C)C 1.01 298.15 648.45 30.43 119.5 333.4 497.7 1.9
15 Alk CCCCCC 1.00 298.15 656.1 31.76 177.9 341.9 507.6 1.9
16 Alk CCCCCCC 0.06 298.15 681.95 36.5 182.6 371.6 540.2 1.9
17 Alk CCCCCCCC 1.01 298.15 698.86 41.03 216.4 398.8 568.7 1.9
18 Br CCBr 1.00 298.15 1451.2 - 154.8 311.5 503.8 9.0
19 Br CCBr 1.00 305.00 - 27.6 154.8 311.5 503.8 9.0
20 Br CC(Br)Br 1.00 298.15 2091.75 - 210.2 381.1 635.8 5.0
21 Br BrCCBr 1.00 298.15 2169.52 41.7 282.9 404.5 650.1 5.0
22 Br BrCC(Br)Br 1.00 298.15 2610.1 - 243.9 462.1 671.9 6.8
23 Br CC(C)Br 1.00 298.15 1301.37 30.2 184.2 332.6 532.5 9.5
24 Br CCCBr 1.00 298.15 1345.5 31.9 163.1 344.1 536.9 8.1
25 Br CC(Br)CBr 1.00 298.15 1924.95 41.7 217.8 413.2 654.7 4.6
26 Br BrCCCBr 1.00 298.15 1971.19 - 238.2 440.4 654.7 9.5
27 Br CC(Br)(Br)CBr 1.00 293.15 2298.54 - - 464.1 686.8 6.0
28 Br CC(Br)C(Br)Br 1.00 293.15 2354.8 - - 474.1 686.8 6.0
29 Br BrCC(Br)CBr 1.00 298.15 2411.04 - 287.1 495.3 686.8 6.0
30 Br CC(C)(C)Br 1.00 298.15 1212.5 31.8 256.4 346.4 557.6 11.0
31 Br CC(C)CBr 1.00 298.15 1257.09 34.9 155.3 364.7 557.6 7.7
32 Br CCC(C)Br 1.00 298.15 1253.6 34.8 - 364.4 557.6 8.7
33 Br CCCCBr 1.00 298.15 1268.6 36.6 160.7 374.8 557.6 7.3
34 Br CC(CBr)CBr 1.00 298.15 1799.5 - - 448.1 672.7 6.6
35 Br CCC(Br)CBr 1.00 298.15 1787 45.6 207.8 439.5 672.7 4.7
36 Br CC(Br)CCBr 1.00 293.15 1796 - - 448.1 672.7 9.1
37 Br CC(C)(Br)C(Br)Br 1.00 294.15 2175.3 - - 503.1 701.1 6.8
38 Br CC(Br)(CBr)CBr 1.00 298.15 2180.3 - - 493.1 701.1 6.8
39 Br CC(C)(C)CBr 0.03 298.15 1193.46 - - 379.1 581 7.5
40 Br CCC(C)(C)Br 0.03 298.15 1209.52 - - 381.1 581 9.2
41 Br CCC(C)CBr 1.00 298.15 1214.4 - - 393.6 581 7.5
42 Br CCC(Br)CC 1.00 298.15 1205.1 - 146.9 391.8 581 8.4
43 Br CC(C)CCBr 1.00 298.15 1200.7 - 161.2 393.6 581 6.3
44 Br CCCC(C)Br 1.00 298.15 1200.5 38.5 177.7 390.6 581 7.5
45 Br CCCCCBr 1.00 298.15 1211.4 40.9 185.2 402.7 581 6.3
46 Br CC(C)(C)C(Br)Br 1.00 293.15 1669.5 - - 453.1 689.9 7.5

Continued on next page



5.6 Appendix 193

class smiles P T r DHvap m.p. b.p. c.p. e0

[bar] [K] [kg m� 3] [kJ mol � 1] [K] [K] [K] [-]
47 Br CCC(C)(Br)CC 1.00 293.15 1179.2 - - 403.1 602.9 5.8
48 Br CCCC(Br)CC 1.00 298.15 1157.16 - - 414.4 602.9 5.8
49 Br CCCCCCBr 1.00 298.15 1168.8 45.6 188.2 428.4 602.9 5.8
50 Br CCCCCCCBr 1.00 298.15 1134.8 50.4 217.1 452.1 623.5 5.3
51 Br CCCCCCCCBr 1.00 298.15 1107.7 55.1 218.2 473.9 643 5.1
52 Cl CCCl 1.00 285.45 906.2 24.9 134.8 285.4 460.4 9.4
53 Cl CCCl 1.39 298.15 889.97 - 134.8 285.4 460.4 9.4
54 Cl CC(Cl)Cl 1.00 298.15 1168.07 30.6 176.2 330.4 523 10.1
55 Cl ClCCCl 1.00 298.15 1245.58 34.4 237.6 356.6 561.6 10.4
56 Cl CC(Cl)(Cl)Cl 1.00 298.15 1329.32 32.4 243.2 347.2 545 7.2
57 Cl ClCC(Cl)Cl 1.00 298.15 1432.75 40.1 236.8 387 551.3 7.2
58 Cl CC(C)Cl 1.00 298.15 855.63 - 156.1 308.9 496.5 8.6
59 Cl CC(Cl)CCl 1.00 298.15 1153 36.2 172.6 369.5 573.3 8.4
60 Cl ClCCCCl 1.00 298.15 1180 40.6 173.7 393.6 573.3 10.3
61 Cl CC(C)(C)Cl 1.00 298.15 836.3 28.6 247.6 323.8 530.2 9.7
62 Cl CC(C)CCl 1.00 298.15 871.35 31.7 142.8 342 530.2 7.0
63 Cl CCC(C)Cl 1.01 298.15 867.47 31.5 141.8 341.2 520.6 8.6
64 Cl CCCCCl 1.01 298.15 880.4 33.5 150.1 351.6 530.2 7.3
65 Cl CC(Cl)C(C)Cl 1.00 298.15 1106.3 - - 391.1 599.9 8.1
66 Cl CCC(Cl)CCl 1.00 298.15 1111.8 40.1 - 397.1 599.9 7.7
67 Cl ClCCCCCl 1.00 298.15 - 46.4 234.4 427.1 599.9 9.3
68 Cl CCC(C)(C)Cl 1.00 298.15 859.65 - 200.6 358.8 560.5 12.3
69 Cl CCC(C)CCl 1.00 298.15 875 - - 373.7 560.5 8.3
70 Cl CC(C)CCCl 1.00 298.15 870 36.2 168.8 371.7 560.5 6.1
71 Cl CCCC(C)Cl 1.00 298.15 866 36 - 369.7 560.5 8.3
72 Cl CCCCCCl 1.00 298.00 877.8 38.2 174.2 381.5 560.5 6.7
73 Cl ClCCCCCCl 1.00 298.15 1095.6 51.3 200.3 453.1 624.5 9.9
74 Cl CCCCCCCl 1.00 298.15 873.54 42 179.2 408.2 588 6.1
75 Cl CC(CCl)C(C)(C)Cl 1.00 298.15 1064 - - - - 8.6
76 Cl CC(Cl)CCC(C)Cl 1.00 298.15 1044.1 - - - - 8.6
77 Cl ClCCCCCCCl 1.01 298.15 1063.7 - - 477.1 647.4 8.6
78 Cl CCCCCCCCl 1.00 298.15 871.5 47 203.8 433.6 613.5 5.5
79 Cl CCCCCCCCCl 1.00 298.15 869.35 51.4 215.3 456.6 637.1 5.0
80 F CCF 1.00 236.05 817.6 20.7 129.9 235.4 375.3 6.1
81 F CCF 9.09 298.15 707.47 - 129.9 235.4 375.3 6.1
82 F CC(F)F 1.00 249.66 1009 22.7 154.6 247.3 386.4 6.1
83 F CC(F)F 6.25 298.15 907 - 154.6 247.3 386.4 6.1
84 F CC(F)(F)F 1.00 220.16 1182.86 19.2 161.6 225.8 345.9 10.6
85 F CC(C)F 1.00 263.75 769.2 - - 263.8 421.1 6.1
86 F CCCF 1.00 270.65 781.8 - 114.2 269.9 421.1 6.1
87 F CCC(F)F 0.62 276.30 - 25.12 - 281.1 430.4 6.1
88 F FCCCF 1.00 298.15 1005.7 - - 314.4 430.4 6.1
89 F CC(C)(C)F 1.00 285.25 752.7 - - 285.2 460.3 6.1
90 F CC(C)(C)F 1.39 298.15 735.3 - - 285.2 460.3 6.1
91 F CCC(C)F 1.00 298.15 756.56 - 151.8 298.2 460.3 6.1
92 F CCCCF 1.00 298.15 770.82 - 139.2 305.6 460.3 6.1
93 F FCCCCF 1.00 298.15 976.7 - - 350.9 463.6 6.1
94 F CCCC(F)(F)F 1.38 298.15 1010 - - 289.9 406.6 6.1
95 F CCC(C)(C)F 1.00 298.15 773.73 - - 317.9 494.6 3.9
96 F CCC(C)CF 0.34 298.15 791.47 - - 329.1 494.6 3.9
97 F CCCCCF 1.00 298.15 784.9 30.93 153.2 335.9 494.6 3.9
98 F CCCCC(C)F 1.00 293.15 791.4 - - 359.4 525.4 6.1
99 F CCCCCCF 1.00 298.15 795.79 35.57 170.2 364.6 525.4 6.1
100 F CC(C)CC(C)(F)F 1.00 293.15 888.2 - - - - 6.1
101 F FCCCCCCF 1.00 298.15 940.7 - - - - 6.1
102 F CCCCCCCF 1.00 298.15 800.88 40.8 200.2 391.1 553.5 6.1
103 F CCCCCCCCF 1.00 298.15 806.69 - 209.2 415.4 579.2 3.9
104 I CCI 1.00 298.15 1924.04 31.7 162.2 345.4 562.2 7.8
105 I CC(C)I 1.00 298.15 1694.54 34.1 182.8 362.6 583.8 8.2
106 I CCCI 1.00 298.15 1737.25 36.01 171.8 375.6 602.3 7.1

