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Simultaneous supersingular reductions of
CM elliptic curves

By Menny Aka at Zurich, Manuel Luethi at Lausanne, Philippe Michel at Lausanne and
Andreas Wieser at Jerusalem

Abstract. We study the simultaneous reductions at several supersingular primes of
elliptic curves with complex multiplication. We show – under additional congruence assump-
tions on the CM order – that the reductions are surjective (and even become equidistributed)
on the product of supersingular loci when the discriminant of the order becomes large. This
variant of the equidistribution theorems of Duke and Cornut–Vatsal is an(other) application of
the recent work of Einsiedler and Lindenstrauss on the classification of joinings of higher-rank
diagonalizable actions.

1. Introduction

1.1. Simultaneous reduction of CM elliptic curves. Let K D Q.
p
D/ be an imagi-

nary quadratic number field with ring of integers OK and discriminant D D DK < 0.
An elliptic curve over C is a smooth projective variety in P2C defined by an equation of

the shape
E W y2 C a1xy C a3y D x

3
C a2x

2
C a4x C a6

and equipped with the structure of an abelian group via the usual chord-tangent construction
and the point Œ0; 1; 0� as neutral element. We say that E=C has complex multiplication (CM)
by OK if its ring of endomorphisms is isomorphic to OK. Denote by Ellcm

OK
the finite set of

C-isomorphism classes of such elliptic curves.
Given E 2 Ellcm

OK
, its j -invariant j.E/ is an algebraic integer, cf. [45, Chapter II, Theo-

rem 6.1], and K.j.E// � NQ � C is the Hilbert class field HK of K, cf. [45, Chapter II,
Theorem 4.3]. Consequently, E is defined over HK.
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Given p a fixed odd prime, we also fix throughout an embedding Q ,! Qp; in particular
this embedding uniquely determines, for any field K as above, a prime ideal p D pHK � OHK

above p.
Assume that p is inert in K. The curve E (or rather an HK-form of it) has good reduction

E mod p at p, cf. Section 5.3, and its j -invariant is

j.E mod p/ D j.E/mod p 2 Fp2 ;

and the curve E mod p is supersingular, i.e. its endomorphism ring is a maximal order in
a quaternion algebra over Q, namely in the unique quaternion algebra Bp;1 ramified at p
and1.

We denote by Ellss
p the set of isomorphism classes of supersingular elliptic curves defined

over Fp. This is a finite set of cardinality p
12
CO.1/ (see [46, Chapter V, Theorem 4.1]). We

will be interested in studying the reduction map

redp W Ellcm
OK
! Ellss

p ; E 7! E mod p

for various values of p.
By Deuring’s lifting theorem [13] every supersingular curve can be obtained as the reduc-

tion of some elliptic curve (with complex multiplication by some order of some imaginary
quadratic field). A natural question then is whether the CM order can be taken to be maximal
and if so, which are the possible orders. In [35], the third named author remarked that by com-
bining the works of Gross, Duke and Iwaniec [14,25,27], any E0 2 Ellss

p may be lifted to some
E 2 Ellcm

OK
as soon as p is inert in K and D is sufficiently large (depending on p). In other

terms, for D large enough, the reduction map redp is surjective. This result was subsequently
reinterpreted and refined by several authors – see for example [21, 28, 54].

In the present paper we are interested in a further refinement of this question: namely
whether given several supersingular elliptic curves at several distinct primes there exists
a single elliptic curve with CM by OK which is a lifting of all of them. More precisely,
let p D ¹p1; : : : ; psº be a finite set of distinct odd primes and for each i a fixed embedding
Q ,! Qpi . Let K be an imaginary quadratic field in which the primes p1; : : : ; ps are all inert.
For each i 2 ¹1; : : : ; sº let pi D pi;HK be the prime ideal in HK determined by Q ,! Qpi . We
now have a simultaneous reduction map

redp W Ellcm
OK
!

Y
i�s

Ellss
pi
; E 7! .E mod pi /i�s:

The question is whether this map is surjective or not. We expect that this is the case as long as
D is large enough (depending on p). A consequence of our main Theorem 1.3 stated below is
that this is the case at least under some additional congruence assumptions on D:

Theorem 1.1 (Simultaneous lifting). Let q1; q2 be two distinct, odd primes, and let
p1; : : : ; ps be distinct odd primes also distinct from q1 and q2. There is someD0 � 1 (depend-
ing on p D ¹p1; : : : ; psº and q1; q2) with the following property: for any imaginary quadratic
field K of discriminant D such that

(1) jDj � D0,

(2) each pi for 1 � i � s is inert in K, and

(3) q1 and q2 are split in K,
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the map redp is surjective. In other terms, for allEi 2 Ellss
pi

, i D 1; : : : ; s, there exists an elliptic
curve E 2 Ellcm

OK
satisfying

E mod pi D Ei .i D 1; : : : ; s/:

In fact, this surjectivity result admits a more precise formulation in the form of an equidis-
tribution statement on the product of

Q
1�i�s Ellss

pi
.

Given E0 2 Ellss
p , we define

wE0 D jEnd�.E0/=¹˙1ºj:

Eichler’s mass formula states that X
E02Ellss

p

1

wE0
D
p � 1

12
;(1.1)

see e.g. [25, equation (1.2)]. We then introduce the probability measure

�p D
12

p � 1

X
E02Ellss

p

1

wE0
ıE0 :

Remark 1.2. It is known that the product of the wE0 over the distinct isomorphism
classes is a divisor of 12, cf. [25, equation (1.1)], and hence asymptotically most weights are
equal to 1 so the above measure is almost uniform.

Using the observation in [35] referred to previously, the third author established that for
every E0 2 Ellss

p we have

j¹E 2 Ellcm
OK
W E mod p Š E0ºj

jEllcm
OK
j

! �p.E0/

as D ! �1 along the set of fundamental discriminants. In other terms, the push-forward of
the uniform probability measure on Ellcm

OK
by the map redp converges to the measure �p.

We establish a similar equidistribution statement towards the product measure
N
i�s �pi ;

in fact, we include an additional archimedean equidistribution result.
Let Ell1 be the moduli space of all complex elliptic curves up to C-isomorphism. This

space is identified with the space of lattices in C up to C�-homothety, i.e. the complex modular
curve

Y0.1/ D SL2.Z/nH;

via the map
Œz� D SL2.Z/:z 7! Œƒz� WD ŒZC Z:z� 7! ŒC=ƒz�:

In this representation an elliptic curve E with CM by OK is one for which the corresponding
lattice ƒzE satisfies

End.ƒzE / WD ¹z 2 C W z:ƒzE � ƒzE º D OK � K � C:

By this identification Ell1 is equipped with a probability measure �1 corresponding to the
normalized hyperbolic measure 3

�
dxdy

y2
.
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Let red1 denote the obvious injection

red1 W Ellcm
OK
! Ell1; E 7! E.C/:

It was proven by Duke in [14] that the push-forward of the uniform probability measure on
Ellcm

OK
converges to �1 as D ! �1.
Setting now

p D ¹p0 D1º [ ¹pi W 1 � i � sº
we consider the map redp D .redpi /0�i�s and its image

redp.Ellcm
OK
/ D ¹.redpi .E//0�i�s W E 2 Ellcm

OK
º � Ell1 �

sY
iD1

Ellss
pi
:

We prove:

Theorem 1.3. Let q1; q2 be distinct, odd primes which are distinct from p1; : : : ; ps . As
D ! �1 along the set of fundamental negative discriminants such that

(1) each pi for 1 � i � s; is inert in K D Q.
p
D/, and

(2) q1; q2 are split in K,

the push-forward of the counting probability measure on Ellcm
OK

by redp equidistributes towards
�1 ˝ �p1 ˝ � � � ˝ �ps .

This equidistribution result is true more generally if instead of a sequence of maximal
orders OK we consider sequences of quadratic orders O � OK � K and the sets Ellcm

O of elliptic
curves with complex multiplication by O (again with suitable congruence condition); we refer
to Theorem 7.1 for the precise statement.

Remark 1.4. In this extended setting, a version of this equidistribution result was
proven by Cornut [8] using ideas of Vatsal [48] for non-maximal orders whose discriminants
are of the form Dp2n for D < 0 a fixed fundamental discriminant, p a fixed prime coprime
to D and n!C1. As in the present paper, these works make crucial use of dynamics and
ergodic theory on locally homogeneous spaces. A chief difference is that the above mentioned
works use unipotent dynamics (i.e. Ratner’s theorems such as [41]) while we also need to
rely on the recent work of Einsiedler and Lindenstrauss on rigidity of joinings of higher rank
diagonalizable actions [16].

An especially interesting case is that of orders whose discriminants are of the form Dpn

for D < 0 a fixed fundamental discriminant, n � 1 a fixed exponent, and p !C1 along the
primes coprime to D (see Theorem 7.1). Although the quadratic field K D Q.

p
D/ is fixed,

the fact that p is varying also seems to require the use of rigidity of higher rank diagonalizable
actions. As explained to us by Henri Darmon such a case could be interesting for the study of
certain Euler systems. We will pursue other variants along this direction in future joint work
with D. Ramakrishnan.

Remark 1.5. Theorem 1.3 can be upgraded in several directions:
� The most immediate is by incorporating additional level structures; for instance by con-

sidering for N � 1, the space Y0.N / of isomorphism classes of pairs of elliptic curves
' W E1 7! E2, where ' has a cyclic kernel of order N . Suppose that every prime divisor
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of N splits in K. If .' WE1 7!E2/2 Y0.N /.C/ is such that E1 2 Ellcm
OK

, then E2 2 Ellcm
OK

as well; the set, Y0.N /cm
K say, of such “CM” points is then called the set of Heegner points

([24, Section I.3.]). Note that if, in addition, N has two distinct prime factors q1; q2, the
splitting condition is automatic.

� In [26], S. Herrero, R. Menares, and J. Rivera-Letelier have established a refined version
of the equidistribution of CM elliptic curves modulo an inert prime p (more generally
for any kind of prime) by describing how the CM curves equidistribute on Ellss.Cp/,
the moduli space of elliptic curves over Cp with supersingular reduction. Their proof
relies among other things on Duke’s approach to prove equidistribution (i.e. by bounding
Fourier coefficient of an adequate theta series). In a forthcoming project with the authors
of [26] we will combine both their and our methods to prove the joint equidistribution
of Ellcm

O on the product of the moduli spaces Ellss.Cpi / for i D 1; : : : ; s.

� These equidistribution theorems also generalize to equidistribution for CM points in the
space of abelian varieties of dimension 2ŒF W Q�, admitting complex multiplication by
a quaternion algebra defined over a fixed totally real number field F . We refer to [8–11,
48] for examples of work in this direction.

Remark 1.6. Though seemingly artificial, the splitting assumption on q1; q2 in Theo-
rem 1.3 allows the use of diagonalizable dynamics alluded to in Remark 1.4 (see the discus-
sion after Theorem 1.8). One may generalize Theorem 1.3 to treat for instance all imaginary
quadratic fields K for which there are two split primes q1; q2 62 ¹2; p1; : : : ; psº below a fixed
threshold C > 0. Furthermore, even assuming GRH one cannot remove the splitting assump-
tion using the arguments in the present paper as the dynamical argument uses two fixed split
primes that are not allowed to vary with the field.

1.2. Reduction to an equidistribution statement. As hinted at above, Theorem 1.3 is
a consequence of a dynamical statement in the context of locally homogeneous spaces. The
first step is to realize redp.Ellcm

OK
/ as (the projection of) an orbit of the adelic points of the torus

TK D ResK=QGm=Gm

on a product of adelic locally homogeneous spaces. We describe this realization here. Using
this realization, Theorem 1.3 is then obtained from an equidistribution result for such orbits,
more specifically Theorem 1.8 which will be discussed in the next section.

We use several Q-forms of PGL2, namely the projective unit groups Gi D PB�i for
i D 0; : : : ; s of the quaternion algebras B0;B1; : : : ;Bs defined over Q, where B0 D Mat2 is
the split quaternion algebra and where Bi for 1 � i � s is the quaternion algebra ramified
exactly at1 and pi .

