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ABSTRACT
The aim of this paper is to operationalize claims reserving based on indi-
vidual claims data. We design a modeling architecture that is based on six
different neural networks. Each network is a separate module that serves
a certain modeling purpose. We apply our architecture to individual claims
data and predict their settlement processes on amonthly time grid. A proof
of concept is provided by benchmarking the resulting claims reserves with
the ones received from the classical chain-laddermethodwhich usesmuch
coarser (aggregated) data.
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1. Introduction

The aim of this paper is to operationalize claims reserving based on individual claims data. Stochastic
models for individual claims reserving were introduced by Arjas (1989) and Norberg (1993, 1999).
They used the theory of marked point processes to describe individual claims, but they provided little
guidance on the use of these models on real data. In recent years, more statistically oriented (semi-)
parametric models have been studied by Larsen (2007), Taylor et al. (2008), Zhao et al. (2009), Jessen
et al. (2011), Pigeon et al. (2013), Antonio & Plat (2014), Badescu et al. (2019), Maciak et al. (2019),
Okine et al. (2019) andWang et al. (2021). Still some of these proposals are not very operational, yet,
because the assumptions made are too rigid from an applied perspective. Lately, machine learning
methods find one’s way into individual claims reserving, allowing for more flexible regression struc-
tures. Some recent papers are based on regression trees and gradient boosting, see Wüthrich (2018),
Lopez et al. (2019), Lopez&Milhaud (2021),De Felice&Moriconi (2019) andDuval&Pigeon (2019);
others are based on non-parametric and kernel methods, see Rosenlund (2012), Bischofberger
et al. (2019), Baudry & Robert (2019), or on neural networks, see Gabrielli (2020), Kuo (2020) and
Delong &Wüthrich (2020).

Surprisingly, many of these approaches pay little attention to the data itself, but they describe the
methods used in much detail. This is surprising because the general aim here is to solve a data-driven
real world problem and, thus, the data should play the most important and central role in this model-
ing problem.We take a different approach here, namely, we start from the data itself using exploratory
data analysis to build an appropriate model around the data. In statistics, exploratory data analysis
serves at formulating appropriate hypotheses, see Tukey (1977), which are then verified (or rejected)
using statistical testing, which often results in conclusions about causal relations. Inmachine learning,
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one usually only infers correlations from the given data, which is sufficient for accurate predictions,
see Breiman (2001). This seems questionable from a statistical point of view and a good compromise
between these two modeling cultures and communities still needs to be found. We use exploratory
tools to build reasonable models around the data, and we discuss the assumptions made.

This paper builds on our previous work (Delong & Wüthrich 2020) on individual claims reserv-
ing. There are two essential new parts here. First, we derive an estimate of claims reserves for both
reported and incurred but not reported (IBNR) claims. The latter reserves are not considered in
Delong & Wüthrich (2020), and we propose a conceptually new approach to deal with this part of
the claims. The second contribution is to come up with a smaller architecture compared to Delong
& Wüthrich (2020). Using this reduced architecture, we benefit from improved run times which is
essential in practical applications. This improved run times allow us to consider finer time scales, and
we verify that this smaller model provides accurate reserves by benchmarking it with the well-known
chain-ladder (CL) method. Finer time scales are important for capturing seasonal patterns and, for
instance, sensitivities in insurance product features such as waiting periods in accident and health
insurance. The price we pay by this reduction is that, in contrast to Delong & Wüthrich (2020), we
no longer have a full simulationmodel, but we only design an optimal architecture to receive accurate
claims reserves.

1.1. Overview of ourmodeling architecture

In Section 2, we introduce the claims reserving problem and state the basic model assumptions. Our
claims reserving architecture is based on six neural networks which can be viewed as separate mod-
ules each serving a specific modeling purpose; this architecture is illustrated in Figure 1. The first
network is introduced in Section 3, and this network serves at predicting IBNR claim counts. In
Section 4, we introduce the second network that serves at modeling the two-dimensional process of
payment dates and closings of reported but not settled (RBNS) claims. The third and fourth networks
in Section 5 model claim payments as well as recovery payments of RBNS claims: the third network
indicates whether we have a positive payment or a negative recovery payment, and the fourth network
determines its size. In Section 6, we introduce the last two networks that serve at modeling amounts
of IBNR claims: these claim amounts are modeled by a compound distribution with the fifth net-
work indicating whether we have a zero IBNR claim or not, and the sixth network determining the
amount of a non-zero IBNR claim. Our modeling is done on two different time scales; we are using
a weekly time grid for IBNR claims and a monthly time grid for RBNS claims. These choices are
mainly determined by the reporting frequency of our data but also by computational and statistical
constraints.

Figure 1. Claims reserving architecture used consisting of six networks.
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2. Notation and basic model assumptions

In this section, we introduce the basicmodel assumptions.We assume that the reader is already famil-
iar with the claims reserving problem. For a general introduction to claims reserving, we refer to
Chapter 1 in Wüthrich & Merz (2008) and, in particular, to Figure 1 which illustrates a typical gen-
eral insurance claim. A general insurance claim is described by an accident date T, a reporting date U,
a closing date V and claims payments (Ys)s made between reporting U and closing V.

2.1. Individual claims and basicmodel assumptions

To embed our individual claims reserving model into the bigger context of claims reserving, we start
by describing a variant of the collective reservingmodel (CRM) ofWahl et al. (2019) and Lindholm&
Verrall (2020). TheCRMcan be seen as a discrete time and aggregated version of the individual claims
model of Norberg (1993, 1999). The original CRM is defined on a yearly time grid. For the moment,
we consider a daily time grid; this is usually the smallest time scale available in real insurance data.
An individual claim is described by a vector C = (T,U,W, (Ys)s≥0, (Os)s≥0;ϑ):

Variable

T Accident date (in daily units as yyyy/mm/dd)
U Reporting date (in daily units as yyyy/mm/dd)
W = U−T ≥ 0 Non-negative reporting delay (in daily units)
s ≥ 0 Daily time index, initialized by s = 0 being the reporting date U = T +W
(Ys)s≥0 Claim payment process with payments Ys at times U+ s (in daily time units)
Ys = 1{Ys �=0} Indicator for claim payments at times U+ s (in daily time units)
(Os)s≥0 {1, 0}-valued (daily) claim status process for open/closed claim at times U+ s
ϑ Static claim features such as line of business (LoB) and claim type

A claim C corresponds to the accident date and mark process described in (2.3) of Larsen (2007).
Roughly speaking, this process consists of two components: (1) a claim occurrence process describing
the accident date T of a claim and (2) a (mark) process describing the remaining claim settlement
components (U,W, (Ys)s≥0, (Os)s≥0;ϑ) of that given claim, starting at the accident date T. The lower
index smeasures time in daily units elapsed since the reporting date U of a given claim and, thus, it
has the interpretation of current settlement delay.

In our data, feature information ϑ = (LoB, claim code) is static consisting of the two components
‘line of business’ (LoB) and ‘claim code’. Static information substantially simplifies modeling because
it remains unchanged over the whole life time of the claim. Dynamic information like number of
injured people, which can change over time, would require more complex dynamic modeling.

Assumptions 2.1: Starting from a sufficiently rich probability space (�,F ,P), we assume that all
considered claims C live on (�,F ,P) and are i.i.d. w.r.t. P. Moreover, we assume that there exists a
maximal reporting delaym> 0 such that all claims C satisfy 0 ≤ W < m, P-a.s.

The i.i.d. property in Assumptions 2.1 describes the random selection of individual claims
C = (T,U,W, (Ys)s≥0, (Os)s≥0;ϑ) from the pool of all potential claims. This assumption is not as
restrictive as it might seem at first sight, e.g. it allows us to model seasonal patterns which can be
described by the two-step approach of Larsen (2007): (1) select accident dates T from a distribution
that puts more probability weight, say, to winter claims than to summer claims and (2) amark process
(U,W, (Ys)s≥0, (Os)s≥0;ϑ) which is defined conditional on T.

2.2. Time scales

We have introduced claims C = (T,U,W, (Ys)s≥0, (Os)s≥0;ϑ) on a daily time scale. Usually accident
dates T and reporting dates U are available in daily units. However, other variables like payments
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Figure 2. Observed claim counts per accident week (lhs), per reporting week (middle) and scatter plot of reported trapezoid
showing accident dates vs. reporting delays (rhs) for claim code 7.

