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Zusammenfassung

Diese Doktorarbeit besteht aus den Beitrdgen des Autors zu den Gebieten der sym-
plektischen Topologie und der dynamischen Systeme, welche dieser tiber die letzten 3-4
Jahre erarbeitet hat. Die Arbeit tragt einerseits zur quantitativen Theorie von Lagrange-
Kobordismen bei, und anderseits versucht sie eine symplektische Mather-Floer Theorie
aufzubauen. Alle Ergebnisse finden in einer symplektischen Mannigfaltigkeit (M?2", w)
statt.

Der erste Teil dieser Arbeit (Kapitel 2Hl) behandelt die Idee "die Grosse" eines Lagrange-
Kobordismus zu messen. Insbesondere wird untersucht auf welche Weise diese "Grosse" die
Topologie des Lagrange-Kobordismus einschrénkt. Ein Lagrange-Kobordismus V' zwischen
Lagrange Untermannigfaltigkeiten in (M,w) ist eine Lagrange Untermannigfaltigkeit in
(R? x M,wg2 ® w). "Die Grosse von V" wird durch den sogenannten Schatten von V
(geschrieben S(V') € [0,00)) gemessen. Intuitiv misst S(V') die Fléche der Projektion von
V C R?x M in R2. Cornea-Shelukhin [32] (siehe auch [12]) haben vor kurzem gezeigt, dass
das "minimieren von S(V') iiber passende Lagrange-Kobordismen mit fixiertem Rand" eine
'Lagrange-Kobordismus Metrik" ergibt.

Das erste Kapitel (Kapitel [2) wurde als [21] veroffentlicht. Hauptergebnis dieses Kapi-
tels ist eine Ungleichung, welche die Lagrange-Kobordismus Metrik von Cornea-Shelukhin
von unten durch eine Lagrange Spektral Metrik abschéitzt. Die Spektral Metrik ist mittels
Floer-homologischen Lagrange spektral Invarianten konstruiert [58]. Eine der Hauptan-
wendungen dieses Kapitels ist die Folge von Ungleichungen (21I), welche die Kobordis-
mus Metrik zwischen der Spektral Metrik und der Chekanov-Hofer Lagrange Metrik ein-
schliesst. Kapitel B welches als [20] veroffentlicht wurde, zeigt, dass die (exakte) Lagrange-
Kobordismus Klasse der Null-Lagrange Untermannigfaltigkeit eines Kotangentialbiindels
unendlichen Durchmesser (beziiglich der Kobordismus Metrik) hat.

Das letzte Kapitel des ersten Teils der Arbeit (Kapitel E]), welches als [I§] verof-
fentlicht wurde, untersucht Einschrinkungen der Topologie eines Lagrange-Kobordismus
und dessen Rand, wenn sie sehr klein (beziiglich S(V)) ist. Das Hauptergebnis dieses Kapi-
tels ist, dass wir die singuldre Homologie von kleinen Lagrange-Kobordismen bestimmen,
welche auf Grund von Biran-Corneas Ergebnissen [I1], Operationen auf einer Version der
derivierten Fukaya Kategorie induzieren.

Der zweite Teil dieser Arbeit (Kapitel Bl), welcher als [19] veroffentlicht wurde, versucht
Ideen der Aubry-Mather Theorie mittels Werkzeugen der symplektischen Topologie zu ver-
allgemeinern. Das Hauptergebnis dieses Kapitels zeigt die Existenz von Borel Wahrschein-
lichkeitsmassen, welche unter dem Fluss einer Hamiltonschen Funktion invariant sind,
und deren Rotationsvektoren mittels dem Subdifferential einer a-Funktion vorgegeben
sind. Ergebnisse von Viterbo [I00] und Monzner-Vichery-Zapolsky [62] zeigen, dass diese
Funktion Mather’s a-Funktion ist, falls die Hamiltonsche Funktion Tonelli auf dem Kotan-
gentialbiindel einer geschlossene Mannigfaltigkeit ist. In Kapitel Bl befassen wir uns mit der
Stabilitat dieser verallgemeinerter "Mather Masse". Dariiber hinaus wird, im Falle wo die

iv



Lagrange Untermannigfaltigkeit "displaceable" ist, ein Zugang entwickelt um die Existenz
invarianter Masse mit vorgeschriebenen Rotationsvektoren zu zeigen



Abstract

This thesis contains the author’s contributions to the field of symplectic topology and
dynamical systems, obtained over the last 3-4 years. These contributions concern two
distinct topics: quantitative aspects of Lagrangian cobordism theory and a symplectic
Mather-Floer theory. The stage on which all results play out is a symplectic manifold. We
will denote our symplectic manifold by (M?", w).

The first part of the thesis (chapters 2H4)) is concerned with the idea of measuring
"the size" of a Lagrangian cobordism, and understanding what kind of restrictions its
size puts on the topology of the cobordism and its boundary components. A Lagrangian
cobordism V', connecting Lagrangian submanifolds in (M, w), is a Lagrangian submanifold
in (R? x M, wp2 ®w). The main interesting quantity which one can assign to a Lagrangian
cobordism V' C R? x M is its shadow (denoted by S(V) € [0,00)), which intuitively
measures the area of the projection of V to the R%-plane. Cornea-Shelukhin [32] (see also
[12]) recently showed that "minimizing S(V') over suitable Lagrangian cobordisms with
fixed boundary components" gives rise to a "Lagrangian cobordism metric".

The first chapter (chapter ) appeared as [2I]. It studies the Lagrangian cobordism
metric introduced by Cornea-Shelukhin by bounding it from below with a Lagrangian
spectral metric on monotone Lagrangian cobordism classes, constructed using Lagrangian
spectral invariants [58]. The main result of this chapter is the sequence of inequalities
(Z1) which "sandwiches" the cobordism metric in between the spectral metric and the
Lagrangian Chekanov-Hofer metric [28]. Chapter Bl which is based on the paper [20],
checks that the (exact) Lagrangian cobordism class of the zero-section in a cotangent
bundle of a closed manifold has infinite diameter with respect to the Lagrangian cobordism
metric. The last chapter of the first part of the thesis (chapter @), which appeared as [18],
studies restrictions on the topology of a Lagrangian cobordism V when it is very "small"
(in the sense of S(V')). The main result of this chapter is to determine the homology of the
small Lagrangian cobordisms which, by Biran-Cornea’s results [I1], are known to induce
operations on a suitable version of the derived Fukaya category.

The second part of the thesis (chapter [), which is appeared as [19], attempts to gen-
eralize ideas from Aubry Mather theory using methods coming from symplectic topology.
The main result detects the existence of Borel probability measures which are invariant
under a Hamiltonian flow ¢z and whose rotation vector is prescribed by the subdifferential
of an "a-function". By results due to Viterbo [I00] and Monzner-Vichery-Zapolsky [62] it
is known that this function coincides with Mather’s a-function when the Hamiltonian is
Tonelli on the cotangent bundle of a closed manifold. Moreover, chapter [ also studies the
stability of the support of the constructed "Mather-measures" as well as an approach to
constructing measures with "prescribed" rotation vector in settings where the Lagrangian
submanifold can be displaced by a Hamiltonian diffeomorphism.
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1. Introduction

A symplectic manifold (M?", w) is a 2n-dimensional manifold M equipped with a closed
non-degenerate 2-form w € Q2(M) (i.e. dw = 0 and w™ is a volume form). A symplectic
manifold is a mathematical formalization of the concept of a phase space in classical me-
chanics. The dynamics determined by a Hamiltonian (or energy function) H € C*(S*x M)
is the flow ¢ = {@%; }+cr generated by the symplectic gradient Xp,. Xp, is characterized
by the equation

LXp,W = —dH;.

Modern symplectic topology/geometry studies (among other things) topological and in-
tersection phenomena exhibited by n-dimensional submanifolds L C (M,w) satisfying
w|z, = 0. Such submanifolds are called Lagrangian. There are many good reasons why one
should care about Lagrangian submanifolds. From the point of view of this thesis we point
out the following two:

ExAMPLE A The Lagrangian suspension construction: Let L C (M,w) be a Lagrangian
and fix H € C*°([0,1] x M). Then the embedding

[0,1] x L 3 (t,z) = (t, H (¢ (x)), d'y () € [0,1] x R x M

is a Lagrange embedding into [0,1] x R x M = T*[0,1] x M, which encodes
both the path ¢t — ¢% (L) as well as information about H along the path
t = G (L)

EXAMPLE B Herman’s theorem [46]: Fix a Hamiltonian H € C°°(M) and an energy-level
¢ € R. Suppose L C {H = ¢} is a ¢g-invariant embedded torus on which
the dynamics is quasi-periodic and uniquely ergodic. Then L is Lagrangian.

These examples exhibit two different aspects of the way in which Lagrangian submani-
folds encode information about Hamiltonian dynamics. Generalizing EXAMPLE A leads
naturally to the notion of a Lagrangian cobordism. The first part (chapters 2]) of this
thesis studies quantitative and topological aspects of Lagrangian cobordisms. EXAMPLE B
indicates how important Lagrangian submanifolds are for the dynamics of H and how, if
one wants to detect invariant sets for Hamiltonian systems, one should study Lagrangian
submanifolds. The second part (chapter [l) of this thesis studies invariant sets of Hamil-
tonian systems, detected using pseudo holomorphic curve techniques. In the rest of this
introduction we outline the main results of the thesis. The validity of the results depend
on various technical assumptions and definitions about the objects considered. For clarity
and purposes of exposition, we mostly suppress such technicalities here, and refer to the
chapters below for further details.



1.1 Quantitative aspects of Lagrangian cobordisms

Chapters 2], which are based on the papers [18], [2I] and [20], explore quantitative phe-
nomena exhibited by Lagrangian cobordisms. At its early stages, symplectic topology was
mostly developed as a qualitative theory, whose spirit was in many ways similar to that
of classical differential topology. Gromov’s non-squeezing theorem [41], which gave rise to
the concept of the Gromov radius of a symplectic manifold, seems to be the first indication
that symplectic topology has a quantitative side to it. Later such phenomena were formal-
ized by Ekeland-Hofer’s [33], [34] notion of a symplectic capacity. Another aspect to this
quantitative story of symplectic topology arose when Hofer [48] asked the question "How
much energy is required to displace a set from itself?". Exploring answers to this question
led to the notion of Hofer’s metric on the group of Hamiltonian diffeomorphisms as well
as the notion of displacement energy of a subset of a symplectic manifold. Deep insight,
first by Polterovich [75] and later Chekanov [27], shows that the notion of displacement
energy really gives rise to quantitative analogues of qualitative phenomena conjectured by
Arnold”.

1.1.1 Lagrangian cobordisms and spectral numbers

Consider a symplectic manifold (M,w) and equip the plane R?(z,y) with the standard
symplectic structure wg2 = dz Ady. A Lagrangian cobordism V' : (Lf); ~» (L;); connecting
two ordered tuples (L;)7,, (L), of Lagrangians in (M,w), is a properly embedded
Lagrangian submanifold

V C(M,o):=(R?x M,wg: ®w)

whose positive (respectively negative) asymptotic end in the z-direction is given as a
product of disjoint intervals in the plane with the Ljs (respectively L’s). The main quantity
one can associate to a Lagrangian cobordism is its shadow S(V) € [0,00), which can
intuitively be described as the area of the subset of R? consisting of all bounded connected
components of R?\7(V), with 7 : M — R? the canonical projection. The shadow of
a Lagrangian cobordism was first introduced in [32]. An indication that this quantity
contains meaningful information is seen in EXAMPLE A above, where S(V') equals the
Hofer norm of H along the path ¢ + ¢% (L). The main question one can ask is:

Given two Lagrangians L,L' C (M,w), how small (measured in shadow) can
a Lagrangian cobordism V : L' ~ L (satisfying a number of "good" conditions)  (Q)
be?

Analogous to the Lagrangian version of the Hofer metric this leads to the quantity
de(L, L") :=inf{S(V) | V : L' ~ L satisfies "good conditions"}. (1.1)

One of the main results of [32] is that, if one chooses a monotonicity condition as the "good
condition," then ds(L, L") > 0 if L # L', so (I.1]) defines a non-degenerate metric. If L is
Hamiltonian isotopic to L' then EXAMPLE A above guarantees that d.(L, L") < dg(L, L"),
where dp denotes the Lagrangian Hofer metric [28].

Chapter 2 which appeared in [21], presents results concerning how to estimate the
answer to using Lagrangian spectral invariants. The concept of Lagrangian spectral
invariants goes back to Viterbo’s [102] and Oh’s [71], [72], but the version we use is due
to Leclercq-Zapolsky [58]. Given a monotone Lagrangian L C (M,w) they constructed a
spectral invariant function

I : QH.(L; Zs) x Ham(M,w) — R U {—oc}.
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Here QH,(L;Zs) denotes the quantum homology of L and P/Ig}/n(M ,w) denotes the univer-
sal cover of the group of Hamiltonian diffeomorphisms Ham (M, w) on (M, w). Throughout
this section we will only consider monotone Lagrangians with QH,(L;Z2) # 0, so in par-
ticular the unity [L] € QH.(L;Z2) with respect to the ring structure is # 0. By a result
due to Biran-Cornea [I0], a monotone Lagrangian cobordism V' : L' ~» L induces a ring
isomorphism

Oy 1 QH.(L; Zo) = QH(L'; Zy).

Theorem 1.1.1 (Theorem on page [M0). Let L, L' C (M,w) be two monotone La-
grangians and let V : L' ~ L be a monotone Lagrangian cobordism. Then

(e, @) =l (Py(a), 9)| < S(V) (1.2)
for all o € QH,(L)\{0} and all ¢ € Ham(M,w).

The main upshot of this result is that Lagrangian spectral invariants can be used to
estimate the size of (monotone) Lagrangian cobordisms. A direct consequence of the fact
that @y preserves the ring structure is that

1L(L], ¢) = L (L], )] < S(V). (1.3)

for all monotone V : L' ~» L and all ¢ € ﬁ;:I/H(M ,w). Define for every pair of monotone
Lagrangians L, L' C (M,w) the quantity

dy(L, L) = sup{llL (L], @) — 1 (L), @) | ¢ € Ham(M, w)},
where we use the convention that the supremum over () equals +ooc.

Proposition 1.1.2 (Proposition [Z2.6] on page [I1l). ds defines a non-degenerate metric on
the space of all monotone Lagrangian submanifolds of (M,w).

As a consequence of (3] we in particular have the estimate
ds(L, L") < d.(L,L') <dy(L,L') V L,L" monotone and Hamiltonian isotopic,

which in certain cases allows one to compute d.(L,L’). Another consequence of (3] is
that the asymptotic Lagrangian spectral invariant oy, : Ham(M,w) — R, defined by
ZL([LL ¢k)

ou(6) = Jim L

is an honest Lagrangian cobordism invariant, which can distinguish different cobordism
classes.

Theorem 1.1.3 (Theorem [22.9 on page [[3)). Let L, L’ C (M,w) be monotone Lagrangians
with QH(L;Zs) # 0. If there exists a monotone Lagrangian cobordism V' : L' ~~ L then

QH.(L';Z3) # 0, so oy : Ham(M,w) — R is well-defined and o, = op/.

This theorem implies a cute intersection result originally due to Biran-Cornea (see

page [14)).



1.1.2 Expanding exact Lagrangian cobordism classes

Consider an exact symplectic manifold (M, d\) which is convex at infinity and whose
Liouville flow ¢ = {1 }+er is complete. Recall that ¢ is generated by the vectorfield Z on
M, characterized by

Lzw = A.

The Lagrangian L C (M, d)\) is said to be ezact if |, = df for some f € C°°(L). In this
setting (M, @) is also an exact symplectic manifold with d(Ag2 ® \) = @, so it makes sense
to require that a Lagrangian cobordism V C (M,®) be exact (with respect to Agz @ \).
We denote by £(L) the space of Lagrangian submanifolds of (M, d\) which are exact and
exact Lagrangian cobordant to L. It makes sense to consider a version of d. (see above)
on L(L)

de(L', L") :=inf{S(V) | V: L' ~ Lisexact} VL L" € L(L).

In this setting Cornea-Shelukhin’s result [32] implies that d. is a non-degenerate metric
on L£(L). Chapter [, which appeard as the note [20], discusses the proof of

Theorem 1.1.4 (Theorem B.0.1l on page 29). Let L C (M, d)\) be a closed exact Lagrangian
submanifold. Then {\;}ter induces a flow {V; er on (L(L),d.) via Wi (L") := ¥ (L').
More precisely, ¥ defines a continuous R-action on L(L) and every W, : L(L) — L(L)
satisfies

de(Uy(L), Uy (L") = e'd(L', L") Vv L',L" € L(L).

In particular the metric space (L(L),d.) has infinite diameter.

1.1.3 Topology of (small) Lagrangian cobordism classes

For two Lagrangians L,L' C (M,w), consider again the distance d.(L,L’) defined by
(L1, with the "good condition" chosen such that d. is a non-degenerate metric [32]. In
order for this quantity to be interesting, one would hope that L and L’ share similar
properties if d.(L, L') is sufficiently small. Perhaps, one might even hope that they would
have to be Hamiltonian isotopic. d.(L, L") being small means exactly that L and L’ are the
boundary components of a suitable Lagrangian cobordism whose shadow is small. Section
M which appeared as [18], explores what one can say about the topology of so-called small
Lagrangian cobordisms and their boundary. The main "moral" of the story is that the
topology of small Lagrangian cobordisms to a large extend is determined by its boundary.
Parts of these results generalize ideas due to Biran-Cornea [10] and Suarez [94].

Apart from the shadow of a Lagrangian cobordism V' : (L); ~» (L;);, there is another
(positive) quantity which can be associated to V', namely the bubbling threshold A(M,V) €
(0, 00]. Our understanding is that this quantity, for a closed Lagrangian submanifold, first
appeard in Chekanov’s [27]. However, one can also see hints of this quantity in Polterovich’s
[75]. For an @-compatible almost complex structure J on M which is standard at
we denote by A(M Vo J ) the infimum over all w-areas of non-constant J-holomorphic
spheres in (M,o) and non-constant .J-holomorphic disks in (M,&) with boundary on
V. Under suitable assumptions on (M,w), standard compactness arguments show that
A(M,V,J) >0, so

A(M,V) = supA(M,V,j) > 0.
J

Here the supremum runs over all J as above. We then say that V : (L%); ~ (L;); is small
if it satisfies the inequality )
S(V) < AM,V).

1See Section B3] on page @2 for a precise definition of this term.



A key novelty of this condition is that it places no a priori conditions on the boundary of
V. E.g. for two arbitrary closed Lagrangians L, L’ C (M,w) it makes sense to ask whether
or not a small V' : L' ~ L exists. The following result is in some sense the cobordism
analogue of the main theorem in Chekanov’s [27].

Theorem 1.1.5 (Theorem on page B4). Let (L), (Lj)jLy be two tuples of La-
grangians in (M,w) such that L; h L; and L h L for all i # j. If Vi (L}); ~ (Lj); is a

small Lagrangian cobordism which is spin, then

dimpH, (V,0_V;F) < > #(LinLj)+ Y. #(LinL) (1.4)
1<i<j<m 1<i<j<m/

for all fields F. If V' is not spin, then ({I1) holds with F = Zs.

This result has a fairly long list of applications. Perhaps the most important applica-
tions are the following ones (for the full list we refer to Sections 21 and .22l on pages
B4 and B6] respectively).

Corollary 1.1.6 (Corollary 227 on page BHl). Let L, L' € L1 and suppose at least one of
them is spin. If there exists a small Lagrangian cobordism V : L' ~ L then LN L # (.
Moreover, if L h L' then

dims H,(L;F) < #(L N L).

for every field F. Of course, if neither L nor L' is spin then the same conclusion holds for
F=127Z,.

Corollary 1.1.7 (Corollary 2.9 on pageB3l). Let L, L' € L be simply connected and suppose
there exists a small, simply connected Lagrangian cobordism V : L' ~ L. If dim(V) > 6
then V is diffeomorphic to [0,1] X L, so in particular L is diffeomorphic to L'.

These two results lead to the natural question, whether or not it is true that all
small Lagrangian cobordisms V : L' ~» L are images under some 1) € Symp(M , @) of
a Lagrangian suspension. I.e. whether or not a small Lagrangian cobordism is really the
same as an exact Lagrangian isotopy.

Corollary 1.1.8 (Corollary on page B8)). Let L C (M,w) be a Lagrangian and let
(L;)™, be an m-tuple of Lagrangians in (M,w) satisfying the following conditions:

a) All singular points of the immersion L;L; — M induced by the inclusion are transverse
and double.

b) The subset (U;L;) C M is connected.

¢) The intersection graph of the (L;); is a gmphE

d) L; is spin for everyi=1,...,m.

Then every small Lagrangian cobordism V : L' ~ (L;); satisfies
H.(V;Z) = H(V; Z),

where V : #:L; ~ (L;); is a Lagrangian cobordism originating from surgering the (L;); to
#;L; (see Example[[.2.17 on page[38). Moreover,

H.(L';Z) = H,(#;L; 7).

If some L; isn’t spin, then the same conclusions hold with coefficients in Zs.

2The set of vertices of the intersection graph of (L;)7; is by definition {L1, ..., Lx}. The set of edges
is defined as follows: There is a bijection from the set of (unoriented) edges connecting L; to L; to the set
L,NL;.



Note that there are many examples of tuples (L;); which meet these conditions. The
last result leads to the natural question, is it true that all small Lagrangian cobordisms of
the type V : L' ~» (L;);, which satisfy reasonable additional conditions, arise as surgery
cobordisms.

1.2 Mather theory and symplectic rigidity

Chapter [l which appeared in [19], studies invariant sets of (autonomous) Hamiltonian
systems using tools coming from symplectic topology. The first part of the theory developed
uses the Leclercq-Zapolsky Lagrangian spectral invariant discussed in Section [LT.I] above
and builds heavily on the philosophy of Viterbo’s homogenization paper [100], as well
as Monzner-Vichery-Zapolsky’s [62] and Vichery’s [99]. Given a monotone Lagrangian
L C (M,w) with QH.(L;Z3) # 0, we will here denote by [, : ﬁgr/n(M,w) — R the
Leclercq-Zapolsky spectral invariant associated to the unity in QH,(L; Zs2) (11, was denoted
by {1([L], —) in Section [[LTT]). Given a normalized H € C*°(M), l1, gives rise to a function
H'(M;R) — R by defining

71"’
om.r(c) := lim I (¥ Phen)

1 .
Nokroo k ¢ € HI(M;R).

Here ¢ : [0,1] x M — M is any symplectic isotopy with Flux(¢)) = ¢. og.p is locally
Lipschitz (with respect to any norm on H!(M;R)) and thus has a well-defined set of
Clarke subdifferentials

dop.r(c) C Hi(M;R) = H' (M;R)*

at every point ¢ € H'(M;R). The way in which og.;, encodes information about the
dynamics of ¢g is that its subdifferentials parametrise rotation vectors of ¢g-invariant
measures.

Theorem 1.2.1 (Theorem on page B9). Let H € C* be normalized. For any ¢ €
HY(M;R) and any subdifferential h € doy.1(c) C H1(M;R), there exists a ¢g-invariant
Borel probability measure p on M satisfying

p(p) = h.

Here p(u) € Hi(M;R) denotes the rotation vector of p. We refer to Section [(.5.1]
for a discussion on rotation vectors and Clarke subdifferentials. It turns out that, if the
homomorphism H!(M;R) — H!(L;R) is surjective, then op.;, descends to a function

am.r : HY(L;R) = R

which is locally Lipschitz. As a consequence, under this assumption, one has some control
over the direction of op.1’s subdifferentials in Hy(M;R).

Corollary 1.2.2 (Corollary on page B0). Suppose the map H'(M;R) — H'(L;R)
induced by the inclusion v : L < M is surjective. Then, for every ¢ € H'(L;R) and every
subdifferential h € dap.p(c) C Hi(L;R), there exists a ¢p-invariant Borel probability
measure (1 on M such that

p(p) = vs(h) € Hi(M;R).

The fact that these measures arise as (convex combinations of) weak*-limits of prob-
ability measures supported on orbits of ¢y allows one to study their support in simple
situations. In Section [5.3.1] below we give an example of a Hamiltonian on 7*T?2, for which
the measures obtained in the previous two results are extremely unstable.

6



Section 6.4l which is the second part of chapter [ is an attempt to study invariant
measures of certain Hamiltonian systems in a setting where Theorem [[L.2.1] cannot be ap-
plied. More precisely, it studies invariant measures of Hamiltonian systems on symplectic
manifolds (M,w), where every compact subset can be displaced by a Hamiltonian dif-
feomorphism, using ideas due to Buhovsky-Entov-Polterovich [24]. Throughout the rest
of this introduction, we will assume that our Hamiltonian H € C*°(M) is proper and
bounded from below. For k& € R we define ¥ = ¥3(H) := {H < k} C M. Due to our
assumptions on M and H, ¥ can be displaced by a Hamiltonian diffeomorphism, so its
displacement energy e(Xj) is a non-negative real number. To every ¢py-invariant Borel
probability measure u, which is compactly supported in Y, one can associate a rotation
vector

p(p) € Hi(Zg; R).

Theorem 1.2.3 (Theorem .41 on page B68). Suppose (M,w) is weakly exact and let H €
C>°(M) be proper and bounded from below. Suppose L C ¥y C (M,w) is a Lagrangian
with Abelian 71 (L) and fir & € H'(L;R) such that 0Cry(m,1) = [W]lro (1)~ Then for every
a € H' (Xy; R) satisfying

alr € (e(3x),00) - H'(L;Z) =& (C H'(L;R))

and every € € (0,k —maxy, H) there exists a measure pp € M(Xy; ¢m) satisfying the two
conditions

(a,plp)) < max H — K + ¢
H(Supp(u)) © [max(H) + 5,k — §].

The existence of ¢ € H'(L;R) with the described properties is guaranteed by Lemma
(.61 below. Theorem is really a consequence of a more abstract result which relates
the classical notion of the symplectic shape of a sublevel set ¥, to the dynamical properties
of ¢ils,. Classically, Sikorav [88], [87] and later Eliashberg [36], defined the symplectic
shape of a subset X C (M,w), when w = d) is an exact symplectic form. For our purposes
it is convenient to introduce the following definition.

Definition 1.2.4 (Definition on page 69). Fix ¢ € H'(L;R). The (Lagrangian) (L, c)-
shape of a subset X C M, denoted by Sh(X;L,c), is defined as the subset of H'(X;R)
consisting of those classes a for which there exists a Lagrange isotopy ¢ : [0,1] x L — M
starting at L and ending in X in the sense that ¢ (L) C X and which in addition satisfies
the condition

Fluxy (¢) — ¢ = i (aly, ) € H' (L;R).

In order for the (L, c¢)-shape of ¥, to say anything about the dynamics of ¢y, , one
need to choose the energy level k € R and ¢ € H'(L;R) in a compatible way. To make this
precise one associates a function xp.r, : H'(L;R) — RU {co} to the pair (H, L), given by

. := inf H),
k.(c) in 11;11%( )

where the infimum runs over all Lagrange isotopies 1 : [0,1] x L — (M,w) with ¢ : L —
(M, w) the inclusion and whose Lagrange flux Fluxy (1)) € H'(L;R) satisfy Fluxy (v) = c.
kp.r, should be thought of as a generalization of Mather’s a-function.

Theorem 1.2.5 ( Theorem 5. 4.7 on page [7Q). Consider an autonomous Hamiltonian H €
C>(M;R) which is proper and bounded from below. Let ¢ € H'(L;R) and suppose k € R
is an enerqgy level such that k < kp.r(c). Then for every

a € Sh(Xx; L, c)
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there exists a ¢g-invariant Borel probability measure u which satisfies

{a,p(p)) < 0. (1.5)

In particular, p with the property (I7) can be chosen to be ergodic.

The main applications of this last result are to Hamiltonian systems on R?” as well as
Hamiltonian systems on twisted cotangent bundles of tori.



2. Invariants of Lagrangian cobordisms
via spectral numbers

2.1 Introduction

One approach to studying Lagrangian submanifolds of a symplectic manifold (M, w) which
has attracted a lot of attention lately is by studying their Lagrangian cobordisms in
(R? x M, w2 ®w) (see precise definitions in Section Z4). Biran and Cornea showed in [10]
and [I1] that suitable Lagrangian cobordisms preserve symplectic invariants. Considering
"Lagrangians up to Lagrangian cobordism" thus seems like a very natural notion for study-
ing the symplectic topology of Lagrangian submanifolds. Moreover, Cornea and Shelukhin
[32] recently discovered the existence of a remarkable "cobordism metric" d. on suitable
subspaces of the space of Lagrangians in (M, w) (see precise definitions in Section [Z2.1]).
This metric can be viewed as a generalization of the Lagrangian version of the well-known
Hofer metric introduced by Chekanov [28]. Motivated by these discoveries we produce a
Lagrangian cobordism invariant by applying the Lagrangian spectral invariant package
recently developed by Leclercq and Zapolsky in [58]. We also show that spectral num-
bers provide functions on subsets of the space of Lagrangian submanifolds in (M,w) to R
which are Lipschitz continuous with respect to d. and use this to define a non-degenerate
"spectral metric" which bounds d. from below.

2.1.1 Setting and notation

Throughout this chapter we consider a connected symplectic manifold (M?",w) which is
either closed or open and convex at infinity [35]. We also consider the associated symplectic
manifold (M,&) defined by M := R?(z,y) x M and & := wg2 ® w, where wg2 := dz A dy.
Unless otherwise stated, any Lagrangian submanifold L™ C (M,w) will be assumed closed,
connected and monotone. By this we mean that there is a positive constant 7, > 0
satisfying

Wlry(ar,L) = TL * lra (01, L)

where w : mo(M, L) — R denotes integration of w and p : mo(M,L) — 7Z denotes the
Maslov index. We will also assume that the minimal Maslov number Ny, := min{u(a) >
0| a € ma(M, L)} associated to L satisfies N, > 2. If |, ar,) = 0 we set N = oo (this
is a special case of the weakly exact setting - see Section 2:2.3]).

In the monotone setting both Floer homology H F, (L) and quantum homology QH, (L)
of L with A-coefficients are well-defined, where A := Zy[t,t~] [15], [16], [58], [104] Here

HI5] and [I6] use language/notation which is slightly different from [58] and [104]. To avoid confusion
we therefore point out that QH (L) (respectively HF (L)) with A-coefficients in [I5] and [I6] corresponds
to QH (L) (respectively HF(L)) of a suitable quotient complex with Zs-coefficients in [58] and [104] (see
Section 2.6 in [58] for details).



we will only work with A-coefficients and therefore omit them from the notation.

Given 7 > 0 we denote by £, = L,(M,w) the space of all Lagrangian submanifolds L C
(M,w) as above, satisfying the additional condition that 7, = 7 (i.e. all Lagrangians are
uniformly monotone). We also denote by £* C L, the subspace consisting of Lagrangians
L for which QH,(L) # 0.

2.2 Main results

2.2.1 The Lagrangian cobordism metric structure

Given a Lagrangian cobordism V' C (M , ) connecting two Lagrangians L, L' € L. (see
Section 4] for precise definitions) it is natural to consider the set w(V) C R2, where
7 : M = R? x M — R? denotes the projection. The insight that 7(V) contains valuable
information originally arose during Biran and Cornea’s extensive study of Lagrangian
cobordism [I0], [I1]. The idea was made quantitative in [32] where Cornea and Shelukhin
established the existence of a remarkable natural cobordism metric on the space ETE We
say that the Lagrangian cobordism V is elementary if it is connected and monotone with
Ny > 2 when viewed as a Lagrangian submanifold of (M, &) (see also Section 24).

Definition 2.2.1 ([32]). Given L,L' C L, as well as an elementary Lagrangian cobordism
V : L' ~ L the outline of V, ou(V), is by definition the closed subset of R? given as
the complement of the union of unbounded components of R?\x (V). The shadow of V is
defined by

S(V) := Area(ou(V)).