Continued on next page
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class smiles P T r DHvap m.p. b.p. c.p. e0

[bar] [K] [kg m� 3] [kJ mol � 1] [K] [K] [K] [-]
107 I ICCCI 1.00 298.15 2565.1 - 253.2 496.1 775.2 6.5
108 I ICCCI 0.01 368.52 - 53.5 253.2 496.1 775.2 6.5
109 I CC(C)(C)I 0.06 298.15 1536.03 35.71 239.6 373.2 596.8 6.7
110 I CC(C)CI 0.02 298.15 1595.11 38.8 - 393.6 625 6.5
111 I CCC(C)I 1.00 298.15 1589 38.5 - 393.1 623.3 6.5
112 I CCCCI 1.00 298.15 1606.74 40.3 169.7 403.7 638.8 6.3
113 I ICCCCI 1.00 298.15 2349.57 59 279.1 477.2 806.4 6.5
114 I CC(C)(C)CI 1.00 293.15 1494 - - 407.1 670.9 6.8
115 I CCC(C)(C)I 0.01 298.15 1486.59 - - 402.1 670.9 8.2
116 I CC(C)C(C)I 1.00 293.15 1524 - - 413.1 670.9 6.8
117 I CCC(I)CC 1.00 298.15 1505.48 - - 418.1 670.9 7.4
118 I CC(C)CCI 1.00 298.15 1495.15 42.2 - 421.4 659.1 5.6
119 I CCCC(C)I 1.00 293.15 1500.9 - - 416.1 670.9 6.8
120 I CCCCCI 1.00 298.15 1507.35 44.4 187.6 430.1 671.4 5.8
121 I ICCCCCI 1.00 298.15 2173.44 - 282.1 500.1 843.6 6.5
122 I CCCC(C)CI 1.00 293.15 1443 - - 441.1 697.2 5.3
123 I CCCCC(C)I 1.00 293.15 1419.3 - - 442.1 697.2 5.3
124 I CCCCCCI 1.00 298.15 1431.81 - 199.1 454.5 704.4 5.3
125 I CCCCCCI 1.00 346.00 - 46.2 199.1 454.5 704.4 5.3
126 I ICCCCCCI 1.00 298.15 2034.2 - 282.6 522.5 831.8 6.5
127 I CCCCCCCI 1.00 298.15 1371.9 - 224.9 477.1 736.7 4.9
128 I CCCCCCCI 0.01 356.73 - 48.44 224.9 477.1 736.7 4.9
129 I CCCCCCCCI 1.00 298.15 1326.65 - 227.4 498.3 764.8 4.7
130 I CCCCCCCCI 0.01 373.66 - 50.92 227.4 498.3 764.8 4.7
131 Mix CC(Cl)Br 1.00 283.15 1667 - - 356.1 - 7.4
132 Mix ClCCBr 1.01 298.15 1727.01 - 256.4 380.1 - 7.4
133 Mix ClCCBr 1.00 308.00 - 37.6 256.4 380.1 - 7.4
134 Mix FCCBr 1.00 298.15 1704.4 - - 344.6 - 7.4
135 Mix FCCCl 0.33 298.15 1167.53 - - 326.1 497.1 7.4
136 Mix ClCCI 1.00 288.43 2133.57 - - 413.1 - 7.4
137 Mix CC(F)(F)Cl 1.07 264.56 1188.76 22.7 142.7 263.1 410.3 7.4
138 Mix CC(F)(F)Cl 3.61 298.15 1107.72 19.74 142.7 263.1 410.3 7.4
139 Mix CC(F)(Cl)Cl 1.00 298.15 1233.66 26.04 169.7 304.9 478.9 7.4
140 Mix FC(Cl)CCl 1.00 298.14 1369.2 - 213.2 346.9 523.6 7.4
141 Mix FC(F)(Br)CBr 1.00 293.15 2223.8 - 211.8 365.6 - 7.4
142 Mix FC(F)(Cl)CCl 1.00 298.14 1406.6 - 171.9 319.8 479.1 7.4
143 Mix FC(F)C(F)Br 1.00 283.15 1874 - - - - 7.4
144 Mix FC(F)(F)CCl 1.00 284.60 1353.9 - 167.7 279.2 426.2 7.4
145 Mix FC(Cl)(Cl)CCl 1.00 298.14 1482.6 - 168.4 361.1 535 7.4
146 Mix FC(Cl)C(Cl)Cl 1.00 298.14 1529.8 - - 375.1 555.6 7.4
147 Mix FC(F)(F)CI 1.00 298.15 2130 - - 327.6 - 7.4
148 Mix CC(C)(Cl)Br 1.00 293.15 1495 - - 368.1 - 7.4
149 Mix CC(Br)CCl 1.00 293.15 1537 - - 390.1 - 7.4
150 Mix CC(Cl)CBr 1.00 293.15 1531 - - 391.1 - 7.4
151 Mix ClCCCBr 1.00 293.15 1596.9 - 214.3 416.4 - 7.4
152 Mix CC(C)(F)Cl 1.00 293.15 998.2 - - - 515.4 7.4
153 Mix CC(F)CCl 1.00 293.15 1086 - - - - 7.4
154 Mix ClCCCI 1.00 293.15 1904 - - 444.1 - 7.4
155 Mix ClC(Cl)CCBr 1.00 293.15 1708.4 - - - - 7.4
156 Mix ClCC(Br)CBr 1.00 287.15 2093 - - 469.1 - 7.4
157 Mix CC(F)(Cl)CCl 0.07 298.15 1255.25 - - 361.8 536.5 7.4
158 Mix ClC(Cl)(Br)CCBr 1.00 293.15 2077.2 - - - - 7.3
159 Mix ClCCCCBr 1.01 298.15 1485.12 - - 448.1 - 7.4
160 Mix CC(Cl)C(Cl)CBr 1.00 293.15 1598.5 - - - - 7.4
161 Mix CCC(F)(F)C(C)Cl 1.00 293.15 1108.5 - - - - 7.4
162 Mix CC(C)(C)C(C)(Cl)Br 1.00 293.15 1250 - - - - 7.4
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5.6.2.2 Molecular Structures

Figure 5.12: Chemical structures of the molecules listed in Table 5.5 belonging to the alkane
family.
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Figure 5.13: Chemical structures of the molecules listed in Table 5.5 belonging to the
�uoroalkane family.
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Figure 5.14: Chemical structures of the molecules listed in Table 5.5 belonging to the
chloroalkane family.
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Figure 5.15: Chemical structures of the molecules listed in Table 5.5 belonging to the
bromoalkane family.
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Figure 5.16: Chemical structures of the molecules listed in Table 5.5 belonging to the
iodoalkane family.
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Figure 5.17: Chemical structures of the molecules listed in Table 5.5 belonging to the
haloalkane family with multiple types of halogen atoms.
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5.6.3 Preliminary comparison against QM calculations

atom EEM-G EEM-M SQE-M
c h c h c h

0 CH0 0.00 1E10 6.00 22.92 6.00 21.62
1 CX4 7.42 18.22 7.81 13.61 7.21 16.07
2 CH1 0.00 1E10 6.00 30.77 6.50 20.62
3 CX3 6.00 25.46 6.80 18.48 6.10 21.97
4 CH2 0.00 1E10 8.58 60.00 8.43 60.00
5 CX2 6.86 30.03 7.27 21.58 6.05 31.12
6 CH3 0.00 1E10 10.87 57.24 10.90 34.07
7 CX1 6.00 45.97 6.00 36.44 6.00 38.80
8 CH4 0.00 1E10 8.64 14.40 8.64 14.40
9 F 26.56 52.35 23.50 50.36 32.43 60.00
10 Cl 15.85 29.36 15.31 33.40 16.29 17.07
11 Br 15.86 33.67 13.25 24.55 14.11 8.28
12 I 14.06 29.24 12.55 23.68 12.92 6.00

Table 5.6: Electronegativity c (in V) and hardness h (in e� 1 V) parameters optimized against
DDEC charges. In the EEM-G scheme, charge groups were emulated by constraining the
hardness of the CHn atom type to 1010, and the corresponding electronegativities to 0. In all
of the schemes, the parameters were constrained to the range (6, 60) in the corresponding
units. In the SQE-M scheme, the bond hardness of all bond types was additionally constrained
to 10 e� 1 V.