(Ys)s≥0 and the claim status process (Os)s≥0 may only be available on a coarser time scale due to
data warehousing and business process constraints. We are going to use problem and data adapted
time scales in this study. We choose a weekly time scale to study accident dates T and reporting
dates U. The choice of a weekly time scale is justified by the fact that claim occurrences often have a
weekly pattern, because weekends may behave differently from working days, see Figure 5 in Verrall
& Wüthrich (2016) and Figure 2 in Crevecoeur et al. (2019). By selecting a weekly time scale, we
capture an entire weekly cycle in each period. This will be discussed in Sections 3 and 6, where we
predict IBNR claims.

For the claim payment and claim status processes (Yk)k≥0 and (Ok)k≥0, wemove to amonthly time
scale because data are only available on this time scale (end-of-month data). To highlight this change
in time units, we use the notation k for time (instead of s), thus, k ≥ 0 will denote months elapsed
since reporting for payment process and claim status modeling. This will be discussed in Sections 4
and 5, where we treat RBNS claims.

Whenever we discuss aggregated methods like the CRM or the CL model, we use an annual time
grid, as it is typically done in industry. Aggregated methods cannot capture individual claim features
which especially applies to seasonal factors. Therefore, aggregated methods typically act on a yearly
time grid to capture an entire annual cycle.

2.3. The claims reserving problem

The typical situation in industry is to have a cutoff date τ which reflects today’s date. Throughout, we
assume that the cutoff date is set to an end of a calendar year, i.e. 31st of December.1 All variables that
occur before τ are observable at this cutoff date, and the main task in claims reserving is to predict all
variables that occur after τ . We consider the run-off situation meaning that the exposures (for claim
occurrence) are capped at τ , thus, all accident datesmust fulfillT ≤ τ . The claimswith reporting dates
U = T + W ≤ τ are reported at time τ and the claims with reporting dates U = T + W > τ ≥ T
are IBNR claims. The reported claims are further split in claims that are closed at time τ and claims
that are RBNS at time τ . This is characterized by the claim status variable Oτ−U ∈ {0, 1} for closed
and RBNS claims at time τ , respectively. The claims reserving exercise aims at predicting all payments
Ys after time τ , i.e. s > τ − U, for claims with accident dates T ≤ τ . This comprises IBNR and RBNS
claims, but it also contains closed claims at time τ which may be re-opened at a later time point (due
to unexpected relapses).

1 Setting the cutoff date to a calendar year end makes some notation simpler, however, this choice is w.l.o.g.
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2.4. Claims aggregation

For receiving the classical claims reserving models, we need to aggregate individual claims (C�)�
appropriately, where � ≥ 1 labels all claims that have occurred before the cutoff date, i.e. with T� ≤ τ .
This claims aggregation is best described with the help of the CRM and the CL model. We choose
a fixed time scale (e.g. years, months or weeks) and aggregating all claims within the corresponding
time intervals (called time periods, here). To transform time from daily units s to a coarser unit, we
use the time ceiling function �·� which maps daily time s to the corresponding coarser unit denoted
by �s� by rounding up, say, to monthly units. The explicit choice of the time ceiling function s �→ �s�
depends on the chosen time scale (which is always highlighted in the surrounding text). For a more
formal definition, we refer to (A.1) in our supplementary material. We select as fixed time periods
either years, months or weeks. For occurrence periods 0 ≤ i ≤ �τ� and reporting delays j ≥ 0, we
define the number of reported claims in accident period i with reporting delay j by

Ni,j =
∑

�

1{�T��=i, �U��−�T��=j}. (1)

InWahl et al. (2019), this quantity is studied on an annual scale and it is assumed to be over-dispersed
Poisson (ODP) distributed; we come back to this assumption in Section 3.2. The reported claims at
the cutoff date τ give the so-called upper triangle generating information

Nτ = σ
{
Ni,j; 0 ≤ i ≤ �τ�, j ≥ 0, i + j ≤ �τ�} . (2)

The classical CL prediction for claim counts is based on this informationNτ . Next, we define the total
payments of a given accident period i, reporting delay j and settlement delay k ≥ 0

Xi,j,k =
∑

�

⎛
⎝1{�T��=i, �U��−�T��=j}

∑
s≥0

Y�,s1{�U�+s�−�U��=k}

⎞
⎠ .

The payments for accident period i and payment delay j are given by

Xi,j =
∑
0≤k≤j

Xi,j−k,k.

This provides aggregate information at the cutoff date τ

Xτ = σ
{
Xi,j; 0 ≤ i ≤ �τ�, j ≥ 0, i + j ≤ �τ�} and Fτ = Nτ ∨ Xτ .

The classical CLmethod for (cumulative) payments, as well as many other claims reserving methods,
use information Xτ on an annual scale. Information Fτ on an annual scale is used, for instance, in
the double CL model of Martínez-Miranda et al. (2012a, 2012b).

3. IBNR claim counts modeling

We start by discussing themodeling of claim countsNi,j which involves themodeling of accident dates
T�, reporting dates U� and static claim features ϑ� of individual claims C�, � ≥ 1, the lower index �

always indicates that we consider a specific individual claim.

3.1. Descriptive data analysis of claim counts

The available data come from two different LoBs2 with nine different claim codes, thus, ϑ ∈ � =
{1, 2} × {1, . . . , 9}. Each claim C� is established with an accident date T�, a reporting date U� and a

2 For anonymization reasons we only give aggregated data in plots (over both LoBs), and all claim payments are scaled with a
constant. Moreover, some figures do not show the scale on the y-axis, see, e.g. Figure 2 (lhs).
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static claim feature ϑ� ∈ �. Moreover, for each reported claim C�, we know the settlement processes
of payments (Y�,k)k and of the claim status (O�,k)k up to the cutoff date τ .

At the cutoff date τ = 2017/12/31, we have observed n = 34,260 reported claims with accident
dates τ0 = 2009/01/01 ≤ T� ≤ U� ≤ τ and static features ϑ� ∈ �. These data are sufficient tomodel
claim counts, their reporting delays W� = U� − T� and their static claim features ϑ�. The latter are
assumed to be fully known at the reporting date U� (therefore called static).

We analyze this reporting data for different claim codes. Figure 2 (lhs) illustrates the claim counts
of claim code 7 aggregated over the accident dates T� on a weekly time scale (and reported up to the
cutoff date τ ). In this graph, IBNR claims (with U� > τ ) are missing, therefore the values in Figure 2
(lhs) may still increase, in particular, close to the cutoff date. The crucial observation is that we have a
strong seasonal pattern for claims with code 7 (with mid year lows). Figure 2 (middle) shows exactly
the same claims, but the x-axis has been changed to reporting dates U� on a weekly time scale. In
general, the claims move slightly to the right compared to the accident date plot because of positive
reporting delays W� = U� − T� ≥ 0. However, the main structure of the seasonal pattern remains.
Finally, Figure 2 (rhs) gives the resulting scatter plot with accident datesT� on the y-axis and reporting
delaysW� on the x-axis (in weekly units). The orange (diagonal) line shows the cutoff date τ , which
separates the so-called upper trapezoid (observations) from the lower triangle (to be predicted). We
observe the same seasonal pattern in the scatter plot as in the other two plots, andwe also observe that
all reported claims have a reporting delayW� of less than 100 weeks. Figure 1 in the supplementary
material shows the corresponding scatter plots of all other claim codes. Some of them have a stronger
seasonal pattern, but none of them shows reporting delays bigger than 100weeks. This justifies setting
a maximal reporting delaym in Assumptions 2.1.

3.2. Predicting the number of IBNR claims

Our first goal is to predict the number of claims which will be reported after the cutoff date τ , that
is, satisfying τ0 ≤ T� ≤ τ < U�. We choose a weekly time grid for this prediction problem, with 0 ≤
i ≤ I denoting accident weeks and with 0 ≤ j ≤ J denoting reporting delay weeks; we also refer to
Section 2.2. The reason for choosing a weekly time grid is that this provides a good balance between
computational efficiency and (seasonal) accuracy. Choosing a finer grid size is computationally more
demanding without much benefits in better accuracy for IBNR claim counts prediction. In particular,
on a daily time grid, one would have to bother about weekday differences in claim frequencies which
can be very cumbersome, see Verrall & Wüthrich (2016). Going over to a monthly time grid is not
advisable at this stage because claim occurrences are not sufficiently homogeneous across an entire
calendarmonth; note that there are sharp seasonal increases and decreases in claim counts, see Figure
2, which may lead to too much heterogeneity on a monthly time grid. Moreover, a monthly time grid
is not equidistant because different calendar months have different numbers of days. Equidistance is
not crucial, but it is still a nice property to have since it implies equal time exposures for all considered
periods.