The main result of this chapter shows that S(V') provides a natural upper bound on
the difference in spectral numbers coming from the bounding Lagrangians. The theory of
spectral numbers for Lagrangian submanifolds has been developed in various settings by
various authors, starting with Viterbo [102] and Oh [70], [72]. Here we will use the version
for monotone Lagrangians recently developed by Leclercq and Zapolsky [58]. Associated
to a given L € L; they defined a spectral invariant function

I, : QH.(L) x Ham(M,w) — R U {—oc0}

satisfying [(a, ¢) = —oo if and only if &« = 0 € QH,(L) (see Section for preliminaries
on Lagrangian spectral invariants). To state our main result we recall that, if L, L' € £,
and V : L' ~» L is an elementary Lagrangian cobordism then, by Theorem 2.2.2 in [10],

V induces a ring isomorphism ®y : QH.(L) 5 QH.(L).

Theorem 2.2.2. Let L, L' € L, and letV : L' ~ L be an elementary Lagrangian cobordism.
Then

(e, @) =l (Pv (@), 9)| < S(V)
for all o € QH,(L)\{0} and all ¢ € Ham(M,w).

Example 22,8 below shows that the result is sharp in the sense that there exist cobor-
disms V for which the statement becomes false if S(V') is replaced by a smaller number.
Cornea and Shelukhin further considered the following

Definition 2.2.3 ([32]). Define a function d. : £, X L; — [0, c0] by
de(L, L") :=inf{S(V) |V :L' ~ L}, L,L'€L,.

Here the infimum runs over all elementary Lagrangian cobordisms V' : L' ~ L.

%In fact Cornea and Shelukhin showed that there is a cobordism metric in several different settings.
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One of the main results in Cornea and Shelukhin’s paper [32] is that d. in fact is a
metric on L£,. Of course d.(L, L") = oo if and only if there do not exist any elementary
Lagrangian cobordisms V' : L' ~» L. Recall that, given L € L, the fundamental class
[L] € QHy (L) is the unity with respect to the ring structure on QH,(L). It is convenient
to introduce the notation I} (¢) := I1([L],$) for ¢ € ﬁa\mr/n(M,w). Since @y preserves the
ring structure, Theorem implies

Corollary 2.2.4. For every pair of Lagrangian submanifolds L, L' € L% we have
15 () —13,(6)] < de(L, L) V¥ ¢ € Ham(M, w).

Remark 2.2.5. Corollary 2.2.4] says that, for any fixed ¢ € ﬁ;;l(M ,w), the function
(L£%,d.) = (R,|-|) given by L' — I},(¢) is 1-Lipschitz. Of course this statement is only
interesting when L' lz,(gb) is restricted to an elementary Lagrangian cobordism class
C L.

The following definition and proposition were generously suggested to us by the anony-
mous referee whom we wholeheartedly thank! Define ds : £X x L% — [0, 00] by

do(L, L') := sup{|l} (¢) — I],(¢)| | ¢ € Ham(M,w)}, L,L' € L%

As the notation suggests ds is a (spectral) metric. It is clear that ds is symmetric and
satisfies the triangle inequality. Hence, the only non-trivial property to check in order for
ds to be a metric, is non-degeneracy.

Proposition 2.2.6. d, : £ x LX — [0,00] is a non-degenerate metric.

Note that this result shows that the estimate in Theorem [2.2.2] is non-trivial whenever
L # L'. As an immediate consequence of Corollary 2Z.2.4] we obtain

Corollary 2.2.7. For all L,L’ € L we have ds(L,L") < d.(L,L").

This result together with Proposition 2.2.6] gives a new proof of the fact that the
restriction of d. to £} is non-degenerate. Fixing L € L} one often considers the subset

H(L) :={¢(L) | ¢ € Ham(M,w)} C L% equipped with the Hofer metric dy [28]. It follows
from Corollary [Z2Z77 and the Lagrangian suspension construction [32] that

do(L', L") < d(L', L") < dy(L', L") VL, ,L"€H(L). (2.1)

Denote by Symp,, M(M ,w) < Symp(M ,@) the subgroup of symplectomorphisms 1 which
are compactly supported relative to M in the sense that there is a compact K C R? such
that ¥|r2\x)yxm = (g2 X0)|(m2\ k)< for some ¢ € Symp(M,w). Given L,L" € L3,
¥ € Symp, (M, &) and an elementary Lagrangian cobordism V' : L' ~» L we obtain a
new cobordism (V) : (L") ~ o(L). It is easy to check that ds is Symp(M, w)-invariant
and therefore Corollary 2.2.7 gives a Lagrangian non-squeezing type inequality:

dy(L, L") < S((V)) V¢ € Sympejps (M, ). (2:2)

From this point of view it would be interesting to understand for which pairs L', L” € H(L)
it holds that ds(L', L") = dg (L', L"). For such pairs one can find Lagrangian suspensions
which are (close to) "optimal" in the sense that they (almost) minimize shadow among
all elementary Lagrangian cobordisms L” ~» L’ (see also Example [Z2Z8 below). Some
investigations in this direction were already carried out in Remark 5.1 in [32]. Moreover,
Corollary [Z2.4] above can be viewed as a generalization of a bound found in [58] for the
Hofer distance on the universal cover of H(L) for a fixed L € L%.
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It is an open problem to understand the extent to which d. differs from dgy in our
setting: The main examples of elementary Lagrangian cobordisms are Lagrangian sus-
pensions and their images under Symp, 17 (M, ©)-elements. On the other hand there are
many explicit examples of non-monotone Lagrangian cobordisms which do not arise as
Lagrangian suspensions [10], [26], [44]. In [I8] we study how properties similar to (2.2)) of
such cobordisms are intimately linked to their topology.

Example 2.2.8. B Consider 75! = R/Z x R with coordinates (q,p) € R/Z x R and
equipped with the symplectic structure dp A dq. Denote by L C T*S"' the 0-section. De-
fine an autonomous Hamiltonian H € C*™(T*S') by H(q,p) = (sin(27q) + 1) and let
L' := ¢}, (L) C T*St. Choose a monotone function p € C*(R; [0, 1]) such that for some
small € > 0 we have p = 0 on (—o0, €] and p = 1 on [1—¢,00). Then the Lagrangian suspen-
sion construction [76] applied to the time-dependent Hamiltonian H;(q,p) := p'(t)H (q, p)
produces an exact Lagrangian cobordism V : L' ~» L with shadow S(V) = 2. Moreover,
since H has Hofer norm = 2 we conclude that dy (L, L") < 2. We claim that ds(L, L") > 2,
which by (Z1)) implies

ds(L,L') =do(L,L") =dy(L,L") = 2.
To see this fix a small € > 0 and a corresponding 1 > § > 0 such that

* €

max{H(q,p) | (¢,p) € T"S"\Bss(1)} > 2 - 3,

where Bgs(3) denotes the ball of radius 35 centered at 3 € L. Choose ¢1 € C*°(L; [0,1])
such that

=0, on LN Bys(}) ¢ o) =0 on[%—%,%—%]
LY =1, on L\Bss() LY >0, on[i+261439

and define H'(q,p) := v1(q)H(q,p). Applying Lemma Z5.1] below together with an easy
approximation argument one sees that for all s € [0, 1] we have [ (sH') = maxp. g1 (sH') >
s(2—%). Fix now pp € C*(T*S; [0, 1]) such that ¢ = 1 outside a very small neighborhood
of L'\(Bs(%)UBs(2)) and 2 = 0 on an even smaller neighborhood of L'\ (Bs(%) U Bs(2)).
Define H?(q,p) := @2(q,p)H'(q,p). By continuity and the Lagrangian control property
from [58] we have [I},(sH?)| < § for all s € [0,1] if & is chosen small enough. For a
s« € (0,1) very close to 1 (depending only on the set {¢s # 1}) the path {¢! (L) =
¢! p2(L)}iepo,) is contained in the set {pg = 1}. In particular, for every s € [0, s.], the
Hamiltonian chords of the autonomous Hamiltonian s H? + (s, —s)H' = (s.+5(pa—1))H*
connecting L to itself coincide with those of the Hamiltonian s, H!, and are contained in
the set {¢2 = 1}. Hence, spectrality [58] gives

IF(sH? + (s« — 8)H') € A, . (Crit(A, g1.)) Vs €[0,s.].
Since A, 1. (Crit(Ag, g1.1,)) C R is nowhere dense and
[0,5.] 2 s> 1] (sH? + (s, —s)H') €R

is continuous we conclude that lZ(S*HQ) = lf(s*Hl) > s*(2—§) > 2—% if s, is sufficiently
close to 1. Hence,

ds(L, L') > [If (s H?) = U (5. H?)| > |} (s H?)| = [l (s H?)| > 2 — €.

Now the claim follows by letting € — 0.

3We thank the anonymous referee for suggesting this example.
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2.2.2 A Lagrangian cobordism invariant
Fix L € £%. A nice fact about lz is that it satisfies the triangle inequality
[(¢9) <IE(0) + 15 (W) Y ¢, € Ham(M, w).
This and the continuity property of lzr allows one to consider the asymptotic spectral

invariant oy, : ﬁgr/n(M,w) — R given by

+( 1k

., ¢ € Ham(M, w).

We want to point out that, just like I, o, is known to satisfy a number of "nice" properties.
In the case when L is the O-section of a cotangent bundle many of these are documented
n [62]. For the monotone setting we are considering many analogous properties follow
immediately from the properties of I;, which are documented in [58].

Our next result shows that o, can be considered as an object associated to L’s ele-
mentary Lagrangian cobordism class.

Theorem 2.2.9. Let L € L:. Then the function oy, : I/{gu/n(M,w) — R is an elementary
Lagrangian cobordism invariant of L. In other words, if L' € L, is in the same elementary
Lagrangian cobordism class as L then ors : Ham(M,w) — R is well-defined and o, = op.

As mentioned in the introduction Biran and Cornea’s Lagrangian cobordism theory
[10], [T1] shows that it is desirable to be able to detect whether or not two given Lagrangians
are in the same elementary Lagrangian cobordism class. To our knowledge, L + oy, is one
of very few numerical invariants known for Lagrangian cobordism. Naturally one would
like to make use of the algebraic structures on IfI;El(M ,w) and properties of o, to derive
criteria for detecting the non-existence of elementary Lagrangian cobordisms. One example
of how this can be done is the following result. Recall that Ham (M, w) is a normal subgroup

of Symp(M,w). In particular Symp(M,w) acts on }/I;_r/n(M,w) by conjugation

Symp(M,w) X ﬁ;r/n(M,w) — IfI;I/n(M,w)
(¥, ¢) = Yoy

As a consequence of Theorem 2:2.0 and the symplectic invariance property from [58] we
obtain

Corollary 2.2.10. Let L € L and ¢ € Symp(M,w). If L and (L) are in the same
elementary Lagrangian cobordism class then oy, is invariant under conjugation by . IL.e.

on(¢) = oL(Wy™Y) Y ¢ € Ham(M,w).

By the Lagrangian suspension construction this result implies in particular that op,
is invariant under conjugation by elements of Ham(M,w). We do not know of any ex-
amples ¢ € Symp(M,w)\ Ham(M,w) such that L and (L) are in the same elementary
Lagrangian cobordism class.

Remark 2.2.11. Consider a pair of Lagrangians L, L’ € L% satisfying L N L' = (. Now
choose a normalized] autonomous Hamiltonian H € C>°(M) satistying H|;, = ¢ and
H|p = ¢ for constants ¢ # ¢’. Then

or(¢n) =c# =op(on),

4If (M?™,w) is a closed symplectic manifold we say that a Hamiltonian H € C°°([0, 1] x M) is normalized
if fM Hyw™ =0 for all t € [0,1]. If (M*",w) is non-compact we say that H € C*([0,1] x M) is normalized
if it has compact support.
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by the Lagrangian control property from [58]. In view of Theorem [Z22.9] this observation
gives a new proof of the following result which can also be derived from Biran and Cornea’s
work [I0] (see Remark 2:4.5] below).

Corollary 2.2.12. Let L € L:. If L € L. is in the same elementary Lagrangian cobordism
class as L then LN L' # (.

In fact there is even a third proof of this fact based on the metric ds: If L, L’ € L*
satisfy L N L' = () then it is easy to check that ds(L, L) = oo. In particular Corollary
227 implies that d.(L, L") = oo and therefore L and L’ cannot be in the same elementary
Lagrangian cobordism class.

Example 2.2.13. Spectral invariants coming from Floer theory are known to be very hard
to compute. However, given L € LX, a consequence of Theorem [2.2.9] is that there is a
rather large subset of ﬁz\u/n(M ,w) on which o7, can be computed explicitly! Consider the
subgroup Gy, C I—/I?i_r/n(M,w) defined by

6 €Gr 2L Bdihepn €6 ¢ di(L) =LV te01)).

In other words Gy, consists exactly of the homotopy classes (rel. endpoints) of paths ¢ in
Ham(M,w), based at the identity, which contain a path {¢:},c[,1) satisfying ¢:(L) = L
for all t € [0,1]. It is easy to check that ¢ € Gy, if and only if ¢ = ¢y for a normalized
H € C*>([0,1] x M) satisfying H;|r, = ¢(t) for some ¢ € C*°([0, 1]). For such a Hamiltonian
the Lagrangian control property from [58] reads

o1(5) = /O Loyt (2.3)

Applying Theorem [2.2.9] this has the following interesting consequence: o, (¢) can be com-
puted explicitly by a formula similar to (2.3) for every

oelJou. (2.4)
L/

Here L' runs over the entire elementary Lagrangian cobordism class of L. Note that, by the
Lagrangian suspension construction, the orbit of L under the natural action Ham (M, w) x
L; — L is contained in the elementary Lagrangian cobordism class of L. It is therefore
clear that the union in (24]) is a rather large set in general.

Analogues of o, have a very prominent history in symplectic topology. In the case of
spectral invariants coming from Hamiltonian Floer homology the study of the analogue
of this quantity was pioneered by Entov and Polterovich in their development of Cal-
abi quasimorphisms on I‘/I_E;_I;I(M ,w) [37] (see also [79]). In case L is the zero-section of
the cotangent bundle T*N of a closed manifold N Monzner, Vichery and Zapolsky [62]
showed, using ideas due to Viterbo [100], that oy, is closely related to Mather’s a-function.
Moreover, for the special case N = T", they showed that o, is closely related to Viterbo’s
homogenization operator.

2.2.3 'What happens in the (weakly) exact case?

If one chooses to work with weakly exact Lagrangians one can obtain the results in Section
in a slightly different form. For the convenience of the reader we here point out these
changes.
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The case fi|x,(ar,r) =0

One alternative construction of spectral invariants which is relevant for our purposes was
carried out by Leclercq [57] for closed Lagrangians L C (M, w) verifying

W) =0 & pilayar,) = 0. (2.5)

Note that the existence of such a Lagrangian in (M,w) implies that M is symplectically
aspherical in the sense that wl.,y;) = 0 and cl(TM)]M(M) = 0. We denote by L the
space of all closed Lagrangians L C (M,w) satisfying (235]). Note that for any L € Lo,
QH.(L) reduces to H.(L) = H.(L;Z3). As already mentioned this setting is covered
by our results in Section However, it is also possible to recover some of our results
using Leclercq’s spectral invariants which satisfy particularly nice properties. The spectral
invariant function

c(-;L,+) : Ho(L) x H(L) - RU{—o0},

constructed by Leclercq in [57], is associated to a fixed L € Ly. Among other properties
he showed that c¢(a;L,L') = —oo if and only if « = 0 € H,(L) and, for every pair
(a, L) € H.(L) x H(L) for which a # 0, one has 0 < ¢(o; L, L") < dy(L,L'). For
L € Lg the results in Section 2.1 continue to be true, mutatis mutandis, if one replaces
lp, by ¢(- ;L,-). More precisely, when replacing I;, by ¢(- ;L,), QH.(L) is replaced by
H.(L), ﬁz\u/n(M ,w) is replaced by H (L) and the statements hold for elementary Lagrangian
cobordisms V' verifying @| ma(N,V) = 0= 'L"m( NV One could of course also study the
asymptotic version of ¢(- ; L, -). However, it is not clear to us that this quantity contains
information about Lagrangian cobordisms.

The case ji|r,(ar,1) # 0

Recall that a Lagrangian L C (M, w) is said to be weakly exact if w|r, s,y = 0. We denote
by Lye(M,w) the space of all closed and weakly exact Lagrangian submanifolds in (M, w).
In case (M,w = d\) is exactﬁ the exact Lagrangians are special cases of weakly exact
Lagrangians. The version of spectral invariants developed in [58] was initially constructed
in the exact setting for the particular case of the zero-section in a cotangent bundle by Oh
[70], [72]. The parts of Oh’s scheme which are needed for our results can also be carried out
for Lagrangians in Le(M,w) (see [58], [I03]). In this setting HF(L) does not necessarily
carry a Z-grading but is still isomorphic to H (L) = &}_,Hy(L; Zs). Zapolsky [103] showed
that, for L € Ly, I, in fact descends to Ham(M, d\):

lr,: H(L) x Ham(M,d\) - RU {—o0}.

Therefore, one recovers all results from Section[2Z.2.2 with the one difference that P/szr/n(M , W)
can be replaced by Ham (M, d\) throughout, given that one also restricts to looking at La-
grangian cobordisms V satisfying @| ra(WL,V) = 0. The same goes for the results in Section
2211 For additional properties of o7, for L € Ly we refer to [62], where the case of a
zero-section in a cotangent bundle is studied in detail.

2.3 Preliminaries on Lagrangian spectral invariants

Fix L € L. Given a pair (H,J), where H € C*°([0,1] x M) is a (time-dependent) Hamil-
tonian satisfying ¢}, (L) h L and J = {Jt}tejo,1) is a generic smooth path of w-compatible
almost complex structures, one can construct the Floer homology group HF,(H,J : L).

SRecall that (M,w) is said to be ezact if w = dX for some 1-form A on M. In this case a Lagrangian
L C (M,dX\) is said to be ezact (with respect to A) if A\|p = df for some f € C*°(L).
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Recall that HF,(H,J : L) can be thought of as the Morse homology of the action func-
tional Ag.7. Here we view Ag.z, as being defined on the space Q, consisting of equivalence
classes of pairs 5 = [v,7] where v : ([0,1],{0,1}) — (M, L) and 7 : (D?,dD?) — (M, L)
is a capping of 4 (D? = D?\{1} C C denotes the punctured unit disc). The equivalence
relation is given by identifying cappings of equal symplectic area. Following [104] we use
the conventio

A= bA) = [ HGO) - [50, 7

Lagrangian Floer homology was first developed by Floer [39] and later developments were
carried out by Oh [67], [68]. Today Lagrangian Floer theory is a well-documented theory
and some of the standard references to which we refer for further details are [84], [73]
and [74]. Here and throughout the paper we will follow the conventions and notation
appearing in [104], to which we also refer the interested reader. Assuming L € L} one
can use HF,(H,J : L) to extract so-called spectral invariants. This idea was recently
developed in the monotone setting by Leclercq and Zapolsky [58]. Leclercq and Zapolsky
constructed a Lagrangian spectral invariant function

I : QH.(L) x Ham(M,w) — RU {—oo}, (2.6)

satisfying I (o, ¢) = —oo if and only if @« = 0 € QH.(L). This function is defined by
"mimicking" classical critical point theory as follows. HF.(H,J : L) is the homology
of the Floer chain complex (CF.(H,J : L),d) where CF,(H,J : L) is the Za-vector
space generated by critical points of Ag.;, and d is defined by "counting finite energy
Floer trajectories". Given a € R we denote by CF*(H,J : L) C CF.(H,J : L) the
subspace generated by those Crit(Ag.r)-points whose action is < a. Floer-trajectories can
be interpreted as negative gradient flow lines for Ap.1, so d restricts to a differential on
CF&(H,J : L). We denote by

2 CFMH,J:L)— CF.(H,J:L)

the inclusion and by ¢ : HF*(H,J : L) — HF,(H,J : L) the map induced on homology.
Identifying all the groups HF,(H, J : L) for different choices of data (H,.J) we obtain the
Floer homology ring of L, HF,(L). After choosing a quantum datum for L, QH.(L) is
well-defined and ring-isomorphic to HF, (L) via a PSS-type isomorphism

PSS : QH,(L) — HF,(L).
Given a € QH,(L) and a Floer datum (H, J) Leclercq and Zapolsky define
lp(a,H,J) :=inf{a € R | PSS(«) € Image(.y) C HF.(H,J : L)}.
They then further show that I («, H,J) is independent of J and that I; descends to a

function (2.6]) satisfying many additional properties [58].

2.4 Preliminaries on Lagrangian cobordism

Recently Biran and Cornea introduced several new methods for studying Lagrangian sub-
manifolds via Lagrangian cobordisms [10], [II]. Here we follow their work. Recall that
7 M =R2 x M — R? denote the canonical projection. For subsets V C M and U C R2
we write V|y =V Nna (V).

SNote that Ag.z is defined absolutely here. In other words, since the definition of HF.(H,J : L) in
[58] and [104] does not require the choice of a base point in 2y there is no need to normalize spectral
invariants. This will be important below.
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Definition 2.4.1. We say that two families (Li)fz_o and (L;)?:O of closed connected La-
grangian submanifolds of (M, w) are Lagrangian cobordant if for some R > 0 there exists a
smooth compact Lagrangian submanifold V' C ([—R, R] X R x M, w2 ® w) with boundary

OV =V N ({£R} x R x M) satisfying the condition that for some € > 0 we have

ke

Vlcr-rioxr = || (R, —R+e€) x {i}) x L; (2.7)
=0
ky

Vir—erxr = | | (R—€ R] x {j}) x L. (2.8)
=0

In particular V' defines a smooth compact cobordism (V, Uf:_o L;, |_|;C

(L5)j ~ (Li)i-

Our notation will not distinguish between a Lagrangian cobordism and its obvious hor-
izontal R-extension. This extension is a Lagrangian with cylindrical ends. More generally
we have

Lo L) We write V'

Definition 2.4.2 ([IQ)). A Lagrangian with cylindrical ends is a Lagrangian submanifold
V C (M,®) without boundary satisfying the conditions that Vi, wr is compact for all
a < b and that there exists R > 0 such that

k_
Vlcoo—rixr = | |((—o0,—R] x {a; }) x L;
=0
ey
Vl][Roo) xR = I_(|)([R, o0) x {a}}) x L}
J:

for Lagrangians Li,L;- C (M,w) and constants a; ,aj € R verifying a; # a; for i # i’
and aj + a;ﬁ for j # 4.

We will be interested in specific Lagrangian cobordisms and Lagrangians with cylin-
drical ends which allow us to compare Floer-theoretic invariants of the ends.

Definition 2.4.3. Given two families (Li)f:’o, (L;)?;O C L, we say that a Lagrangian cobor-

dism V' : (L}); ~ (Li)i is admissible if V' C (M, &) is itself a monotone, connected La-
grangian submanifold with monotonicity constant 7y = 7 and minimal Maslov number
Ny > 2. We say that V is an elementary Lagrangian cobordism if V is admissible and
satisfies k4 = k_ = 0, i.e. if there is only one positive and one negative end.

For examples of Lagrangian cobordisms we refer to [44], [10] and [26].

Remark 2.4.4. Note that "being cobordant by an elementary Lagrangian cobordism' is an
equivalence relation on L.

Remark 2.4.5. If L, ' € L, are in the same elementary Lagrangian cobordism class then
the Floer homology group HF(L, L") with coefficients in the universal Novikov ring over
the base ring Zg is well-defined [10]. If QH.(L) # 0 then results from [I0] imply that
HF(L,L") # 0. In particular Corollary follows.

Quantum (and Floer) homology for Lagrangians with cylindrical ends was introduced
by Biran and Cornea [10], [II] and further studied by Singer [89]. Since action estimates
are crucial for our intentions we will make some small adaptions in the construction of
Lagrangian Floer homology from [10] to make it suit our purposes.

17



2.5 Proofs of results

Here we develop the theory needed to prove our results. Most of our results are in fact
consequences of Theorem [Z.2.2] whose proof we postpone until the end. For the proof of
Proposition 2.2.6 it will be convenient to view [, as a function

IL: QH.(L) x C([0,1] x M) — RU {—oc},

so that we don’t have to worry about normalizing our Hamiltonians [58]. Given L € £, we
will denote by U = U(L) C M a Darboux-Weinstein neighborhood of L C M. In particular
we have a neighborhood W = W(L) C T*L of L C T*L and a symplectic identification
U ~ W which restricts to the identity on L [60]. For the proof of Proposition [Z2Z.6] we will
need

Lemma 2.5.1. Fiz L € L%. Denote b : U — L the restriction of the base-point map
T*L — L to W = U. Let h € C*®(L) be a Morse function such that maxy, |h| < %
and Graph(dh) C Y, where Y is a precompact and fiber-wise convex neighborhood of the
0-section in W ~ U. Define H € CX(M) by H := @b*h, where p € C°(U;[0,1]) is a
cutoff satisfying ply = 1. Then there exists q € Crity, (h) such tha

If(H) = h(q).

Proof of Proposition[Z.2Z.0. Let L,L' € £f with L # L'. Denote by b : U(L) — L the
restriction of the base-point map T*L — L to W(L) ~ U(L). Choose ¢ € L\L' and a
Morse function f € C°°(L) such that Crit,(f) = {¢}. Fix a Morse chart B C L\L' at ¢
and a bump function h € Cg°(B) attaining its unique maximum at ¢ with 0 < h(q) < %
By perhaps rescaling h we may assume that Graph(dh|g) N (L' NU(L)) = 0 and choose
a cutoff p € CZ°(U(L)) as in Lemma 2.5.T] such that ¢|y-1(p)nrs = 0. Consider for small
€ > 0 the autonomous Hamiltonian H¢ := @b*(h + ef) € C°(M). Since H°|r, = 0 the
Lagrangian control property from [58] implies that lz/(H 9) = 0. Moreover, for all small
e > 0 we have

1} (H) = h(q) + ef(q)
e—0

by the lemma and H¢ = HY uniformly. Thus, continuity of I implies I] (H°) = h(q).
Hence,
ds(L, L") > |l (¢p0) — Uf(dpo)| = |1 (H®) — 17, (H®)| = h(q) > 0.

O]

Proof of Lemma[ZZ51. By the spectrality property of [;, [58] and the fact that [L] €
QH, (L) we know that I (H) = Ag..([7,7]) for some [vy,7] € Crit(Ag.L) whose Conley-
Zehnder index equals n. By construction of H we can identify [v,7] ~ [¢,q] where ¢ €
Crit(h) and ¢ is a topological disc in M with boundary on L. The Conley-Zehnder index of
lq, q] equals |q|p — 11(q), where |q|;, denotes the Morse index of ¢ and p denotes the Maslov
index [104]. We claim that we must have |q|, = n. To see this, assume for contradiction
that |g|p < n. Then u(q) = |g|ln —n < 0 and thus

A3 = [ HO@)~ [370 = ha) - @
TLNL
2

= h(q) = 7op(q) = —max |h[ + 7L Np, >

"Here Crit,(h) denotes the critical points of h whose Morse index equals n.
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But by the continuity property of lz we also have

N,
A (17.AD] = L (H)| < max |H| = max|h| < 2L,

which is a contradiction. This shows that |¢|, = n and therefore u(q) = |g|lp —n = 0. It
follows that

1L (H) = An..([v,7]) = h(q) — 7u(@) = h(q).
0

Remark 2.5.2. In the above proof we used the Z-grading on HF.(L). If L € Lye(M,w)
with pt|r,(as,2) 7 0 then HF (L) does not necessarily carry a Z-grading (see Section ZLZ.3).
However, Proposition 2.2.0 continues to hold true also in this setting. We will not need this
and therefore not carry out the proof. The basic idea is that, if the condition maxy, |h| <
TLéV L in the statement of Lemma [Z5.1] is replaced by the condition that kA be C?-small,
then the Floer chain complex CF(H,J : L) of the weakly exact Lagrangian L reduces to
the Floer chain complex CF(H|y, J|y : L) of L viewed as a the O-section in W = U (see
[69]). But this chain complex carries a Z-grading, simply given by the index of the critical
points of h, so the above argument can be carried out.

Proof of Theorem [2.2.9. Note first that the existence of ®y guarantees that any L' € L,
in the same elementary Lagrangian cobordism class as L is in fact an element of LX, so

indeed oy : ﬁe\tr/n(M ,w) — R is well-defined. Moreover L’ and L are in the same class if
and only if d.(L, L") < co. Assuming this is the case Corollary 2.2.4] gives

+(aky _ 7t 4k ,
00(6) — o0 ()] = lim 12O O] g delln L)) _
for all ¢ € Ham(M,w). -

Proof of Corollary[ZZZ10. Note first that /(L) € L;. Recall from [15] and [58] that any
¥ € Symp(M,w) induces an isomorphism

Clearly 1, maps [L] to [¢p(L)]. In particular it follows from the symplectic invariance
property of Lagrangian spectral invariants [58] that

I(6) = ) (o) ¥ ¢ € Ham(M,w).

Assuming the existence of an elementary Lagrangian cobordism V' : L ~» 1(L) it therefore
follows from Theorem [2.2.9 that

@) _ g B

UL(¢) - klinolo T - k1—>oo k
Ly (o))
= ]}LHSO (L) - — O-w(L)(ﬁ(/)(,bd}il) — O_L(wgbwfl)'

O]

2.5.1 Floer homology, PSS and spectral invariants for Lagrangians with cylindri-
cal ends

Throughout this section we consider a connected monotone Lagrangian submanifold V' C
(M,©) with cylindrical ends and minimal Maslov number Ny > 2. We denote by (Li)f;o

the family of Lagrangians in (M,w) corresponding to negative ends of V' and by (L;‘)?io
the family of Lagrangians in (M,w) corresponding to positive ends of V.
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Floer homology with Hamiltonian perturbations for Lagrangians with cylindrical ends

Our reference for Lagrangian Floer homology is [104] and we adopt the conventions used
there. Since we work in the setting of Lagrangians with cylindrical ends we will apply the
machinery developed in [I0] and [II] to deal with compactness issues. Due to the fact
that we use many different references we will here point out how to combine the different
approaches.

Here, following [11], Floer homology will be based on the choice of a class of perturbation
functions h € C*®(R?). Our requirements of h will differ slightly from those in [TT]. We
therefore point out the specific conditions which h needs to satisfy. Fix a number R > 0
such that V is cylindrical outside [~ R, R]?,

k_ ky
Vign\(—r.R)2 = (I_J)(—oo,—R] x {a; } x Li) U (UO[R, o0) x {at} x L;) . (2.9
1= Jj=

We will require the following of h.

N + _ + + - _
(i) Fix e > 0 so small that all the sets V;" = [R,00) X [aj —€,a] + €| and V] =

(o0, —R] x [a; — ¢, a + €] are pairwise disjoint. We require that the support of h
be contained in the union of these and [~C, C]? where C' := R + 1.

(ii) The Hamiltonian isotopy ¢} associated to h exists for all ¢ € R.
(iii) The restriction of h to each of the sets TJ-Jr = [C,00) X [ajr -5, a;r + 5§l and T =
(=00, =C] x [a; — 5,4 T+ £] takes the form
h(z,y) = oz + 55 (2.10)
where each ozjt € R\{0} has absolute value so small that
$h([C,00) x {a}) C T} Vie[-1,1]
and

¢t ((—o0, —C] x {a;}) CcT; vVie[-1,1].

(iv) ¢L([-C,C)?) = [-C,C)? for all t € [—1,1].

It is easy to verify the existence of such an h and having fixed one we denote by b the
corresponding class of perturbation functions. This class is defined as follows: ' € C°°(R?)
is an element of b if and only if it satisfies (i)-(iv) and h = A’ outside [-C, C]%.

Given a fixed class of perturbation functions h we now specify the requirements for the
data going into the definition of the Floer chain complexes we want to consider.

(i) Hy denotes the space of all Hamiltonians H € C*°([0, 1] x M) satisfying the condition
that there is a compact subset Y C (—C,C)? (depending on H) such that

Hi(z,p) = h(2) + Hi(p) V (t,2,p) € [0,1] x (R*\Y) x M, (2.11)
for some Hamiltonian H € C2°(]0,1] x M) and some h € b.