5.6.4 Parameter evolution and �nal observables
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(a) Evolution of the nonbonded parameters (LJ collision diameters, LJ well depth e, electrostatic
hardnessh and electronegativity c) as a function of the iteration of the optimization. Di�erent
colors correspond to di�erent atom types. Note that the CH n and CX(4 � n) atom types share
the same LJ parameters.

(b) Comparison between experimental and sim-
ulated densities from the optimized force �eld
(4th iteration). The dashed lines mark a devi-
ation of � 40 kg m� 3.

(c) Comparison between experimental and sim-
ulated heats of vaporization from the opti-
mized force �eld (4th iteration). The dashed
lines mark a deviation of � 4 kJ mol� 1.

Figure 5.18: Parameter evolution and comparison of �nal observables from theCG/EEM-G
optimization scheme. Di�erent colors in (b) and (c) correspond to di�erent families of
molecules, as described in the Chapter body.



5.6 Appendix 203

(a) Evolution of the nonbonded parameters (LJ collision diameters, LJ well depth e, electrostatic
hardnessh and electronegativity c) as a function of the iteration of the optimization. Di�erent
colors correspond to di�erent atom types. Note that the CH n and CX(4 � n) atom types share
the same LJ parameters.

(b) Comparison between experimental and sim-
ulated densities from the optimized force �eld
(4th iteration). The dashed lines mark a devi-
ation of � 40 kg m� 3.

(c) Comparison between experimental and sim-
ulated heats of vaporization from the opti-
mized force �eld (4th iteration). The dashed
lines mark a deviation of � 4 kJ mol� 1.

Figure 5.19: Parameter evolution and comparison of �nal observables from theAT/EEM-G
optimization scheme. Di�erent colors in (b) and (c) correspond to di�erent families of
molecules, as described in the Chapter body.
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(a) Evolution of the nonbonded parameters (LJ collision diameters, LJ well depth e, electrostatic
hardnessh and electronegativity c) as a function of the iteration of the optimization. Di�erent
colors correspond to di�erent atom types. Note that the CH n and CX(4 � n) atom types share
the same LJ parameters.

(b) Comparison between experimental and sim-
ulated densities from the optimized force �eld
(4th iteration). The dashed lines mark a devi-
ation of � 40 kg m� 3.

(c) Comparison between experimental and sim-
ulated heats of vaporization from the opti-
mized force �eld (4th iteration). The dashed
lines mark a deviation of � 4 kJ mol� 1.

Figure 5.20: Parameter evolution and comparison of �nal observables from theSH/EEM-G
optimization scheme. Di�erent colors in (b) and (c) correspond to di�erent families of
molecules, as described in the Chapter body.
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(a) Evolution of the nonbonded parameters (LJ collision diameters, LJ well depth e, electrostatic
hardnessh and electronegativity c) as a function of the iteration of the optimization. Di�erent
colors correspond to di�erent atom types. Note that the CH n and CX(4 � n) atom types share
the same LJ parameters.

(b) Comparison between experimental and sim-
ulated densities from the optimized force �eld
(4th iteration). The dashed lines mark a devi-
ation of � 40 kg m� 3.

(c) Comparison between experimental and sim-
ulated heats of vaporization from the opti-
mized force �eld (4th iteration). The dashed
lines mark a deviation of � 4 kJ mol� 1.

Figure 5.21: Parameter evolution and comparison of �nal observables from theSH/EEM-M
optimization scheme. Di�erent colors in (b) and (c) correspond to di�erent families of
molecules, as described in the Chapter body.
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(a) Evolution of the nonbonded parameters (LJ collision diameters, LJ well depth e, electrostatic
hardnessh and electronegativity c) as a function of the iteration of the optimization. Di�erent
colors correspond to di�erent atom types. Note that the CH n and CX(4 � n) atom types share
the same LJ parameters.

(b) Comparison between experimental and sim-
ulated densities from the optimized force �eld
(4th iteration). The dashed lines mark a devi-
ation of � 40 kg m� 3.

(c) Comparison between experimental and sim-
ulated heats of vaporization from the opti-
mized force �eld (4th iteration). The dashed
lines mark a deviation of � 4 kJ mol� 1.

Figure 5.22: Parameter evolution and comparison of �nal observables from theSH/SQE-M
optimization scheme. Di�erent colors in (b) and (c) correspond to di�erent families of
molecules, as described in the Chapter body.
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5.6.5 Final parameters

atom type s e h c
CH0 0.62 0.01 0.00 0.00
CX4 0.62 0.01 9.92 6.86
CH1 0.46 0.09 0.00 0.00
CX3 0.46 0.09 10.58 5.73
CH2 0.40 0.40 0.00 0.00
CX2 0.40 0.40 10.35 6.24
CH3 0.38 0.89 0.00 0.00
CX1 0.38 0.89 10.44 6.91
F 0.27 0.99 36.63 16.11
Cl 0.34 1.55 21.67 12.41
Br 0.36 2.46 24.31 10.42
I 0.39 3.08 26.17 8.83

Table 5.7: Final parameters in the CG/EEM-G scheme. The optimized parameters are the
LJ collision radius s (in nm), the LJ well depth e (in kJ mol � 1), the hardness h (in e� 1V)
and electronegativity c (in V).

atom type s e h c
CH0 0.63 0.01 0.00 0.00
CX4 0.63 0.01 11.65 6.60
CH1 0.47 0.09 0.00 0.00
CX3 0.47 0.09 11.64 5.45
CH2 0.40 0.41 0.00 0.00
CX2 0.40 0.41 9.43 6.57
CH3 0.38 0.89 0.00 0.00
CX1 0.38 0.89 9.22 8.17
F 0.27 0.92 40.10 17.58
Cl 0.33 1.59 23.06 12.69
Br 0.35 2.42 20.96 10.17
I 0.38 2.96 18.37 9.55

Table 5.8: Final parameters in the AT/EEM-G scheme. The optimized parameters are the
LJ collision radius s (in nm), the LJ well depth e (in kJ mol � 1), the hardness h (in e� 1V)
and electronegativity c (in V).
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atom type s e h c
CH0 0.61 0.01 0.00 0.00
CX4 0.61 0.01 10.13 7.35
CH1 0.46 0.10 0.00 0.00
CX3 0.46 0.10 9.92 5.66
CH2 0.40 0.42 0.00 0.00
CX2 0.40 0.42 10.26 5.83
CH3 0.38 0.93 0.00 0.00
CX1 0.38 0.93 10.24 7.07
F 0.27 0.85 37.76 17.16
Cl 0.34 1.61 21.75 11.97
Br 0.36 2.35 19.25 10.34
I 0.39 3.19 28.22 9.29

Table 5.9: Final parameters in the SH/EEM-G scheme. The optimized parameters are the
LJ collision radius s (in nm), the LJ well depth e (in kJ mol � 1), the hardness h (in e� 1V)
and electronegativity c (in V).

atom type s e h c
CH0 0.64 0.01 23.32 6.14
CX4 0.64 0.01 13.81 9.38
CH1 0.46 0.09 34.49 7.43
CX3 0.46 0.09 19.19 6.84
CH2 0.40 0.42 60.58 8.24
CX2 0.40 0.42 22.08 6.39
CH3 0.38 0.93 48.28 7.77
F 0.27 0.86 52.23 24.24
Cl 0.33 1.65 32.80 17.27
Br 0.36 2.34 24.53 13.94
I 0.39 3.11 24.36 12.35

Table 5.10: Final parameters in the SH/EEM-M scheme. The optimized parameters are the
LJ collision radius s (in nm), the LJ well depth e (in kJ mol � 1), the hardness h (in e� 1V)
and electronegativity c (in V).
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atom type s e h c
CH0 0.62 0.01 19.88 6.07
CX4 0.62 0.01 17.05 8.68
CH1 0.46 0.10 20.64 7.56
CX3 0.46 0.10 27.08 5.93
CH2 0.40 0.43 51.86 7.79
CX2 0.40 0.43 27.88 5.46
CH3 0.38 0.92 34.87 7.97
F 0.26 0.78 61.35 33.87
Cl 0.34 1.63 14.54 18.14
Br 0.36 2.38 8.90 14.86
I 0.38 3.07 5.61 12.96

Table 5.11: Final parameters in the SH/SQE-M scheme. The optimized parameters are the
LJ collision radius s (in nm), the LJ well depth e (in kJ mol � 1), the hardness h (in e� 1V)
and electronegativity c (in V).

bond type hbond

0 C-C 8.48
1 C-F 9.78
2 C-Cl 9.27
3 C-Br 10.41
4 C-I 10.12

Table 5.12: Final bond hardness parametershbond (in e� 1V) for the SH/SQE-M scheme.