In our data, we have I = 470 accident weeks from τ0 = 2009/01/01 to τ = 2017/12/31, and the
maximal reporting delay is J = 100 weeks, the latter is justified by Figure 1 in the supplementary
material. In the remainder of this section, we choose the time ceiling function �·� on the weekly
scale. In view of (1), this allows us to define the claim counts on that weekly time scale for fixed static
feature ϑ = (LoB, claimcode) ∈ �

Ni,j|ϑ =
∑

�

1{�T��=i, �U��−�T��=j}1{ϑ�=ϑ}.

The resulting observations at the cutoff date τ are denoted byNτ |ϑ , see also (2). The upper trapezoid
in Figure 2 (rhs) illustrates the observations at the cutoff date τ (above the orange line) for claim code
7 (aggregated over both LoBs).
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Assumptions 3.1: The claim arrival processes (Tϑ
� ,W

ϑ
� )�≥1 for static features ϑ ∈ � are described

by independent (inϑ) two-dimensional inhomogeneous Poisson point processes on [τ0, τ ] × [0, 840]
(in daily units).

We describe the two-dimensional claim arrival processes by independent (for different ϑ ’s) inho-
mogeneous Poisson point processes with accident dates Tϑ

� ∈ [τ0, τ ] and reporting delays Wϑ
� ∈

[0, 840], i.e. with a maximal reporting delay of 120 weeks (m = 7 · 120 = 840 days). We have slightly
changed the notation here from (T�,W�) to (Tϑ

� ,W
ϑ
� ) indicating that the latter are accident dates and

reporting delays of claims with a given static feature ϑ ∈ �.
We assume that the inhomogeneous Poisson point processes of Assumptions 3.1 can be described

by a (measurable and bounded) intensity function

λ : [τ0, τ ] × [0, 840] × [0, 1] × � → R+, (t,w, v(t),ϑ) �→ λ(t,w, v(t),ϑ) > 0, (3)

where t �→ v = v(t) ∈ [0, 1] models the occurrence week within a calendar year using a linear func-
tion with initialization v(calendar week 1) = 0 and v(calendar week 53) = 1. This variable v(t) ∈
[0, 1] will allow us to model annual seasonal patterns which are motivated by Figure 2.

Remark 3.2:

• Wecould drop component v(t) in (3) because it is fully encoded in the accident date component
t.Weprefer the approach above because it explicitly highlights thatwemodel an annual seasonal
feature, and we use it as an input variable to the network regression model used below to give
a hint to the network to search for an annual seasonal pattern.

• At first sight, it would be more natural to model the annual seasonal pattern by a sine–cosine
function t �→ (sin(πv(t)), cos(πv(t))). For our data, it seems to work better to choose a linear
input t �→ v(t) and let the network find the seasonal functional form (depending on ϑ). By our
intuition, it may be because the seasonal pattern is non-symmetric around the peaks and/or
because the seasonal peak times differ for different ϑ ∈ �.

Assumptions 3.1 imply that (Ni,j|ϑ)i,j,ϑ are independent and Poisson distributed with expected
numbers of claims


(i, j, v(i),ϑ)
def.= E

[
Ni,j|ϑ

] =
∫

{�t�=i,�t+w�−�t�=j}
λ(t,w, v(t),ϑ) dt dw. (4)

As emphasized in Remarks 3.2, it would not be necessary to include v(i) in
(i, j, v(i),ϑ) because the
variable i fully encodes the calendar week. However, we estimate regression function (4) with a first
neural network, and this network will find seasonal structure more easily if we explicitly include a
seasonal feature v(i). We model the following regression function by a neural network

(i, j, v(i),ϑ) �→ 
(i, j, v(i),ϑ) (5)

having depth 3 and with (q1, q2, q3) = (20, 15, 10) hidden neurons in these three hidden layers. The
explicit modeling choices are provided in Section B of the supplementary material; this supplemen-
tary material also provides the corresponding R code in Listing 1, for information to neural network
regression modeling we also refer to Wüthrich & Merz (2021). Moreover, the choices for gradient
descent fitting are described in this supplementary material. As objective function for this model
fitting, we choose the Poisson deviance loss given by

L =
∑
ϑ

∑
i+j≤�τ�

Ni,j|ϑ
[

(i, j, v(i),ϑ)

Ni,j|ϑ
− 1 − log

(

(i, j, v(i),ϑ)

Ni,j|ϑ

)]
.

This fitting provides us with the first estimated network function (i, j, v(i),ϑ) �→ 
̂(i, j, v(i),ϑ).
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Table 1. Claim counts: run time of calibration, number of model parameters, estimated number of claims on the weekly time grid
in the upper triangle and predicted number of IBNR claims.

Run time No. of parameters Average per (i, j) Number of IBNR claims

Neural network 427 s 644 7.7277% 402
ODP CL method – 11 7.7277% 458

Remark 3.3:

• If we assumed a cross-classified structure 
(i, j, v(i),ϑ) = αiβj, we would obtain the Poisson
version of the CL method. The latter is solved within generalized linear models (GLMs). This
GLM may miss important interactions and seasonal patterns (because we only have multi-
plicative interactions in the cross-classified case). For this reason, we prefer the neural network
approach. Alternatively, one could try a more complex GLM or a generalized additive model
(GAM), but such approaches require that one explicitly models interactions, whereas a neural
network tries to find such interactions itself.

• Similarly to the CL method we do not include any exposure measure. We do this because of
lack of information. If we would have exposure information, it could be included in the feature
information, and it would lead to a Bornhuetter–Ferguson type of model.

The network regression function (i, j, v(i),ϑ) �→ 
̂(i, j, v(i),ϑ) is fitted on the upper triangle
i + j ≤ �τ�, and its extrapolation to the lower triangle i + j > �τ� gives us the predicted numbers

̂(i, j, v(i),ϑ) of IBNR claims. In the upper triangle we have on average 0.077277 claims per acci-
dent week i and reporting delay week j with i + j ≤ �τ�, see Table 1.3 The extrapolation to the lower
triangle gives us in total 402 predicted IBNR claims.

Figure 3 illustrates the results for claim code 7. The left-hand side and the middle plots show the
estimatedmarginal claim counts for accident weeks and reportingweeks, the red dashed lines exclude
IBNR claims (estimated model in upper triangle) and the cyan and green lines include IBNR claims
(prediction in lower triangle). This is clearly visible at the right end of the plots by a steeply increasing
cyan curve for accident dates, and by the light-green extrapolation for reporting dates. Focusing on
Figure 3 (lhs), we compare the observations (black circles) to the neural network estimated means
(red dashed line). Around the turn of the year, we observe a few outliers that do not seem to be
explained by the estimated means. We confirm that, indeed, the black dots fluctuate around the red
dashed line with an empirical mean being equal to the estimated mean. It is the Poisson assumption
that may need further reflection because the outliers (which occur in different calendar weeks) are a
sign of over-dispersion. This could be a motivation to study Cox processes, see Badescu et al. (2019);
here we refrain from doing so because IBNR claims play a marginal role in our reserves calculations
(as we will see below).

Using this estimatedmodel, we run one simulation for the lower triangle (for given ϑ ∈ �) result-
ing in the red dots (claims) of Figure 3 (rhs). This extrapolates the structure in the upper triangle
to the lower one. The cyan line in Figure 3 (rhs) gives the estimated average reporting delay per
accident week. We observe a strong seasonal pattern in these average reporting delays; however, this
pattern has to be considered with care because there are almost no claims, here, during European
summer months. These estimated average reporting delays can be interpreted in a similar way as
the operational times considered in Bischofberger (2019), see Figure 1 of Bischofberger (2019). In
the supplementary material, we give the resulting scatter plots for all claim codes, see corresponding
Figure 1. We note that most claim codes considered have a seasonal pattern.

Aggregating the predicted numbers 
̂(i, j, v(i),ϑ) over the lower triangle i + j > �τ� provides a
prediction of 402 IBNR claims in the lower triangle. We compare this prediction to the one obtained

3 Run times are measured on a personal laptop with CPU at 2.50 GHz (4 CPUs) with 16GB RAM (which is a comparably modest
computational power).
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Figure 3. Observed and predicted claims per accident week (lhs), per reporting week (middle) and reported (black) and predicted
(red) triangles (rhs) for claim code 7.

by the CLmethod based on yearly observations (2). From theCLmethod, we receive 458 IBNR claims
which is bigger, see Table 1. Performing theODP bootstrap described in England&Verrall (1999), we
receive a rooted mean square error of prediction (RMSEP) of 49 (this is based on an estimated over-
dispersion of 3.89). Thus, the neural network and the CL predictions differ by roughly 1.1 RMSEPs
which almost explains the differences between the two methods.

