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Chapter 1

Introduction

This technical report is a summary of most of the topics I was working on
during my first year at the ETH. Hopefully, I hope to expand on some of
them during my dissertation. It is, therefore, to be regarded as work in
progress.

The largest section is about finding new nontrivial bounds for RANDOM
EDGE. It opens, however, with a few facts we observed when looking at ori-
entations on the hypercube and their impact on the behaviour of randomized
pivot rules.

The final section is dedicated to some ideas connected to Balinski’s The-
orem and other path properties on oriented polytopes.



Chapter 2

Randomized pivot rules on
the hypercube

2.1 The Matousek class

The subexponential bounds established for randomized pivot rules are valid
for more general settings like the so-called LP-type problems — not just for
LP as such. Most interestingly, Matou$ek could construct a class of problems
[4] whose LP instances, as shown by Gértner [1], can be solved by RANDOM
FACET in polynomial time while some of its non-LP instances are proof that
the subexponential bounds are tight.

We studied how RANDOM EDGE is doing on the Matousek examples,
and claim now the following:

In dimension d

2kth : 010101...0110...0
the{ 2k 4 1th }mw‘s"“hef"rm{ 111111 ...1110 ... 0 }

i.e. the matrix is of the form

1
11

01 1

1111

0 10 11 if d = 2n,
111111

01010 0 11

11111 1 111
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Taking the average expected value over all the vertices the following
matrix seems to be the worst case:
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All these worst-case-examples are non-realisable.
Using RANDOM FACET the picture is not quite so clear. The main prob-
lem being, that computing the exact expected number of pivot steps becomes
to time-consuming already in dimension d = 6. Let us therefore just give
the worst cases in dimension 3,4 and 5:

‘ dim ‘ key H WCaverage ‘ WCmax ‘ WCsourse H

3 7 2 3.66667 | 3.66667
8 2.25 3.66667 | 3
4 60 3.5 5.66667 | 4.5
62 3.5 5.33333 | 5.16667
63 3.25 5.66667 | 5.33333
64 || 3.5 5.5 4
5 951 | 4.75 8.13333 | 7.33333
956 | 5.1 8.13333 | 6.5
958 || 5.11667 7.6 7.2
984 | 5.10833 7.86667 | 6
991 | 4.75 7.9 7.9
992 || 5.14167 7.9 9.56667
1019 || 4.75 7.9 7.9
1020 || 5.11667 8.13333 | 6.4
1023 || 4.75 8.13333 | 7




We notice some pattern here (see the following table), but rather not
dare to claim to be able to recognise the decisive one.

|| dim || WC(wemge| WC’maz| WCsourse ||
1 0 0 1 0 0 1 0 0
3 81 1 0 710 10 7 0 1 0
1 1 1 1 1 1 1 1 1
1 0 0 0] 1 0 0 0] 1 0 0 0]
1 1 0 0 1 1 0 0 01 0 0
4 60 1 1 1 0 60 1 1 1 0 4T 1 1 1 0
[0 1 1 1| 0 1 1 1 | 10 1 1|
1 0 0 0] 1 0 0 07 1 0 0 07
1 1 0 0 01 0 O 01 0 0
62 0 1 1 0 63 1 1 1 0 59 1 1 1 0
101 1 1| 11 1 1 | 01 1 1 |
1 0 0 01
1 1 0 0
64 1 1 1 0
L1 1 1 1 ]
1 0 0 0 0] 1 0 0 0 0] 1 0 0 0 0]
1 1 0 0 0 01 0 0 O 01 0 0 O
5 958 | 0 1 1 0 0 9%1 (1 1 1 0 O 91 (1 1 1 0 O
1 1 1 1 0 1 1 1 1 0 1 0 1 1 0
10 1 1 1| (000 1 1 1| 1 1 1 1 1|
1 0 0 0 0] 1 0 0 0 0] 1 0 0 0 0]
1 1 0 0 0 1 1.0 0 0 01 0 0 O
984 | 1 1 1 0 0 956 | 1 1 1 0 0 1019 11 1 1 0 0
1 0 1 1 0 0 1 1 1 0 0 1 1 1 0
0 1 1 1 1| 10 1 1 1| 11 1 1 1|
1. 0 0 0 0] 1 0 0 0 0]
1 1 0 0 0 1 1.0 0 0
992 1 1.1 0 0 1020 1 1.1 0 0
1 01 1 0 0 1 1 1 0
11 1 1 1| 101 1 1 1|
1 0 0 0 0] 1 0 0 0 0]
1 1 0 0 0 01 0 0 O
102011 1 1 0 0 1023 |1 1 1 0 O
0 1 1 1 0 1 1 1 1 0
11 1 1 1| 101 1 1 1|

2.2 Sparse Matrices

As briefly mentioned above, Gartner managed to show, that RANDOM FACET
takes an expected O(d?) number of pivot steps on a subclass of Matousek’s
AOF, characterized by the sparsity condition A~! having no more than two
l-entries per row (incl. the diagonal entry). (This class contains all realiz-
able instances but possibly more.)