(ii) jh denotes the space of time dependent w-compatible almost complex structures
J = {Jt}te 0,1 o1 M satisfying the additional condition that the canonical projection
T M — R2 restricts to a (J, (¢}).i)-holomorphic map on (R?\[-C, C]?) x M for
all t € [0,1] . Here i denotes the canonical complex structure on C ~ R? and h is
some element of h.
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Note that 7:[;, is a convex space. Given a non-degenerate He ?:[h, in the sense that
¢1151(V) MV, and a generic J € Jy we want to consider the Floer chain complex

(CF.(H,J:V),d),

defined in [104]. Due to our non-compact setting we need to verify that all finite energy
Floer trajectories, i.e. finite energy solutions u : R x [0, 1] — M of Floer’s equation

{ Osu + Jy(u)(Bpu — X g, (w)) = 0
w(R x {0,1}) C V,

stay in a compact set. The next proposition ensures that this is the case.

Proposition 2.5.3. Let H € 7:[;, be non-degenerate and let J € jh- Then all finite energy
solutions of Floer’s equation are contained in [~C,C]> x M. As a consequence the pair
(H,J) is regqular for generic J € Jy in the sense that (CF.(H,J : V),d) is a well-
defined chain complex. Moreover, for every two regular Floer data (H J- ) (f[+, j+) €
”Hh X jh and every regqular homotopy of Floer data from (H~,J~) to (HJr J1), there is a
continuation chain map

(CF,(H™,J™ :V),d) = (CF,(H,J":V),d),

which induces an isomorphisms on homology. This isomorphism is canonical in the sense
that it is independent of the choice of reqular homotopy of Floer data.

Proof. This follows immediately from the compactness and transversality arguments car-
ried out in [I0] and [I1]. In fact the compactness argument runs analogously to the one
carried out in the proof of Proposition 2.5.4] below. O

As usual we will identify all Floer homology groups via the canonical isomorphisms
induced by continuation maps. In this way we obtain an abstract Floer homology group
which we denote by HF,(V,h).

As explained in Section the main structure needed to extract spectral invariants
from homology groups is an R-filtration. Given a € R and a regular Floer datum (H, J) €
Hy x Jy, we denote by (CF2(H,J : V),d) the Floer chain complex generated by critical
points of the action functional Ag.,, whose action is < a. This is a well-defined chain
complex because the Floer differential d is action decreasing. We denote by H Ff(ﬁ J V)
its homology and by 1 : HF*(H,J : V) — HF,(H,J : V) the map induced by the
inclusion % : (CF2(H,J :V),d) — (CF.(H,J : V),d).

The PSS isomorphism

Suppose we are given a Lagrangian V C (M ,) with cylindrical ends as above together
with a regular quantum datum D = (f, 7 j’) adapted to the exit region S = IV in the
sense of Section 3 in [89]. Here (f, 5) denotes a Morse-Smale pair on V satisfying additional
conditions as in [89]. In particular f is required to be split on

k_ ky
(|_|(—oo, —R+4] x {a;} x Li) U <|_| [R —6,00) x {a]} x L;)

=0 =0

for some small § > 0 and —V?f is required to point outwards along OV |(_g g2 Also, J

denotes a generic almost complex structure on M satisfying the condition that 7 : M — R?
restricts to a (J', i)-holomorphic function on (R?\[~R+§, R — §]?) x M. As showed in [89)]
and [10] the quantum chain complex (QCy(D : V,0V),d) is then an honest chain complex
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whose homology QH,(D : V,0V) is independent of the choice of regular quantum datum
D.

We now fix a choice of perturbation function h for V' and require it satisfy the following
condition, which is identical to the one used in Section 5.2 of [10].

For every j € {1,...,k+} the constant a;E in

. . : i (2.12)
([2.10) is required to satisfy +a; <O0.

Denote by b the corresponding class of perturbation functions. It was discovered in [10] (see
also Remark 3.5.1. in [I1]) that this specific choice of class implies that there is a PSS-type
isomorphism QH,(V,8V) = HF.(V,h). Fixing a regular Floer datum (H,J) € Hy x Jy
we will now point out how this isomorphism adapts to our setup. More precisely, we will
define chain maps

PSS, : QC.(D:V,0V) — CF.(H,J : V) (2.13)
PSS_: CF,(H,J:V)— QC.(D:V,dV) (2.14)

which, at the level of homology, are inverse to each other and induce a canonical isomor-
phism QH,.(V,0V) = HF,(V,h). In the standard case of closed monotone Lagrangians
of closed symplectic manifolds this was carried out in [I5]. Moreover, the construction is
described in great detail in [104].

We first introduce some notation. Define Z := R x [0,1] and Zy :={(s,t) € Z | £5>
0}, viewed as subsets of R? ~ C. We will think of D? = {z € C | |z| < 1} as a Riemann
surface with boundary equipped with the conformal structure it inherits from C. Define
also Dy := D?\{£1} where we view &1 as a positive (+), repectively negative (—),
boundary puncture in the sense of [104] (see also [84]) and equip the punctures with the
standard strip-like ends €1 : Z+ — D4 given by

e —q

er 44’

e+(z) = 2 € Zy.

Choose once and for all two functions ayx € C*°(Dy4, [0, 1]) satisfying the following condi-
tions:

(i) a+(z) = 0 whenever z ¢ Image(ey) or z = €4 (s,t) for t =0 and/or +s < 1.
(ii) as(ex(s,t)) =t whenever £s > 2.
(iii) +£0s(a+ o €ex)(s,1) > 0 whenever 1 < £s < 2.

Following [I1] we consider now a specific type of perturbation data (f( £ T jE) on Dy,
compatible with the Floer data (H,.J). That is, we will consider pairs (K*, I*) where
K* € QY(Dy,C%®(M)) is a 1-form on D with values in C®(M) and (IF).cp, is a
family of @-compatible almost complex structures on M. The specific requirements we
make are as follows.

(i) Globally (on all of D) we have K* = day ® h + k+ where h := hon for some h € h
and each of the other ingredients are required to satisfy
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(i) IF = J for all z = ex(s,t) with s < 1.
(iit) IF = J; for all z = ex(s,t) with +s > 2.

(iv) I* satisfies the condition, that the restriction of 7 : M — R? to (R?\[-C,C]?) x M
is (IF, (qbzi(z))*i)-holomorphic forall z € Dy.

We will call a perturbation datum (f( =T +) satisying these specified criteria a PSS-
admissible perturbation datum. Having chosen (K, I*) we consider solutions uy € C*° (D, R?x

M) of
{ deug +IF o doug oi = Xpu + IF 0 Xy 0 (215)

us(0Dy) C 'V,

where for ¢ € T,Dy the term X RE(6) denotes the Hamiltonian vector field of the au-

tonomous Hamiltonian K*(¢) € C°°(M). The following compactness result is a small
adaption of the compactness argument appearing in [I1].

Proposition 2.5.4. Let uy € C*°(Dy, M) be a solution of the "+ '"-case of (Z13) and let
u_ € C®(D_, M) be a solution of the "—"-case of (213) satisfying the condition

u_(1) € [-C,C)* x M. (2.16)
Moreover, suppose both ux have finite energy. Then us(D+) C [-C,C)? x M.

Proof. The argument is the same for the two cases, so we only consider v := uy : Dy — M.
First note that, since u has finite energy, u o e4(s,t) converges to a Hamiltonian chord
of H connecting V to itself when s — oco. Since H € ?:[h all such chords are contained
in [-C,C)? x M. Now define h := hox : M — R for some h € h and consider the map
v € C®(D,y, M) defined by the equation u(z) = gb%*(z) (v(z)), z € D4. Differentiation
reveals that v satisfies

dow+1T odwoi=Y +1. 0Y oi,

where X,z = dgb%*(z) (Y) + day ® Xj and I = (gbZ*(z))*fg. Moreover, v satisfies the
"moving boundary condition"

v(z) € (¢:+P)7U(V) ¥z eaD,.

Note that it follows from the requirements of K+ and I+ that, outside the compact subsetﬁ

U:=[-C,CPxM= |J (,)""([-C,CP* x M) C M,
te(0,1]

we have I’ = i @ J, for some almost complex structure .J, on M and dy(m(Y) = 0 for
all z € Dy. In particular ¥ := mowv : Dy — C restricts to a holomorphic function on
v~ (M\U). It then follows, using the open mapping theorem from complex analysis and
the conformal properties of holomorphic maps as in the proof of Lemma 3.3.2 of [I1], that
the assumption 9(D4 ) N (R?\[-C, C]) # 0 contradicts the convergence statement made in
the beginning of the proof. Hence #(R x [0, 1]) C [-C, C]2. Since ¢} preserves [—C, C]? for
all t € [—1,1] the statement follows. O

We note that, since —V? f points outwards along 6V\[_ R,R)2, the only relevant solutions
of the "—"-case of (ZI%]) for defining PSS are those satisfying (Z.I6]). Transversality issues
and energy estimates for moduli spaces of such solutions are dealt with in [11]. With these
observations at hand we can define (ZI3) and (ZI4) exactly as in [I5] or [104], to which

8Here the last condition imposed on our perturbation function h is crucial.
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we refer for details. We recall that (2I3]) is defined "by counting" rigid constellations of
pearly trajectories and finite energy solutions u4 of (ZI5]) subject to the condition that
the pearly trajectory "ends" at u4(—1). (2I4]) is defined similarly.

Following [104] one now checks that the homology isomorphism PSS : QH.(D
V;0V) — HF,(H,J : V) is independent of the chosen data and that it respects continua-
tion isomorphisms. Moreover in [89] it is shown that Q H.(V,0V) is a unital algebra, and by
the standard arguments we have a canonical isomorphism PSS : QH.(V,0V) — HF.(V,b)
of unital algebras.

Remark 2.5.5. It is important to note that the specific requirement (2I12) imposed on
the elements in b in order for the PSS map QH,.(V,0V) = HF,(V,h) to exist is closely
connected with the definition of QH,(V,0V). To see the connection we suggest the curious
reader take a look at the proof of Proposition 5.2 in [10].

Remark 2.5.6. Note that a consequence of the above discussion is that for any two choices
of perturbation functions h* satisfying (ZI2), but are in distinct classes h~ € b=, ht € b+
there is a natural isomorphism HF,(V,h~) = QH.(V,0V) = HF,(V,h") provided by PSS.

Spectral invariants for Lagrangians with cylindrical ends

We will apply the machinery developed in [58] to Lagrangians with cylindrical ends. The
translation to our setup is more or less immediate and we will only need a minimum of
properties developed there, so we will here only mention the details needed to carry those
properties over to our setup. Let h be a choice of perturba‘mon function satisfying (2Z.12)
and b the corresponding perturbation function class. If (H J ) € ”H;, X jb is a regular Floer
datum and a € QH.(V,0V) we define

I, H,J) := inf{a € R | PSS(a) € Tmage(:?) C HF.(H,J :V)}. (2.17)

which is an element of R U {—oc}. Here (¢ denotes the map on homology induced by the
natural map % : CF*(H,J : V) — CF, (H J : V). It is immediate that [(0, H,.J) = —oo.
For o # 0 an argument fromlg 58] shows that the existence of continuation isomorphisms
implies that

~ ~ ~ 1 ~ ~
/mln - _ )t < o, H J*)-l(a,Htﬁ)g/ max(H; — BF)dt  (2.18)
0 M

for any two regular Floer data (H~,J7), (H*, J*) € Hy x Jy. In particular it follows that
(2I7) does not depend on the specific choice of compatible almost complex structure J.
We therefore write I(a, H) = l(cv, H, J). When we want to emphasize that [ is associated to
the relative quantum homology QH.(V,0V) we write Iy v (c, H) = I(a, H). Moreover,
it follows from (2I8)) and genericity of non-degenerate Floer data that l(v,pv) extends by
continuity to a function

lwvavy : QHL(V,0V) x Hy — RU {00} (2.19)
satisfying l(y,a1)(, H) = —cc if and only if a = 0 € QH.(V,dV).

2.5.2 Proof of Theorem [2.2.2]

For the convenience of the reader the proof is split into several steps. We make use of the
notation from the statement of the theorem.

9A different setup is considered in the reference, but the argument carries over to our case mutatis
mutandsis.
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Step 1: The definition of ®y. We briefly recall the definition of the canonical restriction
map j' : QH.(V,0V) — QH,._1(L). For details we refer to Section 9 in [89]. Fix R > 0
such that

Vlga\[—g,r2 = ((—00, —=R] x {0} x L) U ([R,00) x {0} x L').

The Morse function f € C*(V) in the regular quantum datum D = (f, g, J) for QH,(V, 0V)
which we consider is required to satisfy the following condition.

f(t,0,p) = f*(p) + ot (t) ¥V (t,p) € [R,R+1]x L

where ot : [R, R+ 1] — R has a unique maximum at R +  and f* € C°°(L’) is Morse.
Moreover, on [R, R+ 1] x L the Riemannian metric p is given by p@® p* for some metric p
on [R, R+ 1] and some metric pt on L/ just as well as J' = i@ J’ outside [~ R, R]? x M for
some generic w-compatible almost complex structure .JJ' on M. In this setup the quotient
map

QC(D:V,dV) — QC._1(D': L),

where D' = (f+, p™,J’), is a chain map. The map induced on homology is exactly the map
4'. Of course there is similarly a map j : QH.(V,0V) — QH._1(L). By Theorem 2.2.2 in
[10] V is a quantum h-cobordism. From Lemma 5.1.2. in the same paper it now follows
that both j and j’ are isomorphisms. That they also respect multiplication is shown in
[89], Theorem 1.2. By definition ®y = j'oj~!. The estimate in Theorem is therefore
equivalent to the estimate

‘ZL(.].(OO? ¢) =l (j/(Oé), (b)’ < S(V)7 (220)

for all o € QH,(V,0V)\{0} and all ¢ € Ham (M, w).

Step 2: Adapting V. Our strategy is based on the following trick from [32] which replaces
V by a new elementary Lagrangian cobordism V' : L’ ~ L. Fix once and for all a small
€ > 0. Given ¢ € Symp(R?,wgz2) we define ¢ := ¢ x id € Symp(M,&). We choose a 1)

such that every point outside [—R, R] x R is fixed and such that V' := (V) satisfies
7(V') c {(z,y) eR* | 0 <y < B(x)}, (2.21)

where 5 € C°(R, [0, 00)) satisfies Supp(8) C (—R, R) and
/OO B(t) dt <S(V') + & (2.22)

The existence of such ¢ and g is quite obvious. Moreover, the construction implies that
V' : L' ~ L is an elementary Lagrangian cobordism satisfying S(V) = S(V’) and &y =
Dy

Step 3: Constructing suitable extensions of H. We first fix a perturbation function A
satisfying the following criteria (here we use the notation from the first conditions (i)-(iv)

in Section 2.5.1])
« Supp(h) C V" UV, and dyh(z,y) = 0 for all (z,y) satisfying |y| < §.
o h must satisfy (ZI2) as well as

Ozh(z,0) >0 V< —-R

O:h(x,0) <0 Va>R.

Moreover, we require these inequalities be strict for x < —(R + %) and x > R + %
respectively.

25



o Lastly, we require |h(—(R + 3),0)|, |h(R + 3,0)| < €.

Denote by h the class corresponding to h. Fix now 0 < § << € and choose a cut-off
b e C°(R, [0, d]) such that

b:{ 6, on[-R—3 R+3]
0, on R\(— 5 — g)
Define the constant K := [ R}il (b(t) + B(t)) dt which for small enough choice of § satisfies

K < S(V') + 2¢. We now define 3 auxiliary functions as follows. We denote by p €
C*(R,[0,1]) a cut-off satisfying

p:{ 1, on[-R,R]
0, onR\(—(R—i—%),R—i—%).

By n—,n4+ € C*(R,[0,1]) we denote monotone functions satisfying

] 0, on(-co,—R-— g] ) 1, on (—oo,R+ %]
77—{ -1, on [—R—%,oo), b= 0, on [R"i‘%aoo),

as well as maxg ||, maxg |/, | < 10. Using this auxiliary data we can finally define two
specific perturbation functions h_, hy € b by

hetew) = ([ 00)+50) dt) 0 (@)p(w) + b,y

—-R-1

hte) = ([ 00)+ ) dt ~ K ) n-(@)p(w) + b,

—-R-1

where (z,y) € R%. We have constructed h such that they satisfy the following properties.
Assuming our data is chosen carefully we achieve

o (r(V)Na(V) ={(-R-3,0)} & ¢ (r(V)nx(V')={(R+3,0)}.

Moreover, z +— h_(x,0) has a local non-degenerate maximum at x = —(R + %) and
x — hy(x,0) has a local non-degenerate maximum at x =R+ % Given any Hamiltonian
H € C([0,1] x M) we define associated Hamiltonians H—, H* € Hy by

Hy (2,p) = H(p) + h-(2) & Hj (2,p) = He(p) + hy.(2),

for (t,z,p) € [0,1] x R? x M. For future use we denote cy := hy(+(R+ 3)). Note that we
can estimate
lc —cy| < Be. (2.23)

Step 4: Relating spectral invariants of the ends to those of V'. Let H € C2°([0,1] x M) be
a normalized Hamiltonian which is non-degenerate both for L and L’. Define ¢ := ¢y €

ﬁz\u/n(M ,w). It suffices to prove the theorem for such ¢. In the notation of [58] we have
lp(a, H) =l1(a, ¢) for « € QH,(L).

Lemma 2.5.7. For all o € QH,(V',0V") it holds that
(' (), H) =l ovy(a, HY) — ey & 1.(j(), H) = Ly ovry(a, H) — c—.

Proof. The proofs of the two equalities are similar, so we only prove the first one. Fix
once and for all a generic path of w-compatible almost complex structures J = {Jt}te[o,l]
in M so that the Floer chain complex (CF.(H,J : L'),d) is well defined. We also want to
consider the Floer chain complex C'F (f[ gV ) for a specific choice of regular J. We
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Figure 2.1: The main point about our construction of A4 is that they are elements of b
and their Hamiltonian flows have the following "effect": In the left picture the image of
(V') under (zﬁllur is indicated. In the right picture the image under ng}L_.

specify this choice below. Note that, by the construction of h there is a 1-1 correspondence
between chords of X ;. connecting V' to itself and chords of Xy connecting L’ to itself
(see Figure 2I)). We define the subspace Y, ¢ CF,(H*,J : V') as the Zo-vector space
generated by those critical point@ [v,7] of Ag..y for which 7 is not equivalent to any
capping of v whose image is completely contained in the fiber {(R+ %, 0)} x M. Since any
capping of a Xg-chord sitting inside M can be viewed as a capping of the corresponding
X 7+-chord sitting inside {(R + %,0)} x M there is a well-defined inclusion ma

v:CF, (H,J: L) = CE.(H",J: V) (2.24)

of Zs-vector spaces. It is clear from the definition of Y, that the image of ¢ is a direct
complement to Y. L.e. we obtain a splitting of Zs-vector spaces:

CF.(H",J:V')=CF, ((H,J:L)®Y,. (2.25)

Now choose any J = {jt}te[o,l] S jh satisfying the condition that J; = (¢z+)*i@Jt outside
[~R, R]?> x M. We claim that J is regular for HT. To see this, note that all finite energy
Floer trajectories corresponding to the data (I;f +tJ ) are completely contained in the fiber
{(R+3,0)}x M. This is easy to see using the same trick as in the proof of Proposition 2.5.4]
but is in fact also a simple case of the bottleneck construction in the proof of Lemma 3.3.2
n [I1]. In particular the linearized operator associated to Floer’s equation splits along any
finite energy Floer trajectory. It therefore follows from the automatic transversality result
in Corollary 4.3.2 from [I1], which is based on the theory developed in [85], that (H,.J)
is a regular Floer datum. Here it was crucial that z = R + % is a local maximum for
R > 2+ hy(x,0). Considering the definition of Y, it is not hard to see that this implies
that (Z25) is in fact a splitting of chain complexes. As a consequence the quotient map
q:(CH.(H*,J:V"),d) — (CH,_1(H,J : L'),d) which collapses the Y, component is a
chain map satisfying

g CFSHT,J: V")) CCF* [(H,J:L') VaecR. (2.26)
Similarly one sees that

(CFS [(H,J: L)) C CF{ (HT,J: V') YaeR. (2.27)

19Recall that a critical point [y,7] of Az, consists of a chord « : ([0,1],{0,1}) — (M, V') satisfying
4 = X g+ () and an equivalence class of cappings 7 of v, where we say that two cappings of 7 are equivalent
if they have the same symplectic area.

"The fact that ¢ increases the degree by 1 comes from the fact that we follow the normalization conven-
tion of the Conley-Zehnder index from [104]. We point out that this convention corresponds to assigning
Maslov index 1 to the loop R/Z > t ~— ¢ "™ R in the Lagrangian Grassmannian of (C, dz Ady) =~ (R?, wp2).
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We now want to choose regular perturbation data for PSSy and PSS;, such that the two
diagrams

CF.(H*,J:V")+*—CF, ((H,J: L)

PSSVW TPSSL/

QC.(D: V', 0V') L QC._(D' : L)

CFR.(H",J:V)—%CF,_(H,J:L)

PSSVW Tpss L

QC.(D: V', oV') L QC. (D' : L)

commute. Denote by (K+, 1) a regular perturbation datum for PSSy, : QC.(D' : L") —
CF.(H,J : L'). By definition of j" we sed? that in order to accomplish commutativity
of the above diagrams it suffices to extend (K™,IT) to a regular perturbation datum
(K*+,I") such that the image of every finite energy solution u, € C®(D,, M) of (ZIH)
is contained in the fiber {(R + 3,0)} x M and can be identified with a solution of the
corresponding equation for PSSy, : QC.(D' : L') — CF.(H,J : L'). Once this has been
carried out the claim easily follows from (2.26]) and (Z27).

We now argue how to extend (K, I'"). First choose a PSS-admissible family of almost
complex structures {I}}.ep, on M satisfying the condition that

IF 2\ R R2)x M = ((ﬁZi(Z))*i oIf VzeD,.

Now define
K+ = da+ ® iL+ + k‘+,

where k. € QY (D, C®(M)) is defined by k(&) = K*(€) for € € TD, . Needless to say,
we here view K+ € QY(D,,C>°(M)) in the obvious way. Moreover hy := h, om. We note
that, using this data, it follows from the same argument as above that the image of any
finite energy solutions u of (ZI5) is contained in the fiber {(R+ 3,0)} x M. Hence, the
linearization of the operator associated to ([2.I5]) along any finite energy solution is split.
One last time we use Lemma 4.3.1 in [I1], for the case & = 0 in their terminology, to argue
that the perturbation datum (K*,I%) is regular Again it is crucial that z = R + % is
a local maximum for x +— h4(z,0). This finishes the proof of the claim. O

Step 5: The estimate. Applying (2.I8]) and making use of the lemma together with the
estimates obtained in Step 3 one easily computes that, for all « € QH,.(V',0V")\{0}, we
have

|lL(j(Oé), d)) - ZL’(j/(a)v ¢)| < “(V’,@V’)(a?f{_) - l(V’,@V’)(Oé?g—’—)‘ + € (228)
1 . .
§/ max |H; — H;| dt + 5¢
0 M
= [%?52 |h— — hy|+ 5€

<S(V') + 106 = S(V) + 10e.

Since € > 0 was arbitrary the proof is done.

2Lemma 1.3 in [89] implies that pearly trajectories which are not completely contained in the fiber
{(R+%,0)} x M cannot "end in it".

B3Technically speaking the case k = 0 is not contained in the statement of Lemma 4.3.1 in [11]. However,
applying the methods from [85] exactly as in the proof of this lemma one sees that the conclusion of the
lemma also holds for the case k = 0.
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3. Expanding exact Lagrangian cobor-
dism classes

Consider an exact symplectic manifold (M?",d)\) which is tame at infinity. We assume
throughout that the Liouville flow {t;}cr on (M, d)\) is complete. Given a fixed closed
exact Lagrangian submanifold L C (M, d\) we denote by L£(L) the space of all closed
exact Lagrangian submanifolds of (M, d\), which are exact Lagrangian cobordant to L
(see definition below). In [32] Cornea and Shelukhin proved the existence of a remarkable
"cobordism metric" d. on £(L). In this note we prove

Theorem 3.0.1. Let L C (M, d\) be a closed exact Lagrangian submanifold. Then {1 }ier
induces a flow {Uiler on (L(L),d.) via Wi (L") := ¢(L"). More precisely, ¥ defines a
continuous R-action on L(L) and every Wy : L(L) — L(L) satisfies

de(Uy(L), Wy (L") = e'd(L', L") Vv L',L" € L(L). (3.1)
In particular the metric space (L(L),d.) has infinite diameter.

Before proving Theorem [B.0.1] we note the following special case.

Corollary 3.0.2. Suppose L C (M,d\) in Theorem[3101 satisfies N\|p, = 0. Then ¥4(L) = L
for allt € R and L is the unique fized point of every Wirq. In particular ¥ restricts to a
free R-action on L(L)\{L}. Hence, if L' C (M,d)) is another closed Lagrangian satisfying
A =0, then L' ¢ L(L).

Proof. The condition A|;, = 0 is equivalent to the condition (L) = L for all ¢t € R. If
L' € L(L) is a fixed point for some ¥, then

de(L, L") = d.(Vy(L), Uy (L)) = e'd.(L, L).

Since t # 0, non-degeneracy of d. implies L = L. O

Prerequisites

Recall that ¢\ = ‘A for all t € R. Consider (R?(x,y), d\g2), where A2 = xdy, and denote
by {t)%*},cr the corresponding Liouville flow. Note that the Liouville flow {t;};cr on the
product (M, d) := (R2x M, d(Ag2®\)) is equal to the product flow {t/F* x4 }yer. We will
use the notion of Lagrangian cobordism from [I0]. In short, given two closed Lagrangian
submanifolds L, L' C (M, d\), a Lagrangian cobordism V C (M, d\) with negative end L
and positive end L’ is a Lagrangian submanifold V C (M, d)) which has two cylindrical
ends of the type ((—oo, —R] x {0}) x L and ([R,00) x {0}) x L’ for some R > 0, and
satisfies the condition that ([—R, R] x R x M) NV is compact (we refer to [10] and [32]
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for further details on cobordisms). We write V' : L' ~» L and say that V is exact if it is
an exact Lagrangian submanifold of (M, d)). Given a Lagrangian cobordism V : L/ ~ L
one considers its outline ou(V) C R?, which by definition is the complement of the union
of all unbounded connected components of R2\m (V). Here 7 : R? x M — R? denotes the
projection. The shadow S(V) of a Lagrangian cobordism V : L' ~» L is then by definition
the area of ou(V'). Given a fixed closed exact Lagrangian submanifold L C (M, d\) Cornea
and Shelukhin [32] showed that

de(L', L") :=inf{S(V) | V : L” ~ L’ is an exact Lagrangian cobordism}

defines a non-degenerate metric on the space £(L). Note that "being exact Lagrangian
cobordant" is an equivalence relation. To fix conventions we remark that, given H €
C2([0, 1] x M), we denote by {¢; }1c(0,1) the Hamiltonian isotopy generated by the vector
field X, satisfying /iXHt d\ = —dH;.

Proof of Theorem [3.0.1]

The proof of Theorem B.0.1] is inspired by a technique originally employed by Biran and
Cieliebak in [9] for a different purpose. The first step is the following beautiful observation
which (to our knowledge) was first noted by Gromov [41]. We will need the proof later, so
we include it here.

Lemma 3.0.3 ([41]). If L C (M,d\) is a closed exact Lagrangian then {iy(L)}er C L(L).

Proof. Let f € C*°(L) satisfy |1, = df. Consider the Lagrangian isotopy F': R x L — M
given by F(t,x) = 1¢(x). One checks that F* | ) = eldf|., so F is an exact Lagrangian
isotopy. By [73], proof of Theorem 3.6.7] or [76, Exercise 6.1.A] we conclude the existence
of H € C2°([0,1] x M) such that ¢»(L) = ¢%; (L) for all t € [0, 1] and

Hy(ve(w)) = €' f(z) VY (t,z) €[0,1] x L. (3.2)
The claim now follows from the Lagrangian suspension construction [73], [76]. O

Lemma 3.0.4. Fiz t € R and consider a Lagrangian cobordism V : L' ~ L. Then 1/~Jt(V) :
(L") ~ (L) is a Lagrangian cobordism satisfying

S (V) = etS(V). (3.3)

Proof. The first claim is immediate from the definitions. Using the fact that (thz)*/\Rz =
e'\gz [B3)) follows from an easy application of the substitution formula in measure and
integration theory. O

Now fix two closed Lagrangian submanifolds L, L' C (M, d)). Lemma [3.0.4 shows that
1y sets up a bijection between the space of Lagrangian cobordisms L’ ~ L and the space
of Lagrangian cobordisms (L") ~ 14(L). Moreover, this bijection increases the shadow
(if t > 0) or decreases the shadow (if ¢ < 0) in the sense of ([B.3)). If in addition L and L'
are exact then so are 1;(L) and (L") and the bijection restricts to a bijection of exact
Lagrangian cobordisms. This proves

Proposition 3.0.5. Fizt € R and a closed exact Lagrangian submanifold L C (M,d\). For
L' € L(L) we have (L") € L(¢(L)) and

de((L), ve(L)) = e'de(L, L').
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Proof of Theorem[Z01l. Let L' € L(L). Then, by Lemma and Proposition [3.0.5]
(L) € L(Y(L)) = L(L). This proves that U is well-defined. Now apply Proposition
again to obtain (3]). To prove that ¥ is continuous as a map R x £(L) — L(L) we
first show that, for a fixed L' € £L(L), the map ¢t — U,(L') is continuous. Without loss of
generality we might assume that L' = L and prove continuity at ¢ € [0, 1]. To do this, fix f
and H as in the proof of Proposition B.0.3 and denote by I C [0,1] a closed interval with
endpoints s1, s2. Using ([B:2) we compute that the shadow of the Lagrangian suspension
corresponding to {¢%; (L) }ier equals

[ (B,) — min (H)dt = (mx(7) — min(1)) [ e'at = (mpx(f) ~ min()]e? — €.

In particular continuity of ¢ — W, (L) follows:

de(Vs, (L), ¥s, (L)) < (mgx(f) — rnLin(f))|e‘("2 — e’ =0 for sy — s1.

To finish the proof, fix (s, L") € R x L(L). Then

de(We(L'), Ws(L")) < de(We(L'), Uy(L")) + de(T4 (L"), Us(L"))
=e'd.(L', L") + de(Uy (L"), Us(L")) — 0 for (¢, L") — (s, L").

Relation to Hofer geometry

Using ideas from [9, Proof of Lemma 3.2] one can also obtain versions of Theorem B.0.1]
for both Lagrangian and Hamiltonian Hofer geometry. This might already be known to
some extend, but we have not been able to find the explicit statement in the literature. So,
since it shows a close connection between Hofer geometry and d., we sketch the argument.
For details and specifics on the Hofer metric dg on Ham(M, d\) we refer to [76], whose
conventions we follow here.

Fix T' € R. A small adaption of [9, Proof of Lemma 3.2] shows that, for a given Hamil-
tonian H € C°([0,1] x M), the Hamiltonian e?¢* . Hy(z) := e Hy(¢_r(x)) generates the
flow {4 o @Y, o Y- }iefo,1)- Thus, given a fixed ¢ € Ham (M, d\) we have a bijection

{H € C2([0.1] x M) | ¢ = ¢} = {G € CZ([0,1] x M) | dg = ¥r 0ot}
H v eTy* 1 H,
which evidently in- or decreases oscillation by a factor of e In particular
dp (Yo porh_p,id) = eTdy(¢,id). (3.4)

Defining ¥ : R x Ham(M, d\) — Ham(M, d\) by (t,¢) — ¥y(p) := 1y 0 ¢ 09—y, equation

B4 reads
di (U (¢),id) = e'dy(p,id) V (t,¢) € R x Ham(M, d\).

Using the fact that each ¥y : Ham(M, d\) — Ham(M, d)) is a group isomorphism and the
fact that dj is biinvariant the above equation implies

dr(Ui(é1), Vi(d2)) = eldy (o1, ¢2) Vit ER, ¢, ¢ € Ham(M,dN). (3.5)

To check that ¥ is continuous as a map R x Ham (M, d\) — Ham (M, d)\) one can apply
the same argument as in the proof of Theorem [B.0.1] once it is established that, for a fixed
¢ € Ham(M,d)), the map R 5 t — ¥;(¢) € Ham(M, d\) is continuous. But this is easily
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seen to be the case. More precisely, an easy exercise shows the existence of a Hamiltonian
H € C([0,1] x M) such that ¢%; o ¢ = 1b, 0 ¢ o1p_; for every t € [0,1]. The existence of
such H can also be seen as a special case of a famous result due to Banyaga [0, Proposition
I1.3.3]. We sum up these observations in the following lemma.!