Remark 3.4: Typically, in claims reserving, the lower triangle is unknown; therefore, we cannot per-
form a proper out-of-sample test. Often, newmethods are benchmarkedwith known claims reserving
methods that have proved to be credible on certain types of insurance business. If the resulting two
predictions are too far apart, then obviously there is a problem. Otherwise, there is support that
the established and the new methods judge information and relevant structure in a similar way. In
our analysis, we benchmark each modeling step with the CL method, because it has been applied
successfully to this data set in the past. The benefit of our refined method is that it may support find-
ing weaknesses in the CL prediction, and it allows for a more granular study determining seasonal
patterns, etc. Note, we use different time scales in the two models.

4. Payment indicator and claim status modeling of RBNS claims

In Sections 4 and 5, we model the settlement processes of reported claims. This includes the pay-
ment indicator and claim status process (Ys,Os)s≥0 of each individual claim (Section 4) as well as the
payment process (Ys)s≥0 in case of payments (Section 5). The data for this modeling part are always
available at the end of a calendar month (end-of-month data); thus, the granularity of these observed
settlement processes is more coarse than the claim occurrence data. For this reason, we move to a
monthly grid size in this and the next section. To highlight this we change the time notation from
the daily s ≥ 0 to a monthly k ∈ N0, see Section 2.2. The time ceiling function �·� is understood on
the monthly time scale in this and the next section. The claim status process (Ok)k∈N0 always denotes
end-of-month statuses, and the monthly payments and (monthly) payment indicators are for k ∈ N0
defined as follows:

Yk =
∑
s≥0

Ys1{�U+s�−�U�=k} and Yk = 1{Yk �=0}. (6)

This is just a complicated way of saying that Yk are the total individual claim payments within the kth
settlement month for a given claim, and k is called settlement delay (after reporting).

4.1. Description of our RBNS claimsmodeling approach

Kuo (2020) performs a simultaneousmulti-period forecast after the cutoff date τ for the entire run-off
(Yk)k>�τ�−�U� of individual reported claims. This multi-period forecast is based on a long short-
term memory network model. On a yearly time grid, this is computationally feasible on our finer
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monthly time grid and we prefer a model that performs successive one-period-ahead forecasts. This
allows us to keep tractability, interpretability as well as the possibility to intervene the process dur-
ing different modeling steps of the settlement process. The price we pay by this reduction is that
we do no longer receive a full simulation model, but we aim at direct accurate claims reserves esti-
mation. Successive one-period-ahead forecasts means that we recursively extrapolate the settlement
process into the lower triangle. This seems simple, but it requires special attention. The observa-
tions (Yk,Yk,Ok)k≤�τ�−�U� in the upper triangle are on a random variable level, and predictions in
the lower triangle typically are on the level of estimated means (Ŷk, Ŷk, Ôk) = (Ê[Yk], Ê[Yk], Ê[Ok]),
for k > �τ� − �U�. Thus, the network outputs an expected value while the input of the recursion is
defined in terms of random variables. By using the expected values as inputs in the recursion, the
inputs are smoothed, and the output may not be appropriate (because the networks have not been
trained on smoothed inputs). This problem can be overcome if we have a reasonably good stochas-
tic model from which we can Monte Carlo simulate observations that are of the same quality as the
observations in the upper triangle. These simulated observations can then be used as inputs for the
next step of the one-period-ahead forecasts, this is the approach taken in Delong &Wüthrich (2020).
Most papers in the literature do not make this clear distinction and corresponding results should
be considered with care, Gabrielli (2020) being an exception making a proper distinction between
random variables and expected values in his architecture.

MonteCarlo extrapolation of the indicator process (Yk,Ok)k∈N0 is not difficult because it involves a
stochastic process on a (finite) categorical state space.MonteCarlo extrapolation of the claimpayment
process (Yk)k∈N0 poses a challenge because there is no simple off-the-shelf model that is sufficiently
accurate in simulating claim payments, since real payments are often of a rather complex nature. For
this reason, we divide this modeling step into two parts: the first part, described here in Section 4,
concerns modeling of the indicator process (Yk,Ok)k∈N0 . This modeling part will not rely on any
claim payment size information (Yk)k∈N0 and can, therefore, easily be extrapolated into the lower
triangle by Monte Carlo simulation. The second part, described in Section 5, concerns modeling of
the claim payment process (Yk)k∈N0 , conditionally on knowing the indicator process. Since claims
reserves are expected values, we are mainly interested in appropriate expected claim payments. There-
fore, this modeling step is designed to avoid simulation, and we try to directly assess expected future
payments as accurately as possible. This approach has the advantage that we only need to simulate
random variables for which we have an accurate distributional description, but this approach has also
its limitations as discussed in Limitations 5.1.

4.2. Stylized facts about claim payments and closings

We define the pattern of the observed relative number of payments per claim on a monthly scale

π̂k =
∑n

�=1 Y�,k1{�U��+k≤�τ�}∑n
�=1 1{�U��+k≤�τ�}

∈ [0, 1], for k ≥ 0,

where Y�,k ∈ {0, 1} is the monthly payment indicator of claim � in settlement month k, see (6).
Figure 4 gives the cumulative empirical payment pattern (
̂k = ∑k

j=0 π̂j)k≥0 for the different claim
codes 1–9. We observe that claim codes 3, 4, 6 and 9 have on average less than one monthly payment,
and claim codes 1, 2, 5, 7 and 8 have on average significantly more than one monthly payment, claim
code 7 having on average close to 4 monthly payments per claim.

Next, we plot the empirical ratio of open claims for settlement month k ≥ 0 given by

�̂k =
∑n

�=1 O�,k1{�U��+k≤�τ�}∑n
�=1 1{�U��+k≤�τ�}

∈ [0, 1].

We observe a fast settlement of the claims with claim codes 1, 3, 4, 6, 8 and 9, but we still expect open
claims for claim codes 2, 5, 7 after 10 years of settlement delay, see Figure 4 (rhs). Henceforth, the
settlement process is expected to be long-tailed for some claim types.
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Figure 4. (lhs) Cumulative empirical payment pattern (
̂k)k≥0 and (rhs) claim status ratios (�̂k)k≥0 for the different claim codes.

Figure 5. (lhs) Observed average number of payments per claim as a function of reporting delay (in months) and (rhs) average
claim sizes as a function of reporting delay over all claim codes.

In Figure 5, we plot the observed average number of monthly payments per claim and the average
claim sizes as a function of reporting delayW; we calculate these numbers on a fully developed rectan-
gle to receive consistent results. Therefore, the plots in Figure 5 do not reflect settled claims because
they may still develop beyond these rectangles. However, they illustrate that the payments depend
on reporting delays, which justifies the inclusion of the reporting delay covariate W for payment
prediction.

4.3. Indicator processmodeling

4.3.1. Neural networkmodel
First, we modify our two-dimensional Bernoulli process to a one-dimensional categorical process by
defining for k ≥ 1 the response variables (on the monthly scale)

Ik = Yk + 2 · Ok ∈ {0, 1, 2, 3}.
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Wemodel response variable Ik with a categorical distribution having probability vector

xk �→ p(xk) = (
p0(xk), p1(xk), p2(xk), p3(xk)

)� ∈ R
4
+ (7)

for given feature information xk. We first describe the choice of the feature information xk. Similarly
to (4), it contains the reporting delay W = U − T ≥ 0, the week within the calendar year v(T) ∈
[0, 1] of claim occurrence (for seasonal pattern modeling) and the static feature information ϑ =
(LoB, claimcode) ∈ �. We do not include the accident date T information for stability reasons. It has
turned out in experiments that the inclusion of T may lead to an undesired extrapolation of trends,
which might be problematic if it affects the extrapolation of the upper right triangle (over a long time
period).4

Additionally, we are going to include past trajectory (Yl,Ol)0≤l≤k−1 information in the feature.
Since claim re-openings are scarce (this is verified in Figure 7), we are only going to include the
last claim status Ok−1; this does not cause a major loss of information and it reduces the dimen-
sion of the problem substantially; we emphasize that re-openings are still modeled but we make a
Markov assumption in this variable. Next, we include one year of past monthly payment indicator
observations (Yl)k−12≤l≤k−1; again to reduce the dimension of the problem we do not provide the
whole past payment indicator process. To still keep track of multiple monthly payments over the
entire past we add a variable yk−1 = ∑k−1

l=0 Yl. Finally, we would like to use regression function (7)
simultaneously for all settlement periods k ≥ 1. Therefore, we need to specify the undefined part
(Yl)l<0 in (Yl)k−12≤l≤k−1 for small settlement periods k. We do this by setting the undefined values
(Yl)l<0 identically equal to −1 (we call this masking). Moreover, we add k to the feature informa-
tion xk to highlight to the network which settlement month we are considering (this is beneficial for
model calibration because we guide the network in the right direction for finding model structure).
Summarizing, we choose feature information

xk = (
W, v(T), (Yl)k−12≤l≤k−1, yk−1,Ok−1, k,ϑ

)� ∈ R
17 × �. (8)

We model the probability vector xk �→ p(xk) given in (7) by a second neural network of depth 3
having (20, 15, 10) hidden neurons in the hidden layers. The explicit network modeling choices are
provided in Section C.1 of the supplementary material.