In this context two questions arised:
What is the expected number of pivot steps

1. if A= has no more than k 1-entries per row? (Possibly O(d**+1)?)



2. if some general sparsity condition holds (i.e. A~! has no more than
kn l-entries)? Does still O(d**!) hold?

To answer the latter one, we identify the matrix A(S) with A*(S) which is
just A with all nondiagonal column and row entries whose indices are not
in S set to zero. This again is an invertible matrix, and inv(A*(S)) can also
be derived by setting some elements of inv(A(S)) to zero.

In case S = [d] \ {k}, we can write A*(S) as the matrix product L A M,
where L (M) are unit matrices whose k' row (column) was substituted by
the k" row (column) of inv(A). Further, inv(A4*(S)) = inv(M)inv(A)inv(L)
where inv(M) und inv(L) have the same structure as M and L before.

1 if 1 = j;
A= (aij), where Q5 = 0 if ¢ > j;
Oorl o/w.
B=A"1=(bj)
A*(S) = LAM
Py
0---0 1
= 0
Q : D
0

where all the diagonal entries are 1, P, P» are lowerdiagonal matrices,
@ is just some matrix with entries 0 or 1 and L, M are just as described
above.

(A*(S)™t = mMmtalrnt

Pt
0---0 1
= bi+1k 0
Q+ (bg1---brr—1) : Lopy!
bnk 0

This tells us that the number of 1-entries in A~! can remain constant,
get smaller, or can get bigger by at most (n —i)i — |n — 1|.

In other words, it seems impossible to answer the second question in any
satisfying way.



2.2.1 Example

Given
1 0 0 0
L as 1 0 0
A= az1 azxx 1 0
as1 42 a4z 1
We can write
1 0 0 0
A_l — —an1 1 0 0
a21 432 — a3y —asz I 0
—@21 A32 A43 + A21 Q42 + 431 G43 — Q41 (32 43 — 42 —a43 1
And with
1 0 0 0
7= 0 1 0 0
as1azx —azy —az 1 0
0 0 0 1
and
1 0 0 0
0 1 0 0
M = 0 0 1 0
0 0 —a43 1
A*(S) is just
1 0 0 O
L as 1 0 0
LAM = 0 0 1 0
a1 ag2 0 1
and
(A*(S) t=Mm1ta !
1 0 0 0
. —an 1 0 0
asz(az az2 — az1) — a2 azz aqs Cap 01

+ag1 a42 + a3l a43 — a41
Maybe, the first sparsity condition is more promising?

Another idea from Bernd is the following: The real inverses of all matri-
ces A not containing the ‘forbidden’ submatrices seem to have only 0 and
+/ — l-entries. Maybe this can be proved. And, maybe, it will be prove
useful to focus the attention on the class of all matrices with this property.



2.3 More about RANDOM FACET on the hypercube

We examined the behaviour of RANDOM FACET on the hypercube. In par-
ticular we wanted to know whether this pivot rule is provably faster on
realizable instances compared to non-realizable ones.

As proved by Holt and Klee, one necessary condition for realizability
is the existence of d vertice-disjunctive paths from source to sink. So we
calculated the expected number of steps for each possible orientation:

distance satisfying not satisfying
between source & sink path condition

1 1390 # 978
3.61 0 3.73

3.17 min 3.17

4.5 max[source] 4.33

5.75 max|all] 5.83

2 1696 # 2436
4.23 0 4.37

3.17 min 3.17

5.5 max[source] 5.42

5.83 max/all] 5.83

3 2494 # 2559
4.78 0 4.90

3.5 min 3.5

6 max[source] 6.08

6 max/all] 6.08

4 433 # 754
5.24 0 5.31

4 min 4.33

6 max[source] 6.08

6 max/all] 6.08

| total | 6113 | # \ 6527 |

We observed that neither RANDOMFACET nor RANDOM EDGE was con-
sistently faster than the other or vice versa.



source <—-> sink = 3 source <—-> sink =4

We looked hard at all the ‘bad’ orientations on the hypercube which
lead the randomized pivot rules to a high expected number of pivot steps.
Unfortunately, it was impossible find some regularity in their structure which
would be sufficient to show something valid in general dimension.

2.4 Even more about RANDOM FACET on the hy-
percube

When we run RANDOM FACET we find the optimum (v}, say) of a randomly
chosen facet ¢ to which the starting vertex is incident. If this is not already

the optimum we repeat the process from the neighbouring vertex (v!') not

element of this original facet. Let d; be the dimension of the smallest face
containing v as well as the global optimum.

Claim: ), d;(realisible cubes) < . d;(non-realisible cubes).
Lemma 2.4.1 Y, d/ < (%)

Proof: Let Fi,...,F; denote the facets to which the starting vertex is
incident s.th. wlog. the following holds:

opt(Fy) < ... < opt(Fy)
U7IZI < Opt(-FZ)a s 7Opt(Fd)
opt, v € Fj'N...NFy

= ng’§0+...+(d—1):(g>

O

For instance, if we can construct a 4dimensional hypercube which satis-
fies the path condition but for which )", d} = (g) = 6 our claim is shown to
be not valid.