Figure 5.23: Final values for the LJ well depth e and collision radiuss for each LJ atom type.
Note that the CH n and CX(4 � n) atom types share the same LJ parameters. A comparison
is shown for the di�erent optimization schemes.
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5.6.6 Deviations to Experiment

The tables containing the experimental and simulated values forr liq and
DHvap for each molecule in the calibration and validation set (and each op-
timization scheme) are omitted in this document due to their size. They can
be found underhttps://github.com/beta-sheet/EEMProject/blob/main/

SupplMat _full.pdf (full version of this Chapter's Appendix).

5.6.7 Validation Failures

index SMILES p T r sim DHvap m.p. b.p. series
165 CC(F)(F)CF 0.42 262.40 1144.04 27.31 - 262.62 CG/EEM-G
142 FC(F)F 1.00 298.15 666.7 - 117.97 190.99 AT/EEM-G
152 FCC(F)F 1.00 314.02 1175.5 - 189.15 276.85 AT/EEM-G
153 FCC(F)F 1.01 278.00 - 23.18 189.15 276.85 AT/EEM-G
154 FCC(F)F 2.04 296.43 - 20.57 189.15 276.85 AT/EEM-G
165 CC(F)(F)CF 0.42 262.40 1144.04 27.31 - 262.62 AT/EEM-G
252 FC(F)(F)Cl 36.66 298.15 840.94 - 91.95 191.74 AT/EEM-G
141 FC(F)F 47.10 298.15 636.67 - 117.97 190.99 SH/EEM-G
142 FC(F)F 1.00 298.15 666.7 - 117.97 190.99 SH/EEM-G
165 CC(F)(F)CF 0.42 262.40 1144.04 27.31 - 262.62 SH/EEM-G
187 ICI 1.00 298.15 3307.85 49.0 279.15 455.15 SH/EEM-G
141 FC(F)F 47.10 298.15 636.67 - 117.97 190.99 SH/EEM-A
165 CC(F)(F)CF 0.42 262.40 1144.04 27.31 - 262.62 SH/EEM-A
187 ICI 1.00 298.15 3307.85 49.0 279.15 455.15 SH/EEM-A
252 FC(F)(F)Cl 36.66 298.15 840.94 - 91.95 191.74 SH/EEM-A
352 CCCC(Br)CBr 1.00 293.15 1670.8 49.0 - 457.15 SH/EEM-A

Table 5.13: Molecules from the validation set, for which the simulations crashed due to
implosion. The indices match with Tables S15-S19. Also indicated is the pressure (bar),
temperature (K), density r (kg �m� 3), heat of vaporization DHvap (in kJ �mol� 1), and the
melting and boiling point (in K).



6
Interfacial solvation can explain
attraction between like-charged

objects in aqueous solution

I do not believe in continuum electrostatics.
� Arieh Warshel, Nobel lecture 2013

Over the past few decades, the experimental literature has consistently
reported observations of attraction between like-charged colloidal particles
and macromolecules in aqueous solution. Examples include nucleic acids
and colloidal particles in the bulk solution and under con�nement, and
biological liquid�liquid phase separation. This observation is at odds with the
intuitive expectation of an interparticle repulsion that decays monotonically
with distance. Although attraction between like-charged particles can be
rationalized theoretically in the strong-coupling regime,e.g. in the presence
of multivalent counterions, recurring accounts of long-range attraction in
aqueous solution containing monovalent ions at low ionic strength have posed
an open conundrum. Here, we show that the behavior of molecular water
at an interface�traditionally disregarded in the continuum electrostatics
picture�provides a mechanism to explain the attraction between like-
charged objects in a broad spectrum of experiments. This basic principle
will have important rami�cations in the ongoing quest to better understand
intermolecular interactions in solution.

211
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6.1 INTRODUCTION

Water is an asymmetric molecule with a strong permanent dipole whose response
to an electric �eld gives the bulk �uid its characteristically high relative dielectric
permittivity of about 80. In the absence of an external �eld, random thermal
reorientation causes the molecular dipole moment to average out to zero, resulting
in no net polarization. However, at an interface in solution,e.g. a cavity, neutral
molecule, or macroscopic surface, the hydrogen-bonding symmetry is broken,
and molecular water is no longer isotropically oriented. In fact, this broken
symmetry in interfacial orientation is not limited to water and represents a
general phenomenon related to the charge�shape asymmetry of the molecule.575

For water, the bent-core molecular structure and the resulting orientational
preference at an interface are commonly invoked to explain thermodynamic
phenomena such as the preferential hydration of anions compared to cations,575

ion speci�c e�ects on surface tension,576 reduced hydration repulsion between
surfaces,577 and crystallization of charged nanoparticles.578 Focusing on the
interaction between a pair of objects in solution, it seems plausible that any
distance-dependent alteration in the orientational behavior of interfacial solvent
molecules could be accompanied by a substantial free-energy contribution to
the potential of mean force. Such a contribution is not accounted for within
the framework of continuum-electrostatics theory, which regards the solvent as
a smooth, featureless medium, and could carry profound implications for the
interpretation of experimental observations.

6.2 CONTINUUM ELECTROSTATICS MODEL FOR THE
INTERACTION BETWEEN LIKE-CHARGED PARTICLES
IN SOLUTION

We consider the interaction of two identical like-charged spheres in an aqueous
electrolyte containing exclusively monovalent salt at low ionic strength. In low
concentrations of monovalent salt (<1 mM), Poisson�Boltzmann (PB) theory pro-
vides an accurate description of electrostatic interactions, and generally predicts a
monotonically increasing repulsion with decreasing interparticle separation.579,580

Over the past few decades, however, several independent studies have reported
long-range attractive interactions between like-charged dielectric particles in low
ionic strength solution that depart qualitatively from the PB picture.581�593 Note
that, under the relevant experimental conditions, corrections such as those arising
from ion correlations, �nite ion size, and charge density �uctuations are not su�-
cient to render the screened repulsion attractive at long range.594�596 Although
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some of the experimental reports have come under scrutiny for measurement
artifacts,597 the overall observation has thus far evaded satisfactory explanation
and continues to attract theoretical interest.598

To understand how the properties of interfacial water molecules and the
associated free-energy change may induce a long-range attraction between like-
charged particles, it is necessary to consider the mechanism of charge regulation.
Electrical charge on an object in solution generally arises due to ionizable chemical
groups via an associative or a dissociative mechanism. For example, acidic groups
dissociate to produce an anion and a free proton via the equilibrium reaction
HA *) H+ + A � , which is governed by an equilibrium constant of dissociation,
K and the pH in bulk solution. pK, the negative decadic logarithm ofK, is
directly related to the free-energy change of the ionization process, and includes
a gas-phase component along with the solvation free energies of the reactants
and products.599 For particles carrying ionizable surface groups at a number
density,G, the net electrical charge density as a function of positionR on the
particle surface is given by

s(R ) = za(R )Ge, (6.1)

wherez = � 1 denotes the sign of the charge of the ionized group (e.g. z = � 1
for an acidic group) ande is the elementary charge. In this equation,a(R ) is
the ionization probability and is given by600,601

a(R ) =
1

1 + 10z(pH � pK) exp (zy s(R ))
, (6.2)

where y s(R ) represents the value of the dimensionless electrical potential,
y (R ) = ef (R )/ (kBT), at the surface of the particle, and the energy scale
kBT is the product of Boltzmann's constant and the absolute temperature,T.
In this equation, originally proposed by Ninham and Parsegian,600 the pK value
is that of the surface ionizable groups. This value need not be identical to the
pK value of an isolated ionizable group in bulk solution as the energetics of
charging at an interface can be very di�erent than that in free solution.599,602

Qualitatively, the pK of an interfacial ionizable group would be expected to shift
upwards for an acidic group and downwards for a basic group relative to the
value for an isolated group in bulk solution.

Equation 6.1 serves as the boundary condition for the charge density at the
particle surface, where the electrical potential that develops in the electrolyte
bulk is determined as a function of position,r by the non-linear PB equation:
r 2y (r ) = k2 sinh y (r ). Here, k =

p
2e2c0/ (ee0kBT) is the inverse of the

Debye length - a measure of the distance over which the electrical potential
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decays from its surface value,y s due to screening by the cloud of oppositely
charged counterions in solution,e is the relative permittivity of the electrolyte
medium (e = 78.5 for water at room temperature), ande0 is the permittivity
of free space. Thus, the ionization state of the surface groups is indirectly
also coupled to the salt concentration,c0 in solution. This study deals with
interparticle interactions measured in deionized water of resistivity 18 MWcm,
containing dissolved CO2 from ambient air, which results in Debye screening
lengths,k� 1 � 100 nm.