Lemma 3.0.6. {¢;}icr induces a flow {¥}ier on (Ham(M,dN),dy) via Wy(¢) := 0o
Y_y. More precisely VU defines a continuous R-action on Ham(M,d\) and, for each t € R,
U, : Ham(M, d\) — Ham(M,d\) is a group isomorphism satisfying

di(Ue(p1), Ui(d2)) = e'dp(d1, d2) V ¢1,¢2 € Ham(M, dN).

In particular id is the unique element of Ham(M, d\) which commutes with 14y and the
metric space (Ham(M,dN),dy) has infinite diameter.

The Lagrangian Hofer geometric version of Theorem [B.0.] follows easily from argu-
ments similar to the ones above. To state the corresponding result, recall that if L C
(M, d\) is a closed Lagrangian submanifold then a result due to Chekanov [28] shows that
the Lagrangian Hofer metric d; is non-degenerate on H (L) := {¢4 (L) | H € C°([0,1] x

Lemma 3.0.7. Let L C (M,d\) be a closed exact Lagrangian submanifold. Then {1t }ier
induces a flow {Ui}ier on (H(L),d;) via V(L") := ¢ (L"). More precisely, ¥ defines a
continuous R-action on H(L) and every W, : H(L) — H(L) satisfies

dy (U (L), Wy (L") = e'dy(L', L") V L', L" € H(L).

In particular the metric space (H(L),d;) has infinite diameter.

'One does not need (M, d)) to be tame at infinity in order for the Hofer metric to be non-degenerate
on Ham (M, d)). Therefore Lemma also holds without this assumption on (M, d\).
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4. Topology of (small) Lagrangian cobor-
disms

4.1 Introduction

In this chapter we study the topology of Lagrangian cobordisms connecting Lagrangian
submanifolds of a symplectic manifold (M?",w). The idea of relating Lagrangian subman-
ifolds by Lagrangian cobordisms was first conceived by Arnol’d [2]. The idea has recently
received a lot of attention, in particular due to Biran-Cornea’s work [10], [I1] which (among
many other things) shows that Lagrangian cobordisms provide a geometric realization of
operations in a suitable version of the (derived) Fukaya category. Biran-Cornea further
showed that examples of such cobordisms arise as the trace of Lagrange surgery and it
is therefore natural to ask if all such cobordisms come from Lagrange surgery. In gen-
eral there are by now a few explicit constructions available for producing Lagrangian
cobordisms. However, the topological and geometric nature imposed on a cobordism by
requiring it admit a Lagrangian embedding into R? x M remain rather mysterious. The
present chapter aims at exploring this nature. Some of the questions we attempt to answer
are the following: How different can the topology of Lagrangian cobordant Lagrangians
be? Does Lagrange surgery of two Lagrangians always give rise to a Lagrangian "trace of
surgery"-cobordism? Is there a quantitative way to detect if a cobordism "originates' from
Lagrange surgery?

Setting and notation

(M?",w) will be assumed either closed or convex at infinity [35]. Our Lagrangian cobor-
disms live in M := R?(z,y) x M equipped with the symplectic structure & = wge2 ® w
where wg2 := dx A dy. We denote by £ = L(M,w) the space of all closed, connected
Lagrangian submanifolds of (M,w). A Lagrangian cobordism V C (M,&) relating two
ordered tuples (L;) 4, (L;);Zl C L will always be assumed connected and is symbolically
written

Vi (Li)i ~ (L)

Viewing V' as an abstract cobordism its boundary 9V has a positive part and a negative
part: 0_V =~ U, L;, 0,V = I_I?"‘:,IL;». When V' is oriented the L; and L’ inherit an
orientation via the convention 0V = —0_V LI,V (see Section L3).

4.2 Main results

The two main results represent "two sides of the same coin". The first one being a cobordism
version of the classical adjunction formula for Lagrangian submanifolds. Given oriented
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L,L' € L we denote by I(L, L") the intersection index of (L, L) computed with respect to
the orientation w™ on M.

Theorem 4.2.1. Let V : (L) ~ (Lj)7" be an oriented Lagrangian cobordism between two
oriented ordered tuples (L;)™,, (L)™', C L. Then

1

) o) = Y 1Ly - Y 1L, (4.1

1<i<j<m 1<i<j<m’

In the non-oriented case this formula holds true modulo 2.

The other side of the coin is the Floer-homological version of Theorem 2] It should
be thought of as a relative version of the main result in Chekanov’s beautiful paper [27].
To state it, we will say that a tuple (L;)j%, C L is transverse if L; th L; for every i # j.

Theorem 4.2.2. Let (L))", (Lj)7ey C L be two transverse tuples and let V @ (L}); ~ (Lj);
be a small Lagrangian cobordism. If V is spin then

dimpH,(V,0_V;F) < Y #(LinLj)+ >, #(ILjnL). (4.2)

1<i<j<m 1<i<j<m’
for every field F. If V is not spin then (.3) holds with F = Zs.

Let us explain the meaning of the word small in the assumptions of this result. Denote
by A(M,V) > 0 the bubbling threshold of V. A(M,V) can intuitively be though of as
the area of the smallest non-constant holomorphic disk on V. For closed Lagrangian sub-
manifolds this quantity was introduced by Chekanov [27], but his definition immediately
generalizes to Lagrangian cobordisms (see Section[£3)). Recently Cornea and Shelukhin [32]
introduced another non-negative quantity associated to V' - namely the so-called shadow
of V, denoted by S(V'). One can think of S(V') as measuring the "size" of the projection
of V to the R%-plane (see Section A3).

Definition 4.2.3. We say that a Lagrangian cobordism V : (L), ~ (L)%, is small if
S(V) < A(M,V). (4.3)

Remark 4.2.4. A main novelty of the class of small Lagrangian cobordisms is that they
impose no topological restrictions on the bounding Lagrangians beyond being closed. In
fact every L € L is the end of a small Lagrangian cobordism (e.g. the trivial cobordism R x
L C (M ,@)). Moreover, most currently available constructions of Lagrangian cobordisms
yield small cobordisms in many examples.

Remark 4.2.5. Recall that if (V"1 0, V,0_V) is a compact orientable cobordism and F
denotes a field then Poincaré -Lefschetz duality gives F-vector space isomorphisms

He(V,0.V;F) = Hyoy_x(V,0_V;F) VkeLZ

Of course, whether orientable or not, this always holds with F = Zs. In particular we see
that any compact cobordism (V"1 9, V,0_V) satisfies x(V,0_V) = (—=1)"T1x(V,0,.V).

4.2.1 Applications to elementary Lagrangian cobordisms

Theorems .21l and 1.2.2] are easiest to apply to elementary Lagrangian cobordisms, i.e.
Lagrangian cobordisms V : L’ ~» L which have just one negative and one positive end.
For such V' the right-hand side of ([£2]) equals 0. The following corollaries follow directly
from this fact. For more detailed proofs we refer to Section .41
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Theorem 4.2.6. Let L,L' € L and suppose at least one of them is spin. If V : L' ~ L
is a small Lagrangian cobordism then the inclusions L, L' < V induce isomorphisms on
singular (co)homology. In particular, if there exists a small Lagrangian cobordism V : L' ~~
L, then H.(L;Z) = H.(L';Z) as graded groups and H*(L;Z) = H*(L';Z) as graded rings.
If neither L nor L' is spin then the same result holds for homology with coefficients in Zs.

The following result is very much in the spirit of Chekanov’s original result [27]. One
can interpret it as saying that one cannot (geometrically) displace a Lagrangian by a small
cobordism.

Corollary 4.2.7. Let L, L' € Ly and suppose at least one of them is spin. If there exists a
small Lagrangian cobordism V : L' ~ L then LN L' # (). Moreover, if L h L' then

dimg H,(L;F) < #(L N L). (4.4)

for every field F. Of course, if neither L nor L' is spin then the same conclusion holds for
F=2Zs.

Corollary 4.2.8. No oriented L € L with x(L) # 0 admits an oriented Lagrangian null-
cobordism. Similarly, no L € L admits a small Lagrangian null-cobordism.

Of course the only case where the first conclusion in Corollary 2.8 is a symplectic
phenomenon is when both n and x(L) are even The corollary in particular implies that
the only oriented Lagrange surfaces in a symplectic 4-manifold which can be Lagrangian
null-cobordant are Lagrangian tori. In contrast, recall that in the smooth category ev-
ery oriented surface is oriented null-cobordant! A final application of Theorem to
elementary Lagrangian cobordisms yields the following resul

Corollary 4.2.9. Let L, L' € L be simply connected and suppose there exists a small, simply
connected Lagrangian cobordism V : L' ~ L. If dim(V) > 6 then V is diffeomorphic to
[0,1] X L, so in particular L is diffeomorphic to L'.

Remark 4.2.10. Corollary concerns the case dim(M) > 10. In the case dim(M) = 4
one can apply Theorem F.2.1] to get a conclusion in the same spirit: Suppose V' : L ~» L’
is an orientable Lagrangian cobordism between two orientable Lagrange surfaces L, L' €
L(M*,w). Then, by additivity of x and Theorem B2} we have x(L) = x(V) = x(L').
Hence L and L’ are diffeomorphic!

Example 4.2.11. E Consider T2 = R2/Z? equipped with the symplectic structure wrye
inherited from R2. Denote by Lj, := {y = 1} and L, := {z = 3} the standard horizontal
and vertical Lagrangians. Fix two curves 71,72 C T? as in Figure @] and denote by
€ > 0 the sum of the areas of the little gray "triangles". Performing Lagrange surgery
[75] along 71 we obtain the surgered Lagrangian L,#L,. By Biran-Cornea’s Lagrangian
cobordism theory [I0] the trace of this surgery can be realized as a Lagrangian cobordism
Vi Lp#Ly ~ (Ly, Ly). Similarly we can perform Lagrange surgery along 2 and obtain
a Lagrangian cobordism Va : (L, Lp) ~» Ly#Lj. Concatenating Vi and V, we obtain
a Lagrangian cobordism V : Lp#L, ~ L,#Ly;. Denote by B the bounded connected
component of R?\7(V), where m : M — R? denotes the projection. Consider now a split
almost complex structure on T? := R2 x T? of the type i@ J, where i denotes the standard

'Recall that every closed odd dimensional manifold N satisfies x(N) = 0. Similarly it is well-known
that the boundary of a compact manifold has even Euler characteristic, so for x(L) odd the conclusion of
the corollary follows from classical topology.

2T am extremely grateful to Francois Charette for pointing out this application to me.

3This example is very much inspired by the construction carried out in Section 6.2 of [I0].
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Figure 4.1: In the left figure Ly, L, C T? are indicated together with the curves v; (blue)
and v (red) along which Lagrange surgery is performed. The gray region has area e. In
the right figure the projection (V) C R? of V is indicated in black. As a consequence of
the construction of Lagrangian cobordism via surgery [10] we have Area(m(V)) = e.

complex structure on R? ~ C. We then have an i & J-holomorphic disk with boundary on
V:
u: (B,0B) — (T2, V)
z (2, (%, %))
Since the curve u|,5 C V projects to the non-trivial element of Hi(R*\B;Zs) = Zy the
inclusion Lg# Ly — V does not induce an isomorphiism in Zo-homology. Hence, V is not
small. In fact it is easy to check that [u] generates mo(T?, V) and therefore, if ¢ < Area(B),

we conclude that the class [u]NE mo(T?, V) must contain a J-holomorphic disk for every
J € J.H This implies that A(T?,V) = [u*® = Area(B) and thus

S(V)=A(T% V) + e (4.5)

The construction in Example [£2Z.17] can be carried out for every € > 0, so in particular
(43) implies that Theorem is optimal in the following sense: Its statement would
cease to be true if one were to replace A(M, V) by a larger number (or S(V) by a smaller
number) in ([@3). We do not know, however, if Theorem continues to be true if one
replaces "<" by "<" in ([Z3).

4.2.2 Applications to Lagrangian cobordisms with multiple ends

Above we saw that if we have a small Lagrangian cobordism V : L' ~» L, then the homology
of L determines that of both V and L’. In this section we consider small Lagrangian
cobordisms V' : L' ~» (L;); from a "singleton" L' € £ to an ordered m-tuple (L;)", € L.
The main interest in such cobordisms comes from the fact that, in certain situations, they
are known to correspond to (possibly multiple) exact triangles in a suitable version of the
derived Fukaya category [11, Theorem A]. The main questions we are interested in concern
homological uniqueness: Does the data

PHL:D) & T= Y #LOL) (1.6)
i=1

1<i<j<m

“Here J. denotes the space G-compatible almost complex structures on T? which are standard at oo.
-See Section below for a precise definition.
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associated to (L;); determine H,(V;Z) and H,(L';7Z)? We first note an obstruction to
finding small Lagrangian cobordisms with many ends:

Corollary 4.2.12. Let (L;)", C L be a transverse m-tuple of Lagrangians in (M,w). If
L' € L and there exists a small Lagrangian cobordism V : L' ~~ (L;); then

Z>m—1. (4.7)
Our first result in the direction outlined above is

Theorem 4.2.13. Let (L;)!", C L be a transverse m-tuple such that every L; is spin and
Z = m — 1. Then every L' € L for which there exists a small Lagrangian cobordism
Vi L' ~ (L;); satisfies

z ifl=0,n
H(L;7)={ ™ : ’
WL52) {@}”IHl(Lj;Z), ifl#0,n

and V' satisfies
Z ifk=0
Hy(V;Z) = T ;
k(V;2Z) {@jlek(Lj;Z), if k #0,

where the isomorphism in the case k # 0 is induced by the inclusion I_IE’”Lz/le — V. Of
course, if some L; is not spin then the same conclusion holds for homology with coefficients
m ZQ.

Let’s put this result into perspective.

Definition 4.2.14. We will say that an ordered m-tuple (L;)72, C L is simple if it is
transverse and satisfies the following two conditions

a) LiNL;jN Ly =0 for all distinct 7, j, k
b) (UL Lj) C M is a connected subset.

Note that, if (Lj)gnzl C L is simple then all singular points of the Lagrange immersion
(UjL;) <= M are transverse and double.

Biran-Cornea [I0] discovered that under certain conditions the trace of Lagrange
surgery can be realized as Lagrangian cobordisms with multiple ends. In fact, as we will
see below these "trace of surgery"-cobordisms are often small. Conversely, Theorem A.2.T3]
suggests that if Z is not too large, then every small V' : L’ ~~ (L;); is (homologically) the
"trace of surgery"-cobordism of the (L;); and L’ is (homologically) a surgery of (L;);. In or-
der to explore this idea further we point out that in the present paper the term "Lagrange
surgery" should be understood in the sense of [76]. Recall that, given a simple m-tuple
(Lj)gnzl C L, the operation developed in [76] allows one, after choosing an equipment at
every singular point of the immersed Lagrangian (U;L;) C (M,w), to paste in a Lagrange
handle in order to obtain an embedded singleton #iLi € £E Although %EZ»LZ» in general
depends on many choices, the diffeomorphism type of %éiLi only depends on the choice of
an equipment of each singular point of U;L; [75]. While there are no obstructions in the
choice of equipment at each intersection point from the point of view of Lagrange surgery,
the equipments must be chosen consistently in order to obtain an associated Lagrangian
cobordism #;L; ~ (L;); (see Example ELZI7 below).

5We use %E in order to emphasize that, if the Lagrange immersion (U;L;) < (M, w) has multiple singular
points, then the surgered Lagrangian #;L; will not in general coincide with the connected sum #;L;.
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Corollary 4.2.15. Let (L;)"y C L be a simple m-tuple whose intersection graph is a tree.
Suppose in addition that every L; is spin. Then every small Lagrangian cobordism V :
L' ~ (L;); from a singleton L' € L to (L;); satisfies

H.(V;Z) = H(V;Z),

where Vi L~ (L;); is a Lagrangian "trace of surgery" cobordism, the surgery resulting
in #;L; being performed with respect to any equipment of (L;);. Moreover,

H,(L';Z) = H.(#:Li; Z).
If some L; isn’t spin then these conclusions hold for homology with coefficients in Zo.

Example 4.2.16. There are many examples of symplectic manifolds (M,w) which admit
simple m-tuples (L;)72; C L(M,w) whose intersection graphs are trees. One such example
is the plumbing of m unit codisk bundles of m closed Riemannian manifolds. Other exam-
ples are (A,,)-configurations (m > 1) of Lagrangian two-spheres in symplectic 4-manifolds,
in the sense of [83] (see also [83, Section 8] for explicit examples of such configurations
inside {27 + 23 = 2§ + 1} C C3(21, 20, 23)). Yet another example can be found in [I3]
where the authors (among many other things) study Lagrangian submanifolds of CP?
(symplectically) blown up at two points. Here they show the existence of two Lagrangian

spheres having a single transverse intersection point.

Example 4.2.17. Fix n > 1 and consider a simple pair (L1, L2) C £(M?",w) of orientable
Lagrangians. Suppose # (L1 N Ly) = k + 1 for some k& € NU {0}. We equip the immersed
Lagrangian Ly U Ly C (M, w) consistently in the sense that in a Darboux-Weinstein neigh-
borhood of every element of L1 N Ly, L is identified with R™ and Lo with iR™. Then fix
some point p € L1 N Lo and prescribe that the equipment at p is positive. This choice
induces a sign to the equipment at every other element of L1 N Ly (see [75]). We will say
that (L1, Lo) is positive if the sign of the equipment of every element of L; N Ly thus
produced is positive, and we will say that it is negative otherwise. This terminology does
not depend on the choice of p € L1 N Ly and (L1, Le) is positive if and only if (Lo, L) is.
Note in particular that if £ = 0, then the pair (L1, L9) is automatically positive. If instead
at least one of the Lagrangians in the simple pair (L1, Ly) C £ is non-orientable then we
say that (L1, Lo) is negative.

In case (L1, L2) is a positive simple pair a construction due to Biran-Cornea [10] yields
a Lagrangian trace of surgery cobordism

V i 4L ~ (L1, Lo) (4.8)

where %&iLi ~ L1#Ly#kP™ as a smooth manifold, with P? = 8"~ x S1. If on the
other hand (Lj, L) is negative then the construction yields a Lagrangian trace of surgery
cobordism as in (4.8)) but this time #,L; ~ L1#Lo#kQ™ as a smooth manifold, where Q"
denotes the mapping torus of an orientation reversing involution of S"~1. In either case
the "trace of surgery"-cobordism V has the homotopy type of the topological subspace
LiULy C M and &(ma(M,V)) = w(me(M, LiULy)). Tt is easy to see from the construction
of V in [I0] that one can achieve S(V) < § for any § > 0. In particular we see that V' can
be made small if w(ma(M, Ly U Ly)) = § - Z for some § > 0.

Counting holomorphic disks

We will use the terminology that a Lagrangian L € L(M,w) is monotone if
W\HQ(M,L;Z) =TL" HL|H2(M,L;Z)

38



for some constant 7, > 0. Here w|p,(ar,r.z) denotes integration of w and pur|m,(a,1:7)
denotes the Maslov index. Given a monotone Lagrangian L € L(M,d)\) we denote by
Dy, C ma(M, L) the elements which have Maslov index 2. Suppose now that L is monotone
and spin, and that a spin structure for L has been fixed. For a € Dy, and a w-compatible
almost complex structure J € J(M,w) we consider the moduli space

Mp(a,J) :={u: (D,oD) — (M,L) | dyu=0, [u] =a}.

For generic J this is a (n+42)-dimensional manifold, so the quotient My, («, J) by the group
of conformal transformation of the disk preserving 1 € D is an n-dimensional oriented
compact manifold (the orientation is induced by the choice of a spin structure). For o € Dy,
we define nr,(o; Z) € Z to be the degree of the evaluation map ev : My («a,J) — L given
by ev([u]) = u(1). By the usual cobordism argument 7y (a;Z) does not depend on the
choice of J and it depends on the choice of a spin structure on L only up to a sign. If L is
orientable, but not spin then My («, J) need not be orientable, but it is still compact so
the mod 2 degree ny,(a;Zg) € Zsy of ev is well-defined. The following result first appeared
in [26] with the assumption that the cobordism V' is monotone rather than small. However,
the proof presented there seems to contain a gap. We do not know if the result as stated
in [26] holds true but here we prove it under the stronger assumption that V' is small.

Corollary 4.2.18. Let L, L' € L(M,w) be monotone and spin and equipped with spin struc-
tures. Suppose moreover that V : L' ~ L is a small Lagrangian cobordism. Then the
isomorphism H,(L;Z) = H.(L';Z) from Theorem [{.2. induces a bijection Dy, <> Dy,
such that the diagram

Dp+——— Dy

WL('A /L/(-;Z)
Z

In [25] and [26] Chekanov found and studied his famous exotic Lagrangian tori in
standard symplectic vector space. For each k € {1,...,n} Chekanov produced a monotone
Lagrangian torus T} € L£(R?",wg2.) with the property that 77 and T}} are in different
Hamiltonian isotopy classes whenever k # k4 This result was proved in [26] by showing
that there are exactly k elements o € Dyp for which nre(a;Z2) = 1. A consequence of
Corollary 218 and [26, Lemma 2.1] is that the same holds true for small cobordisms:
T} and T} are not cobordant by a small Lagrangian cobordism if k # k’. It was of course
already known that there exist no orientable monotone Lagrangian cobordism 17" ~ 17}
for k odd and k' even (see e.g. [10, Remark 2.3.1.v.]).

We will now consider an explicit example using the 77" in order to demonstrate that
Lagrange surgery not always can be realized as a (small) Lagrange cobordism. Given a > 0
we denote by 7}'(a) Chekanov’s special tori embedded in R?" in such a way that a Maslov
2 disk has area a. Suppose in the following that n > 3 is odd and consider T" := T}'(a)
for k even and 17" := T} (a) for k' odd. Now (Hamiltonian) perturb 7" and 7" such that
T AT and #(T NT’") = 2. Choose a compatible equipment of the tuple (T,7"). Clearly
this equipment must be a negative one. We denote by T#,T’ the surgery performed with
respect to this compatible equipment. Note that T%E_T/ is non-orientable and that we
have a "trace of surgery"-cobordism T%E,T’ ~ (T, T"). Since we assume n is odd we can
switch the sign of the equipment at one of the intersection points by simply changing the
choice of which torus is identified with R™ and which is identified with iR™ at that point.
We denote by T#J,_T " the surgery performed with respect to this changed equipment. Note
that T#., T’ is orientable.

commutes up to sign.

5In this notation 7}? is the Lagrangian product torus consisting of the product of n circles in R** =
(R?)™. For the definition of Ty we refer to [25] or [26].
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Corollary 4.2.19. Suppose in the above setting that we have a small Lagrangian cobordism
Vi L~ (T, T") for some L € L(R?*", wpan). Then both L and V are non-orientable and

H.(L;Zo) = H(T#_T'; Ls).

Moreover,

H.(V;Z2) = Ho(V; Z3)

where V T%&,T’ ~ (T,T") denotes the trace of surgery Lagrangian cobordism. In partic-
ular there does not exist a small Lagrangian cobordism T# T ~ (T, T").

Remark 4.2.20 (Kazaryan-Vassilyev characteristic classes). In general, given (L;); C £
with Z > m, one cannot expect that the data (ZG]) determines the homology of every
L’ € L for which there exists a small Lagrangian cobordism V : L’ ~» (L;);. However,
in certain situations one can deduce information about H,(L') if additional information
about (Lagrange) characteristic classes of L’ is known. Consider a closed manifold W™
with cotangent bundle 7*W ™% W, and denote by w the canonical (exact) symplectic
form on T*W. Recall that a caustic of a Lagrangian L C (T*W,w) is a singularity of
the map mw | : L — W. Arnol’d observed that there are topological obstructions to the
coexistence of different types of caustics for a single Lagrangian L C (T*W,w) [98]. In his
beautiful book [98] Vassilyev introduced Lagrange characteristic classes in the cohomol-
ogy ring of a Lagrangian in (T*W,w) which "measure" these obstructions (see also [97]
and [4, Chapter 6, Section 3.3-3.4]). Later Kazaryan [54], [53] found additional Lagrange
characteristic classes corresponding to what he called "hidden singularities" and developed
the theory of Lagrange characteristic classes in greater generality. Theorem shows
that the existence of a small Lagrangian cobordism imposes even further restrictions on
the Lagrange characteristic classes of its ends than the ones coming from purely homolog-
ical reasons. More precisely we have the following estimate (here "Lagrange characteristic
classes" should be understood in the sense of either [98] or [53]):

Proposition 4.2.21. Let (L;)™, C L(T*W,w) be an m-tuple of Lagrangians and suppose
there are exactly k € NU {0} Lagrange characteristic classes which are non-zero in some
H*(Li;Zs). Suppose L' € L(T*W,w) is a Lagrangian for which there exists a small La-
grangian cobordism V : L' ~» (L;);. Then L' has at most T + k + 1 — m distinct non-zero
Lagrange characteristic classes in H=Y(L'; Zs).

Given a tuple (L;)", C L(T*W,w), one can apply this estimate and Kazaryan-
Vassilyev’s theory to obtain information about the caustics of a Lagrangian L' € L(T*W,w)
for which there exists a small Lagrangian cobordism V : L' ~» (L;);. The proposition is
particularly nice if every L; is an exact perturbation of the zero-section W C T*W, be-
cause in this case one has k = 0. As an example, consider S™ = {z = (z1,...,%p41) €
R | |z| =1} for n < 6 and let f : S™ — R be the height function f(z) = x,,+1. Denote
by L; the zero section in (T*S™,w) and by Ly := ¢%(L1), where F := k., f € C°°(T*S"™).
Then Z = m = 2 and k = 0 for the pair (L1, L2) C L(T*S™,w). If L’ € L(T*S™,w) is a La-
grangian for which there exists a small Lagrangian cobordism] V' : L’ ~» (L1, Ls) then the
proposition implies that L’ can have at most 1 non-trivial Lagrange Zs-characteristic class.
Hence, if in addition it is known that L’ is nonorientable Vassilyev’s theory [98] implies
that all singularities of the map 7gn|z : L’ — S™ of codimension > 1 are Zs-homologically
trivial, in the sense that their associated characteristic classes vanish.

Remark 4.2.22. Consider for § > 0 the space L5 :={L € L | w(ma(M,L)) =d-Z}. In [32]
Cornea and Shelukhin defined d. : L5 x L5 — [0, 00] by

do(L, L") := ir‘}f(S(V)),

"By Example @ ZITsuch a Lagrangian is obtained by performing Lagrange surgery on the tuple (L1, L).
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where the infimum runs over all Lagrangian cobordisms V : L' ~ L satisfying &(mo(M,V)) =
0 - Z. They showed that d. defines a (non-degenerate) metric on L5. From this point of
view Theorem says that H.(L;Z9) = H.(L';Z9) if L, L' € L; satisfy d.(L,L") < .

Remark 4.2.23. Consider the subgroup Symp, (M, &) < Symp(M, &) of symplectomor-
phisms which are compactly supported relative to M. Sympc‘ M(M ,W) consists, by defi-
nition, of the @) € Symp(M,&) for which there exist a compact subset C C R? and a
Y € Symp(M,w) such that ¢ = id xv)’ on (R?\C) x M. As will be clear from Defini-
tion 2341 below, A(M, V) it is invariant under elements of Symp, v (M, &). Hence, in the
situation of Example . 2Z.11] we conclude that

S®(V)) = Area(B) V ¢ € Symp,(T?,@).

This can be viewed as a kind of non-squeezing statement. More generally we obtain the
following "Lagrangian non-squeezing statement": If V' : L' ~» L is a Lagrangian cobordism
satisfying H,(V, L;Zg) # 0, then Corollary 2.6 implies that

S@W(V)) = A(M,V) ¥ 4 € Sympey (M, ).
See also [21] for a different Lagrangian cobordism non-squeezing result.

Remark 4.2.24. The main observation in the proof of Corollary can also be used to
obtain the following estimate: If V : (L})™, ~» (L;)", is a small Lagrangian cobordism
and both (L})7, and (L;)%, are transverse then

max(m,m’) — 1 < Z #(L;NLj)+ Z #(L; N LY).

1<i<j<m 1<i<j<m/

4.2.3 Outlook and questions

To the author’s knowlecége there a currently 3 known explicit constructions of elementary
Lagrangian cobordisms

a) The Lagrangian suspension construction (see Section 3.1.E in [70]).
b) Lagrangian antisurgery. This construction was recently introduced by Haug [44].

c¢) Concatenating multi-ended Lagrangian cobordisms which are constructed as the trace
of Lagrange surgery (this construction is due to Biran-Cornea [10]).

Elementary Lagrangian cobordisms of type c) are never small (see Example .2.TT]) and
we do not know of any examples where a Lagrangian cobordism of type b) is small. On
the other hand there are many examples of small Lagrangian suspensions.

Question 4.2.25. Is every small elementary Lagrangian cobordism V C (M ,&) the image
of a Lagrangian suspension under an element of Symp, (M, @)?

This question is very closely related to a conjecture by Biran-Cornea which states that
every exact Lagrangian cobordism is Hamiltonian isotopic to a Lagrangian suspension [94].
Although this conjecture remains unsolved both Suédrez [94] and Tanaka [95] have made
good progress towards confirming it.

To our knowledge there is only one known explicit construction which produces La-
grangian cobordisms of the type L' ~» (L;); for an m-tuple (L;)!", C £ and L' € £ and
that is the Biran-Cornea trace of surgery cobordism [I0]. As was noted in Example [Z.2.17
such cobordisms can often be made small. Motivated by Corollary and we
ask:

8Up to concatenating Lagrangian cobordisms coming from these constructions and applying symplec-
tomorphisms of course...
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Question 4.2.26. Given a simple m-tuple (L;)!"; C £ whose intersection graph is a tree
as well as L' € L, is every small Lagrangian cobordism L' ~~ (L;); the image under an
element of Symp,,,(M,®) of a trace of surgery cobordism coming from Lagrange surgery
of (Lz)z?

4.3 Preliminaries on Lagrangian cobordisms

Here we collect a few facts and definitions about Biran-Cornea’s Lagrangian cobordism
theory [10], [IT]. We also give precise definitions of the objects used above. Given subsets
V C M =R?x M and U C R? we write V|y = VN7~ (U), where 7 : M — R? denotes
the natural projection. Given an oriented manifold K* with boundary 0K we use the
convention that the induced boundary orientation of K is given by the "outward normal
first" convention. Le. if ¢ € OK then (vi,...,v5_1) is an oriented basis for T,(0K) if
(ng,v1,...,v,—1) is an oriented basis for T, K, where n, € T,K points outward from K.

Definition 4.3.1 ([I0]). We say that two ordered tuples (L), (L;)7", € L are Lagrangian
cobordant if for some R > 0 there exists a smooth compact Lagrangian submanifold
V C ([-R, R] x R x M, wg2 ®w) with boundary 0V =V N ({£R} x R x M) satisfying the
condition that for some € > 0 we have

V|[—R,—R+6)><]R = |_| ([—R, —R+ 6) X {Z}) X LZ (49)
=1

Vigerion = | (B = R] x {5}) x L. (4.10)
j=1

In particular V' defines a smooth compact cobordism (V, [ [i*; L, ;-”:/1 L%). We write V' :
(L3)j ~ (Li)i- If each L; and each L’ is oriented then we say that V' is an oriented
Lagrangian cobordism if the boundary orientation of 9V coincides with the orientation
given by OV = (- L%y L) LI(LJjL, L;)

As is customary in the field our notation does not distinguish between a Lagrangian
cobordism and its horizontal R-extension. This extension is a Lagrangian with cylindrical
ends. More generally we have

Definition 4.3.2 ([10]). A Lagrangian with cylindrical ends is a boundaryless Lagrangian
submanifold V' C (M, ®) satisfying the conditions that V(s «r is compact for all a < b
and that there exists R > 0 such that

V(—oo,—RIxR = |_|((—007 —R] x {a; }) x L;
i=0

Vligoo)xr = || ([R,00) x {a]}) x L
§=0

for Lagrangians L;, L; C (M,w) and constants a; at

;sa) € R verifying a; # a; for i # 4’
and aj # aj? for j # 5.