Unfortunately, this is the case, see the following example:

10



o There are d vertice-disjunctive
a'=3 paths from source to sink in
each d-dimensional subcube in
this example, nevertheless, the
sum of the d equals 6.

2.5 More about RANDOM EDGE on the hypercube

If we don’t make any further assumptions what are the ‘worst’ orientations
on the hypercube, which ones trigger the highest expected number of pivot
steps for RANDOM EDGE?

As it turned out, (although we could check this only up to dimension
4,) the ‘bad’ cubes are of the following form: We have a d — 1-dimensional
‘top’-cube and a d — 1-dimensional ‘bottom’-cube. Of the 2¢ edges from one
to the other exactly one is going from the top to the bottom, namely the
one connecting the two sinks; all the other edges point from the bottom to
the top.

The structure on these subcubes is less clear. That is unfortunate, as it
plays an important role if one wants to prove some bounds for this class of
hypercubes. On the other hand, we had no idea how a construction rule for
the orientation of a d-dimensional hypercube should look like such that it is
provably ‘bad’.

11



2.6

Encoding Hypercubes as trees

The MatouSek class is just a small subclass of all possible oriented hyper-
cubes.

Here is a suggestion for a bigger one: We consider all hypercubes C' with
the following property:

1.

The hypercube can be ‘split up into’ two d — 1-dimensional hypercubes
C and Cy and 297! edges going from Cy to Cj.

Each face (some hypercube of dimension &) which could be ‘separated’
by such a splitting process can again be split into two k—1-dimensional
subfaces F, F5 such that all edges point from one of subfaces (F», say)
to the other (F}).

It is clear, that given a hypercube with this property we can construct
a tree according to the following recipe:

1.

2.

The hypercube itself is the root.

Each face which is split is a node, its two children are the two subfaces
it splits into.

Each node has the additional information (d, %), where k is the dimen-
sion which is for each vertex of a subface constant but in which the
two subfaces differ, and 7 is the direction, i.e. it isl for a subface if it
contains source of the face, it is 0 if it contains the sink.

(All this becomes clearer when looking at an example.)
There are some invariant operations on these trees worth mentioning:

If the nodes on one tree level all have the same dimension we can
swap that dimension with the one at the root. [This is equivalent to
a rotation of the cube.]

If on one level of the subtree dimension and direction are throughout
identical we can exchange both with the entries at the root of the
subtree. [This is equivalent to changing the order of the construction.]

And, finally, we can of course always exchange the two subtrees of a
node. This only needs some updating on the directions.

What is this all good for?

The main obstacles of making use of this transformation is that, although
possible, it is hard to check whether two trees are encoding isomorphic
hypercubes. Even more importantly, it seems even harder than on the actual
orientated hypercubes to find some structure or pattern which distinguishes
the ‘good’ from the ‘bad’.

12



Chapter 3

Towards untrivial bounds of
RANDOM EDGE

Of all the randomized pivot rules for linear programming RANDOM EDGE
is somewhat the easiest: At any nonoptimal vertex x of P, follow one of the
decreasing edges leaving © with equal probability.

Notwithstanding its simplicity, it proved to be extremely difficult to anal-
yse its runtime-behaviour. Gértner, Henk and Ziegler [2] managed to show
the following: The expected number E, of steps that the RANDOM EDGE
rule will take, starting at random vertex on the n-dimensional Klee-Minty
cube, is bounded by

This implies that there is a vertex z with E,(z) = Q(n?/logn) — but this
lower bound could not be shown to hold for a specific vertex.

In the previous section we tried (more or less unsuccessfully) to find
orientations on hypercubes on which the RANDOM EDGE has also a provably
‘bad’ behaviour.

Now we will follow a different approach. We no longer consider hyper-
cubes but (simple) polytopes with only d + k facets, where k is small.

3.1 Polytopes with d + 1 facets

Naturally, these polytopes are just the well-studied simplices.

Theorem 1 Given a simplex in d dimensions the expected number of steps
that the RANDOM EDGE rule will take, starting at the source vertez (that is,
the one with outdegree d), equals Hyy .

Proof: Note that a simplex with an orientation induced by some linear
function has exactly 1 vertex with outdegree 4, for each ¢, 0 < i < d + 1.

13



Let a; denote the expected number of steps starting at a vertex with outde-
gree i. Then we have

1 n—1
an = 1+EZai
=0
n—1
na, +n = n—i—Zai
=0
na, +(n—1a,-1 = l+ay
n(a, —ap—1) = 1
1
an —0ap-1 = —
n
= anp, = H,

O
So in this simple case we can actually determine the expected number
of steps for any starting vertex. The asymptotic behaviour is both for the
average (by A.4) and for the worst case Q(logd).
3.2 Useful Transformations and j-facets

As it is to expect things are getting complicated for £ = 2 already. Before
we discuss this case in detail we therefore briefly introduce a couple of very
useful transformations.