It is evident from Eq. 6.2 that with the pK and pH held constant, a change
in the magnitude of the electrical potential,y s alters the value of the local
surface charge. This is exactly what happens when two charged objects approach
one another. At a distance of a few Debye lengths, each surface is subjected to
the decaying tail of the electrical potential due to the approaching object. For
like-charged entities, the magnitude of the surface potential on both particles
increases while that of the surface charge decreases, in accord with Eq. 6.2.
This well-established phenomenon is referred to as "charge regulation," and
the electrostatic free energy of the regulated interaction is generally smaller in
magnitude than that for surfaces interacting at constant charge.603 However, for
all practical purposes, the interaction remains monotonically repulsive as long as
the particles carry some non-vanishing electrical charge.604

6.3 EXCESS HYDRATION FREE ENERGY OF AN INTER-
FACE BASED ON MOLECULAR SIMULATIONS

Molecular Dynamics (MD) studies on neutral cavities in water have shown that
interfacial molecules do not orient isotropically as in the bulk, but rather exhibit
a slight preferential orientation of the negative oxygen atom toward the cavity
surface.575 As illustrated in Fig. 6.1, the e�ects of introducing a progressively
increasing positive or a negative charge in the cavity are qualitatively di�erent.
As a neutral cavity acquires an increasing positive charge, the local electric
�eld reinforces the alignment of the interfacial molecules, i.e., strengthens the
preferential orientation of the oxygen atoms toward the surface. In contrast, when
the cavity acquires an increasing negative charge, the negative oxygen atoms
are repelled. The preferential orientation trend observed at the neutral cavity
initially weakens, and then inverts: the water molecules �ip around, going through
a vanishing preferential orientation at some critical value of negative charge.
Beyond this point, the positive hydrogen atoms point preferentially toward the
cavity surface, and this trend in orientation is reinforced as the magnitude of
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Figure 6.1:Molecular water at a charged interface. (a) Schematic depiction of water molecules
at the interface between a particle of radius, R and aqueous solution. (b) Con�gurations
illustrative of the average orientation of interfacial water molecules at surfaces that carry a
strongly negative charge (left), no charge (center), or a strongly positive charge (right). q
denotes the angle included between the molecular dipole moment (green) and the outward-
directed surface normal,n (dashed line). The molecular orientation is inferred from Molecular
Dynamics (MD) simulations (Fig. 6.2b), with cosq large and negative (! � 1) for the strongly
negative surface, large and positive (! + 1) for the strongly positive surface, and slightly
positive (> 0) for the neutral surface. As the surface charge changes from zero to strongly
negative there is an inversion in the average orientation of interfacial water.

the negative charge further increases. Similar observations have been made in
simulation studies involving planar interfaces.576,577,605,606

In order to quantify the free energy of interfacial water at a charge-regulating
surface, we performed MD simulations of pure water at a planar interface. We
set up a parallel plate capacitor composed of two walls of area 100 nm2 carrying
electrical charge of equal magnitude but opposite sign, separated by a gap of
about 4 nm (Fig. 6.2a). The walls consisted of �xed hexagonally packed non-polar
and non-hydrogen-bonding atoms of the size of the oxygen atom. The gap was
�lled with 12 448 simple point charge (SPC) water molecules. Atoms at the
surface of each wall are assigned a charge of either 0 or� 1e so as to attain
�nal charge densities of+ js j and �j s j at the left and right plates, respectively.
Polarization pro�les,P(z) as a function of the distancez from the positive plate
were calculated based on 5 ns simulations for di�erent values ofjs j (Fig. 6.2b).

We note that within a region of about 0.5 nm from each surface, the polarization
departs substantially from the valuee� 1(e � 1)s expected for an ideal dielectric
medium of relative permittivitye. In order to quantify the excess hydration free
energy,i.e. the free energy associated with this extra non-dielectric polarization
component, the continuum value was subtracted fromP(z), and the resulting
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Figure 6.2:Excess hydration free energy of a charged interface based on molecular simulations.
(a) Schematic representation of the simulated system. The 10x10 nm2 parallel-plate capacitor
is made up of a positive (left) and negative (right) plate, each composed of three layers of
atoms, separated by a gap of about 4 nm �lled with water molecules. Interfacial wall atoms
carry a charge of 0 or � 1e to attain an overall charge density of � s e nm2 . The arrow
depicts the axis, n z. (b) The area-averaged pro�le, P(z) of the polarization projected along
the z-axis is extracted from the simulation. Note that the projection along n z corresponds
to a projection along the outward-directed surface normal n for the left plate ( i.e. as in
Fig. 6.1b), but an inward-directed normal -n for the right plate ( i.e. opposite to Fig. 6.1b).
Within about 0.5 nm from the surfaces, the P(z) pro�les di�er substantially from the bulk
value. (c) The electrical potential, f cap(s) at the walls as a function of s is derived from
P(z) by integration from the reference position, zmid as described further in the text. (d)
Based on the f cap(s) curves, the excess hydration free energy per unit area,f (s) is derived
by integration over s (see Appendix Sec. 6.10.1).

function was integrated from a reference position at the midplane of the capacitor,
zmid , up to the surface of each plate (Fig. 6.2a, Appendix Sec. 6.10.1). This
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yields the excess electrical potential,f cap at the surface of each plate as a
function of charge density,s (Fig. 6.2c). A charging integral of the form

f (s) =
Z s

0
f cap(s)ds (6.3)

then gives the excess hydration free energy per unit area due to the excess
polarization as a function ofs (Fig. 6.2d). The form of f (s) agrees with the
qualitative considerations presented in the context of Fig. 6.1. For a positively
charged surface,f (s) decreases monotonically with increasing charge density. In
contrast, for a negative surface,f (s) is a non-monotonic function ofs. f (s)
increases froms = 0, goes through a maximum ats � � 0.3 e/nm 2 , and
decreases thereafter.

This reorientation e�ect for negative surfaces is also supported by independent
experimental evidence. The orientation of water at charged interfaces has been
extensively studied using non-linear optical spectroscopy607 on various types of
surfaces,e.g. silica, alumina, positive and negative lipid bilayers. These studies
have shown that water molecules are strongly oriented at charged interfaces due
to charge�dipole interactions, whereas they are only weakly oriented at neutral
surfaces.608�612 Importantly, sum-frequency generation vibrational spectroscopy
on negatively charged silica surfaces in water have demonstrated that not only
is molecular orientation at an interface a function of surface charge density but
that water molecules indeed �ip around with increasing pH610,611,613�615 - which
corresponds to increasing negative charge - in line with the behavior suggested
by MD simulations (Figs. 6.1 and 6.2).

6.4 A MODEL OF INTERPARTICLE INTERACTIONS IN-
CLUDING THE EXCESS HYDRATION FREE ENERGY OF
THE INTERFACE FROM MOLECULAR SIMULATIONS

We now incorporate the results from molecular simulations into a calculation
of the potential of mean force for the interaction of two spherical particles in
solution. We represent the total free energy as

DFtot (x) = DFel(x) + DFint (x), (6.4)

where x is the inter-surface separation between the particles and each term
denotes a free-energy di�erence with reference to the zero-point set at in�nite
separation (Fig. 6.3a). We solve the PB equation for the electrical potential,
y (r ; x) in the electrolyte region between two particles of radiusR at a variable
separationx, using Eq. 6.1 as the boundary condition on the surfaces of both
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spheres. The computation is performed using COMSOL Multiphysics as described
in previous work.616,617 Note that when solving the PB equation for this system,
we neglect the e�ect of the dielectric interior of the spheres as the corresponding
�eld energy makes a negligible contribution to the overall free energy.616 For
a charge regulating pair of identical spheres, the charge density,s, on both
spheres decreases upon approach, giving an attractive contribution to the total
free energy that scales ass2 with decreasing separation. A recent comparison of
results from the Ninham and Parsegian charge regulation boundary condition
(Eqs. 6.1 and 6.2) with those of Monte Carlo simulations for charge regulating
surfaces demonstrates good agreement between the approaches for low surface
densities,G= 0.1/nm 2 of ionizable groups, which is the upper limit of the range
of interest in this work.618 Moreover for reasons previously outlined, the use of
an e�ective pK higher than the bulk value is likely to be required to correctly
model experimental observations.