We pre-process our data so that we obtain the observations (I�,k, x�,k) of all claims � for which
we have observed at least two settlement periods up to the cutoff date. This results in 1,753,173
observations (I�,k, x�,k) that can be used to train the second network. We perform the same train-
ing strategy as above, using 20% of the data as validation data to track over-fitting, and applying the
bias regularization step, see Section C.1 of the supplementary material.

The results are provided in Table 2, and these are benchmarked with a multinomial logistic GLM
(this is described in SectionC.1 of the supplementarymaterial) and the homogeneousmodel that does
not consider any covariate information. The in-sample losses support the use of the (more complex)
neural network approach over the multinomial logistic GLM (note that this in-sample loss does not
over-fit because we exercise early stopping in the network calibration).

We start by analyzing the in-sample figures in the upper triangle. Figure 6 gives the observed and
predicted one-period-ahead variables Ik, k ≥ 1, averaged over all open claims Ok−1 = 1 at the end
of month k−1: the first graph shows the average probability of an open claim being closed in set-
tlement month k without payment (average 6%), the second graph gives the average probability of a
closing with a payment (average 5%), the third graph shows the probability that the claim remains

4 This undesired extrapolation of trends may best be illustrated by giving an explicit example. If we consider settlement month
k = 1, inclusion of T in feature x1 may model inflation of payments from 2009 to 2017. Inclusion of T in feature xk for settlement
month k = 9 · 12 = 108 would then extrapolate this inflation to years 2018–2026. It is clear that this might be problematic, in
particular, because claim payments in early settlement periods (small k) may be of a different nature than payments for later
settlement periods (large k), since the former rather relate to simple claims and the latter to complex claims.
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Table 2. Indicator process: run time of calibration (including the bias regularization step), number of model parameters, in-sample
losses and estimated average probabilities.

Run time
No. of in-sample
parameters

Estimated
average loss Probabilities p̂(·)

Homogeneous model – 3 0.5838 (93.85%, 1.39%, 3.44%, 1.32%)

Multinomial logistic GLM 590 s 111 0.1660 (93.85%, 1.39%, 3.44%, 1.32%)

Neural network 1493 s 957 0.1576 (93.85%, 1.39%, 3.44%, 1.32%)

Figure 6. In-sample observed (blue) and predicted (red) one-period-ahead variables Ik = {0, 1, 2, 3} for open claims Ok−1 = 1
one month before k ≥ 1.

open without a payment (average 67%) and the fourth graph gives the probability of remaining open
with a payment in settlement month k (average 22%). The latter graph is quite wiggly for higher set-
tlement months k, this is because we only have very few open claims in later periods (as underlying
volume), and the estimated probabilities also depend on the other feature information in xk. Finally,
Figure 7 gives the predicted re-openings Ik = {1, 2, 3} for closed claimsOk−1 = 0 one month before.
This number is less than 4% and even much smaller for late periods, thus this confirms our scarcity
statement about re-openings above.
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Figure 7. In-sample observed (blue) and predicted (red) re-openings Ik = {1, 2, 3} for closed claims Ok−1 = 0 one month before
k ≥ 1.

Figure 8. (lhs) Cumulative payment pattern (
̂k)k≥0 and (rhs) claim status ratios (�̂k)k≥0 for the different claim codes: dots show
empirical values in the upper triangle (identical to Figure 4) and lines show predicted values extrapolated to the lower triangle
(out-of-sample).

4.3.2. Extrapolation of reported claims to the lower triangle
We are now in the position where we can extrapolate the indicator process (Ik)k of reported claims to
the lower triangle. As described above, we do this by successive one-period-ahead Monte Carlo sim-
ulations (based on the estimated categorical probabilities (7)). Monte Carlo simulations are necessary
to carry forward the right feature information xk−1 for k > �τ� − �U�.

Figure 8 summarizes this successive one-period-ahead Monte Carlo extrapolation to the lower
triangle averaged over all reported claims. The dots are exactly the same graphs as in Figure 4; these
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are complemented with lines that reflect theMonte Carlo extrapolations to the lower triangle (out-of-
sample), based on the estimated claim indicator process described by (7). With regards to payments,
only claim code 2 shows some differences (Figure 4, lhs), which emphasizes a small trend in the
process. The right-hand side of Figure 4 shows smoothed versions of the claim closings. The claims
with codes 2, 5 and 7 have still 0.40%, 0.24% and 0.57%, respectively, of open claims after 10 years of
settlement.We conclude that the estimatedmodel extrapolates the indicator processes (Yk,Ok)k∈N0 of
reported claims from the upper to the lower triangle such that the basic payment and closing patterns
per claim code are preserved, and it does not add an accounting year effect in our case.We emphasize
that the statements made in this section are based on one single Monte Carlo extrapolation to the
whole lower triangle. In Section 4.3.4, we will average overmultiple extrapolations to diminishMonte
Carlo simulation error.

4.3.3. Analysis of the extrapolation of reported claims
Using the aboveMonteCarlo extrapolation for every reported claim � = 1, . . . , 34, 260, we nowhave a
full trajectory (Y�,k,O�,k)k=0,...,d over the maximal settlement delay of d = 107 months for all claims
reported within τ0 = 2009/01/01 and τ = 2017/12/31. The Monte Carlo simulation provides us
with a total of 3,437 monthly payments in the lower triangle for RBNS claims.

Using this extrapolation of the payment indicator process for reported claims we can estimate
the number of monthly payments for each reported claim. There is one claim that has predicted
54 monthly payments within the d+ 1 = 108 settlement months, and on average we have 1.7597
monthly payments per claim. The summary statistics over all 34,260 reported claims is given in
Table 3. Remarkable is that 9.9% of the claims do not suffer any payments, 58.9% of the claims have
one monthly payment and 31.2% of the claims have more than one monthly payment.

In Figure 9, we give the distributions of the total number of (monthly) payments per claim as a
function of different features (note that these distributions are discrete but for better visualization we
use line plots). The left-hand side shows the distributions for different claim codes, these distributions
reflect Figure 8 (lhs) and they illustrate that the claim code feature results in important differences in
total number of payments. Similarly for the remaining panels in Figure 9. These plots justify that the
chosen feature information is relevant for payment prediction.

Table 3. Estimated probabilities of number of monthly payments per reported claim over d+ 1 = 109 settlement months, with
an average of 1.7597 monthly payments per claim (based on one Monte Carlo extrapolation).

# of payments 0 1 2 3 4 5 6 7 8 9 ≥ 10

Probability 9.9% 58.9% 16.1% 6.2% 2.6% 1.6% 1.1% 0.8% 0.6% 0.5% 1.7%

Figure 9. Estimated distributions of number of monthly payments (lhs) for different claim codes, (middle) for different reporting
delay quarters, (rhs) for different calendar months of claim occurrences; discrete distributions are for better visualization illustrated
by line plots.
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Table 4. Number of outstandingmonthly payments after the cutoff date
restricted to the domain of the CL method; the parentheses show one
standard deviation Monte Carlo uncertainty.

# RBNS # IBNR Total number
payments payments of payments

Neural network 3,393(19) 708 4,101
ODP CL method NA NA 4,064

4.3.4. Comparison to the CLmethod
We compare our predicted number of monthly payments to the one we receive from the CL method.
Intuitively, we expect quite similar results from the two methods because the estimated payment pat-
terns in the upper and lower triangles look rather similar, see Figure 8 (lhs), which supports the
CL assumptions. For the CL method we can consider a maximal reporting plus settlement delay
of m = 107 months because the CL model does not differentiate payments w.r.t. reporting delays.
For this reason, we also need to cap accordingly the number of payments received from our neu-
ral network prediction, because the latter allows us to predict payments up to a maximal delay of
�U� − �T� + d = �U� − �T� + 107 ≥ 107 months. The capping to the CL domain provides us with
a predicted number of 3,365 RBNS payments (compared to the 3,437 RBNS payments stated in
Section 4.3.3). This number of 3,365 RBNS payments comes from one single Monte Carlo extrap-
olation to the lower triangle. To diminish Monte Carlo simulation error we repeat this procedure 50
times and average the results. This provides us with an average of 3,466 RBNS payments, and if we
truncate this estimate to the CL domain we receive on average 3,393 RBNS payments. This average
has an estimated Monte Carlo simulation error (standard deviation) estimate of 19 RBNS payments,
see Table 4.