The shadow and bubbling threshold of a Lagrangian cobordism

Given a Lagrangian with cylindrical ends V' C (M, &) we denote by B = B(V) the collec-
tion of gaps in V, i.e. the collection of bounded connected componenets of R?\7 (V). The
following notions were coined by Cornea and Shelukhin in [32].
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Definition 4.3.3 ([32]). Given a Lagrangian with cylindrical ends V' C (M,&) we define
the outline of V as the closed subset of R?

Ouw(V) :=7n(V)U (UpenB) .
The shadow of V' is then defined as the non-negative number
S(V) := Area (Ou(V)).

Denote now by J (respectively J ) the space of smooth almost complex structures on
M (respectively M ) which are compatible with the symplectic structure. We denote by
jc C J the subset consisting of almost complex structures which are standard at oo in
the following sense: For every J e jc there exists a compact set C' C R? such that the
restriction of J to (R?\C) x M has the form i @ J, for some J € J. We say that J is
supported in C and we denote by J(C) C jc the subset consisting of almost complex
structures which are supported in C. Given J € J we denote by Ag(M,.J) the minimal
symplectic area of a non-constant J-holomorphic _sphere in M. Given a Lagrangian with
cylindrical ends V' C (M,&) we denote by Ap(M,V,.J) the minimal symplectic area of
a non-constant J-holomorphic disk in M with boundary on V. Suppose J € J(C) for a
compact set C C R? and let u be a J-holomorphic disk/sphere. It follows from the open
mapping theorem that if u satisfies Image(mou) ¢ C then z — 7o wu(z) is constant. With
this fact at hand it is easy to adapt the usual compactness argument to show that

Ag(M,J),Ap(M,V,J) >0 Y JeJ..

Definition 4.3.4. Let V C (M ,) be a Lagrangian with cylindrical ends. We define the
bubbling threshold A(M, V') of V' by

where A(M,V,J) := min{Ap(M,V,J), As(M, J)}.

4.4 Proofs

We begin by proving our applications of Theorem F.2.1] and The following remark
will be used frequently.

Remark 4.4.1. Applying Theorem with coefficients in a field F' # Zs requires us to
know that the (small) cobordism V : (L})7, ~» (L;)7L, is spin. However, in many cases
the spin condition follows from the smallness assumption if we know e.g. that every L; is
spin. The idea is the following bootstrapping argument: Suppose the intersection points
in ([42) are so few that one can can apply the Zg-version of the Theorem to verify
that the inclusion i : (U;L;) = V induces injections 0 — H¥(V';Zy) — H*(U;L;; Zo) for
k =1,2. Applying i* to the Stiefel-Whitney classes we have i*(wi(V)) = > wi(L;) =0
for k = 1,2. Here we use the assumption that every L; is spin. It follows that w (V) =0
for k =1,2, so V is spin as claimed.

4.4.1 Proofs of results from Section [4.2.1]

Proof of Theorem [{.2.6. By Theorem every small elementary Lagrangian cobordism
V : L' ~ L satisfies Hy(V, L;Zy) = 0 = H.(V, L'; Z3). In particular the inclusions L, L' <
V' induce isomorphisms on Zs-(co)homology. The Zg-version of the theorem follows. To
obtain the Z-version we apply Remark 4.1l to conclude that one of L and L’ being spin
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implies that V is spin. Now we can apply Theorem to conclude that H,(V, L;F) =
0 = H.(V,L;F) for every field F. It therefore follows from the homological universal
coefficients theorem [43] Corollary 3A.6.] that H.(V, L;Z) = 0 = H.(V, L’;Z). Hence, the
inclusions L, L' — V induce isomorphisms on Z-(co)homology. Ol

Proof of Corollary[.2.7. Given a small Lagrangian cobordism V : L’ ~» L we can "bend'
its right end in order to obtain a Lagrangian null-cobordism V' : () ~» (L, L’). It is not
hard to see that this bending can be done in such a way that V' again is small. If L h L’/
then V' has transversally intersecting ends. From the proof of Corollary we know
that V' and hence V' are spin. Now the conclusion follows by applying ([#2) to V'. To
see this, note that H.(V',0;V";F) = H.(V";F) = H.(V;F) = H,(L;F), where the last
isomorphism comes from the inclusion L < V. ]

Proof of Corollary[f.2.8 If V : ) ~ L is an oriented Lagrangian null-cobordism with
boundary L € L then elementary algebraic topology implies [L] = 0 € H,(M;Z), so
X(L) = 0. For the second part of the corollary, suppose for contradiction that L € £
admits a small Lagrangian null-cobordism V' : ) ~» L. Then 0.V = 0, s0 Hy(V,0+V; Z2) =
Hy(V';Zs) = Zs. On the other hand Theorem .22 implies that Hy(V, 04 V';Zs) = 0. This
contradiction finishes the proof. O

Proof of Corollary[4-2-9. L and L' being simply connected implies that they are both spin.
Therefore the assumption that V' is small and Theorem imply that H.(V; L;Z) =
0 = H.(V,L';Z). Now the conclusion follows from Smale’s famous h-cobordism theorem
[90], [61, Theorem 9.1]. O

4.4.2 Proofs of results from Section [4.2.2]
Proof of Corollary[{.2.13 The inequality (£.7) follows from Theorem F.22]if only we show

dimg H,(V, L;F) > m — 1 (4.11)

with ' = Zs. To see this we consider the diagram

S Hy o (V,OVE) - Hy(OV, L F) s Hy(V,LiF) —— - (4.12)

F

@7 Hyy (L3 F) — H, (V)

with F = Zs. Here the top horizontal line is a piece of the long exact sequence associated
with the triple (V, 9V, L). Note that trivially ©, H,,(L’; Zg) = Z5" and Hy,11(V, 0V Zg) =
Zs, 50 iz, induces an embedding Z5* ' < H,,(V, L; Zs), which proves (@II). O

Proof of Theorem [{.2.13. We first prove the Za-version of the result. Since we are assum-
ing Z = m—1 the proof above together with Theorem 2.2l and Poincaré-Lefschetz duality
gives

Hy(V,L;F) =0=Hpy1-1(V,0;V;F) VEk#n (4.13)

and
H,(V,L;F) =F"! = H(V,0,V;F) (4.14)

with F = Zs. Since the square in (I2)) commutes we also know that the map H, (V;Zs) —
H,(V, L;Zs) is onto. Therefore the map Hy(L;Zs) — Hy(V;Z2) induced by the inclusion
is an isomorphism for all k¥ < n. A similar consideration for the long exact sequence
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associated with the pair (V, 9,V shows that the map Hk(l_lg»”zng; Zo) — Hy(V;Zs) is an
isomorphism for all £ > 0 and therefore

@y Hy(Ly;F) = Hy(0,V3F) = Hy(V;F) 2 H(L;F), 0<k<n (4.15)

follows for F = Zs. This finishes the proof for Zs-coefficients. For the Z-version we first
claim that the assumption that every L. is spin implies that V is spin. To see this
we first check that V is orientable. For this, note that the image of the first Stiefel-
Whitney class w1 (V) € HY(V;Zs) in H'(0,V; Zy) vanishes, so wy (V) lifts to an element
a € HY(V,0,V;Zs) which is dual to a ~ [V] € H,(V, L;Zs). Exactness in (ZI2) and
surjectivity of iz, implies that jz, : H,(V, L; Zs) — H,(V,0V;Zy) vanishes. We therefore
conclude that
0 =jzo(a ~ [V]) =wr (V) ~ [V],

which by Poincaré-Lefschetz duality implies w;(V) = 0, so V is orientable. Note that L
too is orientable, being a boundary component of an orientable manifold. To see that also
wo(V) = 0 € H?(V;Zsy) it suffices to note that ([EI3) implies that H2(V,0,V;Zy) = 0,
so the inlcusion 94V < V induces an injection 0 — H?(V;Zs) — H?(04V;Zs). Hence,
by Remark LZT] we(V) = 0 and V is spin. We can therefore fix any field F and apply
Theorem to conclude dimy H,(V, L;F) < m — 1. Since every L, is orientable the
isomorphism in ({LI2]) implies H,,(0V, L; F) = F™. Exactly as above we can apply Poincaré-
Lefschetz duality to conclude (13)) and (£I4), this time with coefficients in F. Since these
considerations hold for every field F it follows from the homological universal coefficients
theorem [43, Corollary 3A.6.] that (£I3]) and (£I4) also hold with F = Z. To finish the
proof we need to check that iz is onto. Since all groups displayed in the top horizontal
line of (412)) with F = Z are free, we can count ranks to conclude that if iz were not
onto then Coker(iz) would be torsion (see e.g. [49, Chapter II, Theorem 1.6]). Thus, by
exactness in ([AI2)) we conclude that, if iz were not onto, then H,(V,0V;Z) would not
be free. However, duality implies that H, (V,0V;Z) = H'(V;Z) is free and therefore iz
must be onto. As in the previous proof it follows that H,(V;Z) — H,(V, L;Z) is onto so
that the inclusion L < V induces an isomorphism Hy(L;Z) = Hy(V;Z) for all k < n.
A similar consideration shows that the map H;(V,0+V;Z) — Ho(04+V;Z) is injective.
Comparing this to (£13) and (£I4) with F = Z one sees that the inclusion 0,V — V
induces an isomorphism Hy(0,.V;7Z) = H, :(V;Z) for every k > 0, so (4I5) follows with
F = Z. This proves the Z-version of the theorem. O

Proof of Corollary[4.2.15. If the intersection graph of a simple m-tuple (L)), € L, is a
tree then Z = m — 1, so the homology of L is computed in Theorem Moreover, any
equipment of the immersed Lagrangian (U;L}) C (M,w) will result in a surgery #; L, which
equals the connected sum #;L’ at the level of smooth manifolds. The result follows. [

Proof of Corollary[§-2.18 Let L,L' € £ be monotone and spin. Suppose V : L' ~» L is
a monotone Lagrangian cobordism. The idea of the following argument is originally due
to Chekanov [26]. Chekanov’s idea was that the (signed) count of holomorphic disks in
a given class o € Ho(M, L; Z) should coincide with the corresponging number associated
to i,(a) € Hy(M,V;Z), where i : (M, L) < (M,V) denotes the inclusion. However, it
appears that the proof of this presented in [26] contains a gap, because it seemingly requires
that i, is injective. This is the case if V is small. Hence, assume V : L' ~ L is a small
Lagrangian cobordism. By Theorem 2.6 we then know that the inclusions L, L — M
induce isomorphisms H,(M, L;Z) = H,(M,V;Z) = H,(M,L';7), so V is also monotone
and spin. Since the Maslov index is a characteristic class we have bijections

Dy, DV <~ DL/. (4.16)
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Choose R > 0 such that V is cylindrical outside the "box" B := [¢ — R, R — ¢€]? for some
small € > 0. As in Definition 3.7 we will view V' as a subset of ([-R, R] x R x M,®) by
"cutting off" its ends. For J € J(B) and oy € Dy we now consider the moduli space

My (ay,J) == {u: (D,dD) = (M, V) | d5u =0 & [u] = av},

where D C C denotes the closed unit disk. By the open mapping theorem in complex
analysis the i image of every J-holomorphic disk on u € Mv(av, J ) passing through a point
(z,y,q) € V C M with |z| > R — € is contained in the fiber {(z,y)} x M. Recall that any
J € J(B) satisfies j|R2\B = i@ J for some J € J. It follows that for regular J € J(B) the

space ./\/lv(av, J) (if # 0) is a (n+3)-dimensional manifold with boundary My (ay, J) =
ML(aL, J)u ML/(aL/, J), where o, € Dy, and «ps € Dy are the unique elements which
correspond to ay under (AI0). The action of the group of automorphisms of D which
preserve 1 € JD respects the boundary, so the quotient My (av, J) is a smooth (n + 1)-
dimensional manifold with boundary &My (ay, J) = Mi(ar, J)UMyp(ar,J). Choosing
a spin structure on V', we obtain an orientation of My (ay, J ) and by Gromov compactness
My (ay, J) is compact. The claim of the corollary now follows from commutativity of the
diagram
Hy1(My, OMy; Z) s Hy oy (V, 0V 2)

l 5

Hy(OMy; Z) ——— H,(0V; Z)
where My = My (ay, J) and ev denotes the evaluation map ev([u]) = u(1). O

Proof of Corollary [{.2.19 Recall the setting of Corollary L.2.T9% We consider T = T} (a), T" =
17 (a) € L(R?",wgsn) for some k even, k' odd and n > 3 odd, perturbed in such a way
that T T" and #(T NT') = 2. Suppose L € L(R*",wpen) and that we have a small
Lagrangian cobordism V : L ~» (T,T'). Fix R > 0 such that V is cylindrical outside
B := e — R, R — ¢ for some small € > 0. We will view V C [-R, R] x R x M. For « € Dy
and J € J(B) we consider the moduli space M* (o J) of simple holomorphic disks in
M with boundary on V' (see [I5, Definition 3.1.1. ]) For generic J € J(B) the quotient
M (a; J) of M3 (a; J) by the group of automorphisms of D which preserve 1 € 9D is a
smooth (n + 1)-dimensional manifold with boundary

JMELB; 1) ul M (& ) | M (G ), (4.17)
B 13 ¢

where the unions run over all elements of Dy, Dp, Dy which hit a when pushed into
Hy(R2+1D) V. 7). By [26, Lemma 2.1] there is an odd number of elements ¢ € Dy such
that 17 (¢;Z2) = 1 € Zy and an even number of elements £ € Dy such that nr(&;Zs) =
1 € Zs. It follows that by perhaps changing o € Dy we can arrange that the parity of the
number of ¢ € Dy for which nr/({;Z2) = 1 in (AI7) differs from the parity of the number
of £ € Dy for which nr/(§;Z2) = 1 in (AI7)). Given such a choice of a we choose points
q € T and ¢’ € T' which are regular for all the evaluation maps

MW (&T) =T & My (GJ)—T.
Now choose a smooth embedding v : R — V such thatﬁ

) (1,90 ift<e—R
W)_{ (t,2,¢) ift>R—¢

“Here we view V as a Lagrangian with cylindrical ends.
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After perhaps perturbing ”y\[e_ R,R—¢] We obtain that the evaluation map ev : My, — V
as well as the restriction to the boundary evl| M, OM;3, — OV are transverse to v. It
follows that N := ev™1(y) C M} is a smooth 1-dimensional manifold with boundary
ON = N NOMS;;. The choice of a implies that N has an odd number of boundary points.
Hence, we can find a sequence (u;)jeny C N which has no convergent subsequence in N.
Applying Gromov convergence to (uj) we obtain a (Gromov) convergent subsequence,
again denoted by (u;). By construction there are two possible (Gromov) limits:

a) (uj) converges to a genuine cusp curve. Le. the limit consists of multiple (# > 1)

J-holomorphic disks in M with boundary on V.

b) (u;) converges to a J-holomorphic disk u : (D,dD) — (M, V) representing the class
a € Dy. Since ev(u) € v we conclude that u cannot be simple.

Suppose now for contradiction that V is orientable. Under this assumption we study the
limits in the two cases a) and b) above: In case a) one of the limit disks v : (D,9D) —
(M, V) will satisfy 0 < &(v) < a and py (v) < 1. Moreover, since V is assumed orientable
we must have uy (v) even, so

0<ow)<a & py(v)<O0. (4.18)

It follows that [0v] € H1(V;Z)/H1(0-V;Z) generates an infinite cyclic subgroup so the
image § € H1(V,0_V;Z) of Jv also generates an infinite cyclic subgroup. If instead we
are in case b) we apply a result due to Lazzarini [56] to extract a .J-holomorphic disk
v : (D,0D) — (M,V) which (by the same considerations as above) must satisfy ZIS).
Again we conclude that the image § € Hi(V,0_V;Z) of Ov generates an infinite cyclic
subgroup. We conclude that in both cases above Range(H1(V;Z) — H1(V,0_V;Z)) con-
tains an infinity cyclic subgroup. However, by the long exact sequence in homology we
also know that H(V,0_V;Z)/H1(V;Z) is an infinity cyclic subgroup, so we conclude
that rank(H,(V,0-V;Z)) > 2 which implies

diIIlZ2 Hl(V, 8_V; ZQ) 2 2.
Since V' is small this together with Theorem implies

Zo®Zy ifl=1

0 i1 £ 1. (4.19)

H\(V,0_V;Zy) = {
Hence, x(V,0_V) = —2 which, by Theorem [£.21] contradicts the assumption that V'
is orientable. This contradiction shows that V' is non-orientable. With this at hand one
again easily computes that (£ZJ9) must hold which by Poincaré-Lefschetz duality implies
Hy(V,L;Zs2) = 0 so that the first Stiefel-Whitney class of L is non-trivial. We conclude
that L too is non-orientable. Computing the Zs-homology of L and V now comes down to
writing out long exact sequences. This finishes the proof of Corollary O

Proof of Proposition [{.2.21] The statement is a consequence of the following basic fact:
A non-trivial characteristic class 0 # oy € H¥(L';Zs) in degree k > 1 which satisfies
ar, = 0 € H¥(L;;Zy) for every i = 1,...,m gives one dimension in H¥(V,0_V;Zs),
because 0 # ay € H¥(V;Zsy) is in the image of the map H*(V,0_V;Zy) — H*(V;Zy).
Clearly the image of H°(0_V;Zy) — H'(V;Zs3) has dimension m — 1. Hence, the bound
in the proposition follows from Theorem . 2.2l O

4.4.3 Proofs of Theorem [4.2.7] and [4.2.2

The proof of Theorem [£2.] is an easy consequence of Weinstein’s Lagrangian tubular
neighborhood theorem, so we will carry it out first.
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Proof of Theorem [4.2.1]

Consider two ordered, oriented tuples (L;)I", (L;);”:ll C L and an oriented Lagrangian
cobordism V' : (L%); ~ (L;)i- By Remark it suffices to compute x(V,0+V). To do
this we may as well assume that L; h L; and L; th L’ for i # j. This can be achieved by
attaching small Lagrangian suspensions to the ends of V' [76, Section 3.1 EJ, which clearly
does not change the topology of V. Now fix a Darboux-Weinstein neighborhood U ¢ M of
V', so that we have a symplectic identification U ~ W which restricts to the identity on V,
where W C T*V is a neighborhood of V' C T*V. Denote by B := [-R, R]*> C R? a "box'
such that V is cylindrical outside B x M. We may choose U such that it is of product type
outside B x M. Denote by g2 the standard Euclidean metric on R? and fix a Riemannian
metric gpr on M. Now fix a Morse function f € C*°(V') such that —VY f points outwards
along 0,V and inwards along 0_V, where g := gr2 @ gps. We further require that

($)> v (Sﬂ,y,p) € (—OO, _R) X {]} X LJ

fe.y.p) = { oH (), ¥ (rry.p) € (R,00) x {j} x I (4.20

where o, and aj have the form aj-t(x) = ax + B* for a constant a < 0 and constants
p* € R. We extend f to a (non-compactly supported and autonomous) Hamiltonian
F € C*®(M) by first extending it constantly along fibers in W ~ U and then cutting off
outside of a fiberwise convex neighborhood containing both Graph(df) and Graph(—df).
If flvaexay is C%-small then we can achieve that Vi := ¢L(V) is cylindrical outside
B x M (see Figure [L.2]). We assume that f is chosen such that this is the case. We equip
Vi with the orientation induced by the diffeomorphism ¢k : V' — V4. We now have an

identification Crit(f) ~ V NV} and it is easy to check that

(n+1)n

(-1l = (=1) "2 I(V,V1) ¥ q e Crit(f) = (VN W),

where I,(V, V1) denotes the intersection index at ¢ with respect to the orientation @"*!

of M and |g|; denotes the Morse index. Since the Morse homology of f is H,(V,0;V) we
conclude that
(n+1)n
X(V,ouV)= 3 (=1 =(-1)"= [V, W), (4.21)
q€eCrit(f)

where I(V, V) denotes the intersection index of (V,V;) in M. Standard arguments in
differential topology [42] imply that if {p; },c(0,1] is an isotopy of M supported in I x R x M
for some compact interval I such that V i p; (V1) then I(V, V1) = I(V, p1(V1)). Denote by
n:[—R—2,R+ 2] — R a compactly supported bump-function such that

{20 Hte[-R-2-R-1
g <0 ifte[R+1,R+2|

and n = C on [~R, R] for some large constant C' > 0. Denote by {p;}c[0,1] the isotopy
generated by —nd,. If C is large enough it is easy to see that V' rh pi(V1) and each
intersection point ¢ = (z,y,p) € VNp1(V1) C R? x M corresponds to some p € L; N L; for
i < jifx <0orsomepe LiNL;fori < jif x> 0. It suffices to compare I,(V, p1(V1)) to
Ip(Li, Lj) in the former case and to I,(L;, L)) in the latter case. Recall that we are using
the convention that the orientation 0V inherits as a boundary of V corresponds to the
orientation of each L;, L; via the convention 0V = (—U; L;) U (U;L}). One therefore easily
checks that if ¢ = (z,y,p) € VN p1 (V1) with 2 <0 and p € L; N L; for i < j then

L(V.p1(V1)) = (=1)" 1, (Li, Ly).
If on the other hand ¢ = (z,y,p) € V N p1(V1) with > 0 and p € L; N L’ for i < j then

LV, p1(V1)) = (=1)"Lp(L}, L) = —(=1)"" (L5, L).
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It follows that

I(V,m(‘/i))Z(—l)”“( > I(LiLy)— ) I(L§7LQ))

1<i<j<m 1<i<gj<m/

Together with ([Z2T)) this finishes the computation of x(V,0+V') and therefore the proof
of Theorem E211

Proof of Theorem [4.2.2]
From now on we consider a small Lagrangian cobordism V' : (L},..., L ,) ~» (L1,..., Ly)

which is spin. The Zy-case when V' is not assumed spin follows the same line of arguments
and will not be mentioned further. Fix once and for all a J € J. such that S(V) <
A(M,V,J) together with a small § > 0 such that

A:=8(V)+20 < AM,V,J). (4.22)
Fix also R > 0 such that .J is supported in [~ R, R]?> x M and set B := [~ R, R]>.

Shaping V'

We will reduce to the situation where V is a Lagrangian with cylindrical ends satisfying
the following conditions: There exists a § € C2°(R; [0, 00)) such that

/ B(s)ds < S(V) + 6, (4.23)
and such that V is cylindrical outside the set Y x M where

Y= {(z,y) €eR* : 0<y<B(x)}.

I.e. we can write

=

VN (RAY x M) = ( I x {aj } x Lj) U (D I x {a]} x L;) (4.24)

1 j=1

J

for intervals of the type I;” = (—o0 r- | and Ij = [r,00) and numbers ajc € R satisfying

vl 70
+ + . . . .
aj # a;- for ¢ # j. By perhaps increasing R we may as well assume that Y C B.

Graph(/3)
/—\/—\/_\\
\ R

—-R R

Figure 4.2: The geometric picture here indicates the situation in the proof of both Theorem
1211 and 1221 Graph(p) is only needed for the proof of the latter. The projection of V
to R? is indicated in black and the graph of  is indicated in blue. The red figure outlines
the projection of ¢L.(V) to R2.

Remark 4.4.2. The assumption that § satisfying ([4.23)) exists and ([£.24) is satisfied can
be made without loss of generality: If V' does not satisfy these conditions then it is easy
to find ¢ € Symp(R2, wg2) such that the Lagrangian V := 1) x idy (V) C (M, &) satisfies
them. All structures used in the proof below can then be conjugated by 1) x ids in order
to transfer the results from V to V. From now on we will therefore (without further
mentioning) assume the existence of 8 such that ([£23]) and ([£24]) are satisfied.
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Computing H,.(V,0.V;F)

We will estimate the dimension of H,(V, 9, V;F) using (a suitable adaption of) local Floer
homology. To do this we fix a Morse function on V as in the proof of Theorem 211
However, this time we need to be a bit more specific about the choice we make. More
precisely, instead of ([20]) f is this time required to staisfy

0-'_(1")7 v(l‘agﬁp)e-['_ X{a-_}XLj
f(mayvp) - { J J Z’_
o (x), Y (z,y,p) €I} x{a;} x L,

where again o and a;-” have the form aj[ (x) = ax+p* for a constant a < 0 and constants
B* € R. Here IfE denote the intervals from ([@24]). Exactly like before f extends to a (non-
compactly supported and autonomous) Hamiltonian F' € COO(M ) and by choosing f such
that flyny <) is C2%-small we achieve that ¢1.(V) is cylindrical outside Y x M. Note that
(V) MV for all t € [—-1,1]\{0}. Consider now the strip Z := R x [0, 1] with coordinates
z = (s,t). We study solutions u € C*(Z, M) to the problem

{ Osu + J{(u)(Opu — Xp(u)) =0 (4.25)

uw(® x {0,1}) C V

where J' = {jt/}te[o,l] C J denotes a smooth path of almost complex structures and
Xp denotes the symplectic gradient of F, defined by ix,w = —dF. Given a solution
u € C®(Z,M) to ([E25) we recall that its energy (with respect to J') is defined by

00 1 ~
E5 (u) ::/_ /0 & (0su, J;(u)dsu)dtds.

Due to our non-compact setting we will need to impose some restrictions on J' in order to
obtain a well-defined Floer theory. In order to do so we first introduce a bit of notation.
Denote by K € R? a subsettd with ¥ ¢ K. We will then denote by Jr(K) the space of
smooth paths of @-compatible almost complex structures J' = {jt/}te[o,l} satisfying the
condition that

(6% Tl re\kyxr = (0 ® J) 2\ K)x 1 (4.26)

for all ¢ € [0, 1], where {J{};cjo,1] is some smooth path of w-compatible almost complex
structures on M.

Remark 4.4.3. It was shown in [I1] and [21] that a generic path in Jpr(K) is regular for
(Z23]) in the usual sense of Floer theory. By this we mean both that transversality is
achieved for generic J' € Jr(K) and that there is a compact subset of M (depending on
F and K) which contains the image of every finite energy solutions to (£25]) for any path
{J! Heefo,] € Jr(K). In the following we will need to consider variations of (Z:25) and there-
fore also variations of the almost complex structures. The precise equations (and therefore
also transversality issues) we will face have been dealt with in practically identical settings
before (see for instance [9], [L1], [70] and references therein). The only non-standard aspect
here is the compactness issue. However, in each case below compactness follows directly
from the arguments in [IT].

Given a path {jt/}tE[O,l] € Jr(K)andt € [0,1] we can define Ag(M, J/) and Ag(M,V, .J})
exactly as in Section 3] Due to (Z.26]) it is an easy consequence of the of the open mapping
theorem in complex analysis and the usual compactness argument that

AS(Mvjl{)v AS(M’V:jg) > 0.

OWe use C' € D to emphasize that C is a compact subset of D.
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It follows that
A(M,V,J)) :=min{Ag(M, J}), As(M,V,J))} >0 Ytelo,1].
For the next lemma, note that the path [0,1] 3 ¢+ (¢%).J is an element of Jr(B).
Lemma 4.4.4. If F|gx is sufficiently C°°-small then
a) A < A(M,V,(¢4%).J) for all t € [0,1].

Moreover, if in addition {jé}te[og] € Jr(B) is sufficiently C>-close to the patht — (¢h).J
then the following two conditions are satisfied:

b) Given a solution u € C>®(Z,M) to [F23) it holds that E;(u) < A if and only if
Ej (u) < 6. Moreover, if Ej(u) < oo then w(Z) C U if and only if Ej (u) < 6.

¢) A< AM,V,J!) forallt €0,1].

Proof. The proof of a) is a standard compactness argument. Note that for any € > 0 the
path [0,1] 3 t = (¢t;)«J is an element of J.p(B). Therefore any (¢! ,).J-holomorphic
sphere (respectively disk) into M (respectively (M,V)) whose R?-component is non-
constant is contained in B x M. Hence we can apply Gromov compactness. Given a),
the points b) and c) are nothing but special cases of [74, Propositions 17.1.2 and 17.1.3].
Note that in [74] the results are stated for closed Lagrangians (see also [69], [70] and [27]).
However, since Gromov compactness applies, the proof in our setting is identical to the
ones in [74]. O

From now on we assume that the data J’ and F is chosen according to Lemma A4 and
that J’ is regular for ([£28). We will now discuss the Floer chain complex which we will be
using for the proof of Theorem E.22] Our main reference for Lagrangian Floer homology
is Zapolsky’s excellent paper [104], where the orientation issues for Floer homology are
worked out in every detail. For more details on the construction of the Floer chain complex
we therefore refer to [104] (see also [84]). We will denote by Qy the space of equivalence
classes of pairs ¥ = [y,7] where v : ([0,1],{0,1}) — (M, V) is a smooth curve and 7 is
a capping for . The equivalence relation is given by identifying two cappings if and only
if they have equal symplectic area and equal Maslov index. Elements ¥ = [v,7] € Qy for
which v is an integral curve of X are exactly the critical points of the action functional

Ar.v 1 Qy — R, defined by

sy =) = [ Fowa - (5.

We define
CF(F:V)= & C@FH), (4.27)
~ECrit(Ap.v)

where C'(¥) = Z is generated by the two orientations of a suitable determinant line bundle
of Fredholm operators defined on representatives of 4 as in [I04]. Note that since we
identify cappings which have the same symplectic area and Maslov indices, C'(7) is only
well-defined once we have fixed a spin structure on V so that we can identify the different
rank 1 Z-modules coming from different equivalent cappings [104], Section 7.3] We will
therefore fix a spin structure on V from now on. We also define T' := mo(M,V)/ ~ where
a ~ b if and only if @(a) = ©(b) and uy (a) = Mv(b) Then

Oxpy :I'=>RxZ (4.28)

H1p fact [104] only requires that a relative Pin®-structure for V has been chosen. However, for our
purposes it is more convenient to assume V is spin, so we will require the choice of a spin structure.
2Here puy denotes the Maslov class of V.
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is a monomorphism and CF,(F : V) is a [-module. In fact, by the construction of F,
every ¥ = [v,7] € Crit(Ap.y) is naturally identified with a pair [y,7] ~ (¢,q) where
q € Crit(f) C V and g € T. We denote by CFy(F : V) C CF(F : V) the direct sum of the
C(7) for which ¥ = [v,7] = (¢,q) € Crit(Ar.v) for which ¢ = 0 € T'. From this point of
view it is easy to see that

CFy(F: V)@, 2 CF(F:V) (4.29)

as I'-modules. A crucial ingredient for understanding Chekanov’s construction is the length
between elements 7_,7 € Crit(Ap.y), defined by

I(3-,74) = Apy (=) — Apw (3s) € R.

It is important to note that [ is I bi-invariant. We denote by M(F, J’,5_,7) the moduli
space of finite-energy and unparametrized solutions u of (£25]) satisfying the asymptotic
conditions

sgl—noo Us = 7= & sll{go Us =T+

in Qy . For such v we have the energy identity

0< Ej(u) =d(u) + flg-) — fla+) = 13- 7+),

where we set 7+ = (g+,q+). In particular, if o = 0 we see that Ej (u) = f(q-) — f(q+),
so if the Hofer norm of F' satisfies

|F| sl <9, (4.30)

then automatically u(Z) C U by Lemma .44l After perhaps scaling F' we can (and will)
assume that F' has been chosen to satisfy (€.30) from now on. We can then define a I'-linear
operator 0 : CF(F : V) — CF(F : V) by declaring that its (7_, %) th matrix element be
0 if either I(3_,7,) > 6 or dim M(F,J',7_,74) # 0 and

> Clu): C(3-) = C(V+) (4.31)
wEM(ET 5= 74)

if 1(5_,74) < ¢ and dim M(F, J’,7_,7,) = 0. Here C(3) denotes the Z-linear operator
defined in [104, Section 3.8.1.1]. We point out that 0 being I'-invariant is a non-trivial
matter. This fact uses the choice of a spin structure for V' [104], Section 7.3]. Note that
by the remarks above O(CFy(F : V)) C CFo(F : V), so we have an operator 0|cg,(r:v) :
CFy(F : V) — CFy(F : V). From the point of view of the identification ([@29]) we see that

Olery(Fivy @z idp = 0.

because of I-linearity. We will therefore denote 0|c g, (r.v) simply by 9. Similarly, given a
field F we continue to denote the induced operator on CF(F : V;F) := CF(F : V) ®z F
by 0.

