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ABSTRACT

In this thesis we study the approximation capabilities of recurrent neural networks (RNNs).
Firstly, we consider the approximation of certain classes of systems mapping an input sequence to
an output sequence. We prove that RNNs can approximate any such system to within arbitrarily
small worst-case error. What is more, we derive quantitative results on the amount of information
needed to specify the approximating RNN. Furthermore, we present a framework to unify the
study of different approximation tasks, allowing us to conclude that neural network learning is
universally information-optimal for a large variety of approximation problems throughout both
function and system approximation.

Secondly, we study the use of RNNs for approximating real-valued polynomials. We find that
for every polynomial there exists an RNN that produces — as its output sequence — increasingly
precise approximations to the target polynomial. This is remarkable as the weights of the RNN
do not depend on the desired approximation error. That is, any arbitrarily small approximation

error is achieved simply by running the approximating RNN for more time steps.
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KURZFASSUNG

In dieser Dissertation untersuchen wir die Approximationseigenschaften von rekurrenten neu-
ronalen Netzwerken (RNNs). Erstens betrachten wir die Approximation von bestimmten
Systemklassen, die eine Eingangssequenz auf eine Ausgangssequenz abbilden. Wir beweisen,
dass jedes System aus dieser Klasse durch RNNs beliebig genau approximiert werden kann.
Dariiber hinaus entwickeln wir quantitative Ergebnisse beziiglich der Menge an Information,
die notig ist, um das approximierende RNN zu spezifizieren. Ausserdem préasentieren wir einen
Rahmen zur vereinheitlichten Betrachtung von verschiedenen Approximationsaufgaben. Dies
erlaubt uns die Schlussfolgerung, dass neuronale Netzwerke universell informations-optimal sind
fiir eine Vielzahl an Approximationsproblemen, sowohl im Bereich der Funktions- als auch der
Systemapproximation.

Zweitens betrachten wir die Verwendung von RNNs zur Approximation von reellwertigen
Polynomen. Wir zeigen, dass es fiir jedes Polynom ein RNN gibt, das als Ausgangssequenz
zunehmend genaue Naherungen an das Zielpolynom produziert. Dies ist bemerkenswert, da die
Gewichte des RNNs nicht vom gewiinschten Approximationsfehler abhiangen. Konkret kann
jeder beliebig kleine Approximationsfehler erreicht werden, indem man das approximierende
RNN fiir mehr Zeitschritte laufen l&sst.
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CHAPTER 1

INTRODUCTION

Undoubtedly, RNNs have had a lasting influence on the field of machine learning, revolutionizing
applications such as speech recognition [Gra+06], handwritten digit recognition [Gra+09] and
language translation [SVL14]. In a nutshell, an RNN maps a discrete-time input sequence to an
output sequence, by — in each time step — applying a neural network to the current input as
well as a hidden state vector to produce the output and update the hidden state vector.

In this thesis, we investigate what kind of mappings RNNs can realize or approximate in
principle. We do this largely through constructive existence proofs, essentially showing that

— for the given task — an RNN exists with the desired properties, which also allows us to
characterize the size or information efficiency of the approximating RNN. While undoubtedly
important, the question of efficiently learning such a network from a noisy dataset (e.g., through
gradient descent) is beyond the scope of this thesis.

Starting with the well known universal function approximation theorem [Cyb89; Fun89;
HSW389], similar questions have extensively been studied for feedforward neural networks, also
leading to quantitative results [Bar93; Bar94; Bol+19]. Interestingly, it was established that
deep feedforward networks are significantly more efficient (in terms of network size) than shallow
ones [Yarl8; Yarl7; Elb+21]. For RNNs, however, there is no single clear-cut way to define
depth. Thus, in Chapter 2, we present common definitions of shallow and deep recurrent neural
networks, largely following [Pas+14]. Furthermore, we discover an intimate relationship between
depth and time. In particular, we show how to realize a deep RNN by a shallow one, at the cost
of extra runtime. This is manifested by the shallow RNN’s output sequence being delayed or
interspersed with zeros relative to the deep RNN’s output sequence.

Armed with this background, we then embark on our investigation of RNN approximation
theory. In Chapter 3, we find that RNNs can universally realize linear systems, including
time-varying systems given by finite time- and frequency-shifts. Furthermore, we aim to make
this result quantitative, specifically for a class of linear time-invariant systems. To this end,
we employ the concept of metric entropy [KT93| as a measure for the massiveness of the set
of systems we wish to approximate, essentially asking what is the minimal number of e-balls

needed to cover this set of systems. We then construct a minimal covering where the ball-centers



1. INTRODUCTION

are given by RNNs. The results in this chapter were developed based on the author’s master
thesis and published in [HGB22; HAB22]|.

Next, in Chapter 4, we widen our perspective and study certain classes of non-linear systems.
Furthermore, we present a framework to unify the metric-entropy optimal approximation of
functions (i.e. R — R mappings) by feedforward networks and of systems (i.e. RZ — RZ
mappings) by recurrent neural networks. Thus, we are able to prove that neural network
learning is universally optimal for approximation problems in both of these settings in a precisely
defined sense (see Section 4.2.2). The results of this chapter are published in [PHB25].

Lastly, in Chapter 5, we leave the topic of approximating sequence-to-sequence maps and
return to universal function approximation, however with a twist that we call reversed quantifier
order. We notice that the traditional results follow the following pattern: For every function
f (in a certain class) and every non-zero approximation error there exists a neural network
achieving this error. With RNNs we are able to reverse the last two quantifiers in the case of
approximating polynomials. Specifically, we show that for every polynomial f there exists an
RNN that achieves any arbitrarily small approximation error. Concretely, the RNN accepts a
point x € R at time ¢ = 0 as input and then produces as an output sequence increasingly precise
approximations to f(z), thus achieving any arbitrarily small approximation error after running
for long enough. Importantly, the RNN weights do not depend on the desired approximation

error. The results of this chapter are currently being prepared for submission.

Use of artificial intelligence (AI) technologies: While preparing the LaTeX document
to produce this thesis, the author used Visual Studio Code (Microsoft, Washington, U.S.) as
a text editor with GitHub Copilot (GitHub, San Francisco, U.S.) activated. Specifically, the
author used the autocomplete function for generating suggestions for LaTeX code snippets and
standard phrases, for example, in theorem statements. However, in this thesis no continuous
paragraphs of text longer than two sentences were produced autonomously by generative Al
technologies. Furthermore, the author used both the “chat” and “agent” functions of GitHub
Copilot to assist in producing the figures contained in this thesis. Lastly, the author used

LanguageTool (LanguageTooler GmbH, Potsdam, Germany) for spell checking.



CHAPTER 2

TYPES OF DEEP RECURRENT NEURAL NET-
WORKS

In this chapter, we provide a brief overview of the various ways to define (deep) RNNs. Moreover,
we present results that allow to realize any deep RNN by a traditional shallow one. This is
achieved by trading depth (i.e. layers in the deep RNN) for runtime of the shallow RNN. Since
each chapter in this thesis is self-contained, and thus reiterates all relevant definitions, the
present chapter can safely be skipped. Nonetheless, we feel it might benefit the interested reader
by contextualizing the various notions of a deep recurrent neural network used throughout this
thesis and the wider literature. Further note, that we consider general activation functions only
in this chapter whereas in the remainder of the thesis we are only using the rectified linear unit
(ReLlU) activation.

We start by formally defining the set of sequences that constitute an RNN’s input and
output.

Definition 2.1. We denote by S(d) the space of all one-sided sequences of vectors in RY. That
is Vo € S(d)
z[t] e RT Wt >0.

To simplify our definitions we furthermore introduce:

Definition 2.2. For mappings L : S(dy) — S(d2) and L' : S(d2) — S(d3), we have the usual
notion of concatenation L' o L : S(d1) — S(ds). Further, for a function f : R% — R% we define

in a slight abuse of notation
((foL)x)[t] := f((Lx)[t]), Vo € S(dy),Vt > 0,

i.e., the function f is applied at each time step to the output of L.

Now we are ready to provide the most common definition for an RNN, which we call T(raditional)-
RNN.
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Definition 2.3 (T-RNN). [Pas+14; GBC16] Let d,d',m € N be the input dimension, output
dimension and hidden state size respectively. We define an operator K : S(d) — S(m) mapping

an input sequence (x[t])¢>o recursively to the sequence of hidden states (h[t])i>o according to

h[—1] := h° € R™

where A, € R™™ b, € R™, A, € R™*? and py, is a nonlinearity. h° is the initialization vector
for the hidden state. Neat, we define the map Q : R™ — R¥

Q(h) = po(Aoh +b,),

where A, € RY*™ b, € RY and p, is a nonlinearity. The RNN is the operator R : S(d) — S(d')
given by
R :=Qok.

Remark 2.4. A T-RNN according to Definition 2.3 with p, = Id and h® = 0 is called Elman
RNN [Elm90).

There are a variety of ways to introduce depth to RNN computation [Pas+14]. We start
with the so called stacked-RNN, which essentially treats the hidden state sequence of one RNN
as the input sequence of the next-higher RNN in the stack.

Definition 2.5 (S-RNN). [Pas+1/] Let L,d,ng,ny,...,n;, € N. A stacked RNN is given as
the operator R : S(ng) — S(d)

R=0QoKpoKi_10---0Ky,
with Kg : S(ne_1) — S(ny), £ € {1,...,L} and Q : R"* — R? according to Definition 2.3.

Alternatively, one can also replace the simple recursion (2.1) by a deep neural network. To

formalize this, we first define deep feed-forward neural networks.
Definition 2.6 (Deep Neural Network). [Elb+21, Definition I1.1] Let L,ng,ny,...,n;, € N, L >
2. A map ¢ : R"™ — R" given by

Wy o0 po Wy, L=2
WrpopoWy yopo---opoWy, L>3

O(x) =
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with affine linear maps Wy : Rm-t — R™ [ € {1,2,...,L}, and activation function p acting
component-wise is called a feed-forward neural network. The map W, corresponding to layer [ is
given by Wi(x) = Ay(x) + by, with A, € R™*™-1 and b, € R™.

Using this, we introduce deep transition (DT) RNNs and deep transition deep output (DOT)
RNNs according to [Pas+14].

Definition 2.7 (DT-RNN and DOT-RNN). [Pas+14] Let d,d',m € N. We define an operator
K : S8(d) = S(m) mapping an input sequence x[-] recursively to the sequence of hidden states
h|-] according to

h[—1] := h° € R™

B z|t]
= ((w - 11>)

where ® : R&™ — R™ is a deep neural network according to Definition 2.6. Next, we define the
map Q : R™ — RY
Q(h) = po(th + b0)7

where Ay € RT*™ by € RY and p, is a nonlinearity. The operator Rpr : S(d) — S(d') given by
Rpr = Qok,

is called a DT-RNN.
The operator Rpor : S(d) — S(d’) given by

Rpor =¥ oK,

is called a DOT-RNN, where U : R™ :— R is a deep neural network.

If p, = Id we can unify the above definitions as follows.

Definition 2.8 (D-RNN). Let ® : R™*¢ — R™*% pe q Deep Neural Network according to
Definition 2.6, where m € N is the hidden state size. The D-RNN associated with ® is the
operator R : §(d) — S(d') mapping an input sequence (z[t]);>o in R to an output sequence
(y[1)) =0 in RY according to
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We next show that DOT-, DT-, and D-RNNs are equally expressive, since they can all be

translated into each other.

Lemma 2.9. Assume p, = 1d, and that the activation function p allows the identity function
to be represented by an arbitrarily deep network. Then, any DT-RNN or DOT-RNN can be
represented by a D-RNN.

Proof. Given a DT-RNN with transition network ® and linear output map Q(h) = Ash + by
we obtain a D-RNN realizing the same mapping by concatenating the linear map (i) to .
For a DOT-RNN with output network W(h) the D-RNN is instead obtained by concatenating
(;) to ®. Here, Id is implemented as a deep neural network with the same number of layers
as W. [
Lemma 2.10. Assume p, = 1d. Any D-RNN can be represented as a DT-RNN.

Proof. Given a D-RNN with transition network ® = WyopoW, _j0po---0poW; we construct a
DT-RNN;, i.e. & and Q’, that implements the same mapping. The hidden state of the DT-RNN
yli]

hit]
D-RNN respectively. To this end, we write the first linear map of ® as

o (7)) -t o

The first linear map of @’ is then taken to be

will satisfy h'[t] = , where y and h are the hidden state and output sequences of the

x[t]
Wy ((h’[::[i] 1])) =W, ?:LE : ﬂ = Afx[t] + AYht — 1] + by,

i.e. the part of the augmented hidden state corresponding to the previous output is simply
ignored. Then, we set the transition network of the DT-RNN as &' = WopoW}_j0po---0poW]

and its linear output mapping according to
o= [ [“)) = uin.
hlt]

Furthermore, it is possible to represent any S-RNN or D-RNN by a shallow T-RNN, however
at the cost of requiring extra runtime. We start by showing that any L-layer S-RNN can be

O

6
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represented by a T-RNN, which, however, produces the output sequence with a delay of L — 1

time steps.

Definition 2.11. Let d € N, k € Z, the shift operator T, : S(d) — S(d) is given by

x[t—k], ift—k>0,
(Tyo)[t] = fort > 0.
0, otherwise,

Theorem 2.12. Given an S-RNN
R=QoKroKp_10---0Ky,
there exists a T-RNN
R/ — Ql o IC/

such that
TL_1R - R/.

Proof. A similar result is presented in [Tur+19], and we therefore only sketch the proof here.
Let A%, A% b5 be the parameters of Ky for £ € {1,..., L}. The weights of K’ are now obtained

as

I A, 0 ... 0 0
g A2 A2 .00 b
0
A= | A= et b=
(‘) 0 0 ... A7t 0 bk
0 0 ... AL Al

One can then show by induction that A'[t], the hidden state sequence of the T-RNN; satisfies

h'[t]
R'(t] == : , fort > (L —1),
ALl — (L~ 1)

where h[] is the hidden state sequence of K; for £ € {1,...,L}.  Next, let I be the (linear)
operator that returns just the last block from A/[], i.e. IN[t] = hE[t — (L — 1)]. Then Q' is
simply given by @' = QoL
For initialization, we have to ensure that hf[e}, the block of I/ corresponding to h’, fulfills
pll—2]= h*[—1] for £ € {1,...,L}. One can force the hidden state accordingly by using

Lemma 2.13, which we presented next. O]
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Lemma 2.13. Let N € N. Given the next state operator K : S(d) — S(m) of a T-RNN as in
Definition 2.3 according to

h]—1] := h® € R™
h[t] = ph(Ahh[t — 1] + Ax$[t] + bh)
where Ay, € R™™ b, € R™, A, € R™*? and py, is a nonlinearity such that p,(0) = 0. Then for
any set of vectors k[t] € R™ fort € {0,..., N —1} there is a K' such that the first m koordinates
of its hidden state satisfy the recursion equation
h'[—1] = h°
ApR' Tt — 1] + k[t] + Ayx[t] + b)) ift< N
h,m{m W[t — 1]+ K] + Asalt] +b) if t < 0

pr(Aph [t — 1] + Az [t] + bp) else
for any input sequence x[-].

Proof. Fix a, 8 € R such that p,(a) = § and «, 5 # 0. The idea is to augment the hidden state

with an N-dinensional index vector iNL[t] That is, we write the hidden state sequence of K’

h'[t ~ , ift4+2=1/,
as ~[ ] , where h'[t] satisfies (2.2) and (h[t]), = pr 1 . This is achieved by the
hlt] 0, else
following weights
m N
<
ST(A | KO8 BB ... KN —20/8 KN —1)/8
0 0 0 0 0
A = o/f 0 0 0 U
2 Y x 0 )
0] o 0 /B 0
bn
B
- 0
with initialization h[—1] = | _ | and A'[—1] = h°. O
0

Next, we show how to realize any D-RNN by a T-RNN, which is a bit more involved. First
note, that in a stacked-RNN the hidden state in each layer of the stack is computed from the

previous hidden state in that layer by applying only a single nonlinearity. In contrast, for a
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D-RNN, L — 1 nonlinearities are applied before the next hidden state is produced. Thus, when
simulating a D-RNN by a T-RNN, we need to run the later for L — 1 time steps for each time
step of the D-RNN. This is achieved by spreading out the input using the following operator.

Definition 2.14. For d,k € N we define the operator Q : S(d) — S(d) that stretches the signal
by adding k — 1 zeros between the samples:

Hi
|z ift€kNy

0 otherwise ’

(Qw)[t] = {

Its left inverse is the down-sample operator

(Q;'2)[t] = x[kt],  t>0.

Theorem 2.15. Let L > 2. For any L-Layer D-RNN R there exists a T-RNN R with po =1d
such that

QZilTQ—LﬁQL—l =R. (2.3)

Proof. Fix an arbitrary input sequence z[-] and denote by y[-] = (Rx)][-] the output sequence of
the D-RNN given by

where

P=WropoW, 10po---0poWj.

We identify the weights and biases of the linear maps as

Wi(z) = (A7 Ab)z+b,  Wi(e) = (ﬁ) Z+ (g%) , (2.4)

and Wy(z) = Apz + b, for £ € {2,..., L — 1}. Further, we introduce the notation

Cg[t]:(pOWgo---opOWQOpowl) (h[tx[f]l])a

for £ € {1,..., L — 1}, which denotes the intermediate activation of the deep transition network

® at time step ¢t. Hence,

cora[t] = p(Wega(ee[t])) = p(Avsacelt] + bera), (2.5)



2. TYPES OF DEEP RECURRENT NEURAL NETWORKS

and, by (2.4),

y[t] = AYcr_q[t] + 07
ht] = Alep ([t] + 0. (2.6)

One time step of the D-RNN is visualized in Figure 2.1.

[{] ylt]

A(l:
} 1 As

O~ -@-

c1[t] calt] est] cqlt]

Yy
A L

Figure 2.1: D-RNN with L = 5.

We now provide the weights for the corresponding T-RNN R as

0 Ay 0 0 0
0 0 A 0 O br—1
A, = : : " P b, =
0 0 0 . As 0 by
0 0 0 0 A, by + Abbh
AlAr 0 0 0 O
and
0
0
A, =1 : A=(A% 0 ... 0) b=
0
A7
To simplify our exposition, we also segment 71[], the hidden state sequence of R, accordingly,
ie.,
hi ]
M=
h]

Further, we denote the input to the T-RNN by # = QO _;z, and its output by y = RZ. Recall

10
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that the recursive input output relation of the T-RNN is given according to Definition 2.3 by

h—1] = h°
E[T] = (AhE[T — 1]+ xzixf[T] + Eh)
jJlr] = A h[7] + b, (2.7)

In Figure 2.2, the hidden state sequence of R is illustrated in response to the spread out input

sequence T = Q1. Note, that for simplicity bias vectors are omitted in the figure.

e e e e it
| | | | il
calt—1] :i | | | i
a1 | | g
(4 : i i i +
[egon | e e Nam
AT i i i AT
| al] | | | oli-+1]
R[4t —1)] Rt RAt+1)l R[4t+2] Bl4t+3] | R4(t+1)]
Figure 2.2: T-RNN corresponding to the D-RNN with L = 5.
To establish (2.3) we need to show that Q;*, T 1§ = y or equivalently
glt(L = 1) + (L =2)] = yt], vt=0, (2.8)

since Q71T 17 = Q719 — (2—L)] = §[-(L — 1) + (L — 2)]. We start by showing, that,
vt > 0,

Alhy ([t(L — 1) = 1] 4+ b = At — 1], and (2.9)
Rlt(L — 1) 4 (€ — 1)] = ¢f[t], for £ € {1,...,L —1}. (2.10)

The proof is via nested induction over ¢ and /. We will establish the base case t = 0 for the

11
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induction over ¢ later and thus assume that (2.9) holds for some ¢ > 0. We calculate
ha[t(L = 1)] = p (AT AL by [E(L — 1) — 1] + ATZ[t(L — 1)] + by + A}b})

p
= p (A} (AFhpa[t(L — 1) — 1] + b)) + Afalt] +by)
p (ALh[t — 1) + Afa[t] + by)

(1] _
i (h[t - 1])) =all

where we use that Z[t(L — 1)] = (Qp_1z)[t(L { T 11 . This establishes (2.10)
for ¢ = 1. Next, assume (2.10) holds for some ¢ € {1 L —2}. Then

I
B

Boa[H(L —1) 4+ 0] = p (Aprho[t(L — 1) 4+ € — 1] + byyy)

= p (Apsrcelt] + beta)

2.5
) ceyalt],

which establishes the inductive step for ¢ and thus proves (2.10). In particular,
hp [+ 1D)(L—1) =1 =h, [t(L—1)+ (L—1) = 1] = cp_1[t],
which, by (2.6), implies
Alhp [+ 1)L —1) = 1]+ b = Alep 1] + 0% = ht].

Comparing with (2.9) this establishes the induction step for the induction over t. It remains to
show the base case of (2.9) for t = 0, that is,

Alhy o [=1] 4 b = h[-1].

For invertible A% this can be achieved by setting EO, the initial hidden state of the T-RNN %,
according to
hpa[=1] = h% = (A7 (A[-1] = ) = (A7) (R — B),

where h? is the initialization of the original D-RNN hidden state. If this is not the case one can
Al (he =)
initialize h° = 0 and use Lemma 2.13 with N = 1 and k[0] = 0 . Then we would

12
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have, by Lemma 2.13,

R4[0) = p (ALALRG \[=1] + ATE[0] + by + ALY} + AL (B — b))
p (A} (ALR® + he) + Af[0] + b))
p

(AMh[=1) + A7[0] + b1) = ea[0],

which establishes (2.10) for ¢ = 0 and ¢ = 1. Hence, the rest of the nested induction goes

through as above.
To conclude, note that (2.10) implies in particular that, ¥Vt > 0,

hp[t(L — 1)+ (L — 2)] = cp4[t],
and, by (2.7),

Glt(L = 1) + (L= 2)] = AR[H(L = 1) + (L = 2)] + b, = Afera[t] + by = yt],

which is exactly (2.8) and thus concludes the proof. O
ylt] y'o]  y*0]  y*[0] vy vt
_ T T T T T T
R ° ° ° ° ° ° ° ° ° ° °
T 0 0 T T 0 T T
z[t] e10]  22%[0]  23[0] o1 2?1  23[1] 12 22[2]
t= 0 1 2 3 4 ) 6 7 8 9 10

Figure 2.3: Multiple inputs can be processed simultaneously.

Corollary 2.16. For a D-RNN R the T-RNN R constructed according to Theorem (2.15) can
process L — 1 inputs in parallel. Specifically, we let 2°, ... x¥2 € §(d) be input sequences and
Y =R, ..., yF? = Rat=2 be the corresponding output sequences of the D-RNN. Further,
we interleave the inputs to form

t—k
i[t] = 2" [L—l] . with k=1t mod (L —1).

Now the output of the T-RNN y = RE satisfies

t—(L—2)—k
L1

g[t]:yk[ ] with k = (t — (L — 2)) mod (L — 1).

13



2. TYPES OF DEEP RECURRENT NEURAL NETWORKS

See Figure 2.3 for an illustration.
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CHAPTER 3

METRIC ENTROPY LIMITS ON RECURRENT
NEURAL NETWORK LEARNING OF LINEAR
DYNAMICAL SYSTEMS

3.1. INTRODUCTION

During the past decade, recurrent neural networks (RNNs) have revolutionized numerous
machine learning applications, such as handwritten text recognition [Gra+09], speech recognition
[Gra+-06], language translation [SVL14], and modeling of complex game dynamics [Sch+20].
Abstractly speaking, an RNN realizes a dynamical system mapping an input sequence to an
output sequence through—in each time step—application of a single-hidden-layer neural network
to update a hidden state vector and compute the output signal sample. It is hence natural
to ask which classes of dynamical systems can be realized or approximated by RNNs. This
question is inspired by the well-known universal approximation theorem for feedforward neural
networks [HSW89; Fun89; Cyb89], which states that every continuous function on a compact
interval can be approximated to within arbitrarily small error by a single-hidden-layer neural
network, provided that the number of neurons is allowed to go to infinity as the approximation
error approaches zero.

The first central result in this chapter establishes that RNNs universally exactly realize
the class of linear dynamical systems, including time-varying systems. This universal linear
dynamical system realization theorem builds on a strong representation theorem for general
linear operators stemming from harmonic analysis [Gro01, Theorem 14.3.5],[Fef83; MBH13],
which states that every “reasonable” linear operator can be written as a weighted superposition
of time-frequency shift operators. Note that we conspicuously use the term “realization theorem”
instead of “approximation theorem” as RNNs with real-valued weights will, indeed, be shown to
exactly realize general linear dynamical systems.

The second central theme of this chapter revolves around making the universal system

realization theorem quantitative. Specifically, we consider classes of linear dynamical systems,

15



3.1. INTRODUCTION

quantify their complexity through metric entropy according to [Zam79; Z0O93|, and ask how the
number of bits needed to uniquely specify RNNs approximating systems in this class to within
a prescribed error relates to the class’s metric entropy. This part of the theory we develop
is restricted to linear time-invariant (LTI) systems for conceptual reasons. The main result
we obtain states that RNNs with suitably quantized weights provide optimal coverings—in
the sense of metric entropy—for the class of LTI systems with exponentially decaying impulse
response. In control theory parlance, this says that RNNs can be trained to identify LTI systems
with exponentially decaying impulse response in a metric-entropy optimal fashion. We also show
that, equivalently, this means that certain classes of linear difference equations with constant
coefficients can be learned optimally by RNNs. The overall philosophy of the framework we
propose is inspired by the recently established Kolmogorov-Donoho rate-distortion theory [KT93;
Don01; Don96; Don+98] for feedforward neural networks [Bol+19; Elb+21] which shows that
deep neural networks provide optimal coverings for a wide range of function classes, such as
unit balls in Besov spaces and in modulation spaces.

We hasten to add that, throughout the chapter, we are exclusively concerned with the
fundamental representation capabilities of RNNs and do not consider the issue of learning
algorithms, a topic that has been investigated in the context of LTI system identification in
[HMR18; Li+21].

Previous work on the approximation of linear dynamical systems through neural networks
deals with (linear and nonlinear) time-invariant systems and assumes that the system is specified
in terms of a state space representation, concretely by a (time-invariant) next-state function
which is approximated by a single-hidden-layer neural network, the existence of which is
guaranteed by the classical universal approximation theorem [HSW89; Fun89; Cyb89]. This
approach leads, however, to the accumulation of errors over time so that most results along these
lines are restricted to finite time horizons [SZ07; Son92; FN93]. A notable exception in this
regard is [Mat93], which avoids error build-up by imposing an “absolute summability” condition
on the system’s possible state trajectories. Nonetheless, all these results require that the system
be characterized by a state space representation, the existence of which is not guaranteed for
a given linear dynamical system [HRS21, Theorem 2.3.3]. In the present chapter, we do not
impose such an existence assumption. In addition, our theory comprises time-varying systems
and pertains to unbounded time horizons, but, as already mentioned, is restricted to linear
systems.

As for our second central theme, namely metric-entropy-optimal RNN learning of LTI
systems, to the best of our knowledge, such an approach has not been pursued before in the
literature. Related previous work reported in [Li+21] quantifies the number of real-valued
RNN weights required for a desired approximation quality, but does not attempt to specify the
approximating RNNs through bitstrings of finite length.

We furthermore want to highlight work on a non-recurrent neural network architecture,
termed “Deep operator network” [CC95; Lu+21; LMK22|, which enables the universal approxi-
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3.1. INTRODUCTION

mation of nonlinear operators. Finally, RNNs have also been investigated for the approximation
of algorithms, with a prominent result [SS95] proving that RNNs with binary input and output

sequences and rational weights can simulate any Turing machine.

Outline of the chapter In the remainder of this section, we provide preparatory material
on RNNs and on harmonic analysis of general linear dynamical systems. In Section 3.2, we
develop the first central result of the chapter, namely a universal realization theorem for discrete-
time linear dynamical systems. In Section 3.3, we introduce the concept of metric entropy
of classes of LTI systems, based on which, in Section 3.4, we state the second central result
establishing that RNNs realize LTT systems of exponentially decaying impulse response in a

metric-entropy-optimal fashion.

Notation Vectors are indexed starting with £ = 1. 1} denotes the truth function which takes
on the value 1 if the statement inside {-} is true and equals 0 otherwise. Sequences z[t] € R are
indexed by t € Z. The N x N identity matrix is [y and Oy stands for the N x N all zeros

matrix. 1y and Oy denote the N-dimensional column vector with all entries equal to 1 and 0,

respectively. log(-) refers to the natural logarithm. We write f(e) ~ g(€) to mean lim o L9 =1

g(e)
and g(e) = o(f(€)) to express that lim. g 98 = 0. Throughout the chapter, constants are

understood to be in R unless explicitly stated otherwise.

3.1.1. RECURRENT NEURAL NETWORKS

A recurrent neural network (RNN) is described by a hidden state vector sequence h[t], the
input signal z[t], and the output signal y[¢]. In each time instant ¢, a single-hidden-layer neural
network is applied to the concatenation of the input sample x[t] and the previous state vector
hlt — 1] to produce the current output sample y[t] and the new state vector h[t]. The formal

definition is as follows.

Definition 3.1.1 (Recurrent neural network). For n € N and hidden state dimension m € N,

let ® : R — R™ be q feedforward neural network given by
(I)(l’) = Az p(Ali’ + bl) + bg, xr € Rm—H, (31)

with weight matrices A; € R0 - A, € RO™HDxn  pigs vectors by € R, by € R™Y and the
ReL U activation function p(x) = max{z,0}, v € R, applied element-wise. The recurrent neural
network associated with ® is the operator Re : (*° — RN mapping input sequences (z[t]);>o in

R to output sequences (y[t])i>o in R according to

yltl) _ z[t]
() =o((,2,))- =0 0

17



3.1. INTRODUCTION

where h[t] € R™ is the hidden state sequence with initial state h[—1] = 0,,.

Remark 3.1.2. Classical RNN definitions are often referred to as Elman networks [Elm90;
GBC16]. We show in Appendiz 3.A that our RNN definition does not afford increased generality
over Elman networks as every RNN according to Definition 3.1.1 can be converted into an
Elman RNN. We decided, however, to work with the seemingly more general Definition 3.1.1 for

expositional simplicity.

We now introduce a decomposition of the weight matrix As which will simplify the description

of RNN constructions later in the chapter. Specifically, we represent A, according to

A A,
Ay = ( ) e Rm+1xn, (3.3)
Ap

where A;, € R™*™ is responsible for mapping to the next hidden state and, for some R € N,
A, € RE*" maps to an R-dimensional virtual representation which, in turn, is linearly combined
through the weights A, € R to deliver the output y[-]. Consorting with this decomposition of
As and noting that by = 0,1 in all our concrete RNN constructions, the hidden state sequence

evolution can be written as

hlt] = Anglt], V>0, (3.4)

glt] =p (A1 (h[f[f] 1]) + bl) , Vt>0, (3.5)

and the initialization is h[—1] = 0, as before. The output sequence is accordingly obtained as

where

r[t] = Anglt], (3.6)
ylt] = Aorlt], (3.7)

where r[t] € RE denotes the virtual representation sequence. We note that this virtual repre-
sentation never actually manifests itself, it is introduced solely to simplify the specific RNN
constructions later in the chapter. Finally, we remark that, throughout, whenever we speak of
“weights” of the RNN, this shall refer to nonzero entries both in the weight matrices A, A and

the bias vectors by, bs.
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3.1.2. HARMONIC ANALYSIS OF LINEAR DYNAMICAL SYSTEMS

We consider discrete-time causal linear systems £ mapping input sequences z[-] € £*° to output

sequences y[-] € £>°, and we use the convention
z[t] =0, vVt <0, (3.8)

which, by causality and linearity, implies y[t] = 0, V¢ < 0.
A fundamental result from harmonic analysis [Gr601, Theorem 14.3.5], in its incarnation for
discrete-time systems, states that a wide class of linear operators, i.e., linear dynamical systems,

can be represented as a weighted superposition of time-frequency shift operators according to
9 1 )
y[t] = Z/ Se(r,v)z[t — )™ dy, (3.9)
=070

with the weights given by the delay-Doppler spreading function S,(7,v). Alternatively, (3.9)

can be expressed in terms of the operator kernel, a.k.a. time-varying impulse response, k[t, 7], as
ylt] = Z klt, T)z[t — 7], (3.10)
7=0

where k[t, 7] is related to the spreading function through an inverse Fourier transform according
to .
k[t 7] = / Se(r, v)eX™ .
0

For a mathematically accessible introduction to this theory, we refer the interested reader to
[MBH13].