Second, we need to estimate the number of payments for the 402 IBNR claims of Table 1. These
IBNR claims are established with feature information like claim type, accident date, etc., and we could
design a network to estimate the number of payments for these IBNR claims. We will do this in
detail for payment amounts, below. For the moment, we use a crude estimate, which is obtained by
multiplying the number of IBNR claims with the average number of payments per claim, which is
given by 1.7606 (this corresponds to the number in the caption of Table 3 but averaged over the
50 Monte Carlo extrapolations). This results in 708 payments for IBNR claims, thus, altogether we
predict 4,101 outstanding monthly payments after τ , see Table 4.

We compare the above results to the CL method on annualized data. We therefore consider the
monthly payment indicators (Y�,k)k of all reported claims � and aggregate them on an annual time
grid, so that Yann

i,j counts the number of monthly payments of claims with occurrence year i = �T�
in development year j = �U + k�, where the time ceiling function refers to the annual grid, here. We
then apply the CL method to the upper triangle (Yann

i,j )i+j≤�τ�. This provides us with an estimate of
4,064 monthly payments in the lower triangle, thus, slightly less than the 4,101 monthly payments
obtained from the neural network approach. But, the difference is (surprisingly) small. Applying the
ODP bootstrap method of England & Verrall (1999) (with dispersion estimate 6.79) we receive an
RMSEP of 279, i.e. of a bigger magnitude than the difference between the two methods in Table 4.
Basically, this means that on the aggregate level we cannot distinguish the results. Of course, this is a
very promising result for individual claims reserving because it supports that we meet the right level
of total predictions, but beyond the ODP CLmethod we have an allocation to individual claim types,
see, e.g. Figure 9.

5. Payment size modeling of RBNS claims

We are on a monthly time scale and we predict the payment process (Yk)k≥1 of reported claims,
given the indicator process (Yk,Ok)k≥1 (modeled in the previous section), see also Figure 1. We
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Table 5. Recovery indicator process: run time of calibration, number of model parameters, loss
and estimated average recovery probability.

Run # In-sample Estimated average
time parameters loss probability p̂(·)

Homogeneous model – 1 0.2235 2.36%
Logistic GLM 1 s 37 0.1900 2.36%
Neural network 30 s 944 0.1580 2.36%

emphasize that the modeling of the indicator process (Yk,Ok)k≥1 does not use any payment size
information (Yk)k≥1 to make consistent extrapolation to the lower triangle feasible, and we also refer
to Limitations 5.1, below, for this extrapolation strategy.

5.1. Recovery payments

In total we have observed 56,852 payments from τ0 = 2009/01/01 to τ = 2017/12/31 on all reported
claims. 1,122 of these payments have a negative sign, i.e. in these cases the insurance company can
recover claim expenses, thus, roughly 2% of the payments Y�,k are negative (this includes k = 0). We
choose a next third neural network to model the recovery indicator. We do this as follows, assume
that the random variablesRk = 1{Yk<0} are Bernoulli distributed, conditionally on having a payment
Yk = 1{Yk �=0} = 1 in settlement months k ≥ 1, with recovery probabilities

xk �→ p(xk) ∈ (0, 1)

for feature information

xk = (
W, v(T), (Yl)k−12≤l≤k−1, yk−1,Ok−1,Ok, k,ϑ

)� ∈ R
19 × {claim code}. (9)

This feature information differs from (8), because to model recovery indicators we additionally know
from the previous modeling step whether the claim has been closed at the end of settlement month
k, i.e. we know Ok.

We set up the third neural network for these binary recovery indicators. This is done analogously to
the ones used above; the explicit specifications of this logistic neural network are provided in Section
C.2 of the supplementarymaterial. Table 5 provides the calibration statistics.We benchmark it against
a logistic GLM and the homogeneous model that disregards all covariate information. The (early
stopped) neural network again shows superior performance over the GLM, and we continue with
the network regression model. Moreover, the last column of Table 5 confirms unbiasedness of the
network model, see also Section C.2 of the supplementary material.

Figure 10 compares the estimated neural network model to the observations. We show the prob-
abilities of the recovery rates as a function of settlement month k ≥ 1 (lhs) and of reporting delayW
(rhs). The regression function is less sensitive in other variables such as the (seasonal) calendar week
v(T) of the accident date T. Remark that the recovery process can easily be extrapolated to the lower
triangle with Monte Carlo simulations.

5.2. Descriptive data analysis of claim payment sizes

All previous models have been considering point processes (Poisson, categorical and Bernoulli).
Claim sizes are typically modeled with absolutely continuous distribution functions. Before doing
so we try to understand claim payment sizes empirically.

Figure 11 shows logarithmized absolute payments log |Y�,k| for settlement months k = 1, . . . , 8
of all claims � with Y�,k = 1. The orange curve gives the empirical density and the blue dashed line
is a Gaussian approximation (method of moments fit). We observe that the Gaussian distribution
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Figure 10. Observed and estimated recovery payment indicators as a function of (lhs) settlementmonth and (rhs) reporting delay.

Figure 11. Logarithmized absolute payments log |Yk| in settlement months k = 1, . . . , 8.

provides a surprisingly good fit to the logged absolute values log |Y| of non-zero payments. How-
ever, there are certain default values for payments, see for instance settlement month k = 1 (top-left).
These default valuesmay cause some difficulties inmodeling because they rather come from a discrete
than an absolutely continuous distribution function.

Figure 12 (first row, lhs) gives the log–log plot of all absolute values of payments. The vertical green
lines are at values log(50, 000), log(100, 000) and log(250, 000), the orange straight line gives a Pareto
distribution approximation to all payments above 50,000; the maximum likelihood estimator (MLE)
of the Pareto tail parameter α is α̂ = 2.75 which indicates (together with the plot) heavy-tailedness
of large payments. Figure 12 (first row, middle) shows the boxplots for different claim codes. This
plot tells us that the claim code is important feature information for payment modeling. Figure 12
(first row, rhs) gives the boxplots as a function of settlement months k ≥ 1. This plot shows time
dependence and, henceforth, rejects many models proposed in the actuarial literature. The second
row of Figure 12 shows payments as a function of accident months (related to v(T)), the number of
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Figure 12. Top row: (lhs) Log–log plot of absolute values of payments log |Yk|, k ≥ 1, with Pareto tail approximation, (middle)
boxplots of payments w.r.t. claim codes, (rhs) w.r.t. settlement month k ≥ 1; bottom row boxplots of payments w.r.t. (lhs) acci-
dent months, (middle) the number of previous payments, and (rhs) reporting delayW (the magenta lines are the averages over all
payments).

previous monthly payments yk−1 ∈ N0 and of reporting delayW. From these plots we conclude that
payments are less sensitive in these variables. However, the latter may be misleading because it does
not consider interactions of covariates (and, in fact, there are some).

5.3. Payment size regressionmodeling

We set up a fourth neural network to model the payment sizes. We have observed 56,852 payments.
This is a rather small number of observations, and to prevent from over-fitting, we reduce feature
information compared to (9). In particular, the masking (Yl)l<0 ≡ −1 for early periods has caused
some smoothness issues in our experiments on payment size modeling, therefore, we reduce the
payment indicator history in the feature information. On the other hand, we include the recovery
indicator Rk, which is available due to the previous modeling step (presented in Section 5.1). We
choose the feature information for the modeling of Yk, conditional on Yk = 1,

xk = (
W, v(T),Yk−1, yk−1,Ok−1,Ok,Rk, k,ϑ

)� ∈ R
9 × {claim code}. (10)

We emphasize that this feature information does not include past payment information (Yl)l<k, see
discussion in Section 4.1, and therefore no Monte Carlo extrapolation of Yk is needed.

We explore two different neural networks for claim payments |Yk| modeling. The architectures
of the two networks only differ in the output layer: (a) linear output function for log-payments
log |Yk|with square loss function and (b) exponential output function for payments |Yk|with gamma
deviance loss function. Besides this difference the two architectures are chosen identical, the explicit
specifications are provided in Section C.3 of the supplementary material.

We apply the same fitting strategy as in the previous modeling steps using 20% of the data as
validation data to track over-fitting. Here, the choice of the validation data is done in a stratified way
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Table 6. Claim sizemodeling: run time of calibration, number of model parameters, loss, estimated average for: (a0)–(a1) Gaussian
model on log-scalewith square loss, (a2) bias corrected onoriginal scalewith rooted square loss, (b0)–(b1) gammamodel on original
scale with gamma deviance loss, (b2) bias corrected on original scale with rooted square loss, (c1)–(c2) gamma GLM benchmark.