3.2.1 The Polar Of A Polytope
Let P be a polytope in R%. W.lo.g. assume 0 € int(P).
Definition 3.2.1 For any subset P C RY, the polar is defined by

PA:={ce(RY)*:cx<1 VxeP}C(RH* (3.1)

14



Lemma 3.2.1 Let 1,0 €[ be a directed line representing a linear function
and P as above. Then the linear order of the wvertices of the polygon is
identical to the linear order induced by | on the facets of the polar P,

Proof: W.l.o.g. we can assume [ = z,, where z,, is the nth axis. So given
p,qg € P,p<q<&p, <q, We want to show that the intersection point
p5 of [ with p® is earlier than ¢5*. Now p ={(c1,...,cn)| Do cipi = 1}
implying p5* = (0, ..., an)’ a5 = (0,.. ) But p, < qn 1mphes L > o

3.2.2 The Gale Transformation

Definition 3.2.2 Let d < n. Given A € R" and B € R™" %1 (se-
quence of n points in R% and R"%1), with AT1 =0 and BT1 =0 (origin
is centroid) and both matrices of full rank (not all points on a common
hyperplane), then we call B the orthogonal dual of A, A 1 B, if BTA=0.

(0 0 —1]|1| 80 —96 ) § ;
—2 -2 0|1|-27 47 c °
2 —2 0]1|-19 39 A o Lre

0 6 0|1|-18 26 ( B

1 -1 —=5|1|-16 0 ] /
(-1 -1 61| 0 —16 | /

When we apply this transformation on the n vertices of a simpl+icial polytope
together with an interior point Fy lying on some given line [ that goes
through the origin, we get n + 1 points in dimension n — d, some line g and
the following lemmas hold:

)

Lemma 3.2.2 Consider a partition of P,P = QU R,QN R = 0. Then
Q forms a face of conv(P) <= conv(R U Py)* contains the origin. In
particular, if |Q| = d,|R| = n—d, Q forms a facet of conu(P) <= conv(RU
Py)* is a simplex: containing the origin.

Since P is not contained in any of the ()—faces of P, Py is vertice of all
the (R U Py)* simplices.

Lemma 3.2.3 Let [,0 € g be a directed line representing a linear function
and P* as above. Then the order of the facets induced by the visibility in
respect to [ is identical to the linear order induced by the intersection points
of the according simplices with the line g = [*.

How can we calculate the dual of a point set?
Get (A—1T> into the form (I;.1|M), then B = (_M ) will do the job.

Ta41

15



3.2.3 j-facets

Given a set S of n points in R? (no d + 1 on a common hyperplane). A
directed line [ enters a j—facet, if it intersects the relative interior of the
spanned simplex, form the positive to the negative side.

Definition 3.2.3 An oriented simplex spanned by d points of S is called
j—facet, if there are exactly j points of S on its positive side.

Note: O-facets are the facets of convS.

3.3 Polytopes with d + 2 facets

We are going to try to look at the combinatorial structure of the polytopes
with d + 2 facets by applying the duality mappings which we have just
discussed in the previous section consecutively.

This we will give us the following:

Primal: That is our starting point. Given is a simple polytope P with n+2
facets. W.Lo.g. 0 € P. Each face FF = Fy N---N Fi has a unique sink
v(€ F1N---NFy); the orientation of the edges is induced by some line

ly, 0 €.
Polar: The polar of P2 is simplicial, and each face F2 = conv(F2,..., FkA)
is incident to a unique minimal facet v® with FIA, . ,FkA C v®. The

order of the facets is induced by [} = lOA. We add an auxiliary point
Py, PgEllﬂP\O.

Dual of the Polar: Finally, after applying the Gale-transformation, we
have a set of n + 3 points in the 2dimensional plane and the lemma
3.2.2 holds.

3.3.1 The refined index

Definition 3.3.1 Given a planar point set S, a linel, SNl =0, and a
j-facet f. For a :=# of points on positive side of | and f, and b :=# of
points on negative side of | and positive side of f, let (a,b) be the refined
index of f.

Lemma 3.3.1 Let npos, Nneg be the number of points in P on positive, neg-
ative side of S, respectively.

1. All refined indices lie in [0...npos — 1] X [0...npeq — 1].
2. No two x-facets have the same refined index!

3. 1 enters nposnineq *-facets.

16



Corollary 3.3.1 Ewvery pair in [0...npos —1] X [0. .. npeqg — 1] occurs exactly
once as a refined index as there are: (0,7),(1,5 —1),...,(j —1,1),(4,0).

Theorem 2 In the plane, line | enters min{j + 1,n — j — 1,npos, Npeg }
j—facets.

The h-vector tells us the numbers of j-facets (= hj). j<n—j—1:
h=(1,2,....5,5+1,....0+1,5,5—1,...,2,1)
| L a—

all j+1

From this we can derive the f—vector, for fr_1 = Z?:o h; (i:i)

But it is also possible to compute it directly:

min{npos,n—k—1}
- Npos Npeg
pe s (7))

where w.1.0.g. 7p0s < Nipeg.

3.3.2 How AOFs come in

Taking the risk that this slight detour prolongs this already long chapter
even more we will shortly apply yet another transformation — this time to
the 2dimensional point set we received after applying GALE — and return in
a way (surprise!) just where we started!