Throughout the chapter, in an attempt to minimize the level of technical sophistication and
expositional complexity, we will work with a fully discrete and finite-dimensional version of (3.9)

given by
D—1F-1 ,

ylt] = Z Z 55(7', [t — 7)™ 7!, (3.11)

=0 f=0

with D, F' € N. In the continuous-time case the size of the spreading function support area
plays a critical role as there is a threshold beyond which the system becomes unidentifiable
[MBH13]. While we will not dwell on this matter, we simply note that in the setup considered
here, the spread is given by D - F', i.e., the total number of time-frequency shifts the system

induces.
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3.2. UNIVERSAL REALIZATION OF LINEAR DYNAMICAL SYSTEMS

3.2. UNIVERSAL REALIZATION OF LINEAR DYNAMICAL SYS-
TEMS

In this section, we develop our first central result, a universal realization theorem for linear
dynamical systems. This will be effected by building on the spreading decomposition (3.11).
Specifically, we first devise—in Lemma 3.2.1—RNNs that realize time shifts, then—in Lemma
3.2.3—RNNs implementing frequency shifts, and finally these building blocks are put together
to obtain an RNN that realizes a weighted superposition of time-frequency shifts according to
(3.11).

We start with RNNs that realize time shifts. For later reference, we actually construct more

general RNNs that implement convolutions, i.e., weighted superpositions of time shifts.

Lemma 3.2.1 (RNNs can realize time shifts and convolutions). Let L € N and k € RY. There

exists an RNN with input-output relation

ylt] = im[t —(t-1)], Vt>o0, (3.12)

(=1

hidden state dimension L — 1, and hidden state sequence satisfying
he[t] =zx[t— (0 —1)], Vt>0,0€e{l,...,L—1}. (3.13)

Proof. The proof is constructive in the sense of specifying the RNN as a function of the impulse
response vector k € RE. We start by choosing weight matrices and bias vectors such that (3.13)
holds. The basic idea is to design the network such that the past values of z[-] in the hidden
state vector h are shifted downward by one position in each time step ¢, dropping the oldest
value at the bottom of the vector and inserting the current value z[t] at the top. To move
the values through the non-linear activation function without modifying them, we employ the
identity

v = p(z) - p(~2). (3.14)
We set

I
A = ( r ) € R¥XL, (3.15)

Ap=(Tpoy Opoy —Ipoy Opy) € RETD2E (3.16)

by = 09p, and by = 0p.

With these choices, the proof of (3.13) is now effected by induction over ¢. First, we note
that for A[t] in (3.13) to constitute a valid hidden state sequence according to Definition 3.1.1,
the initial state needs to satisfy h[—1] = 0,_;. This follows directly from z[t] = 0, Vt < 0,

which is by assumption (3.8), and also constitutes the base case of the induction argument. To
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3.2. UNIVERSAL REALIZATION OF LINEAR DYNAMICAL SYSTEMS

establish the induction step, we assume that (3.13) holds for ¢t — 1 for some ¢ > 0, i.e.,
helft =1 =z[(t —1) = ({ —1)] = z[t — 1],

and show that—thanks to the choices for A, A, b1, and by made above—this implies validity of
(3.13) for t. Using (3.15) and b; = 0y, in (3.5), one obtains

ot
T x|t —1
g[ﬂzp(fh (h[t [f] 1])) =p| A | 2 | (3.17)
ot = (L= 1)
= (pelt) o plalt— (L=1)) p(=alt]) ... p(=alt—(L-1))"

Then, we evaluate (3.4) with Aj from (3.16) and use (3.14) to get

p(xlt]) — p(—=[t]) xt]
hlt] = Anglt] = : — '

plaft = (L =2)]) = p(==[t — (L = 2)]) alt = (L = 2)]

or equivalently hylt] = z[t — (¢ — 1)],V¢ € {1,..., L — 1}, which establishes the induction step.
It remains to realize the input-output relation (3.12). To this end, we set

A= (I, —Ip) eRPE A, = k" e R,

and use (3.17), (3.6), (3.7), and (3.14) to conclude that

p(x[t]) — p(—lt]) x(t]
’f‘[t] = Arg[t] = = )
p(ft = (L —1)]) = p(==[t — (L —1)]) wft — (L —1)]
ylt] = k"rlt] = eZ_: kealt — (0 —1)],
which, in turn, completes the proof. O

Remark 3.2.2. An RNN realizing a time shift by m instants, as needed in (3.11), is now
obtained from Lemma 3.2.1 by choosing the impulse response vector k € RY such that it has a 1

in the (m + 1)-th entry and zeros elsewhere.

The next step in our program is to construct an RNN that realizes frequency shifts by integer

multiples of 1/F again as needed in (3.11). As this operation corresponds to multiplication of
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the input signal by a complex exponential, it produces complex outputs y[-]. In slight abuse of
Definition 3.1.1, where all weight matrices and bias vectors are real-valued, for ease of exposition,
we will here allow complex weights in the output layer, specifically for the quantities A, and
A, in (3.3). As A, and A, do not appear in the state evolution equations (3.4) and (3.5), it is

guaranteed that the activation function p continues to be applied to real-valued quantities only.

Lemma 3.2.3 (RNNs can realize frequency shifts). Let FF € N and f € {0,...,F —1}. There
exists an RNN that realizes the input-output mapping

ylt] = x[t] 2™ F, Wt > 0. (3.18)

Proof. Again the proof is constructive in the sense of specifying the RNN. Throughout the
proof, unless explicitly stated otherwise, relations involving ¢ apply for all £ > 0. We start by

noting that the function e2miEL g F-periodic in t € N. This F-periodicity motivates the choice
of an (F — 1)-dimensional hidden state sequence h[t] € {0,1}¥~ encoding the current position

within the fundamental period. Specifically, our construction will be seen to ensure
hf[t] = I]-{((tJrl)modF):f}a Vi e {L)F_ 1} (319)

The hidden state vector at time ¢ hence contains a one at position (¢ + 1) mod F or equals the
all-zeros vector at the end of each period, i.e., when (¢ + 1) mod F' = 0. We will realize (3.19) by
appropriate choice of the RNN weight matrices A, A and bias vectors by, b, and the proof will
proceed by induction. First, we note that for A[t] in (3.19) to constitute a valid hidden state
sequence according to Definition 3.1.1, the initial state needs to satisfy h[—1] = 0x_1, which at
the same time would constitute the base case t = —1 of the induction argument. The relation
h|—1] = 0p_; now follows independently of the choices for Ay, As, by, by and is simply by virtue
of the index 0 not being contained in the set {1,..., F' — 1} so that the truth function on the
RHS of (3.19) yields the all-zeros vector. For the induction step, we assume that (3.19) holds
for t — 1 for some t > 0, i.e., hy[t — 1] = L{(t mod p)=g}, VL € {1,..., F —1}. Next, we set

-1 =1 ... =1 1
1 0 ... 0 0

A, = 0 1 ... 0 GRFX(F_U, be := 0 GRF, (3.20)
0 0 1 0

and define the sequence ¢[t] € {0, 1} according to

e[t] := Ach[t — 1] + be. (3.21)
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Direct calculation now yields

eg[t] = 1{(tm0dF)+1:£}, WS {1,,F} (322)

That is, e[t] indicates its argument ¢, modulo F' to account for F-periodicity of 627”%1‘/, through

a one at the corresponding position in the period and, unlike the state vector, never equals the
all-zeros vector. We now use e[t] to construct an indicator function applied to the input signal.
To this end, we first recall that RNNs according to Definition 3.1.1 accept input signals in £
and choose a C' € R such that ||z]|, < C. Next, for all ¢ > 0, consider the sequence

— x[t] _
Tt =p ((1F QCAe) (h[t B 1]> +2C% ClF) (3.23)
= p(1px[t] + 2Ce[t] — Clp),

where we used (3.21). Equivalently, we can express (3.23) as
fg[t] = p(:)ﬁ[t] —|— 201{(,5 mod F)+1:g} — C) = (l’[t] —|— C)ﬂ{(t mod F)+1:g}, (324)

for ¢ € {1,..., F}, where we made use of |z[t]] < C. We proceed to set

1r 2CA, 2Cb, — C1
A= RGN p = ") eR¥,
0p A b

e

and by = Op. Inserting into (3.5) yields

_ zlt] _ (=
gltl=p (A1 (h[t_ 1]) +bl) = (e[t]),

where we employed (3.23) and (3.21), and used the fact that p(e[t]) = e[t] as the entries of e]t]

equal either 0 or 1. Next, we let

Ay = <@F—1 Op—1 Ip— OF—I) ;
A= (Ip —Clp), (3.25)
A, = (e%i%f e2miwf e%i%f) )

We are now ready to finalize the induction step. From h[t] = Ang[t] we get

holt] = eolt] = Lt mod F)+1=¢} = L{(t+1) mod ) =g}, VL € {1,..., F — 1}, (3.26)

where we used that
(t mod F)+1=((t+ 1) mod F), (3.27)
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for all ¢ with (f mod F') # F' — 1. For t such that (t mod F') = F' — 1, the LHS of (3.27) equals
F while the RHS is equal to 0; as the indices 0 and F' do not occur in the set {1,..., F' — 1}, we
trivially have equality between the last two expressions in (3.26). This establishes (3.19) and
thereby completes the induction step.

It remains to prove that the input-output relation of the RNN specified along the way is,
indeed, given by (3.18). Using (3.25), (3.24), and (3.22) in r[t] = A,g[t], it follows that

Tg[t] = f@[t] — Ceg[ﬂ

- (Z’[t] + C)I]'{(t mod F)+1=/¢} — C]]-{(t mod F)+1=/}
= x[t]ﬂ{(t mod F)+1=¢}, VL€ {1,...,F}.

The output signal is hence given by

(=1
:x[t]e (tmodF)f
= z[t] 277/

21

where, in the last step, we made use of the F-periodicity of e #/. This completes the proof. [

Having established the RNN realizations of the basic building blocks of the spreading
representation (3.11), namely RNNs that realize time shifts (or, more generally, convolutions)
and frequency shifts, we proceed to devise RNNs that implement weighted linear combinations of
time-frequency shift operators. This entails showing that linear combinations of compositions of
time shift RNNs and frequency shift RNNs are again RNNs. As opposed to feedforward networks
where compositions and linear combinations trivially preserve the feedforward structure [Elb+421],
this is not obvious in the RNN case. The basic idea underlying the construction provided next
is hidden-state sharing across component networks, which not only preserves the RNN structure,

but also leads to an economical—in terms of the number of nonzero weights—RNN realization.

Lemma 3.2.4 (RNNs can realize LTV systems). Let D, F € N and consider the spreading
function 51;(7, fleC,re{0,....D—1}, f € {0,...,F —1}. There exists an RNN that

realizes the input-output relation

D—1F—
= Z Z t—T]ePTEL v > 0. (3.28)

Proof. There are two main components in the construction of the RNN realizing the desired
input-output relation, namely the composition of time shift and frequency shift operators and

weighted linear combinations thereof. The latter is easily realized through proper choice of the
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output layer weight matrix As, whereas the former requires more effort. Specifically, we will
design the RNN such that its hidden state vector concatenates the hidden state vectors of the
time shift and the frequency shift RNNs in Lemmas 3.2.1 and 3.2.3, respectively, and that this
concatenated hidden state vector follows the hidden state evolution equations of the constituent
time shift and frequency shift networks. Concretely, our goal will be to design the RNN such
that its hidden state vector! is given by

hlt] = (flm> , (3.29)

where i € RP~D corresponds to the hidden state of the convolution RNN from Lemma 3.2.1
particularized for pure time shifts, and h € {0,1}F=1 represents the hidden state of the
frequency shift RNN in Lemma 3.2.3. The component vector sequences h[t] and h[t] now need

to follow the state evolution laws in (3.13) and (3.19), respectively, i.e.,

helt] = aft — (€—1)], Vee{l,...,D—1} (3.30)
}'lg[t] = ]l{((t+1) mod F) = ¢} Ve e {1, R 1}, (331)

both for all t > 0. The approach we follow will be as in the proofs of Lemmas 3.2.1 and 3.2.3,
namely, we proceed by induction and in the process specify the network weight matrices and
bias vectors to make the induction work out. The proof will be finalized by showing how the
state vector h[t] following (3.30) and (3.31) leads to the desired overall input-output relation by
proper choice of A,.

The base case t = —1 of the induction, i.e., h[—1] = Op;p_o, follows as the base case in
Lemma 3.2.1 is by virtue of z[t] = 0,V¢ < 0, and that in Lemma 3.2.3 holds as a consequence of
the definition of the state vector. Notably, for both components, h,[t] and hy[t], the base case
follows independently of the choices of the weight matrices and bias vectors. We remark that
the base case also establishes that the initial state h[—1] of the hidden state sequence in (3.29)
—by virtue of being equal to the all zeros vector—conforms with Definition 3.1.1.

To establish the induction step, we will have to choose Aj, As, by, and by appropriately.

"Note that the symbols A and & do not refer to derivatives of h in any form.
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Concretely, we start by assuming that (3.30) and (3.31) hold for ¢ — 1 for some ¢ > 0, and set

D F—1
1p 0p ... O0p|2CA, 20b, — Clp
g Op lp ... O0p|2CA, 20, — Clp
Av=l0p 0p ... 1p|2CA, |, bi=|20b, — Clp |>

I

B b 0 0
-1,

=] ©) A, be

where A, b, are as defined in (3.20), C' € R" is such that ||z|[;~ < C, and the unsubscripted O
symbols stand for all zeros matrices of appropriate dimensions. The bias vector by is chosen as

by = 0pyp_1. The first D columns of A; operate on

(1)
hlt — 1]

and the last F' — 1 columns multiply h[t — 1]. Further, A; is divided vertically into three

x[t]

2t — (D — 1)

parts. The first DF rows produce, for each time shift (including the shift by 0 time instants), a
representation akin to (3.23), the middle 2D rows correspond to (3.15) in the time shift RNN
construction, and the last F' rows pertain to the frequency shift RNN, specifically to (3.21). It

is hence natural to think of g[t] from (3.5) in three parts according to

#[t, 0]
| m[t] E T t', 1
hlt — 1] . :
ST gl
=\ eft]

where, following the steps leading to (3.24) in Lemma 3.2.3, the vectors Z[t, 7], 7 € {0,..., D—1},
are obtained as

fﬁ[t T] = (gj[t - 7-] + O)]l{(t mod F)+1=¢(};

g[t] equals g[t] in (3.17) with L = D, and el[t] is as in (3.22).
We proceed to specify Ay, the submatrix of A,, which maps to the next hidden state
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according to (3.4), as

DF 2D F
_EI/@ ‘ Ip-1 Op—y —Ip—1 Op_y ‘ O \
" o] 0 T 0r) (333)

where again the unsubscripted O symbols refer to all-zeros matrices of appropriate dimensions.
Carrying out the state transition for the concatenated hidden state vector (3.29) according to
(3.4) with Ap, in (3.33) and g[¢] in (3.32) yields (3.30) directly and (3.31) upon using the last
identity in (3.26).

Next, with the F' x F' (unnormalized) DFT matrix [Ap|s, = exmifn f ¢ {0,...,F—1},n¢
{0,..., F — 1}, we define the vectors

z[t, 7

zt, 7] = (AF —C’AF> ( e[t

) , 7€{0,...,D—1},
and note, by direct calculation, that
Bt 7] = aft — 7] F L, fe{l,... F}. (3.34)

Now we stack the frequency-shifted versions of x[t — 7] in (3.34) in the virtual representation

sequence r[t| by setting

DF 2D F
N d
Ar O O |O|-CAp
0O Ar O 0| -CAFr
A = : -
O O Ap | O | —CAp
which yields
z[t, 0]
z[t, 1]
rlt] = Aglt] = -
z[t, D —1]

This finalizes the first part of the construction, namely the composition of time shifts and
frequency shifts according to (3.34). We are left with the weighted superposition of the time-
frequency-shifted versions of z[t] implementing the input-output relation (3.28). To this end,
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we set, for 7 € {0,...,D — 1},

Sﬁ(T, 0
- gﬁ(Ta 1
Sﬁ(T, ) = . € (CF
Se(r,F —1)
and take
Ao = (Se(0,)7 Se(1,)T ... Se(D=1,)7),
which results in
D-1 _
ylt] = Aorlt] = 3 Se(r, ) @[t 7]
7=0
D-1F-1 _ o
=35 Se(r, falt — 1] F,
7=0 f=0
as desired. O

We note that the RNN constructed in Lemma 3.2.4 has O(DF') non-zero weights, i.e., the
“size” of the network is proportional to the spread of the system it is to realize. This insight
is based on the fact that the virtual representation sequence r[t] is never actually manifested.
Hence, by (3.3) only the product A,A, has to be stored instead of the (bigger) individual
matrices A, and A,. Finally, we remark that the magnitudes of the RNN weights in the proof
of Lemma 3.2.4 depend on the ¢*°-norm of the inputs the RNN accepts.

3.3. METRIC ENTROPY OF LTI SYSTEMS

Having established that RNNs can universally realize linear dynamical systems with network
size proportional to the spread of the system, we proceed to develop a deepened and more
quantitative theory along those lines. Specifically, we shall be interested in the approximation of
classes of linear dynamical systems to within a prescribed worst-case (within the class) error e
through RNNs that can be specified by bitstrings of finite length. Of particular interest will be
the scaling behavior of the required length of the bitstring as a function of € and, in particular,
whether RNNs can achieve the fundamental limit—over all possible system approximation
methods—on this scaling behavior. Answering this question requires the concept of metric
entropy of linear systems, a topic originating from control theory [Zam79; Z0O93|. The aim
of the present section is to introduce this concept, with the presentation geared towards our
purposes. We restrict ourselves to LTI systems for conceptual reasons.

A linear dynamical system is time-invariant if the operator kernel k[t, 7] in (3.10) is a function

of 7 only, i.e., the input-output relation of the system is given by the convolution of the input
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signal z[-] with the impulse response k[-] according to
(Lx)[t] = Z klt|z[t — 7] =: (k% x)[t], (3.35)
=0

where we assume that z[t] € R, k[t] € R, for t € Z and z[t] = 0, k[t] = 0, for ¢t < 0, that is
we consider one-sided input signals and causal systems. We shall frequently make use of the

one-sided Z-transform for /*-signals defined as?

(Z{z[1)(z) =D_alt]e", [ <1. (3.36)

t=0
Note that thanks to z € > the series (3.36) converges absolutely for all z € C with |z| < 1.
Whenever there is no source of ambiguity, we shall use capital letters to denote the Z-transform

according to X (z) = (Z {z[-]})(2). Next, we note the well-known relation

(Z{(L2)[1N)(2) = (Z{(kx2)[]})(2) = K(2) - X(2), (3.37)

where K(z) := (Z {k[]})(z) is commonly referred to as the system’s transfer function.

We proceed to establish the concept of metric entropy of classes of LTI systems largely
following [Zam79; Z093]. On a conceptual level, this complexity notion allows to formulate
answers to the following question: Given a class of LTI systems, how many bits of information
do we need to identify a specific system in the class to within a prescribed error? To formalize

matters, we start by defining the metric entropy of general sets.

Definition 3.3.1 ([Wail9]). Let (X, p) be a metric space. An e-covering of a compact set C C X
with respect to the metric p is a set of points {z1,...,xx} C C such that for each x € C, there
exists an i € [1, N| so that p(z,x;) < €. The e-covering number N(¢;C, p) is the cardinality of a
smallest e-covering of C and E(€;C, p) := logy(N(€;C, p)) is the metric entropy of C.

As LTI systems are uniquely determined by their impulse response, we shall incarnate the
concept of “classes of LTT systems” by considering compact sets of impulse responses. More
specifically, motivated by [ZO93], we consider systems with exponentially decaying impulse

response, that is, for a,b > 0, the set of LTI systems characterized by
Cla,b) :={L | ke[t] €R, |kc[t]] < ae™™, Vt € Ny and k.[t] = 0, Vt € Z\Ny}

where k.[-] denotes the impulse response of the system £. The constants b and a quantify the

decay behavior of the system memory. Note that the set C(a,b) encompasses exponentially

2Note the positive exponents of z in the definition. This convention is chosen to maintain consistency with
Definition 3.3.2 below adopted from [Z093].
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decaying impulse responses of arbitrary decay rate according to
Cla,log(1/8)) = {£ | [kelt]] < aft, ¥t >0}, a>0, 8¢ (0.1). (3.38)

Next, we equip the ambient space X with a suitable metric which quantifies the distance
between LTI systems, or equivalently their impulse responses. To this end, we first define Hardy

spaces and norms of transfer functions as follows.

Definition 3.3.2 ([Rud87, Chapter 17]). With
K:={Z{z}|x el zt] e R, fort € Ny, and x[t] =0, fort <0},

define for X € K the Hardy norms

re(0,1) 2T

1 2 ,
1 [l ::J sup [ [X(re®)[2as,
0

| X352 == sup |X(2)].
|z|<1
The corresponding Hardy spaces are given by H?> = {X(-)| X € K, [|X|ls2 < oo} and H> =
{X() X €K, [[ X[l < oo}

The distance between the LTI systems £ and £ with transfer functions K(z) and K'(z),

respectively, both in H*°, is now defined as
p(L, L) = K — K. (3.39)

The following result relates p(L£, L) to distance—in terms of squared error—in the system

output space.

Theorem 3.3.3. Let L and L' be LTI systems with corresponding transfer functions K(z) and
K'(2), both in H>. It holds that

p(L, L) = sup [[Lx— Lz]e.
lzll 2=1
Proof. In Appendix 3.B we develop some relevant properties of Hardy Norms, which are

summarized in Theorem 3.B.4. Theorem 3.3.3 is a simplification of this result. O

Theorem 3.3.3 shows that identifying a reference system L to within error p(L£,L') = €
guarantees that the estimated system L’ results in output signals that deviate no more than
¢—in £2.-norm—from the output that would be produced by the reference system L.

We are now ready to state a central result which quantifies the metric entropy of C(a,b)

with respect to the distance measure p(L, L').
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Theorem 3.3.4. Let a,b > 0 and consider the set
Cla,b) = {L | k.[t] € R, |ke[t]] < ae™, Vt € Ny and ke[t] =0, Vt € Z\Ny}.
The metric entropy of C(a,b) with respect to the metric
p(L L) = |K — K|

satisfies
E(e:C(a,b), p) ~ - (1 (“))2 (3.40)
6’ a’ 7p 2b Og € 7 *
where 7 := logy(e).

Proof. This result is due to [Zam79; Z0O93]. However, we present a self-contained proof in

Appendix 3.C specific to our setting. O

We note that the metric entropy in (3.40) scaling according to (log(1/€))? shows that the set
C(a,b) is not overly massive. Richer function classes such as the set of all Lipschitz functions
from [0, 1]¢ to R with a given Lipschitz constant have metric entropy scaling according to ¢4
[Wail9]. Moreover, it follows from (3.40) that impulse responses of slower (exponential) decay,

i.e., with smaller b, are more complex to describe.

3.4. OPTIMAL COVERING THROUGH QUANTIZED RNNS

We are now in a position to state the second central result of this chapter. Specifically, we
show that RNNs with suitably quantized weights provide an optimal—in the sense of Theorem
3.3.4—e-covering of C(a, b) with respect to the metric p(L, L"). Operationally, this means that
RNNs can optimally—in the sense of metric entropy—learn (or identify) the class of LTI systems
with exponentially decaying impulse response. This result quantifies what is possible in principle
and thereby provides a benchmark against which practical learning algorithms can be assessed.

The results presented so far apply to RNNs with real-valued weights. Constructing an
optimal covering through RNNs requires, however, encoding of the approximating RNNs into
bitstrings of length scaling in the approximation error € according to (3.40). Now, there are
two components that go into such an encoding of RNNs, namely the values of the nonzero
weights in the matrices A, Ay and the vectors by, b, and the locations of these weights, i.e.,
the topology of the network. The former requires quantization of the weights at a resolution
that scales adequately in €. We shall see below that encoding the topology is a non-issue. The
main technical problem hence resides in ensuring that weight quantization in the approximating
RNN can be effected at a resolution that allows metric entropy optimality—in terms of the
covering realized—and at the same time guarantees that the resulting error incurred at the

system output consorts with the desired approximation accuracy.
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We start by defining an RNN weight quantization scheme.

Definition 3.4.1 (Quantized weights). For § > 0, define the set
Ss = {(5]{? | ke Z}

We say that an RNN has 0-quantized weights if all its weights are in Ss U {—1,1}. Further,

define the quantization function
L lw|
Ss(w) = sign(w) | — |5, w € R.

Clearly, we have |Ss(w) —w| < § and |Ss(w)| < |w|.

The main idea underlying the proof of the optimal RNN covering result builds on the
approximation of the exponentially decaying impulse responses in C(a, b) through finite impulse
response (FIR) filters of suitable length and with suitably quantized impulse response coefficients.
In order to quantify the approximation error—in terms of p(L, L) = || K — K'||3y-—resulting
from this truncation and coefficient quantization, we will need the following simple technical

result.

Lemma 3.4.2. Consider the LTI systems with impulse responses k[-] and k[-] and corresponding
transfer functions K(z) and K (z), both in H>. We have

IK() = B() e < i IK[t] — K1)

Proof. The proof is by the following chain of relations

1) = Kb = sup (5 k12 = 3 !
= sup (k1] - Kl

< sup Y [K{f] — k{t] =1
|2]<1 ¢=0

- i IK[t] — K{f]). .

We are now ready to state the main result.
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Theorem 3.4.3 (RNNs are metric-entropy-optimal). Consider an LTI system L with impulse
response satisfying |k[t]] < ae™™, Vt >0, for some a,b > 0, and corresponding transfer function
K(z). For every e > 0, with

L can be approximated by a ¢ = 53;-quantized RNN ﬁ—of hidden state size M — 1—realizing

an FIR filter with transfer function l?(z) such that
1K () = K)o < e.

Moreover, R can be encoded in a uniquely decodable fashion, provided that both encoder and

decoder know a and b, using no more than

g oe (£)) o (s ()

bits, where v := log,(e).

Proof. The idea of the proof is to d-quantize the suitably truncated impulse response klt]
corresponding to £, which is then realized (exactly) by an RNN, denoted as ﬁ, following the
construction in Lemma 3.2.1. Concretely, we choose the truncated quantized impulse response
according to k] := Ss5(k[t]) Lz<(a—1)}, denote the corresponding transfer function by K(z), and

then use Lemma 3.4.2 to bound

IEK() = B() e < i IK[t] — K[

_ X_(:) k] — k] + k[

o0

< M§+ Z ae”

t=M

where in (3.41) we used Y00\, " = f—iur, for |r| < 1.
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It remains to establish that the RNN realizing the FIR system with impulse response %[t]
can be encoded in a uniquely decodable fashion into a bitstring of length consorting with
covering optimality according to (3.40). As mentioned earlier, encoding an RNN in a bitstring
requires specifying its topology and quantized weights, both in binary form. We first convince
ourselves that the topology of the RNN realizing %[t] is fixed and hence does not need to be
encoded. This follows by recognizing that in the RNN construction in the proof of Lemma
3.2.1 the quantities Ay, Ay, A, by, and by are all independent of the impulse response of the FIR
system to be realized and only A, depends on the impulse response according to A, = k7. The
locations of the nonzero entries in the weight matrices and bias vectors of the approximating
RNN hence need not be encoded. This leaves us with having to represent the M quantized
impulse response coefficients %[t] through a bitstring of length scaling in € such that covering

optimality is attained. To this end, we first note that from Definition 3.4.1, we get
Rl = 1S(k[E)| < K[| < ae™,  Wee{o,..., M1},
The quantized impulse response coefficients hence satisfy

k] € Sy N [—ae™ ae™],  Vte{0,...,M —1},

and can therefore be stored using at most [log2 (aegbtﬂ + 1 bits. As a and b are known to
the encoder and the decoder by assumption, we can encode the quantized impulse response
coefficients into a uniquely decodable bitstring simply by allocating [10g2 (“e;btﬂ + 1 bits to
each coefficient, concatenating the corresponding binary labels (filled up with zeros if they are

of smaller than the alloted length) and have the decoder read out the labels sequentially to

deliver the corresponding points in S;.
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It remains to establish that the length of the bitstring just constructed conforms with (3.40).
To this end, we first upper-bound the length of the bitstring according to

(3.42)

b b
.y (w log (‘E‘) — M+ ylog(M) + -+ 3) , (3.43)

where we used log,(z) = vlog(x) with v := log,(e) and in (3.42) we employed § = 53;. Next,
we note from the definition of M that

1 1
 log (“) + K (b) < M < log (a) LE() 4+ 1, (3.44)
€ €

with K;(b) := %log( 2 ) Using (3.44) in (3.43) allows us to further upper-bound (3.43) as

1—e—b

follows:
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)
)+ log(M) + Ka(0) )

K, (b) + 1) (; log (Z) +ylog(M) + Kg(b))

=55 (s (2))  fosanns (1)« s ()
+

+ Ky(a,b)log(M)

<3 (n(®) o (0 )))

where K (b) := —K,(0)% + % +3, K3(b) == KQb(b) + (KI(I;)H)V, Ky(a,b) := vy(K1(b)+1) +log(a)?,
and Kj(a,b) := (K1(b) + 1)K5(b) + K3(b)log(a). The last inequality follows from v < 2 and
log(M) = o(log(e™)). O

We conclude by noting that the dependence of the hidden state size and the weight quanti-
zation resolution of the approximating RNN in Theorem 3.4.3 on the parameters a, b, € reflects
that more complex sets C(a, b) and smaller target approximation error require larger hidden

state size and higher quantization resolution.

3.5. METRIC-ENTROPY-OPTIMAL LEARNING OF LINEAR DIF-
FERENCE EQUATIONS

Over the last few years a significant body of literature on deep neural network learning of the
solutions of parametric PDEs was developed [Gro+18; BGJ20; Ras21]. More specifically, this
line of work is concerned with learning the map taking the right-hand side of the PDE and its
parameters to the solution. We next suggest an alternative viewpoint in its simplest possible
mathematical incarnation, namely that of learning differential, in fact difference, equations
themselves. From a practical perspective this amounts to identifying the dynamics of physical,

biological, mechanical, or chemical processes from observed input-output traces [Wan+18].
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We consider linear difference equations with constant coefficients given by
P Q
> obiylt — 4] = > aglt — ), (3.45)
5=0 i=0

where P, € N,b;,a; € R, and z[t] and y[t] designate the input and the output, respectively, of

the dynamical system characterized by the difference equation. Difference equations of the form

(3.45) correspond to LTI systems with rational transfer functions. Concretely application of
Lemma 3.B.1 yields Y (z) = K(2)X(z) with

K(z) = Zfﬂ)“ (3.46)

Zj:() bj 2J
Learning of the difference equation (3.45) from input-output traces, i.e., determining the
coefficients a; and b; in (3.45) based on the outputs y|-] corresponding to given inputs z[-] hence
amounts to identifying the LTI system with transfer function (3.46). We first convince ourselves
that RNNs can, in principle, realize systems with rational transfer functions, thereby extending

Lemma 3.2.1 where this was shown for polynomial transfer functions.

Theorem 3.5.1 (RNNs can realize all rational transfer functions). Let £ be an LTI system

with transfer function
_ S @iz

where Q, P € N and a;,b; € R with by # 0. Then, there exists an RNN that realizes L exactly.