Run # In-sample Estimated
time parameters loss average

(a0) Homogeneous model on log-scaleE[log |Yk|] – 1 2.6221 7.5622
(a1) Gaussian neural network on log-scaleE[log |Yk|] 89 s 744 2.0352 7.5661
(a2) Bias corrected on original scaleE[|Yk|] 13,208 6,254
(b0) Homogeneous model on original scaleE[|Yk|] – 1 2.3574 6,254
(b1) Gamma neural network on original scaleE[|Yk|] 91 s 744 1.8137 6,315
(b2) Bias corrected on original scaleE[|Yk|] 12,851 6,254
(c1) Gamma GLM benchmark on original scaleE[|Yk|] 1s 17 1.9352 6,357
(c2) Bias corrected on original scaleE[|Yk|] 13,186 6,254

w.r.t. payment sizes to receive a well-balanced validation set (compared to the training data). The
corresponding results are given in Table 6 on lines (a0)–(a1) for the Gaussian case on the log-scale,
and on lines (b0)–(b1) for the gamma case on the original scale. Both networks result in a biased
estimated model on the original scale because we work on the log-scale in the former and because we
do not use the canonical link in the latter. Therefore, we correct for the biases by shifting the intercept
parameter in the output layer accordingly, see supplementary material. This provides the results on
lines (a2) and (b2) on the original scale (note that the estimated averages of 6,254 are now in line
with the empirical estimate for all bias corrected models). To compare the two network models, we
calculate the rooted square losses, and we note that the gamma model should be preferred according
to this figure.

It is commonly the case that the gammamodel has a better performance on the original scale than
the log-normal one (the latter being estimated on the log-scale). Usually, the log-normalmodel is very
accurate on the log-scale, but the back-transformation to the original scale would require that also
the variance parameter is modeled as a regression function w.r.t. feature information to get sufficient
accuracy on the original scale; thus, we have to estimate two parameters with accurate regression
models in the log-normal model. On the other hand, the gamma model directly estimates the mean
parameter on the original scale, which typically leads to better estimates for means compared to the
log-normal model (even if we correct with a constant for the bias, accounting for the fact that we do
not use the canonical link). For this reason, we focus on the gammamodel in the sequel andwe denote
the resulting regression function by xk �→ μ(xk). This gamma neural networkmodel is benchmarked
against a gammaGLM in Table 6; the figures indicate that we should continue with themore complex
neural network.5

Figure 13 (lhs) shows the quantile-quantile (QQ)-plot of the shifted residuals Resk + 1 = (|Yk| −
μ(xk))/μ(xk) + 1 which should have a gamma distribution with mean 1 and constant dispersion.
Figure 13 (lhs) shows that the observations are clearlymore heavy tailed than the gammamodel allows
for. This is also supported by Figure 13 (rhs) which provides the Tukey–Anscombe plot. Additionally,
we have explored a small-large payments split (composite model), and we have fitted a gammamodel
to the small payments. The resulting Tukey–Anscombe plot looked very similar to the one in Figure
13 (rhs); moreover, the manual intervention of choosing a large payment threshold was clearly visible
in the plot (which is unsatisfactory).

Conclusion. We continue with gamma model (b2) of Table 6. This only requires one single net-
work to be fitted and one single (mean) parameter to be estimated. Because we are only interested in
having good mean estimates this is sufficient for our purposes.

Limitations 5.1:Obviously, the gammamodel is not sufficiently accurate to simulate payment sizes
Yk, it is only suitable for mean estimation μ(xk). This can be seen as a limitation of our approach

5 Note that a gamma GAM has a similar performance as the gamma GLM. The corresponding gamma loss of the GAM is 1.9246 and
the rooted mean square loss is 13,172.
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Figure 13. (lhs) QQ-plot of the estimated gamma model (b2) of Table 6 and (rhs) Tukey–Anscombe plot of the residuals against
the estimated means.

Figure 14. (First row) Predicted payments and (second row) predicted recovery payments for different features x and identical
claim code 2: the x-axis illustrates different settlement months k ∈ {0, . . . , 60}, the different colors illustrate different reporting
delays from 0 days to 1 year and the plots from left to right show (Ik−1,Ok) = (0, 1), (1, 1), (0, 0), (1, 0).

because we cannot simulate payment sizes. This is also the reason for not including payment size
information into the covariates for the prediction of the indicator process (Yk,Ok)k≥0. Naturally,
we expect that the predictive performance can be improved by including payment size information.
However, then extrapolation to the lower triangle is only feasible if one has a reasonable Monte Carlo
simulation tool for these payments sizes.

The fitted network allows us to study expected paymentsμ(xk) as a function of xk. Figure 14 illus-
trates such plots.Wefix claim code 2, the x-axis illustrates different settlementmonths k ∈ {0, . . . , 60},
and the different colors illustrate different reporting delays from 0 days to 1 year. The first row gives
predicted claim payments and the second row predicted recovery payments (conditional onRk = 1).
The first column gives the predictions for claims without payments in the previous period Yk−1 = 0
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Figure 15. RBNS claims reserves simulation architecture with maximal settlement delay d.

and claims remaining open Ok = 1 after settlement period k, the second column for Yk−1 = 1 and
Ok = 1, the third column forYk−1 = 0 andOk = 0, and the fourth column forYk−1 = 1 andOk = 0.
We observe that all this feature information influences predicted payments and recoveries. For these
plots the undetermined feature components in (10) have been set to v(T) = 1/4 (March), Ok−1 = 1
(open), yk−1 = Yk−1 (only a potential payment in the previous period) and the LoB has been chosen
to be the more likely one for the given claim code 2.

5.4. Extrapolation of payments to the lower triangle

We expand the payment processes of RBNS claims to the lower triangle (this encloses relapses of
closed claims). We do this by successive one-period-ahead predictions. For each reported claim, this
includes three steps for each settlement month k in the lower triangle, see Figure 15:

1st step : Simulate the categorical payment and claim status indicator Ik = Yk + 2 · Ok based on
feature information (8); ifYk = 1, process the next two steps, otherwise go to settlement
month k+ 1 for this claim.

2nd step : Simulate the Bernoulli recovery indicator Rk based on feature information (9), this
feature information includes the previously simulated claim status indicator Ok.

3rd step : Calculate the expected payment sizeE[Yk] = Rkμ(xk) based on feature xk given in (10),
this includes the previously simulated claim status indicator Ok and the recovery
indicatorRk = ±1. Proceed to settlement month k+ 1.

This procedure is iterated over the entire lower triangle for each reported claim.
To reduce simulation error, we average the above procedure over 50 Monte Carlo extrapolations

in the lower triangle. This provides us with an RBNS reserve of 23, 832 · 103 for all reported claims
at the cutoff date τ . If we again truncate these payments to the CL domain, see Section 4.3.4, we
receive RBNS reserves of 23, 160 · 103 (having a Monte Carlo simulation error (standard deviation)
of 195 · 103). In the next section we compare these results to the classical CL reserves. We conclude
this section by giving some plots of the RBNS reserves.

We are now able to illustrate the reserves for reported claimsw.r.t. the available feature information.
Figure 16 (lhs, middle) illustrates payments and reserves for reported claims at the cutoff date τ as a
function of accident year and of claim codes, respectively. Figure 16 (rhs) shows the split of reserves
to open reported claims and closed claims, the latter are reserves for re-openings for relapses.We note
that in our data there is quite some influence by relapses (in terms of reserves), though less than 3%
of all closed claims are re-opened, see Figure 7.



SCANDINAVIAN ACTUARIAL JOURNAL 23

Figure 16. Payments and reserves for reported claims (lhs) as a functionof accident year, (middle) split by claimcodes, (rhs) reserves
split by open and closed claims at the cutoff date (the latter being reserves for re-openings coming from relapses).

6. Claim amounts for IBNR claims

We have calculated the RBNS reserves for reported claims in Sections 4–5. In Section 3, we have
predicted the number of IBNR counts, we expect 402 IBNR claims, see Table 1. In the present section
we assign claim amounts to these IBNR claims. For this we use a weekly time scale as in Section 3,
and the time ceiling function �·� refers to the weekly time scale in this section.