But before we do so we briefly introduce some necessary background just
to have it all together..

Let L, R be two finite sets of cardinality [ and r, resp., and let < be a
total order on L x R. We define a directed graph G = G(L,R,<) on L X R
by introducing directed edges

{ (a,b) — (d',b), whenever (a,b) > (a’,b)
(a,b) — (a,b), whenever (a,b) > (a,b’)

Definition 3.3.2 The pair A = (LX R, <) is an abstract objective function
(AOF) iff

e G(L,R,<) is acyclic, and

e the induced subgraph (G', R', <) has a unique sink for oll L' C L, R’ C
R with L', R' # 0.

Lemma 3.3.2 Let A= (L x R,<) be an AOF and consider z,a € L,y,b, €
R.

o if (z,b),(a,y) < (a,b), then also (z,y) < (a,b),

e if (z,b),(a,y) > (a,b), then also (z,y) > (a,b).

17



With this at hand we can now define an “abstract” version of the refined
index:

Definition 3.3.3 For (a,b) € L x R we define
v(a,b) := (|L(a, b)[,|R(a,b)]),

where
L(a,b) := {x € L|(2,b) < (a,b)},
R(a,b) :={y € R|(a,y) < (a,D)}.
We call y(a,b) the refined index of (a,b).

Theorem 3 The refined index v : L x R — {0,...,1 —1} x {0,...,r — 1}
18 o bijection.

Back to our 2dimensional point set transversed by some line [. We
number all points on the left by 1,...,L and all points on the right by
1,...,R. Each facet is now represented by a pair (a,b) € L x R and has a
unique refined index 7(a, b).

O
m

|

e

w
e < — o0 <o
e — > 0 =<— o

|

Two immediate questions arise.

e Which AOFs of the form A = (L x R, <) are just the image of a
polytope with d + 2 facets in d dimensions?

or more precise:

e What distinguishes the AOFs which can be considered as images of
such polytopes from the ones which aren’t?

18



e Suppose we are given an AOF with its preimage, a d—polytope. What
is the equivalent to a face of the polytope in the AOF?

The last question is the easiest and we will therefore answer it right now.
For the very interesting other two the reader is referred to the final chapter.

Theorem 4 Let P be a d-dimensional simple polytope with d + 2 facets
and A = (L x R, <) the equivalent abstract objective function according to
the combinatoric bijections discussed above. Then there is a natural bijection
between each induced subgraph G(L', R, <) and the (L'+ R'—2)-dimensional
faces of P.

Proof: Given a polytope P(n,d) with facets F,..., Fyo.
T.F.A.E.

1. F=FyN---NFy_; is a k—dimensional face of P.

2. F& =conv(F{,...,F2 ) is a d — k — 1-dimensional face of P2,
3. conv(PA" — FAY Py) = conv(Fﬁk+1*,...,Fﬁr2*,P5‘) = S contains
the origin, and [P2" — FA% Py = |(F2 41 s Fiyy  PY) =k +3.

4. There are L' and R’ points of S on the left and right of Iy = I}, resp,
where min(L',R') > 1 and L' + R' — 2 = k.

5. The image of the points P2 — FA™ form a L' x R'-subgraph G’ of G.

O

Corollary 3.3.2 The directed graph G(P) of a simple polytope P(n,d) with
d+ 2 facets is isomorphic to the ‘AOF-gridgraph’ of P.

This nice corollary shall mark a temporary endpoint under this detour,
it shall get more prominence in the final chapter.

3.3.3 The FrLiPFLAP-Game

Back to our 2-dimensional set-up. It is easy to see, that starting from a
polynom of d 4+ 2 points, where d is the actual dimension, RANDOM EDGE
gets translated into a 2-dimensional game. The n vertices translate into n
points, and this point set is transversed by the dual of the line {; ] = Pj0 =
l2, say. None of the n points is incident to [o.

We consider all pairs of points (A, B), where A and B are points on the
positive and negative side of [, respectively.
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FripFLAP

Pick any such pair.

WHILE there exist points below (A, B) pick one of them at ran-
dom, C say. If C lies on the positive/negative side of [ substitute
A/B with C.

In the following we want to derive some properties of the game and ignore
to some extend prior knowledge we have. For instance, the lemma below
would follow directly from the fact that RANDOM EDGE is finite.

Lemma 3.3.3 FLIPFLAP is a finite game.

Proof: Through every pair (A, B) we can define a line AB which in-
tersects | in some point, Lap say. I claim that the game ends as soon as
we obtained those points which induce the lowest intersection point. For
suppose otherwise, i.e. there exists a pair (C, D) such that Lcop lies below
Lap but C, D lie above on AB. This is clearly a contradiction. As we deal
only with a finite number of points (and hence a finite number of pairs of
points) the game therefore must be final. O

3.3.4 A lower bound for the FLIPFLAP

We construct the following set-up: All points lie on two parabolas py,, pm, in
the following way. Place nq,n92,m; on p, and p,,, cp. picture. Now m; shall
be below the intersection of the m—parabola with n; 1n; 9 on the parabola,
n; on the n—parabola below its intersection with the line m;_1m;_o.
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Observe the following properties:
RI(mim;) = (j,j +n2—i),if1 >
= (i+ng—j,i),ifi<y
We shall devide the game into several phases. To be precise, we say that
we stay in phase ¢ = min(a, b) as long min(a, b) does not change.