Proposition 4.4.5. (CFy(F : V;F),0) is a chain complex (i.e. 0> = 0) and its homology
HFy(F : V;F) := H{CFy(F : V;F),0) satisfies

HFy(F : V;F) = H,(V,0,V;F). (4.32)

Proof. For closed Lagrangian submanifolds this is a classical result for whose proof we
refer to [74, Section 17.2]. The only non-standard aspect when checking 9> = 0 in our
situation is making sure that Floer trajectories cannot "escape" along the non-compact
ends corresponding to Ly, ..., Ly, L, ..., L’ ,. This is achieved by simply choosing almost
complex structures which are the restriction of paths form Jp(B) to U C T*Vj. One can
check this using the arguments from [10]. Checking ([A32]) can now be done using a PSS
argument. This has been carried out in the setting of Lagrangian cobordisms in [I0] or
[21]. Those accounts easily adapt to our setting. O
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Chekanov’s homotopy lemma

The inequality in Theorem will follow from an observation due to Chekanov. We will
need a slightly modified version of his beautiful result, so we cover the details we need
here. Consider a subgroup A < R x Z and denote by A : A — R the homomorphism given
by projection to the first coordinate. Given a field F we consider the group ring A := F[A].
We write an element of A as a finite su

> T (4.33)
k

where ap € A and f € F. We note that A is both a commutative ring with 1 # 0 as well
as a [F-vector space. Consider also the natural positive and negative F-subspaces

At ::{ZfiT“i : i)\(ai)20Vz}

together with their F-linear "projections"
P:t A — A:t
YoART™ = > fT™
k

kA (ag)>0

Given a finite dimensional F-vector space W we obtain a free A-module W ®pr A with
ranky (W ®pA) = dimp(W). Considering the F-linear subspace Wy := W &g F[ker A\] <
W ®prA we have natural positive and negative F-linear subspaces

Wi = Ay - W' C WaFrA,
together with the associated F-linear "projection" maps
idy QrPy : WRpA — W:t,

which we (by abuse of notation) continue to denote by Pi. Suppose now that (W, 0) is
a finite dimensional differential F-vector space. Denoting by ¢ := 0®pid, the induced
differential on W &g A we have a free and finitely generated A-differential module (W ®p
A, d"). Following Chekanov [27] we say that two A-linear maps

f9: WerA - WRrA
are A-homotopic if there exists a A-linear map h: W®@pA — W®pA such that
P (f—g—hd —90h)P, =0 (4.34)

as a map W®rA — W®rA. The version of Chekanov’s homotopy lemma which we need
is the following. Chekanov’s original formulation seems to differ slightly from the one we
use here, but his proof easily carries over to our setup.

Lemma 4.4.6 ([27]). Denote by N a free, finitely generated A-module and by (W, ) a finite
dimensional differential F-vector space. If there exist A-linear maps ® : WRpA — N and
U: N — WA such that V& is A\-homotopic to the identity then

dimp H (W, 0) < ranky (V).

¥Note that A is Abelian.

93



An O-homotopy

Viewed through (£28) I" will play the role of A above. So, A = F[I'] and A is simply given
by @ : I' = R. We point out now that, with coefficients in a field F, (£.29) translates into
an isomorphism of A-modules

CFy(F:V;F)er A= CF(F : V;F)

Fix now C,e > 0 and choose two functions @1, p2 € C*(R; [0, 1]) satisfying

() = 1, for|y|<C & (z) = 1, forz <R
vy = 0, for|y|>C+1 v2ir) = 0, forxt>R+C

as well as
lph(z)]| <e VaxeR.

Consider the Hamiltonian H € C°(M) defined b

H(z,y,p) = (/m —5(8)d8> ©1(y)p2(z).

—00

VYe then~define the time-dependent and compactNZy supported Hamiltonian H € C([0,1] x
M) by Hy(z,p) = H(¢} '(2,p)) and note that H has Hofer norm

|H| = |H| < S(V) +3.

Consider now the time-dependent Hamiltonian G¢(z, p) := F(z,p) + Hy(z,p) € C*°([0,1] x
M) generating the flow ¢}, = qﬁ%_lqﬁ%gb};. Since q% = gb}qqﬁ}? it is easy to see from the choices
made in Section [A43] that CF (G : V;F) is a A-module of rank

ranky CF(G:V;F) = > #(LinLj)+ > #(L;nL)

1<i<j<m 1<i<g<m/

provided that C' > 0 is chosen large enough and ¢ > 0 small enough. Therefore (£.2)
follows from Lemma and

Proposition 4.4.7. There exist A-linear maps

¢ .CF(F:V;F)— CF(G:V;F)
V:CF(G:V;F)— CF(F:V;F)

whose composition VP is O-homotopic to the identity.

Proof of Proposition[{.4.7 The following is basically Chekanov’s proof from [27] (see also
[70]). Chekanov constructed ¥, ® together with a suitable @-homotopy using Floer’s con-
tinuation principle. Fix two monotone functions py € C*(R; [0, 1]) satisfying

0, ifs<-—1 )1, ifs< -1
'°+(S)_{1, if s> 1 & p‘(s)_{o, if s> 1
Consider also the positive and negative parts of |H|

1 5 1 -
by ::/ max(Hy) dt >0 & b_ ::/ min(Hy) dt <0,
0o M 0o M

HMRecall the choice of 8 € C° (R) made in Section

54



so thatNHﬁH = by — b_ and choose R > R such that Supp(H;) € B x M for all t € [0,1],
where B := [—R, R]. Now consider for u € C*°(Z; M) the problem

{ Osu + f(j;t)(u)(atu — Xp(u) — p(s) X, (u) =0

wR x {0,1}) CV (Px)

where {IF}.cz is a smooth Z-family of @-compatible almost complex structures satisfying
* 7+ . +
(@) Tis pl@vmyxar = (@ 15 )| @\ Bysr (4.35)

for some Z-family of w-compatible almost complex structures {I ;E}ZG z on M. We addi-
tionally require that there exists a constant 0 < C' < oo such that

(4.36)

o J:{, if +s < —C and/or t € {0,1}
(s,t) J°, if £s > C and/or t € {0,1},

where {jfo}te[o’l} € Jr(B) satisfies the condition that J° = J/ for t € {0,1}. Exactly as
in Lemma EZ4 one sees that {IF}.cz may be chosen such that it is regular in the usual
sense of Floer theory and such that

A< AMV,IF) YzeZ (4.37)

We will therefore assume that this is the case from now on. Given 7_ € Crit(Ap.y) and
¥+ € Crit(Ag.y) we define the length

I+ (Y-:9+) = Arv(¥-) — Acv(74) €R
and denote by M™(37_,7,) the space of finite energy solutions u to (P;) enjoying the
asymptotic conditions limg o us = 7_ and lims_,oo us = ¥4 in Qy. Since I is regular
M (3_,74) is a smooth manifold. Given u € M™(7_,7,) one integrates by parts to see
that

Bro) = LG i) + [ [ et deds. (438)

If I (-,9+) < 0 — b_ it follows from this and monotonicity of p that
1 - .
B (u) <6 —b_ +/ max(l,) dt = | ] +6 < S(V) +20 = A
0

for every u € M™(5_,74). In particular, in this case, (£3T]) implies that no bubbling occurs
along Mt (3_,7,). If in addition dim M*(5_,7,) = 0 it follows from regularity of I that
MT(F_,74) is compact. Hence, we can define ® : CF(F : V;F) — CF(G : V;F) as the
unique A-linear operator whose (7—_, ¥4 )’th matrix element equals 0 if dim M™*(5_,74) # 0
or Iy (J—,54+) > d — b_ and otherwise equals

Y Cu)®zidp: C(7-) @2 F = C(74) @z F (4.39)
UEMJF(;* S/ZF)
as defined in [I04) Section 3.8.1]. Similarly, given 7_ € Crit(Ag.v) and 74 € Crit(Ap.y)
we consider the quantity
l*(fyfa ﬁJr) = AG:V(’V*) - AF:V(’~Y+)7

and denote by M™(7_,74+) the space of finite energy solutions u to (P-) satisfying
limg o us = - and limg_,o00o us = 4 in Qy. Again M~ (7_,74) is a smooth mani-
fold and integration by parts yields

() =G+ [ ' po () Hu) dids. (4.40)
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for every u € M~ (7_,7+). In particular if [_(7_,7;+) < § + by then
1 N
E; (u) <6+by — / min(f,) dt < A,
0o M

for every u € M~ (7-,74+), so no bubbling occurs along M~ (5_,7+). We can therefore
define ¥ : CF(G : V;F) — CF(F : V;F) as the unique A-linear map whose (7_,74)’th
matrix element equals 0 if dim M~ (7_,74) # 0 or [_(5—,7+) > ¢ + by and otherwise
equals
Y Cu)®zidp: C(H-) ®zF — C(74) @z F
uEM™ (Y= ,7+)

The aim now is to construct an @-homotopy from W& to the identity. I.e. we need to

construct a A-linear map h: CF(F : V;F) — CF(F : V;F) such that

P_(id—¥® — hd — Oh) Py = 0 (4.41)

In order to construct h we choose a function p € C*°(]0,00) x R; [0, 1]), written (7, s)
pr(s), such that for every 7 € [0,00) the function p, € C°(R; [0, 1]) satisfies the mono-
tonicity condition

> i <
dr () { 20, s<0 (4.42)

dS Soa lfSZO

Moreover, we require the condition that [0,00) > 7 — p,(0) is a monotone function onto
[0, 1] as well as the condition that, for 7 > 2, we have

) opp(s+T), ifs<0
pT(S)_{ p_(s—1), if s>0.

Consider for 7 € [0, 00) the problem

{ Osu + IN(T&t)(u)(atu — Xp(u) = pr(8)Xg,(u) =0

w(® x {0.1}) C V, (443)

where {j;}(T,z)E[0,00)X 7 is a family of &-compatible almost complex structures satisfying
(@38) (with + replaced by 7) for a family of w-compatible almost complex structures
T} (r.2)€(0,00)x 2z 00 M. We require that

IN(TM) = J] if7=0and/ort e {0,1}.

We also require the existence of a constant 0 < C' < oo such that for all 7 > C'

Jr .
- { I(s+7',t)’ if s <0

INp=3 :
(s:1) I .y 520,

and for all T < C
Ilsp = J; if s is sufficiently large.

As above {I7 }(r,2) can be chosen to be regular and satisfy
A< AM,V,IT) ¥ (1,2) € [0,00) x Z. (4.44)

Given 7 € [0,00) and 7,7+ € Crit(Ap.v) we denote by MP7(7_,74) the space of all finite
energy solutions u € C*°(Z, M) to ([£43) satisfying lim, o us = - and im0 us = J4
in Qy and we define

Mp(’?*,ﬁJr) = {(7—> U) P TE [0,00), u € MPT(§*7’~Y+)}'
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Since {f(TS,t)}(T’S’t) is regular, M (J_, 74 ) is a smooth manifold for every 7_, 7, € Crit(Ap.v)
and integration by parts yields

1
B (u) = 1(7-,7+ +/ /d’” )dids ¥ ue MP(_, ). (4.45)

In particular we see that if [(7—,7+) < 0 then

1
<5+/ /d"T VL, (u dtds+/ / D (5) Hyu) dtds

§5+p7( )b—i—_l)r( )b— :5+P7—( )”HH SA VueMpT( —,’AY+)

so, in this case, (L44]) implies that no bubbling occurs along MP?(5_,7+). If in addition
dim M?P(J_,74+) = 0 then #MP(7_,74) < oo, so we can define h : CF(F : V) —
CF(F : V) as the unique A-linear map whose (7_,7+)'th matrix element equals 0 if
dim MP(F_,74) # 0 or I(3—,7+) >  and otherwise equals

> C(u) ®zidp : C(A-) @z F — C(34) @z F.
(ru)eMP (- 71)

To finish the proof we need to check that (£4I) is satisfied. To do that we fix 7_
(4—,q-),7+ = (q+,q+) € Crit(Ap.v) with ©(g-) > 0 and @(73) < 0 and we need to check
that the (7_,74)’th matrix element of the operator

id — TP — hd — Ol (4.46)

equals 0. This is clearly the case if the Conley-Zehnder indices of v_ and 7_ differ, so we
only consider the case when these coincide, in which case dim M?(5_,74) = 1. Since

1= 79+) = fla-) —@(q-) — flgy) + @(qy) < fla-) — flgy) <6,

no bubbling occurs along M (y_,74), so it is compact up to Floer breaking. By the usual
gluing argument every configuration counted in the (5_,7%4)’th matrix element of (740
occurs as a boundary point of the compactification of M?(J_,74) and it therefore follows
as in [104, Section 3.8.2] that the (J_,74+)’th matrix element of (€46]) equals 0 if only we
argue that every boundary point of the compactification of MP(J_,74) occurs in (£.40).
This follows from the estimates on the last page of [27]. O
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5. Symplectic "Mather-Floer Theory"

5.1 Introduction

Consider a symplectic manifold (M?",w) and a Hamiltonian H € C°°(M) with complete
flow ¢r = {¢%; }er. This chapter concerns the question of how to systematically determine
interesting invariant sets for ¢ . The celebrated KAM theorem asserts (loosely speaking)
that, if H is non-degenerate and sufficiently regular, an invariant Lagrangian torus, on
which the dynamics of ¢y has a Diophantine rotation vector, will persist under small
(sufficiently regular) perturbations of H. Mather [59] discovered that one can loosen the
regularity assumptions in the KAM theorem and still find plenty of interesting invariant
sets which persist perturbations of H, if one pays the price of replacing the non-degeneracy
condition with a stronger convezity assumption. One of the aims of the current paper is to
study, using methods coming from symplectic topology, what happens when one relaxes
the convexity assumption. It is interesting to understand the connection between Aubry-
Mather theory and symplectic topology. Here we hope to provide some understanding
of how pseudo-holomorphic curve techniques can explain phenomena from Aubry-Mather
theory. A first indication that these theories can be connected was obtained by Bernard [8].
The approach we take here builds heavily on Viterbo’s symplectic homogenization paper
[T00] as well as the Floer-homological version studied by Monzner-Vichery-Zapolsky [62]
and Vichery [99]. The second part of the paper obtains interesting invariant measures
by studying a generalization of the notion of symplectic shape (due to Sikorav [88]) of
sublevel sets of a Hamiltonian. It employs ideas due to Buhovsky-Entov-Polterovich [24],
Entov-Polterovich [38] and Polterovich [7§].

The contents of the paper are as follows: In Section we present our results on exis-
tence of invariant measures using homogenized Lagrangian spectral invariants. Section
compares properties of these measures to Mather measures. Section [5.4] contains our results
on invariant measures using the C%-techniques developed by Buhovsky-Entov-Polterovich.
Finally, Section and contain preliminaries and proofs.

Setting and notation: M(X) will denote the space of Borel probability measures which
are compactly supported on X C M. We use the convention that the symplectic gradient
Xp, associated to H € C*°([0,1] x M) is defined by tx, w = —dH;. The flow generated
by Xp, is denoted by ¢y = {¢% }er. We denote by M(X;¢r) C M(X) the subset of
¢m-invariant measures and write M = M(M) as well as M(¢py) = M(M; ¢p).
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5.2 Symplectic "Mather-Floer theory"

Throughout this section (M?",w) will denote a closed symplectic manifold We consider
a closed monotone Lagrangian submanifold L C (M,w) which is non-narrow in the sense
that its quantum homology QH,.(L;Z2) doesn’t vanish (see Section [B.5]). In this setting
Leclercq-Zapolsky [568] recently developed a theory of Lagrangian spectral invariants. We
will denote by

I : ﬁz\mr/n(M,w) — R.

the Leclercq-Zapolsky spectral invariant associated to the unity in QH.(L; ZQ)E An idea
due to Viterbo [100] says that homogenizing [} gives rise to an analogue of Mather’s a-
function. The approach we consider here was first studied by Monzner-Vichery-Zapolsky
[62] and Vichery [99]. Denote by H := {H € C*>°(M) | [ Hw™ = 0} the space of normalized
Hamiltonians.

Definition 5.2.1. Associated to H € H we define a function og.7, : H'(M;R) — R by

17k
om:r(c) = lim M

Nok—o0 k ’ (5-1)

where ¢ : [0,1] x M — M is any smooth symplectic isotopy with ¢y = id and Flux(¢)) =
c € HY(M;R), and ¢¥ € Ham(M,w) denotes the element represented by the path [0, 1] >
t > ¢t in Ham(M,w).

For more details on the construction and properties of og.;, we refer to Section It
turns out that o ., is locally Lipschitz, so at every point ¢ € H'(M;R) it has a well-defined
set of Clarke subdifferentials (see Section [E.5.1])

dop.p(c) C Hy(M;R) = HY(M;R)*.

The dynamical information contained in o .7, is that it guarantees existence of analogues of
Mather measures (from Aubry-Mather theory) to the present setting. I.e. M(¢p)-measures
whose rotation vector (or asymptotic cycle, see Section [B.5.1]) is prescribed by dop.1.(c).

Theorem 5.2.2. Let H € H. For any ¢ € H'(M;R) and any Clarke subdifferential h €
Oop.r(c) C Hi(M;R) of og.1. at ¢, there exists a p € M(¢g) which has rotation vector

p(p) = h.

For a more detailed discussion of how Theorem B.2.2 relates to classical Aubry-Mather
theory we refer to Section

Remark 5.2.3. After having proved the main part of Theorem we learned about
Vichery’s [99], where a result similar to Theorem is proved in the case when L
is the zero-section of a cotangent bundle as well as Viterbo’s [101] where results from
[100] are applied to yield a result similar to Theorem for T*T". The main difference
between our result and Vichery’s is greater generality. Moreover, our approach detects
the measures directly using pseudo-holomorphic curve techniques and avoids the use of
generating functions.

Remark 5.2.4. In order to understand the support of the measures whose existence is guar-
anteed by Theorem [5.2.2] one needs to understand how they are produced. The . € M(¢px)

1See Section 521 for the non-compact (exact) case.
In [58] our Iz, goes under the name I;.
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with p(u) € 0op.1,(0) produced in the proof of Theorem [5.2.2] are convex combinations of
weak*-limits of sequences (jc)ceny C M characterized by

1 ks ¢ 0
/ f s = | sttt v 1 e i), (5.2)

Here, (x¢)cen is a sequence of points with . € ¥ (L) for a sequence of symplectomorphisms
(1h¢)cen C Symp(M, w) satisfying

P =% id
in the Whitney C'*°-topology, and (k¢)cen C (0, 00) is a sequence of times with k. 1 co. In
addition, gb’;j (z¢) € ¥o(L) for all ¢ € N and to each orbit v = {¢ () }iepo,r 15 associated
an action Ag. (r)(7¢) € R such that]

Ap. 00

We will denote by Mpy.;, C M(pp) the set of measures p € M(pg) with p(u) €
0o ., (0) arising as convex combinations of weak*-limits of sequences ()¢ given by (0.2),
such that (z¢)¢ and (k). satisfy the criteria mentioned above. This notation is justified by
results, first due to Viterbo [100, Proposition 13.3] and later Monzner-Vichery-Zapolsky
[62, Theorem 1.11], saying that o1, coincides with Mather’s a-function when L C T*L
is the zero-section and H is Tonelli. In particular, 9%y.;-measures are Mather measures
in this setting (see Remark below).

Under certain circumstances, one can reduce the domain of op.;, further, thus get-
ting further restrictions on its subdifferentials. In the following we will denote by rp, :
HY(M;R) — HY(L;R) and by i : Hi(L;R) — Hi(M;R) the (co)homological maps
induced by the inclusion L «— M.

Corollary 5.2.5. Suppose ry, is surjective. Then op.;, descends to a locally Lipschitz func-
tion

am.r : HY(L;R) — R.
In particular, for every ¢ € H'(L;R) and every subdifferential h € Oay.p(c) C Hi(L;R)
there exists a p € M(¢p) with rotation vector

p(p) =ir(h) € Hi(M;R).

Of course, the notation is meant to suggest that aj.r should play the role of Mather’s
a-function on a general symplectic manifold.

Polterovich [78] used Poisson bracket invariants to study invariant measures which
have "large" rotation vectors. In certain situations Corollary allows us to sharpen his
result in the sense that we can detect that the rotation vector of the constructed measure
is contained in the subspace ir,(H1(L;R)) < H;(M;R). For the definition of Lagrange
Flux (Fluxy) we refer to [91].

Corollary 5.2.6. Suppose rr, is surjective. Let ¢ : [0,1] x L — M denote a Lagrange isotopy
with g the inclusion L — M and set

¢ = Flux, (v) € H'(L;R).
Then there exists h € Hi(L;R) with

,h) > min (H) — H
(c, ) qfla(lg)( ) — max(H)

such that ir,(h) € Hi(M;R) is realized as the rotation vector of a M(dm)-measure.
3See the Section for a precise definition of Ag.y (1) (7s)-

60



5.2.1 The non-compact setting

Here we will discuss the analogue of the above results in the setting of a non-compact
(M, w). Since the case of the cotangent bundle was covered by Vichery [99], we will focus
on the general case.

Denote by (M,w = d\) an exact symplectic manifold which is convex at infinity [35]
and denote by L C (M,w) a closed Lagrangian submanifold with A|;, = 0. We will denote
by H = H(M,w) the class of autonomous Hamiltonians H € C°°(M) whose Hamiltonian
flow ¢ = {9 her is complete and satisfies the condition that O4(X) C M is compact
for every compact X C M. Here we make use of the notation

0.(X) = U dp(X) & 0_(X)=Jdh(x).

>0 <0

Note that H contains all proper Hamiltonians. We will denote by HEM (M,R) the Borel-
Moore homology groups (or homology with closed support) of M with coefficients in R
(see e.g. [23]). We view HBM (M, R) as the dual of HX(M;R), the compactly supported
cohomology of M with coefficients in R. Given H € H, every measure u € M has a
well-defined action Ag (1) € R given by@

Apa(p) = / H— (\ Xg) dp. (5.3)

For p € M(¢py), one can think of its rotation vector p(u) either as an element of
HEM(M;R) or as an element of Hi(M;R), depending on whether or not one allows
non-compactly supported 1-forms 7 in (B.27).

In this setup, every H € H gives rise to a function

o.p : H (M;R) = R

by requiring that the symplectic isotopy in (B.1) be compactly supported. When (M, d\)
is a cotangent bundle and L C (M,d)\) the 0O-section one can in fact define op.1, :
H'(M;R) — R as was done in [62]. The non-compact version of Theorem 3 now reads as
follows:

Theorem 5.2.7. Let H € H(M,d)). Then, for every ¢ € H'(M;R) and every Clarke
subdifferential h € dog.p(c) C HPM(M;R), there exists a measure p € M(¢pg) whose
action and rotation vector satisfy

Ag () =om.r(c) — (¢, p(n)) and p(p) = h.

Of course, one would like to think of rotation vectors as being elements of Hi(M;R)
rather than HPM (M;R). In some cases this can be done effortlessly: Since L is compact,
the inclusion L < M is proper. In particular there is an induced map ry . : H:(M;R) —
HY(L;R) = H'(L;R). The following is the non-compact version of Corollary

Corollary 5.2.8. Let H € H(M,d\) and suppose 11, is surjective. Then op.1, descends to
a locally Lipschitz function
ap.r : HY(L;R) — R.

In particular, for every ¢ € H(L;R) and every Clarke subdifferential h € dayy.r(c), there
exists a measure 1 € M(dg) satisfying

Aga(p) = am.(c) — (¢, p(p)) and p(p) =ir(h) € Hi(M;R). (5.4)

4Recall that all M-measures are required to have compact support.
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Remark 5.2.9. Suppose now that M = T*L with L a closed manifold viewed as the zero-
section L. C T*L and w = dX\ with A = pdq being the canonical Liouville one-form. A
Tonelli Lagrangian [ € C*°(T'N) (see [92, Definition 1.1.1]) sets up a Legendre transform

L:TN —T*N,
so that the associated Tonelli Hamiltonian H and [ satisfy the equation

(L™ a.p) = (N Xm)(a.p) — H(q.p) VpeT;N.

In particular, in this setting one sees that the condition on the action in (B.4) can be
written

~ana(e) = [1o£7 du (e.pl): (5.5)

As mentioned in Remark[(.2.4], it is known that a7, coincides with Mather’s a-function in
this setting so (by [92] Section 3.1]) (&.0]) implies that the measures detected in Corollary
[(.2.8 are Mather measures in this setting.

5.3 Comparison with Mather’s theory

In this section we compare properties of the support of the measures whose existence is
guaranteed by Theorem and (.27 to those which arise in Mather’s theory and place
our results in a historical context. To accomplish this, it will suffice to consider (M, w) =
(T*T?,d)\). We will construct an H on T*T? for which the support of 9. -measures
becomes extremely "wild". This phenomenon is closely related to diffusion phenomena
such as Arnold’ diffusion and superconductivity channels [22]. Studying 9y.7-measures
in this setting was generously suggested to me by Vadim Kaloshin.

Consider R?(p) as well as T? = R?/Z? equipped with the (mod Z?) coordinate q.
Given sufficiently smooth functions Hy : R? - R and F : T2 x R?> - R as well as ¢ > 0
we consider the Hamiltonian

Hc(q,p) := Ho(p) + €F(q,p)

on (T*T? = T? x R2,dp A dq). Throughout this section we make use of the canonical
identification H'(T*T?,R) = R2. The flow ¢y, is integrable in the sense that it leaves
every Lagrangian torus of the form T(p) := T? x {p} invariant. KAM theory guarantees
that, if Hy is non-degenerate in the sense that its Hessian satisfies

det(Hess(Hp))(p) #0 V¥ p € R?,

then, for all small enough € > 0, many Lagrangian tori T'(p) persist. More precisely, if
the rotation vector of ¢u,|7(, is Diophantine and € > 0 is small enough, then there is
a Lagrangian torus which is invariant for ¢, close to T'(p). We are interested in what
happens to the invariant torus T'(p) for € > 0 when ¢p,|7(,) does not have Diophantine
rotation vector. Does it (at least partially) persist or does it disappear? Mather [59] studied
the case

det(Hess(Hp))(p) >0 V pc R% (5.6)

In this case all T'(p) partially persist. More precisely, Mather’s theory tells us that the
p-Mather sezﬁ Supp(f)ﬁHe:T(p)) C T? x R? is the graph of a Lipschitz function defined on
a subset of T'(p) (graph property). Moreover, Supp(Mp, .7(p)) satisfies the even stronger
property that it converges to a subset of T'(p) in the Hausdorff distance as ¢ — 0 (local-
ization property). Mather’s proof [59, Section 5] of the localization property uses both the

5Tt is a consequence of Mather’s theory (or Theorem [B.27)) that this set is always # 0.
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graph property as well as the fact that Mather measures minimize a Lagrange functional.
Mather’s theory thus guarantees that, if (5.6]) is satisfied, then the system cannot be too
unstable. In a different direction, Arnold’ conjectured [I], [3] that a generic Hamiltonian
system on T*T", n > 2 will exhibit diffusing orbits (this phenomenon is today known as
Arnold’ diffusion). Hence, if Arnold’s conjecture holds true, then all systems will exhibit
some instability.

The question we address here is: Do the T'(p) persist for € > 0 also when

det(Hess(Hp))(p) <0 V¥ p € R?? (5.7)

The candidate for a perturbation of T'(p) is again Supp(Mp, 1)), so the question is how
well /badly-behaved this set is. To our knowledge Herman [45] was the first to observe that,
in general, in the case (.7) Supp(My,.7(p)) will not be a Lipschitz graph over T'(p) (see
also [29] for an English exposition of Herman’s example). Below we construct an example
showing that not only can the graph property be violated, but so can the localization
property. In fact it can be violated as dramatically as possible. The dynamics responsible
for this behavior is a very fast type of diffusion arising from so-called superconductivity
channels. We learned about this phenomenon from Bounemoura-Kaloshin’s [22]. A first
indication that symplectic methods can be used to study this phenomenon was found
n [38]. The concept of superconductivity channels goes back to the work of Nekoroshev
[64], [65] who discovered that for every z = (¢q,p) € T? x R?, ¢!y () remains close to
b, () € T(p) for |t] < e for some positive constants ¢,a > 0, as long as € > 0
is sufficiently small and Hy is steep[d By a result due to Ilyashenko [50], the steepness
condition can be phrased as requiring that the restriction of Hy to any 1-dimensional
linear subspace of R? only has isolated critical points. Hence, the philosophy we follow is
that, in order to find diffusion which is fast enough to "push" Supp(My.,.7(,)) far away
from T'(p), we should choose Hy non-steep.

5.3.1 An example

Consider
pi—ps
Hoy(p1,p2) = 1 F(q1,q2,p1,p2) = sin(2w(q1 — q2))p(P522)
for some ¢ : R — [0, 1] with ¢(t) = p(—t) and
1 if|s| < K (>0 its<o0
(s) = . , @(s) .
0 if|s|]>K+1 <0 ifs>0

where K > 0 is a large constant. Note that Hy is as far from being convex as possible in
the sense that Hess(H() has one positive and one negative eigenvalue. After the symplectic
change of coordinates

(61,02, 11, I2) = (q1 — g2, q1 + q2, B2522, PA3P2) € T x R?

we have

HE(Q, I) = 11[2 + 6(,0([1) sin(27791),

so the resulting equations of motion are given by

I, = —2mep(I) cos(2m6,)

I =

=0 (5.8)
01 = Is + (1) sin(276;)

0y = I.

5The "closeness" in this Nekoroshev estimate is in fact quantitative. For precise details we refer to [22
Section 1.1.2]
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In particular, we see that O, (X) is compact for every compact X, so Theorem [B.2.7]
applies.

Remark 5.3.1. The superconductivity channels {I; = 0} U {Io = 0} give rise to diffusion:
Consider initial conditions

(61(0),62(0), 11(0), I5(0))

such that I5(0) =0, |I;(0)] < K and sin(2760;(0)) = 0. Then ¢ — 6;(¢) is constant and

)
I = +2mep(Iy)
so the function ¢ — |I1(¢) — 11(0)] is strictly increasing. We denote by
D :={(01,02,11,12) | sin(2w6,) =0, Iy =0, || < K}
the set of initial conditions with |I;(0)| < K which diffuse. Poincaré recurrence implies
WD) =0 V peM(pn). (5.9)

Note that if € = 0, then (by Remark 524 and the fact that each T'(I1,I2) is ¢p,-
invariant)

Supp(Mpy.7(1,,1,)) C T(11, I2).

In contrast, when € > 0 we have

Proposition 5.3.2. Fiz I € (—K, K) and denote by Bx C R? the open K-ball centered at
0. For every € > 0 we have

Supp (M, .1(r,0)) N (T? x Bg) = 0.
The rest of this section will be spent proving this result.

I,
B

I

Figure 5.1: The projection of Supp(My,.7(0,0)) to R? is contained in the red spot in the
center. For all ¢ > 0, the projection of Supp(iUle:T(Op)) to R? is contained in the blue
regions.

Remark 5.3.3. The conclusion of PropositionB.32resonates well with classical insight from
symplectic topology. For example, it is nowadays well understood that dimg H,(M;R) <
Fix(¢) for non-degenerate ¢ € Ham(M,w) (this is one of the celebrated Arnol’d conjec-
tures). Symplectic topology can verify this inequality, but it cannot say anything about
where in M the fixed points are located.