As explained in Section 5 there is for each pi an identification

 i W Ellss
pi
�
�! Gi .Q/

�Gi .A/
ı

Gi .R/PcOi�;
where Oi � Bi .Q/ is some fixed maximal order and cOi D Oi ˝bZ. There is also an identifi-
cation for the archimedean place

 0 W Ell1 ��! PGL2.Q/
�PGL2.A/

ı
PSO2.R/PGL2.bZ/:
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Let E 2 Ellcm
OK

. To E is associated for each i D 0; : : : ; s a class ŒgE;i � D  i .redpi .E// and an
embedding of Q-algebras �i W K ,! Bi ; and consequently a morphism of Q-algebraic groups

�i W TK ,! Gi :

Let us recall that the ideal class group Pic.OK/ acts simply transitively on Ellcm
OK

; we
denote this action by

.Œa�; E/ 7! Œa� ? E;

where Œa� is the class of an ideal a � OK. We also have a natural identification

Pic.OK/ ' TK.Q/
�TK.A/

ı
TK.R/TK.bZ/;

where TK.bZ/ corresponds to the projectivized group of units in the completion cOK, where
the integral structure defining TK.bZ/ is the one induced by the choice of maximal orders
O1; : : : ;Os . We show in Section 4.3 and Section 5.4 that for i D 0; : : : ; s, if tf 2 TK.Af/ is
such that Œtf� ' Œa�, then

 i .redpi .Œa� ? E// D Œ�i .t
�1
f /gE;i �:

We now collect these identities for all 0 � i � s. Let us set

� D .�i /0�i�s W TK ! G D
sY
iD0

Gi

and define gE D .gE;i /0�i�s as well as the compact groups

K1 D PSO2.R/ �
sY
iD1

Gi .R/ and Kf D PGL2.bZ/ � sY
iD1

PbO�i :
We obtain that the componentwise identification

 W Ell1 �
Y
i

Ellss
pi
�
�! G.Q/

�G.A/ıK1Kf

satisfies for any Œtf� and Œa� as above

 .redp.Œa� ? E// D Œ�.t
�1
f /gE �:

Therefore redp.Ellcm
OK
/ is identified with the projection of the orbit of the torus TK.A/ embedded

diagonally into the product group G by �:

Œ�.TK.A//gE � � G.Q/
�G.A/ıK1Kf:

Let T� denote the image �.TK/. The situation can be summarized in the following commutative
diagram:

Œa� ? E 2 Pic.OK/:E D Ellcm
OK

redp
//

�

��

Ell1 �
Qs
iD1 Ellss

pi

 

��

Œ�.t�1f /� 2 T�.Q/
�T�.A/

ı
T�.R/T�.bZ/ // G.Q/

�G.A/ıK1Kf.

Here, the bottom arrow is given by mapping Œ�.t/� to Œ�.t/gE � seen as an element in the double
quotient on the right. This discussion reduces Theorem 1.3 to considering the behavior of sets
of the form Œ�.TK.A//gE � as the discriminant of K goes to negative infinity.
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1.3. Equidistribution of diagonal torus orbits. By the reduction step in the previous
section, the proof of Theorem 1.3 is a direct consequence of a general equidistribution theorem.
To state it in full, we (re-)introduce some notation.

Let Bi for 0 � i � s be finitely many distinct rational quaternion algebras. We denote
by Gi D PB�i the associated projective group of units and set

G D
sY
iD0

Gi and ŒG� D G.Q/nG.A/:

Furthermore, we fix for each i 2 ¹0; : : : ; sº a compact open subgroupKf;i < Gi .Af/ and define

(1.2) Kf D
Y
i

Kf;i and ŒG�Kf D ŒG�=Kf:

By a theorem of Borel and Harish-Chandra [4], the homogeneous space ŒG� comes with a Haar
probability measure which we denote by dg. It induces a probability measure on ŒG�Kf (by
restriction to the continuous right Kf-invariant functions on ŒG�) which we also denote by dg
for simplicity.

1.3.1. Toral packets and discriminants. For each index i 2 ¹0; : : : ; sº we let �i be an
embedding of a quadratic field K (possibly a real quadratic field) into the quaternion alge-
bra Bi .Q/. We thus obtain an induced morphism of Q-algebraic groups

�i W TK ! Gi

and a diagonal morphism
� W TK ! G:

We denote its image by

(1.3) T� D ¹.�0.t/; : : : ; �s.t// W t 2 ResK=Q.Gm/=Gmº:

For g D .g0; : : : ; gs/ in G.A/ and a tuple � D .�0; : : : ; �s/ of embeddings as above, we
denote by

ŒT�g� D G.Q/nG.Q/T�.A/g � ŒG�

the associated (compact) toral packet and by ŒT�g�Kf its projection to ŒG�Kf .
The arithmetic complexity of the toral packet ŒT�g� is measured using the notion of

discriminant; in the present case we define the discriminant as

disc.ŒT�g�/ D min
iD0;:::;s

disc.ŒT�igi �/;(1.4)

where ŒT�igi � is the projection of ŒT�g� to the i -th factor ŒGi � and the discriminant disc.ŒT�igi �/
is defined in [18, Section 4].

Remark 1.7. In the context of Theorem 1.3 and in view of Section 1.2, the above dis-
criminant of a toral packet ŒT�g� with associated field K is comparable to jdisc.K/j and the
terms on the right-hand side of (1.4) are roughly the same size.
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1.3.2. The main theorem. We are now able to formulate the dynamical input for Theo-
rem 1.3, which is of independent interest.

Theorem 1.8 (Equidistribution of diagonal torus orbits). Let q1; q2 be two distinct odd
primes. Let Tn D T�n < G for n � 1 be a sequence of tori as in (1.3) with underlying fields Kn
such that q1 and q2 both split in Kn for every n. For any n � 1 let gn 2 G.A/. LetKf < G.Af/

be a compact open subgroup as in (1.2). We assume that for every i D 0; : : : ; s the reduced
norm NrBi induces a surjective map

NrBi W Kf;i � bZ�ı.bZ�/2:(1.5)

If disc.ŒTngn�/!1 as n!1 the sequence of packets ŒTngn�Kf equidistributes on ŒG�Kf .
That is, for any Kf-invariant function f 2 Cc.ŒG�/ we haveZ

ŒTn�
f .tgn/ dt !

Z
ŒG�
f .g/ dg

as n!1, where the left-hand side denotes the integral with respect to the Haar probability
measure.

Remark 1.9. If Kn is a real quadratic field for every n, the condition that q2 splits in Kn
can be omitted as the “infinite place” already splits in Kn.

Remark 1.10. Condition (1.5) is in particular satisfied if Kf;i D PcOi� for an Eichler
order Oi in Bi .Q/ – see also Section 9.3 for this well-known fact.

The proof of Theorem 1.8 is a consequence of the classification of joinings of higher rank
diagonalizable actions by Einsiedler and Lindenstrauss [16] as formulated in Theorem 8.4. For
this, the splitting assumption is crucial. Such an assumption is commonly called a Linnik-type
condition and imposing two such splitting conditions gives rise to higher-rank diagonalizable
acting groups. It is reasonable to expect that Theorems 8.4, 1.8 and 1.3 remain true without this
assumption (as is the case for a single factor). However, a proof without this assumption would
require a completely different argument.

Remark 1.11. In the case of two factors (s D 2 in our notations), Valentin Blomer and
Farrell Brumley have recently developed a proof of Theorem 1.3 which is conditional on the
Generalized Riemann Hypothesis but does not require any splitting assumption. As expected,
the methods are entirely different from ours and build on the evaluation of fractional moments
of L-functions in the spirit of [33, 40].

The joinings classification [16] allows us to show that any weak�-limit of the measures
on the packets ŒTngn� is invariant under the image of the simply connected cover of G in G.A/.
Thus, Theorem 1.8 is reduced to the verification of equidistribution for functions in the char-
acter spectrum. Under assumption (1.5), the character spectrum on ŒG�Kf is trivial and hence
equidistribution holds. In Corollary 10.4, we provide an equivalent condition to equidistribution
for a general compact open subgroup Kf under the assumption that the underlying quadratic
fields Kn for n � 1 do not belong to a finite set of exceptional fields determined by Kf.
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Remark 1.12. As already pointed out above, Theorem 1.8 is a rather direct application
of the classification of joinings of higher rank diagonalizable actions due to Einsiedler and
Lindenstrauss [16]. There is by now a number of works building on this deep and powerful
result, for instance [1–3, 30]. As far as we know, the deepest of these applications is the work
of Khayutin [29] who made striking progress on the mixing conjecture by Venkatesh and the
third named author (see [22]).

1.4. Structure of the paper. As this article brings together two different areas of
research from dynamics and number theory, the authors have put an effort into making it acces-
sible to both of these communities. In particular, most of the material discussed in Sections 3,
4 and 5 will probably be considered standard by many number theorists but we hope this will
be helpful to dynamicists. As explained above, the main theorem (Theorem 1.3) follows from
Theorem 1.8 which is an equidistribution result of adelic toral orbits. Therefore, we first need
to describe the objects above in adelic terms. In Section 3 we give an adelic description of the
set of complex elliptic curves. In Section 4 we describe adelically the complex multiplication
curves, the action of the Picard group on them, and the reduction map red1. In Section 5 we
describe adelically the set of the supersingular elliptic curves together with a natural measure
on them, the associated reduction map and its compatibility with the Picard group action. Then,
in Section 6 we combine the result of the previous sections to show compatibility between the
reductions maps at different primes. This enables us to derive Theorem 1.3 from Theorem 1.8
in Section 7. The proof of Theorem 1.8 is then done in two steps: In Section 8 we show that
the limiting measure of the toral orbits is invariant under the image of the simply-connected
cover and in Section 9 we show that equidistribution holds for Kf-invariant functions. Finally,
in Section 10 we discuss further possible strengthenings of our main results.

2. Notations and background

If E=k is an elliptic curve defined over a field k, we will in general see it as defined over
an algebraic closure k. In particular, its ring of endomorphism End.E/ is the ring for E=k and
likewise for the set of isogenies Hom.E;E 0/ (plus the constant zero map) between two elliptic
curves E=k and E 0=k and similarly for the set of isomorphisms. Also we will usually use the
same notation E for an elliptic curve and its isomorphism class.

By A (resp. Af) we mean the ring of adeles (resp. finite adeles) over Q and more generally
given a subset S of the set V of places of Q we let QS be the restricted product of Qv for v 2 S
with respect to the sequence .Zp/p2S . We also write Vf for the set of finite places (i.e. for the
set of rational primes).

For any affine algebraic group G defined over Q, we denote by G.A/ (resp. G.Af/) the
group of its adelic (resp. finite adelic) points and more generally by

G.QS / D
Y0

v2S

G.Qv/

the group of its QS -points. In particular, if V is a finite dimensional Q-vector space, we denote
the sets of its v-adic points, QS -points, finite adelic, and adelic points by

V.Qv/ D Vv D V ˝Q Qv;

V .QS /, V.Af/, and V.A/, respectively.
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We will use this notation also for a number field K or more generally a finite dimen-
sional Q-algebra. That is, the rings of v-adic, QS -, finite adelic, and adelic points of K will be
denoted by Kv D K.Qv/, K.QS /, K.Af/, and K.A/, respectively. Furthermore, viewing the
multiplicative group K� of K as a Q-algebraic group (which we also denote by ResK=Q.Gm/),
we write K�v D K�.Qv/, K�.QS /, K�.Af/, and K�.A/, respectively.

2.1. Homogeneous spaces. Equipped with the respective natural topologies, the groups
G.Qv/,G.QS /, G.Af/, and G.A/ are locally compact groups. The group of rational points
G.Q/ then embeds discretely in G.A/ via the diagonal embedding. We denote by ŒG� the
quotient

ŒG� D G.Q/
�G.A/

and if K < G.A/ is a subgroup, we denote the associated double quotient by

ŒG�K D ŒG�=K D G.Q/
�G.A/ıK:

For g 2 G.A/ an element and A � G.A/ a subset we denote their images in ŒG� or ŒG�=K by
Œg�, Œg�K and ŒA�, ŒA�K , respectively. If the subgroupK is understood, we will sometimes drop
the index K from the notation above and just write Œg� for the class Œg�K .

If G has no non-trivial Q-characters (which will always be the case in this paper), G.Q/
is a lattice in G.A/ [39, Theorem 5.5] and the groups G.Qv/, G.QS /, G.Af/, and G.A/ are
unimodular. In general, we denote bymŒG� (or sometimes simply dg) a G.A/-invariant measure
on the quotient ŒG� (which is unique up to scaling). If G.Q/ is a lattice in G.A/, we always
normalize mŒG� to be a probability measure.

For K < G.A/ a compact subgroup, we write mŒG�K for the induced measure on ŒG�K
which is the restriction of mŒG� to the space of K-invariant continuous functions on ŒG� of
compact support. This measure on ŒG�K is a probability measure whenever mŒG� is.

Whenever Kf < G.A/ is a compact open subgroup, we will call

G.Q/
�G.A/ıG.R/ �Kf

the class set of Kf. This is always a finite set [39, Theorem 5.1].