Having obtained the electrical potential distribution, we evaluate the electro-
static interaction energy using a combination of volume and surface integrals as
described previously.601,616,617,619 Thus, we have

Fel(x) = �
Z

V

n ee0

2
E (r ; x) � E (r ; x) + 2c0kBT(coshy (r ; x) � 1)

o
dV

+ GkBT
Z

S

1 � a(R , x)
1 � a(R , ¥ )

dA,

(6.5)

where E (r ; x) denotes the electric �eld at a pointr in the electrolyte for
an interparticle surface separation,x. The interfacial term,Fint (x) in Eq. 6.4
represents the contribution from the orientational behavior of the interfacial
water molecules. This term is calculated based on the MD simulation results for
the excess hydration free energyf (s) per unit area (Fig. 6.2d). Owing to charge
regulation, the charge densitys at any point of the particle surface is a function
of the intersurface separationx (Fig. 6.3a). Thus, for a given value of x, the
term Fint is calculated via the surface integral

Fint (x) =
Z

S
f (s(R ; x))dA. (6.6)

Note that the assumption of free-energy additivity implicit in Eq. 6.4 has a
long history. Dating back at least to the Derjaguin�Landau�Verwey�Overbeek
(DLVO) theory, such assumptions are widely used in colloidal science in order to
partition interaction free energies.620,621 In particular, concerning the summation
of hydration and electrostatic forces, the assumption has been explicitly tested in
atomistic simulations and found to hold within accuracy limits under the relevant
conditions.577
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Figure 6.3: Mechanism explaining the attraction between like-charged objects in solution.
(a) As two like-charged particles approach each other from large separation (left to right),
the charge density, s, on the facing regions decreases in magnitude due to charge regulation.
The counterions in the gap (orange spheres, not to scale) give rise to an entropic repulsion.
(b) Since the orientation of the interfacial water molecules is a function of surface charge
density (Figs. 6.1b and 6.2b), water molecules in the facing regions (colored red) respond to
the local change of s. The schematic depiction of water orientation is for weakly charged
negative surfaces. (c) A schematic representation of the local charge density,s relative to its
value s¥ at in�nite separation, as a function of x for points on the surface lying on the line
connecting the particle centers. (d) Response of the interfacial free energy to a reduction
in the magnitude of s in the facing regions for both negative and positive particle charge.
In the regime js j < 0.3 e/nm 2 , the reorientation of the interfacial water molecules results
in a reduction of free energy for negative particles but an increase for positive particles.
(e) The sum of the electrostatic free energy, DFel (blue curve) and the water contribution
DFint (dashed black line) results in a total potential, DFtot (solid black curve), which can go
through a minimum at a very long range for the interaction of two negative particles, while
it remains monotonically repulsive for the interaction of two positive particles (solid orange
curve). The inset illustrates how the magnitude of the attractive interfacial contribution
jDF�

int j can dominate at a large interparticle separation, while the repulsivejDFelj is dominant
on closer approach. The case presented corresponds to conditions similar to that for curve
viii in Fig. 6.4
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6.5 ATTRACTION IN THE WEAKLY CHARGED NEGA-
TIVE REGIME CAUSED BY THE INTERFACIAL FREE EN-
ERGY COMPONENT

Figure 6.3 illustrates the proposed mechanism by which an attraction may
manifest in the interaction of like-charged particles in solution. As two like-charged
objects approach, regulation decreases the magnitude of their electrical charge
(Figs. 6.3a,c), but the counterions in the gap, which are required to preserve
electroneutrality, resist compression. Therefore, as long as the particles retain
a net electrical charge, the overall electrostatic component of the interaction,
DFel - including both the �eld energy and con�gurational entropy of the ions -
generally remains repulsive over the entire distance range.603,619

But, according to the MD results, as well as independent spectroscopic con-
�rmation, a reduction in surface charge density in�uences the average orien-
tation of interfacial water and, therefore, alters the interfacial hydration free
energy (Fig. 6.3b). The MD results suggest that in the weakly charged regime,
js j < 0.3e/nm 2, an approach of two negative like-charged particles is accom-
panied by a reduction in the free energy of interfacial water,Fint owing to a
down regulation of the surface charge (Fig. 6.3d). This attractive interfacial
contribution counteracts the increase in free energy due to electrostatic repulsion,
Fel. In the regime of �nite sized interacting spheres, given by say,kR � 50,
the attractive interfacial contribution can under certain conditions dominate
the electrostatic repulsion and result in an interaction energy minimum in the
potential of mean force at fairly long range (x > k� 1) (Fig. 6.3e, black curve).
Importantly, this model does not support an attraction for approaching positive
particles, as here the hydration free energy of water increases monotonically
with decreasing surface charge. This implies a repulsive rather than an attractive
interfacial contribution to the total free energy for approaching positive particles
(Fig. 6.3e, orange curves).

We remark that in practice it is challenging to obtain negatively charged
surfaces withjs j � 0.3e/nm 2 in electrolytes of pH � 7, particularly at low
ionic strength (c0 < 1 mM) (Appendix Fig. 6.6). Even at higher ionic strengths
of ca. 100 mM and ionizable group densitiesG > 0.3/nm 2, the regime of
js j < 0.3e/nm 2 is attained for pH values up to about one unit higher than the
pK value. ForG< 0.3/nm 2 , however,js j is always less than 0.3e/nm 2, and
an attractive solvation energy contribution could be relevant regardless of pH
and ionic strength (Appendix Fig. 6.6c). This implies a potentially ubiquitous
role for interfacial water in generating an attractive interaction between weakly
negatively charged objects in aqueous solution.
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6.6 COMPARING THE CALCULATED TOTAL INTERAC-
TION FREE ENERGY WITH EXPERIMENT

We now compare our calculations of the total free energy,DFtot (x), with ob-
servations from two experimental studies in the literature. The �rst set of
measurements concerns interparticle interaction potentials inferred from radial
distribution functions,g(r) for negatively charged polystyrene latex spheres of
radiusR = 0.65 mm in low ionic strength solution measured by optical microscopy
(Fig. 6.4a).584 The experimental conditions involved Debye screening lengths
k� 1 of about 50-250 nm, and the measurements typically revealed long-range
attraction interaction potentials with shallow minima located at interparticle
separations between 0.5mm and 2mm (Figs. 6.4b-6.4d, square symbols). The
electrolyte in the study was deionized water, which typically contains ions at a
concentrationc0

�= 10mM and has a pH of about 5.5 due to dissolution of CO2
from ambient air (Fig. 6.4b).

Contact with deionizing resin in some measurements (Figs. 6.4c and 6.4d)
reduces the ion concentration,c0 by an order of magnitude down to a value of
about 1 mM, which corresponds approximately to a resistivity of 18 MW cm. It
is fair to assume that this simultaneously returns the pH of the electrolyte to its
neutral value of 7. Since the pH and ion concentration could not be measured
directly in the experiments, we work with values of pH and c0 estimated as
described above.

The solid lines correspond to calculations ofDFtot (x) based on a nominal
surface density of ionizable groups,G = 0.1/nm 2, in electrolytes of various
ionic strengths. Given the uncertainty in the e�ective pK value of the surface
sulfonate groups in Eq. 6.2, this quantity was treated as an adjustable parameter.
Best agreement between experiment and calculation was obtained for pK values
between 3 and 3.5. Although the pK of the isolated sulfonic acid group in free
solution is about -0.5, measurements and calculations indeed suggest a value of
about 3 for oligomers of styrenesulfonic acid.599 Thus, the proximity of the low-
dielectric particle interior,599 altered solvation energy at an interface compared
to the bulk,602 and the inclusion of small amounts of carboxylic acid groups
during the synthesis process may also contribute to a slightly increased e�ective
pK. In the �gure, calculated pair potentials are shown for various combinations
of the parameterp = z(pH � pK) from -3.8 to -2 with correspondingc0 values
in the range 1-25mM.

Considering the wide range of qualitatively di�erent behaviors resulting from
slightly di�erent calculation parameters (e.g. Fig. 6.4c), it appears that the
experimental observation could range from a nearly vanishing attraction to a
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Figure 6.4: Comparison of calculated interaction potentials with experimental data from Ref.
584. (a) Schematic depiction of the experimental situation where the di�usion of an ensemble
of polystyrene colloidal particles of radius,R = 0.65 mm is monitored above the surface of
a glass coverslip by optical microscopy. (b)-(d) Pair potentials of the Lennard-Jones form
inferred in Ref. 584 (square symbols), and our calculated potentials forG= 0.1 nm� 2 (solid
lines). Parameters for the calculated curves are quoted in the format (p, c0 in mM, k� 1

in nm). (b) Measurements in deionized water with estimated k� 1 values of 62 nm (dark
blue symbols) and 92 nm (light blue symbols). Parameters for the calculated curves are
i: (-2, 16.6, 75), ii: (-2, 25, 61), and iii: (-2, 8.3, 106). (c) Measurements with deionizing
resin achieving an intermediate ionic strength with estimatedk� 1 values of 140 nm (green
symbols) and 170 nm (yellow symbols). Parameters for the calculated curves are iv: (-2.1,
6.67, 118), v: (-2.05, 5, 136), vi: (-2.15, 4.17, 149), vii: (-2.15, 3.33, 167), and viii: (-2.2,
6.67, 118). (d) Measurements with deionizing resin achieving the lowest ionic strength with
an estimated k� 1 value of 230 nm (red symbols), and an even larger value (black symbols).
Parameters for the calculated curves are ix: (-2.4, 2.1, 210), x: (-2.45, 1.67, 235), and xi:
(-3.8, 0.83, 334).

minimum in the potential of depth around 0.5kBT. The calculations thus suggest
that the presence of the well, and its depth, would be highly sensitive to the pH
and the ionic strength; this is indeed in line with reports in the experimental
literature.588,590,622,623 In practice, small drifts of conductivity and pH during
the measurements, variability in the particle sizeR, and ionizable group densityG,
along with the out-of-plane (vertical) motion of the particles, are all expected to
smear out the measured response,584 thereby causing unavoidable discrepancies
between experiment and calculation. In particular, the functional form of the
measured pair potentials at close approach (x < 0.5 mm) could be particularly
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sensitive to uncertainties in particle size on the order of 0.1mm. Nevertheless,
we obtain remarkable agreement between calculated and experimental curves for
plausible values of the system parameters.