K(z)

Proof. The proof will be effected by constructing the RNN realizing £. We start by noting that

application of the inverse Z-transform and the time shift property Lemma 3.B.1 to

yields the difference equation

Q P
ylt] = > cilt — i+ Y dyylt — ], (3.47)
i=0 j=1
with ¢; = ZL—S and d; = —Z—é. In contrast to the construction in Lemma 3.2.1 which realizes a

forward part only, here given by Z?:o c;x[t — 1], we will need to account for both the forward
part and the backward part Zle d;y[t — j]. This will be accomplished by choosing the RNN

weight matrices Ay, Ay and bias vectors by, bs such that the hidden state vector h[t] contains the
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last @ values of the input signal z[-] and the last P values of the output signal y[-] according to

x[t]
2t = (@ —=1)]
hlt] = o] . (3.48)
ylt = (P = 1)]

Then, based on (3.48), we establish that these choices also yield the output signal as desired.
We commence by specifying the RNN weights and proving (3.48) by induction. By slight abuse
of notation, we let the vector ¢ have a zero-th entry and define

c:= (co clo... CQ)T e R9H,
d:= (d dp)' €R”,
and the matrix 011 .
“I T dr
]Iy 0 o)

i P (3.49)

EI O Ip_1 Op_y

where the unsubscripted symbols O stand for all-zeros matrices of appropriate dimensions. The

network weights are now chosen according to

Ipig+
A= o A=W (Ipsgn —Tpign),
—Ipig+

and by = Oapy20+2, by = Opro+1. With (3.1) and thanks to (3.14), this yields

yltl) x[t]
()= () w0 -

We are now ready to establish (3.48) by induction. First, we note that for A[t] in (3.48) to
constitute a valid hidden state sequence according to Definition 3.1.1, the initial state needs to
satisfy h[—1] = Og+p. This, indeed, follows from the assumption z[t] = y[t] = 0, Vt < 0, and, in
turn, also yields the base case t = —1 of the induction argument. To establish the induction
step, we assume that (3.48) holds for ¢ — 1 for some ¢t > 0. Next, let hy.g[t] € R? denote the
subvector of h[t] containing the entries 1 through Q. It now follows from (3.50) and (3.49) that

38



3.5. METRIC-ENTROPY-OPTIMAL LEARNING OF LINEAR DIFFERENCE EQUATIONS

]
z[t — 1] x[t]
hqlt] = (I 0g) : -
ot — ] zlt —(Q —1)]
and
VY
holt] = (C d ) hlt — 1])
z[t]
- )| o
y[t — P
0 P
= calt =i+ X diylt = j) = ylt],

where we used (3.47). The proof of the induction step is now completed upon noting that

h@+2):(Q+P) [t =W (h[l‘[t] )

t—1]
y[t —1]

(11 00
ylt — P]

ylt —1]

ylt = (P —=1)]

Finally, it follows by combining (3.50), (3.49), and (3.51) that the weights we chose yield the
desired output signal. O]

We have hence established that RNNs with real-valued weights can realize LTT systems with
rational transfer functions exactly. In fact, as inspection of the weight matrices A;, Ay and the
bias vectors by, by in the proof of Theorem 3.5.1 reveals, the size of the RNN is O(P + @) and
hence proportional to the number of parameters in the system transfer function.

We now proceed to argue that the results established in Section 3.4 provide a fundamental
limit on how well difference equations of the form (3.45) can be learned in principle and that

RNNs can achieve this fundamental limit. But first, we state an important restriction, namely
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to LTI systems (of rational transfer function) that have corresponding impulse responses in
/1. In system theory parlance such systems are often referred to as stable [Kai80, Section 2.6].
If the coefficients of K(z) in (3.45) are such that the system is, indeed, stable, the impulse
response is necessarily a linear combination of terms of the form p(t) cos(6t + w)S*, where p(¢)
is a polynomial in ¢, 5 € (0,1), and #,w € R [OSB99]. Denoting the largest 5 occurring in this
linear combination by /3, this class of impulse responses is contained in the set C(a’,log(1/8"))
with # > f and o chosen suitably, where such a 8 € (0,1) always exists thanks to the
set (0,1) being open and a’ exists as a > 0 in (3.38). Application of [Rud87, Theorem 13.6]
shows that the covering number of the set of stable rational transfer functions equals that of
C(a’,log(1/8")). Hence, Theorem 3.4.3 allows us to conclude that RNNs can, in principle, learn
difference equations of the form (3.45) with coefficients a;, b; such that the corresponding LTI

system is stable in a metric-entropy-optimal manner.

3.6. (CONCLUSION

The setting in this chapter was deliberately chosen so as to allow the minimum level of
mathematical sophistication needed to bring out the main conceptual findings. Numerous
extensions abound, such as the continuous-time case and the approximation of nonlinear
systems. It would furthermore be interesting to understand how metric entropy results can
be obtained for linear time-varying systems. This would possibly allow to establish RNN
covering optimality for general linear dynamical systems. From a control theory perspective
our findings state that RNNs can be trained to optimally—in the sense of metric entropy—
identify LTI systems. Here, it would be interesting to understand whether the presence of
feedback, which is known to reduce identification complexity, could be incorporated into our
theory and whether the corresponding fundamental limits can again be shown to be achievable
through identification by RNNs. Furthermore, we consider it worthwhile to investigate how
concepts such as controllability, reachability, and observability for linear dynamical systems
transfer to the state-space representation of RNNs realizing these systems. An issue we have
not touched upon at all is that of algorithms for learning the weights of approximating RNNs
and whether such algorithms are likely to find the RNN constructions we exhibit. Another
important aspect we did not discuss is that of minimality of linear dynamical system realizations
[Kai80] and how it relates to corresponding RNN realizations [Son98]. A question cast in
the same mould is that of uniqueness of neural network realizations, a large field of research,
both in feedforward as well as recurrent neural network theory [Fef94; VB21b; VB21a; AS93b;
ASMO3; AS93a). Finally, we find that extensions of the ideas in Section 3.5 to linear, nonlinear,
partial, and stochastic differential equations constitute a worthwhile endeavor. In this regard,
we mention that the universal realization result Lemma 3.2.4, in its continuous-time incarnation,
suggests that pseudo-differential operators [Gro01, Chapter 14] can be represented exactly by

(continuous-time) RNNs.
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APPENDICES

3.A. ALTERNATIVE DEFINITIONS OF RNNS

Definition 3.A.1 (Elman RNN). [Elm90; GBC16] For 1h € N, weights U € R™ 1 W, € R,
Wy € R and biases by € R™, by € R, the Elman RNN with hidden state sequence hlt] € R™
of initial state ;L[—l] = 0,5, and output y[t] € R, for allt > 0, is defined by

hlt] = p(Ux[t] + Wih[t — 1] + by) (3.52)
y[t] = Wahlt] + b,. (3.53)

Lemma 3.A.2. The input-output relation of every RNN according to Definition 3.1.1 can
equivalently be realized by an Elman RNN.

Proof. Given an RNN according to Definition 3.1.1 with weight matrices A;, A; and bias vectors

b1, by, we construct an Elman RNN that realizes the same input-output map. First, set

A b
Av=(4, 4,), A= (Ay), bi=by b= (b)
h h

with A, € R™ A, € R™™ A, € R A, € R™" b, € R", b, € R, and b, € R™. With
these definitions, (3.1) and (3.2) can be written as

Bty e
z[t]
ol () )

The equivalent—in the sense of input-output relation—Elman RNN is now obtained by

where

Q
=
|

setting ' = n and

Wy =AgA,,  U=A4,, b =Ab,+b,,

. . (3.55)
Wy=A,,  by=b,

We first establish, by induction, that these choices lead to the hidden state sequences of the
original RNN and the equivalent Elman RNN to be related according to h[t] = Aph[t] +by, for all
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3.A. ALTERNATIVE DEFINITIONS OF RNNS

t > 0. The base case follows by choosing the initial hidden state 71[—1] of the Elman RNN such
that h[—1] = 0,, = Aph[—1] + bs. If b, = 0, which is the case for all RNN constructions in this
chapter, one can, indeed, simply set foz[—l] = 0. Next, we assume that h[t — 1] = Ahfoz[t — 1] + b,
for some ¢ > 0, and insert (3.55) into (3.52) to obtain

(Apx[t] + AgAphlt — 1] + Ay, + b,)
(Apz[t] + Ag(Aphlt — 1] + by) + by)
(Agz[t] + Aghlt — 1] + b,)

hlt]

Il
@ T T D

[

Using h[t] = g[t] in (3.54) then yields h[t] = Aphlt] + by, as desired. This completes the proof of
the induction step. The input-output relation of the Elman RNN is seen to equal that of the
original RNN-—given by (3.54) as y[t] = A,g[t] + b, —upon inserting hlt] = g[t], Wa = A,, and
by = b, in (3.53). O

t].
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3.B. PROPERTIES OF THE Z-TRANSFORM AND OF HARDY NORMS

3.B. PROPERTIES OF THE Z-TRANSFORM AND OF HARDY
NORMS

Lemma 3.B.1. Let x[t] be a one-sided sequence, i.e., z[t] =0, for t < 0. Then, for k € N, it
holds that

(Z{z[ = KI}(2) = (2 {2[ 1)) (2).
Proof. We have

(2 {al ~ H() = 3 alt 2= 3 ol
) Zki"”“]zt — (2 {alID)(2),
where we used that x[t] is one-sided. u

Theorem 3.B.2. Let x € (? be a one-sided sequence, i.e., z[t] =0, for t < 0. Then, we have
[ Xl22 = [lle2,

where X = Z{z}.

Proof.
2 L2 i0y |2
X030 = sup o [ X (re) a0
re(0,1) &7
LIS aliey| as

= sup — x(t|(re

re(0,1) 27 =0
1 & 10\t o / 0\t

— sup 27/ S alt](re®) ) (3 aft)(rei) | do

re(0,1) 7T t=0 =0
2m OO i

= sup — rt ol Tt/ eiG(t—t’)dQ

M%)zw/ >3l o17)
! 1 27r . !

— sup 33z / et g (3.56)
TE(U,I) t=0 /=0 27T

= Sup sz[t] [ ] +t/]]_{t t/}
r€(0,1) t=0¢'=0

= sup 3 [alt)/*r*
r€(0,1) t=0

= > |z[t]]? = ). O
t=0
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3.B. PROPERTIES OF THE Z-TRANSFORM AND OF HARDY NORMS

In (3.56), we interchanged the order of integration and summation. This step can be justified
using the Fubini-Tonelli theorem as detailed in [Lapl7, Section 2.6] and [Bar95, Exercise 10.J],
since, Vr € (0, 1),

1 /27r — t T ot i0(t—t! 1o (& ¢ - Nyt
= [t Z[f] ¥ 0| dp = 7/ lz[t] | e [t']r | 6
21 Jo E)ﬂz::o’ 21 Jo g ;::0
) 2
< o [E4(= (Zrt> df
t=0

Theorem 3.B.3. For K(-) € H®™, it holds that

KX
Kl = sup IS

. 3.57
S X e (3:57)

Proof. The proof essentially follows [McC03] with some details filled in and minor refinements.
We start by noting that the RHS of (3.57) is the operator norm || K|, := sup ey %ﬁf of
the multiplication operator X (z) — K (z)X(z) and first establish that || K|, < || K||xe. Indeed,
for every X € H?, we have

1 f2r . .
1K X ||z = \/Sup/ K (rei®) X (rei)[2d6
0

r<l 2T
]_ 2 2
< Jswp = [T (e (sup 1K<z>|) @
r<1 2m Jo l2|<1

1 2 .
— ]|K’|7_[oo\/sup/ X (rei®)|2d6
r<1 27 Jo

= [[K e[| X [l9¢2,

which, upon division by ||.X |52, establishes the desired upper bound || K|, < || K||3.
To complete the proof, we show that || K[|, > || K|3=. Applying

KX l32 < 11X 52
repeatedly, we get, for every n € N,
K" X322 < I Kl5 11X |22 (3.58)

Without loss of generality, we can restrict ourselves to || K|, = 1 as otherwise we can simply
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3.B. PROPERTIES OF THE Z-TRANSFORM AND OF HARDY NORMS

consider K’ := K/||K|||,. Next, towards a contradiction, assume that || K|, < || K|z, which,
thanks to [|K|[, = 1, results in 1 < |[K|lye = sup,.y g<geor |[K(re?)]. As K(-) € H> by
assumption, it follows that K(z) is analytic and thus continuous inside the unit disk. Hence,
there exist ' € (0,1),e > 0 and an interval [0,0) € [0,27) with § —§ = 6 > 0 such that

IK(r"e?)| > 1+€ VO €[0,0). (3.59)

Now we take X(2)=1=Z {Il{tzo} [t]} which clearly satisfies || X ||z = 1. Inserting this into
(3.58), we obtain
IK"X (52 < WK X152 = 1.

This finalizes the proof by leading to the following contradiction

1> [|K" X |3
1 2r .
= sup 7/ | K (re')*"df
o<r<1 2w Jo
1 2m ! _i0\|2n
2—/ K (') [2nd
21 Jo
1 o 2n
= %/o (14 ) Lipeipzy) ™" d0 (3.60)
5 2n
- %(1 + 6) n—oo OO’
where in (3.60) we used (3.59). -

Theorem 3.B.4. Let L and L' be LTI systems with corresponding transfer functions K(z) and
K'(z), both in H™. It holds that

[(K = K X[l

K — K'||y = sup 3.61
15— 8 = sup I (3.51)
= sup [[(k—F)*z|p (3.62)

=]l 2=1
= sup [[Lx — L'x|e. (3.63)

[zl ,2=1

Proof. Equation (3.61) follows from Theorem 3.B.3 upon noting that K — K’ € H> by
application of the triangle inequality. Next, (3.62) is established through

I = KXl (k= ) e

sup
T [ Xhe S Tl
=sup ||(k — &)
o (SRR v

= sup [|(k—K) <2l

[l p2=1
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3.C. PROOF OF THEOREM 3.3.4

where we used Theorem 3.B.2, (3.37), and the fact that convolution is linear. Finally, (3.63)
follows directly from (3.35). O

3.C. PROOF OF THEOREM 3.3.4

The proof of Theorem 3.3.4 proceeds by establishing an upper bound on N (¢;C(a, b), p) through
the construction of a covering and a matching lower bound by constructing an explicit packing.

We define this concept next.

Definition 3.C.1. Let (X, p) be a metric space. An e-packing of a compact set C C X with
respect to the metric p is a set {x1,...,xn} C C such that p(z;, x;) > €, for all distinct i,j. The
e-packing number M (e; X, p) is the cardinality of the largest e-packing.

We can then use the following Lemma to relate covering and packing number.

Lemma 3.C.2. Let (X, p) be a metric space and C a compact set in X. For all e > 0, it holds
that
M(2€6,C,p) < N(eC,p) < M(&C, p).

Proof. First, choose a minimal e-covering and a maximal 2e-packing of C. Since no two centers of
the 2e-packing can lie in the same ball of the e-covering, it follows that M (2¢;C, p) < N(¢;C, p).
To establish N(e;C, p) < M(¢;C, p), we note that, given a maximum e-packing with cardinality
M (€;C, p), for every x € C, we have the center of at least one of the balls in the packing within
distance less than e. If this were not the case, we could add another ball to the packing thereby

violating its maximality. This maximal packing hence also provides an e-covering and hence

N(&C,p) < M(C, p). O
To continue with our program, we next construct an explicit packing.

Lemma 3.C.3. Let a,b > 0 and consider the set
Cla,b) = {L | ke[t] € R, |ke[t]] < ae™, ¥t € Ny and k[t] = 0, ¥t € Z\Ny}

equipped with the metric
p(L, L) = K = K.

For every € € (0,a), there exists a (2€)-packing of C(a,b) with My, elements, where

eni 2 o () o (ox ().

with v = log,(e).
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3.C. PROOF OF THEOREM 3.3.4

0 1 2 G

Figure 3.1: The packing is constructed by quantizing the impulse response at each

time instant ¢ with quantization interval size of at least 2e.

Proof. We explicitly construct a (2¢)-packing as visualized in Figure 3.1.

[+1og ()] = 1. Now, for all t € {0,...,C1}, it holds that

|
t§C’1<log<a>
€

b
= bt < log <a)
€
€
= —bt > log (
a
- e S €
a
—bt
= ac > 1.
€

Define C] :

Next, for t € {0,...,C1}, we set n; := [MW —-1le€ {1, 2“67“) and 0, 1= ”%:bt > 2¢. Now, we

2e 2e

define the set

P i={Lipic, ir €{0,...,n}, for L€ {0,...,C1}},
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3.C. PROOF OF THEOREM 3.3.4

io,...ic.. is the LTT system associated with the impulse response
3o tCq

- —ae” 446, 0<t<C

0, otherwise

and we show that P constitutes a (2¢)-packing of C(a,b). First, we establish that P C C(a,b)

by verifying that %io ,,,,, ic, [t]’ < ae”?, ¥Vt € Ny, holds for all %io ,,,,, ic, € P. Indeed, for t €
{0,...,C1}, we have
—ae™" <y, ic, [t] = —ae™" +4;0, < —ae " + 1,0y = —ae” " + 2ae”" = ae™",

..........

have

p(ﬁio ..... iy Ejo ,,,,, jcl) - | SHup 1H (Eio ..... ic, T %jo _____ j01) * X 2 (364)
z|| 2=
Z %7,'0 ..... ’icl - %]0 ..... jcl 72 (365)
=/~ 2
= JZ (Kio,icy 1] = K., [8])
t=0
~ ~ 2
2 \/(klo ,,,,, ic [6] kjo ,,,,, Jcq [ﬂ)
= | - ae_bé + 1900 + ae‘bf — jgé@’
= li¢e — Jel e
> 2, (3.66)

where in (3.64) we used Theorem 3.B.4, in (3.65) we inserted the particular choice z[t] = 1—gy[t]
to lower-bound the sup, and in (3.66) we used d, > 2¢. This establishes that P constitutes a
(2¢)-packing of C(a,b) with respect to the metric p(-,-) specified in (3.39). It remains to bound
the cardinality of P, which we denote by Ma,.
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3.C. PROOF OF THEOREM 3.3.4

Specifically, we have

Cy
log, (Ms.) = log, H(l + ny)
=0

C1
= log, P e‘ﬂ
t=0 €
Cq a
> Zlog2 ( e‘bt>
t=0 €
a &1
= (Cy + 1) log, (e> + Zlog2 (e—bt>
t=0

Ch
= (C1 + 1) log, (Z) — b log,(e) Zt
=0

Ci(C1+ 1)
2

oy [tws (] es )
-l (O] + 5 5es ()]

) =57 Gros(5) +1) + 51 (5)

_b log a4 2—710g 4 —bi—l—llog a4
) 2b ) € € 2 2 €
() () e (2) - o
= (o (9)) ~ J1oa () - U1 (3.68)

w2 ()

where in (3.67) we used log,(x) = vlog(z). O

= (C1 +1)log, (a) — by

€

- 1 —
S = o =
—_

o

o

7 N

| \
~
_ 1

—_—

[\]

7N N

Next, we construct a covering for C(a, b).

Lemma 3.C.4. Let a,b > 0 and consider the set
Cla,b) ={L | kc[t] € R, |k.[t]]| < ae”?, Yt € Ny and kelt] =0, Vt € Z\Np},

equipped with the metric
p(L, L) = | K = K|y

For every e € (0,a), there exists an e-covering of C(a,b) with N, elements, where

o 9= o () (o ().
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Figure 3.2: The covering is constructed by quantizing the impulse response at each
time instant ¢ with quantization interval size d.

with v = log,(e).

Proof. The proof is effected by explicit construction of an e-covering as visualized in Figure 3.2.

We start by defining
1 2a €
C = *1 —_— 5::
: {b °g<e<1—eb>>J’ Cr+ 1

and o
2ae”
nt::{ 5 -‘, for t € {0,...,Cs}.
As indicated in Figure 3.2, we quantize the impulse response at each time instant t € {0,...,Cq}

with quantization interval size 0 using n; points. To formalize this, we start by defining, for
t €{0,...,Cy}, the mappings

foo {1, ) — [—ae™, ae™"]
fi(7) := min {—ae_bt — g + 16, ae_bt} :
and show that, for all ¢t € {0,...,Cs}, the following properties hold:
(P1) fi(1) < —ae™ + 4,
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3.C. PROOF OF THEOREM 3.3.4

(P2) fi(ny) > ae™ -3,
(P3) fi(i+1)— fi(i) <4, forie {1,...,n, — 1}.
First, (P1) follows by

fi(1) = min {—ae_bt - g + 9, ae_bt} < —ae " — g +6=—ae " + g

To establish (P2) we note that either
)
fi(ne) = ae™ or fi(ng) = —ae™ — 5 + ngd.

In the former case we have fy(n;) = ae™ > ae™ — ¢ and in the latter, we obtain

felng) = —ae™™ — 3 +nd > —ae” " — ) + 2ae7 b = qe? — 7

Finally, to prove (P3), we observe that, for all i € {1,...,n; — 1}, it holds that

o

—ae™" — 3 +i6 < —ae™ — — 4+ (n; — 1)§

2ae bt
N ( ‘ ) 5

)
= qe " — 3 < ae .

N N>,

Thus, fi(i) = —ae " — % +10, for all i € {1,...,n, — 1}, and therefore

fi(i +1) — fi(i) = min {—ae_bt - g + (i +1)0, ae_bt} — (—ae_bt — g + i5>

S _a/e_bt_;s“[‘(Z‘i_].)(S_ <_a/€—bt_g—|—7:5> :(5, fOI‘iE {1,...7nt_1},

which establishes (P3).
Together, (P1)-(P3) imply that, for every t € {0,...,C} and z € [—ae™", ae™"], there is
an i € {1,...,n} such that |f,(i) — | < . Now, we define the set

M = {/310 ic, |0 €{1,...,n}, for L € {0,...,02}},

,,,,,

777777

= ) f), 0t <Gy

0, otherwise
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3.C. PROOF OF THEOREM 3.3.4

and we show that M is, indeed, an e-covering for C(a,b). Fix £ € C(a,b) with corresponding
impulse response k[-]. As just established, for each t € {0,...,Cs}, there is an ¢, € {1,...,n;}

such that |k[t] — fi(ir)] < &

Hence, the corresponding k.. ic

77777

<

<

=(Co+ 1)z +a—2
€

€ M satisfies

(3.69)

t=0

Zi)rkm—%io ..... WSS (k)

t=Cs+1

Ca oo
z_:olk‘[t]—ft(it)H > k[

t=Co+1

5 o0
(Co+1)= + Z ae” b

2 t=Co+1

6 e_b(02+1)

1)= -
(Cy + )2—|—a o

Cy+1 0 eilog(f(lf:—%)
( 2 + )5—{_&1——64]

(5 6(176_}))

(3.70)

2 1—e?

+5=6

€
2 2

where in (3.69) we applied Lemma 3.4.2, and in (3.70) we used Cy > %log (6(132b)) — 1.
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3.C. PROOF OF THEOREM 3.3.4

It remains to upper-bound N,, the number of elements in M:

log, (N¢) = log, (H nt>

< ZO {logz <2a6 ) (3.71)
&2 2ae

<2 (s (457) )

= —blog,(e) g%t + (Cy + 1) <log2 (g) + 2)

— 7bcg(og 1)+ (Ch + 1) <10g2 (g) + 2)

=(Cy+1) <7 log Z) - = C’g + 2> (3.72)

PRSI ECESIE
b
— (Co+ 1) (710g< ) +log 02+1)—02+2>

where in (3.71) we used log, ([2]) < [logy(x)], Yz > 0, and in (3.72) we employed log,(x) =
vlog(x). Next, we note from the definition of C that

blog( )+K1(b)—1§6’2 blog( )+K1(b)

)

with K, (b) := } log (5
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Now we further upper-bound as follows:
~vb
(Cy+1) (fylog( )—i—’ylog(Cg—l—l) C2—|—2>

< (Cy+1) <710g (a) — 728) (2 log (Z) + K1 (b) — 1) +ylog (Cy+ 1) + 2>

— (G, + 1) ( log< )
)

= (Cy + ( log <Z +ylog (Cy + 1) + Kg(b))
< (Zl)l < > + Kg(b)) (log( ) +ylog (Cy+1) + [Q(b))

-2 <log (Z)) + Llog ( )log(C'g 1)+ log( ) K(b)
+ Ks(0) L log () + Ks(b)ylog (Cy + 1) + K3(b) K (b)

3 () k(1)
+ Ks(a,b)log(Cy + 1) + Kg(a, b)

=55 (e (£)) +o (s (2))).

where Ky(b) := —2LK;(b) + 2 + 2, K3(b) := K1 (b) + 1, Ky(b) := 1 K»(b) + 2K3(b), Ks(a,b) :=
Tlog(a) +vK3(b), and Ke(a,b) := K4(b)log(a) + K3(b)K2(b). The last equality follows from
log(Cy + 1) = o(log(e™1)). O

b b
+vlog (Cy + 1) — %Kl(b) + % +2>

Having established all the ingredients, the proof of Theorem 3.3.4 can be effected in a few lines.

Proof of Theorem 3.3.4. Fix e > 0. According to Lemma 3.C.3 below, there exists a (2¢)-packing
of C(a,b) with My, elements, where

eni = o () (5 ()

Further, by Lemma 3.C.4 below, there exists an e-covering of C(a, b) with N, elements, where

ou) < (o (2) o (2 ()
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3. RNN LEARNING OF LINEAR DYNAMICAL SYSTEMS

Using Lemma 3.C.2, we can hence sandwich the metric entropy according to

2 (o8 (4)) =0 (105 (%)) < osatot2)

< log,(M(2€;C(a, b), p))

< logy(N(;C(a, 1), p))
(= &(6Clab).p))

< log,(Ne)

<5 (2) v ()

2
Dividing by le <log (%)) and taking lim._,o, then yields

which establishes (3.40). O
In fact, we can even get the following, slightly more precise result.

Corollary 3.C.5. Observing the precise nature of the lower and upper bounds in (3.68) and

(3.73) respectively, we can also write

E(e;C(a,b),p) = le <log (Z))Q + O(log (1) log (log (1)))

instead of (3.40).
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CHAPTER 4

METRIC-ENTROPY LIMITS ON THE APPROXI-
MATION OF NONLINEAR DYNAMICAL SYSTEMS

4.1. INTRODUCTION

It is well known that neural networks can approximate almost every function arbitrarily well
[Cyb89; Fun89; HSW89; Bar93; Bar94]. The recently developed Kolmogorov-Donoho rate-
distortion theory for deep neural network approximation [Bél+19; Elb+21] goes a step further by
quantifying how effective such approximations are in terms of the description complexity of the
neural networks relative to that of the functions they are to approximate. Specifically, [Elb+21]
determines the length of the bitstring needed to specify (deep) ReLU networks approximating
functions (mapping R to R) in a given class to within a prescribed error e. It is then shown
that for a wide variety of function classes, the length of this bitstring exhibits the same scaling
behavior, in €, as the metric entropy of the function class under consideration (see Table 4.1
below). This means that neural networks are universally Kolmogorov-Donoho optimal for all
these function classes.

In the present chapter, we extend the philosophy of [Elb+21] to the approximation of nonlinear
sequence-to-sequence mappings through recurrent neural networks (RNNs). Concretely, we
consider Lipschitz fading-memory (LFM) systems. In essence, this notion describes systems
that gradually forget past inputs, with the speed of memory decay quantified in terms of a
Lipschitz property. Such systems find application, inter alia, in finance [NX22] and material
science [Dil75; Wan65; Day13]. We first develop tools for quantifying the metric entropy of
classes of LFM systems with a given memory decay rate. A general construction of RNNs
approximating LFM systems is then shown to yield Kolmogorov-Donoho-optimality for LFM

systems of exponentially or polynomially decaying memory.
Related work Learning of linear dynamical systems has been studied extensively in the

literature [Bak+23; BGS07; HSZ17; WJ20; HGB22|. Notably, [HGB22| provides explicit RNN

realizations and approximations for wide classes of linear dynamical systems, including time-
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4.2. INTRODUCTION

varying ones. Going beyond linear systems, learning of nonlinear finite memory systems through
RNNs within the finite-state-machine framework was considered in [GHL95]. This program
is extended to approximately finite-memory systems in [San94] and fading-memory systems
in [Vol59; Wie66; BC85].  In particular, [BC85] formalizes the concept of fading-memory
systems in control theory, demonstrating that continuous-time fading-memory operators can be
approximated by Volterra series. Subsequently, [Mat93] established that discrete-time fading-
memory systems can be identified using neural networks. Moreover, [GO18] demonstrated
that echo state networks, a specialized architecture within the RNN family, serve as universal
approximators for discrete-time fading-memory systems. None of the studies just reviewed
addresses the issue of quantifying the RNN description complexity relative to that of the class

of (nonlinear) systems being approximated.

Organization of the chapter The remainder of Section 4.1 summarizes notation. In Section
4.2, we introduce our setup and provide a definition of metric-entropy optimality in a very
general context, encompassing the approximation of functions as well as dynamical systems.
Section 4.3 develops tools for characterizing the metric entropy of LFM systems. In Section 4.4,
we employ these tools to derive precise scaling results for the metric entropy of exponentially
Lipschitz fading-memory (ELFM) and polynomially Lipschitz fading-memory (PLFM) systems.
Section 4.5 presents a construction for the approximation of general LFM systems by RNNs.
Finally, in Section 4.6, we combine the results developed in the previous sections to prove that

RNNs can approximate ELFM and PLFM systems in metric-entropy-optimal manner.

Notation Njand N, denote the set of natural numbers including and excluding 0, respectively.
For N € Ny, [N] stands for the set {0,1,..., N}, while [N]* refers to {—N,...,—1,0,1,...,N}.
The cardinality of the finite set U is designated by |U|. Sequences z[t] € R are indexed by
t € Zort € Nyand we use RZ and RY, respectively, to denote the set of such sequences.
We refer to the set of all finite-length bitstrings by {0,1}*. The transpose of the matrix
A is AT. For matrices Ay, ..., Ay, diag(Ay, Ay, ..., Ay) denotes the block-diagonal matrix
with the A; on the main diagonal. The N x N identity matrix is Iy and Oy stands for the
N-dimensional column vector with all entries equal to 0. For the vector x € R? we let

]| 0o 1= max;_1 5,4 |x:|. log(-) refers to the logarithm to base 2, log™ =

logo---olog is the
n-fold iterated logarithm, and log(-) = (log(-))", for 7 € R. The composition of functions fi, fo
is denoted by fyo f1 (or fi o f3). Let f(e) and g(e), in both cases for € > 0, be strictly positive
for all small enough values of e. We use f(e) = o(g(€)) to indicate that lim. o % = 0 and
we express limsup,__, % < oo by f(e) = O(g(€)). Moreover, we write f(e¢) = O(g(e)) when
both f(e) = O(g(e)) and g(e) = O(f(¢)). Constants are always understood to be in R unless
explicitly stated otherwise. Finally, we say that a constant is universal if it does not depend on

any of the ambient quantities.
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4.2. PROBLEM SETUP AND METRIC-ENTROPY OPTIMALITY

4.2.1. RELU NETWORK APPROXIMATION

We start by defining ReLLU networks.

Definition 4.2.1 (ReLU network [Elb+21]). Let L € N, and Ny, Ny,...,Np, € N.. A ReLU
(feedforward) neural network ® is a mapping ® : RN — RN gijven by

le L=1
O =4 WyopoWy, L=2
WrpopoWy 10opo---opoWy, L >3,

where, for £ € {1,2,...,L}, W, : RNe=v — RN Wy(z) := A + by, © € RV are affine
transformations with (weight) matrices A, € RNNe—1 and (bias) vectors by € RN¢, and the ReLU
activation function p : R — R, p(xz) = max{0,z} acts component-wise, i.e., p(xy,...,xx) =
(p(x1),...,p(xN)). We denote the set of all ReLU networks with input dimension Ny = d and
output dimension N, = d' by Nya. Moreover, we define the following quantities related to the
notion of size of the ReLU network ®:

o depth L(D) := L,

o the connectivity M(®) of the network ® is the total number of non-zero entries in the
matrices Ay, € € {1,2,..., L}, and the vectors by, ¢ € {1,2,..., L},

o width W(®) := max,—g

.....

o the weight set KK(®) denotes the set of non-zero entries in the matrices Ay, € € {1,2, ..., L},
and the vectors by, £ € {1,2,..., L},

o weight magnitude B(P) := max,—; _; max {max; ; |(Ae)i|, ||bell . }-

We next formalize the concept of network weight quantization.

Definition 4.2.2 (Quantization [Elb+21)). Let m € N and € € (0,1/2). The network ® is said
to have (m, €)-quantized weights if I(P) C (Qm [1oa(eH)] Z) N[—e ™, e ™]. Moreover, for a € R,

we define the (m, €)-quantization mapping rounding a to an integer multiple of 2~™ [log(e™h)]

according to

_ a —m|log(e~1)
Om.cla) = ’VW)g(e_lﬂ-‘ . g—m[log(e )]
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4.2. PROBLEM SETUP AND METRIC-ENTROPY OPTIMALITY

Every quantized ReLLU network can be represented by a bitstring (see 4.A) specifying the
topology of the network along with its quantized weights. The mapping Dy taking this bitstring

back to the quantized ReLU network is referred to as the canonical neural network decoder.