2.2. Lattices. A lattice L in a finite-dimensional Q-vector space V is a finitely gener-
ated Z-module containing a Q-basis of V . We denote by L.V / the space of all lattices in V . In
the following, q will always denote a (finite) prime. A lattice Lq � Vq is a finitely generated
Zq-module containing a Qq-basis of Vq and we denote by L.Vq/ the space of all lattices in Vq .
Given L 2 L.V /, we write Lq D L˝Z Zq 2 L.Vq/ for the closure of L in Vq and moreover
LS D

Q
q2S Lq whenever S � Vf as well as bL DQq Lq .

2.2.1. The local-global principle. Let L0 � V by a fixed lattice. The local-global
principle for lattices states that the map

L 7! bL D .Lq/q
is a bijection

L.V / ' L.bV / WDY0

q

L.Vq/:
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Here, we denote by Y0

q

L.Vq/

the set of sequences .Lq/q of local lattices Lq � Vq such that for all but finitely q we have
Lq D .L0/q . Equivalently, L.bV / is the set of bZ-modules in bV commensurable with cL0. We
remark that the definition of L.bV / is independent of the choice of lattice L0 � V . The inverse
map is given by bL D .Lq/q 7! V \bL WD\

q

V \ Lq � V:

2.2.2. Interpretation in terms of adelic quotients. Let GLV denote the general linear
group of V . If V D Qn, we denote this group by GLn. The group GLV .Q/ acts transitively on
L.V / and each of the local groups GLV .Qq/ acts transitively on the local space L.Vq/. These
local actions induce a transitive action

GLV .Af/Õ L.bV /
and therefore a transitive action GLV .Af/Õ L.V / by the local-global principle: given an
element gf 2 GLV .Af/ and L a lattice in V , we have

gf:L D V \ .gf:bL/:
This action is compatible with the classical action GLV .Q/Õ L.V /: if

ıf W GLV .Q/ ,! GLV .Af/

denotes the diagonal embedding, one has for any lattice L in V and any gQ 2 GLV .Q/

gQ:L D ıf.gQ/:L:

Let GLV .Z/, GLV .bZ/ be the stabilizers of L0 under the corresponding actions. It follows that

L.V / ' GLV .Q/
ı

GLV .Z/ '
GLV .Af/

ı
GLV .bZ/

' GLV .Q/
�GLV .Q/ � GLV .Af/

ı
GLV .bZ/:

For the last bijection the group GLV .Q/ is embedded diagonally in GLV .Q/ � GLV .Af/ and
the bijection is induced by the map

gQgf 2 GLV .Q/ � GLV .Af/ 7! g�1Q gf:L0 2 L.V /:

Let L.V1/ be the space of ‘real’ lattices in V1 D V ˝Q R (i.e. discrete subgroups of
maximal rank). We have the identification

L.V1/ ' GLV .R/=GLV .Z/

and the following identification in terms of adelic groups:

(2.1) L.V1/ ' GLV .Q/nGLV .A/=GLV .bZ/:
In the latter, GLV .Q/ is embedded diagonally in GLV .A/ and the bijection is induced by the
map

(2.2) g1gf 2 GLV .A/ 7! g�11 gf:L0 2 L.V1/:
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2.2.3. Commensurability. We recall the following definition.

Definition 2.1. Two lattices L;L0 2 L.V1/ are commensurable if there is an integer
n 6D 0 such that nL0 � L.

For any L 2 L.V1/ we denote by

L0 WD L˝Z Q

the Q-subspace of V1 spanned by L. Then two lattices L;L0 2 L.V1/ are commensurable if
and only if L0 D .L0/0. Hence, the commensurability class of L is simply the set of lattices
in L0, that is,

L.L0/ D GLV .Q/:L:

Here, GLV .Q/ is viewed as a subgroup of GLV .R/. Alternatively, if g1 2 GLV .R/ is such
that g�11 L0 D L, then

L.L0/ D g�11 GLV .Q/:L0 D g�11 GLV .Af/:L0:

In other terms the map (2.2) provides the following identification for the commensurability
class of L:

(2.3) L.L0/ ' GLV .Q/nGLV .Q/g1GLV .Af/=GLV .bZ/:
By the set on the right-hand side we mean the image under the quotient map to (2.1) of the
set GLV .Q/nGLV .Q/g1GLV .Af/. Note that the copies of GLV .Q/ in (2.3) are embedded
differently in GLV .A/, the left copy is embedded diagonally while the right copy is a pri-
ori embedded in GLV .R/. However, the presence of GLV .Af/ allows us to take GLV .Q/
diagonally embedded in either case.

Remark 2.2. This is only interesting for the place v D1; the lattices in L.V / or
L.Vp/ are all commensurable.

2.3. Quadratic fields and tori. In this paper, K will usually denote a quadratic exten-
sion of Q (in Sections 4–7 always imaginary). We denote by TrK and NrK the trace and norm
on K and denote in the same way the natural extensions to Kv, K.QS /, K.Af/ and K.A/.
Recall that we view the multiplicative group K� of K as a Q-algebraic group (which is
resK=QGm). We will usually denote the projective group by

TK D ResK=Q.Gm/=Gm:

2.3.1. Quadratic orders. We write OK for the ring of integer of K. Recall that a sub-
ring O � K is an order if O is a Z-lattice in K. It follows that O � OK and that there is
a unique integer c D c.O/ > 0 (the conductor of O) such that

O D ZC cOK:

The discriminant of O is disc.O/ D det.TrK.eiej //i;jD1;2, where .e1; e2/ is any Z-basis of O .
One has

disc.O/ D disc.OK/c
2:
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2.4. Quaternion algebras. In this paper B will usually denote a quaternion algebra
over Q (possibly the split quaternion algebra Mat2 of 2 � 2 matrices over Q). Given a (possi-
bly empty) finite set of places S of Q with jS j even, there is up to Q-isomorphism a unique
quaternion algebra BS ramified exactly at the places in S (see e.g. [50, Theorem 14.6.1]). Any
quaternion algebra over Q is of this form. We say that B is definite if B.R/ is isomorphic to the
algebra of Hamiltonian quaternions and otherwise we say that it is indefinite.

Denote by TrB and NrB the (reduced) trace and (reduced) norm on B. Let B0 � B be the
subspace the quaternions of trace 0 and let B1 be the group the quaternions of norm 1.

The Q-algebraic group of units B� acts on the Q-space B0 by conjugation. The image of
B� in GLB0 is isomorphic to the quotient of B� by its center and is called the projective group
of units of B. We denote it by

GmnB� D PB�:

The group PB� is Q-almost simple with trivial center and its simply connected cover is the
group of norm one units B1. These two connected groups are anisotropic over Q if and only
if B ¤ Mat2.

Notice that the conjugation action preserves the norm form NrB restricted to B0, there-
fore PB� � SONrBjB0

, and since these two groups are connected, we have an isomorphism of
Q-groups

PB� Š SONrBjB0
;

see [49, Chapter I, Theorem 3.3].
Write G D PB� for simplicity. By the above, the homogeneous space ŒG� for the group

G has finite volume (i.e. G.Q/ is a lattice in G.A/). We note that if B ¤ Mat2, ŒG� is in fact
compact.

2.4.1. Integral structures. The choice of an order O � B.Q/ defines an integral struc-
ture on G D PB� by setting

G.Z/ D ¹g 2 G.Q/ W gOg�1 D Oº:

The integral structure also provides distinguished local and global compact open subgroups,
namely, for any prime p the subgroups

G.Zp/ D ¹g 2 G.Qp/ W gOpg
�1
D Opº

and the product
G.bZ/ DY

p

G.Zp/ < G.Af/:

If B D Mat2, we will always choose the integral structure defined by O D Mat2.Z/. In this
case, G.Z/ equals PGL2.Z/, i.e. the image of GL2.Z/ in PGL2.Q/.

2.4.2. Quadratic fields and quaternions. Let us recall that a quadratic number field K
embeds in a quaternion algebra B if and only if the following local conditions are satisfied:

(i) If B is definite, then K is imaginary.

(ii) If p is a ramified prime of B, then p is non-split in K.

This is a consequence of the Hasse-Minkowski theorem applied to the quadratic form NrBjB0 .
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Suppose we have such an embedding

� W K ,! B:

Then we have for any z 2 K,

TrB.�.z// D TrK.z/; NrB.�.z// D NrK.z/:

The embedding � also induces an embedding for the multiplicative and projective Q-groups
which we denote in the same way by

� W K� ,! B�; TK ,! G D PB�:

In fact, �.K�/ � B� and �.TK/ � PB� are the stabilizers in B� or PB� of the line

Q:�.z0/ � B0.Q/;

where z0 2 K is any non-zero element with trace 0.

3. Complex elliptic curves

Let Ell1 be the set of elliptic curves over C up to isomorphism. Any elliptic curve E
admits a complex uniformization, that is, it is isomorphic as a Riemann surface to a quotient

E ' C=ƒ;

where ƒ � C is a Z-lattice. Conversely, any lattice gives rise to an elliptic curve over C;
cf. [43, Chapter 7, Section 2].

Given two elliptic curves E ' C=ƒ, E 0 ' C=ƒ0, the set of isogenies from E to E 0 is
given by

Hom.E;E 0/ ' ¹z 2 C W zƒ � ƒ0º:

In particular, two curves are isomorphic if and only if ƒ0 D zƒ for some z 2 C� (i.e. the
lattices ƒ and ƒ0 are C�-homothetic). Taking E 0 D E one has

End.E/ D ¹z 2 C W zƒ � ƒº and Aut.E/ D End.E/�:

The endomorphism ring End.E/ is either Z (the generic case) or an order O in an imaginary
quadratic field K. In this last case, one says that E has (exact) complex multiplication by O
and we discuss this further in the next section. In any case we set

End0.E/ D End.E/˝Z Q � C; Aut0.E/ D End0.E/� D End0.E/ n ¹0º � C�:

Let L.C/ be the space of Z-lattices in C. The map

(3.1) ƒ 2 L.C/ 7! Eƒ D C=ƒ

induces a bijection
C�nL.C/ ' Ell1:
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Furthermore, any Z-lattice in C is C�-homothetic to a lattice of the form

ƒz D ZC Z z

for some z 2 H, where H D ¹z 2 C W =z > 0º is the upper-half plane. Moreover, two such
lattices ƒz; ƒz0 are homothetic if and only if z; z0 are in the same SL2.Z/-orbit.

From this we obtain the usual identification

Ell1 ' SL2.Z/nH D Y0.1/

of Ell1 with the complex points of the modular curve.
In the sequel, we identify C with the Euclidean plane R2 by matching the R-basis .1; i/

of C with the canonical basis ..1; 0/; .0; 1// of R2. We denote this identification by

�i W C ' R2:(3.2)

Under this identification, the action of the group C� ' R>0 � S1 on C by multiplication
corresponds to the standard action of R>0 � SO2.R/ on R2. By (2.1) we have the adelic
description

C�nL.C/ ' R>0SO2.R/nL.R2/(3.3)

' GL2.Q/nGL2.A/=R>0SO2.R/GL2.bZ/:
Since A� D Q�R>0bZ�, it follows that C�nL.C/ is expressed as an adelic quotient of the
projective group

C�nL.C/ ' PSO2.R/nPGL2.R/=PGL2.Z/

' PGL2.Q/nPGL2.A/=PSO2.R/PGL2.bZ/:
Recall here from Section 2.4.1 that PGL2.bZ/ denotes the image of GL2.bZ/ in PGL2.Af/ under
the natural projection. We denote the resulting identification

(3.4)  1 W Ell1 ' PGL2.Q/nPGL2.A/=PSO2.R/PGL2.bZ/
3.1. Isogenies. Given E D C=ƒ a complex elliptic curve, let

Y.E/ D ¹ŒE 0� W Hom.E 0; E/ 6D 0º � Ell1

be the set of isomorphism classes of complex elliptic curves E 0 isogenous to E (recall that
being isogenous is an equivalence relation).