6.1. Description of our IBNR claimmodeling approach

The modeling of IBNR claim amounts is done differently compared to the claim payments modeling
of RBNS claims. This difference inmodeling is common in actuarial practice because the nature of the
underlying data is different. For RBNS claims we have partially observed individual claim settlement
processes, and the main task in RBNS reserving is to complete these individual claim histories in
a path-dependent way. We have done this by successive one-period-ahead predictions, see Figure
15. For IBNR claims we do not have partially observed histories, and there is no point in performing
multiple path-dependentMonte Carlo simulations, but, instead, ultimate claim amounts of individual
claims are estimated directly, still considering individual (static) claim feature information if available.
In our case this information is exactly the (weekly) feature information (i, j, v(i),ϑ) = (�T�, �U� −
�T�, v(�T�),ϑ) from the IBNR claim counts modeling, see (5).

6.2. IBNR claim amountmodeling

To estimate IBNR claim amounts we set up networks 5 and 6. The fifth network serves at predicting
whether we have a claim without any payments (called zero claim), and the sixth network will assess
the total claim amount in case of a non-zero claim. For both networks we use exactly the same weekly
feature information (i, j, v(i),ϑ) = (�T�, �U� − �T�, v(�T�),ϑ) as for IBNR claim counts modeling,
see (5); this feature information corresponds to the claim occurrence week, the reporting delay in
weekly units, the annual seasonality and the static feature informationϑ ∈ �. The total IBNR reserves
are then obtained by∑

ϑ

∑
i+j>�τ�


̂(i, j, v(i),ϑ)
(
1 − q̂(i, j, v(i),ϑ)

)
γ̂ (i, j, v(i),ϑ), (11)

where 
̂(i, j, v(i),ϑ) is the estimated number of IBNR claims (estimated by the first network given in
Section 3.2), q̂(i, j, v(i),ϑ) ∈ (0, 1) is the estimated probability of having a zero claim (coming from
the fifth network), and γ̂ (i, j, v(i),ϑ) > 0 is the estimated claim amount in case of a non-zero claim
(coming from the sixth network).



24 Ł. DELONG ET AL.

We start by describing the available data for this prediction. Above, we have designed networks that
allow us to complete the path-dependent trajectories of claims reported at the cutoff date τ . Thus, for
all reported claims we now have a fully developed (predicted) claim history over the d+ 1 = 108 set-
tlement months which provides total payments per reported claim. There is one tricky issue that has
already been mentioned in Section 4.1: in the upper triangle we have observed payments Yk and in
the lower triangle we have predicted payments Ŷk = E[Yk] = μ(xk). Thus, we have an inconsistency
between upper and lower triangle, andwe are not allowed to simply aggregate these payments and pre-
dicted payments to assess the total individual claim amounts, because claimswith different settlement
delays would be of different nature. For this reason we replace non-zero paymentsYk in the upper tri-
angle by corresponding (in-sample) predictions Ŷk = μ(xk). The last column of Table 6 tells us that
this replacement is unbiased, i.e. the total prediction is exactly equal to the total payments in the upper
triangle; this unbiasedness has been enforced by setting the intercept in the output layer correspond-
ingly, see Section C.3 in the supplementary material. After this replacement in the upper triangle we
aggregate all predicted payments to receive the total predicted claim amounts Ĉ� = ∑

0≤k≤d Ŷ�,k for
all reported claims � ≥ 1. These predicted claim amounts Ĉ� are complementedwith the static feature
information (�T��, �U�� − �T��, v(�T��),ϑ�).

Based on feature information (i, j, v(i),ϑ) we design networks 5 and 6 to estimate the zero claim
probability q(i, j, v(i),ϑ) ∈ (0, 1) and the claim amount γ (i, j, v(i),ϑ) > 0 in case of a non-zero claim.
Similar to Section 3.2, we design a network with logistic Bernoulli responses for assessing zero claims,
and one with gamma responses for the total claim amounts for non-zero claims, this is described in
more detail in Section D of the supplementary material. The resulting calibration statistics are given
in Table 7, and the last column of this table confirms that we work with an unbiased model.

Established with these two additional networks we complete the predicted IBNR claim counts of
Section 3.2 with total individual claim amounts, see (11). This results in IBNR reserves of 3, 338 · 103,
thus, altogether we receive 26, 498 · 103 RBNS and IBNR reserves from the network approach. We
compare this estimate to the one received from the CL method, see Table 8. The difference between
the two methods is surprisingly small, i.e. only slightly more than half of one RMSEP of 2, 730 · 103,
received by the bootstrap method of England & Verrall (1999) in the ODP model. This small dif-
ference is a second proof of concept that our neural network approach provides reasonable results,
given that the CL reserves meets the right level of reserves. In fact, we predict slightly higher claims
than in the CL method; this can be justified because the CL method has difficulties to appropriately
consider seasonality, change of portfolio mix, etc., but overall the CL reserves have proved (in the
past) to provide reasonable reserves on this data set. An advantage of our approach is that it allows
us to analyze the reserves as a function of all available features.

Table 7. IBNR zero claim indicators and IBNR claim amounts (in case of non-zero claims): run time of calibration, number of model
parameters, loss and estimated averages.

Run # In-sample Estimated averages
time parameters loss q̂(·) and γ̂ (·), respectively

IBNR zero claim indicator: homogeneous model – 1 0.5217 7.28%
IBNR zero claim indicator: neural network 18 s 644 0.4551 7.28%
IBNR claim amounts: homogeneous model – 1 2.1498 11,109
IBNR claim amounts: neural network 13 s 644 1.6905 11,109

Table 8. Predicted payments (claims reserves) after the cutoff date restricted to
the domain of the CL method (units in 1000).

RBNS IBNR Total
reserves reserves reserves

Neural network 23,160 3,338 26,498
ODP CL method NA NA 25,011
RMSEP (dispersion φ = 108, 944) 2,730
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Figure 17. (top lhs) Payments and CL reserves, (top rhs) payments, RBNS and IBNR reserves from network approach, (middle lhs)
numberof claims, (middle rhs) claimsaverages, (bottom lhs) payments and reservesper accidentquarter, and (bottomrhs) payments
and reserves per claim codes.
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The top row of Figure 17 shows the two methods split w.r.t. accident years: allocation of reserves
to accident years is very similar between the CL method and our network approach. The middle
row illustrates the number of claims and the resulting claim averages (based on the neural network
prediction). We predict a slight decrease on average claim amounts from 2016 compared to 2017.
The bottom row of Figure 17 shows the claims split according to accident quarters (lhs) and claim
codes (rhs). Interestingly, we have a much bigger claim payment exposure in the first quarters of the
calendar years, and summer time is a comparably quiet period. Moreover, reserves for older claims
aremainly set for the first accident quarters. FromFigure 1 in the supplementarymaterial, we observe
that claim codes 1, 2 and 7 have mainly exposure in winter months, which justifies the claim codes
split in Figure 16 (bottom rhs).

7. Conclusion

We have presented an individual claims reserving approach which considers individual claims fea-
tures and past claims history. This approach is based on an architecture consisting of six neural
networks, see Figure 1, each serving a certain purpose:

• network 1 models claim counts of IBNR claims;
• network 2 serves at modeling the payment indicator and the claim status processes of RBNS

claims;
• network 3 serves at modeling an indicator process for recovery payments of RBNS claims;
• network 4 serves at modeling expected claim and recovery payments of RBNS claims;
• network 5 models an indicator for having an IBNR claim without payments (zero claim);
• the final network 6 models claim amounts for non-zero IBNR claims.

The basic network architecture is the same for all six networks, only the input dimensions differ
(depending on the available feature information in each modeling step), and the output functions
differ (depending on the type of distribution function we would like to model). We fit this model on
weekly data for IBNR claims and onmonthly data for RBNS claims. The run times of these modeling
steps are reasonably short (as indicated in the corresponding tables), and the resulting reserves almost
meet the benchmark received from the CL method. The latter is surprising and a critical reader may
question our complex model if a simple one comes to the same conclusion. The benefits of our more
complex model are that we receive claims reserves on a granular level, for instance, we can assess
claims reserves for a given claim type (encoded in ϑ) occurring in a certain calendar month. Such
information is important for the understanding of all single modules that form an insurance contract
and, henceforth, for product development. Another advantage of our approach compared to the CL
method is that we can cope with seasonality, trends, changes in portfolio mix and, even, changes in
legislation. The latter has not been proved in this paper, but we use the same approach for an industry
project on motor third party liability data where the jurisdiction has changed two times over the last
30 years.

The main compromise to achieve good run times, here, is that we cannot simulate individual
claim histories. Our model provides reasonable claims reserves, however, our claim size distribution
is not suitable for simulation because it underestimates the tails of the claims. If one is interested in
a good simulation model, this will add another layer of complexity as has been shown in our previ-
ous paper (Delong & Wüthrich 2020). Of course, also this latter approach has its advantageous and
disadvantageous, for instance, robustness of results needs to be carefully checked in more complex
models.
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