E[running time] = E[#of flips]
= Z E[#of flips in phase a]P(a’ ‘happens’)

a’'<n
We consider the following events:
X = # of total flips
X; =+ of flips in phase ¢
Y; = +# of flips in phase ¢ + # of flips of the consecutive phase.

Then the above translates into

ElYo]
l+1

E[X] = B[V,] + B[Xu] + ) + E[X] (3.2)

0<a’'<n

Let ¢, denote the expected number of flips starting at position (a,b)
until we enter a new phase.
2 cases have to be considered:

(A)  min(a,b) = b; (a >0b)
tavb = 1 + m ZG/>(,l ta,ab

(2b +n — a)ta,b — (2b +n—a-— 1)ta+1,b = 1+ ta—l—l,b
(2b4+n—a)(tep —ta+1,0) = 1
1
= tgp ="t
a,b +n—a + a+1,b
. 0, if b=0,
Now, since tnp = { 1, if b0,
1 /7 7,, f b 0
we have tap = *+ Lo 2b+n—a 1 7
Za,:an - if b=20
ie ¢ _ 1 +H2b+n—a — Ha, if b# 0
- ab H,_., it b=0
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(B)  min(a,b) = a; (a <b)

_ 1
tap =1+ somprt 2ysb tay

(2a+n—b+tep — 2a+n—"0btapy1 = 1+tapsr
1
Sty = —————— +1t
a,b 2a+n—b—i—1+ a,b+1
Now, since tan = 1
1
h t = — ... 1
wenave - fes datn—b+1 Tyt
ta,b = 1+ H2a+n7b+1 - H2a+1

Of course, these equations already imply that E[X;] = ©(log(n)), so in

particular this is true for E[Y, ], E[X,], E[X(]. The only interesting term of

(3.2) is therefore Y ./, %-

We are now considering the expected length of two consecutive phases.
Again, we distinguish between two cases:

(A) min(a, b) = b; (a>0b)
E[Y]y, > Huin-a—Hy+1

1
3 1+ Y (14 Howpnpp1 — Haarg1)

b’ new 0<a’<b
=b
1
= H2b+n—a - H2b +24 % Z (H2a’+n—b+1 - H2a’+1)
0<a’<b
We achieve a minimum for a = n, i.e.
1
E[Y], > 2+ % (Haa'+n—b+1 — Haar41) (3.3)
a’'<b
(B) min(a, b) = a; (a <b)
]E[Y]a H2a+1+nfb - H2a +1

Y

1
= | D 1+ > (14 Hoyin o~ Hoy) + Hoog

2a
| 0<a’<a o<V <a
Hoqi14n-b— Hag +2

1
+5- Z (H2b’+n—a - H2b’) + Hy—q

2a
LO<b <a

Y
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By (A.5) we have Hop yy—q11 — Hoy 11 < Hy—q, which gives us:

]E[Y]a Z H2a+1+nfb - H2a + 2

.
2

E - (Hoptn—at+1 — H2b’+1)]
0<b' <a

We achieve a minimum for b = n, i.e.:

1
E[Y], > 24—
[Y1a + 5

Z (1 + H2b’+nfa - H2b’)] (3.4)

0<b'<a

So, in general, with m = min(a, b), we are interested to get a closed form
of the sum:

% [ > (Hom14n-m —HQm'+1)] (35)

0<m/<m

Making heavy use of (A.1)...(A.4) we are able to derive the following:

AR
o Hm” n—m Hm”
5 (Hp 4 )
o<m/’ <2m+1
m!!odd

1
Z % Z Hmll - Z Hm// —_— Z Hm//
m! <m+n+1 m!'<n+1—-m m!'<2m+1
m! odd m!’odd m!’odd
1
= E Z Hm” +1- Hm+n+1 - Z Hm” —Hym
Lm!! <m+n+1 m/'<n+1-m
Y e,
m!''<2m—1
1
= Im [(m+n)(Hpint1— 1) +(n—m+1)(Hp—m1 — 1)
-H,_ - (2m + 1)(H2m+1 - 1) - H2m]
1
= i [(“”’Hm*” Tm )
—(n—m)Hy _p — (n — m)m +(n—m)—Hy pmy1+1

—(2m)H2m—2m +2m — Hopq1 +1

2m +1
_Hn—m - H2m]
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1
= i [(m+n)Hpyin — (n—m)H,—p — (2m)Hay,
1

—— —2Hy,, — 2H,,
m4n+1 2m n—m

1
E[Y]n > 2—1-% [(m+n)Hpyin — (n—m)Hy_p — (2m)Hoy — 2Hoy, — 2Hy, 1)

(3.6)
Now we are ready to find a lower bound for the actual game.