Given E 0 ' C=ƒ0 isogenous to E, there is z 2 C� such that zƒ0 � ƒ. In other terms,
zƒ0 is commensurable with ƒ; cf. Section 2.2.3. Conversely, if ƒ0 is commensurable with ƒ,
then E 0 ' C=ƒ0 is isogenous to E: given n 6D 0 such that nƒ0 � ƒ the map

Œ�n� W z Cƒ0 2 C=ƒ0 7! nz C nƒ0 Cƒ 2 C=ƒ

gives an isogeny. Therefore, the map (3.1) gives an identification between Y.E/ and C�-homo-
thety classes of lattices commensurable to ƒ. In other words, it induces a bijection

Y.E/ ' C�nC�L.ƒ0/:
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Here, ƒ0 D ƒ˝Z Q, see Section 2.2.3 for the notation. Let g1 2 GL2.R/ be such that
ƒ D g�11 :Z2. In terms of the identifications (3.3) and (3.4) we have (cf. (2.3))

(3.5) Y.E/ ' GL2.Q/nGL2.Q/g1GL2.Af/=R>0SO2.R/GL2.bZ/;
and letting g1 denote the projection of g1 to PGL2.R/) we obtain

 1jY.E/ W Y.E/ ' PGL2.Q/nPGL2.Q/g1PGL2.Af/=PSO2.R/PGL2.bZ/:
Remark 3.1. Since the stabilizer of ƒ0 in C� is Aut0.E/, we also have

Y.E/ ' Aut0.E/nL.ƒ0/:

4. CM elliptic curves

4.1. Curves with complex multiplication. Recall that given an imaginary quadratic
field K � C, a complex elliptic curve E ' C=ƒ has complex multiplication (CM) by K if

End0.E/ WD End.E/˝Z Q D K � C:

In that case the ring of endomorphisms End.E/ is isomorphic to an order O in K:

End.E/ ' O

and one then says that E has CM by O .
We denote by Ellcm

K the set of C-isomorphism classes of elliptic curves E with complex
multiplication by K and by Ellcm

D or Ellcm
O � Ellcm

K the subset consisting of elliptic curves E
with CM by O , where D D disc.O/. We have a decomposition as a disjoint union

Ellcm
K D

G
O�K

Ellcm
O ;

where O ranges over all the orders of K.

4.1.1. Explicit description in terms of the complex uniformization. As a general
remark, an elliptic curve E given by its complex uniformization E.C/ D C=ƒ has CM by an
order O � K if and only if

End.ƒ/ D ¹z 2 C W zƒ � ƒº D O:

An example of such an elliptic curve is given by EO.C/ D C=O .

Proposition 4.1. The map (3.1) induces a bijection

Ellcm
K ' K�nL.K/;

where L.K/ denotes the set of Z-lattices in the Q-vector space K as in Section 2.2. In partic-
ular, all elliptic curves with CM by K are isogenous and for any E 2 Ellcm

K we have

Ellcm
K D Y.E/:

Proof. For any elliptic curve E 2 Ellcm
K with E D C=ƒ the lattice ƒ is homothetic to

a lattice containing an order O in K. In particular, the latter is commensurable to O . It follows
from Section 3.1 that E is isogenous to EO . Conversely, if a latticeƒ is homothetic to a lattice
in K, it has complex multiplication by an order in K.
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4.1.2. The Picard group and its action. We recall the structure of Ellcm
O for O � K

an order.

Definition 4.2. A (fractional) proper O-ideal is a lattice a � K such that

End.a/ D ¹z 2 K W za � aº D O:

We denote the set of proper O-ideals by I.O/ � L.K/.

The group K� acts on I.O/ by multiplication and from Definition 4.2 and the proof of
Proposition 4.1, the restriction of the map (3.1) to I.O/ yields the bijection

(4.1) Ellcm
O ' K�nI.O/:

Let us recall that O is a Gorenstein ring, so the set of proper O-ideals I.O/ is exactly the
set of O-modules in K which are locally free of rank 1 and so invertible [19, Section 2.3]. The
set I.O/ is therefore stable under multiplication of O-ideals and forms a commutative group
whose neutral element is O .

Definition 4.3. The quotient Pic.O/ D K�nI.O/ is called the Picard group of O .

It is a very classical result that Pic.O/ is a finite group, see for example [12, Theo-
rems 2.13 and 7.7]. The set Ellcm

O is in bijection with Pic.O/; it is not a group a priori but
comes very close being one.

Proposition 4.4. The set Ellcm
O is endowed with a simply transitive action of the Picard

group Pic.O/.

Proof. The action of the Picard group is defined as follows. Let E 2 Ellcm
O and by

(4.1) let ƒ 2 I.O/ such that E.C/ ' C=ƒ. Furthermore, let a be a proper O-ideal and write
a�1 2 I.O/ for its inverse. The set a�1ƒ is in I.O/ and hence is a lattice in C satisfying
End.a�1ƒ/ D O . It follows that

a ? E WD C=a�1ƒ

has CM by O and it is easy to check that its isomorphism class depends only on the classes of
a and E. This action is transitive since a ? EO D C=a�1 and simply transitive by (4.1).

Remark 4.5. For the sequel it will be useful to take note of the isomorphism of O-mod-
ules

Hom.a ? E;E/ D ¹z 2 C W za�1ƒ � ƒº D a;

where O acts on the left on Hom.a ? E;E/ via postcomposition by isogenies ofE. Conversely,
one verifies that the map uC a�1ƒ 7! Œz 2 a! zuCƒ� induces a bijection

HomO.a; E/ ' a ? E.C/;

where HomO denotes the O-module homomorphisms.

4.1.3. The Galois action. Any elliptic curveE with CM by O has a model defined over
the ring class field HO and the j -invariant satisfies K.j.E// D HO . In addition, the Galois and
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the Picard actions are compatible in the sense that

Œa ? E� D ŒE� �;

where Œa� 2 Pic.OK/ and

� D

�
HO=K
Œa�

�
is the Artin symbol from class field theory. See [42, p. 293] for a proof when O D OK is the
full ring of integers and [47, Section 22] in general.

4.2. The set of CM elliptic curves as an adelic quotient. We now give an adelic
description of the action

Pic.O/Õ Ellcm
O � Ellcm

K � Ell1:

Let GLK D EndQ.K/� be the linear group of the Q-vector space K. We have an injection
K� ,! GLK.Q/ via the multiplicative action of K� on K. By Proposition 4.1 and the local-
global principle for lattices, we have

Ellcm
K ' K�nL.K/ ' K�nGLK.Af/:bO
' K�nGLK.Af/=GLK.bZ/:

Here GLK.bZ/ is the stabilizer of bO under the action of GLK.Af/ on K.Af/.
By Proposition 4.4 we have that the inclusion

Ellcm
O � Ellcm

K

corresponds to the homothety classes of lattices which are proper O-ideals:

K�nI.O/ � K�nL.K/:

As already discussed the proper O-ideals are precisely the locally free ones: for any a 2 I.O/
there is tf 2 K�.Af/ such that

(4.2) a D K \ba; whereba D tfbO:
Conversely, for anyba D tfbO formula (4.2) defines a proper O-ideal. Moreover, tf is uniquely
defined modulo bO� and therefore

K�nI.O/ D Pic.O/ ' K�nK�.Af/=bO�;
which gives an adelic description of the group Pic.O/.

If one prefers to think in terms of homothety classes of lattices, one has

K�nI.O/ ' K�nK�.Af/:bO ' K�nK�.Af/:GLK.bZ/=GLK.bZ/:
Indeed, note that by definition of GLK.bZ/ the stabilizer of bO is the stabilizer of the

identity coset in GLK.Af/ =GLK.bZ/. It is equal to K�.Af/ \ GLK.bZ/ D bO�. Thus, the two
descriptions are compatible:

K�nK�.Af/:GLK.bZ/=GLK.bZ/ ' K�nK�.Af/=bO�:
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To summarize, we have the identifications

Ellcm
O ' K�nK�.Af/=bO� ' Pic.O/(4.3)

' K�nK�.Af/:GLK.bZ/=GLK.bZ/(4.4)

and the action of Pic.O/ on Ellcm
O is realized as follows:

Proposition 4.6. If a 2 I.O/ and tf 2 K�.Af/ are related by (4.2), the isomorphism
class of a ? EO is represented in (4.3) resp. (4.4) by the class

Œt�1f � D K�t�1f
bO� resp. K�t�1f :GLK.bZ/:

Proof. From the proof of Proposition 4.4 it follows that the homothety class of lattices
corresponding to a ? EO under the identification C�nL.C/ ' Ell1 is given by the lattice
a�1 2 I.O/ � L.K/. The statement is thus a direct consequence of (4.2).

4.3. The map red1. In this subsection we describe the map red1 adelically. Let us
recall that

Ell1 ' GL2.Q/nGL2.A/=R>0SO2.R/GL2.bZ/
' PGL2.Q/nPGL2.A/=PSO2.R/PGL2.bZ/:

As we have seen, the elliptic curves with CM by K correspond to the isogeny class of EO and
to the sublattices of K

(4.5) Ellcm
K D Y.EO/ ' C�nC�L.K/;

where K is viewed as a Q-vector space of dimension 2 inside the R-vector space C D R2 and
the sublattices of K are the images of one of them (say O) under all the invertible Q-linear
maps on that space (see Section 2.2.3). Concretely, we choose a Z-basis O D Z!1 C Z!2.
This choice gives isomorphisms

� W O ! Z2; � W K! Q2

as well as Z and Q-algebra embeddings

� W O D End.O/ ,! O WD Mat2.Z/; � W K D End.O/0 ,! B WD Mat2.Q/

satisfying:

� Compatibility: for all z 2 K� and w 2 K

�.z:w/ D �.z/.�.w//:

� Optimality: one has

(4.6) �.K/ \O D �.O/:

Restricting � to K�, we obtain an embedding of Q-algebraic groups

� W ResK=Q.Gm/ ,! GL2;
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where we recall that we view K� D ResK=Q.Gm/. We denote the image by �.K�/ for which
(4.6) translates into

�.K�/.Af/ \ GL2.bZ/ D �.bO�/:
Remark 4.7. Note that if one chooses another basis, then the induced embedding �0 will

be GL2.Q/-conjugate to � and in particular the corresponding torus �0.ResK=Q.Gm// will be
GL2.Q/-conjugate to �.ResK=Q.Gm//.

Let g1 2 GL2.R/ be the R-linear extension of � , where we have K˝Q R D C D R2

under (3.2). We have

(4.7) �.K�/.R/ D g1R>0SO2.R/g�11

as well as K D g1Q2. As of (4.5) we obtain by applying the characterization of commensu-
rability classes in (2.3) (see also (3.5))

(4.8) Ellcm
K ' GL2.Q/nGL2.Q/g1GL2.Af/=R>0SO2.R/GL2.bZ/

by identifying elliptic curves over C with homothety classes of lattices C. The set Ellcm
O

correspond under this identification to the homothety classes of the lattices

g�11 :�.K�/.Af/:Z
2

by the adelic description in Section 4.2. As a subset of (4.8), Ellcm
O corresponds to

GL2.Q/g1�.K�/.Af/R>0SO2.R/GL2.bZ/ D GL2.Q/�.K�/.A/g1R>0SO2.R/GL2.bZ/
by (4.7). More precisely if a 2 I.O/ and tf 2 K�.Af/ are related by (4.2), the homothety class
of the lattice a is given by

Œ�.tf/g1� D GL2.Q/�.tf/g1R>0SO2.R/GL2.bZ/:
Passing to the projective group, let

� W TK D ResK=Q.Gm/=Gm ,! PGL2

be the induced embedding. For t 2 K� we denote by t 2 TK the image.
From (3.4) recall that we denote by  1 the identification of Ell1 with an adelic double

quotient of PGL2. Summarizing the above, we get the following proposition.

Proposition 4.8. Let g1 2 PGL2.R/ be the image of g1 under the natural projection.
Under  1 the set Ellcm

O is mapped to

 1.Ellcm
O / D Œ�.TK/.A/:g1� D PGL2.Q/�.TK/.A/g1PSO2.R/PGL2.bZ/

which is the image of the adelic torus orbit PGL2.Q/�.TK/.A/g1. Moreover, if a 2 I.O/ and
tf 2 K�.Af/ are related by (4.2), i.e.ba D tf:bO , then red1.a ? EO/ is represented by the class

 1.red1.a ? EO// D Œ�.t
�1
f /g1� D PGL2.Q/�.t

�1
f /g1PSO2.R/PGL2.bZ/:
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5. Supersingular elliptic curves

Recall that an elliptic curve E0=k defined over an algebraically closed field is supersin-
gular if its endomorphism ring End.E0/ is an order in a quaternion algebra. In that case, the
characteristic of k is a prime, say p and the quaternion algebra

B D End.E0/˝Q

is (isomorphic to) the quaternion algebra B1;p defined over Q ramified exactly at1 and p.
Moreover,

O WD End.E0/ � B

is a maximal order; cf. [13] or [50, Theorem 42.1.9]. In addition E0 has a model defined
over Fp2 . In particular, the set of j -invariants of such supersingular curves over k is finite
and so there are only finitely many isomorphism classes. We denote by Ellss

p the (finite) set of
isomorphism classes of supersingular elliptic curves over Fp.