Lemma 5.3.4. For every ¢ > 0 we have

ap,(I,0)=0 VIeR.
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The proof of this lemma (which uses nothing but standard properties of Lagrangian
spectral invariants) is presented in Section [(.6.2 The proof of Proposition consists
of studying carefully the solutions to (5.8)). From Remark [5.2.4] we know that, in order to
study the support of My _.7(s0)-measures, it suffices to study the support of u € M(¢g)
which arise as the weak*-limits of sequence (p¢)ceny C M characterized by (5.2)). In the
current setting we can write (x¢). = (05(0), 65(0), I7(0), I5)cen ({2 is an integral of motion).
The conditions described in Remark [5.2.4] now amount to

(17(0), I5) == (1,0) (5.10)
L(k)=1I;(0) V¢eN
Ap. (1) =% ag, (1,0) = 0. (5.11)

After passing to a subsequence we may assume either that a) I5 # 0 for all ¢ or b)
that I5 = 0 for all .

a) Note first that if Is(¢t) = Iy # 0 we can compute (using (5.8))) that

d .
—11[2 = 11(91 ) 1101 dt(egp(h)sm(%rel)),

which implies that
—ep(I1(t)) sin(2761 (1))

I(t) = 5 +C (5.12)
with . .
- ep(11(0)) 8}1:1(27791(0)) +1(0) = es1n(217;01(0)) + I1:(0),

whenever |I;(0)| < K. Assuming I5 # 0 we therefore have]

1) - ~CUIE) | SEO) 5.15)

By further passing to a subsequence we may in fact assume that either I5 > 0 or I5 < 0
for all ¢. We will only discuss the first case as the second is similar. Assuming I5 > 0
we see that [ (t) € [-K, K| implies ¢(I;(t)) =1 and

EHBODE o G205 (1)) — sin(2r5(0)) > 1O = FOL

€ €

(5.14)

We now claim that the sequence (sin(2763(0)))cen cannot accumulate at £1. For if
(after passing to a subsequence) we have sin(2765(0)) — %1, then using (5I0) and
the last equation in (5.8) one deduces that the percentage of time t € [0, k] for which
(5I4)) is violated tends to 0. By looking at Figure one sees that this implies that p
will be supported on the set

{(01,92,]1,]2) ’ sin(27791) = =+1, |11| <K, Ib= 0}
on which H, takes the value d-¢. We can also estimate
IS [k ¢—0
/()\,XHE> du, = 1?2/ I5(t) dit + o(1) =5 0.
s JO
Together these facts imply that

Jim Apa(pe) = Ana(p) = e,

"By (G.10) we may assume that |I5(0)| < K for all <.
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%779?

€ ? €

Y sin(2m65(0) + [(If(O)—K)IZ (K+15(0)1

Figure 5.2: I7(t) € [- K, K] implies that 2765 (t) is contained in the set indicated in the

figure.

which contradicts (B.I11]). This contradiction shows that we may assume

|sin(2705(0)) £ 1] >6 >0 VeeN. (5.15)

Now we have two subcases to deal with: Either, 1) the sequence (sin(2765(0)))cen
accumulates at 0 or 2) it doesn’t.

1)

In the first case we may (after passing to a subsequence) assume that
sin(2765(0)) =X 0.

This corresponds to the red dashed line in Figure tending to {y = 0}. This
implies that u satisfies
Supp(u) N (T? x Bk) C D.

However, we already know from (5.9) that u(D) = 0. Hence, Supp(u)N(T?x B ) = ()
which confirms the statement of Proposition for such measures.

In the second case we may assume that |sin(27605(0))] > 6 > 0 for all ¢ € N.
Together with (5.I5) this implies the existence of a constant Cy > 0 (uniform in <)
such that |sin(2765(¢))|, | cos(2765(t))| > Ci for all t € [0, k| with [7(t) = £K. In
turn, this implies the existence of two constants C_,Cy > 0 (uniform in ¢) such
that if ¢ € [0, k(| satisfies

+I5(t) >0 & +IL(t)=K
then the smallest time s € (¢, 00) such that
+I5(s) <0 & +Ii(s)=K

satisfies C_ < s —t < C4. Le. once Ij enters either {I; > K} or {I; < —K} then
the time it takes before it leaves again lies in the interval [C_, C4]. Denote by J.
the number of connected components of the set

{t € [0,k | I;(t) > K}.

Again we consider two cases. In the first case (J.).en is a bounded sequence. In this
case we can estimate@

[{t € [0k | 110> K} _ (2J + 1)t oo

pe({1] > K}) = R < i %,

8| X| denotes the Lebesgue measure of a measurable set X C R.
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so uc({|I1] < K}) — 1. The same estimate as earlier thus implies that
[0 Xn) du =S o,

and since (sin(2765(0)))cen is bounded away from 0 we conclude that the weak*-
limit of the sequence (u¢)c has non-zero action, which again contradicts (5IT). If
instead (J;)¢ is unbounded, then we denote by Tc > 0 the time it takes I to run
through the interval [—K, K] once. Since (sin(2765(0)))cen is bounded away from
+1 one can use the fact that the derivative of t — arcsin(t) is bounded for ¢ away
from £1 to conclude that the sequence (77 ).cy is bounded from above. By counting
connected components we get the following upper bound:

{t € [0,k | 1L < K} _ (Js +2)T¢
ke = (Je+2)T. + (2J. — 1)C

Since (T¢)cen is bounded and we may assume J. — oo, we conclude that

s <

§—00 ¢—00 kg

0.

Hence, the Portmanteau Theorem implies Supp(p) N (T? x Bg) = (), which again
confirms Proposition [£.3.2] in this case.

b) The case when I5 = 0 for all ¢ is similar, but in fact simpler, than the previous one.
We therefore only indicate the argument. Again one considers different cases: If we can
pass to a subsequence such that sin(2765(0)) — £1, then (as above) one concludes that

pe({Ih] > K3) =30

and
[ Xudu = 0.

From these conditions it follows that Apg_x(uc) — fe which contradicts (B.IT)). If
instead one can extract a subsequence with sin(2765(0)) — 0, then it follows that

Supp(p) N (T? x Bg) € D,

so from (5.9) it follows that Supp(u) N (T? x By) = (), confirming Proposition [5.3.2] in
this case. The last case is when (after passing to a subsequence)

0 <6 <|sin(2765(0))| <1—-6 V¢eN.

In this case, the time T, > 0 which it takes I] to pass through the interval [—K, K]
once can be computed to be
2K
T. = .
27e| cos(2m65(0))]

As this admits both a positive lower bound and a positive upper bound (uniformly in
¢) the previous argument carries through to confirm Proposition [5.3.2 also in this case.
This finishes the proof of Proposition .32
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5.4 Symplectic "Mather theory" in the absence of intersections

From the point of view of the previous sections, it is tempting to say that the existence of
Mather-like measures is a consequence of symplectic intersection phenomena. In this sec-
tion we study invariant measures in the "absence of intersections", e.g. when every compact
subset of (M,w) can be displaced by a Hamiltonian diffeomorphism. More precisely, we de-
velop a CY-approach to studying invariant measures of (autonomous) Hamiltonian systems
using ideas due to Entov-Polterovich [38] and Polterovich [78§]. Our main application is to
the study of Hamiltonian systems on twisted cotangent bundles and R?". The setup we con-
sider here is slightly different from the one in the previous section. Here (M, w) will denote
a symplectic manifold which is either closed or geometrically bounded (see e.g. [5]) and
L C (M,w) will denote any closed (i.e. compact without boundary) connected Lagrangian
submanifold. Consider an autonomous Hamiltonian H € C*(M) with complete flow
du = {94 her- Since H is an integral of motion, sublevel sets Xy = X (H) := {H < k}
are invariant. As discussed previously, every u € M(Zg; ¢r) has a well-defined rotation
vector or asymptotic cycle
p(p) € Hi(X; R)

defined by (527). For the statement of the next result we denote by e(X) € [0, 00] the
displacement energy of a subset X C M. We recall that

e(X) = inf {|[H|: HeC(0,1]x M) st o(X)nX =0},
where we use the convention that the infimum over () equals oo and
1 .
|H| = /0 max(Hy) — min(Hy) dt

denotes the Hofer norm of H.

Theorem 5.4.1. Suppose (M,w) is weakly exact and let H € C°° (M) be proper and bounded
from below. Fixz an energy-level k € R such that X is displaceable. Suppose L C ¥ C
(M,w) is a Lagrangian with Abelian 71(L) and fiv ¢ € H*(L;R) such that 0| ry(ma,n) =
[W]lro(ar,n)- Then for every a € H(Z;R) satisfying

alL € (e(Sg),00) - H'(L;Z) — & (C H'(L;R))

and every € € (0,k — maxy, H) there exists a measure i € M(Xg; dp) satisfying the two
conditions

(a,p(p)) < mng —k+e
H(Supp(u)) C [max(H) + g,k — 3]

In this statement, (e(Xy), 00)-H'(L; Z)—é denotes the subset {t-c—¢|c € H'(L;Z), t €
(e(Zk),00)} of HY(L;R) and 0 : HY(L;R) — H?(M,L;R) denotes the cohomological
boundary map. Lemma [5.6.1] on page [[7 below guarantees the existence of a ¢ € H'(L;R)
such that 9¢|r,ar,1) = [W]|r,(ar,z) When (M, w) is weakly exact (i.e. w|r,ar) = 0) and 71 (L)
is Abelian. Before exhibiting an example showing the phenomenon captured by Theorem
64T we consider this result from a different point of view, which is closer to the main
result of this section.

We will use the terminology that a Lagrange isotopy

Y [0,1] x L — (M,w), (t,z)— ¢P(x)
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starts at L if 1y is the inclusion L — M. To a Lagrange isotopy % starting at L is
associated its (Lagrangian) Flux

Fluxy (v) € H'(L;R),
see [91]. Here we study invariant measures of Hamiltonian systems using Fluxy,.

Definition 5.4.2. Fix ¢ € H'(L;R). The (Lagrangian) (L, c)-shape of a subset X C M is
defined as the subset of H'(X;R) consisting of those classes a for which there exists a
Lagrange isotopy ¢ : [0,1] x L — M starting at L and ending in X in the sense that
Y1(L) C X and which in addition satisfies the condition

Fluxy (¢) — ¢ = ¢1(aly, (1)) € H' (L;R).

We will denote the (L,c)-shape of X by Sh(X;L,c) C HY(X;R). By the L-shape of
X we simply mean the (L,0)-shape of X and use the shorthand notation Sh(X;L) :=
Sh(X; L, 0).

Remark 5.4.3. The notion of symplectic shape was introduced by Sikorav [88] [87] and later
studied by Eliashberg [36]. The above definition is "modelled" on this classical concept,
but also makes sense for closed symplectic manifolds. In case (7" N,w = d\) is a cotangent
bundle, our definition of (N, ¢)-shape of X C T*N should be thought of as corresponding
to the shape of X in the sense of [36] computed with respect to the primitive A — 7. of w,
where 7, is a closed 1-form representing ¢ € H'(N;R) = H*(T*N;R).

For the statement of the following result, recall that our Lagrangian L is said to be
rational if the subgroup ([w], mo(M, L)) < R is discrete. If L is rational we denote by (L)
the positive generator of ([w], m2(M, L)) in case this subgroup is non-trivial and otherwise
we set y(L) := +o0.

Theorem 5.4.4. Let L C (M,w) be a closed rational Lagrangian with v(L) < oo and let
H € C®°(M) be proper and bounded from below. Suppose k € R is an energy-level such
that

e(Ek) <v(L).

Then for every ¢ € y(L) - H'(L;Z) C H*(L;R) and every a € Sh(3y; L,c) C HY(Zx;R)
there exists a p € M(Xy; ¢rr) which satisfies

(a. p(n)) < 0. (5.16)

In particular there exists an ergodic measure pn € M(Xg; ¢r) which satisfies (2.10)).
Again, this is in fact a corollary of a more general result given below.

Remark 5.4.5. Theorem [5.4.4] deduces information about a Hamiltonian system using
Lagrange isotopies which cannot be realized by globally defined symplectic isotopies. This
should be compared with information about invariant measures coming from Lagrange
isotopies induced by globally defined symplectic isotopies as in [78]. More precisely, the
Lagrange isotopies ¢ which are the source of information in Theorem B.4.4] are those for
which Fluxy (1) does not lie in the image of the restriction map H'(M;R) — H'(L;R).

Example 5.4.6. Let’s illustrate the phenomenon captured in Theorem (.44l by a very simple
example. Denote by h : [0,00) — R the function whose graph is illustrated in Figure[5.3 and
consider the Hamiltonian H (z,y) = h(y/2? + y?) on the plane. The symplectic structure
we use on R%(z,y) is dx A dy. The sublevel set Mg /2 18 an annulus containing periodic
orbits of ¢y which represent both positive and negative classes in Hy(X3/9;R) = R. This
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1 Graph(h)

[Ov OO) Z:3/2

1 2 3 4

Figure 5.3: On the left Graph(h) is indicated. On the right the sublevel set X35 is indicated.
The red dashed line indicates the level set { H = 0} which consists of fixed points for ¢.
The arrows a and b indicate the direction of ¢y-flowlines.

is exactly what our theory detects: We choose the Lagrangian L := {2? + y? = 16}, so
that e(¥3/5) < 16m = (L). Denote by dy the angle 1-form on L (so that [, dyp = 27 for
[(t) = (4cos(t),4sin(t)), t € [0,27]). The Lagrange isotopy ¢ which "shrinks" L to the
Lagrangian {22 +y?> = 4} = {H = 0} C ¥3/5 has Lagrange Flux —2[dy] € H(L;R).
Hence, —2[dyp] € Sh(E3/9; L) C H*(X3/2; R) and Theorem (.24 guarantees the existence
of a € M(X3/2;¢n) such that

—(2[dy], p(p)) < 0 < ([dg], p(1)) > 0,

I.e. the motion detected by p is that which is indicated by arrow a in Figure[5.3l Moreover,
—8[dy] € v(L) - HY(L;Z) so

6[dy] = Fluxy (1) — (=8[dy]) € Sh(X; L, —8[dy]).
Hence, Theorem [5.4.4] also detects the existence of a v € M(X3/9; ¢n) such that

(6[de], p(v)) < 0 & ([de], p(v)) < 0.

I.e. the motion detected by v is that which is indicated by arrow b in Figure 5.3l For more
sophisticated applications of the above results, see Section (.41l

The theorems above are in fact corollaries of a general theorem based on the study of
a k-function which we now define. Given a Hamiltonian H € C°°(M) which is bounded
from below we associate to it a function xp.r, : H'(L;R) — R U {+00} defined by

e lor.
ki.r(c) == lﬁfgll?LX)(H)’ ce H (L;R),

where the infimum runs over all Lagrange isotopies ¢ : [0,1] x L — M starting at L and
satisfying Fluxy,(¢) = ¢. Again we use the convention that the infimum over () equals +oo.
The motivation for this function comes from Aubry-Mather theory where it was discovered
by Contreras-Iturriaga-Paternain [31], Corollary 1] that the Mather a-function, associated
to a convex Hamiltonian on the cotangent bundle of a closed manifold, can be defined in
a similar way.

Theorem 5.4.7. Consider an autonomous Hamiltonian H € C°°(M;R) which is proper
and bounded from below. Let ¢ € H'(L;R) and suppose k € R is an energy level such that
k < km.r(c). Then for every

a € Sh(Xg; L, c)

there exists a p € M(Zg; o) which satisfies

(a, (1)) < 0. (5.17)
In particular there exists an ergodic pu € M(Xg; ¢r) satisfying (17).
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The proof of Theorem .47 (presented in Section [.6.1]) in fact provides an estimate
for (a, p(w)). It relies heavily on beautiful ideas due to Buhovsky-Entov-Polterovich [24],
Entov-Polterovich [38] and Polterovich [78]. Of course this result is only useful if we can
find reasonable lower bounds for xg.;,. The main source of such estimates comes from
rigidity results in symplectic topology. Recall that 0 : H'(L;R) — H?(M, L;R) denotes
the cohomological boundary map. Given ¢ € H!(L;R), let’s define the (additive) subgroup

Gr(c) == ([w] — Oc,ma(M, L)) <R.

We are interested in Gy (c) for the following reason. If ¢ : [0,1] x L — M is a Lagrange
isotopy starting at L with Fluxy (1) = ¢ € H'(L;R), then the period group of (L) C
(M,w) is exactly Gr(c):

(o], ma (M, 1(1))) = G (o) (5.15)

The following Proposition was the original idea employed in [38]. For more quantitative
versions of this idea, see below.

Proposition 5.4.8 ([38]). Suppose ¢ € H'(L;R) satisfies Oc = [w] € H?*(M,L;R) and
suppose that (M,w) does not admit any weakly exact Lagrangian submanifolds. Then
kp,L(c) = +oo for all Hamiltonians H.

Proof. There exists no Lagrange isotopy v starting at L with Fluxy (1) = ¢. This follows
from (5I8]) and our assumption. O

This proposition can be refined in several ways. Suppose (M, N,w) is a subcritical
polarized Kdhler manifold in the sense of [I4]. I.e. (M,w) is a closed Kédhler manifold
and N C M is a subset such that (M\N,w) admits the structure of a subcritical Stein
manifold. In this situation we have the following estimate of k..

Proposition 5.4.9. Let (M, N,w) be as above and suppose H € C°(M). If L C (M,w) is
a closed Lagrangian and ¢ € H*(L;R) satisfies the condition that dc = [w] € H*(M, L; R)
then

k.(c) > m]\ian.

Proof. Suppose v : [0,1] x L — (M,w) is a smooth Lagrange isotopy starting at L with
Fluxy () = ¢ € H'(L;R). It suffices to show that ¢1 (L)NN # . Suppose for contradiction
that ¢4 (L) C (M\N,w). Since (M\N,w) is subcritical Stein it follows from [J, Lemma
3.2] that (L) can be displaced by a compactly supported Hamiltonian diffeomorphism.
However, Gr,(¢) = {0}, which means that v (L) is weakly exact, so it cannot be displaced
by a Hamiltonian diffeomorphism. This finishes the proof. O

The following Proposition connects Theorem [5.4.7] to the main result in [7§].

Proposition 5.4.10. Suppose that M is closed, that the restriction map rr : H'(M;R) —
HY(L;R) is surjective and that L is non-displaceable, i.e. ¢(L) N L # O for all ¢ €
Ham(M,w). Then

ki.r(0) > mLinH (5.19)

for all H € C*°(M).

Proof. Let ¢ : L x [0,1] — M be a Lagrange isotopy starting at L with Fluxy(¢) =0 €
HY(L;R). By [91, Lemma 6.6] there exists a symplectic isotopy 6 : M x [0,1] — M with
6 = id such that 6;(L) = (L) for all t € [0,1] and such that Flux(f) = 0 € H'(M;R).
In particular §; € Ham(M,w). Hence, 91 (L)NL = 61(L)N L # () which implies (519). O
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The guiding philosophy above is that symplectic rigidity prevents a given Lagrangian
from being (Lagrangian) isotoped with a given (Lagrange) flux into a fixed sublevel set of
our Hamiltonian H. Perhaps the most fundamental situation where this idea can be used
to estimate kg.r, from below is the following:

Proposition 5.4.11. Let H € C®°(M;R) be bounded from below. Suppose ¢ € H'(L;R)
satisfies the condition that the subgroup

Gr(c) <R

is discrete and non-trivial. Denote by v € (0,00) its positive generator, so Gr(c) = - Z.
If k € R is an energy-level such that

e(X) <7 (5.20)
then
kr.(c) > k.

Proof of Proposition[5.7.11. Consider a Lagrange isotopy ¢ : [0,1] x L — M starting at
L and satisfying
Fluxz(v) = c. (5.21)

We need to show that maxy, ) H > k. Since Gr(c) is the period group of ¢1(L), a
fundamental result first due to Polterovich [77] and later Chekanov [27]@ says that v <
e(11(L)). Hence, (520) implies e(Xy) < e(w1(L)) which in turn gives

It follows that maxy, 1y H > k. This finishes the proof. O

Remark 5.4.12. Together Theorem [5.4.7 and Proposition [(.4.17] establish a link between
the fundamental notion of displacement energy in symplectic topology and the fundamental
idea of looking for invariant measures with a prescribed rotation vector in Aubry-Mather
theory. Other results linking the idea of Hofer geometry/displacement energy with Aubry-
Mather theory known to the author are [86] and [93].

Proof of Theorem[5.7.1 Recall that we have an element & € H'(L; R) such that Ol ry(ma,1) =
[wW]|z(ar,1) and consider a € H'(Xy; R) such that

alp € (e(2h),00) - HY(L; Z) — é.
Le. a|, = ¢ — & for some ¢ € K - HY(L;Z), where K € (e(3}),00). Then we compute
Gr(é—c) = (9c,m(M, L)) C (c,m(L)) C K - Z,

and since K > e(Xy) Proposition G411 implies that kg.r(¢ — ¢) > k. Moreover, a €
Sh(Xyg; L, é—c) as one sees by considering the constant Lagrange isotopy ¢:(z) = z, (t,z) €
[0,1] x L. Hence, Theorem [(.4.1] follows from Theorem [5.4.7 (the estimate for (a, p(u))
follows from the proof of Theorem [5.2.7)). O

Proof of Theorem [5.4.4 Recall that we consider an energy-level such that e(3;) < v(L).
By Theorem .47 it suffices to show that k.1 (c) > k for all ¢ € y(L) - H*(L; Z). For such
c we have

Gr(e) = ([w] = Oe,ma(M, L)) C ([w], m2(M, L)) + (¢, m1 (L)) = (L) - Z.

Hence, kp.1(c) > k follows from Proposition .41} O

9More precisely, Polterovich proved v < 2e(11(L)) and Chekanov proved v < e(t1(L)) under very
general assumptions.
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5.4.1 Examples

Example 5.4.13. Consider R?" equipped with the standard symplectic structure w :=
S1dxy A dy; and denote by p : R?® — R? the projection onto the first factor of R?" =
R? x --- x R%. Choose a Hamiltonian H € C*°(R?") which is proper and bounded from
below and fix an energy-level k € R such that X # (). Choose r > 0 such that p(X;) C R?
is contained in the open disc of radius 7 centered at the origin. Denote by L C (R?", w)
the split Lagrangian L = S'(r) x - - - x S(r) which is the product of circles in R? of radius
r, centered at the origin. Then e(X;) < 7?7 = v(L), so Theorem [5.4.4 gives the following
statement: For every ¢ € r?7- HY(L;Z) C H'(L;R) and every a € Sh(3y; L, ¢) there exists
€ M(Zg; ¢mr) such that
(a, p(p)) <O0.

Apart from R?", the main example we have in mind is that of Hamiltonian dynamics
on a twisted cotangent bundle.

Example 5.4.14. Consider the two-torus T? = R?/Z? and denote by Q a closed 2-form
on T? such that Jp2 ©Q = 1. The symplectic structure on the twisted cotangent bundle
(T*T?,w) is defined by

w:=dMp2 +7Q,

where 7 : T*T? — T? denotes the footpoint map and Ar2 denotes the Liouville 1-form.
Note that (T*T?,w) is weakly exact. Let H € C°°(T*T?) be a Hamiltonian which is proper
and bounded from below. From [40] it follows that every sublevel set ¥, = {H < k}
is displaceable. Suppose L C ¥ C (T*T? w) is a Lagrangian 2-torus!! Since (L)
is Abelian, Lemma [5.6.1] on page [Tl guarantees the existence of a ¢ € H'(L;R) such
that 0|, v,y = [Wllro(ar,0)- Applying Theorem 4Tl we then conclude that for any
a € H'(Zy; R) satisfying
alp € (e(Sy),00) - HY(L; Z) — &

and any € > 0 there exists a u € M(Xg; ¢m) such that

(a,plp)) < max H — k + .

Example 5.4.15. Consider the 2-sphere S? equipped with a closed 2-form € such that
J52©Q = 1. Denote by 7 : T*S? — S? the footpoint map. We want to apply our results
above to study Hamiltonian systems on the twisted cotangent bundle (T*S?,w), where

w = dg2 + T

Clearly (T*S? w) is not weakly exact. There exists a rational Lagrangian 2-torus L C
(T*S? w) with v(L) = 1. Assuming this fact for now, let H € C°°(T*S?) denote an
autonomous Hamiltonian which is proper and bounded from below and let k& € R denote
an energy level such that ¢(3;) < 1. Then by Theorem (.24} for every ¢ € H'(L;Z) and
every a € Sh(Xy; L, ¢) there exists a u € M(Zg; ¢p) such that

(a, p(p)) <O0.

In order to see the existence of L, let’s be explicit and view

S? = {(z,y,2) ER® | 2® +¢y* + 22 = 1}.

"There are several ways of finding Lagrangian 2-tori in (T*T?,w). One can find "small" ones in Darboux
charts but there are also several other approaches. See e.g. Example Note that, since every closed
Lagrangian in (7 T2, w) is displaceable, it follows from the adjunction formula, that every closed orientable
Lagrangian in (T*T?,w) is topologically a 2-torus.
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Since Q|g2(,~_1) is exact we can denote by £ a 1-form on S*N{z > —1} such that Q = d¢
and choose a smooth function p : S? — [0, 1] such that

ogsy = {1 115212
x’ 72 =
Py 0, ifz<-2/3.

By Moser’s argument the symplectic manifold (7*S?,&), where
B = w — dr(p€),

is symplectomorphic to (7%S?,w). Denote by f : B?(2) — S? an embedding which iden-
tifies the closed 2-disc B?(2) := {(x1,72) € R? | 22 + 23 < 4} with the upper hemisphere
S? N {z > 0}. Since W|s2n(z>0y = dAs2|s2n(z>0y f induces a symplectic embedding

F = (df*)™": (T B*(2), Ap2(y)) — (T75%,@)

Denote by T C B*(2) c B?(2) x R? = T?2B?(2) a rational Lagrangian 2-torus with
¥(T) = 1. We claim that F(T) C (T*S% &) too is a rational Larangian 2-torus with
¥(F(T)) = 1. In order to see this, let u : (B?(1),0B%(1)) — (T*S? F(T)) denote a
smooth topological disc on F(T'). It suffices to check that [, @ € Z. Since we clearly have
[, dAs2 € Z it in fact suffices to check that [ (Q — d(p€)) € Z, where v = 7o u. To see
this we note that, since 7(F(T)) C S? N {z >0} and S? N {z > 0} is contractible, we can
extend v to a map v : B%(2) — 5% such that 9(0B?(2)) = {(0,0,1)}. Since the 2-form
(Q — d(p¢)) vanishes on S? N {z > 0} we have [>(Q —d(p€)) = [, (2 — d(p€)) and since
v(0B*(2)) = {(0,0,1)}, ¥ induces a map v : S? — S% Now [(Q — d(pg)) is simply the
degree of ¥. In particular it is an integer. This proves the claim that F(T) C (T*S? @) is
a rational Lagrangian torus with v(F(T)) = 1. Since (T*5% &) = (T*S?,w) we conclude
that there exists a rational Lagrangian torus L C (T*S?, w) with v(L) = 1.

Remark 5.4.16. The choice of the above example is not coincidental: One could ask if it
is possible to study Hamiltonian systems on the twisted 7%S? from the previous example
using Lagrangian Floer homology. However, this approach seems unlikely to succeed. In-
deed, as pointed out to me by MathOverflow-user Nikolaki [66], if one manages to find a
Lagrangian L C (T*S?,w) for which there exists a well-defined Floer homology HF(L),
then probably HF (L) = 0. This follows from the fact that (if well-defined) H F'(L) should
be a module over the symplectic homology SH (T*S?) of (T*S?,w). A result due to Ritter
[80, Theorem 5] implies that SH (T*S?) = 0 (see also Benedetti’s thesis [7] for applications
of symplectic homology to Hamiltonian systems on twisted cotangent bundles). Indeed,
Ritter’s result says that the symplectic homology (with coefficients in Zj) of the total
space Tot(O(—2) — CP!) of the holomorphic line bundle O(—2) — CP! vanishes. In
order to see that (T*S? w) is symplectomorphic to Tot(O(—2) — CP), we note that
the Chern number of the holomorphic tangent bundle TCP! — CP! equals x(CP') = 2.
Hence, O(—2) — CP! is realized by the holomorphic cotangent bundle 7*CP! — CP!.
Since the canonical symplectic structure on Tot(T*CP! — CP!) represents the coho-
mology class [w] € H(T*S%R) = H%(CPY;R) one can apply Moser’s trick to see that
Tot(O(—2) — CP?') is symplectomorphic to (T*5?, w).

5.5 Preliminaries

Here we discuss some of the background material used frequently in the above sections.
Recall that a Lagrangian submanifold L C (M,w) is said to be monotone if there exists a
constant 77, > 0 such that

W|7r2(M,L) =TL" M\WQ(M,L),
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where w\m( a,r) denotes integration of w and u\m( a,r) denotes the Maslov index. If in
addition the minimal Maslov number of L is > 2, then the quantum homology QH.(L; Zs)
and Floer homology HF(L;Zs) of L are well-defined [15], [I04]. Our main reference for
QH.(L;Zs) and HF,(L;Z3) is Zapolsky’s excellent [I04]. In order to set the notation we
use here we will discuss a few details about HF,(L;Zs) and the constrution of spectral
invariants. Recall that, given a Hamiltonian H € H such that ¢}, (L) h L and a generic
path {Ji }e[o,1) of w-compatible almost complex structures, HF,(L:H,J) is the homology
of a Morse-type chain complex (CFy(L:H, J),d) generated by critical points of the action
functional

Ag..(v = [7,7]) /Ht dt—/’AY*W-

Here the input 4 consists of a smooth path ~:([0,1],{0,1}) — (M, L) as well as an equiva-
lence class of cappings 7 of 7y in the sense of [I04]. The equivalence relation identifies cap-
pings which have the same symplectic area. As a result, generators of CF,(L:H, J) have
an asociated action and we denote by (CFZ(L:H,J),d) (a € R) the subcomplex generated
by elements whose action is < a. This is indeed a subcomplex as d decreases action, and
its homology is denoted by HF®(L:H, J). The inclusion i, : CE#(L:H,J) — CF.(L:H,J)
induces maps ¢ : HF}(L:H,J) — HF.(L:H,J). By standard arguments HF,(L:H,J)
is independent of the data (H,.J) and identifying all such groups via canonical continua-
tion isomorphisms we obtain a ring HF(L;Zs), which is isomorphic to QH (L;Zs) via a
PSS-isomorphism
PSS : QH,(L; Zy) = HF.(L; Zs).

Under the assumption QH.(L;Zs) # 0, the Leclercq-Zapolsky spectral invariant I, :
Ham(M,w) — R which we consider is defined by

I1(bg) := inf{a € R | PSS([L]) € Image(i%) C HF.(L;Zs)},

where ¢ : HF(L:H,J) — HF.(L:H,J) = HF.(L;Z) and [L] € QH(L;Z>) denotes the
"fundamental class', i.e. the unity for the ring-structure on QH,(L; Z2). For further details
on Iz, and the properties satisfied by I;, we refer to [58] and [62]. An important property
for us is that [y, satisfies the triangle inequality:

IL(Pudr) <ln(dn) +1(dx) ¥V H, K eH.

As a consequence of this, the limit (B.]) exists and op.1, is well-defined. The following
theorem is due to [62] in a slightly different setting. In fact, [62] presents many more
properties of op.; in the setting of a cotangent bundle. Here we only list the properties
which will be useful to us.

Theorem 5.5.1 ([62]). Given any H € H, the function op.;, : H'(M;R) — R from Defini-
tion [2.2.7] is well-defined and it satisfies the following properties

a) oy.p is locally Lipschitz with respect to any norm on H'(M;R). In particular og.r, is
differentiable almost everywhere.

b) Suppose ¥ = {Pr},c(0,1) 95 a symplectic isotopy with 1o = id. Then

in H(z) < op. < H(x),
(i H@) <omr(o) < max H(z)

where ¢ := Flux(y)) € H'(M;R).

¢) If ¥ = {¥i}iep,1) C Symp(M,w) is a path of symplectomorphisms with 1o = id and
¢ :=Flux(¢y) € H'(M;R) then

O (n)(€) =omr(c+d) Vee HY(M;R).
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d) For every ¢ € Ham(M,w) we have op.1, = 0p.¢(L)-

In [2I] we obtained an alternative version of the last property: If L' C (M,w) is
another monotone Lagrangian submanifold which is monotone Lagrangian cobordant to
L then og.;, = og.p.