m+1 dm
0<m<n + 0<m<n

—(Zm)Hgm - 2H2m — 2Hn—m]

% ¥ E[Y]m > % 3 _mil [2+i((m+n)Hm+n—(n—m)Hn_m

1
> X
0<m<nrn+1
S (2 - ) 0 Hon — o) — 2 (Hom + Ha )
- —— — ] (n —H, ) — _
3 m m+ 1 m+n n—m 2m n—m
0<m<n
1
+m—+1(Hm+n + anm - 2H2m):|
1 H.
= Ho1og Y D
0<m<n
n+3 H, ., n+2 H,_.
5 2 - >
8 0<m<n m+1 8 0<m<n
n—1 Hm+n n Hm+n
5 2 mrits X w
0<m<n 0<m<n
1 H.
A
0<m<n
nes ( 5 Huomin _Hﬁ;)
0<m<n
0<m<n
n—1 Hm+n—1 H2n—1
8 ( Z m ~Ha n
0<m<n
3 > Tue
0<m<n m
0<m<n m(n—m+1) 8 omen m(n —m+1)



1 Hm+n + anm+1 1 HQm
+3 > - -3 > =22 4 O(log(n))

0<m<n 0<m<n
1 Hm+n + Hn7m+1 1 HQm
_ly ol 2 ST S Oflog(n)
0<m<n 0<m<n

1 H, 1 1 1 1 1
= —[2 -n - — ——
8( Zm+zm(n+1+ +n—m n—m+2 n))

m<n m<n
1 H2m
1 Z T O(log(n))
0<m<n

= % log?(n) + O(log(n))

We can plug this into (3.2) and get the result:

E[X] = %(E[YH]HE[XHH > S[iall]—i-E[Xo])
0<a’'<n
E[X] = %1og2(n)+0(1og(n)) (3.7)

Lemma 3.3.4 In the worst case FLIPFLAP takes an expected number of
Q(log%(n)) steps, where n is the number of points.

Remark: We could show this lower bound for another, non-realisable
example, the ‘twisted lexicographic order’:

(a,b) < (a',b)

= (a<a')\/<a:a'/\{

b<t a even
b> a odd

3.3.5 An upper bound for the FLiPFLAP

Lemma 3.3.5 FLIPFLAP takes an ezpected number of O(nlog(n)) steps,
where n is the number of points.

Proof: Each point from the left can ‘couple up’ with each point on the
right. When we run the game we count the expected number of occurances
for each left point. Then this number will be O(logn), having O(n) points
on the left, the result follows. O
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Claim: The actual running time of FLIPFLAP is ©(log?(n)).

This claim is supported by the following observations: Calculating all the
AOFs up to size 4 x 4, the WCs were just the ones for which we proved the
lower bound — with only one row altered. (Since #Orientierungen= n!2("~1)
for n x n field, the calculation is impossible for higher dimensions.) Also,
the observed runtime is close to this lower bound.

A temporary list of observations which might help:

e Given a point S there are two points A and B on the other side of [ such
that all points on the other side lie in the cone ASB. The number of times
we can flip away from S with the chance to return is bounded above by the
number of points in ASB and on the same side as S.

e We aim to distinguish certain phases in the game with the property that
there are O(logn) phases each taking O(logn) time. There was once hope
that you could add points in pairs such that all the facets incident to these
points are counting as a phase. The indegree of all the old faces would
increase by exactly 2, the outdegree would remain constant. Unfortunately,
counterexamples could be constructed. But a more clever way of defining
‘phases’ might do the trick.

3.4 Polytopes with d + 3 facets

As we saw above, in 2D there is a natural way of defining a bijection between
each k—facet and all pairs (7, ) in a certain range s.t. i + 7 = k holds.

In this section, we want to discuss what properties a generalization into
3 dimensions of such an index should have and what implications this has.
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(In the following, we only discuss the 3dimensional case without explic-
itly referring to it each time.)

Any three points whose convex hull is entered by [ is defining a k—facet,
where k is the number of points 'below’. (I shall enter the facet from below
to above, say.)

Suppose we can identify each k—facet with a triple (z,y,z). To be the
generalization of the 2dim. refined index we are looking for it definitely
should fulfill the following constraints:

e r+y+z==%

e Points ‘above’ the actual facet shall have no influence on the actual
triple entries. I.e. we can add as many points as we wish above the
considered facet without changing its refined index.

Of course, we need to be more precise in saying, how we really define
this index. One natural way would be:

e Given a facet ABC, the refined index (z, y, z) shall denote the number
of choices for A'(= z), B'(=y) and C'(= 2).

Of course, this is already a bit ambigous because ABC, BC' A and CAB all
denote the same facet and therefore should have the same refined index...
(Identifying (z,y,z) with all its even permutations would be one way to
handle this, having to reassess the condition of uniqueness. Or we just
find some clever way of getting a unique representative of the up to three
potential choises.)

Nethertheless this definition is quite appealing. You could well imagine
to extrapolate to even higher dimensions along these lines.

Let’s have a look at some other properties we could ask for, now, as we
have opted for a definition of the refined index:

e The index of the top-facet determines the possible range of the other
indices to the extent that we can deduce exactly which indices exist.