The first aim of this section is to recall how Ellss
p is realized as an adelic quotient. We will

show the following.

Proposition 5.1. Let G D PB� D B�=Gm be the projective group of units of B and let
G.bZ/ be the image in G.Af/ of the open compact subgroup bO� � B�.Af/: There is a natural
identification

(5.1)  p W Ellss
p ' G.Q/

�G.Af/
ı

G.bZ/ ' G.Q/
�G.A/ıG.R/G.bZ/:

Proposition 5.2 (cf. [50, Lemma 42.1.11]). The set Ellss
p forms a single isogeny class.

5.1. Supersingular curves and ideal classes.

Definition 5.3. A (fractional) left-O-ideal I � B.Q/ is a lattice, invariant under multi-
plication on the left by O. We denote by I.O/ the set of left-O-ideals.

Two such ideals I; J are B�-homothetic if and only if there is some z 2 B�.Q/ such that
J D Iz. We denote by

Cl.O/ D I.O/=B.Q/�

the set of B�-homothety classes of left-O-ideals and by h.O/ D jCl.O/j its cardinality.

Let E0 be a supersingular curve over Fp and let O and B as defined above.

Proposition 5.4. There is a one-to-one correspondence

Ellss
p ' I.O/=B.Q/� D Cl.O/:

Sketch of Proof. We briefly recall the principle of the proof and refer to [52, Section 3]
and [50, Chapter 42] for details.

In one direction, the map is given as follows: given E=Fp a supersingular elliptic curve
and ' W E ! E0 an isogeny the set Hom.E;E0/ is a left O-module (via post-composition by
isogenies of E0) and embeds into O via

 2 Hom.E;E0/ ,!  O' 2 O;
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where O' W E0 7! E is the dual of '. Moreover, its image IE;' D Hom.E;E0/ O' contains

O' O' D deg.'/O

so IE;' is a left-O-ideal. One then checks that its homothety class is independent of the choice
of '.

In the reverse direction, given a left-O-ideal I � B.Q/, up to multiplying I by some
integer n 6D 0, we may assume that I � O. Let

H.I/ D
\
�2I

ker� � E0:

Then H.I/ is a finite subgroup scheme and the quotient

(5.2) EI D E0=H.I /

is an elliptic curve satisfying Hom.EI ; E0/ ' I: This isomorphism and the fact that these two
maps are well-defined and inverses of one another (upon taking isomorphism and homothety
classes) follow from [52, Theorem 3.11]; the key point is that, since O is a maximal order, the
O-ideals above are kernel ideals ([52, Theorem 3.15]).

Proof of Proposition 5.1. Since O is maximal, any left O-ideal I is locally principal
(see [50, Theorem 16.1.3]): for any prime `

I` WD I ˝ Z` D O`ˇ`

for some ˇ` 2 B.Q`/
� uniquely defined modulo (left multiplications by) O�

`
, where

O` D O ˝Z Z`:

By the local-global principle for lattices, the map

ˇf D .ˇ`/` 2 B�.Af/ 7! .O`ˇ
�1
` /` D .I`/` 7! I

yields a bijection

I.O/ ' B�.Af/=bO�:(5.3)

Thus, we obtain
Cl.O/ ' B�.Q/nB�.Af/=bO�:

It follows from A�f D Q�bZ� that the projection B� ! G induces a bijection

(5.4) Cl.O/ ' G.Q/
�G.Af/

ı
G.bZ/ ' G.Q/

�G.A/ıG.R/G.bZ/;
where the class of I D bOˇ \ B.Q/ � O is mapped to the class of ˇ�1. Proposition 5.4 con-
cludes the proof.

5.2. A natural measure on Cl.O/. Identification (5.1) provides the finite set Cl.O/
with a natural probability measure mCl.O/ deduced from the Haar measure mŒG� on ŒG�. In this
subsection we compute the mass of the various ideal classes ŒI � 2 Cl.O/.
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To describe the measure we will need the following notion.

Definition 5.5. For any left-O-ideal I we define its right-order by

OR.I / D ¹ˇ 2 B.Q/ W Iˇ � I º:

If I; J are two left-O-ideals in the same homothety class, their right-orders are clearly
B�.Q/-conjugate. More generally, if

I D ˛f ?O WD bO˛�1f \ B.Q/

as in (5.3) for some ˛f D .˛q/q 2 B�.Af/, then

(5.5) OR.I / D ˛fbO˛f
�1
\ B.Q/:

In particular, right-orders are locally maximal hence maximal.
Notice also that the action by conjugation of B�.Af/ as in (5.5) is transitive on the set

of maximal orders (for every prime `, GL2.Q`/ acts transitively on the maximal orders of
Mat2.Q`/ and a division algebra over the local field Q` has only one maximal order). This
implies that any maximal order of B.Q/ is the right-order of some (possibly non-unique)
left-O-ideal.

Lemma 5.6 (Mass distribution). For any ŒI � 2 Cl.O/ we have

mCl.O/.ŒI �/ D
jOR.I /

�=¹˙1ºj�1P
ŒJ �2Cl.O/ jOR.J /

�=¹˙1ºj�1
D

jOR.I /
�j�1P

ŒJ �2Cl.O/ jOR.J /
�j�1

:

As noted in the introduction, Eichler’s mass formula (1.1) states thatX
ŒJ �2Cl.O/

1

jOR.J /�=¹˙1ºj
D
p � 1

12
:

Proof. Recall that B is definite and therefore G.R/ is compact. Write I D ˛f ?O for
some ˛f 2 B�.Af/. By definition, mCl.O/.ŒI �/ is the mŒG�-measure of the coset

Œ˛fG.R/G.bZ/� D G.Q/nG.Q/˛fG.R/G.bZ/ � ŒG�
or, by invariance of mŒG�, equal to mŒG�.ŒG.R/˛fG.bZ/˛f

�1�/. Observe that

2OR.I / D ˛fbO˛f
�1 and ˛fG.bZ/˛f

�1
D P2OR.I /�:

Now notice that the stabilizer of the identity coset under the right-action of ˛fG.bZ/˛f
�1 is

G.Q/ \ ˛fG.bZ/˛f
�1
D POR.I /

�
WD OR.I /

�=¹˙1º

Therefore, using unimodularity of G.A/, we have

mCl.O/.ŒI �/ D
mG.A/.G.R/˛fG.bZ/˛f

�1/

jPOR.I /�j
D
mG.A/.G.R/G.bZ//
jPOR.I /�j

:

Summing over all ŒI � 2 Cl.O/ (see (5.4)) and using that mŒG� is a probability measure, we see
that

mG.A/.G.R/G.bZ//�1 D X
ŒI �2Cl.O/

1

jPOR.I /�j
:

Thus, mCl.O/.ŒI �/ is the expression claimed.
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5.2.1. Interpretation in terms of elliptic curves. By Proposition 5.4, we have an iden-
tification

Cl.O/ ' Ellss
p :

Let us look at what Lemma 5.6 means in terms of elliptic curves. Let ¹I0 D O; : : : ; Ih.O/�1º be
representatives of the various ideal classes in Cl.O/with Ii �O. For every i D 0; : : : ; h.O/�1
let Ei be the elliptic curve corresponding to Ii constructed in the proof of Proposition 5.4. By
[52, Proposition 3.9] we have End.Ei / ' OR.Ii /: Hence, for any E 2 Ellss

p ,

mEllss
p
.E/ D

jAut.E/j�1P
E 02Ellss

p
jAut.E 0/j�1

D �p.E/;

where �p is defined in the introduction.

5.3. Supersingular reduction of CM elliptic curves. Let K be an imaginary quadratic
field and O � K an order. As in the introduction, we fix for any p an embedding Q ,! Qp.
This choice determines a place of Q above p which we denote by p. For any subextension
k � Q we denote by Ok;p the completion of Ok at p and write Op for OQ;p.

Given E an elliptic curve with CM by O , we may assume that E is defined over the ring
class field HO of O and in particular over Q. By the work of Serre–Tate [44, pp. 506–507],
E has potential good reduction everywhere. In particular, there is an elliptic curve E 0 defined
over HO with good reduction at p and isomorphic to E over Q (i.e. an HO -form of E): there
exists a smooth model E 0 defined over OHO;p whose generic fiber isE 0 and whose special fiber
at p is a certain elliptic curve denoted by E 0mod p and defined over the residue field of OHO;p.
Its j -invariant j.E/ is an algebraic integer [45, Chapter II, Section 6] (this is a consequence of
the everywhere potential good reduction of E) and we have

j.E 0mod p/ D j.E/mod p:

In particular, the isomorphism class of the reduction does not depend on the choice of the
form E 0. We will thus simply speak of the reduction modulo p of the isomorphism class
E 2 Ellcm

O and will sometimes denote the class of E 0mod p by E mod p:

Remark 5.7. In fact, given s distinct primes p1; : : : ; ps , p1; : : : ;ps a choice of places
above these primes as before, and an elliptic curveE with CM by O , there existsE 0 isomorphic
to E over Q such that E 0 has good reduction at every pi ([44, Corollary 1, p. 507]).

From now on we assume that E has good reduction at p and we denote by E its Néron
model (which we take over the larger ring Op to avoid any rationality issues).

Lemma 5.8. Let E 2 Ellcm
O . For p inert in K, the elliptic curve E mod p is supersingu-

lar.

Proof. This is a result of Deuring [13, p. 203] and a modern reference is [31, Chap-
ter 13, Theorem 12].

We assume now that p is inert in K. Denote the maximal order and the quaternion algebra
attached to E mod p D E mod p by

OE D End.E mod p/ � BE D End.E mod p/˝Z Q ' B1;p:(5.6)
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We therefore have an identification

(5.7) Ellss
p ' Cl.OE / D I.OE /=B�E .Q/

under which the class of E mod p corresponds to the ideal class ŒOE �.

5.4. Compatibility with the Picard group action. As in the previous section, let E
have CM by O and let E be its Néron model. By general properties of the Néron model, the
reduction modulo p induces an embedding

�E W EndQ.E/ ' EndOp
.E/ D O ,! EndFp

.E mod p/ D OE ;

and by extension (tensoring with Q) a Q-algebra embedding

(5.8) �E W K ,! BE :

Proposition 5.9. Assume that p does not divide the conductor of O . The embedding �E
of O is optimal, that is, one has

�E .K/ \OE D �E .O/:

Proof. See [32, Proposition 2.2]. It is proven that the embedding is locally optimal at
every prime 6D p and it is optimal at p if and only if Op is the maximal order of Kp. The latter
is equivalent to our assumption.

We have seen that all elliptic curves with CM by O are of the form (up to isomorphism)
a ? E, where a � O is a proper O-ideal. The next proposition states that this presentation is
compatible with reduction modulo p.

Proposition 5.10. In the identification (5.7) the isomorphism class of a ? E mod p cor-
responds to the class of the left-OE module OE �E .a/:

The proof of this proposition, which one can find1) in [7, Theorem 7.12], is discussed in
the section below. The main ingredient is a construction due to Serre [42]: the a-transform. We
briefly recall its definition and refer to [7, Section 7], [23] and [38, Chapter 7] for more details.

5.5. The a-transform. Let A be a (not necessarily commutative) associative ring with
unit, M be a projective left A-module of finite type and constant rank r , S a scheme and E=S
a (smooth) elliptic scheme over S on which A acts (on the left) by S -isogenies. The functor

M ?E W T  HomA.M;E.T //

on the category of schemes over S is representable by an abelian group scheme over S of
relative dimension r and equipped with an A-action.

Example 5.11. For A D O , M D a 2 I.O/ a proper ideal, S D Spec.Op/, E=S the
Néron model of an elliptic curve E 2 Ellcm

O with good reduction at p, we have ([7, Theo-
rem 7.6])

a ? E.C/ D a ? E.C/ ' C=ƒa�1:

1) The proof is given for O D OK the maximal order but it carries over to general orders of K since quadratic
orders are Gorenstein rings.
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Example 5.12. Given E0 2 Ellss
p ,

A D EndFp
.E0/ D OE0 � End0

Fp
.E0/ D BE0

a maximal order and I � OE0 a left OE0-module and S D Spec.Fp/, we have (see (5.2))

I ? E0 D EI D E0=H.I /:

In the case of Example 5.11, after translating the notations of [7] into ours, the formula
in [7, Theorem 7.12] is the isomorphism of OE -modules

HomFp
.a ? E mod p;E mod p/ ' OE �E .a/:

This is the claim in Proposition 5.10.

5.6. Compatibility with the Picard group action in adelic terms. In this subsection
we interpret Proposition 5.10 and therefore the map

redp W Ellcm
O ! Ellss

p ; E 7! E mod p

(see Section 5.3) in adelic terms. Here, O � K is a quadratic order, p is inert in K (see
Lemma 5.8). We assume that p does not divide the conductor of O as in Proposition 5.9.