Remark 4.2.3. For every ReLU network ® with (m, €)-quantized weights, there is a bitstring
b of length no more than Comlog(e ') M(®)log(M(®)) such that Dy (b) = &, with Cy > 0 a
universal constant. This follows by upper-bounding (4.61) in 4.A.

As we consider the approximation of sequence-to-sequence mappings (RZ — RZ), feedforward
networks are not directly applicable because they effect mappings between finite-dimensional
spaces, concretely from R™ to RN:. However, and perhaps surprisingly, simply applying
feedforward networks iteratively in a judicious manner turns out to be sufficient for approximating
interesting classes of nonlinear sequence-to-sequence mappings in Kolmogorov-Donoho-optimal

manner. Concretely, this is effected through recurrent neural networks, defined as follows.

Definition 4.2.4 (Recurrent neural networks [Pas+14; HGB22]). Form € Ny, let ® € Npi1ms1
be a ReLU network of depth L(®) > 2. The recurrent neural network (RNN) associated with ®

is the operator Rg : RN — RN mapping input sequences (zt])ien, in R to output sequences

()-+((n) <
hlt] Wt—1]) )’ o

where h[t] € R™ is the hidden state vector sequence with initial state h[—1] = 0,,. We denote
the set of all RNNs by N'E.

(y[t))ten, in R according to

Remark 4.2.5. When unfolded in time, an RNN simply amounts to repeated application of ®.

From Definition 4.2.4 it is apparent that an RNN Rg is fully specified by its associated

feedforward network ®.

Definition 4.2.6. We define R as the mapping that takes a ReL U network ® to its associated
RNN Rg according to Definition 4.2.4.

Together with the canonical neural network decoder Dy, we thus obtain a decoder taking a

bitstring into an RNN as follows.

Definition 4.2.7 (Canonical RNN decoder). We define the canonical RNN decoder as Dr =

R o Dy, where R is as in Definition 4.2.6 and Dys is the canonical neural network decoder.
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The main point of this chapter is to show that the canonical RNN decoder is capable
of approximating a wide variety of non-linear sequence-to-sequence mappings (R — RZ) in
metric-entropy-optimal manner. Together with the results in [Elb+21], this establishes that
ReLU networks optimally approximate a wide range of function classes and sequence-to-sequence

mappings.

4.2.2. METRIC-ENTROPY OPTIMALITY

In this section, we define the notion of metric-entropy optimal approximation. Consider a metric
space (X, p) and a compact set C C X. Together, C and p determine an approximation task.
Specifically, we wish to approximate elements f € C to within a prescribed error € > 0 in the
metric p by elements f € X which can be encoded by finite-length bitstrings b € {0, 1}*. To go

from bitstrings to elements of X', we define decoder mappings as follows.

Definition 4.2.8. A decoder D : {0,1}* — X is a mapping from bitstrings of arbitrary length

to elements of X.

We shall frequently want to quantify how well a given decoder D performs.

Definition 4.2.9. Given a metric space (X,p), a compact set C C X, and a decoder D :
{0,1}* — X, we say that (C, p) is representable by D, if for every e > 0 and every f € C, there
ezist £ € N, and a bitstring b € {0,1} such that

p(D(b), f) <e.

Furthermore, we set

L(¢;D,C, p) := min {E' eN, |VfecC, <, Ibe{0,1} st. p(DD),f) < 6}.

Remark 4.2.10. This setting allows us to fix a decoder D (e.g., the canonical neural network
decoder) and then study how well D performs on different (C, p). That is, D does not depend on
C.p, f, ore.

The quantity L(e; D, C, p) measures how bit-efficient the decoder D is in representing C with
respect to p. It is now natural to ask what the minimum required number of bits, independently
of D, is for representing C with respect to p. The concept of metric entropy [KT93; Wail9|

allows to answer this question.
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4.2. PROBLEM SETUP AND METRIC-ENTROPY OPTIMALITY

Definition 4.2.11. Let (X, p) be a metric space and C C X compact. The set {xy1,xs,..., TN}
C C (respectively {z1,zs,..., x5} C X) is an e-covering (respectively e-net) for (C,p) if, for
each x € C, there exists an i € {1,2,...,N} so that p(x,z;) < €. The e-covering number
N(e;C,p) (respectively the exterior e-covering number N®(¢;C, p)) is the cardinality of a

smallest e-covering (respectively smallest e-net) for (C, p).

In general, it is hard to obtain precise expressions for covering numbers. One therefore typically
resorts to characterizations of their asymptotic behavior as € — 0. In [Elb+4-21], where sets of
functions are considered, this is done through the concept of optimal exponents. Here, however,
we are concerned with sets of systems, which are much more massive and hence require a refined
framework for quantifying the asymptotic behavior of their covering numbers. Thus, inspired

by [Zam79, Section II.C], we use the following notions.

Definition 4.2.12 (Order, type, and generalized dimension). Consider a metric space (X, p)
and a compact set C C X. Then, (C,p) is said to be of order k € Ny and type A € N if the
quantity
1 (k1) Newt(eC
0 := limsup o8 5 (5C.p)
e—0 log™ (e71)

is strictly positive and finite. In this case, we call 0 the generalized dimension.

Order, type, and generalized dimension provide measures for the “description complexity” of
(C, p) with the order x the coarsest one. For a given order, the type A constitutes a finer measure,
and for fixed order and type, the generalized dimension 0 is the finest measure [Zam79].

Whenever the optimal exponent according to [Elb+21, Definition IV.1] is well-defined (i.e.,
strictly positive and finite), the underlying set has order and type equal to one and generalized
dimension equal to the inverse of the optimal exponent (Lemma 4.B.1). Based on this insight,
we obtain Table 4.1, which lists the generalized dimension for the sets considered in [Elb+21,
Table IJ.

Returning to the previous discussion, we are now able to characterize the minimum number

of bits required by any decoder to represent (C, p).

Lemma 4.2.13. Consider the metric space (X, p), the compact set C C X of order k, type X,
and generalized dimension 0, and assume that (C, p) is representable by a decoder D. Then, it

holds that

log"™) L(e; D
lim sup °8 /56’ .C.p) > . (4.1)
e—0 log™ (e71)

Proof. See 4.C.1. [

It is natural to say that a decoder D is optimal if it satisfies (4.1) with equality.
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4.2. PROBLEM SETUP AND METRIC-ENTROPY OPTIMALITY

Definition 4.2.14. Consider the metric space (X, p) and the compact set C C X of order k
and type X with generalized dimension 9. We say that (C, p) is optimally representable by the
decoder D, if (C, p) is representable by D and

. log™ L(¢D, C, p)
lim sup

=0.
=0 log*(e1)

We now recall a remarkable universal optimality property of ReLU networks, namely all
the function classes listed in Table 4.1 are optimally representable, in the sense of Definition
4.2.14, by the canonical neural network decoder. This is a simple reformulation of the results
in [Elb+21]; we provide the details of this reformulation in 4.B. In the present chapter, we
establish that RNNs (Definition 4.2.4), with inner ReLU networks, extend this universality to

the approximation of a wide range of nonlinear dynamical systems.

Metric C K|A|D
{R — R} L*]0,1]) | L*-Sobolev UWo,1)) [ 1|1 | 1/m
{R—R} L%*]0,1]) | Holder UC*([0,1])) |1 1] 1/«
{R—R} L*]0,1]) | Bump Algebra UBL([0,1]) [ 1|11
{R— R} L*]0,1]) | Bounded Variation U (BV([0,1])) |1 |1 |1
{RT— R} L*Q) LP-Sobolev UW, () 114
{R?— R} L*Q) Besov U(B(Q)) 114
(RE R} I2(Q) | Modulation UM, RY) [ 1]1](E-1+2)7
{RT - R} L*Q) Cartoon functions  £°([—3,3]9) |11 Q(dﬁ_l)

Table 4.1: Generalized dimension for the sets considered in [Elb+21]. Here, U(X) =
{f € X :||fllx <1} denotes the unit ball in the space X and 2 C R? is a Lipschitz
domain.

4.2.3. LIPSCHITZ FADING-MEMORY SYSTEMS

We proceed to characterize the class of dynamical systems considered in this chapter and start
by defining their domain.

Definition 4.2.15. For fited D > 0, we denote the set of admissible input signals by S =
(=D, D)%, that is, for every || € S, it holds that |z[t]| < D, Vt € Z.

The quantity D > 0 is taken to be fixed throughout the chapter and the dependence of S on D
is not explicitly indicated.

First, the systems G : S — R? under consideration are causal.
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4.2. PROBLEM SETUP AND METRIC-ENTROPY OPTIMALITY

Definition 4.2.16 (Causality). A system G : S — RZ is causal, if for each T € Z, for every
pair x,x' € S with x[t] = 2'[t],Vt € Z with t < T, it holds that (Gx)[T] = (G')[T].

Second, we require time-invariance.

Definition 4.2.17 (Time-invariance). A system G : S — RZ is time-invariant, if for every
T € Z, it holds that
T,.Gx = GT x, Ve e S,

with the shift operator T, : RZ — RZ defined as (T,x)[t] = z[t — 7).

Next, we follow Volterra, who suggested that [Vol59, p. 188] “a first extremely natural
postulate is to suppose that the influence of the [input| a long time before the given moment
gradually fades out.” This property was termed “fading memory” in [BC85], and here we
introduce a more quantitative version thereof, namely the concept of “Lipschitz fading memory”.
The concept is inspired by examples in [Lak95; Alv+14; Mou+16; NX22], which will be discussed

in more detail later.

Definition 4.2.18 (Lipschitz fading-memory). We say that (w[t))en, is a weight sequence if it
is non-increasing and satisfies w(t] € (0,1],Vt € Ny, and lim;_,o, w[t] = 0. A system G : S — RZ
has Lipschitz fading-memory with respect to the weight sequence w if

|(Gz)[t] — (Gy)[t]| < supw[r]|(z]t — 7] —y[t —7])|, Vte€Z, Vr,yeS.

720

The class of Lipschitz fading-memory (LFM) systems considered in the remainder of the

chapter can now formally be defined as follows.

Definition 4.2.19 (Lipschitz fading-memory systems). Given a weight sequence w|-], we define

G(w) ={G: S — R” |G is causal, time-invariant, has Lipschitz fading-memory
w.r.t. w, and satisfies (GO)[t] =0, Vt € Z}.

As we will want to approximate LEM systems G € G(w) by RNNs, we need a metric that
quantifies approximation quality. This metric should take into account that the RNNs we

consider start running at time ¢ = 0 and will, moreover, be of worst-case nature.

Definition 4.2.20. Let S* := {s € S|s[t] = 0,Vt < 0}. For G,G" € {R* — R}, we define the
metric

p.(G,G') = sup sup |(Ga)[f] — (G'x)[F].

reSt teNy
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4.3. METRIC ENTROPY OF LFM SYSTEMS

We hasten to add that the restriction to one-sided input signals in Definition 4.2.20 and to
taking the supremum over ¢t € Ny in the output signals does not impact the hardness of the

approximation task, as shown by the next result.

Lemma 4.2.21. Let (w[t])ien, be a weight sequence. For G,G" € G(w), we have

p.(G,G) = supsup |(Ga)[t] — (G'x) 1]

z€S teZL
Proof. See 4.C.2. n

We are now ready to formally state the main goal of this chapter, which is to prove that
(G(w), ps«) is optimally representable by the canonical RNN decoder in Definition 4.2.7. In fact,
we will be seeking a quantitative version of this statement comparing the description complexity
of the class G(w) to that of the RNNs approximating it.

4.3. METRIC ENTROPY OF LFM SYSTEMS

In this section, we study the (e-)scaling behavior of N®**(¢; G(w), p,) for general weight sequences
w. This will be effected by deriving an upper bound on N**(¢; G(w), p.) through the construction
of a covering and a matching (in terms of scaling behavior) lower bound by identifying an

explicit packing. We first define the concept of packings.

Definition 4.3.1. Let (X, p) be a metric space and C C X compact. An e-packing for (C, p)
is a set {x1,%2,...,xn} C C such that p(x;,x;) > €, for all distinct i,j. The e-packing number

M (€;C, p) is the cardinality of a largest e-packing for (C, p).

We shall frequently make use of the following two results relating the packing, covering, and

exterior covering numbers.

Lemma 4.3.2 ([KT93], Theorem IV). Let (X, p) be a metric space and C C X compact. For

all e > 0, we have
M(2¢;C,p) < N“(e;C,p) < N(&C,p) < M(&C, p).

Lemma 4.3.3 ([KT93|, p. 93). Let (X, px) and (Y, py) be metric spaces and consider the
compact sets Cy C X and Cy C Y. Assume that there exists an isometric isomorphism
f:Cx — Cy, i.e., f is bijective and for every pair a,b € Cx, one has py(f(a), f(b)) = px(a,b).
Then,

N(&;Cx,px) = N(6;Cy,py) and M(e;Cx,px) = M(&;Cy, py).
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4.3. METRIC ENTROPY OF LFM SYSTEMS

Lemma 4.3.3 will allow us to work with a simplified metric space (Go(w), po) instead of the
original one (G(w), p.). Concretely, we exploit the properties of LFM systems to effect this
reduction as follows. First, as LFM systems are causal, their output at time ¢ depends on the
history of inputs up to and including time ¢ only. Second, time-invariance implies that the
mapping taking the history of the input signal to the current output at time ¢ does not change
with ¢t and we can therefore restrict ourselves to ¢ = 0 w.l.o.g. Thus, the mapping realized by an

LFM system is completely characterized by the response to signals in the set
S ={seS|VeN,:s[l] =0}

Using this insight, the simplified metric space can be defined as follows.

Definition 4.3.4. Let (w[t])ien, be a weight sequence. We define the metric space (Go(w), po)

according to

Golw) ={g: 5~ = R | |g(z) — g(&")| < [z — 'y V.0’ € 57, 9(0) =0}, (42)
where ||z — 2’|, = felleow[t]|(x[—t] —2'[—t])]. (4.3)

The metric py is given by

po(9,9) = sup lg(x) —g'(z)l.  forg,¢" € {57 > R}. (4.4)

Next, we define the projection operator P : S — S~ as
(Px)[t] = 2[t] - Lz<oy

and formalize the isometric isomorphism between functionals g € Gy(w) and systems G € G(w)
as follows.

Lemma 4.3.5. Let w[-| be a weight sequence. The map

7 : Go(w) = G(w)
9 — G = (r = {9(PT_sx)}ez)

is an isometric isomorphism between (Go(w), po) and (G(w), pi). Furthermore, N(€;Go(w), po) =
N(&:G(w). p.) and M(e Go(w), po) = M(e: G(w). p.), for all ¢ > 0.

Proof. See 4.C.3. O

In the remainder of this section, we first lower-bound M (e; Go(w), po), then upper-bound
N(e;Go(w), po), and finally use Lemmata 4.3.3 and 4.3.5 to translate these bounds into bounds
on N*(e; G(w), p+). The lower bound is established as follows.
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Lemma 4.3.6. Let w|-| be a weight sequence. The e-packing number of (Go(w), po) satisfies

log M (¢; Go(w), po) > (ﬁFDw[ﬂ]D -1,

=0 €
with T := max{T" € Ny | w[T"] > 55}.
Proof. The proof is taken from [KT93| and is detailed, for completeness, in 4.C.4. m

To upper-bound N(e; Go(w), po), we construct an e-net for (Go(w), po). This construction is
again inspired by [KT93] but we need to modify it to ensure that the elements of the e-net can
efficiently be realized by RelLU networks. To be specific, we employ piecewise linear mappings
to approximate LEM systems instead of piecewise constant mappings as considered in [KT93];
this requires significant adjustments to the proof in [KT93, Section 7.2].

We start by introducing the “spike” function ¢ : R? — R considered in [KW124], and defined
as

¢(2z) = max{1l + min{zy, ..., 24,0} —max{z,..., 24,0} 0}. (4.5)

An illustration of spike functions for d = 1 and d = 2 is provided in Figure 4.1. The idea
underlying the construction of such “spike” functions can be traced back to [Yarl8|, where the
convex set

T :={z € RY | max{zy,...,24,0} —min{zy,..., 250} <1}

is considered and shown to be the union of (d+ 1)! simplices, each having 0 as a vertex, given by
2T 20) < %0) < < 2@}

where o is a permutation of the integers 0, 1,...,d and 2z := 0. In [Yar18] this result is employed
to approximate continuous functions mapping R? to R by functions that are piecewise linear on
the simplices (4.3).

We remark that the spike function (4.5) is a composition of affine functions and min/max
functions, which, as shown in Section 4.5, renders it uniquely suitable for realization through
ReLU networks. To be specific, in Lemmata 4.C.2 and 4.5.1, we provide concrete constructions
of spike functions using ReLU networks. To the best of our knowledge, these constructions are
novel.

We proceed to show how a partition of unity (p.o.u.) can be realized as a weighted linear
combination of shifted spike functions, a property that will be of key importance in the RNN

constructions described in Section 4.5.

Lemma 4.3.7. Consider the spike function

¢(2) = max{1l + min{zy,..., 24,0} — max{z,...,2z4,0},0}, (4.6)
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0.5

-05 [

Figure 4.1: Spike functions in dimensions 1 and 2.

the lattice

M = [M]* x - x [My]" € RY, where M, € Ny, for £ € {1,2,...

and the set
= {o( —n)}nem.

Then, = forms a p.o.u. on [1¢_,[—My, My, i.e.,
(i) 0 < ¢(z —n) <1, for z € R and n € M;
(ii) ¢(- —n) is compactly supported, specifically supp(¢(- —n)) C n+ [—1,1]
(iii) it holds that
d
Z d(z—n)=1, forze H[—Mg,MZ].
neM /=1
Proof. To prove (i), we note that ¢(z) > 0 by definition and
1 +min{z,..., 24,0} — max{z,...,24,0} < 1.
For (ii), it suffices to show that

#(z) =0, forze R\ [-1,1]%

To this end, we pick z € R?\ [—1,1]¢ arbitrarily and fix an arbitrary ¢ € {1,2,
|z¢| > 1. Assume that z; > 1. (The case z; < —1 follows similarly.) Then,

1+ min{z,..., 24,0} —max{zy,...,24,0} <1+0— 2 <0,

d.
’

...,d} such that
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4.3. METRIC ENTROPY OF LFM SYSTEMS

which by (4.6) implies ¢(z) = 0.
We proceed to prove (iii). Since supp(é(- —n)) C n + [—1,1], we have

d
Z¢(z—n): Z ¢(z —n), forze H[_MéaMd-
ne ne[To_ {lze) T2} =1

Defining z € R? according to z, = |z, for £ = 1,2,...,d, and noting that ¢(z — n) =
o((z — z) — (n — 2)), it suffices to show that

> #(z—n)=1, forzel0,1]and ne {0,1}"

ne{0,1}4

As min{zy,...,z4} and max{xy,...,z4} are permutation-invariant, so is ¢ by (4.6). In what
follows, we can therefore assume, w.l.o.g., that z; > 2z > --- > z,.
Now, with e;, the k-th unit vector in R?, let

k d
A= {0,61,61 —|—€2,...,Z€i,...,zei} C {O,l}d
i=1 i=1

We claim that
¢(z—n) =0, forze|0,1]%and n € {0,1}%\ A.

This can be verified as follows. First, thanks to
ne{0,1}"\A & i, je{l,2,...,d},i<j, st.n;=0n;=1,

we get for z € [0,1]¢ and n € {0,1}¢\ A4,

min{z; —ny, 29 —Na,..., 24 — g, 0} < z; —nj =2z, — 1,
max{z; — ny, 22 — Noy ..., 24 — Ng, 0} > z; — n; = 2,
= 14+ min{z; —ny, 20 —na,...,2qg — ng, 0} — max{z; —ny, 20 — g, ..., 24 — ng,0} <0,

and hence ¢(z —n) = 0. It thus suffices to show that

Y p(z—n)=1, forze]|0,1]% (4.7)

neA
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Now, a direct calculation yields, for z € [0, 1]¢,

P(z) =1 — 2, (4.8)
k
¢<Z—Zei>:zk—zk+1, fork=1,...,d—1,

i=1

0] (2 - Z ei> = 24. (4.9)

Summing (4.8)-(4.9) results in (4.7). O
Next, we establish a traversal property of the lattice 9.

Definition 4.3.8 (Regular path). For every d € Ny, M, e N, ¢ € {1,...,d}, and correspond-
ing lattice M = [M]F x - x [My]*, we call a path of lattice points ny <+ ng 4+ -+ > |
reqular for M if

(i) the path visits each lattice point in MM exactly once,

(7i) niy1 and n;, for each i =1,...,|9M| — 1, differ in exactly one position, specifically by +1
or —1.

Lemma 4.3.9. For every d € Ny, M, € Ny, ¢ € {1,...,d}, and corresponding lattice
M = [[Ml]]jE X o X [[Md]]i, there exists a regular path ny <> ng < - - - <> nyy for |M.

Proof. We write 9, for the d-dimensional lattice [M;]* x --- x [My]* to emphasize the
dependence on the dimension d and prove the statement by induction over d. The base
case d = 1 follows by simply considering the path —M; <> —M; +1 < -+ < 0 < - &
M, — 1 < M, for lattice ;. Assume now that the statement holds for d = k, i.e., there
exists a path n; <> --- < npy,| that is regular for lattice 9. Then, for d = k + 1, the
path (ni, —Mj1) < -+ < (on|, —Mis1) < (any )y —Mpir +1) & - (g, =M + 1) &
(N1, =M1 +2) < - < (N s —Mpq1 +2) < ... is regular for lattice My q. O

We are now ready to describe our construction of the e-net for (Go(w), po). In fact, we shall
specify not only the elements of the e-net, but also the mapping taking a given functional
g € Go(w) to an e-close element of the net. Counting the number of ball centers needed to
ensure that every g € Go(w) is in the e-vicinity of some ball center, then yields the cardinality of
the e-net. The mapping proceeds by constructing a functional § which is approximately faithful
with respect to g on amplitude-discretized and time-truncated input signals. The formal result

is as follows.
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Lemma 4.3.10. For every e >0 and s > 1, let

T := max{fENg wll] > le)sj—l}’
5, = S—T—luf[f] Ve e [1],
N, = “sﬂ Ve e [T]
and define the mapping
k:S_ — R
k() = x;ﬂ, Ve e [T7].

Furthermore, consider the lattice
N = [No]* x --- x [Ny]* c RT+L.

N1
Then, there exists a set Uy C RIM with [Uy| = (2 [iﬂ + 1)‘ | such that

U:= {g :S-—R ’ g(z) = Z Gnd(k(z) —n), {Gntnen € Z/{O}

neN

is an e-net for (Go(w), po). Furthermore, it holds that

Dw[l] s+1

= G e B

Proof. The proof proceeds in three steps.
Step 1: We pick amplitude-discretized and time-truncated signals from the set S~ on the
lattice 9 and approximately interpolate the functional g € Gy(w) on these signals, using the

elements of the p.o.u. = = {¢(- —n)},em as interpolation basis functions, to get a new functional

A

g.
Fix g € Go(w) arbitrarily. For each n € N, define Z,, € S~ according to

‘/fn[—ﬁ] _ {&TL@, if ¢ € [[T]] (410)
0, it ¢ e Z\ [T]
and let §: S_ — R be given by
g(x) = > 9(Za)(k(z) — n). (4.11)
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4.3. METRIC ENTROPY OF LFM SYSTEMS

We first prove that
R s€
9(z) — g(z)| <

s+ 1
By Lemma 4.3.7, {#(- — n)}nem constitutes a p.o.u. on [[f_,[— N, Ny, and hence

forzx e S, (4.12)

¢(k(x) —n) =0, forallxe S st. ||k(x) —n|e > 1. (4.13)

Furthermore, for x € S_ and n € M such that ||k(x) — n|lw < 1, we have

x[(s—ﬁ] —ng| <1, forte[T],

l

which gives
wll] |2[—€] — Zp[—0]] < w06, = ::1, for £ € [T],
w([l] |z[—4] — Zy[—L]| = wl¢] |z[-{]]

and therefore

(4.14)

|z — fn“w <

9(z) — g(a)| CELN IS (o) — g(Ea)) k() — n)
S (g(@) — 9(@)b(k(x) — n)
[[F(z)—n|loo<1
= LI 1) g k) )
YOS = 2l é(k(x) — n)
[[k(x)—nlleo<1
(414) ¢
< P(k(x) —n)
s+1 k(az)zn:ooq
(4.13)  S€
2 X k@) )
= s+ 1

Step 2: We modify the interpolation weights ¢(Z,) in g to weights §,, for every n € 9N, along

a fixed path of I, to get a new functional § that approximates g to within an error of at most €.
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4.3. METRIC ENTROPY OF LFM SYSTEMS

Specifically, we construct, by induction, a functional § such that

€

19(z) = ()] < A=

To this end, we let

g(x) =) gud(k(x) —n)

neNn

and then find, for every n € 0, a value g, so that
19(Zn) — gn| < A, (4.15)

which, in turn, yields

neNn

< D> 19(@n) = Gul 6(k(2) —n)

neN

<A D p(k(x) —n)

neN

p.o.u.
=" A.

Therefore,
se

s+1 B
It remains to specify how the values §,, n € 0, can be obtained such that (4.15) holds. This

will be done by performing the mapping from ¢(Z,) to g, along a judiciously chosen path

19(x) = g()| < g(x) = 9(=)[ +[9(x) — g(x)] < A+ €.

Ny 4> Ny <> -+ <> nyy that is regular for 91 (Lemma 4.3.9). To this end, we distinguish two

cases.

o Case 1: The path ny <> ny <> -+ <> nyy starts or ends at 0 € N.
In particular, we assume, w.l.o.g., that n; = 0. Next, we find the values g,, satisfying
(4.15) inductively over the index k = 1,2...,|9%. The base case k = 1 is immediate as we

can simply set g,, = 0 and thereby obtain

- . (42)
19(Zny) — Gny| = ]g(0) = 0] =0 < A,

Now, assume that (4.15) holds for some ng, k € {1,2,...,[91|}, on the path ny — --- —

nyyw. Then, by Lemma 4.3.9, ny, differs in exactly one position from ny, namely by +1
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4.3. METRIC ENTROPY OF LFM SYSTEMS

< Sfl. Upon noting that
w

or —1, which, thanks to (4.3) and (4.10), yields ||Z, ,, — Zn,

’g (ink+1> - an = g (‘%nk+1) - g (‘;I:\”k) +g ('%nk) - gnk

Lipschitz (4.15)
< B — En]|, +A
< LA=(s+DA
= (s
“s+1 ’

we can conclude that there exists an

me{—2[2] 2 [T w22 [FE o

St Gngry = Gn, +mA and (gnw —9(Zn,, )| <A

This completes the induction.

o Case 2: The path ny <> ng <> - -+ <> nym| does not start or end at 0 € M.
With n; = 0, for some i € {2,3,...,]91 — 1}, and following the spirit of Case 1, we
split the path n; <> ny < -+ <> ny into path, = n; - n;_y — .-+ — n; and
path_, :=n; = niy1 — --- — nyy. The idea is to prove (4.15) by performing induction
across path,  and path_, separately. This can be done following the same procedure as in
Case 1.

Step 3: Repeat Steps 1 and 2 for all g € Gy(w) and collect all the resulting {§, fnem in
the set Uy. For Case 1 in Step 2, we need to store one value for §,, and, according to (4.16),

(2 [%W + 1) increments or decrements from gy, to gn,,,, for i =0,1,...,[9] — 1. This yields a

total of -
s+1 -

2 1

%]+

values. For Case 2, noting that path, and path_, are of length i — 1 and |N| — i, respectively,

and applying the same argument as above, there is again a total of

(2 {Sgll +1>“ (2 Vﬁ H)mu: (2 {S;W H)ml

increments or decrements. The set U, is hence of cardinality

[Uo| = (2 F_zﬂ - 1)m_1 - (2 F;W - 1) IS e A
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4.3. METRIC ENTROPY OF LFM SYSTEMS

Finally, setting

M:{g:S_—HR

g(x) = Z §n¢(k(x) - n)a {gn}ne‘ﬁ € Z/{O} )

neN
concludes the proof. O

Based on the e-net constructed in Lemma 4.3.10, we can now upper-bound the metric entropy

of (Go(w), po) as follows.

Corollary 4.3.11. For every s > 1, the covering number of (Go(w), po) satisfies

log N (e Golaw). o) < log (2 [*24] +1) le) <2FDZM Siﬂ " 1) ,

where T' := max {Z €Ny |w[l] > %S%}

Proof. For every € > 0, Lemma 4.3.10 delivers an $-net for (Go(w), po) with

(2 [s T 1} . 1> ([T (2] 22 =2 ] 1)) 1
2

elements. By Definition 4.2.11, it hence follows that

N2 < (2 [0 ) L

Application of Lemma 4.3.2 then yields an upper bound on the covering number according to

Y

s+ 1} n 1) ([T (222 =54 +1)]

N(e; Go(w), po) < N (e/2;Go(w), po) < (2 { 5

which finishes the proof. O

We conclude the developments in this section by deriving a lower bound and an upper bound

on the exterior covering number of (G(w), p.).

Theorem 4.3.12. The exterior covering number of (G(w), ps) satisfies

(f‘[ {Dme —1 <log N!(&; G(w), p.) < log (3) 1T'[ (2{@:}[% + 1) ,

=0l € =0

where T" := max {E € Ny | w[l] > %} and T" := max {f € Ny |w[l] > i}.
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Proof. The result follows by noting that

(H {Dme — 1Y log M (26 Go(w), o)

=0 €

R log M (26,G(w), p.)
Lemma 4.3.2

< log Ne’“(esg(w),p*) < log N(e;G(w), p.)
Lemm:a 4.3.5 lo gN(E, go(w>

Corollary 4.3.11

for s=1 TN 4D
< log (3 2{ wl W ) )

4.4. METRIC ENTROPY OF ELFM AND PLFM SYSTEMS

We now discuss two specific classes of LFM systems, namely exponentially Lipschitz fading-
memory (ELFM) and polynomially Lipschitz fading-memory (PLFM) systems. Specifically, we
characterize the description complexity of these two classes by computing their type, order, and
generalized dimension. The corresponding results will then serve as a reference for the RNN
approximations in Section 4.5. Specifically, we will establish, in Section 4.6, that RNNs can

approximate ELFM and PLFM systems in metric-entropy-optimal manner.

4.4.1. METRIC ENTROPY OF ELFM SYSTEMS

The concept of ELFM systems is inspired, inter alia, by applications in finance, such as those
discussed in [NX22|, where asset pricing decisions are influenced by past observations. Instead
of relying solely on finite-length observations, the model integrates infinite past observations by
endowing them with exponentially decaying memory. Similar settings are also considered in
random walk models [Alv+14; Mou+16]. These examples, when appropriately adapted to the
setup in the present chapter, fit into the setting of LFM systems according to Definition 4.2.19,
with respect to exponentially decaying weight sequences. We formally define exponentially

decaying memory and the corresponding ELFM systems as follows.

Definition 4.4.1. For a € (0,1} and b > 0, let
wc(fg [t] == ae™™, for all t € Ny.

An LFM system with respect to {wa b[ | }een, is said to be exponentially Lipschitz fading-memory
(ELFM). We write g( ) for the class of systems that are ELFM with respect to the weight

sequence wé,)) [t].
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4.4. METRIC ENTROPY OF ELFM AND PLFM SYSTEMS

The remainder of this section is devoted to computing the order, type, and generalized

dimension of (Q(wg), p«). To this end, we first establish an auxiliary result.

Lemma 4.4.2. Let a € (0,1], b,c,d > 0 and consider the weight sequence w((fg as per Definition

44.1. Let
T := max {t €Ny

e €
Wil > 5}
Then,

d Cwéel)) [£] 1 2/ —1 20 —1
log (}—[O : = 2blog(e) log“(e ") +o (log (e )) :
Proof. See 4.C.5. [

We are now ready to state the main result of this section quantifying the massiveness of the
class of ELFM systems.