6.7 INTERFACIAL HYDRATION EXPLAINS SYMMETRY-
BREAKING BEHAVIOR IN THE INTERACTION BETWEEN
LIKE-CHARGED PARTICLES

The second set of experimental observations concerns reports of Groves et al.,
which extend the observation of like-charge attraction to much larger micron-scale
silica particles,R = 3.25 mm, coated with lipid bilayers composed of a mixture of
charged and uncharged lipids with tunable composition.589,592 Here, the observed
long-range interparticle attraction is so strong that it results in stable clusters of
hexagonally close-packed particles (Fig. 6.5a, bottom panel), implying an attrac-
tive minimum in the pair potential whose depth is at least an order of magnitude
larger than that inferred in the polystyrene latex sphere experiments.584,623 Again,
as previously reported, the attractive minima as inferred from the measured radial
distribution functions occur at intersurface separations of several hundreds of
nanometers (Fig. 6.5b). However, very intriguingly, this study reported attrac-
tions only for negatively charged particles and not for particles coated with net
positively charged lipid bilayers (Fig. 6.5a, top panel).

The experiments were performed using mole fractions of charged lipids of 1%-
5% for the negative lipids and 7%-11% for the positive case. Assuming an area
per lipid head group of 2 nm2, the ionizable group densities probed correspond
to ranges inGof 0.005-0.025 nm� 2 and 0.035-0.055 nm� 2 for experiments with
negative and positive lipids, respectively. Calculations ofDFtot (x) reveal deep
minima of about 1-4kBT at experimentally reported interparticle distances of
around 1mm for the negatively charged system (Fig. 6.5c, curves i�iv). Given
that the pH of water exposed to air is about 5.5 to 6, the values ofp in the
calculated curves imply pK values of 3.2�3.9, which are in excellent agreement
with the reported pK values of lipid head groups in the negatively charged lipid
bilayers used in the experimental study.624 The signi�cantly larger well depths in
these experiments withR = 3.25 mm compared with the polystyrene experiments,
whereR = 0.65 mm (Fig. 6.4) are consistent with an attractive contribution
growing approximately in proportion to the particle surface area (ratio of areas
= 25). Such scaling is to be expected for an e�ect mediated by interfacial water
molecules (Fig. 6.3b).

Calculations were also performed for positively charged particles assuming
basic ionizable surface groups with pK = 10, giving p = pH-pK = -4.5. In this
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Figure 6.5: Broken symmetry in the response of the pair potential to a change in the sign
of the particle charge. (a) Optical microscopy snapshots of particles coated with positive
lipid bilayers (top) and negative bilayers (bottom), indicating repulsive interactions in the
former case and long range attractive interactions in the latter (images reproduced with
permission from Ref. 592). Scale bar denotes 20mm. "Dimers" (demarcated in dashed boxes)
are irreversibly aggregated pairs of particles inevitably present in colloidal preparations and
irrelevant to the interpretation of long-range interparticle attractions of interest here. (b)
Radial probability density distributions, g(r) reported for the above cases, including only
the �rst signi�cant peak in g(r) (Black curve - negative particles, orange curve - positive
particles). (c) Calculated interaction potentials for R = 3.25 mm particles (solid curves) with
parameters presented in the format (p, c0 in mM, G in nm� 2). Curves for negatively charged
particles, i: (-2.3, 4.17, 0.01), ii: (-2.1, 4.17, 0.025), iii: (-2.28, 2.1, 0.01), and iv: (-2, 2.1,
0.025). Curves for positively charge particles, v: (-4.5, 4.17, 0.035), vi: (-4.5, 4.17, 0.055),
vii: (-4.5, 2.08, 0.035), and viii: (-4.5, 2.08, 0.055). Salt concentrations, c0 � 2-4 mM used
in the calculations are comparable to the reported experimental value ofc0 � 5 mM for
deionized water equilibrated with air. In the absence of a measured pair potential,kBT ln g(r)
is reported as a crude estimate (square symbols, based on the black curve in panel (b)) of
the range and depth of the attractive minimum for the experiments on negative particles.
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case, the interaction remains monotonically repulsive, indicating the absence of
cluster formation, which is consistent with the experimental observations (Fig.
6.5c, curves v�viii).

6.8 CONCLUSIONS

In conclusion, our �ndings provide a plausible mechanism for the observed
attraction of like-charged objects in aqueous solution. Rather than pointing to
a failure of mean-�eld theory, the experimental observations indicate the need
for additional molecular level information absent in continuum theories: more
speci�cally, the orientation of interfacial solvent molecules as shown in this study.
While the framework of classical electromagnetics, and possible corrections from,
e.g. �uctuation forces594 or charge inversion,625 would not support a symmetry
broken response to complete inversion of the sign of charge in the system,
the proposed interfacial mechanism unambiguously does. While errors in image
processing can in some experiments lead to a spurious shallow minimum (<0.5
kBT) in an otherwise repulsive interaction potential,590,597,626 the deep minima
(� 5 kBT) observed in the work of Groves et al. and similar studies627 cannot be
ascribed to such artifacts.

Although the present study focuses on explaining experimental observations in
low ionic strength solution, the scaling of the screened electrostatic interaction
implies that the same considerations hold at much higher ionic strengths and at
correspondingly closer distances of approach between the interacting objects. In
particular, the proposed mechanism may be capable of explaining a pH-tunable
a�nity between negatively charged macromolecules that is repulsive at higher
pH and turns attractive under more acidic conditions even though the molecules
carry substantial net negative charge over the entire pH range of interest.628

This behavior is distinct from the �uctuation induced attraction anticipated
for molecules close to their isoelectric points (or point of zero charge),629,630

and may be relevant in a broad range of phenomena, such as biological phase
segregation,628 crystallization,631 histone-bound packaging of DNA in the nucleus,
formation and dissolution of polyphosphate stress granules,632 phosphorylation-
based modulation of molecular interactions, or, indeed more generally, in any
system involving interactions between or with entities of low net negative charge
density. It is worth noting that the pH range of interest in this study, 5.5-7, is
similar to that associated with the formation and dissolution of biomolecular
condensates and intracellular phase separation in biological organisms,628,633

where the relevant charged groups have pKs of about 4, similar to the colloidal
particles considered in our study. Although the results presented at this stage for
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comparatively macroscopic objects would not warrant quantitative predictions
on interactions at the molecular scale, the generality of the mechanism raises
the distinct possibility of relevance in this context. Furthermore, chemical details
of the surface may play an important role, especially in complex materials
such as zwitterionic lipids and oxides like silica composed of di�erent species
of ionizable groups with widely di�erent pKs and hydrogen-bonding capability.
Importantly, however, our �ndings based on MD simulations involving non-
polar and non-hydrogen-bonding walls suggest that the chemical nature of the
surface is likely to play a role subordinate to its electrical charge. Although our
minimal model of surface�water interactions should not be expected to provide
a quantitative description of interactions in all systems, it is remarkable that this
simpli�ed picture is capable of explaining hitherto unexplained observations in
remarkable detail. Future experiments aim at performing further rigorous tests of
the predictions of this model and re�nements thereof. Our �ndings could point
to a new fundamental understanding of the contribution of molecular water in
interparticle and intermolecular interactions in solution.
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6.10 APPENDIX

6.10.1 Molecular Dynamics (MD) Simulation Setup and Analysis

The MD simulations of water in the parallel-plate capacitor setup were carried
out using the GROMACS simulation package using the simple point charge
(SPC) water model. Periodic boundary conditions were applied along thex- and
y-dimensions, while thez-dimension was treated as �nite (Fig. 6.2a). Two explicit
walls of positionally constrained oxygen atoms (using Lennard-Jones parameters
of the SPC water oxygen) were set up facing the boundaries of the aperiodic
dimension. Each wall consisted of three layers of a hexagonal lattice with a
distance of 0.349 nm between the atoms. The �rst layer of surface atoms of the
walls (those facing the water) were assigned electric charge densities of+ s (left
wall) and � s (right wall). This was done by introducing charges of +1e and -1e,
respectively, on speci�c surface atoms, such that the distances between them
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across the wall were maximized. All remaining wall atoms carried no charge. We
considered a range of charge densities between 0.01 and 1enm� 2 in addition to a
neutral case (=0). The dimensions of the simulation box wereLx = 10.1 nm, Ly

= 10.0 nm and Lz = 6.0 nm (with d = 4.3 nm and w = 0.85 nm, see Fig. 6.2a),
and it contained 522 wall atoms and 12448 water molecules. The simulations
were carried out at constant volume, the pressure being about 1 bar fors set
0.15 e nm� 2. Because the mean distance between the water molecules and the
wall decreases somewhat with increasings (electrostriction), lower values ofs
result in a slightly higher pressure and higher values in a slightly lower pressure.
However, the e�ect of these pressure di�erences on the calculated solvation free
energies is small, as was assessed by repeating the calculations in systems of
smaller sizes and observing little di�erence.