5.5.1 Subdifferentials and rotation vectors

In this section we recall a few basic facts about the Clarke subdifferential df of a func-
tion f as well as about the approximate subdifferential 04 f which is needed in the proofs
below. For further references on the Clarke subdifferential we refer to [30] and for further
references on the approximate subdifferential we refer to [51]. Denote by V' a finite dimen-
sional vector space over R and by f : V' — R a function which is locally Lipschitz (with
respect to any norm on V'). The generalized directional derivative f°(z,v) of f at z € V
in direction v € V is by definition the number

f°(x,v) := limsup fly+ 7o) — f(y)

Yy—T T
710

f°(xz,v) is a real number because f is locally Lipschitz. The Clarke subdifferential (or
generalized derivative) of f at x € V is by definition the non-empty subset

Of(x) ={v" e V* | (v*,v) < fo(z,v) Vv eV}

of V*. Note that since f is Locally Lipschitz it is differentiable almost everywhere A key
property of df is [30, Theorem 2.5.1], according to which, for any Lebesgue 0-set S C V
containing the non-differentiability points of f we have

of(x) = conv({glgglo df (z¢) | (z)ceny C VS s.t. ¢ — x}), (5.22)

where conv(X) C V denotes the convex hull of the subset X C V. Le. df(x) is the convex
hull of the set of all limit points of sequences of differentials df (x.) of f with (z¢)ceny C V\S
a sequence such that x. — z. Another important property which will be used below is
Lebourg’s mean value theorem for df [30, Theorem 2.3.7]: For every pair z,y € V there
exists a t € (0, 1) such that for some

vt e df(ty+ (1 —t)x)

we have
(2 —y) = f(2) — f(y).

We will now discuss some of the basic properties of the approximate subdifferential
Oaf of f due to loffe [51]. We point out that the d4f makes sense also if f is not locally
Lipschitz, but here we restrict ourselves to considering the case when f is locally Lipschitz.
For z,v € V, the lower Dini directional derivative of f at x in direction v is defined by

ff@w%=Mmmf@+TW—f@)

710 T

eR

and the Dini subdifferential 0~ f(x) C V* of f at x is the subset

O f(x) ={v* e V™| (v*v) <d f(z;v) VveV} (5.23)

1 This should be understood in the following sense: If we identify V 22 R* by choosing a basis, then the
set of points in R* at which f isn’t differentiable is a Lebesgue 0-set.
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of V*. Finally the approximate subdifferential of f at x is defined as the subset

af@) = U 9 f), (5.24)
>0 zeU(f,z,0)
of V*, where U(f,z,0) :== {2 |0 < |z —2| < and |f(x) — f(2)| < 0}. A key property
of daf (when f is locally Lipschitz) is [51, Theorem 2|, according to which the Clarke
subdifferential and the approximate subdifferential are related by

Of(x) = conv(daf(x)) VaxelV. (5.25)

Our main interest in 04 is that it behaves well under uniform approximation: By a result
due to Jourani [52, Theorem 3.2], if (f.)cen is a sequence of locally Lipschitz functions
V' — R such that

=3
uniformly, then
Oaf(x) Climsupdafc(y) Vz eV, (5.26)
o
where -
limsup dafc(y) :== () ) onfr(y).
—a =160 k>¢
0<|z—y|<é

We point out that this result is a generalization of Ioffe’s result [51, Theorem 3].

We are interested in the subdifferential of o1, : H! (M;R) — R because they parametrize
rotation vectors of M(¢p)-measures (Theorem [(.2.2)). We recall that, under the canon-
ical identification Hy(M;R) = HJo(M;R)*, the rotation vector p(n) € Hi(M;R) of a
¢g-invariant measure u € M(¢p) is given by

(i) (1) = [ (0. X) dp, ) € Hip(MiRR). (527

For further details and in-depth explanations of rotation vectors we refer to [82] or [92].

5.6 Proofs of results

Before proving the results from Section we present the remaining proofs of results
from Section 5.4l This means proving Theorem [5.4.4l Before doing that we prove a lemma
which was implicitely used in the statement of Theorem (.41

Lemma 5.6.1. Let (M,w) be weakly evact (i.e. W,y =0) and denote by L C (M,w) a
Lagrangian satisfying either the condition that m (L) is Abelian or that the map m (L) —
71 (M) is trivial. Then there exists ¢ € H'(L;R) such that

Olryar.n) = Wlmy(a,)-
Proof. Since (M, w) is weakly exact we may view |[w] as a homomorphism
mo(M, L) /7o (M) — R.

By the long exact sequence for homotopy groups we may view mo(M, L)/me(M) as a
subgroup mo (M, L)/ma(M) < mi(L). If 71 (L) — m (M) is trivial then

mo(M, L)/ma(M) = 71 (L),
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so [w] gives rise to a homomorphism 71 (L) — R which is given by an element & € H'(L; R).
In case 71 (L) is Abelian (so m1(L) = Hi(L;Z)) |[w] descends to a homomorphism G — R,
where G denotes the image of mo(M, L)/me (M) under the quotient map

m1(L) — m(L)/Torsion.

Any homomorphism G — R extends to a homomorphism 1 (L)/Torsion — R by elemen-
tary algebra (use e.g. [49, Chapter II, Theorem 1.6]). The composition

m1(L) — m(L)/Torsion — R

extends [w] and corresponds to an element é € H'(L;R). O

5.6.1 Proof of Theorem [5.4.7]

The proof relies heavily on the work of Entov-Polterovich [38] as well as the work of
Polterovich [78]. Given a 1-form 7 on M we denote by X, the vector field defined by
requiring

Lx,wW =1

Given an autonomous Hamiltonian H € C*°(M), the Poisson bracket {H,n} is the func-
tion given by
{H,n} = w(Xy, X)) = 1(Xnm) = dH(Xy).

Given an open subset U C M we consider the following quantity which is a slight modifi-
cation of a quantity appearing in [78].

. 1ir7.
pby(c) = inf max{H,n}(z), c€ H (U;R).

If X C U is a compact subset we also define

. R 1irr.
pbry(c; X) = inf max{H,n}(z), ceH (U;R).

The following theorem which is due to Polterovich is the main tool which allows us to
construct invariant measures with given rotation vectors using pbg 7. In [78] the statement
appears in a slightly different form, but the version pesented here follows directly from
the theory developed in [7§].

Theorem 5.6.2 ([78]). Let H € C*°(M) be an autonomous Hamiltonian which is proper
and bounded from below. Given k € R and 6 > 0 we set X := {H < k — d}. Suppose for
some ¢ € HY(U;R) there exists € > 0 such that

pbuy, (¢; X) > e
Then there exists a pn € M(Xk; ¢rr) with Supp(p) C X, which satisfies

(¢, p(u)) > e.

The following proof is a small variation of the proof of the main technical lemma in
Entov-Polterovich’s [38].

Proof of Theorem [5.7.7. Recall that we consider ¢ € H!(L;R) and k € R such that
k< km.r(c).

Fix now
a € Sh(Zy; L,¢) € HY(Z; R).
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This means (by definition) that there exists a Lagrange isotopy ¢ : [0, 1] x L — M, starting
at L, which satisfies

Li:=(L)CcY, and Fluxg(v) —c=¢f(alr,) € HY(L;R). (5.28)

Choose § > 0 so small that maxy,(H) + d < k — d. For every € > 0 we can find a smooth
function v : R — R such that

u(t) = maxy, (H)+ 0, ift<maxp (H)+9d
] k-9, ift>k—o,

and 0 < u/(t) < 1+ e. Consider now the Hamiltonian
F:=uoH — (k—19).
Setting X := {H < k — ¢} it suffices (by Theorem [5.6.2]) to show that

Phu s (—a, X) > A=k — max(H) — 26 > 0.
1

Since {F,n} < (14 ¢){H,n} for every 1-form 7 it suffices (by letting € | 0) to show that
pbryx, (—a, X) > A. To see that this inequality holds we choose a closed 1-form 7 on X
with [n] = —a. Our task is to show that maxx{F,n} > A. Suppose for contradiction that
this is not the case, i.e. that

m)%x{F, n} < A.

Exactly as in [38] we then have that the closed 2-form
ws :=w—sdF An

is symplectic for all s € [0, T], where T := %. Note that ws is a well-defined 2-form on all
of M because dF' = 0 on M\ X. Hence, we can define a family of vectorfields (Y5)sejo,7)
by requiring

ly,ws = Fn. (5.29)

Since F'is compactly supported we see that Yy is compactly supported, so it integrates to an
isotopy (ps)sejo,r] Which by Moser’s argument [63] satisfies pjws = w for all s € [0, T]. Since
Ly C (M,w) is Lagrangian and F is constant on L1 we have ws|z, = 0,50 p; }(L1) C (M, w)
is also Lagrangian for all s € [0, T]. Hence, we obtain a Lagrange isotopy E [0,1]xL — M

by defining
. , ift [0,
Q/Jt = { ¢Et [l i]
2

which starts at L and is smooth after a reparametrisation. Now note that because Supp(F') C
X it follows from (5.29) that Supp(Ys) C X for all s € [0, T]. In particular ps|yn x = idan x
for all s € [0,T7]. Since Ly C X it follows that 91 (L) = pp'(L1) C X, meaning

max H < k — 4. (5.30)
P1(L)

Since the family of vectorfields (Zs)s generating (p; 1), is given by

Zs(x) = —dpg  (ps(@)) - Ys(ps(2))
it is easy to check that

w(Zs,v) = —ps(Fn)(v) YoveT,M.
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From F|r, = —A it now follows that

T
Fluse, (0 seior) = [ AlnluJds = —als, € H'(LiiR),

and thus (using (5.28)))

Flux, () = Fluxz, (¢) — ¢ (al,) = c.

In particular we can estimate

max H > kg.r(c) > k.
P1(L)

But this contradicts (5.30). This contradiction shows that maxy{F,n} > A which by
Theorem finishes the proof of the existence of u. In order to see that u can be chosen
to be ergodic we consider the function

R: M(X;¢0u) >R, v R():= (a,p)).

Image(R) is a closed interval: Image(R) = [A, B]. The above proof shows that A < 0.
By [17, Lemma 2.2.1] there exists an ergodic v € M(X; ¢p) such that R(v) = A. Since
M(X;0p) C M(Zk; ¢p) this finishes the proof of Theorem B.4.71 O

Remark 5.6.3. Combining the proof of Theorem and the above proof, it is easy to
deduce that the constructed measure p satisfies H(Supp(p)) C [maxy, H + d,k — 0].

5.6.2 Proofs of results from Section

Proof of Lemma[5.2.0. We first prove that og.;, descends to a Lipschitz function
amp.r : H(L;R) - R

under the assumption that r7, : H*(M;R) — H'(L;R) is onto. Suppose ¢, ¢’ € H'(M;R)
satisfy 7 (c) = rp(c') € HY(L;R). Fix a closed 1-form 7 on M with [] = ¢— ¢’ and denote
by ¥ = {¢: }+er the symplectic isotopy generated by the vector field X, characterised by

LX,W =1).
By property ¢) of Theorem (B35l we can now compute
om.r(c) = omr(c + (¢ = ) = oy 1) ().
We can view ¥ as a Lagrange isotopy starting at L
Y| [0,1] x L — M, (5.31)

with Lagrangian Fluz path s — Fluxy,({1¢|1}o<i<s) € H'(L;R). We compute that
S
Fluxy, ({11 Jo<i<s) = /0 rolex,wldt = ro(c — ¢)s = 0 € HY(L;R)
for all s € [0, 1]. Hence, (531]) is an exact Lagrange isotopy, so there exists ¢ € Ham (M, w
such that ¢(L) = ¢1(L). Applying property d) of Theorem B.5Tlwe conclude that o ., () (c') =
ooy () = omr(c). It follows that, under the assumption that r : H'(M;R) —
HY(L;R) is onto, ag.r : HY(L;R) — R,
ap.L(rp(c)) ==on.p(c), c€ H (M;R)
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is well-defined. Clearly ajy.;, is Lipschitz. The second part of Corollary follows from
Theorem if only we prove that

80‘H;L(C) = iL(aOzH;L(TL(C))) Vce HI(M;R).

This is essentially an exercise in non-smooth analysis. Denote by S;, C H'(L;R) the set
of points ¢ € H'(L;R) at which ay.r is not differentiable and define Sy := r;l(SL) C
H'(M;R). By Rademacher’s theorem Sy, is a nullset in H'(L;R), so Sy is also a nullset
in H'(M;R). By the usual chain rule og.;, = agy.; o ry, is differentiable at every point
c € HY(M;R)\Sys with differential

dop.r(c) = dag.L(rp(c)) oL
Under the canonical identification Hy(—;R) = H'(—;R)*, this identity reads
dUH;L(C) = iL(dOtH;L(TL(C))) Vce Hl(M,R)\SM (5.32)

Fix ¢ € HY(M;R). Using (5.22) and the fact that i is both continuous and linear it
follows from (5.32)) that
80’H;L(C) D) iL(aQH;L(TL(C))).

In order to see the other inclusion we recall that a classical result due to Carathéodory [81],
Theorem 1.1.4] says that any element of the convex hull conv(A) of aset A C R™ is a convex
combination of at most n + 1 points from A. Thus, by (5:22) it suffices to take a sequence
(c)een € HY(M;R)\Sy; with ¢c — ¢, such that h := lim._,o doy.1(c.) exists and show
that h € ir(Oam...(rr(c))). To see this, consider the sequence (dap.r(rr(cc)))cen. Since
agr.p, is locally Lipschitz it follows that this sequence is bounded (see e.g. [30, Proposition
2.1.2]). Hence, after passing to a subsequence (still denoted by (dag.r(cc))cen) we may
assume that

h:= clggo dag.r(c.) € dap.r(c)
exists. By continuity of i;, we conclude h = iz,(h) which finishes the proof. O

Proof of Corollary[5.2.4. Consider the path v : [0,1] — H(L;R) given by ~(t) = tc.
By Lebourg’s mean value theorem (see Section [(.5.1]) there exists s € (0,1) and h €
Oa..(v(s)) such that

(¢, h) = ap.r(c) — ag.r(0).

By a result due to Solomon [91, Lemma 6.6] there exists a symplectic isotopy ¥ :[0,1] x
M — M such that ¢4(L) = ¢(L) and such that rz(Flux(¢)) = c. Using property b) of
Theorem [(B.5.T] we can therefore estimate

c,h) > min H(x) —max H(zx) = min H(x) — max H(x).
(¢, h) in (z) nax (z) L (z) max (z)

The existence of yu € M(¢pg) with p(p) = iz, (h) now follows from Corollary O
Proof of Lemma[5.3.4. Recall that we need to show ay, 7(0,0)(1,0) =0 for I € R, where
Hﬁ(ea-[) = HO(I) + EF(G’I)a

for
Ho(f) = 11[2 & F(Q,I) = go(Il)sin(27r91).

By Theorem [£.5.1] we have
g, 10,0y 1, 12) = ag, 7(1,,1,)(0,0) ¥V ([1,12) € R?.
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Now fix I € R. We need to show that ap, 7(1,0)(0,0) = 0. We will think of T? x R? =
(81 x R) x (S! x R) with coordinates (f1, I1) on the first factor and (6, I5) on the second.
Choose an embedded circle S C (S x R) such that S is Hamiltonian isotopic to {I; = I}
and

Sﬂ{]l < K+2} = {(91,]1) | 0, € {0,%} & |11| < K—|—2}.

Then there exists ¢ € Ham(T? x R?, d\) such that ¢(T(1,0)) = S x {Is = 0} C (S! xR) x
(S' x R) and applying Theorem [5.5.1] gives

ap, 17(1,0)(0,0) = g sx{1,-0y(0,0).

Now consider the action functionals Ag,.gx(r,—0} associated to He (see Section B.5). By
the choice of .S, Remark B.3.T] implies, that the spectru

Spec(Ap,.5x{1,=0}) C R

is independent of € > 0. Since Spec(AH€:SX{12:0}) is nowhere dense and

€ = lgx (=0} (¢17) ER

is continuous, it follows that

Lox{1,=01(0h1.) = lsx (=0} (¥11,) ¥V e>0

(and similarly ZSX{IQZO}(¢];16) = le{I2=0}(¢]12(O) for all k£ € N). This implies that

ap, sx{1=0}(0,0) = gy sx11,=03(0,0).

Applying Theorem [B.5.1] one last time we conclude

Ry, 5x{12=0}(0,0) = gy 7(1,0)(0,0) = Ho|7(1,0) = 0,
which finishes the proof. O

The next several pages take up the proof of Theorem First let’s consider the
setup: Set m = B1(M) and fix once and for all a basis ey, ..., e, for H'(M;R). Choose
closed one forms 71, ...,7n, on M such that ¢; = [n;] and define vector fields X, ,... X,
by requiring

X W = 1 Vi=1,...,m.

Denote the symplectic isotopy generated by X,, by ! = {¢l}er. For each k € N we define
a function ay, : H'(M;R) — R by

(W, Ol Sltn, )
k

ag(c) =

if ¢ = >, kie. The following lemma is due to Vichery [99]. In [99] the case of the
zero-section in a cotangent bundle is considered. But in the general case the same proof
applies.

Lemma 5.6.4 ([99]). The sequence (a)ken converges uniformly to .1, on compact subsets.

20ne should think of Spec(Ap..sx{1,=0}) as the set of critical values for Ag_.sx{1,—0}. For a precise
definition we refer to [58].
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Proposition 5.6.5. Let h € Hi(M;R) be a Dini subdifferential of ap at the point ¢ =
YL Kie € HI(M;]R) We associate to any ¢ = Y[ kje; € HY(M;R) the symplectic
isotopy

A SR (5.33)

and denote by X (x) := %

point x € (L) such that ¢ (z) € 1o(L) and

O¢S+T(x) its infinitesimal generator. Then there exists a
S=

(. h) < % /0 (dH, Xo)dhy (x) dt. (5.34)

Moreover, the curve v : ([0,k],{0,k}) — (M, L) given by y(t) = ¢ly(z) represents the
trivial element in m (M,1o(L)) and there exists a capping 5 of v such that

1 [k 1 [ ..
ar(c) = f/ H(v(t)) dt — f/’y w. (5.35)
k Jo k
Proof. Let us first prove the result under the non-degeneracy assumption
By (L) L. (5.36)

The Hamiltonian kH generates the isotopy t — qﬁ’}? Choose a generic path J = {Jt}te[o,l]
of w-compatible almost complex structures so that we have a well-defined Floer chain
complex (CF(L:kHy,J),d). Choose a function xy € C*°(R; [0, 1]) such that

(s) = 0, ifs<0
XSI=Y 1, ifs>1

)

and X’ > 0. Now fix 7 > 0 so small that ¢'§I¢T(L) M L and consider the s-dependent
Hamiltonian
Fi(z) = kHvo(x) + x(s)(kHr () — kHo(2))- (5.37)

There exists a regular homotopy of Floer data (K, J7*)ser which is stationary for s ¢
(0,1) such that

|FT = K| oo o1]x[01]) < 7° (5.38)
|J — JT’S|C°°(Mx[o,1]) <1 Vse (0,1),

The Floer continuation map
@ : OF,(L:kHy, J) — CF.(L:kH,, J™)
is defined "by counting" finite-energy solutions u € C*°(R x [0,1]; M) to the problem

{ Osu+ J7* (u) (0w — Xk, (u)) =0 (5.39)

u(R x {0,1}) C L,

where the energy of u denotes the non-negative quantity

Ej(u) = /_O:o /01 w(0su, J (u)0su) dtds.

13See (523).
MHere and in the rest of the proof one should not think of T as a continuous variable, but as a fixed
parameter.
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By a very general result due to Usher [96, Theorem 1.4], there exists a cycle
¢ € CF(L:kHuy, J),

all of whose elements have action < I1,(¢y ' @¥0) and which satisfies [¢] = PSS([L]) €
HF,(L:kHg, J ) Since at least one of the Hamiltonian chords of the cycle ®(¢) must
have action greater than or equal to If (¢~ 1(;3’;[1&7), we deduce the existence of a finite-
energy solution 7 (t) = u”(s,t) to (2.39) such that

Aptrgen (W o) < (g ' dfvo)  and 1L (W7 dfbr) < Aprg,n(ul,). (5.40)

Here u” . (respectively uZ) denotes one of the elements of the chain ¢ (respectively ®(c)).
Integrating by parts reveals that u” satisfies the energy identity

fe'e) 1
0 < By () = Aptruns (47 o0) — A, n(ul,) + L /O 0.K,(u” (s,0))dtds.  (5.41)

Using (538) and (5.40), this identity implies the estimate

ag(c+7¢) —ag(c) _ (7 dhebr) — Lt drbo)

T kT
Aprrg,:n(uly) — Axmryo:n (U’ )

IN

kT
[e'9) 1
1 / / O K s(u7 (5, 1)) dtds (5.42)
kT J -0 Jo

IN

i/oo /18FT( (s, ))dtds + —
ko Jooo Jo OV Tk

[ [ e () H 0 0)Y gy 7

Moreover, we can use the energy identity together with (5.40]) to estimate the energy of
u” from above:

Ejr(u7) < 1($g " $irtbo) — L7 Olfrpr) + b max [Hyy — Hifo| + 77 (5.43)
< 2km]\z/}x |Hep, — Hupo| + 72

The last inequality makes use of the Lipschitz property of Lagrangian spectral invariants
(see [58]). Choose now a sequence (7¢)cen C (0,1) such that 7 | 0 and

ag(c+ 1c) — ap(c) c=oo k(c+ 1) —ar(c)

a
—— lim inf (5.44)
Tc 740 T
For each 7. we find a Floer trajectory u® := u™ meeting the requirement (5.40) with

T = T.. Applying Gromov convergence to the sequence (u®).cy we obtain a subsequence
(still denoted by (u®)cen) which Cp2-converges. This follows from a result due to Hofer [47,
Proof of Proposition 2| saying that, in our setup, the obstruction to C}X-precompactness
is "bubbling off" of a non-constant holomorphic disc or sphere. However, this cannot occur
to (u®)cen since the estimate (5.43) implies

Ejgr (u®) =5 0.

15See Section for the notation used here.
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By Fatou’s lemma, this also implies that the pointwise limit u of (u®) e is an s-independent
map given by u(s,t) = u(t) = ZH% (y) for some y € L. Now, using x’ > 0 and the mean
value theorem, we find for every (s,t) € R x [0,1] a 7/(s,t) € (0,7) such that

/(s) (Hllﬁfg (u*(s, ) — Hwo(lf(&t))) ’

X (s
T

= X'()(dH, Xos (s ) (Wry 5,0 (0 (5, 1))

<y dH, X,
_X(S)(m)g%g%wl( , X7)|(2)

Since h is a Dini subdifferential of a; at ¢ and
/ / max  |(dH, X)|(2) dids = max  |(dH, X,)|(z) < oo,

(1,2)€[0,1]x M (1,2)€[0,1]x M

we can apply Lebesgue dominated convergence in the estimates (5.42]) to conclude that

< [ [ v (D) B,
) / R (ng(w(s,t»iH%(u%s,t))) s

= [" [ ¥ Xopwotu(oynds = [ (@, Xo)votu)at

By changing variables to s = kt one now concludes that (5.34) holds for = := ¥y(y) €
Yo(L). In order to find a capping 7 for () = ¢!y (z), t € [0, k] such that (5.35]) holds, we
first note that

Ao (U o), A, 0 (uSe) =3 1 (g drvo), (5.45)

which is easily seen using the estimates (.40) and (G.A4I)). By Cjo-convergence we may
choose ¢ so large that the curve [0,1] > ¢ + u$(t) = u(s,t) is C%-close to u for every

€ [—2,2]. In particular we can choose ¢ so large that the areas of the two cappings of
u, obtained by adjusting the cappings of u®, and u$ given by u° slightly, differ by less
than 77,. Hence, by monotonicity of L they have the same area and thus define a class of
cappings u of u. Given ¢ > 0 we can in addition achieve

|Akrrpo (U o) — Apmg, (W) <€ and  |Agpmy, (u5) — Apmy, (0)] <.

Since Agpy, (1) = Ak, (U) for ¢ — oo these estimates together with

0 < Ak, :n(us) — Akt 0 (us) < Egm (u®) =30
0 < Ak, (U o) — Akiy:n (U o) < Egre (u®) = 0
and (5.45)) imply that .
Arrrye (@) = 1 (¥g  dipabo).

Hence, the cappings of @ give rise to a capping 7 of v such that (5.35) holds.

Let’s now discuss how to deal with the case when assumption (£.36) is violated. Then
we proceed as follows: Again we choose a sequence (7¢)cen such that 7c | 0 and (544 is
satisfied as well as a path J = {J;},¢[0,1) of w-compatible almost complex structures. For
each ¢ we choose H* € C°([0,1] x M) satisfying

|H® — kH |coo (o 1]x0) < 72 (5.46)

as well as
Ghreyy(L) M L and ¢y (L) h L.
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Now choose paths of compatible almost complex structures J¢ = {J;},¢[o,1) Which are
regular in the sense that we have well-defined Floer chain complexes

(CF(L:H<¢07J§),d), (CF(L:Hg¢Tg7J§)7d)

and such that J¢ satisfies
2

|J* = oo (o110 < T2
For each ¢ we obtain by the above procedure a Floer trajectory u* := u™ such that (5.40)
is satisfied with H = H® and 7 = 7. In particular (5.43)) follows with H = H® and 7 = 7.
Using (5.42) and (5.46]) as well as the Lipschitz property of Lagrangian spectral invariants
[58], we can estimate

ar(c+1.d) —ap(c) L (W o r) — Lo (v "k o)

Te kT

o LT Bl tr) — (W Blreto) | 27 (5.47)

Te k

- k
< LI [ (M)~ B0 g

Ts

- /o; /Ok V(s (HwT< (us(s,t)) — Hwo(m(s,t))) dtds + 57

Te k-

Again, by applying Hofer’s compactness argument [47, Proof of Proposition 2], we may
assume that (u¢)cen Cps-converges. Exactly as above the pointwise limit u is a s-constant
map given by u(t) = gi)lf_}fwo (y) for some y € L. Via dominated convergence the estimate

(54T) now gives
1 [k
(@oh) < 5 [ (B Xopoly @) dt

for © = 1o(y) € ¥o(L) and the existence of a capping is obtained exactly as before. This
finishes the proof. O

Remark 5.6.6. Suppose now that w = d\ is exact with A|; = 0. In this case we need to
relate the action appearing in (5.35]) to the one appearing in (5.3]). Choose a closed one
form 7 in the class ¢ € H'(M;R). An easy computation shows that [y, (z)] = Mlyor)] €
H'(1o(L);R), so in fact 7 can be chosen to satisfy (A —n)|y,z) = 0. In particular we then
have

[o= [@ o= = [ 0 xuna - [ X

so (5.35) reads
ar(0) = Ana() + [ 1. X}y, (5.48)

where ji is the Borel probability measure supported on v : [0, k] — M.

Though we are mainly interested in the Clarke subdifferentials of aj.r, the proof of
Theorem [5.2.2) goes via the so-called approzimate subdifferential due to loffe [51].

Proposition 5.6.7. Let h € dgax(c) C Hi(M;R) be an approzimate subdifferential of ay
at c =Y 2 Kie € HI(M;R) Given a fized ¢ = Y% kje; € HY(M;R) we consider the
symplectic isotopy (3:33) and denote its infinitesimal generator by X.. Then there exists
a point x € L such that the curve [0,k] 5 t = (t) = ¢y, (x) satisfies (5.34) and (Z33).

16See (24).
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Proof. By (5.24)) there exists a sequence (c¢)ceny C H'(M;R) such that h is a Dini subd-
ifferential of aj at c. and

. ==X (5.49)

Writing ¢, = 3/ & e; we define the symplectic isotopy

S =)k T
U7 = Ve rer Vg o,

and denote by X: the infinitesimal generator of 7 — v;. By Proposition [5.6.5] there exists
a sequence of points (z¢)ceny with z¢ € vg(L) such that the curves [0,k] 3 ¢t — 7. (t) =
@Y (x¢) have cappings 7, for which

< 1 [ B X5 0c0)

k
anlec) = [ Howo ¢ [5e,

By compactness of M, we may assume that z. — z for some x € M, after passing to
a subsequence. The claim now follows by passing to the limit, using the fact that aj is
locally Lipschitz with respect to any norm on H'(M;R). O

Proof of Theorem [1.2.2. Consider the set

K = {p(p) € Hy(M;R) | p € M(dg)}

of rotation vectors realized by M(¢p)-measures. Clearly K C H;(M;R) is non-empty,
convex and compact. Hence, K is characterized by its support function [81], Section 1.7.1]
Xk : HY(M;R) — R, defined by

" = ''h "€ HY(M;R).
XK(C) rhneal}({@’ >7 c e ( ) )

The characterization is that h € K if and only if
(d,h)y < xg(d) Y eHY(M;R). (5.50)

We need to show that dop.r(c) C K for all ¢ € HY(M;R). In fact, by property c) of
Theorem B.5.T], it suffices to show that dop.r(0) C K. Moreover, since op.r, is locally
Lipschitz and K is convex and closed, it suffices (by (5.20)) to show that

aAO'H;L(O) C K. (5.51)

Fix some h € d40p.1(0). By the above discussion we need to show that (5.50) holds,
so choose some ¢ = Y|"; kje; € HY(M;R). By Lemma 5.6.4 a;, — op.; uniformly on
compact subsets. Hence, applying (5.26) we can find an increasing sequence (k¢)cey C N
as well as sequences (c¢)ceny C H'(M;R) and (h¢)cen C Hi(M;R) such that he € daay (cc)
and

Ce ZF0 and he =X h.

Writing ¢, = Y/ kje; we define a symplectomorphism ¢ by
Y = ;i ngn
and denote by X> the infinitesimal generator of the symplectic isotopy

l RS m
K] +TH] Ko +TKL,

T =
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Applying Proposition [5.6.7 we obtain for each ¢ the existence of z¢ € 1)c(L) such that

ke
(@) < o [ X5 ()

<

Denote by pc € M the unique probability measure characterized by

1 k¢
[ £ dus = k/o foy(x) dt ¥ f e COM),

so that
<C’,hg> S /<dH, X8> dﬂg (552)
By weak*-compactness of M we may after passing to a subsequence (still denoted by
(¢ )cen) assume that
273 SN we M.

By the classical Krylloff-Bogoliouboff argument [55] p is ¢ g-invariant (see also [92), Propo-
sition 3.1.1]). Passing to the limit in (5.52) we conclude that

(h) < [(dHY) du (5.53)
where .
Y =Y KXy,

=1

In particular (using (dH, X,,) = (m, X)) we obtain

(k) <32 [ s Xy = 3 wiler, () = (& pl) < ().
=1 =1

Since ¢ € H'(M;R) was arbitrary we conclude that (5.50) holds, so h € K and the proof
is done. O

We will now discuss the adaptions required to prove the results in the non-compact
setting from Section 2.1

Sketch of proof of Theorem [5.274 and Corollary[5.2.8. Recall that in the non-compact set-
ting we assume that w = dX is exact, with a distinguished primitive \ satisfying Az, = 0.
One then defines each aj, exactly as above, except that 7y, ..., n,, are compactly supported
closed 1-forms which represent a basis for H C}R, (M;R). Now Proposition £.6.5 and (.6.7]
hold exactly as in the compact setting. Fix some ¢ = Y2, ki[m] € HC%R,C(M; R) and denote
by C' C M the closure of the smallest ¢y-invariant set containing the subset

U ¢i1+sl T ¢,Tm+sm (L)

(51,---,8m)€[0,1]m

Since H € H, C is a compact subset of M. Now define
K :={p(n) € H'M(M;R) | p € M(C; ¢m) with Ag () + (¢, p(n)) = om.(c)}-

K is again a convex compact subset of H 1BM (M;R), so it is characterized by its support
function yx : HY(M;R) — R. Given h € daop..(c) and ¢ € H(M;R), an argument
similar to that of the proof of Theorem shows the existence of a u € M(C; ¢g)
satisfying

(B < (s p(w)). (5.54)
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Moreover, applying the statement of Proposition@ﬂ together with the weak*-convergence
it follows that

UHIL(C) = AH,)\(M) + <Cv p(,LL)),
which implies that p(x) € K and (5.54) now implies (¢, h) < xg(c'). Since ¢ € H}(M;R)
was arbitrary this shows that h € K, finishing the proof of Theorem (2.7 The proof of
Corollary is identical to that of Corollary O

Remark 5.6.8. Suppose each ay, is C, apy.p, is C' and that (ak)ken C'-converges to a.r,.
In this setting one can avoid applying Jourani’s result and "upgrade" the proof of Theorem
to show the following: For every ¢ € H'(L;R) there exists a measure u € M(¢pp)
with rotation vector p(u) = dap.r.(c), whose support satisfies

Supp(u) C | ot (L).
teR

In particular, if L is ¢g-invariant then Supp(u) C L.

"More precisely we make use of the fact that (5.48) holds.
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