Given E 2 Ellcm
O , we let OE and BE be the maximal order and the quaternion algebra

associated to E as in (5.6) and let GE D PB�E D B�E=Gm be the projective group. Thus, we
have an identification

(5.9)  E;p W Ellss
p ' B�E .Q/nB

�.Af/=bO�E ' GE .Q/nGE .Af/=GE .bZ/
by Proposition 5.1, where the isomorphism class of E mod p corresponds to the class of the
identity element and where GE .bZ/ D PbOE�.

The embedding �E in (5.8) induces an embedding of Q-algebraic groups

�E W ResK=Q.Gm/ ,! B�E
and by optimality (Proposition 5.9) we have

�E .bO�/ D �E .K.Af//
�
\ bO�E :

Projecting to GE , we obtain a torus embedding

�E W TK D ResK=Q.Gm/=Gm ! GE
whose image we denote by TE . By Section 4.2 we have

Pic.O/ ' K�nK�.Af/=bO� ' TK.Q/nTK.Af/=PbO�(5.10)

' TE .Q/nTE .Af/=TE .bZ/;
where TE .bZ/ WD TE .Af/ \GE .bZ/.

Let a 2 I.O/ and tf 2 K�.Af/ be related by (4.2) (i.e. such thatba D tfbO) and let t f be
the image of tf in TK.Af/. By Proposition 5.10 the class of a ? E mod p corresponds to the left
OE -module

OE �E .a/ D BE .Q/ \ bOE �E .tf/
and therefore to the classes Œ�E .tf/�1� and Œ�E .t f/�1�, respectively under the identifications
in (5.9). To summarize, we have shown that

 E;p.a ? E mod p/ D Œ�E .t
�1
f /�:(5.11)
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5.6.1. Changing the reference curve. A minor point is that the identification (5.9) is
made with respect to the reference curve E mod p which is a priori varying with O . Since p
is fixed and the space Ellss

p is finite, we could resolve the issue by passing to subsequences of
orders O such that all the curves EO have a given reduction modulo p. However, it is more
natural to keep track of (5.9) when we use (5.1) with a fixed reference curve E0 2 Ellss

p .
Let E0 2 Ellss

p with associated quaternion algebra, maximal order and projective group
denoted by B; O and G, respectively.

Let E 2 Ellcm
O and

' W E mod p! E0

an isogeny between the two curves. We have an embedding

f' W  2 End.E mod p/ D OE ,!
1

deg.'/
' O' 2 B.Q/;

which extends to an isomorphism of Q-algebras

f' W BE ' B:

This also gives a bijection

f' W GE .Q/nGE .Af/=GE .bZ/ ' G.Q/nG.Af/=f'.GE .bZ//:
The right order of the left O-ideal

IE;' WD Hom.E mod p; E0/ O' � O D End.E0/

is the maximal order f'.OE /. One can check (see Remark 5.13) that its (right) B�.Q/-homo-
thety class does not depend on ' and represents (the isomorphism class of) E mod p under
Proposition 5.4.

Let ˇE;f 2 B�.Af/ such that

bIE;' D bOˇ�1E;f:(5.12)

Since the right order of IE;' is f'.OE / have

f'.bOE / D ˇE;fbOˇ�1E;f
and hence

f'.GE .bZ// D ˇE;fG.bZ/ˇ�1E;f:
From this we deduce that the map

G.Q/˛ff'.GE .bZ// 7! G.Q/˛fˇE;fG.bZ/
is a bijection

(5.13) G.Q/nG.Af/=f'.GE .bZ// ' G.Q/nG.Af/=G.bZ/:
Remark 5.13. If we choose a different isogeny '0, then the Skolem–Noether theorem

implies that the images of OE by f' and f'0 are conjugate and the modules IE and I 0E vary
accordingly.



28 Aka, Luethi, Michel and Wieser, Simultaneous supersingular reductions

Let � W K! B be the composition of the embedding �E W K! BE with f' . This defines
an embedding

(5.14) � W TK ,! G:

The optimality property of �E translates into

�.bO�/ D �.K.Af//
�
\ ˇE;fbO�ˇ�1E;f:(5.15)

Combining (5.11) with the bijection (5.13), we obtain the analogue of Proposition 4.8 at
the place p.

Proposition 5.14. Let E D EO 2 Ellcm
O and � the embedding constructed above. In the

identification (5.1) the set redp.Ellcm
O / is represented by the projection of the adelic torus orbit

G.Q/�.TK/.A/ˇE;f. That is,

 p.redp.Ellcm
O // D Œ�.TK/.A/ˇE;f� D G.Q/�.TK/.A/ˇE;fG.R/G.bZ/:

More precisely, if a 2 I.O/ and tf 2 K�.Af/ are related by (4.2), then

redp.a ? E/ D a ? E mod p

is represented by the class

 p.redp.a ? E// D Œ�.t
�1
f /ˇE;f� D G.Q/�.t�1f /ˇE;fG.R/G.bZ/:

6. Diagonal compatibility

In this section we combine Propositions 4.8 and 5.14 as already outlined in Section 1.2.
This continues the reduction of Theorem 1.3 to Theorem 1.8.

We fix p1; : : : ; ps distinct odd primes and for each i D 1; : : : ; s we fix a supersingu-
lar elliptic curve E0;i 2 Ellss

pi
in characteristic pi . Each E0;i determines a quaternion algebra

Bi ' Bpi ;1 and a maximal order Oi in it. We denote by Gi D PB�i the corresponding projec-
tive group of units. Furthermore, let B0 D Mat2 be the split quaternion algebra, O0 D Mat2.Z/
and G0 D PGL2. We also define for i D 0; : : : ; s the compact subgroups

Ki D K1;iKf;i � Gi .A/;

where K1;i D Gi .R/ for i � 1, K1;0 D PSO2.R/ and where

Kf;i D Gi .bZ/ WD PbO�i D bO�i =bZ�
for all i . For the product group

G WD
sY
iD0

Gi

we define the compact subgroups

K D K1Kf D

sY
iD0

Ki � G.A/; K1 D
Y
i

K1;i ; Kf D
Y
i

Kf;i :
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The identifications (3.4) for i D 0 and (5.1) for i D 1; : : : ; s combine into an identifica-
tion

(6.1)  W Ell1 �
sY
iD1

Ellss
pi
' G.Q/nG.A/=K:

Let K be an imaginary quadratic field in which for each i D 1; : : : ; s the prime pi is inert.
Let O � K be an order and assume that the primes p1; : : : ; ps do not divide the conductor of O .
The various reduction maps redpi for i D 0; : : : ; s combine into a multi-reduction map

redp W E 2 Ellcm
O 7! .redpiE/iD0;:::;s 2 Ell1 �

sY
iD1

Ellss
pi
:

The choice of the CM curve EO ' C=O provides a parametrization of Ellcm
O by Pic.O/ via

Œa� 7! a ? EO D Ea�1

and a map

(6.2) Œa� 2 Pic.O/ 7! redp.a ? EO/ D redp.Ea�1/:

In addition, the choice of E D EO determines embeddings �i W TK ,! Gi (see (5.14)) which
combine into a diagonal embedding

� D .�i /iD0;:::;s W TK ,! G D
sY
iD0

Gi

whose image we denote by
T� WD �.TK/:

We let g D g1gf 2 G.A/ be given by

g1 D .g1; Id; : : : ; Id/ 2 G.R/;(6.3)

gf D .Id; ˇf;1; : : : ; ˇf;s/ 2 G.Af/;(6.4)

where g1 2 GL2.R/ is defined above (4.7) and where ˇf;i for i � 1 is defined in (5.12) given
the curve E D EO . By definition of g1 and of K1 we have

T�.R/ < g1K1g�11 :

By (4.6) and (5.15), the embedding � is optimal in the sense that

�.PbO�/ D T�.Af/ \ gfKfg�1f :

Combining Proposition 4.8 and Proposition 5.14, we obtain that the map (6.2) admits the
following adelic description:

Proposition 6.1. In the identification (6.1), the set redp.Ellcm
O / is represented by the

projection of the adelic torus orbit G.Q/T�.A/g. That is,

 .redp.Ellcm
O // D ŒT�.A/g� D G.Q/T�.A/gK:

More precisely, if a 2 I.O/ and tf 2 K�.Af/ are related by (4.2), then redp.a ? E/ is repre-
sented by the class

 .redp.a ? E// D Œ�.t
�1
f /g� D G.Q/�.t�1f /gK:
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7. Joint equidistribution for CM elliptic curves

In this section we prove Theorem 1.3 from the introduction assuming Theorem 1.8. In
fact, we prove the following generalization.

Theorem 7.1. Let p1; : : : ; ps; q1; q2 be distinct odd primes. AsD ! �1 along the set
of discriminants of imaginary quadratic orders O such that

(1) every pi for i � s; is inert in K D Q.
p
D/,

(2) D is coprime to pi for all i � s, and

(3) q1 and q2 are split in K,

the push-forward of the counting probability measure on Ellcm
O by redp equidistributes towards

the product measure �1 ˝ �p1 ˝ � � � ˝ �ps .

Given Proposition 6.1, the proof is essentially an exercise in translating between the
classical and the adelic language.

7.1. Some notations. Let p1; : : : ; ps; q1; q2 be as above. We consider a sequence of
imaginary quadratic orders

On � Kn; n � 1;

of discriminant Dn ! �1 such that Dn satisfies (1)–(3) in Theorem 7.1 for every n. Let

En WD EOn ' C=On:

In the notation of the previous section, each curveEn gives rise to a diagonal embedding of TKn

�n D .�0;n; : : : ; �s;n/ W TKn ,! G

whose image we denote by T�n . Define gn D g1;ngf;n as in (6.3) and (6.4) so that in particular

(7.1) T�n.R/ < g1;nK1g�11;n:

We have the following optimality property:

(7.2) T�n;f WD �.PbO�n / D T�n.Af/ \ gf;nKfg�1f;n :

Finally, we define the compact subgroup

T�n WD T�n.R/ � T�n;f � T�n.A/:

Remark 7.2. Our assumption (3) on q1 and q2 implies that T�n is split at q1 and q2.

7.2. Proof of Theorem 1.3. It is sufficient to show that for any function f0 2 Cc.Ell1/
and any tuple of super-singular elliptic curves .Ei /1�i�s 2

Q
i Ellss

pi
one has

(7.3)
1

jPic.On/j

X
Œa�2Pic.On/

f0.C=a
�1/

Y
i�1

ıE i .a ? En mod pi /! �1.f0/
Y
i�1

�pi .Ei /

as n!1, where ıE i denotes the Dirac function at the point Ei 2 Ellss
pi

. To prove this con-
vergence, we will interpret the left- and the right-hand sides of (7.3) as adelic integrals.
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7.2.1. The right-hand side of (7.3). Under the identification (3.4) the function f0
correspond to a continuous compactly supported function on ŒG0�K0 or equivalently to a con-
tinuous compactly supported function Qf0 (say) on ŒG0� which is K0-invariant. In particular,Z

ŒG0�
Qf0.g0/ dg0 D �1.f0/:

Similarly, for i � 1 the Dirac function ıE i corresponds to aKi D Gi .R/Kf;i -invariant contin-
uous function on ŒGi � under (5.1), namely the characteristic function of the class

Œgf;E i
Gi .R/Kf;i � D Œgf;E i

Ki � � ŒGi �

where the class of gf;E i
corresponds to Ei under (5.1). By Lemma 5.6 and the discussion in

Section 5.2.1, we have Z
ŒGi �

1Œgf;Ei
Ki �.gi / dgi D �pi .Ei /:

The product function

f D f0 �

sY
iD1

ıE i W Ell1 �
Y
i�1

Ellss
pi
! C

corresponds to the K-invariant function

Qf WD Qf0 �
Y
i�1

1Œgf;Ei
Ki � W ŒG�! C

which satisfies Z
ŒG�
Qf .g/ dg D �1.f0/

Y
i�1

�pi .Ei /:

7.2.2. The left-hand side of (7.3). To ease notation, we will not display the index n
here.

Because of the obvious bijection

T�.Q/nT�.A/ ' G.Q/nG.Q/T�.A/ D ŒT��;

we view (by restriction) the shifted function on ŒG�

g: Qf . � / W t 7! Qf .tg/

as a (continuous) function on ŒT��. By (7.2) and (7.1) this function is T�-invariant, that is, it is
constant along any set of the shape

ŒtfT�� D T�.Q/nT�.Q/tfT� for tf 2 T�.Af/:

Moreover, by invariance of the Haar measure we have

volŒT��.ŒtfT��/ D volŒT��.ŒT�tf�/ D volŒT��.ŒT��/

as T� is abelian. Thus, all T�-cosets have the same volume. Hence,

volŒT��.ŒtfT��/ D
1

jŒT��T� j
D

1

jPic.O/j
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where in the second equality we used (5.10) and (7.1). It follows thatZ
ŒT��
Qf .tg/ dt D

1

jŒT��T� j

X
Œtf�2ŒT��T�

Qf .tfg/

D
1

jPic.O/j

X
Œa�2Pic.O/

f .redp.a
�1 ? E//;

where the last equality follows from Proposition 6.1. This is equal to the left-hand side of (7.3).
Therefore, we have for any n,

1

jPic.On/j

X
Œa�2Pic.On/

f0.C=a
�1/

Y
i�1

ıE i .a ? En mod pi / D

Z
ŒT�n �

Qf .tgn/ dt;

which realizes the left-hand side of (7.3) as an adelic integral.