Lemma 4.4.3. Let a € (0,1] and b > 0. The class of ELFM systems (Q(w((fg),p*) is of order 1

and type 2, with generalized dimension

1

0= 20log(e)

Dwfg (0]

Proof. Consider € € (0, ¢) with ¢g = —5

number of (G (wc(fl),), p.) satisfies

I

/=0

= %. By Theorem 4.3.12, the exterior covering

Duw)[0

a,

+ 1) o (4.17)

T" (e)
w)‘inng“%6Q@¢2%m)§h¥($I](2FIM@“Q

€ =0 €

where

T = {e N Ny 6}.
max < ¢ € Ny w“’bH>4D

w((fb)[é] > ;} and 7" := max {E € Ny

We can further lower-bound the left-most term in (4.17) according to

=0 =0
12 Dwe
> = Dug,lf] ], (4.18)
2,5 €
where (4.18) follows from
1T Dugll]
2,5 € -
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which, in turn, is a consequence of

—

Duyl0] _ Dwglo]

- Y

a8
A
o

Dw()l0] _ DwT]

>1, for ¢e[T']\{0}.

Similarly, we can further upper-bound the right-most term in (4.17) according to

i ©) T e)
log(3) T] (2 {W + 1) <log(3) ] (W +3)

(=0 ¢ =0 €

™ 20Dw' [0
< log(3) [T 2l (4.19)

=0 €

where (4.19) follows from

4Dw)[] N ADw )T

€ o €

>1, for (e [T"].

Combining (4.17)(4.19), taking logarithms one more time, and dividing by log?(e~1), yields

log <HT/ Dwiﬁi[z]) -1
(=0 € < 1Og(2) NeXt(E; g(w((:lz)a p*)
logZ(e—1) = log?(e~1)
17 Dw(e> L
o (1122 225540} 4 1003
< :

- log”(e~1)

Taking the limit € — 0 and applying Lemma 4.4.2 to the lower and the upper bound in (4.4.1),
we obtain
lim 5
e—0 log (5*1

which implies that (g(w((f?,), p«) is of order 1 and type 2, with generalized dimension

log® N*'(¢; G(w')), p) 1
) ~ 2blog(e)’

1

0= 2blog(e)’

This concludes the proof. O

The generalized dimension being inversely proportional to b reflects that faster memory
decay rates, i.e., larger b, result in system classes that are less massive. Additionally, we note
that the description complexity of ELFM systems is primarily determined by the order being
equal to 1 and the type equal to 2. Compared to the function classes in Table 4.1, which are all
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of order 1 and type 1, this shows that the class of ELFM systems is significantly more massive

than unit balls in function spaces.

4.4.2. METRIC ENTROPY OF PLFM SYSTEMS

Next, we consider systems with polynomially decaying memory, a concept used, e.g., in the
context of PDEs [MMO09; FP02]. Specifically, the references [MMO09; FP02] are concerned with
Volterra integro-differential equations [Lak95] of polynomially decaying memory kernels. These
examples, when suitably adjusted to the framework in the present chapter, align with dynamical
systems that are LFM with respect to polynomially decaying weight sequences. We formalize the
concept of polynomially decaying memory and polynomially Lipschitz fading-memory (PLFM)

systems as follows.

Definition 4.4.4. For g € (0,1] and p > 0, let

w[t] := R for all t € Ny.

An LFM system with respect to {w;(f(; [t]}en, s said to be polynomially Lipschitz fading-memory
(PLFM). We write Q(wzg’g) for the class of systems that are PLFM with respect to the weight

sequence wP|i].

As in the previous section, we first need an auxiliary result.

Lemma 4.4.5. Let ¢ € (0,1], p,c,d > 0 and consider w?) as per Definition 4.4.4. Let

P
€
T := max {t € Ny w%[t] > d} :
Then,
T ()¢
log (H chﬂH) - @(Efl/p»
=0 €
Proof. See 4.C.6. O

We obtain the order, type, and generalized dimension of PLFM systems as follows.

Lemma 4.4.6. Let g € (0,1] and p > 0. The class of PLFM systems (G(w()), p.) is of order 2
and type 1, with generalized dimension

1
0=
p

Proof. See 4.C.7. [
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Compared to the class of ELFM systems, which exhibits order 1, the class of PLFM systems is
more massive as it has order 2. This is intuitively meaningful as polynomial decay is significantly
slower than exponential decay, rendering PLFM systems to depend more strongly on past inputs.
Additionally, the generalized dimension exhibiting inverse proportionality to p, reflects that

faster (polynomial) decay, i.e., larger p, leads to smaller description complexity.

4.5. APPROXIMATING LFM SYSTEMS THROUGH RNNS

We now proceed to realize the elements in the e-net for (Go(w), po) constructed in Lemma 4.3.10
by ReLU networks. Based on the connection between (Go(w), po) and (G(w), p.) identified in
Section 4.3, this will then allow us to construct RNNs approximating general LEM systems.

4.5.1.  APPROXIMATING (Gy(w), pp) WITH RELU NETWORKS

The building block in Lemma 4.3.10 for approximating functionals in Gy(w) is the p.o.u.
= = {é(- — n) }neom, which is why we first focus on constructing ReLU networks realizing =. As
the elements of = are shifted versions of the spike function ¢ and shifts, by virtue of being affine
transformations, are trivially realized by single-layer ReLU networks, it suffices to find a ReLLU
network realization of ¢. Note that this argument made use of the fact that compositions of

ReLU networks are again ReLU networks (see Lemma 4.C.3).

Lemma 4.5.1. For d € N, consider the spike function ¢ : R — R,
¢(2) = max{l + min{zy,..., 24,0} — max{z,..., z4,0},0}.

There exists a ReLU network ® € Ngy with L(®) = [log(d +1)] + 4, M(®) < 60d — 28,
W(P) < 6d, K(P) = {1,—1}, and B(P) =1, such that

O(2) = ¢(2), forall z € R%

Proof. Let @7 be the ReLU network realization of max{z1, 2, ..., z4} according to Lemma
4.C.2. Then, using min{zy, 29, ..., 2¢} = —max{—zy, —22,..., —2q}, we obtain
o(z) = p(1 = p(3"*(=2)) — p(25**(2)))
= ((W30poWyopo P(PT dT)) o Wy )(2), (4.20)
—~
=:Po =P

T
where Wi (z) = (]Id —Hd) z, Wa(z) = (—1 —1) z 41, W3(2) = 2z, and P(®7 d7*) is the
parallelization of two ®'“*-networks according to Lemma 4.C.4 such that P(®7* ®7%)(2) =
(®maz (), dmaz(2))T. Now, by Lemma 4.C.3, there exists a ReLU network ® realizing ®5 o ®; in
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(4.20), with

L(D) "2 L(Dy) + £(Dy)

Lemma 4.:C.2, 4.C4 ﬂOg(d + 1)-| + 4’
Lemma 4.C.3

M(®) < 2M(By) + 2M(Dy)
Lemma £ 64 9 M(W3) + 2M(Wa) + 2M (W) + 4M (D7)

Lemma 4.C.2
<7 60d — 28,
Lemma 4.C.3
W(®P) < max {4d, max{W(®,), W(P,)}}
Lemma 4.C.4
< max {4d, 2W(P7"), W(W3), W(Wo), W(W7) }
Lemma 4.C.2
<7 6d,

Lemma 4.C.3

K(®) C K(D2) U (—K(P2)) UK(Py) U (—K(Py))
Lemma 4:03’4'04 (O IC(WZ) U (—K(m))) U K(q)gwx) U (_]C(cl):inaz»
Lemmé4.C.2 {1’ _1}’

B(®) = max |b| = 1.
bek (D)

This concludes the proof. O

We now show how the elements of the e-net constructed in Lemma 4.3.10 can be realized by
ReLU networks. In particular, our construction will be found, in Section 4.6, to be encodable

by bitstrings of length scaling (in €) in a metric-entropy optimal manner.

Lemma 4.5.2. For every s > 1, there exists g > 0, such that for € € (0,¢q), with

T := max {f € Ny

€ S
g _
wH>Ds~|—1}’

for every g € Go(w), there exists a ® € Npy11 with (2, €)-quantized weights (Definition 4.2.2)
satisfying
‘<I> ({x[—ﬁ]}ZT:()) - g(ac)‘ <'e, forallz e S™.

Moreover,

L(®) = [log(T +2)] +6 and M(®) < 244(T + 1) ﬁ (21)20[@ sl +4> .

=0 8

Proof. Fix g € Go(w). To construct a (2, €)-quantized ReLLU network approximating g, we follow
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the spirit of the proof of Lemma 4.3.10 and first consider

3(2) = Y g(@n)o ({ng] - n} ) |

neN =0
with s ¢
0p 1= ——— (e |T
14 s+ 1 [f]’ \ZAS [[ Ha
D
N, = [ ] Ve e [T],
0 (4.21)
M= [[No]]iX"'X[[NT]]iCRTJrl, .
oemye, if £ € [T7,
Fa =0 " 7]
0, else.
It was shown in (4.12) that
§(@) —g(a) < . forzes
gx) —g(@)l < or x .
We next quantize the parameters §, ' and the lattice 0 in (4.21) according to
o= Qal(0),
~ D
NZ:{A’ te 17, (4.22)
¢
- S o
N = HNOH X o X [[NT]] ,
and adjust the grid points z,, to
_ ggng, if £ € [[T]],
o1 =
0, else.
Furthermore, we quantize ¢(Z,) according to

and consider the function

g(x) =3 Gud ({x{; 4. n} ) = f ({20} - (4.24)

nen ¢ £=0

For ease of notation, we define & : S_ — RT+! as ky(z) = 6, 'z[—¢], for £ € [T]. Next, we show
that

|9(z) — g(z)| < e (4.25)
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This follows from

o) —gfoll = | X lole) = o) = (4.26)
gkgg?if@u»m%»+@mmgwanmn)
< z:q(w—ﬁww+sjg¢@@www (4.27)
< e” (f)n”w d(k(z) —n) (4.28)
_ E‘k(z>—n|oos1 .

Here, (4.26) and (4.29) are by the p.o.u. property of ¢ and (4.27) is a consequence of the
Lipschitz property of g according to (4.2) and

19(Zn) = gnl = 19(Zn) — Qa.e(9(Zn))|
—| 66(0,602(4.111) €

< 272 [log(e_l) ]
- s+1

Further, (4.28) follows from the fact that for ||k(z) — ns < 1,

—{
x[~ ] —ny| <1, forle[T],
O¢
and hence
~ s€
— Zpllw < dpw|l] < ) 4.
o~ Falle < o Sl < 5 (4.30)
where the second inequality in (4.30) is by
~ (4.22) 1\ -l s €
& = ) <= —.
¢ <Q2’6(£ )) = s+ 1w/
Based on (4.24), we can rewrite (4.25) according to
‘f ({x[—ﬂ]}f:0> - g(x)’ <, for x € S_. (4.31)

It hence suffices to construct a ReLU network & that realizes f, which then, thanks to (4.31),
approximates ¢ to within an error of at most e. To this end, assume that n*,n?,...,n™ is an
arbitrary, but fixed, enumeration of the elements of M. Set W¥(z) = Az and W,i(z) = Bz + by,

82
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with
A:(gnl Gz . %%)’
B = diag (50—1, 5L 5—1) : (4.32)
~ . ) NI
bni:(—né -ny ... —n}) .

Moreover, let ¥ be a ReLLU network realizing the spike function ¢ according to Lemma 4.5.1
and define the following ReLLU networks

(I)Q - WE,
oYy =0,  fori=1,...,[9], (4.33)
(bflzﬁ\/ni, fori=1,...,|7M|

Next, we use Lemma 4.C.3 to compose @’ffz and @fl in order to realize the shifted versions of

the spike function according to

0 =0

(CI)?; © (I)’ll;) ({Z‘[—é]}z;o) - gb ({I[g_g] - n@} ) ’ for i = L2,..., |gt|

Then, we apply Lemma 4.C.4 to construct a ReLU network as the parallelization of the
compositions <I>’fj2 o @’ffl, fori=1,2,..., |0,

nl nl n2 n2 )9 M
$, =P ((@172 o), (P50 011), ., (@172 ° cb'{ﬁ)) . (4.34)

Finally, we use Lemma 4.C.3 again to get a ReLU network that composes ®5 and ®; according
to ~ ~
®=dyod, =dyoP ((@T;; o @), (215001, (@;{"; o <1>'f’j')> , (4.35)

thereby realizing the linear combination

3 a6 ({”{; 4. n}) 2§ (gL,

nem ¢

To conclude the proof, we verify that ®, indeed, has (2, €)-quantized weights, compute L£(®),
and derive an upper bound on M(®). We defer the corresponding details to 4.C.9. ]

4.5.2.  APPROXIMATING (G(w), px) WITH RNNs

Having constructed ReLU networks that realize elements of Gy(w) according to Lemma 4.5.2, we
are now ready to describe the realization of systems in G(w) through RNNs. This will be done by
employing the connection between G(w) and Gy(w), as established in Lemma 4.3.5. Specifically,

we construct RNNs that suitably remember past inputs and produce approximations of the
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desired output.

Theorem 4.5.3. For every s > 1, there exists ¢y > 0, such that for € € (0, ¢€y), with

T := max {€ €Ny

€ s
w[£]>Ds+1}’

for every G € G(w), there is an RNN Ry associated with a ReLU network W € Npy1 741,
satisfying
Px (R‘I/a G) S €.

Moreover, Ry has (2, €)-quantized weights and there exists a universal constant C > 0 such that

M) < O+ 12 ]] <2Dz"m st +4> |

=0 §

Proof. Fix s > 1 and G € G(w) arbitrarily. We proceed in two steps.
Step 1: We construct a ReLU network ® : RT*! — R such that

sup sup @ ({x[t — A}/) - G(@)[H]| < e. (4.36)

reSt teNg

To this end, we first note that by Lemma 4.3.5, one can find a g € Gy(w) so that
g(PT_ix) = G(z)[t], forallz e SandteZ. (4.37)

Furthermore, by Lemma 4.5.2, there exists ¢y > 0, such that for every € € (0, ¢), there is a
ReLU network & satisfying

’<I> ({Z[—f]}?:0> - g(z)’ <e forall zeS. (4.38)
Next, fix an input # € ST and a time index ¢t € Ny and let
2 =PT_{z}. (4.39)

Note that

Z[0) =0, for e N, and hence 2’ € S,

J[—0 =z[t—(],  for £ e N,. (4.40)

Inserting 2’ from (4.39) into (4.38) and using (4.40) and (4.37), it follows that

[ ({alt - A}io) — G| < e
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As z € § and t € Ny were arbitrary, this proves (4.36).

Step 2: We construct an RNN Ry realizing the mapping x — & ({x[t — (] }g:())teNg'
Fix € ST arbitrarily. Recall the RNN Definition 4.2.4. The basic idea is to identify an RNN
Ry which, for every time step t € Ny,

e delivers the output

ylt] = @ ({=lt — AY0) (4.41)

 and memorizes the T past inputs z[t], z[t — 1],...,z[t — T + 1] in the hidden state vector
hlt], i.e.,

helt] = x|t — € + 1], for ¢e{1,2,...,T}. (4.42)

To memorize the T past inputs, we note that the one-layer neural network
Or(z) = (I 0r)z, forz€R™, (4.43)

satisfies
Or ({alt — Vo) = (Tr 07) (aft],alt — 1],....aft — T])"
= (z[t],z[t = 1],..., 2t = T+ 1]))T € R

Now, we apply Lemma 4.C.5 to augment ®7 to depth £(®) without changing its input-output
relation. This results in the ReLU network ®%.. Then, we apply Lemma 4.C.4 to parallelize ®
and @7 leading to the desired ReLU network

U = P(®,3%). (4.44)

By Definition 4.2.4, the corresponding RNN Ry effects the input-output mapping according to

(y[ﬂ) _ (( o] )) for all t € N
hlt] hit—1]) ) )

With these choices, (4.41) and (4.42) can now be proven by induction over ¢t € Ny. The base
case is immediate as z[t] = 0, for ¢t < 0, owing to x € St and, by Definition 4.2.4, h[—1] = 0.
To establish the induction step, we assume that (4.41) and (4.42) hold for ¢t — 1 with ¢ € N,

ie.,

ot — 1] = ® ({alt — 1— Q).
helt — 1] = z[t — ], for ¢e{1,2,...,T}.
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Now, for time step ¢, we note that

x[t] B . x[t]
Y ((h[t - u)) e ((w - 11))

_ @(mw—aﬁg))
i ({alt — A}io)
_ @ ({elt — 0} ) )

(x[t], z[t —1],...,z[t =T + 1))

_ (@ (felt - O}E)
a h[t] '

As x was arbitrary, this completes the induction and thereby Step 2.

To conclude, we combine the results in Steps 1 and 2 according to

p«(Ru, G) = sup sup |y[t] — G(z)[t]|

rzeSt teNy
=2§%@¢Gw—aﬁa—emm! (4.45)
<, (4.46)

where (4.45) follows from (4.41) and (4.46) is by (4.36).

Furthermore, we have

(4.44), Lemma 4.C.4

K(¥) K(®)u (K(P7))
K(®) UK(Pr) U (=K(Pr)) U {1, -1}
U @)y u{L, -1}

Lemmca 4.5.2 2_2 [log(e_l)—‘ Z N {—6_2, 6_2} ‘

Lemma 4.C.5
C

Thus, ¥ has (2, €)-quantized weights. Finally, we get an upper bound on M (V) according to

(4.44), Lemma 4.C.4

M(V) M(®) + M(®7)

(4.43), Lemma 4.C.5

< M(D) + M(Pp) + TW(Pr) + 2T(L(P) — L(P7))

(4.43), Lemma 4.5.2 r 2Dw|l 1
< C(T+1)2H< wif s+ +4>,

=0

€ S

with the universal constant C' > 0 chosen sufficiently large. O]
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4.6. METRIC-ENTROPY-OPTIMAL APPROXIMATION OF ELFM
AND PLFM SYSTEMS

So far we have characterized the description complexity of ELFM and PLEM systems based on
order, type, and generalized dimension (Section 4.4) and we constructed RNNs approximating
general LFM systems (Section 4.5). We are now ready to state the main results of the chapter,
namely that the RNNs we constructed are optimal for ELFM and PLFM system approximation
in terms of description complexity.

To this end, we first compute the number of bits needed by the canonical RNN decoder
in Definition 4.2.7 to obtain the RNN constructed in Theorem 4.5.3, specifically its topology
and quantized weights. The following result holds for general LFM systems and will later be
particularized to ELFM and PLFM systems.

Corollary 4.6.1. The class of LFM systems (G(w), p«) is representable by the canonical RNN
decoder Dy with
L(e; Dr, G(w), p.) < C1M log(M)log(e ™),

where

and Cy > 0 is a universal constant.

Proof. Applying Theorem 4.5.3 and setting s = 1, it follows that there exists an ¢y > 0, such
that for every € € (0,¢) and every G € G(w), we can find an RNN Ry, associated with a ReLLU

network W € Npyq 741, satisfying
p«(Ry, G) < e. (4.47)

Moreover, Ry has (2, €)-quantized weights and the number of non-zero weights in ¥ can be

upper-bounded according to

M) < C(T +1)? ﬁ <4Dwm + 4) : (4.48)

=0 €

By the definition of the canonical neural network decoder, Remark 4.2.3, and Definition 4.2.7,
there exists a bitstring b € {0, 1} with

L < 2CoM (W) log(M(¥))log(e™), (4.49)
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such that
Dr(b) = Ry. (4.50)

Combining (4.47), (4.49), (4.50), and Definition 4.2.9, upon noting that G was chosen arbitrarily,
it follows that (G(w), p.) is representable by the canonical RNN decoder Dg, with the minimum
number of required bits satisfying

L(e; Dr,G(w), ps) < 2CoM (V) log(M log(e D) (4.51)

(2 s
10g< (T +1)2 (g(lwwg))) (4.52)
1(#5

< 2C,C(T +1)? l
/=0
12D
)

< 2C,CC'(T + 1)’ lH

log < f[j(iwew )) (4.53)
= O, M log(M) 1og7 (4.54)

where (4.51) is a consequence of (4.49) and Definition 4.2.9, (4.52) follows from (4.48) and
the fact that 2Dw[l]/e > 1, for £ € [T7], (4.53) holds upon choosing the universal constant C’

sufficiently large, namely s.t.

ol (2] s o0 (2222

and (4.54) follows by setting C; = 2C,CC". O

4.6.1. RNNS OPTIMALLY APPROXIMATE ELFM SYSTEMS

We now particularize the result in Corollary 4.6.1 to ELFM systems, which allows us to determine
the growth rate, with respect to €, of the minimum number of bits L(e; Dg, G(w (e)) p«) needed

(e) )

to represent (G(w, ;), p«) by the canonical RNN decoder Dr. A comparison with the description

complexity of (G(w ((ll),), ps«) established in Lemma 4.4.3 then leads to the conclusion that RNNs

are capable of approximating ELFM systems in metric-entropy-optimal manner.

Theorem 4.6.2. Let a € (0,1] and b > 0. The class of ELFM systems (Definition 4.4.1)
(g(wﬁf,}),p*) is optimally representable by the canonical RNN decoder Dr (Definition 4.2.7).

Proof. By Corollary 4.6.1, the minimum number of bits L(e; Dg, g(wfjg), p«) needed to represent
(G (wg), p«) by the canonical RNN decoder Dz satisfies

L(e; Dr. G(w')). p.) < C1M log(M) log(e ™),
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where

T (e)
M= (T+1)]] (12Dw“’b [ﬂ) ,

=0 €

T := max {€ € Ny

CIES 6}
wa,b[ ] 2D °
By Lemma 4.4.3, (G (w((fg), ps«) is of order 1 and type 2, with generalized dimension

1
0= 2blog(e)’

Thus, by Lemma 4.2.13 and Definition 4.2.14, it suffices to prove that

1 Mlog(M)1 -1 1
=0 log*(e~1) 2blog(e)
To this end, we first note that
T (12Dw')[(]
log(M) = 2log(T + 1) +log | [] %

=0

— 2.1 2 —1 2/ —1

= O(log"(e7")) + 2 log(e) log“(e ™)+ o (log (e )) (4.56)

1

= Blog(e) log®(e ™) + o (10g2(€_1)> ;

where (4.56) follows from Lemma 4.4.2 and T+ 1 = O(log(e!)) thanks to (4.89). Now, we
rewrite the numerator in (4.55) according to
log (Cy M log(M)log(e ")) = log(M) + log® (M) + o (log*(e "))

1 2/ —1 2/ —1
:mlog (€ )+0(10g (€ ))

+ log <2b101g(e) log*(e™!) + o (log2(61)>>

1

- 2blos(0) log®(e ™) + o (10g2(6_1)> : (4.57)

Dividing (4.57) by log®(¢™') and taking ¢ — 0, concludes the proof. O

4.6.2. RNNS OPTIMALLY APPROXIMATE PLFM SYSTEMS

We next particularize the result in Corollary 4.6.1 to PLFM systems and will see that the
minimum number of bits L(e; Dr, G(w{F)), p.) required to represent (G(w()), p.) by the canonical

RNN decoder Dy grows significantly faster (with respect to the prescribed error €) than for
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ELFM systems. This can be attributed to the fact that the memory of PLFM systems decays

much more slowly. Nonetheless, as shown next, RNNs are capable of approximating PLFM

systems in metric-entropy-optimal manner.

Theorem 4.6.3. Let q € (0,1] and p > 0. The class of PLFM systems (G(w()), p.) (Definition

4.4.4) is optimally representable by the canonical RNN decoder Dy (Definition 4.2.7).

Proof. By Corollary 4.6.1, the minimum number of bits L(¢; Dg, Q(wp{’(;), p«) needed to represent

(G(w)), p.) by the canonical RNN decoder Dy satisfies
L(&;Dr, G(wh)), p.) < C1M log(M)log(e ™),

where

M = (T+1)2ﬁ<121?w;f3[€]>’

=0 €

T := max {E e Ny

€
wil) > 55 b

By Lemma 4.4.6, (G (wp{?q)), p«) is of order 2 and type 1, with generalized dimension

1
0=-.
p

Thus, by Lemma 4.2.13 and Definition 4.2.14, it suffices to prove that

_log® (Cy M log(M)log(e™!)) 1
lim = —.
€0 log(e~!) p

To this end, we first note that

log(M) = 21og(T + 1) + log (ﬁ (mugoq)[e]»

= O(log(e 1)) + @(e’l/p)
= @(6_1/p)7

(4.58)

(4.59)

where (4.59) follows from Lemma 4.4.5 and (4.90). Now, we rewrite the numerator in (4.58)

according to

log® (C1M log(M)log(¢ ™)) = log (log(M) + log!® (M) + o (log(e™)))

= log (@(efl/p) + log (@((W’)) +o0 (IOg(Gfl)»

= log (6(7'/7)),

(4.60)
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where (4.60) follows from
O(c/7) +log (O(71/7)) + 0 (log(e ') = O(e /7).

Finally, dividing (4.60) by log(e™!) and taking ¢ — 0, concludes the proof. ]

4.7. (CONCLUSION

Returning to Table 4.1, we note that it can be complemented by our results for ELFM and
PLFM systems as summarized in Table 4.2 below. As both classes of systems in Table 4.2 are
optimally representable by the canonical RNN decoder (Definition 4.2.7), we can conclude that,
remarkably, the metric-entropy-optimal universality of ReLLU networks extends from function
classes to nonlinear dynamical systems, in the latter case simply by embedding the ReLLU

network in a recurrence.

Metric C K|{A|D
{RZ — R%}  p, (Def. 4.2.20) | ELFM (Section 44.1) G(w?)) | 1|2 | gz
{R” = R”} p, (Def. 4.2.20) | PLFM (Section 4.4.2) G(w(®) |2 |1 | -

Table 4.2: Scaling behavior of the covering numbers (Definition 4.2.12) for classes of
nonlinear dynamical systems.

Finally, we remark that many of the results in this chapter apply to general weight sequences
w[], specifically the bounds in Section 4.3 on the exterior covering number of (G(w), p.) as well
as the RNN constructions in Section 4.5.
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APPENDICES

4.A. REPRESENTING RELU NETWORKS BY BITSTRINGS

Definition 4.A.1. Let ® be a ReLU network with (m, €)-quantized weights. Denote the number
of non-zero weights by M = M(®) and the depth by L = L(P). We organize the bitstring

representation of ® in 6 segments as follows.

[Segment 1] The bitstring starts with M 1’s followed by a single 0.

[Segment 2] L is specified in binary representation. As L < M, it suffices to allocate [log(M)]
bits.

[Segment 3] Ny,..., N, < M are specified in binary representation using a total of (M +
1)[log(M)] bits.

[Segment 4] The topology of the network, i.e., the locations of the non-zero entries in the A,
and by, £ € {1,..., L}, is encoded as follows. We denote the bitstring corresponding
to the binary representation of an integer i € {1,..., M} by b(i) € {0, 1}M1os(DT,
Forte{l,....,L}, ie{l,....N;}, j€{1,...,Ne_1}, a non-zero entry (Ag)qj is
indicated by [b(£),b(i),b(j)] and a non-zero entry (be); by [b(£),b(3),b(i)]. Thus,
encoding the topology of the network requires a total of 3[log(M)|M bits.

[Segment 5] The quantity m[log(e™')] is represented by a bitstring of that many 1’s followed by

a single 0.

[Segment 6] The value of each non-zero weight and bias is represented by a bitstring of length
B. =2m[log (e 1)] + 1.

The overall length of the bitstring is now given by

M + 1+ [log(M)] + (M + 1)[log(M)] + 3[log(M)]M +m|[log(e )| + 1+ MB, (4.61)

Segment 1 Segment 2 Segment 3 Segment 4

Segment 5 Segment 6

The ReL U network ® can be recovered by sequentially reading out M ,L, the Ny, the topology,
the quantity m[log(e1)], and the quantized weights from the overall bitstring. It is not difficult
to verify that the bitstring is crafted such that this yields unique decodability.
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4.B. COMPARISON WITH [ELB+21]

As mentioned in Section 4.2.2, compared to [Elb+21], we use refined notions of massiveness of
sets, as the system classes we consider are significantly more massive than the function classes
dealt with in [Elb+21]. We next detail how the results from [Elb+21] fit into our framework.

In [Elb+21] the scaling behavior of covering numbers is quantified in terms of the optimal
exponent v* [Elb+21, Definition IV.1]. The following result relates v* to the generalized
dimension (Definition 4.2.12) employed here.

Lemma 4.B.1. Let d € N, Q CRY, and let C C L*(Q) be compact and such that the optimal
exponent v*(C) according to [Elb+21, Definition IV.1] is finite and non-zero. Then, C is, with

respect to the metric p(f,g) = ||f — gllr2@), of order k = 1, type X = 1, and generalized
dimension .
Y

Proof. For order k = 1 and type A = 1, the generalized dimension is given by

1 (2) Next -C
0 = limsup 06 (&:C.p)

nst Tog (1) (4.62)

We note that by [Grol5, Remark 5.10, Equation (5.5)] and Lemma 4.3.2, it holds that
7" = sup {7 > 0:log N*(e;C,p) € O(e V), e — O} .

We first establish that 2 < % To this end, fix A > 0 arbitrarily and observe that
log N**t(¢;C, p) € O(e~/(""=2)). Hence, there exist €y, C' > 0 such that

log N*t(e: C, p) < Ce VO =8), Ve € (0, €),

and thus

1 (2) Next -C
0 = limsup o8 (5C.p) < lim sup
e—0 log (671) e—0

1 N log(C) \ 1
v —A  log (e 1) ot — A

As A > 0 was arbitrary, we have established that 0 < 7%
Next, we show that 0 > % Again, fix A > 0 arbitrarily. By (4.62), there exists an ¢y > 0
such that for all € € (0, €),
log” N*(¢; C, p)

< A.
log (e71) =0+

This implies
log N*U(e;C, p) < e @+, Ve € (0, ¢),
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and thus log N*(¢;C, p) € O(e~/@+27") Hence, v* > (0 + A)~'. As A was arbitrary, this
finalizes the proof. O

Table 4.1 in the present chapter now follows from [Elb+21, Table I| by application of Lemma
4.B.1. Furthermore, [Elb+21] shows through the transference principle [Elb+21, Section VII]
that a wide range of function classes, including those in Table 4.1, are optimally representable
by neural networks [Elb+21, Definition VI.5]. The following Lemma hence allows us to conclude
that every row in Table 4.1 is optimally representable (according to Definition 4.2.14) by the

canonical neural network decoder.

Lemma 4.B.2. Let d € N, Q C RY, and let C C L*(Q)) be compact. If the function class
C C L3(R) is optimally representable by neural networks according to [Elb+21, Definition VI.5],

then (C, p) is optimally representable by the canonical neural network decoder with respect to the

metric p(f,9) = |f = gllr2)-

Proof. First, we note that by Lemma 4.B.1, C is of order k = 1, type A = 1, and has generalized
dimension d = —. By [Elb+21, Definition VL5], we have 7*(C) = fyj{/eﬁ (C), with vy7(C)
as per [Elb+21, Definition VI.3]. Next, fix A > 0 arbitrarily. Now, following the proof of
[Elb+21, Theorem VI.4, p. 2602] with ~y/ A A in place of v, we can conclude the existence of a
polynomial 7%, a constant C', and a mapping V¥ : (0, %) x C — N1 with the following properties.
For every f € C and every € € (0, 3), the network CTDEJ = U(e, f) has ([7*(log(e™1))], €)-quantized

weights and satisfies
Hf — (FIV)@fHLQ(Q) <e and M((T)af) < Ce*l/('yj*\fﬁfA) =: M..

Thus, CT)Q s can, according to Remark 4.2.3, be reconstructed uniquely by the canonical neural

network decoder Dyr from a bitstring of length no more than

Co [W*(log(e_l))} log(e™ )M, log(M,).

Therefore, C is representable by the canonical neural network decoder Dy with L(e; Dyr,C, p) <
CoM_ log(M,)log®(e71), where ¢ is a constant depending on 7* only, and hence

1
o log(e’l) + o(log(e’l)).
WA

log L(e; Dw,C. p) <

As A > 0 was arbitrary, we thus get

L(G;DN7C7p) 1

lim su ,

s log(e=1) — %*\fﬁ
which, together with Lemma 4.2.13 and the fact that 0 = = = " eff implies that C is optimally
representable by the canonical neural network decoder accordmg to Definition 4.2.14. O
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4.C. PROOFS

4.C.1. Proor or LEMMA 4.2.13

To simplify notation, we let L(¢) := L(¢; D,C, p). We first establish that
L(e) > log (NeXt(e;C,p)) -1, Ve>0. (4.63)
By way of contradiction, assume that
2L+ « N (e C p),  for some € > 0.