The electrostatic interactions were calculated using the particle-mesh Ewald
method, with a correction applied to the forces and potential in thez-direction,
so as to correct for its aperiodicity.103 A cut-o� of 1.2 nm was applied for both
the real-space and Lennard-Jones interactions. The temperature was kept close
to 300 K using the Berendsen thermostat with a coupling time of 0.1 ps. An
integration timestep of 2 fs was used. Equilibration was carried out for 100 ps,
and trajectories were collected for 5 ns.

From the simulation trajectories, we extracted thez-componentP(z) of the
polarization (dipole moment density) as a function of distancez from the left
wall. To this end we calculated two quantities for successive solvent slices in the
z-direction: (1) c(z), the average cosine of the angle between the molecular dipole
moment vector (see Fig. 6.1b) and the surface normaln z pointing away from
left wall, and (2) r (z), the average local density of water molecules. Note that
the projection alongn z corresponds to a projection along the outward-directed
surface normaln for the left wall (i.e. as in Fig 6.1b), but an inward-directed
normal � n for the right wall (i.e. opposite to Fig 6.1b). The polarizationP(z)
was then calculated according toP(z) = mr(z)c(z) wheremis the dipole moment
of the SPC water model (2.27 D).

Besides the dipolar component, the only higher-order multipole of the sol-
vent that can possibly contribute to the interfacial potential is related to the
quadrupole-moment trace of the solvent model. The contribution of this term
can be sizeable. For classical water models, it is often large enough to invert the
sign of the potential relative to the sole dipolar term.634 There are two schools of
thought on whether this quadrupole-trace contribution should be included or not.
The issue has been debated extensively in the literature and we refer the reader to
the Appendix A of Ref. 575 for a compact summary. Brie�y, in the P-summation
approach, the potential term related to the quadrupole-moment trace of the



228 Like-charge attraction

water model is included in the calculation. In contrast in the M-summation
approach, the potential term related to the quadrupole-moment trace of the
water model is excluded from the calculation. Indeed, the M-summation result
depends on the choice of a molecular origin to calculate the quadrupole-moment
trace, but for a water model with a single Lennard-Jones interaction site at the
oxygen atom, convincing arguments can be provided for selecting this speci�c
site as the origin. The P-summation result in turn depends on a property of the
water model (its quadrupole moment trace) that does not a�ect its simulated
properties, can be varied arbitrarily, and therefore cannot be regarded as physically
relevant. In particular, quantum and classical models will typically give potential
contributions of opposite signs and very di�erent magnitudes. Once again, strong
arguments for the M-summation convention employed in our work are clearly
summarized in Appendix A of Ref. 575, with many literature references.

Having obtained the polarization pro�le for a given surface charge density,s
as described above, we determine the interfacial potential by integrating the
polarization starting from the center of the capacitor,zmid up to the point
zmax where P(z) drops below the continuum polarization, which is given by
(e � 1)/ e s. Thus,

f cap(s) =
1
e0

Z zmax

zmid

f P(z) � P(zmid )gdz. (6.7)

Note that f cap(s) refers to the excess potential with respect to continuum
electrostatics, as we subtracted the bulk polarizationP(zmid ). The obtained
potential as a function ofs is displayed in Fig. 6.2c. The solvation free energy
per unit area, f (s) was then obtained by integrating the linearly interpolated
potential f cap(s) as described before. A polynomial �t to the data of the
form f (s) = a0 + a1s + a2s2 + a3s3 + a4s4 + a5s5 + a6s6 + a7s7, where
a0 = -0.032, a1 = -12.4056, a2 = -18.348525, a3 = 0.6245, a4 = 2.072385,
a5 = 1.521585, a6 = -0.680805, a7 = -0.768285 is used in the PB calculations
and is presented in Fig. 6.2d.
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6.10.2 Parameter Sensitivity of the Free Energy

Figure 6.6: Plots of js j as a function of pK-pH and group number density, G/nm 2 obtained
by solving the PB equation for a charge regulating surface immersed in an electrolyte
containing monovalent salt at concentrations (a) c0 = 10 mM, (b) 1 mM and (c) 100 mM.
For js j < 0.3 e/nm 2 we expect an attractive free energy contribution to the pair potential
for negatively charged particles (hatched region of plot). At lower salt concentrations (c0 �
1 mM) this condition is met over a wide range of pH and G. At higher salt concentrations,
c0 � 100 mM, attractions are only possible in a comparatively more limited part of the
parameter space. For example, forG> 0.3/nm 2, attraction is possible as long as pK-pH >
-1. But for G< 0.1/nm 2, attraction could be relevant regardless of pH even at high salt
concentrations.





7
Outlook

Your assumptions are your windows on the world.
Scrub them o� every once in a while, or the light
won't come in.

� Isaac Asimov

The AdSoS method presented in Chapters 2 and 3 is a novel adaptive-resolution
scheme, which distinguishes itself from previous approaches by the absence of an
upper limit to the graining level, as well as being entirely de�ned by a scaling of
the reference atomistic model.

So far, the method has only developed for constant-volume simulations. Due
to the presence of the gradient-dependent drift forces, the pressure is not a
well-de�ned quantity of the system. However, an extension of the method to
NPT conditions is crucial to be able to calculate accurate free energies at a
constant pressure. For this, one could envision to use a local de�nition of the
pressure which is restricted to the atomistic region. The biasing procedure will
also need to be adapted to NPT simulations.

Another current shortcoming of the method is the size requirement on the boxes
to provide a smooth transition between di�erent resolutions. With the biasing
procedure at hand to cancel the interface artifacts, smaller bu�er regions may
be explored in the future to increase the performance even further. Furthermore,
it should be straightforward to extend the AdSoS setup in spherical geometry to
an ellipsoidal boundary in a rectangular box. And lastly, the possible use of an
adaptive cuto� should be analyzed in more detail,e.g. by exploring alternative
combination rules and combining the setup with the biasing potential.

In Chapter 4, two modi�cations of the pairwise nonbonded potential energy
functions were described and validated, which are able to mitigate truncation
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artifacts associated with a cuto� application on atomic basis. Both of these
modi�cations ensure the continuity of the potential and forces by imposing that
the forces and their �rst derivative vanish at the cuto�. This was achieved either
by means of a minimum-impact shifting (SH) or a switching (SW) function.

Their validation on a set of organic liquids by means of comparing densities and
vaporization enthalpies to lattice-sum results suggests an excellent agreement
of these observables in case the modi�cation was only applied to electrostatic
interactions. However, only neutral molecules were considered in the validation.
The occurrence of charged species should be assessed in the future, along with
further tests on more complex (multi-component, biomolecular) systems.

The modi�cation of the Lennard-Jones (LJ) potential, on the other hand,
induces a spurious repulsion, which has to be absorbed to the LJ parameters. To
this end, a re-parametrization of the force �eld for a small set of haloalkanes
using the CombiFF work�ow including the SH scheme has been described in
Chapter 5. In addition to the SH modi�cation, the charge-distribution method
has also been adapted to bypass the dependence on charge groups completely.

The validation of the obtained parameters on a larger haloalkane data set
suggests that a cuto� correction in the MD simulations is advantageous if the
truncation is applied on an atomic basis. However, little can be inferred about
the suitability of the charge-distribution schemes based on the target observables,
namely the density and heat of vaporization, which are not very sensitive to the
charge distribution within a molecule. A more exhaustive analysis of liquid (e.g.
dielectric) properties would be necessary to obtain a better understanding of the
advantages and shortcomings of these schemes.

It is important to stress that the SH and SW modi�cations for the LJ inter-
actions do not account for long-range LJ interactions. In the future, a proper
LJ tail correction could (and probably should) be added, which will require a
consistent force-�eld reparametrization.
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