7.2.3. The convergence claim in (7.3). By Section 7.2.1 and Section 7.2.2 it remains
to show that as n!1, Z

ŒT�n �
Qf .tgn/ dt !

Z
ŒG�
Qf .g/ dg:

Therefore, Theorem 1.3 will follow from the equidistribution statement in Theorem 1.8 once
we have verified all its assumptions.

Condition (1.5) is satisfied since Oi is a maximal order in Bi for any i (see the more
general Lemma 9.5). It remains to see that the discriminant fulfills

disc.ŒT�ngn�/ D min
i

disc.ŒT�i;ngi;n�/!1

as n!1. Here, gi;n is the projection of gn to the i -th factor. The discriminant of the torus
orbit disc.ŒT�i;ngi;n�/ is defined in [18, Section 4], and one can show that there exists a constant
C > 1 independent of n with

C�1jDnj � disc.ŒT�i;ngi;n�/ � C jDnj

using [17, Proposition 4.1] and [18, Theorem 5.2 (1)] and the fact that Dn is coprime to pi .
Therefore

disc.ŒT�ngn�/!1:

Thus, Theorem 1.8 applies and concludes the proof of Theorem 1.3.

Remark 7.3. Theorem 1.3 can be refined further to provide more precise information
by reducing the size of the compact subgroup

K D PSO2.R/PGL2.bZ/ � sY
iD1

Gi .R/Gi .bZ/:
For instance, we could replace for each index i D 1; : : : ; s the full group K1;i D Gi .R/ by
K1;i D Gi .R/zi , the stabilizer of a line

Rzi � B0i .R/

in the quadratic space of real trace-zero quaternions on which Gi act by conjugation.
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In that case Gi .R/=K1;i identifies with the ellipsoid of traceless quaternions of norm 1

B0;1i .R/ D ¹z 2 Bi .R/ W TrBi .z/ D 0; NrBi .z/ D 1º:

Theorem 1.8 restricted to the
Qs
iD0K1;iKf-invariant functions and applied to sequences of

torus orbits ŒTngn� for suitable gn may be interpreted as a joint equidistribution statement as
n!1 for primitive representations of jDnj by the genus classes of the ternary quadratic
spaces .B0i ;NrBi /iD0;:::;s . We leave it to the interested reader to work out this interpretation.

8. Invariance under the simply connected cover

In this section we discuss the main step towards the proof of Theorem 1.8, namely Theo-
rem 8.4; we briefly review the standard approach. Let ŒT�ngn� be a sequence of toral packets
and denote by �n the Haar probability measure on ŒT�ngn�. We analyze possible limits of the
measures �n. To this end, recall that the space of (Borel) measures � on ŒG� with �.ŒG�/ � 1
is compact (and metrizable) in the weak�-topology by a theorem of Banach and Alaoglu. Let
.�nk /k be an arbitrary convergent subsequence of the sequence .�n/n. This means that there
is a measure � on ŒG� with �.ŒG�/ � 1 and withZ

ŒG�
f d�nk !

Z
ŒG�
f d�

for all f 2 Cc.ŒG�/. Such a measure � is called a weak�-limit of the sequence .�n/n. To prove
Theorem 1.8, we need to show that any such weak�-limit� projects to the Haar measuremŒG�Kf
on ŒG�Kf , or equivalently, that for any Kf-invariant function f 2 Cc.ŒG�/ we haveZ

ŒG�
f d� D

Z
ŒG�
f dmŒG�:

Theorem 8.4 establishes that any � as above, that is, any weak�-limit of the measures
mŒT�ngn� is a probability measure2) and is invariant under the group of adelic points of the
simply connected cover of G.

In Section 9 we explain how the surjectivity assumption (1.5) allows us to deduce Theo-
rem 1.8 from Theorem 8.4. A key ingredient in the proof of the latter is a generalization of
Duke’s result [14], cf. Theorem 8.1, which roughly speaking addresses Theorem 8.4 in the case
when G has one simple factor. We then apply the joinings classification theorem of Einsiedler
and Lindenstrauss [16] to deduce Theorem 8.4.

8.1. Invariance for one factor. Let B be a quaternion algebra defined over Q (possibly
the split algebra Mat2). Let G D PB� be the associated projective group and G.A/C < G.A/
the image of B1.A/ under the canonical projection of the subgroup B1 < B� of quaternions of
norm 1. In the context of ergodic theory, B1 has a special role as it is generated by unipotents
over the algebraic closure. The following theorem was stated (without proof)3) in [18, Theo-
rem 4.6].

2) In other words, there is “no escape of mass”. If ŒG� were compact, this would be automatic.
3) A proof will be given in the forthcoming book [36].
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Theorem 8.1 (Invariance in single factors). Let B be a quaternion algebra over Q
and let G D PB�. Let ŒT�ngn� be a sequence of toral packets where �n W Kn ! B.Q/ are
embeddings of quadratic fields and where gn 2 G.A/. Assume that

disc
�
ŒT�ngn�

�
!1 .n!1/:

Then any weak�-limit of the normalized Haar measures on the packets ŒT�ngn� is a probability
measure invariant under G.A/C.

Remark 8.2. Theorem 8.1 is a broad generalization of Duke’s equidistribution theo-
rems [14] and a consequence of deep results by many authors [6, 15, 37, 51]. It builds on the
theory of automorphic forms and associated L-functions, in particular on Waldspurger’s for-
mula and on subconvexity bounds. We invite the reader to look at the discussion surrounding
[18, Theorem 4.6] for more details.

Remark 8.3. For the purpose of proving Theorem 8.4, one can also assume that a fixed
prime q1 splits in all the quadratic fields Kn. Under this splitting assumption, one can then use
(for certain natural sequences of toral packets) the modern presentations of the ergodic method
of Linnik [34] (for instance [22]) to prove Theorem 8.1. This has been carried out by the last
named author in [53].

8.2. Joint invariance. We now upgrade Theorem 8.1 to multiple factors. Let us briefly
recall the notation used in Theorem 1.8. Let Bi for i D 0; : : : ; s be a finite set of distinct
quaternion algebras and let Gi be their of projective groups of units. Set

G D G0 � � � � �Gs

and denote by G.A/C � G.A/ the product of the groups Gi .A/C for i D 0; : : : ; s. Without
loss of generality we may and will assume that G0 D PGL2. Given a tuple � D .�0; : : : ; �s/
of embeddings �i W K! Bi of a given quadratic field K, we obtain a tuple of morphisms of
Q-groups

�i W TK D ResK=Q.Gm/=Gm ! Gi :

We denote by
T� D ¹.�0.t/; : : : ; �s.t// W t 2 TKº

the diagonally embedded image.

Theorem 8.4 (Invariance in the product). Let p1; : : : ; ps and q1; q2 be distinct odd
primes. Let Kn for n � 1 be a sequence of quadratic fields such that for every n,

(1) p1; : : : ; ps are inert in Kn, and

(2) q1 and q2 are split in Kn.

Let �n D .�i;n/iD0;:::;s be a tuple of embeddings �i;n W Kn ! Bi and let gn 2 G.A/. If one
has disc.ŒT�ngn�/!1 as n!1, then any weak�-limit of the sequence of normalized Haar
measures on the packets ŒT�ngn� is a probability measure invariant under G.A/C.

Proof. As the groups Gi are not isogenous over Q, Theorem 8.1 and [16, Theorem 1.8]
imply the theorem.
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9. Proof of Theorem 1.8

In this section we upgrade Theorem 8.4 using the norm surjectivity assumption in (1.5) to
obtain Theorem 1.8. We will also comment on stronger versions of Theorem 1.8 in Section 10.

9.1. Conditioning on G.A/C-orbits. We denote by m the Haar probability measure
on ŒG�. Let A be the preimage of the Borel � -algebra on ŒG�=G.A/C. In particular, A is
countably generated and its atoms are the G.A/C-orbits in ŒG�. As G.A/C is normal in G.A/,
A is invariant under G.A/. Also, each G.A/C-orbit is closed since it is of the form

G.Q/gG.A/C D G.Q/G.A/Cg

and G.Q/G.A/C is closed (this follows from a theorem of Borel and Harish-Chandra [4]
applied to

Q
i B1i ).

For m-almost every element x 2 ŒG� we may let mA
x be the conditional measure of m

on the atom of x. As the atoms of A are closed subsets, these measures are supported on
the G.A/C-orbits (see [20, Chapter 5] for the definition and basic properties of conditional
measures). By G.A/C-invariance of m, it follows that mA

x is the G.A/C-invariant probability
measure on the closed orbit xG.A/C m-almost everywhere. Using that, we may as well define
mA
x to be the unique G.A/C-invariant probability measure on xG.A/C everywhere, preserving

the defining property of conditional measures.

9.1.1. The space of bounded uniformly continuous functions. For what follows, it
will be convenient to work with a certain class of test functions. A function f W ŒG�! C is
uniformly continuous if for all " > 0 there is a neighborhood U � G.A/ of the identity such
that

sup
g2U;x2ŒG�

jf .xg/ � f .x/j < ":

We note that the bounded uniformly continuous functions form a subspace Cu.ŒG�/ of the con-
tinuous functions that contains the space Cc.ŒG�/ of compactly supported continuous functions
on ŒG�. Equipped with the uniform norm Cu.ŒG�/ is a Banach algebra.

The natural action of G.A/ on the space of bounded measurable functions given by
g � f .x/ D f .xg/ preserves Cu.ŒG�/ and the resulting representation is strongly continuous.
In fact, the space Cu.ŒG�/ can be identified with the space of continuous vectors for the
representation of G.A/ on L1m .ŒG�/.

9.1.2. Decomposing Cu.ŒG�/. We use the conditional measures for A to decompose
functions on ŒG�. For f a bounded measurable function on ŒG� define

fchar W x 7!

Z
ŒG�
f dmA

x :

Note that fchar is G.A/C-invariant and A-measurable. Moreover, the two functions fchar and
f � fchar are bounded. The function f � fchar satisfies thatZ

ŒG�
.f � fchar/ dmA

x D 0

since fchar is constant on G.A/C-orbits.
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Remark 9.1. The map f 7! fchar is introduced in [29] as a projection operator from
L2m.ŒG�/ onto the character spectrum of L2m.ŒG�/, i.e. the subspace of G.A/C-invariant func-
tions. Note that for functions in the orthogonal complement of the character spectrum Theo-
rem 1.8 follows directly from Theorem 8.4 without assuming Kf-invariance of the function –
see [29, Corollary 3.3] as well as Lemma 9.3 below.

Lemma 9.2. For any f 2 Cu.ŒG�/ we have fchar 2 Cu.ŒG�/. Furthermore, if f is invar-
iant under a subgroup H < G.A/, then so is fchar.

We have thus obtained for any function f 2 Cu.ŒG�/ the decomposition

f D fchar C .f � fchar/

into a G.A/C-invariant function and a function with zero integral over all G.A/C-orbits (which
respects additional invariance of f ).

Proof of Lemma 9.2. We first prove that fchar is uniformly continuous. Let " > 0 be
given and choose a symmetric neighborhood U of the identity in G.A/ for f and " as in the
definition of uniform continuity. Let x 2 ŒG� and g 2 U be arbitrary. Invariance of A under
the action of G.A/, uniform continuity of f , and the triangle inequality imply that fchar is
uniformly continuous. If f is H -invariant, we see that

fchar.xh/ D

Z
ŒG�
f dmA

xh D

Z
ŒG�
h:f dmA

x D

Z
ŒG�
f dmA

x D fchar.x/

as claimed.