It then follows from Definition 4.2.9 that for this €, for every f € C, there is an integer ¢ < L(¢)
and a bitstring by € {0, 1}, such that p(D(b;), f) < e. This directly implies that the set

U= {D(b)

L(e)

be (J{0, 1},
=0

is an e-net for C. Furthermore,

2L(e)+1 1

5 : < 2L(e)+1 < NeXt(QC,p)'

L(e)
U <> 2=
=0

Hence, U is an e-net of cardinality strictly smaller than N°**(¢; C, p), which stands in contradiction
to Definition 4.2.11 and so (4.63) must hold. This, in turn, implies that

log"™) L log"™ (log (N**(&;C, p.)) — 1
lim sup 25 () S Y sup 128 (log i (6C.p.) = 1)
e—0  log™(e1) e—0 log™ (e~ 1)
log(F 1) pNrext (. N
= lim sup °8 X (&€, p.) =0,
e—0 log™(e71)
as desired. ]
4.C.2. PROOF OF LEMMA 4.2.21
Fix G, G’ € G(w). First, note that
p+(G,G") = sup sup |(Gz)[t] — (G'z)[t]|
reSt teNy
< supsup |(Gz)[t] — (G'z)][t]]. (4.64)
€S tEL
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Next, arbitrarily fix A > 0. By definition of the supremum, it follows that there exist zo € S
and e € Z, such that

supsup [(G)[t] — (G'z)[t]| = A/2 < |(Go)[e] — (G'xo)e]] - (4.65)

€S tEZ

Since limy_,o w[t] = 0, there exists T' > 0 so that w[t] < A/(4D), for all t > T'. Next, define

it =zt — (T —e)] €S and y[t] = 2[t] - Lysoy € ST

We then get
supw|7]|(x1[T — 7] — y[T — 7])| = sup w[7]|x1[T — 7]| < supw[r]D < A/4, (4.66)
>0 T>T T>T

where we used that |z;[-]| < D by Definition 4.2.15. We furthermore obtain

(Gy)[T] = (Ga)[TN] < [(Gr)[T] = (Gy)[T| + [(G'21) [T] = (G'y)[T]]

+[(Gy)[T] = (G'y)[T7] (4.67)
S A4+ A/ [(GY)[T] - (GY)[T]] (4.68)
= A2+ [(Gy)[T] = (G'Y)[T]], (4.69)

where in (4.67) we used the triangle inequality and in (4.68) we invoked the Lipschitz fading-
memory property of G and G’ in combination with (4.66). Next, note that by time-invariance
of G and G’, it holds that

(Gz1)[T] = (GTr-)20)[T] = (T(1-0)Go)[T] = (Gixo)le],

(4.70)
(G'21)[T] = (G'Tr—e)20)[T] = (T1-0)G'20)[T] = (G'w0)le].

Combining all these results yields

supsup (G — ()il — A/2 ' (Gl = (G o)l
"2 |(Ga)[T] ~ (G'2)(T]
"2 Af2 v I(@yIT] - (@)IT)
'S Aj2+ sup sup |(Go)lt] — (Gt

zeST teNy

Def.é.2.20 A/Q + p*(G, G,)
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As A > 0 was arbitrary, we have thus established that

supsup |(G)[t] — (G')[t]] < p.(G, G,

€S tEL

which, together with (4.64), completes the proof. ]

4.C.3. PROOF orF LEMMA 4.3.5

Recall the projection operator P : & — S~ defined according to
(Pa)[t] = a[t] - Lg<oy-

First, we need to show that Z : Go(w) — G(w) given by

9= 1(g), with (Z(9))(x))[t] = g(PT ),

is a well-defined mapping from Gy(w) to G(w), i.e., we need to verify that for every g € Go(w),
indeed Z(g) € G(w). This will be done by establishing that Z(g) satisfies the conditions of
Definition 4.2.19. We first verify that Z(g) is causal. Note that for every T' € Z, for every
z,x’ € § with z[t] = 2/[t], Vt < T, it holds that PT_rxz = PT_ra’, and hence

(Z(9))(@))[T] = g(PT_rx) = g(PT_ra') = ((Z(g))(2")[T].

Thus, Z(g) is, indeed, causal according to Definition 4.2.16. Next, we verify time-invariance as
follows:

(T+(Z(9)(@))t] = (Z(9))())[t — 7]
(PT,_ix)
(PT_,T,x)

= ((Z(9)(T72))[t].

g
g

The Lipschitz fading-memory property of Z(g) according to Definition 4.2.18 is established by
noting that

[(Z(9)(@)[t] — (Z(9)) (=) [E]]
= |g(PT_;x) — g(PT,tx’)|
< supwl[r][((PT_x)[—7] — (PT_a’)[-7])| (4.71)

>0

=supw(7]|(z]t — 7] — 2'[t — 7])|, Vt€ZVx,2' €S,
>0
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where in (4.71) we used (4.2). Finally, we observe that, by (4.2),
(Z(g)(0)[t] = g(PT_:0) = g(0) = 0, Vt € Z.

In summary, we have thus shown that Z(g) € G(w) and hence Z is, indeed, well-defined.

Furthermore, we have

p-(Z(9). Z(g')) = supsup | (Z(9))(@))[1] - (Z(4))(x) ] (4.72)
= supsup g(PTz) = g'(PT-12)|
= sup lg(Py) — ¢'(Py)| (4.73)

= sup [9(2) — q'(2)]

=p0(9,9), Vg€ Go(w),Yy € Go(w),

where in (4.72) we invoked Lemma 4.2.21 and in (4.73) we used that S is closed under time
shifts. This establishes that Z is isometric and consequently injective.

Next, we prove that Z is surjective. To this end, we fix G € G(w) arbitrarily, consider
g(s) = (Gs)[0], VseS_, (4.74)

and show that g € Go(w) as well as Z(g) = G. First, we establish that g € Gyo(w). The Lipschitz

property of g can be verified according to

l9(x) = g(=")] = [(Gx)[0] — (Ga")[0]]

< supwlr]|(z[—7] — 2[-7])] (4.75)
= ||z — 2|, Vz,2' €S, (4.76)

where in (4.75) we used the fact that G € G(w) has Lipschitz fading memory (Definition 4.2.18)
and (4.76) is by (4.3). Furthermore, we have ¢g(0) = (G0)[0] = 0 and hence g € Gy(w).

It remains to show that Z(g) = G. To this end, we fix x € S and ¢ € Z, both arbitrarily,
and prove that

(Z(9)(@))[t] = (G)[t].

First, note that (PT_.x)[t'| = (T_.x)[t'], for all ¢ < 0. By causality of G, we conclude that
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(GPT_ix)[0] = (GT_;2)[0], which yields

= (GPT_.x)[0] 4.77)
= (GT2)[0] = (T +Gx)[0] (4.78)
= (Go)[t],

where in (4.77) we used (4.74), and in (4.78) we invoked the causality and the time-invariance
of G. As x € § and t € Z were arbitrary, this proves that Z(g) = G. Furthermore, since
G € G(w) was arbitrary, we have established that Z is surjective. Thus, Z is, indeed, an
isometric isomorphism between (G(w), p.) and (Go(w), po). Application of Lemma 4.3.3 then
yields N(€; Go(w), po) = N (€ G(w), pi) and M (e; Go(w), po) = M (€;G(w), ps).- O

4.C.4. PROOF OF LEMMA 4.3.6

The proof relies on the following auxiliary result.

Lemma 4.C.1. Let w[-] be a weight sequence. The packing number of S~ w.r.t. |||, satisfies

WS 10> 1T FD“’ |

with T := max{T" € Ny | w[T"] > 55

Proof. For t € [T], we let N, := PDZU”W € [QD:}M, zDz”[t] + 1) and 0, = 22- >

N T Next, we
define the set

W[t]

U=A{xi, iy | i €[N —1], fort € [T]}, where
Tig,... im — )
o 0, else

and show that U constitutes an e-packing for (S7, ||-||lw). First, we establish that & C S~ by
verifying that, for all ;, ;. € U, x4, i [t] € [-D, D], for all t € Z, and x;, ;.. [t] = 0, for all
t € N;. Indeed, for t € {-T,...,0}, we have

il =—=D+46, < —D+ (N, —1)6, = —D + 2D = D,

.....

.....

-----
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Hxio ~~~~~ ir — Ljo,..., jT”w = Supw[t] |($i0 77777 iT[_t] — Ljo,..., jT[_t])’
teNp

wll [(ig,...ir [ ] = Tjo.....jr [ C])]
= w[f] ‘(—D + ig(Sg -+ D — jgde)‘
(10 — Je)oewll] > e, (4.79)

A%

where (4.79) follows from d, > —=. This establishes that I/, indeed, constitutes an e-packing for

(S, |I|lw), and we therefore have

M(&S™ -lw) = U] = HNt H[

zpwm]

€
[

Proof of Lemma 4.3.6. Let M := [I}_, [%w[ﬂ and take {z1,...,z)} to be an e-packing for
(87, ||-[|w) according to Lemma 4.C.1. Hence, with ¢ := ming.;||z;, — x|, > €, there exists an
¢ € (¢,6). Next, define balls of radius €'/2 centered at the packing points {z1, ..., 2} according
to Sp = {z[-] € S |||z — x¢||w < €/2}, for £ € {1,..., M}. We now show that these balls are
non-overlapping. Indeed, assuming that, for j # ¢, there exists an v € S~ with ||z — 2|, < €/2
and ||z — x|, < €/2, leads to the contradiction

€ <6 < loe = mjllo = llve — 2+ 2 — il < Jlwe — 2llw + lo — 25)l0 < €/2+€/2.

As the balls Sy, £ € {1,..., M}, are non-overlapping, the signal x[-] = 0 is contained in at most
one ball §; which we take to be Sy; w.l.o.g. Now, we define the set U/, with elements indexed by
bitstring subscripts, according to

U ={Gar.an, (-) | ar €{0,1}, for £ € {1,..., M —1}}, where

.....

(200 — 1)(€/2 — ||z — x¢|w), foraze Sy, £e{l,...,.M —1}

0, else,

and show that U constitutes an e-packing for (Go(w), po). First, we establish that U C Gy(w) by
,,,,, ay_, () € U satisfies the conditions in (4.2). Indeed, ga,. . ay_,(0) =0
because the zero signal is either in no ball or in Sy;. Next, we show that |ga, . a,,_,(z) —
Jon...ons (@) < ||l& — 2'||w, Vz,2’ € S~. This will be done by distinguishing cases. First,

assume that z and 2’ are contained in the same ball S, for some ¢ € {1,..., M — 1}. Then, we
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have

|Geurrrr () = Gan.ccanga ()] = 1200 = 1] - [[[2" = 2ol = |2 — 2l

4.80
<@ =) = (@ = 2 llw = 2" = 2/, 0

where we used the reverse triangle inequality. Next, assume that v € S; and 2’ € §;, with
je{l,...,M —1} and ¢ # j. We let z(u) :== z + p(z’ — x), p € [0,1]. Since z(0) =z € Sy
and z(1) = 2’ ¢ Sy (because the balls are non-overlapping), there must be a p; € (0, 1) such that
| 2(p1) — xellw = €/2. As 2(p11) ¢ S; and z(1) = 2’ € S;, there must similarly be a ps € (1, 1)
so that ||z(u2) — z;||w = €//2. For notational simplicity, we let 2y == z(u1), 22 = 2(u2), and

9= Gan,....an_,- Next, we bound

l9(x) = g(2)] < lg(x) — g(21)] +19(21) — 9(22)| +19(22) — g(a')]

< lg(x) = g(z)| + 0+ |g(z2) — g(=')] (4.81)
< flz = z1flw + [122 = #[|w

= llpa(z = 2) o + 11 = p2) (z = 27) | (4.82)
= (L4 = p)lle — 2l < [l — 2/l (4.83)

where in (4.81) we used that g(z1) = g(22) =0, in (4.C.4) we applied (4.80) upon noting that
x, z1 and z9, 2" are contained in the same ball each, in (4.82) we inserted the definition of z; and
29, and in (4.83) we used pg > py. Finally, assume that x € S, for some ¢ € {1,..., M —1}, and
v ¢S, forallje{l,...,M—1}. Welet z(p) :==x+ p(z’ — ), p € [0,1]. Since 2(0) =z € Sy
and z(1) = 2’ ¢ S, there must be a uy € (0, 1) such that ||z(p1) — x¢l|» = €//2. Again, we set
z1 = z(p1) and bound

l9(x) — g(«")| < lg(x) — g(z1)] + |g(z1) — g(a)]

<lg(z) —g(z1)| +0 (4.84)
< lz = z1llw = llpa (z — 2 [lw (4.85)
=z —2"lw < flz — 2'|lu, (4.86)

where in (4.84) we used that g(z1) = g(z') = 0, in (4.85) we applied (4.80) upon noting that
x, z, are contained in the same ball, and in (4.86) we used u; < 1. We have thus established
that (o, an 1 (@) = Gon,an 1 (2] < ||z — 2|0, Vo,2" € S7, and hence U C Go(w).

Next, we show that for distinct ga,.. .ay_1:96...6u_. € U (ie., there is at least one ¢ €
{1,..., M — 1} such that o, # B,), it holds that po(gas....ar_1s9s1...0_,) > €. Indeed, for any
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such ¢, we have

:00<g041,~~-,OéA/1—17951 ,,,,, ,BIVI—1> = sup |g041,~~-7041\/1—1(%) — 9B, BM—I(g)‘ (487)
€S
> ‘goq ..... am-1 (:L‘g) — 981, B (SUg)l (488)

where in (4.87) we used (4.4) and in (4.88) we inserted the particular choice T = z; to lower-
bound the sup. This establishes that I, indeed, constitutes an e-packing for (Gy(w), py) and we
therefore have

log M(€; Go(w), po) > log U] = M — 1 = (ﬁ FD MD 1

=0 €
O
4.C.5. PROOF OF LEMMA 4.4.2
Note that w[f] > e/d gives ¢ < 5] and thereb
ote a U)a’b € glVQS blog(e) , al ere v
log <“—d) log (“—d)
T = t t < = Ll -1, 4.
max{ € Mot < blog(e) blog(e) (4.89)

Next, we have

on (ﬁ cw,i;f% m) o (ﬁ aceM)

=0 =0 €

T(T +1)

= (T +1)log(e™') — blog(e) + (T + 1) log(ac)

wd og() ] ([roa(%2)] _
e
F;ig}eﬂ log(ac)
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op ( ad
Assuming that e is sufficiently small to guarantee that 1£§g{@3 — 1 > 0, we can upper-bound
(4.C.5) according to

g (ﬁ Wi m)
=0 €
log(%d) log(%d)
log (%) » blog(c) (blog(e) - 1) log ()
(blmg(e) + 1) log(e™") — blog(e) 5 + (blog(e) + 1) log(ac)

" 2blog(e) log™ (™) + (201%)5;3 o 2b101g(e) (2log(ad) = blog(c))

+log(ac)> log(e1) — log(ad) (1;)552526; blog(e)) + log(ac) (20@(;(2 N 1)

~ 2log(e) log*(€™!) + o (log*(e™)).

In the same spirit, we can lower-bound (4.C.5) as

() (s
lOg (?d) 1 blog(e) < blog(e) + 1) IOg (%l)
> (blog B ) log(e1) — blog(e) 5 + ( log(ac)

blog(e)
L log?(e7!) + (Z)ligzg - 2blolg(e) (2log(ad) 4 blog(e))

log(ac)> log(e~1) — log(ad) (log(ad) 4 blog(e)) + log(ac) (log(ad))

blog(e) 2blog(e) blog(e)
1 2/ —1 20 1
= Dlog() log“(e ™) + o (log (e )) :

Finally, combining (4.C.5) and (4.C.5) yields

T cw'9 1
1 a, — 1 2/ —1 1 2/ —1
o (}To 22 = St € o (logte D).
as desired. u

4.C.6. PROOF OoF LEMMA 4.4.5

We start by noting that

T:max{tENo

wl) > ;} - {(‘?) lﬂ -2 (4.90)
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Next,

T P
log(H”e’qm>:(T+1)10g() (T +1)log(e” —i—Zlog(wp )

(T + 1) log(e™ ') — plog((T +1)!)

= (T + 1)log(cq) +
+ (T +1)log(e™") = p((T + 1) log(T + 1)
)+

)
= (T +1)log(cq)

—(T +1)log(e)) + O(log(T + 1)) (4.91)
. dq 1/1’
= (T +1)log(cqe®) + (T + 1) (log(e ) —plog (Ke) w — 1))
+ O(log(e™1)), (4.92)

where (4.91) follows from the logarithm form of Stirling’s approximation, namely

log(n!) = nlog(n) — nlog(e) + O(log(n)).

Now, assuming that e is sufficiently small to guarantee that 1 < %(dq/e)l/p, applying
log ((dq/e)l/p - 1) > log (%(dq/e)l/p> > 0, we can upper-bound (4.92) as

1/p
(T + 1) log(cqe?) + (T'+ 1) (log(e‘l) —plog ((C?) - 1)) + O(log(e™))

1/p
< (T +1)log(cqe?) + (T + 1) (log(e_l) —plog (; <d€q> )) + O(log(e™))
= (T + 1)(log(ce? /d) + p) + O(log(e 1))
dq 1/p 1
= ( () w - 1) (log(ce?/d) + p) + O(log(e "))

< <d€q> (log(ce?/d) + p) + O(log(e™)). (4.93)
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Furthermore, we can lower-bound (4.92) according to
dq 1/p
(T + 1) log(cqe?) + (T + 1) [ log(e™!) — plog <€> + O(log(e™1))
— (T'+ 1) log(ce” /d) + Olog(e™))

()W]_ngww@+omg€w

1/p
<> — 1) log(ce? /d) + O(log(e™1))
q 1/p
e> log(ce?/d) + Oflog(e ™)) (4.94)

Combining (4.92), (4.93), and (4.94) yields the desired result

log (ﬁ W) = O(e /7).

=0 €

4.C.7. PROOF oOF LEMMA 4.4.6

(p)
Consider € € (0, ¢) with ¢y = D“JPT@[O] —

of (G(w')

p.q

(IT_[ ’VDwz(fg [f]D — 1 < log N**(; G(w®), p) < log (3) 1T'[ (2 {Ww + 1) . (4.95)

=0 €

%. By Theorem 4.3.12, the exterior covering number

), p) satisfies

where

T' = max {E c Ny

w%[@] > ;} and 7" := max {E €Ny

w®[d] > 6}.

We can further lower-bound the left-most term in (4.95) according to

) s )

=0 =0
1.5 DwP¢
> Ly D] (4.96)
2,5 €
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where (4.96) follows from

Lo Duild
2,25 € -

which, in turn, is a consequence of

Dw® 0] _ DwP)|0]

P.d
€ €0
Dw® I Dw®[T’
wyyll] > Wi T"] >1, for ¢€[T']\{0}.

€ €

v
=
)

I

N

Similarly, we can further upper-bound the right-most term in (4.95) as

log(3) (IT_[ (2 {Ww + 1)) < log(3) (]T"[ <8mum + 3))

(=0 £=0

(4.97)

where (4.97) follows from

£ >1, for Le[T"].

Combining (4.95)—(4.97), taking logarithms two more times, dividing the results by log(e™!),
and applying Lemma 4.4.5, we obtain

log (@(e*l/p)) _ log(3) NeXt(e;G(w%),p*) . log (@(E—l/p))
log(e™!)  — log(e~1) = log(e?)

Taking the limit ¢ — 0, then yields

log® N*(&; G(w)), p) 1

P.q _ =

0 log(e ) P

Y

which implies that (G(w(r)), p.) is of order 2 and type 1, with generalized dimension

1
0=—.
p
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4.C.8. AUXILIARY RESULTS ON RELU NETWORKS

Lemma 4.C.2. For d € N, with d > 2, consider the following functions,

i (2) i=min{z, 29, . . ., 24}, for z € R,

T9(2) = max{z1, 22, ..., 24}, for z € R
Then, there exist ReLU networks @7 € Ny1 and 7 € Ny, with L(P7™) = L(DT)
[log(d +1)] + 1, M(®7") = M(®7*) < 14d — 9, W(P7™) = W(Pme) < 3d, K(PT™)
K(@mer) = {1, -1}, B(®7™) = B(®7") = 1, such that

O (2) = fI(2), for all z € R%,
() = fI1(2), forall z € R%
Proof. We only need to show the result for the max function as min{zy, 29, ..., 24} = — max{—z,
—29,...,—24}. First, we realize max{x,,z2} according to
max{zy, x2} = x1 + p(x2 — 1) (4.98)
by the ReLLU network
@ = WQ opo Wl; (499)
with
1 0
Wi(z)=|-1 0|z=: Az,
11 (4.100)

Wa(z) = (1 -1 1) x =: Asz.
Now, for arbitrary d € N, with d > 2, choose ¢ € N, such that 2¢ < d < 2!, Then, we

double the first k = 2! — d elements and retain the remaining d — k elements as follows

max{xy,...,Tq} = max{xy, L1, ..., Tk, Tk, Thi1, Thiy- -, Ld}-

The primary reason for doubling elements is that by extending the set {1, ..., x4} to a set whose
cardinality is a power of 2, we can utilize (4.98) together with a divide-and-conquer approach
to determine the maximum value of the set {z1,...,z4}. This then leads to a ReLU network

realization of depth scaling logarithmically in d. Now, let Wy, (z) := Aoz, W;(z) := Bjx, for
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jgef{t,t—1,...,1}, and Wy(x) := Agx, with

B, = A, diag (A2, Ay)
1 -1 1 0 0 O
=|-1 1 -1 0 0 0],
-1 1 -1 1 -1 1

B; = diag(B,, ..., B,),
S (4.101)
Ap = diag(Ay, ..., Ay)diag(ls, ..., 1o, Iz %)
2t k
= diag(A;1a, ..., A1y, Ay, ..., Ay),
k 20—k

Aly = (1,-1,0)%.
Combining (4.98)-(4.101), we can show that
QN = WyyopoWopo...poWiopoWy= fI'™* (4.102)
as follows:

(i) We double the first & = 271 — d elements and retain the remaining d — k elements of

{x1,29,...,24} according to
T
(131 ry ... T T Tgy1 Tgyr2 - - J,’d)
, T
:dlag<127...,12,ﬂd,k) (.fCl To ... .fll'd) .
—_————
k
For simplicity, we denote the resulting set {1, z1, ..., Tk, Tk, The1, Tha2, - - -, Ta} a8 {Y1, Yo,
. ,y25+1}.

(i) Application of (4.99) to the 2 pairs in {y1,9s, ..., yaet1 }, results in

{max{yb y?}a maX{Z/z’n 94}, ceey max{yﬂ‘*lfla Yae+1 }}

and hence reduces the number of elements from 2! to 2¢. This reduction is applied
iteratively until we get max{z,xs,...,24}. The compositions A; o diag (A, As), formed
in the iterative application of (4.99), constitute the main diagonal elements of the matrices
By, k € {{,¢—1,...,1}. We illustrate this part of the procedure using the simplest
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possible example, namely for ¢ = 1 and hence max{y1, y2,ys, y4}. Specifically, we have

max{y1, Yo, Y3, ya} = max{max{yi, ya}, max{ys, ya} |

= max {diag (As, As) p (diag (A1, A1) ((y1,92), (y3,94)) )}
= Agp (Ay diag (As, As) p (diag (A1, A1) (y1,92), (v, 30))7) )
= (WaopoWyopoW)(y).

The proof is concluded by noting that

c(@y™) 2 041 = log(d + 1)] + 1,
(4 102) s
M@y DS () = M(Ay) +ZM )+ M(Ao)
7=0 7j=1

¢
(4.101), (4.100) o Yok H A28 — k) + 12 3 2071 < 14d — 9,

j=1

W@y U s ) B 3 00 < 34,
§=0,1...,041
(4.1 K—‘rl

(@) .C U’C (4.101), 4100){1 1,

max\ __
B(®3™) = e o] = 1.

[]

Lemma 4.C.3 (Composition of ReLU networks [Elb+21]). Fori=1,...,n, let d; € N, and
®; € Nu,a,.,- Then, there exists a network Ve Ny, 4., with

U(z) = (P, 0 Pp_q0---0®)(x), forallxec R,

satisfying .
L(V) = ;5(@1),
M(W) <230 M(®)
i=1
W) < max {_max_{24:}, max (V(@:)}]
K(w) € J() u (K@)
B(¥) = ;111?%118((1)1)
Proof. Follows along the same lines as the proof of [Elb+21, Lemma I1.3]. O
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Lemma 4.C.4 (Parallelization of ReLU networks of the same depth [Elb+21]). For i =
L,...,n, let d;,d; € Ny and ®; € Ny, a0 with L(®;) = L. Then, there erists a ReLU network
P(@l, @27 ey @n) € NZT’;l di’zr‘il d' wlth

P(®1, @y, ..., 00)(2) = (1(2), Po(2), ..., Du(2)T, for all z € R,

satisfying
L(P(®y,Ps,...,D,)) =L,
M(P(Py, @y,..., D)) =D M(Py),
i=1
W(P(®1,0s,...,®,)) < D W(Dy),
i=1
IC(P(q)l, @2, ey (I)n)) - U K((I)l),
=1
B(P<(I)l> (D27 R an)) = IEIIIaX B(q)z)
Proof. Follows along similar lines as the proof of [Elb+21, Lemma I1.5]. O

Lemma 4.C.5 (Augmenting network depth [Elb+21]). Let di,ds, K € N, and ® € Ny, 4, with
L(P) < K. Then, there exists a network ¥ € Ny, 4, with

L(V) =K,
M) < M(D) + doW(P) + 2do (K — L(D)),
W(¥) = max{2ds, W(P)},

K(¥) c (K(®) U (=K(2)) U{l,—1}),
B(¥) = max{1, 5(®)},

satisfying ¥ (z) = ®(z), for all v € R:.

Proof. Follows along the same lines as the proof of [Elb+21, Lemma I1.4]. H

4.C.9. REMAINDER OF THE PROOF OF LEMMA 4.5.2

We verify that & = &5 o &, defined in (4.35) has (2, €)-quantized weights.
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« The weights in ®, = W defined in (4.32):
_ 423) 0. (9(F) Definition 4.2.2 { (3)/2 2[log(e~1) T‘ . 9—2[log(e™)]
e 272 Irlog(e_l)] Z,
g (42) L (a111)
Gal < lg(@a)| + 272D < p g 972 fles@ D] T p g 2

(4.111)
<D+1 < €2

which yields
(@) € 272z [ 7). (4.103)

o The weights in ®, defined in (4.34):

@) = U (K(@1,) uK(@})) = K(8) U (U K(vm)- (1101)

nE‘fI ne‘ﬁ

Recalling that W realizes the spike function and applying Lemma 4.5.1, we obtain
(W) = {1, -1} c 272Dz 0 [—e2, 7] (4.105)

Based on (4.32), we get

U K(W,) = ZL_J (U {gzl,nz}) . (4.106)

nem nemn

Moreover, for all £ =0,...,T and n € N, we have

gﬁ (22 o (§71) Deiniton 422 F +1 M/z—Q [log(e—lﬂ-‘ . 9—2[log(e™ 1) ]
s €

c 2—2 I‘log(e’l)_lz :

~ _ efinition 4.2. 4.111
‘6[1’ <8 + 1 w[(] 4 9—2[log(e )] P tg 4218 5+ 1671 e ( v ) 2
s € s
Hence,
bt e 22l Nz n [—e2 7 (4.107)
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and

ng € 7 2~2[leele ™7,

~ (421) | D
el < Ny = {

< D5t +1
14

1
St 6_1+62)—|—1
S

(4.111)
< <DS +1
s

<D

+D+1> el < e

which yields
ne € 272Dz [—e2, 672 (4.108)

Based on (4.106), (4.107), and (4.108), we have

U KW, c 272l Dz [~ 2 e (4.109)

nen

Combining (4.104), (4.105), (4.106), and (4.109) yields

(@) € 272Nz 0 [ 7). (4.110)

Using (4.103) and (4.110), Lemma 4.C.3 shows that & = &3 o &, indeed, has (2, €)-quantized
weights.
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Finally, we compute £(®) and derive an upper bound on M (®) according to

,C((b) (4.35),Legma4.c’.3 ﬁ(q)g) + £(q)1)
(4.34),(4.33),ZLemma4.C.4 ﬁ(\If) +9
Lemrg)A.S.l |'10g<T 4 2>'| + 67
Lemma 4.C.3
M(@) < 2(M(Dy) + M(Dy))
b _
Lemmé4.C.4 9 M(Q)Q) + Z (QM(\IJ) + QM(WW)>
=1

(4.32)-(4.35), Lemma 4.5.1

< 2(N| (1 + 120(T + 1) — 56 4+ 2(T + 1))
< 244(T + 1)\51]

(4.21)
< 244(T +1) H (2D5," +3)

(4.21),(4.22) T 1
< 244(T + 1) H( <S+ = ]+€2>+3>
£=0

(4.111) 2D 1
< 244(T + 1) H< wif s+ 4).
=0 €

The proof is concluded by setting

1 1 1 s+1 -1
=min< 1, = D D+1 .
0 mm{’z’s+1’\/D+1’< P +) }

(4.111)
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CHAPTER 5

RECURRENT NEURAL NETWORKS UNIVER-
SALLY APPROXIMATE POLYNOMIALS

5.1. INTRODUCTION

This chapter is inspired by the well-known universal approximation theorem for feedforward
neural networks [Cyb89; Fun89; HSW89], which states that every continuous function can be
approximated to within arbitrarily small error by a shallow neural network with sigmoidal
activation function. Later quantitative results in the same vein have been established that also
characterize the size of the approximating network [Bar93; Bar94].

In the last two decades, however, the ReLLU activation function has gained the dominant
position in the field of neural networks, and we therefore also use it in the present chapter.
Starting with [Yar17], quantitative results for deep ReLU networks became available, also leading
to Kolmogorov-Donoho type results in [Elb+21].

In general, all the mentioned results fit the following pattern: For every function f in a
certain function class and every non-zero approximation error € there exists a neural network N

achieving this error. We can concisely sketch this approximation paradigm as
Vf :Ve:3N, such that N approximates f to within error e. (5.1)

Hence, one first has to decide on the desired approximation error € and then the approximating
network depends on ¢, that is, its size, topology and weights. If later on a smaller error is desired
a new, larger network with different topology and network weights needs to be instantiated. To
make this dependence of network size on the approximation error concrete consider, for example,
[Elb+21, Proposition I11.5] which states that for every polynomial and every € > 0 there exists
a deep ReLU network with O(log e™!) weights that approximates the polynomial to within error
€.

In the present chapter, we propose a new approximation paradigm to remedy the dependence

of the network on the approximation error €. That is, we wish to exchange the order of the last
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5.1. INTRODUCTION

two quantifiers in (5.1) to yield
Vf : AN, such that Ve : N approximates f to within error e. (5.2)

We will achieve this by iteratively applying a fixed transformation until the desired approximation
error € is achieved. If, later on, a smaller € is required, it can be achieved by simply performing
more iterations. This iterative process lends itself to a temporal formulation and we therefore

formalize our results in terms of the well established recurrent neural network (RNN) architecture.

Definition 5.1.1 (RNN [Elm90; GBC16]). We denote by p : R — R, p(x) := maz(0,z)
the ReLU function which acts component-wise, i.e., p(T1,...,%m) = (p(x1),...,p(zm)). An
RNN with input dimension d € N, output dimension d € N and hidden state size m € N is
parametrized by matrices A, € R™™ A, € R™*4 A, € RY*™  and vectors b, € R™, b, € RY .
We collectively call these quantities the weights of the RNN. They specify the hidden state
operator K : (RY)No — (R™)No mapping an input sequence (z[t]);>o recursively to the sequence
of hidden states (h[t])i>0 according to

h|—1]:=0€ R™
hit] = p(Aphlt — 1] + Azx[t] + br),

and the output mapping Q : R™ — R¥
Q(h) := A,h + b,.
The associated RNN is the operator R : (RY)No — (R¥)No given by
R = QOK,
where Q is applied independently at each time-step, i.e. for x € (RY)No
(Ra)[t] = (QKa)[t] = Q((Kx)[t]),  fort € No.
We use the notation Miu(R) = d, Mow(R) = Mow(Q) = d', Mpa(R) = Mpa(K) = m to

describe the size of the RNN.

To confirm with (5.2), we wish, for a given function f, to find an RNN R that achieves
any arbitrarily small approximation error €. Let now x € R be the point at which we wish to
approximate f(x). As the input sequence to the RNN R we then use x at time ¢ = 0 and zeros

thereafter. To formalize this, we introduce the following operator.
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Definition 5.1.2. The map D : R? — (RN js defined according to
(Dx)[t] = Zﬂ{t:()} A4 Z 0.