Suppose we are given a top-facet with refined index (z,y,z) it would be
great if we could find a natural bijection between all possible refined indices
of our point set and the set {0,...,z} x{0,...,y} x{0,..., 2} or something
similar. Unfortunately, this does not seem feasible. Just by moving the
points which form the top-facet we are able to change its refined index while
leaving all the indices of facets not incident to the top-facet constant.

The main problem seems to be that we don’t have ‘left’ or ‘right’ any-
more. And it is far from clear what notion should be an adequate replace-
ment!
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Chapter 4

The Path-condition

Theorem 5 Given a d-dimensional (simple) polytope with d + 2 vertices it
is realisable if there exist exactly k vertex-disjoint paths from sink to source
for each k-dimensional subface.

Proof: Of course, this is just a very special case of BALINSKI's Theorem,
which says that the graph of any d-polytope is d-connected.

Nevertheless, we want to give a proof for this special case anyway, not
just because it is a nice application of the methods from the previous chapter,
but also because we conjecture that the converse can be proved as well, using
again these methods.

As we saw above the oriented graph of the polytope P is just the ‘AOF-
gridgraph’ of P and it will have the following properties:

e Each m/ x n’-subgraph has unique source and sink.
e There are no cycles.

e The number of vertices with a certain outdegree is equivalent to the
h—vector.

Recall further that the image of an m + n — 2 dimensional polytop with
m + n facets and mn vertices is an m x n grid-graph, that satisfies all these
conditions.

We now want to show that there are m + n — 2 knot-disjoint paths from
source to sink. (Note: It has to be shown that these paths are representing
vertice-disjoint paths on the original polytope from source to sink.)

We first concentrate on the source and the sink. There are three cases to
consider: They are either in the same row, in the same column or neither of
the two. The first two cases we can discuss at once. W.l.o.g suppose they are
in the same row. Certainly there is exactly one way of getting from source
to sink, namely the direct one. We now could add an additional point either
on the left (i.e. we get an additional row) or on the right (which means
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the number of columns increases by one). In either case we will also get an
additional path from source to sink, as the first condition listed above has
to be fulfilled, that is uniqueness of source and sink.

Case 1 2 — |
\
o<«—0 ————— >0 2 B
Source C ?
?
.

LR S —— R 1 A
Sink

Case 2 2

T
° ° 2 A
Source c

| 2

.<<\\\“‘_*4¥4444’r#ﬂ,////. 1
Sink

1
Case 3 B
-

oO<x<— 00— >0 1

Sink Source
1
Cc
A B c

Figure 4.1:

The latter case is a bit more tricky: Look at Figure 4.1: Is it possible,
that there exists a directed edge (C,1) — (C,2). Well, the intersection point
of the line (C,1) with [ is above the one of (C,2) with [ iff C' is on the left
side of [ - which is impossible. L.e. such a graph represents a non-realizable
configuration. But the directed edge (C,2) — (C, 1) garanties an additional
path from source to sink.

By an induction argument we therefore conclude that the number of
knot-disjoint paths from source to sink, i.e. the number of vertice-disjoint
paths from source to sink on the original polytop equals the n +m — 2 = d,
the dimension. 0
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Case 1 2 — |
\
Q<x<—0———>0 2 B
Source 1
l l l ; lc
[

ex—o——————° ! 1 A
Sink

Case 2 2

//////—~l’*'44‘*‘-\\\\\i‘

® o 2 A

Source C

' e 1

Sink
1
Case 3 B
4"’/’/4’#44744*4‘h‘\\\\\\\\

0<— @0 — — >0 1

Sink Source
1
Cc
A B Cc
A
Figure 4.2:
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We recall two lemmas which we proved already in the previous chapter:

Lemma 4.0.1 The grid-graph is just the oriented vertice graph of the given
polytope, if it is realisable.

Lemma 4.0.2 Any p x q subgrid is the image of some facet of the polytope.

It is now not far fetched to ask the following:
Open Question: Given an m X n-grid-graph G such that each m' x n'-
subgridgraph has:

e unique source and sink and
e n' +m' — 2 knot-disjunctive paths from source to sink.

Does there exist a d = n + m — 2-dimensional simple polytope with d + 2
vertices with vertez-graph G ¢

The most direct way to answer this would be to (dis)prove what we state
next:
Claim: Given a grid-graph with the aforementioned properties we can con-
struct the 2dimensional image dual to the polar of a polytope P with vertez-
graph G.

But as it seems at the moment this is probably not the case!
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Appendix A

Appendix

A.1 Some useful inequalities

> Hyiw= >, Hy— Y Hy

0<a’<a 0<a’<a+zx 0<a' <z

(ZHOLIJFHG 1>>ZH,L/> (ZHG,— )

a'<a a'<a a'<a
E’UE”’L

%(%HWLHM) > Hy> - (ZH:Jrl— )

N —

a'<a a'<a
o' odd
> Hy =a(H, - 1)
a'<a
Sty Y s Y
a'<a a’'<b a' <a+b
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