9.2. Concluding the proof of Theorem 1.8. We recall that our final goal is to prove
that any weak�-limit of the Haar measures on the toral packets in Theorem 1.8 is equal to
mŒG�Kf

. This amounts to showing that
R
ŒG� f d� D

R
ŒG� f dm for a large class of Kf-invariant

functions f and any such weak�-limit �.

Lemma 9.3. Let � be any measure on ŒG� invariant under G.A/C. Then for any func-
tion f 2 Cu.ŒG�/ with fchar D 0 we haveZ

ŒG�
f d� D

Z
ŒG�
f dm D 0:

In the context of Theorem 1.8, the measure � is G.A/C-invariant by Theorem 8.4.

Proof. Let ¹�A
x W x 2 ŒG�º be a family of conditional measures for � with respect to A.

As � is G.A/C-invariant, it follows that the measure �A
x , which is supported on the orbit

xG.A/C, is G.A/C-invariant for�-almost all x 2 ŒG�. By uniqueness of the invariant measure,
it follows that �A

x D m
A
x for �-almost all x 2 ŒG�. Thus we have shown thatZ

ŒG�
f d�A

x D

Z
ŒG�
f dmA

x D fchar.x/ D 0

for �-almost every x 2 ŒG�. In particular, we obtain the statement of the lemma by the charac-
terizing properties of conditional measures.



Aka, Luethi, Michel and Wieser, Simultaneous supersingular reductions 37

Proof of Theorem 1.8. Recall that we have Kf D
Q
i Kf;i , where for any i the compact

open subgroup Kf;i < Gi .Af/ satisfies (1.5), i.e. that

NrBi W Kf;i !
bZ�ı.bZ�/2

is surjective.
Let � be a weak�-limit of the Haar measures in Theorem 1.8. We need to show that for

any Kf-invariant compactly supported f on ŒG� we have

(9.1)
Z
ŒG�
f d� D

Z
ŒG�
f dm:

By Theorem 8.4 the measure � is G.A/C-invariant and hence Lemma 9.3 applies to show
(9.1) for f � fchar as .f � fchar/char D 0. It thus remains to check (9.1) for fchar which is
Kf G.A/C-invariant by Lemma 9.2. Note that Kf G.A/C is a subgroup of G.A/ as G.A/C is
normal.

We claim that such a function fchar is constant in which case (9.1) is obvious. This follows
from the fact that the double quotient

G.Q/
�G.A/ıKf G.A/C

is a singleton under our assumptions on Kf. To this end, it suffices to prove that for any
i 2 ¹0; : : : ; sº the double quotient

(9.2) Gi .Q/
�Gi .A/

ı
Kf;i Gi .A/C

is a singleton. For this we consider the group homomorphism induced by the reduced norm
Nri D NrBi

Nri W Gi .Q/nGi .A/=Kf;i Gi .A/C ! Q�nA�=A�2Nri .Kf;i /:

We note first that it is injective hence an isomorphism onto its image.
Let us compute the image: for any prime q the norm Nri W B�i .Qq/! Q�q is surjective

since any non-degenerate quadratic form in five variables over Qq is isotropic [5, Chapter 4].
Over the real numbers, the norm Nri W Bi .R/� ! R� is surjective if Bi is indefinite and
otherwise it has image R>0. It follows that

Nri .B�i .A// D

´
A� if Bi is indefinite;

R>0A�f if Bi is definite
:

In addition, by the Hasse-Minkowski Theorem [5, Chapter 6] this also implies that

Nri .B�i .Q// D

´
Q� if Bi is indefinite;

Q>0 if Bi is definite
:

From this we conclude that (9.2) is isomorphic to´
Q�nA�=A�2Nri .Kf;i / if Bi is indefinite;

Q>0nR>0 �A�f =A
�2Nri .Kf;i / if Bi is definite.

Under the assumption (1.5) (i.e. Nri .Kf;i / D bZ�=.bZ�/2) this is either

A�=Q�bZ�A�2 or R>0A
�
f =Q>0

bZ�A�2

and both are trivial since A�f D Q>0
bZ�. This concludes the proof of the above claim and thus

also of the theorem.
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9.3. The case of Eichler orders. In this subsection we remark that assumption (1.5)
holds more generally for open-compact subgroups associated to Eichler orders (such as max-
imal orders). This extension is important as it allows to prove joint equidistributions results
similar to Theorem 7.1 for Heegner points.

Definition 9.4. An Eichler order in a quaternion algebra B is an intersection of two
maximal orders.

Being an Eichler order is a local property. Indeed, an order O � B.Q/ is Eichler if and
only if it is everywhere locally Eichler: for every prime q, Oq D O ˝ Zq is the intersection of
two maximal orders in B.Qq/.

Moreover, one has the following classification of local Eichler orders in the quaternion
algebra B.Qq/ (see [50, Proposition 13.3.4, Proposition 23.4.3]):

� If B is ramified at q, then Oq is the unique maximal order of B.Qq/ given by

Oq D ¹x 2 B.Qq/ W Nr.x/ 2 Zqº:

� If B is non-ramified at q, one has B.Qq/ ' Mat2.Qq/ and under this identification, there
is some e � 0 such that Oq is conjugate to the order´ 

a b

qec d

!
W a; b; c; d 2 Zq

µ
:

The classification implies the following lemma verifying condition (1.5) for the open-compact
subgroup bO� when O is an Eichler order.

Lemma 9.5. For O � B.Q/ an Eichler order we have

Nr.bO�/ D bZ�:
10. Further refinements

In this section we will analyze under which assumptions on sequences of toral packets
ŒTngn�Kf Theorem 1.8 holds for a general compact open subgroup Kf D

Q
i Kf;i � G.Af/.

By Lemma 9.3 it is sufficient to check whether condition (9.1) holds for functions invar-
iant under KfG.A/C, i.e. functions on the quotient Gchar=Kf, where Gchar denotes the abelian
group

Gchar D G.Q/
�G.A/ıG.A/C:

Furthermore, we only have to check (9.1) for Kf-invariant characters on Gchar. We start by
spelling out what they are.

10.1. Characters on Gchar. We have Gchar D
Q
i Gi;char, where

Gi;char D Gi .Q/
�Gi .A/

ı
Gi .A/C:

Recall that in the course of proving Theorem 1.8 we have also established the following lemma.
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Lemma 10.1. For any i 2 ¹0; : : : ; sº the reduced norm induces isomorphisms

Nri W Gi;char ' Q>0

�
R>0 �A�f

ı
A�2

if Bi is definite and
Nri W Gi;char ' Q�nA�=A�2:

if Bi is indefinite.

Note that the natural homomorphism

Q>0

�
R>0 �A�f

ı
A�2 ! Q�nA�=A�2

is an isomorphism as any element of A� can be multiplied by �1 2 Q� if necessary to have a
positive real component. Lemma 10.1 thus gives an isomorphism (independent of the ramifica-
tion at the archimedean place)

(10.1) Nri W Gi;char ' Q�nA�=A�2:

In particular, Gchar is a compact abelian group, every continuous function on Gchar is uniformly
continuous, and C.Gchar/ is densely generated by its group of characters 1Gchar.

By the previous lemma, any character of Gi;char is of the shape �i ı Nri for a quadratic
Hecke character �i of Q, i.e. a character

�i W Q
�
nA�=A�2 ! ¹˙1º:

Thus, any character � 21Gchar is of the shape

(10.2) g D .gi /i 2 Gchar 7! �.g/ D
sY
iD0

�i .Nri .gi //

for a uniquely defined tuple .�i /i of quadratic Hecke characters as above. The Kf-invariant
characters correspond to the tuples of characters .�i /i , where �i is Nri .Kf;i /-invariant for
all i .

10.2. The torus integral for a character. Let � be a character of Gchar given by a tuple
.�i /i of quadratic Hecke characters as in (10.2). We view � as a G.A/C-invariant function
in Cu.ŒG�/. Let ŒT�g� � ŒG� be a toral packet with associated quadratic field K. As of Weyl’s
equidistribution theorem, we consider the torus integralZ

ŒT�g�
� D

Z
ŒT��

�.tg/ dt:

Since � is a character, we haveZ
ŒT��

�.tg/ dt D �.g/
Z
ŒT��

�.t/ dt:

Let … be the product map
… W .�i /i 7!

Y
i

�i

on quadratic Hecke characters.
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Proposition 10.2. Let .�i /i be a tuple of quadratic Hecke characters and let � be the
associated character on Gchar as in (10.2).

� If ….�i /i � 1, then for any torus orbit T� we haveZ
ŒT��

�.t/ dt D 1:

� If ….�i /i 6� 1, let K….�i /i be the quadratic field corresponding to the Legendre symbol
corresponding to the Hecke character….�i /i . For any torus T� with associated quadratic
field K, we have Z

ŒT��
�.t/ dt D

´
0 if K ¤ K….�i /i ;
1 else:

Proof. Note that for any x 2 K and any i we have Nri .�i .x// D NrK.x/, where NrK
denotes the norm form of K=Q. Hence, we haveZ

ŒT��
�.t/ dt D

Z
ŒTK�

Y
i

�i .Nri .�i .t/// dt D
Z
ŒTK�

….�i /i .NrK.t// dt:

This shows the first part, so we assume that ….�i /i is non-trivial.
The character ….�i /i corresponds to a classical Legendre symbol character and is asso-

ciated with some uniquely defined quadratic field K….�i /i . If K D K….�i /i , then we have by
definition of the Legendre symbol

….�i /i ı NrK D 1 H)

Z
ŒTK�

….�i /i .NrK.t// dt D 1:

If K 6D K….�i /i , there exists a prime p split in K and inert in K….�i /i so that for tp in the
corresponding idele class one has

….�i /i
�
NrK.tp/

�
D �1 H)

Z
ŒTK�

….�i /i .NrK.t// dt D 0

as follows from the substitution t 7! t tp, where tp is as above.

Definition 10.3. Let Kf D
Q
i Kf;i � G.Af/ be a compact open subgroup. The set of

exceptional fields attached to Kf is defined as the set of quadratic fields attached to the non-
trivial products ….�i /i for which the corresponding character � of Gchar is Kf invariant:

K .Kf/ D

²
K….�i /i W ….�i /i 6D 1; � D

Y
i

�i ı NrBi Kf-invariant
³
:

In particular, given a limit measure � of a sequence of toral packets ŒT�ngn� for which
the underlying quadratic field is constant equal to K….�i /i , the measure � cannot satisfy (9.1)
for the test function � D

Q
i �i ı NrBi if the latter is Kf-invariant. Indeed, all torus integrals in

that case have modulus 1 as ˇ̌̌̌ Z
ŒT�ngn�

�

ˇ̌̌̌
D j�.gn/j D 1
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by Proposition 10.2. On the other hand, since � is non-trivialZ
ŒG�
� D

Y
i

Z
ŒGi �

�i .NrBi .gi // dgi D 0:

Thus, these finitely many exceptional fields are natural obstructions to equidistribution
on ŒG�Kf . Therefore, one only has to consider sequences of toral packets ŒT�ngn� whose asso-
ciated quadratic fields Kn are not exceptional.

We remark that K .Kf/ is a finite set as Gchar=Kf is finite.

10.3. A refined equidistribution criterion. We denote by

�i W Gi .A/! Gi;char; � W G.A/! Gchar

the natural projections. We also define the closed diagonal subgroup

�Gchar D ¹h 2 Gchar W Nri .hi / D Nrj .hj / for all i; j º:

Here, the condition Nri .hi / D Nrj .hj / is understood in the sense of (10.1).

Corollary 10.4. Let Kf D
Q
i Kf;i < G.Af/ be a compact open subgroup. Let K .Kf/

be the set of exceptional quadratic fields attached to it. Let q1; q2 be distinct odd primes. For
any sequence gn 2 G.A/ and any sequence of diagonally embedded tori Tn � G attached to
quadratic fields Kn such that

� for any n, Kn 62 K .Kf/,

� disc.ŒTngn�/!1 for n!1, and

� q1 and q2 are split in Kn for every n,

the following are equivalent:

(1) The packets ŒTngn�Kf equidistribute in ŒG�Kf .

(2) �Gchar �.Kf/ D Gchar.

Proof. By Theorem 8.4, Lemma 9.3, Proposition 10.2 and our assumption that the fields
Kn are never exceptional, equidistribution in ŒG�Kf is equivalent to the non-existence of a char-
acter � of Gchar which is non-trivial, Kf-invariant and such that ….�i /i is trivial. But ….�i /i
being trivial is equivalent to the tuple .�i ı Nri /i being constant equal to 1 along the diagonal
subgroup �Gchar and � being Kf-invariant is equivalent to .�i /i being �.Kf/-invariant (hence
constant equal to 1 along �.Kf/).
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