Here, 1y denotes the truth function which takes on the value 1 if the statement inside {-} is

true and equals 0 otherwise.

As its output sequence, the RNN R produces increasingly precise approximations to f(z).
That is, the difference between f(z) and the RNN output at time ¢ is decreasing in ¢. Hence,

we can operationalize the approximation paradigm (5.2) in terms of RNNs as

Vf:3dR :Ve: Ity iltpsupKR’D:v)[t] — flz)] <e (5.3)
>ty @
Evidently, for any approximation theorem fitting this paradigm, the size, topology and weights
of the approximating RNN R are independent of the approximation error €, simply by virtue
of the quantifier order in (5.3). Hence, networks in this paradigm always have the number of
weights scaling as O(1) in e. Only the runtime required to achieve the desired approximation
error € does depend on €.

In the presentation of our proposed approximation paradigm, we have deliberately kept (5.1)
to (5.3) vague to convey the central idea of reversing the quantifier order with as little clutter
as possible. We believe that approximation results fitting paradigm (5.3) are possible for a
variety of function classes, i.e., the set from which f is taken. To start research in this direction,
we focus, in the present chapter, on approximating univariate polynomials. In order to reach
this result we develop a number of building blocks that could prove useful in deriving similar
approximation results for other function classes as well. For example, we think our results can
easily be extended to multivariate polynomials. Similarly, we believe that existing research in
deep neural network approximation [Huy25] might inspire approximation according to (5.3) for
other function classes such as sinusoidals or refinable functions [Dau+23]. We next state the
central result of the present chapter, which is that the class of univariate polynomials can be
approximated by RNNs according to paradigm (5.3). Moreover, and perhaps surprisingly, the

approximation error decreases exponentially in the runtime of the RNN.

Theorem 5.1.3. Let N € N, ag,...,any € R, and D > 1. There exists an RNN R such that
fort > 16log N, it holds that,

N
sup  |(RiDa)[t] — Y aia’| < |lal|1C14“,
z€[—D,D] i=0

with Cy = 16 ND?*YN and Cy = m.

A more detailed version of this result is presented in Theorem 5.5.3. Next, we present some
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commonly used notation. Thereafter, the remainder of the chapter is dedicated to the proof of

Theorem 5.5.3, by building up the relevant building blocks one by one.

Notation N denotes positive integers, and Ny is here defined to include 0. (R4)™e denotes
the space of sequences of vectors in R? indexed by time in Ny, that is for z[-] € (R?)No we have
z[t] € R? for t € Ny. Furthermore, for z € R?, ||z|| = max;—;,_
indicates z; < cfor alli € {1,...d}. Iy € R¥? is the d-dimensional identity matrix and 1, € R?

stands for the d-dimensional vector with all entries equal to one. log denotes the logarithm to

a|zi| and x<e, for some ¢ > 0,

base 2. Constants are understood to be in RT.

5.2. APPROXIMATING THE SQUARING FUNCTION AND MULTI-
PLICATION

Before going into the details of our RNN constructions we point out a simplification of the RNN

definition.

Remark 5.2.1. We shall be concerned with inputs of the form (Dxz)[t] = xlgy_g for z € R™.
In this case, Definition 5.1.1 simplifies to

(KD)[0] = p(Aur + by)
(KDa)[t] = p(An (KDa)[t — 1]) + by, fort €N,

and
(RDz)[t] = (QKDzx)[t], fort € Np.

We start by constructing an RNN to approximate the squaring function. To this end we make

use of the construction explained in [Elb+21]. We first recall the relevant results.

Lemma 5.2.2. Let F(z) == —2? for x € [0,1]. Further, with m € N, let I, : [0,1] — [0,1] be

the linear interpolation of F at points 2%, for k€ {0,...,2™}, that is,

k k m
Im<27n>—F<27n>,f07’k€{O,,2 },
and I, is a linear function when restricted to the interval [2%, %} for each k € {0,...,2™—1}.
It holds that,

sup |F(x) — L,(x)] < 9—2m=2
x€[0,1]

Furthermore, define
se() =27"p() = p(- =277, for £ € Ny,
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and recursively Hy = sy 0 Hy_y for £ € N with Hy = so. Then, it holds that

m—1
L,(z) = Y Hy(z), for x € [0, 1].
(=0
Proof. See proof of Proposition II1.2 in [Elb+21]. O

We furthermore need the following simple property of I,,,, which is not explicitly studied in
[Elb+21].

Corollary 5.2.3. We have, for all m € N, that

0<I,(z) <z, Vrel1].

Proof. First, note that F(z) € [0,1/4] for all € [0,1]. Thus, by definition of I, as a linear

interpolation, we also have I,,(z) € [0,1/4] for all x € [0,1], and in particular I,,(z) > 0.

2

Furthermore, since F'(x) = x — 2 is a concave function, we have I,,,(z) < F(x) for all z € [0, 1],

again due to [,, being a linear interpolation of F'. This implies

In(z) < Flz)=2—-2°<x

completing the proof. O
Next, we construct an RNN that approximates the squaring function.

Theorem 5.2.4. For D > 1, there is an RNN R57 = Q5IC5 with M, (R5) = Mow (R = 1,
such that, for all x € [—=D, D] and all t € Ny,

D2
(RSDa)lt] - o < - 47,

as well as
H(ICSqu)[t}H <1 and 0 < (R%Dx)[t] < D2

The size of this RNN is Mya(R5%) = 7.

Proof. The weights of the R5% are as follows:
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ool o o olo o 0
00l 0 0 00 0 0
1 1] 277 —1 0 0 0
Ay=1 12" —10/-1 o |, w=1|o0/|
1 1] -2 110 0 0
00| 0 022 —2! 91
00l 0 0 00 0 1
1
1
o
A=5]0, Ae=D*0 0]-271 1 1[0 0), b=0.
0
0
0

Next, we fix x € [—D, D] arbitrarily, let z := %‘ and compute the sequence h[-] == (KDx)[-] of
hidden states for the input sequence & := (Dzx)[-] = 21{.—gy according to Definition 5.1.1. We
start by proving through induction that

0
p(Hi-2(2))
hit] = | p(Hi—2(2) — 2_2t+1) , t>2, (5.4)
2= Yisg Hi(z)

2—2t—1

1

with H; as defined in Lemma 5.2.2 for ¢t € Ny. Starting from h[—1] = 0, we compute

h[0] = p(Aph[—1] + A.Z[0] + by)
= p(Azx + by)
p(5)
P—5)

I
o o o

2—1
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Using z = p (%) +p (—%) >0, we get

Further,

h(2] = p(Aph[1] + bn)

0 0
0 0
27'p(2) — p(z —271) p(s0(2))
=p|27'p(2) = p(z =271) =277 | = | p(so(2) —277) |,
z— (272 —p(z —271)) z — 50(2)
9-2.9-3 _9-1 1 9-1 9—22-1
1 1

where s,(+) was defined in Lemma 5.2.2 for ¢t € Ny. Hence, using Hy = s¢ as per Lemma 5.2.2,

we established the base case of the induction for ¢t = 2.
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Next, we establish the induction step. To this end, we assume that (5.4) holds for some
t > 2. Now, note that

ht +1] = p(Anhlt] + bn)

0
0
2 p(Hys(2)) — p(Hi(2) — 2-277)
—p|  27p(His(2)) — p(Hig(z) — 272H1) — 2721

zZ— Zﬁ;g Hz(Z) - (Q_Ip(Ht—z(Z)) — P(Ht_z(Z) _ 2—2t+1))
2*2 . 2721571 o 271 + 2,1

1

0 0

0 0
si-1(H—2(2)) p(Hi—1(2))

=p S-1(Hy—2(2)) — 2747 = | p(Hy-1(2) — 272040 |,
2= Yiso Hi(2) — si1(Hia(2)) 2 — YUV H(2)

2—2(t+1)—1 2—2(t+1)—1

1 1

where we used s,_1(-) = 27p(+) — p(- — 272*1) and Hj = s o Hy_; as per Lemma 5.2.2. This
completes the proof of (5.4). Furthermore, we see that ||h[0]|| < 1 and ||A[1]||, < 1. By (5.4),

we have ||A[t]||, <1 for all £ > 2 upon using Corollary 5.2.3.
Next, we compute the RNN output (R%9x)[t], for ¢ > 2, as follows

(e S0
—p(a- : Hi(z))>
= D?(z — I(2)),

where I, = S0 Hy, as in Lemma 5.2.2. As, z € [0,1], we have, by Corollary 5.2.3, that
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z —I;(z) € 0,1]. Hence, 0 < (R%z)[t] < D?. Furthermore,

o — (RODa)lH]| = D* |22 — (= = ()

<D* swp |y* — (y — L(y))|
yE[O,l]

< D2 2—2t—2 — 74—15
>~ 4 3

where the last inequality follows from Lemma 5.2.2. Since x € [—D, D| was arbitrary, the

statement follows. O

We proceed to the construction of an RNN that approximates the multiplication operation.

This result will be based on the polarization identity

2 _ 2
O (“”1 ;“) _ (ml . x2> | (5.5)

Specifically, we will map the input (z1,z2) to ((x1 + z2)/2, (x1 — z2)/2) through an affine
transformation followed by the application of two instances of R5% in parallel. The formal result

is as follows.

Lemma 5.2.5. For N €N, let R' = Q'K!,..., RN = QVKY be RNNs. There exists an RNN
R = QK such that for all x; € RMn(RY g€ RMaRY) e have

T (IcllDl‘l)[t]

KD| : [t] = : , Vt € Ny (5.6)
N (ICND.Z’N)[t]
X1 (Rlpl‘l)[ﬂ

RD| : [t] = : , Vt € Np. (5.7)
N (RNDZEN)[t]

Proof. The weights of R = QK are given by

A0 AL .00 b
Ap=| : - A= | ¢ ol b=
0 AN 0 AN by
Al 0 bl
A, = Sl bo =
0 AN by
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T1
Now, arbitrarily fix x = | : [. We first show (5.6) by induction. Indeed, for t = 0, we have by
TN
Remark 5.2.1,
Alz, + 0} (K'Dz1)[0]
(KDa)0] = p(Ayz+b)=p| : |- ;
ANgy + 0N (KNDxy)[0]

Next, assume that (5.6) holds for some ¢ € Ny and compute

(KDx)[t + 1] = p (Ap (KDx)[t]) + bn)

(K'Day)[t]
=p| A, : + bp
(KNDz (1]
Al (K'Da1)[t]) + b} (K'Day)[t + 1]
=p : = :
AN ((KNDay)[#]) + o (KNDay)[t +1]

This completes the proof of (5.6). To establish (5.7), we note that

(K'Dy)[t]
(RDx)[t] = A,(KDx)[t] + b, = A, : +b,
(KNDzy)lt]
AN KYDxy)[t] + b} (R'Daxy)[t]
= : = : , Vt € No. O
AN(KNDzy)[t] + bY (RNDzy)|t]

Furthermore, we need a the following result to apply a matrix multiplication to the input of
the RNN.

Lemma 5.2.6. Let R = QK be an RNN with d = M;,(R) and let A € R>? d' € N. Then,
there exists an RNN R’ = QK' such that, for every x € R,

(R'Dz)[t] = (RD(Az)[t],  and (K'Da)[t] = (KD(Az) [t], ¥t € No.

Proof. Let A,, A;, A, b, and b, be the weights of the RNN R. We define the new RNN
R’ = OK' with weights A, = A, A, A, = A,, Al = A, b, =0b,,b =b,, ie., we take the output
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mapping of the new RNN R’ to be identical to that of R. We first show through induction that

(K'Dx)[t] = (KD(Ax)) [¢], for t € Nj. (5.8)
First, note that
(K'Dx)[0] = p (Ayw + by)
= p (A, Az + by)
= p (A, (Az) + by) = (KD(Axz))[0].

Next, assume (5.8) holds for some ¢t € Ny. We have by Remark 5.2.1,

(K'Dz)[t + 1] = p (A, (K'Dx)[t]) + b))
= p (An (K'D)[t]) + bn)
= p (A (KD(Az)) [t]) + bn)
= (KD(Ax)) [t + 1],

proving (5.8). Finally, (R'Dz)[t] = (RD(Ax)) [t] for t € Ny follows from (5.8) since A, = A,
and b = b,. O

The last ingredient to our approximation of the multiplication operation is applying an affine

transformation to the output of an RNN.

Lemma 5.2.7. Let R = QK be an RNN with d = Moy (R) and let A € R¥*% b e RY, d' € N.
Then, there exists an RNN R' = Q'K such that, for every x € RMn(R),

(R'Dzx)[t] = A((RDx)[t]) + b, vt € N.
Proof. With R = OK, where Q(h) = A h +b,, define
—QK, Q(h)=Ah+1, with AL = AA, 0, = Ab, +b.

0’ 7o

That is, we take the hidden state operator of the modified RNN R’ to be identical to that of R.
Noting that, for all £ € N,

(R'Dz)[t] = (Q'KDx) [t] = AL (KDx)[t]) + b,
= AA, (KDx)[t]) + Ab, + b
= A(A,(KDz)[] +b,) +
= A(RDz)[t] + b, Vt € N,

the proof is completed. O
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We now have all the ingredients needed to derive our result on the approximation of the

multiplication operation.

Theorem 5.2.8. For D > 1, there is an RNN R* = Q*K* such that, for all x € [—D, D]?,

2

D
|(R*Dx)[t] — (x1 - x2)| < E3 47t vVt € Ny
and,
IK*D2)[H]lloe <1 and  |(R*Dx)[t]] < D?, Vt € No.

Furthermore, Myiq(R*) = 14.

Proof. We start by employing Lemma 5.2.5 with N = 2 and R! = R5%4, R? = RS9 according to
Theorem 5.2.4. This yields an RNN R = QK satisfying, for all z € [-D, D]?,

||(RDz)[t] _ (ﬁ)

Next, consider the matrix

D2
< 74-2 IKDz||, <1, and 0<(RD2)[t|)<D?, VteN,. (5.9)

o0

1(1 1
i) -

and observe, that for all x € [-D, D]?, Az € [—D, D]?>. We now apply Lemma 5.2.6 with A in
(5.10) and R as per (5.9) to obtain the RNN R’ = QK' such that, for all z € [-D, D]?, it holds

that
x1+x2\2 2
oo — (2 Dy (5.11)
(=52, 4
|IK'Dz|| <1, and (5.12)
0<(R'Dz)[t]<D? Vt € N. (5.13)

Finally, we apply Lemma 5.2.7 with R’, A = (1 —1) and b = 0 to obtain the RNN R* = Q* %,
where K* = K’, since the hidden state operator remains unmodified when applying Lemma
5.2.7. Hence, we have ||[K*Dz||_ <1 by (5.12). Furthermore, the output satisfies

(R*Da)[t] = (R'D2)[t) — (R'D2)[t])s, V€ Ny (5.14)
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It thus follows from (5.13) that —D?*<(R*Dx)[t|]<D? for all t € Ny. Finally, we have

(R*Da)[t] — <<x1 ;sz)? B (xl ;x2>2>

(RD)~ (D52 4 (D) (D),

(R*Da)[t] — (21 - 25)] E

(5.14)

2 2

, x1 + 22\ 2 , r1 — T2\?
<ot - (252) ]+ (woam, - (252)
(5:11) D2 D? D?
< T4_t + Tzrt = 74—2 Vo € [-D, D], VteN,.

Lastly, note that we have My;q(R*) = 14, since R* contains two parallel instances of R4,
which has size My;q(R*) = 7 according to Lemma 5.2.4. O

5.3. FUNCTION CONCATENATION THROUGH RNNS

Our ultimate goal is the approximation of general polynomials in z, which requires RNNs that
approximate higher powers. This will be done by concatenating functions, e.g., x — z* can
be expressed by concatenating the squaring function with itself. More generally, consider the
functions f, ¢ with associated RNNs R/ and RY that approximate f and g, respectively, with

error decreasing over time, in the sense of

(RID2)[t] — f(z)| < 147, and
(RYDz)[t] — g(x)| < 147, Vt € Ny, for some ¢y, o > 0.

We wish to construct a new RNN R’ that approximates go f with approximation error decreasing

over time, i.e.,
|(R'Dz)[t] — g(f(2))] < c3d™, Vt € No, for some c3,cq > 0.

The core idea, as shown in Figure 5.1, is to let R/ and R run in parallel. Specifically, we
shall interlace the computation of f and of g. Whenever, the time-index is a power of 2, we use
the current value of the hidden state hy to read out an approximation of f(x). Then, we restart
the computation of RY with this refined value as input. Thus, the overall output at time-index
t = 2% for k € N is an approximation of g(f(x)), where 2*~! time steps were used to run R/
in order to approximate § = f(z) and 2*~! time steps were used to run RY with input ¢ in
order to approximate g(7). We next show how to build a clock into an RNN that triggers this

switching action whenever the time-index is a power of 2.
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Figure 5.1: Approximating function concatenation by RNNs.
Lemma 5.3.1. Define the sequence

1, ift=2% for somek €N, k>2

o[t] =
0, else.

Let
42 0 0 0 —1
—4 2 0 2 -1/2 1/2
A=10 01/2 0 -1 and b= 1|, (5.15)
0 1 0 0 —2
00 0 0 0 1

and consider the recursively defined sequence h[—1] = 0 and hlt + 1] = p(Ah[t] +b), for t € Ny.
It holds that

(R[t])r = o[t + 2]
Furthermore, ||h[t]|| . <2, for all t € Ny.

Proof. The proof is effected through induction over time. We start by showing that

1
2

h2k —2]=|222"|,  forkeN, k>2. (5.16)
0
1

The base case, k = 2, is established through direct computation:

-1 0 0 0

1/2 1/2 1 1
h0)=p| 1 [=| 1 |, hlll=p| 1/2 | =|1/2],

) 0 —1/2 0

1 1 1 1
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and
1 1
2 2
h2l=p| 272 | =272
—1/2 0
1 1

Next, we assume that (5.16) holds for some k£ > 2. We first compute

-1 0
0 0
a2k —1]=p |22 | = | 272" |,
92-2" 92-2"
1 1
and
-1 0
93-2" 93-2"
Mkl =p| 272 |=]27%|. (5.17)
21-2" _ 9 0
1 1
Next, we show with a nested induction that
0
gt+3-2"
h2k 4t =22, forte{0,1,...,2°F 3} (5.18)
0
1

The base case, t = 0, was already established in (5.17). Assume now that (5.18) holds for some
t€{0,1,...,2¥ — 4} and compute

gt+4-2% _ 4 0
gt+4-2" gt+4-2"
h2F +t+1]=p 92k —t-1 — |22~ |
gt+3-2" + 9-2F—t _ 9 0
1 1

where we used 2t+4-2° < 1 since t < 28 — 4. This completes the induction over ¢t and thus
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establishes (5.18). Particularizing (5.18) to t = 2¥ — 3, we have

0 0
92k —3+3-2" 1
h[2M — 3] = h[2F 4+ 2F — 3] = | 272" | = | 932
0 0
1 1
Next, we compute
1 1
2 2
h[2k+1 . 2] = 22_2k+1 _ 22_2k+1
14232 9 0
1 1

23_2k+1

where we used <1, for k > 2. This completes the induction over k£ and thus establishes

(5.16) and, in particular, that
(R[t])1 =1, ift=2%—2for some k € N, k > 2.
Inspection of (5.17) and (5.18) reveals that
(h[t])1 =0, for every other t.

Lastly, ||h[-]||,, < 2 follows from (5.16) through (5.18). O

We next define a map, which, based on Lemma 5.3.1, will then be shown to produce an
RNN that realizes the desired behavior.

Definition 5.3.2. Let Dy, Dj, > 0, and R? and R RNNs such that Mi,(RY) = Mow(RY) =: d.
We identify the weights of RY as AL, Al bl AS bl and the weights of R as A%, A% b9 AI b9

o’

further let my := Mya(RY), ms := Mypa(RY), and dy := M (RY). We now define a mapping
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5.3. FUNCTION CONCATENATION THROUGH RNNSs

R = \ithDh (RI,RY), where the weights of R are given by

Al lo o o 0 b
AL L0 0 | 0| DilgA, bl — D,
Ay=|-All 0 0 | 0] DilgA, |, by=|-bl—Di|,
0 |[As —A9| A2 | -Dy1,, A, by
0o o o A b
(5.19)
Al
0
A, =0, Aoz(o\o 0| Ag 0), and b, = b,
0
0

where A, = (1 000 O), and A and b are as in (5.15). It holds that
Mpia(R) = Muia(RY) + 2Moue(RY) + Mpia(R?) + 5.
Furthermore, define the mappings

MR, RI) = (I, [0 0]0]0), and W(R,RS):=(0]0 0]L,

0).

We next establish the properties of the RNN produced by the maping 0 D10, (R, RY).

Theorem 5.3.3. Let D, Dy, Dy, Dy, > 0, and RY = Q'K/ and R = QIKY be RNNs with
weights as in Definition 5.3.2. Assume that the following bounds hold

(A1) H(RfDx)[t]H < Dy, forallz € [—D,D]%, forallte N.
(A2) ||(K9Dy)[t|||l, < Dy, for ally € [—Dx, D)%, forallt € Ny.

Then, the RNN \iJDhDh (RY,RY) =: R = QK given according to Definition 5.5.2 satisfies, that
for all x € [-D, D],

(RDx)[2" — 2] =(RD(
(RIDx)[28 — 2] (5.20)
)t -2), for k> 3.

Furthermore, with M = j\o/l(Rg,Rf) and W = W(Rg, RY), we have

M(KDx)[t] = (K!D2)][t], fort € N, (5.21)
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and

W(KDx)[2¥ - 2] = (KD ((R/Dx)[2"" - 2])) 2" - 2],

If we additionally assume that

(5.22)
forke N, k> 3.

(A3) H(ICfDx)[t]H < Dy, forall x € [=D,D|%, for all t € Ny,

(A4) (RDY)[t]llo, < D2, for all y € [~Dy, Di]%, for all t € Ny,

we have, for all x € [—D, D]%,

(B1) [[(KDz)[t]]l, < max{2, Dy, Dy}, for allt € No,

(B2) ||(RDx)[t]||,, < D2, forallt e Ny.

Proof. Arbitrarily, fix input z € [~ D, D] and consider the hidden state sequence in response
to the input sequence (Dx)[], i.e., hlt] = (KDx)[t]. We divide this hidden state sequence
corresponding to the blocks in (5.19) according to

hlt] =

>

>

>

>

— p(Anhlt = 1]+ A (D)) + by)

and analyze each block individually. First, note that hy[-] follows the recursion

halt + 1] = p(Ahy[t] + D), with hy[—1] = 0. (5.23)

Thus, by Lemma 5.3.1, we have that

Aohalt] = O[t + 2). (5.24)

Next, we note that, hy[t] follows the recursion

hit] = p (A{h[t — 1]+ ALD2)[] + b)) with hy[-1] = 0.

Thus, recalling Definition 5.1.1, we have

hlt] = (K Da)[t]. (5.25)
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Next, we consider the sequence hsy[t], which is given by
hall] = All[t = 1]+ Dilg Ahalt — 1] +b] — Dy
P\ At — 1)+ Dydg Ahult — 1) - b] — D,

_( (ALKID) [t~ 1)+ b) — Dyl (1 = Aghult — 1))
~ P\ (ALKI D) — 1]+ b) — Dyt (1= Aghat — 1)

(5.24) (Q/ K/ D)t — 1] - Di1g, (1 - oft + 1)
- T\ —(QKI D)t — 1] — D11d/ (1—0[t+1])
o [ (RID2)[t-1] \ <
9, (—(Rfm)[t B 1]) o[t + 1], (5.26)

where in (i) we used H(QfleDx)[t - 1]H = H(RfDx)[t — 1]” < D; by assumption (Al).
Using expression (5.26), we note that hs[t] is given by the following recursion with hz[—1] =0

hslt + 1] = p(Agp((RfDx)[t —1)O[t + 1] — A%p(—(R/Dx)[t — 1])0[t + 1]

+ AYhat] + b] — Dh1mgﬁoh4[t]>

S p (Aghslt] + ] — Dy, Aghalt] + 3[t + 1] - ALRI D)t — 1])

(5:24)

[
p (Afhslt] + b — Dyl 0ft + 2] + 0[t + 1] - AY(R/Da)[t — 1]) ,

where in (ii) we used the identity = = p(z) — p(—z). As 6[(] = 0, for £ € {0,...,3}, it follows
that
hs[t] = (K9D0)[t], fort € {0,1,2}.

Next, we compute

hs[3] = p (Ajhs[2] + b — Dyl 0[4] + 6[3] - AZ(R/Dax)[1])

= p (Afhs[2] + b — Dily,) =0, (5.27)
where we used that Ajhs[2] 4+ b).<D, since [[(K9D0)[3]||., = |p(AJhs[2] +07)|l., < Dp by
Assumption (A2). We now show by nested induction that

hs[2F — 1] =0, for k€N, k> 2, (5.28)

and  hs[2" + (] = (KD (R'Dx)[2" = 2)) [¢], for £ € {0,...,2" — 2}, (5.29)

The base case for the induction over k was already established in (5.27), i.e., that (5.28) holds
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for k = 2. Now we assume that (5.28) holds for some k£ > 2 and compute

hs[2"] = p (Afhs[2" — 1] + b, — Dy1,, 02 +1] + (2% - AZ(R/Da)[2" — 2))
= p (470 + b + AYR/Dz)[2" - 2])
= (kD ((R'Dx)[2" — 2])) [0],

where we used Remark 5.2.1. This establishes the base case for the nested induction over /, i.e.,
that (5.29) holds for £ = 0. Next, assume that (5.29) holds for some ¢ € {0,...,2% — 3} and

compute
hs[2F + €+ 1] = p<Azh3[2’“ F )+ ) — Dyl 0[28 + 0+ 2]

4 g[2k +0+1] .Ag('R,fDLL‘)[Zk +{— 1])
= p (Afhs[2" + 0 +17)
62 (41 (kD (R'Da)[2* - 20)) 4 + )

fenb 2 (oD (RIDw) (2 — 2])) [€+ 1],

This completes the induction over ¢ and thus establishes (5.29). Next, we compute
hy[2FF! — 1] = hg[2F +2F — 24+ 1] = p<Agh3[2k + 25 — 2] £ b — Djl,p,0[28H]

+0[2" — 1] - AY(R D)2 — 31)
= p (A7 (KD (RIDx)[2" — 2))) 2 — 2] + b, — Dil,,)

(i

:) 0,
where (iii) is because

44 (koD (RIDa)[2 — 2))) 2% — 2] + ¥ <|lp(Af (koD (RID)[2¥ — 2)) [2° — 2] + )|
(A1)

< s, (] (K7Da') 2 = 2] + 8]
B (42)
= max [(KD2")[2" —1]||ec < Dp.
Io/ll o < D1

This establishes that (5.28) holds for k + 1 as well and thus completes the nested induction.
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The network output is given by (RDx)[t]| = AZhs[t] + b9, which, using (5.29), yields

(RDx)[2" + (] = (R'D ((R/Dx)[2" - 2])) [¢],

(5.30)
for k> 2, and £ € {0,...,2" —2}.

In particular, setting £ = 2 — 2, we have
(RDx)[2¢! — 2] = (RD ((R/Dx)[2" - 2)) ) [2* - 2],

which establishes (5.20). Further, (5.21) follows directly from Definition 5.3.2 and (5.25). Next,
(5.22) follows from Definition 5.3.2 and (5.29) upon inserting ¢ = 2% — 2.

To establish (B1), we need to establish bounds for h4[-] through h4[-]. We have, ||h[t]
by (5.25) and assumption (A3). Further, ||h2[t]
[hst]
[1Paft]]] o

((B1)).
Lastly, (B2) follows from (5.30) together with Assumption (A4).

oo < Dn
|l < D1 by (5.26) and Assumption (Al). Next,
< Dy, follows from (5.28) and (5.29) together with Assumptions (A1) and (A2). Next,

< 2 by (5.23) and Lemma 5.3.1. Taking the maximum over these bounds we arrive at

||OO

]

Now, consider the example of approximating the function x — 2%, which we can write
as Sq o Sq o Sq o Sq, where Sq :  — 2. Hence, we approximate z — z'® by concatenating
four copies of R, the RNN from Theorem 5.2.4. Specifically, we use the mapping from
Definition 5.3.2 to obtain an RNN according to W (¥ (RS9, RS9), ¥ (RS9, RS4)), as visualized in
Figure 5.2. Its output sequence, visualized on the left of Figure 5.2, is an approximation to
2%, Furthermore, through clever use of (5.21) and (5.22), we can access the computation of the
component networks and thus obtain approximations to 2%, z*, and 2? as well. We proceed to

formalize these ideas for the general case of concatenating a list of RNNs.

o o o

V(P (R%, R, U(R%, R))

o o

16— U(R%, R | | U(RS, R%)

RSq | RSq RSq RSq

Figure 5.2: RNN approximating z — 2.
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Lemma 5.3.4. Fiz D >0, L e N, and let R',...,R¥ be RNNs with M, (R) = Mou(RY).
Furthermore, assume that there are constants Dy, ..., Do and D" > max{2, maxye(y, oy Dy}
such that, for all € € {1,... 2},

sup (R'Dx)]t] H < Dy, (5.31)
%]l <D¢—1,t€No o
sup (K*Dx)][t] H < D", (5.32)

] .o <D¢—1,t€Ng

where we set Dy = D. Define the maps
gy r— (RZDZ‘) [2F — 2], forte{1,... 2"} k> 2. (5.33)
Then there is an RNN RY = QLICL such that

sup H(ﬁLDx) [t]HOO < Dy. and sup

||| oo <D,teN ||| o <D,t€Ng

and
(R'Dx) 2" — 2] = (g o ogf ) ()  Vk>L+2 Voe[-D DM (535)

Furthermore, for every £ € {1,...,2F}, there are A*,b’, and ki,... ko € {0,...,[log ]} such
that

A (K'Dx) 28 — 2] + b = < oo ghe ‘“) (), Vk>L+2 Vze|-D, DM,
(5.36)
Finally, we have
2L 1
Mia(R ZMhld (RY) +2 > Mou(RY) +5(2" —1). (5.37)
=1 =1

Proof. We prove the statement by induction over L € N. For L = 1, given the RNNs R! = Q!K!
and R? = Q%K2, we take R! = OK! = \Ith’Dh(R ,R") according to Definition 5.3.2 and
M"' = M(R?,R') as well as W' = W(R2, R'). By assumption, we have

sup H(Rle)[t]H < D, < D" and sup H(lCsz’)[t]H < D", (5.38)
l|lz]| oo <D,teNg e l|#'|| .. <D1,t€Ng s
as well as
sup H(lCle)[t]H < D" and sup H(R%)x')[t}“ < Ds. (5.39)
llzll o <D,t€Ng e l|2/|| . <D1,t€Ng 0
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By (5.38) the conditions (A1) and (A2) of Theorem 5.3.3 are satisfied. Furthermore, conditions
(A3) and (A4) of Theorem 5.3.3 are satisfied by (5.39). We thus have (5.34) for L =1 as a
consequence of (B1) and (B2) in Theorem 5.3.3. Furthermore, we have by (5.20) in Theorem
5.3.3, that
(R'Dx)[2" - 2] = (R*D(
(R'Dzx)[2F! — 2]
))[2k—1 = for k> 3, V& € [-D, DJMn(RY),
which, upon invoking (5.33), yields (5.35). Next, we establish (5.36). To this end, let
AL = ALY, B = b and A% = A2, B2 = 02,

where AL, b}, and A% A2 are the weights of the affine output maps for the RNNs R! and R?,

0?70

respectively. We have, for all [|z]_ < D, k > 3,

A (K'Dz) 28 = 2 + b = ALM* (K'Dx) 2% — 2] + b}
P2V AL (K'Dx) [28 - 2) + b}
= (R'Dz) [2" - 2]
(5.39) g7 %z), for all ||z||, < D, k > 3.
Hence, with k; = 0, this establishes (5.36) for £ = 1. Furthermore, we have, for all ||z||_ <
D, k>3,
A (K'Dz) 28 — 2+ b* = A2W* (K'Dx) 2% — 2] 4 b}
P2 42 (I°D (R'D) 267 — 2)) [ — 2] 4 42
= (R*D (R'Dx) 2" — 2]) 2! — 2]
(533) [ h_ _
= (g5 o gt ) (@),

With k; = 1 and ky = 1, this establishes (5.36) for £ = 2. Finally, by Definition 5.3.2, we obtain

the size of R! as
Mpia(RY) = Myia(RY) + 2Mous (RY) + Mya(R?) + 5,

which establishes (5.37). This shows that the statement of Lemma 5.3.4 holds for L = 1 and
thus establishes the base case of the induction over L.

Next, we assume that Lemma 5.3.4 holds for some L > 1 and show that it holds for L + 1
as well. Specifically, let R',...,R?""" be RNNs satisfying (5.31) and (5.32) with constants
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Di, ..., Dors1, D", We first invoke Lemma 5.3.4 for R', ... ,RzL and denote the resulting RNN
by R® = Q°K®. By (5.34) we have

|(R*Dx) [t]| <Dy and ||[(K*Dz)[1)| < D", VteNy, Vxe[-D,DPMnRD.
(5.40)
Similarly, we invoke Lemma 5.3.4 for RZ ™, ..., R?""" and denote the resulting RNN by
Rb = QPKP, which satisfies

|(R'Dx) [t]HOO < Dyt and |[(K'Dx) [t]”oo < D"Vt €Ny, Va € [~ Dagr, Dyu]MnR> ),

(5.41)
Now we set RV = QFFICEH = W pa(RY, R®). By (5.40), Conditions (A1) and (A3) of
Theorem 5.3.3 are satisfied. Further, by (5.41), Conditions (A4) and (A2) of Theorem 5.3.3 are
satisfied. Thus, (5.34) holds for RE™ as a consequence of (B1) and (B2) in Theorem 5.3.3. By
(5.20) in Theorem 5.3.3 we have

(R¥'Dx)[2" — 2 =(R*D(
(R*Dx) 281 — 2]
))[Qk’l — 2], for k > 3, VY € [-D, DM,

which, upon using (5.35) for Rb and R®, yields

(REDx)[2F — 2] = (gé“{ffL -0 QSZEL> (

(5o ogi ™) (@)

— (g];;r(f*l) 0.0 g’f—(L+1)) (7) for k >3+ L, Vz € [-D, D]Min(’Rl).

This establishes (5.35) for REHL.

Next, we establish (5.36) for RET and first treat the case that £ € {1,...,2L}. To this end
fix £ € {1,...,2L} arbitrarily and note, that, upon using (5.36) for R, there are AL b and
k... k¢ €{0,...,[logl]} such that

AL (K'Dx) 2 - 2] + b, = (gf"“? oo gf"‘“?) (@) Vk>L+2 Vre[-D,DMnRY,
(5.42)

Now we set,

Al =AM, b =0, and Ry = kY, ..., ko= kD
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with M = M(@, 7/3\“), and compute

AL (KD 28 — 2) + b = ALM (KM'Dx) [2F — 2] + 8]

P2V AL (K*Da) [2¢ — 2] + 0!
2 (gf o og'f_z?> (x)
= (gfzf 00 ng—’151> ()
Since / was arbitrary this establishes (5.36) for the case that ¢ € {1,...,2"}. Next, we treat

the remaining case and thus fix £ € {2L' 4+ 1,..., 21} arbitrarily. Let ¢/ = ¢ —2F € {1,...,2F},
and note, that, upon using (5.36) for RY, there are AL b and

k... kb e{0,..., [log '}, (5.43)
such that
v / _Z T Ly
Ay (KbDw) (25 —2]+b}, = (g;lfz’, o og’;;ﬁll) (@) Wk > L+2, Vo € [~ Dyu, Dou MR
(5.44)

Now we set, with W = W(7/€b, 7/5“),

A= AYW, b =1bf, and
ki =LA41, .. kor=L+1, koryy =k 41, ..., kg=k +1, (5.45)

and note that by (5.43), ky,..., ke € {0,..., L+ 1} since ¢’ = ¢ — 2L < 2L Since, ( € {2F +
1,...,2"1) we have [log /] = L+1 and can thus equivalently write ki,....k, € {0,...,[log ¢]}.

Next, we compute

AL (KD 28 — 2] + b = AfW (KM D) 28 — 2] 4 bf)

P2 4 (KD (ReDa) [21 — 2)) 251 — 2] + b
(i oo 1) () 2 -2)
(339 L R <g;—1—%z/ 0rvo g;“;if?) ("0 -0 gt (@),

(g o agh ) ()

Thus, we have established (5.36) for the case £ € {2L +1,..., 251} as well.
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Lastly, we establish (5.37) as follows
Mupia(R¥) = Mpia(R?) + 2M e (R?) + Myia(RY) + 5
2L 2L 1
= ZMhid(Ré) + 2 Z Mout(Re) + 5(2L — 1)
=1 =1
F2Mou(R*) +5

oL oL 1
+ (Z Muia(R¥H) 23 Mo (R¥ ) + 5(2F - 1))
/=1 /=1

2L+1 2L+1_1

= > Mpa(R)+2 > Mew(RY) +5 ((QL — )+ 2F-1)+ 1) .

Hence, we have shown that all properties specified by Lemma 5.3.4 hold for RLHL as well, thus

establishing the inductive step and therefore completing the proof. n

It is easy to extend this result to the concatenation of an arbitrary number of RNNs, as
opposed to a power of two. Specifically we can simply add an appropriate number of dummy
networks realizing the map z — 0 and use (5.36) to access the approximation of the composition

without the dummy networks. We formalize this next.

Corollary 5.3.5. Fiz D > 1, L € N, and let R', ..., R* be RNNs with My, (R*"!) = Mo (RY).
Furthermore, assume there are constants D1, ..., Dy and D" > max{2, maxye(1,..1} Dy} such
that, for all ¢ € {1,...,L},

|(R'D2)[H]| < D, |zl < Dy, VE>0

|(K‘Da)ft)| < D", Y|zl < Doy, V>0,

where we set Dy = D. Then there is a hidden state operator (Definition 5.1.1) K with size
R L L
Muia(K) <3 Mpia(RY) 4+ 2> Mow(R) + 13L, (5.46)
=1 =1
such that, for every ¢ € {1,..., L}, there are A*,b" and ki, ... ke < [log 0], such that,
A (KDz) [2F — 2] + b = (gf% -0 gf"’a) (z)  Vk>[logL] +2, Va € [-D, D}Mn(®RY,

(5.47)
where g is defined as in (5.33).
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Proof. We first define the dummy RNN R§ = Q9K for input dimension d € N with weights

Av=(0)  Ac=(01]) b=(0) A, =(0) b =(0).
It satisfies (R9Dx)[t] = 0 for all z € RY. Next, we define L' := [log L], invoke Lemma 5.3.4 for

RY. . RE RSy riys RS-, RS,

2L — I, dummy networks

and denote the resulting network by R = OK. Now K is the desired hidden state operator since,
by (5.36) for every £ € {1,...,2"} there are A%, b’ and ky, ...,k < [log (] such that

A (K'Dz) 28 = 2] +1 = ( FHo. o ght ’“) ()  Vk>L+2 Voe[-D,DM=®RY,
Restricting to ¢ € {1,..., L} yields (5.47).

Lastly, we determine the hidden state size of K. If L = 2 we have invoked Lemma 5.3.4
without any dummy networks and (5.46) follows directly from (5.37). Otherwise, we have

L L
Muia(K) (527 3" Mya(RY) + (28 — L) My (R°) + 2 (Z Mo (R + (2 — L — 1)Mout(72°)>
=1 =1
+5021 —1)
() L
g Mua(R +L+2<Z out(RY) + (L—1)>+5(2L—1)

L
Mhld( + 2 ZMout(Rz) + 13La

/=1 (=1

where in (i) we used 2% < 2L. O

5.4. APPROXIMATION OF MONOMIALS

Throughout this section, we fix D > 1 and L € N arbitrarily in order to simplify our exposition.
We now wish to construct an RNN approximating the function z — (x, 22, ..., 2") with N = 2F,
by applying Corollary 5.3.5 to concatenate the RNNs approximating the squaring function and
the multiplication operation. To this end we organize the powers in a pyramid as illustrated
in Figure 5.3, which allows expressing the monomials of degree up to N using L = log N
concatenations. Specifically, the /-th row in Figure 5.3 corresponds to the application of the
function f* as defined next.
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il
1 l
3 4t T
] ! l !
25 6 .7 o —
— 7 | L1
$9 3310 Z’ll ZE12 3313 3714 ZC15 33'16 T

Figure 5.3: Expressing monomials of degree up to N = 16 in terms of iterated
squaring (=) and multiplication (—).

Definition 5.4.1. We define maps f* : R — R2? and f*: R 7+ 5 R+ for £ € N as follows

fliz— (x2 x)T

T
¢
f :a:—>(a:2572x2e72+1 T] Ty T3 ToTy ... Tpi-z (Tgr2 Tao I2e72+1)

Le., for v € R+

$2€72I22—2+1 Zfl =1
x? if i = 2k for some k € {1,...,2¢2
fa)=4" / J { J (5.48)
TpThs1 if i =2k + 1 for some k € {1,...,2%2 -1}
Tot-2q ifi=21+1
T
We then have (ffo---o f1)(x) = <x2e_1+1 o2 :v) , which we prove formally next.

Lemma 5.4.2. For any ¢ € N, define F* .= ffo---0o f' we have, for all x € R that

FY(x); = 27 forie{1,...,21},  and
(5.49)
Fé(ff)zl—l_i_l =X.

Proof. Fix x € R. The proof is by induction. To establish the base case, note that, for £ =1,

we have

f1($)1 - x20+1

f1<l')20+1 = fl(x)z = T.
Next, assume (5.49) holds for some ¢ € N. We denote z == (ffo---o fO)(x) € R?'*! which
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by the inductive assumption, satisfies

2 = x2471+i fOI' Z € {1, ey 2£_1}7 and

Zot-1,1 = T.
Next, we compute according to (5.48)

(f”l(z))l = Zot-1t Zgt-1gy = g2 T = gL
Next, for i = 2k for some k € {1,...,2°°'}, we have
(ff—&-l(z))i _ (Zk)2 _ (m2‘3*1+k)2 _ 22072k m2[+i’
and, for i = 2k + 1 for some k € {1,...,271 — 1}, we have
(f”l(z))i T e s R

Lastly,

(f(2))

Hence, (5.49) holds for £ + 1 as well, thus completing the induction. ]

= Zor 1., = I.
2041 2+l

The following bound follows directly from (5.49).

Corollary 5.4.3. For any { € N, and for all x € [—D, D] we have
ol < 0

(e 9]

In addition, we will need the following properties.

Lemma 5.4.4. For { € N, and for all z,y € [-D* ", D* "2+ we have

|[f@|_ <0*  and  |f'@) = )| < 2D e =yl

Proof. Examining (5.48) we have that the entries of f*(z) have either the form z;z; for i,j €
{1,...,2°%} (possibly i = j) or xy2,4 for the last entry. For the last entry the claim is trivial.
Now, fix z,y € [—Dﬂ_l, D2e_1]2£_2+1 and 4,5 € {1,...,2°2} arbitrarily. Wwe have

|wiz;| = |ay||z;] < D*'D* = D¥
and
{—1
|z — yiys| < iy — zays) + |y — viys| = |wallzy — yi] + lyjllze — vl <2D% ||z — vl
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As i, j and z, y where arbitrary, the statement follows. O

Next, we construct RNN approximations of the maps f*. In addition to the RNNs that

approximate squaring and multiplication, we also need an RNN realizing the identity.

Lemma 5.4.5. There is an RNN R = Q'C! such that, for all z € R,
(RMDx)[t] ==, |(K"Da)lt]|| = l|a| VteN,

Furthermore, Mya(R!?) = 2.

Proof. The weights are given by

Ah:(;?) Ax:(fJ by, = 0 AM:@ _Q b, =0,

and the statement then follows from the identity x = p(x) — p(—x). O
We start by building an RNN that approximates f1.

Lemma 5.4.6. There is an RNN R with Mow(R') = 2 such that for all z € [—D, D] we have

2
(R*Da)l), — %] < Da,
(R'Da)[t])2 = x, vVt € N,
and
|(K'Dz)[t]] < D and |(R'Dx)[t]| < D>
Furthermore, Mya(R') = 9.

Proof. We consider the RNN implementing the identity from Lemma 5.4.5 and the RNN

approximating x? from Theorem 5.2.4. Thus, upon using Lemma 5.2.5, we obtain an RNN that

1
yields the desired behavior for inputs (a:) . Lastly, upon noting that (I) = Az with A = (1) ,
x x
we use Lemma 5.2.6, to obtain R! with the desired behavior.

Next, we construct RNNs that approximate f¢ for arbitrary ¢ > 2.

Lemma 5.4.7. For every { > 2, there is an RNN R’ = Q'K’ such that for all v €

1 )1 26-24q
{—DQZ . D* } T and allt € Ny we have

2t

|(RiD2)[) = fi(2)|_ < DQ 47 [(R'Dx)lt]| < D¥,  [(K'Dx)lt]| < D.
Furthermore, Mpq(R*) < 10 - 2.
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Proof. Fix ¢ € N arbitrarily. First, let

0 00 010
0 00 001
1 00 000
1 00 000
010 000
A=10 01 0 0 0] ¢ RB272HDx2+1)
0 00 100
000 010
0 00 010
0 00 001

Next, let R* and R5 be the multiplication RNN and the square RNN from Theorem 5.2.8 and
Theorem 5.2.4 respectively, for input bound D", Upon noting that (D2 )2 = D? we thus
have for z, 1,25 € [—D2', D?~1] and for all ¢ € Ny that

|<RXD(9:1)) = (o) < D;Zéﬁ’ ‘(KXD(M)) | < D, ‘(RXD<$1)) 1| < ¥,
(R¥Dx) [t] - 22| < D; 47, | (K%Da) 1) <1< D, ((R%Dx) 1] < D*.

Furthermore, let R™ be the RNN from Lemma 5.4.5. Now, let R be the RNN obtained by
using Lemma 5.2.5 to execute the RNNs

R* R R RS ... R* R RM

in parallel. Le. there are 22 copies of R* and R5%. Next, we apply Lemma 5.2.6 with A and
R to obtain the desired RNN RY. The size is given by

21
Muia(RY) = 22 (Mhid(RS‘l) + Mhid(RX)) + Mpia(RM) = 2072(74+14)+2 = 2€Z+2 <10-2¢

]

We are now ready to assemble the RNNs approximating f* into a single RNN approximating
FL. We start by specifying its hidden state operator.

Definition 5.4.8. We invoke Corollary 5.3.5 with R, ..., RY as given by Lemmata 5.4.6 and
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5.4.7 and denote the resulting hidden state operator by K.
Next, we establish its size.

Lemma 5.4.9. We have My;q(K™) < 60N.

Proof.

(5.46 L
Mpa(K™) < Muia(RY) +2>" Moy (R") + 13L

(=1

MZ

~
Il
-

L
<y 10- 2@22 2071+ 1) + 13L
(=1 =1

L-1

—2022%22 2°) + 15L
=0 £=0

=20(2% — 1) +2(2 — 1) + 15L
<22.2L 4+ 151
< 44N + 15log N < 60N O

Now recalling (5.33) as
gf(x) = (R'Dx) [2 - 2] (5.50)

yields the following, since the R’ in Definition 5.4.8 are given as in Lemmata 5.4.6 and 5.4.7.

(orxz € [=D,D] fort{=1)

_ _17267241
Corollary 5.4.10. For all x € {—Dﬂ ' DY 1} i

Hgéc(x) _ fg(@Hoo < ;Dgf 42542 _ g2’ 4_2k7 Hgg(@Hm < D2

We next show that we can read out approximations to all F* by applying an affine output

mapping to the hidden state sequence produced by K7 given in Definition 5.4.8.

Lemma 5.4.11. For { € {1,...,L}, there are A’ b’ such that for all x € [-D, D] and
k> [log L] + 2 we have

|(A(K™Dz)[2k — 2] + 1) — Fi(a)|| < 8-2'D¥47w = )

[e.e]

Proof. Fix { € {1,..., L} arbitrarily. By Corollary 5.3.5 there are A’, b and ky, ..., k; < [log (]
such that

AL (K™Dx) [2F 2] +b" = ( g oo ghm ’f) (x),  Vk>[logL]+2, Vo € [-D,D]'. (5.51)

We now show that A%, b° satisfy the desired properties. To this end we define, for ¢ € {1,...,¢},
k > [log L] + 2, the maps
Gel = gf/ s 0---0 glf kl
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Now, we fix x € [-D, D] and k > [log L]+2 arbitrarily and show by induction over ¢ € {1,...,¢}
that

|Gh@) < Dp* and (5.52)

|Gh) - F' ()| <s- DY gt (Zz_l 2@') , (5.53)
=0

The base case, for ¢/ = 1, is established by

|ct@)|_ = |ot@)]|_<D*  and

[HOR RGNS 2 o gt g2

o) - @) <spar

where we used Corollary 5.4.10. Next, assume (5.52) and (5.53) holds for some ¢ € {1,...,(—1}.
We have

k—kp [ ~k—kp (5.52) & Cor. 5410 ¢/ 13
Gt (Ge' ¢ (;[)) H < sup Hgg,Jrl(z)Hoo < D* .
oo

ll2ll o <D

|Gl ()] =

This establishes that (5.52) holds for ¢ + 1 as well. Next, we have

/ k*ﬂl;/ 1 ’ ’
|Glyi(@) = FO @) = [lgo iy (Gl (@) — £ (F (2)
k—fl;/ 1 / ! ’ ’
< g™ (G @) = FHGE@)| + [ £ @) = FHE @)
(5'52) k;_f];, 1 / / U U
< swp g ) = )|+ NG @) = T E ()|
2]l o <D >
Cor. 5.4.10 11 k=K , / /
< g2 Ty Hf“rl(G?,(a:)) _f€+1(F€ (x))HOO
Lem. 5.4.4 /i 7~4/ 1 / /
<MD T |Gl () - FY ()

(5;3) 8D2W+1472k7%+1 n 2D2e’ (8 . D22’472k—ﬂog€1 (ei 21))
1=0

* / ’ -
(S) 8D2€ +1472k— [log €] + 8 . D2Z +1472k—f10g[| (Z]-QZJF:L)
=0

:8D24’+14_2k—(1og1@1 (KZI 21)
1=0

where in (%) we used kpoq < [log¢]. This establishes that (5.53) holds for £’ + 1 as well. In
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particular, using (5.53) with ¢ = ¢, we can thus compute

|Af (kD) [2F — 2] + b — F'(a) (5.51) |GE@) - Fi(a)

o0

(5.53) o &1
< 8. prgeiet <Z 2@)

=0
= 8. D2£4,2k—r10gﬂ (22 B 1)
<82 D254—2’Flogl—1
—8.920. D4 52"

which, since ¢ € {1,...,L}, k > [log L] + 2 and = € [—D, D] where arbitrary, completes the
proof. O
We are now ready to specify the output mapping for the RNN.

Lemma 5.4.12. There are A%, b7, such that the output mapping given by Q" : h — ATh + b}

0’70’

satisfies for all x € [—D, D] and k > [log L] + 2 that

(Q"K™Dz)[2% — 2)), =z,
[((Q"K™2)[2% — 2]) ge-1.4) — 22| < €0 ks forte{1,...,L}, je{l,...,271},

where €, s given in Lemma 5.4.11 and K™ is given in Definition 5.4.8.

Proof. Let A’ b’ be as in Lemma 5.4.11, define the matrices

1?1::01141 bl::Olb1
? 10/ 1 0/

AL = (I 0) A, 0= (Toes 0)0f, forle{2,...,L—1},

and the output map

A by
A2 02

Q™ (h) = ATh + b7, where AT := | A3 | and b7 == | b3

We now show, that QT satisfies the desired properties. To this end, fix x € [—D, D] and
k > [log L] + 2 arbitrarily and recall that by (5.51) in the proof of Lemma 5.4.11 we have

AYKDz)[2F — 2] + b = gvF1 (2)
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and, by (5.50), gf;’;l(x) = (Rle)[QkJ‘;l — 2]. Combining these we get

(QK™Dx)[2" — 2] = (A (KDx)[2" ~ 2 +b'), = ((RlD:c) 2k F 2]) Lem 546

1
For the second entry we have

Lem. 5.4.11
<

((Q"K™Da)[2" — 2)), — 2™+ = |(AN(K™Da)[2F — 2] + b)), — F'(ah

€1,k-

Furthermore, let £ € {2,...,L}, 7 € {1,...,2°'} and consider the 2~! + j-th entry. We, note
that Al has 2 rows and, for ¢ € {2,...,¢ — 1}, A has 2! rows. Thus, due to the fact that
2071 =2 4+ 371271 we have the following.

((Q"K™Dx)[2% — 2)ge-ry; — 2% ] = ‘(Af(;%m)p’f — 2+ V) — F'(x);| < e

J

This completes the proof. O

As L and D where fixed arbitrarily at the beginning of this section we can thus summarize

the results in the following theorem.

Theorem 5.4.13. Let L € N, D > 1, then there exists an RNN R™ = Q"K™ with
My (RT) < 60N (5.54)
such that for all x € [—=D, D] and all k > [log L] + 2 we have

((R™Dx)[2" — 2]); = =,
(R72)[2% — 2]) ey — 2% | < enp, foree{1,...,L}, je{1,...,21},

(5.55)

¢ 19k
where epy, = 8 - 26D 4722,

Proof. Fix L € N, D > 1 as desired and observe that all results of this section are valid for
these values. Let then K™ be as in Definition 5.4.8 and Q™ be as in Lemma 5.4.12. Now (5.54)
follows from Lemma 5.4.9 and (5.55) follows from Lemma 5.4.12. [

5.5. APPROXIMATION OF POLYNOMIALS

It is now clear that any polynomial can be approximated by simply applying a linear layer on
top of the RNN produced in Theorem 5.4.13. This, however, only guarantees useful outputs
whenever the time step is a power of two, specifically ¢t = 2¥ — 2. To get around this, we use
the following lemma to modify the RNN such that — at any time step — it outputs the most

recent useful approximation.
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Lemma 5.5.1. Let B > 0, and let R = QK be an RNN with Moy (R) = 1. Then there exists
an RNN R’ such that Vz € R,

(R'Dx)[2" — 1+ /(] = clip((RDx)[2" — 2],—B, B), forallk>2¢¢€/{0,...,2" -1},
where
-B ify,<-B
cip(y, -B,B) =< B ify,> B
Y else.
Furthermore, its size equals

thd<R/) = Mhid(R) + 11.

Proof. Denote the weights of R by A, € R™*? A, ¢ R™*™ b, € R™ A, € R**™ and b, € RY
with d’ = 1. The weights of R’ are specified as follows

A, 0] oo 0 b, A,
A, [0 0 [0]| BA, b, — B 0
—~A, 0] 0 | 0| BA, ~b,— B 0
A= A, o] 0 |0 0 bh=| b, — B A, =10
—A, 0] 0 |0 0 ~b,— B 0
0 |I,|-I|I,| —B1,A, 0 0
0| 0 [0 A b 0
A=(0]1 =1]-1 1|1 =1]0)  by=0, where 4,:=(1 0 0 0 0)

and A and b as in (5.15). We fix input 2 € R? arbitrarily and consider the hidden state sequence
in response to the input sequence (Dz)[-], i.e. h[t] = (KDx)[t]. We divide the hidden state
sequence corresponding to the blocks above as follows

>

1t
2|t

[
[
3[t
[
[

>

=

=
|

=

>

4|t
51t

>

]
]
[ = p (Anhlt = 1] + Ao ((D)[t]) + bn)
]
]

and study each block individually. First, note that hs[-] follows the recursion

hs[t + 1] = p(Ahs[t] + D), with hs[—1] = 0.
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Thus, by Lemma 5.3.1, we have that

Ahst] = 8l +2].

(5.56)
Next, hq[t] follows the recursion

hlt] = p (Alh[t — 1] + A, (D2)[f] + b,)  with hy[-1] =0,

and thus we have hy[t] = (KDz)[t]. Next, we consider the sequence hsy[t], which is given by

holt] = p ( A hi[t — 1]+ BA,hst — 1]+ b, — B )

o

— A hy[t — 1]+ BA,hs[t — 1] — b, —

[ (AKDz)[t = 1] +b,) — B(1 — Ayhst — 1))
P\ (A (kDo) [t — 1] + b,

)_
[ (RD)[t —1] — B(1 — [t +1
P\ oRmDo)t -1 - B[t + 1))

Similarly, we get

At —1]+0b,— B
—Am[t—1—-0b,— B

(RDz)[t — 1] — B
= z) (5.57)
—(RDx)[t—1]— B
_ [ ((RDz)[t = 1] = B) Lirpae)t-1]28)
—(RDz)[t — 1] — B) 1{—(rDa)t-1]>B}
_ ( (RDz)[t — 1]) — B) Lyrpw)t—1]> B} (5.58)
(0 (=(RDz)[t — 1]) = B) 14— (rpa)t-11>5}
Next, we show that
clip((RDx)[t — 1],0,B) \ ~
Loho[t] — Iohslt] = St +1 5.59
ahat] — Tahslt] (Chp(_mw)[t_ 1.0.B) [t +1] (5.59)

through a case distinction. If 8]t + 1] = 0 we have using expression (5.57)

[ RD)t-1-B\ [ (RD2)t—-1]-B\

(RDz)[t —1] - B
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For [t 4+ 1] = 1 we get, using expression (5.58), that

Loholt] — Lohs[t] = p ( (RDz)lt —1] ) _ (( (p (RDz)[t — 1]) — B) Lyrpa)t-1)>5} )

—(RDz)[t — 1] p(=(RDz)[t — 1]) = B) L{—(rDa)it-11> B}
_ ([ clip((RDz)[t — 1],0, B)
~ \dlip(—=(RD2)[t —1],0,B) ]’

which establishes (5.59).
Hence, hy[t] is given by the following recursion with hy[—1] = 0.

halt +1) = p (Tohalt] — Tohs[t] + Tohalt] — B12A,hs[t])

(5.59),(5.56) (( clip((RDzx)[t — 1],0, B)

1 clip(—(RDx)[t — 1],0, B)> 0t + 1] + Ioha[t] — B126[t + 2]>

Note, that hy[t] = 0, for t € {0,1,2,3}. Next, we show by nested induction that

hy2F — 1] =0, for k€N, k> 2, (5.60)

clip((RDz)[2* — 2],0, B) )

dlip(—(RDx)[2" — 2.0, B) for £ € {0,...,2% —2}. (5.61)

and h4[2k+€]_(

We have already established (5.60) for k = 2. Next, assume (5.60) holds for some k& > 2 and

compute

B clip((RDz)[2F — 2],0,B) \ = . PR

[ clip((RDz)[2" — 2],0, B)
~ \dip(—(RDz)[2F — 2],0, B)

This establishes that (5.61) holds for £ = 0. Next, assume (5.61) holds for some [ € {0,...,2F—3}

and compute

clip((RDz)[2* 4+ ¢ — 11,0, B)

hy2F + 0+ 1] = p( (Clip(—('RDx)[Qk s 1],07B)> 028 + £+ 1]

+ Logrhu[28 + €] — B1,6[2F + 0 + 2])

= P(H2d1h4[2k ) = ( clip((RDz)[2* — 2],0, B) ) |

clip(—(RDx)[2* — 2],0, B)
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which completes the induction over ¢ and establishes (5.61). Hence, we have

k+1 _ clip((RDz)[2*! - 3],0,B) \ » k+1 k+1 o1 Srok+1
M2 =1 =p ((clip(—(RDx)[Qk“ —3],0, B)) o 1+ Barhal2 = 2] = BLAZ ])

= p (Toarha[2" + 25 — 2] — B1,)

(5.61) clip((RDz)[2F — 2],0, B) ) )
- ((Chp(—(RDx)[Q’“ — 2,0, B)) 312) =0.

This shows (5.60) for k + 1 and thus completes the induction. The network output is given by
(RD2)[t] = (1 —1) haft] + (=1 1) haft] + (1 —1) hut]
= (1 —1) (loholt] — Tohs[t] + Lohalt])

(5.59) clip((RDzx)[t — 1],0, B)
(1 -1 ((Clip(—(RDx)[t —1],0, B)

) g[t + 1]+ H2h4[t])
Using (5.60), (5.61) and the fact that d[t + 1] = 1 only for ¢ = 28 — 1 with k > 2 we get

(RDo)2*~1+0=(1 -1) ( clip((RD)[2" - 2],0, B) )

clip(—(RDx)[2* — 2],0, B)
= clip((RDx)[2" — 2], -B,B),  v(e{0,...,2" -1}

as desired. []
To describe the RNN behavior for all £ more concisely, the following result is useful.

Lemma 5.5.2. Fort € N, we define k(t) = [log(t +1)] and 0(t) =t +1— 2k We have
t=9F0 _ 14 0(t), k(t)eN, and 0(t)€{0,..., 250 — 1},

Proof. Fix t € N arbitrarily and let k := k(t) and £ := ((t). We have

14 l=2F—14t+1-2F=t.

Furthermore, we have

(=t+1—2lost+) >4y 1 _glosltt) — ¢y 11 _t41=0
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as well as

E: t+ 1— 2\_10g(t+1)]
— 9. 9log(t+1)—1 _ gllog(t+1)]

< 9. gllog(t+1)] _ gllog(t+1)]

— 2Llog(t+1)J — 2};

We are now ready to combine all the building blocks in our main theorem.

Theorem 5.5.3. Let N € N, D > 1, ag,...,ay € R, there is an RNN R such that for all
€ [—D,D] and all t > 161log N we have,

(REDx)[t Zal < [|all,C14=,

where C; = 16ND?*N >> 1 and Cy =
by ./\/lhld(Rg) < 60N + 11.

10 e N € (0,1). Furthermore, the size of R is bounded

Proof. We may assume without loss of generality that N > 2, since otherwise the polynomial can
be implemented exactly by the identity RNN from Lemma 5.4.5. Next, let L = [log(N)] € N,
and define additional coefficients any;; = 0,..., a5 = 0. We now modify the RNN R™ from
Theorem 5.4.13 using Lemma 5.2.7 together with A = (al, o ,CL2L), b = ap to obtain the RNN

7/27;, realizing
(RiDa)[t] = ao + Y a; (R™Da)[t]),

i=1

We can now bound, for k£ > [log L] + 2,

(RrDx)[2 Za x| < Z |a] ( (R™Dx)[2" 2])1 g
L 2¢-1 o
= ;1 ]Zl |a2e71+j| ((RWDI)[QK — 2])2[_1+j _ x2 +j
Thm 5413 L 261 (5.62)

ZGM Z |age-1]
22 1

< ELkZ Z |Cl2£ 1+j|

f=1 j=1
< |la|h8 - 22 D* 47 252"

i

and use Lemma 5.5.1 with B and R7 to obtain an RNN

Next, set B = max,c[—p,p ‘Zf\io a;x
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R7 such that, for k > 2,
(RFDz)[2" — 1+ (] = clip((RrDx)[2¥ —2],—B,B) V(e {0,...,2" —1}.

Putting everything together we compute, for t > 8log IV,

N ~ _ N A
(RZ'DZE)[t] _ Zaixi Lem.:5.5.2 (RgDJZ)[Qk(t) — 1+ é(t)] _ Zaixz
i=0 1=0
(5.63) = = N ;
=" |elip((RzDz)[2*" — 2], - B, B) = a2’
=0
< |(RzDx)[2*V) — 2] =" a;a'
=0
(+) o
< |lall,8 - 22 D*" 472"

where in (%) we use (5.62) upon noting that for ¢ > 16log N, we have

k(t) = [log(t +1)] > [log(161log N)| = |log(2log N)| + 3
> [log(log N +1log N)] + 2 > [log([log N1)| + 2 = [log(L)] + 2.

We further upper bound (5.64) as follows

N ~
(RED)[f] 3 asa’| < [|a]8 - 2D 452"
=0

< [lafl;8 - 2M08 N1 2" 4 e

k()

< lla||:8 - 2N DN 4~ Tesw?

ollog(t+1)]

= HCLH116ND2N472[101gN'|
glog(t41)—1

< ||all 16N DN 4~ s
< |lal[ 16N DN 4~ ToewT,

The size is given by

Lem. 5.5.1 ~ Lem. 5.4.9
Miia(R7) "= Mya(RE) + 11 = Myg(R™) + 11 < 60N +11.

(5.63)

(5.64)
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