mzuriCh ETH Library

Simultaneous supersingular
reductions of CM elliptic curves

Journal Article

Author(s):
Aka, Menny; Luethi, Manuel; Michel, Philippe; Wieser, Andreas

Publication date:
2022

Permanent link:
https://doi.org/https://doi.org/10.3929/ethz-b-000543820

Rights / license:
In Copyright - Non-Commercial Use Permitted

Originally published in:
Journal fiir die reine und angewandte Mathematik 2022(786), https://doi.org/10.1515/crelle-2021-0086

Funding acknowledgement:
- Dynamics on homogeneous spaces and number theory ()
- Geometric and Analytic Number Theory ()

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.



https://doi.org/https://doi.org/10.3929/ethz-b-000543820
http://rightsstatements.org/page/InC-NC/1.0/
https://doi.org/10.1515/crelle-2021-0086
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use

J. reine angew. Math. 786 (2022), 1-43 Journal fiir die reine und angewandte Mathematik
DOI 10.1515/crelle-2021-0086 © De Gruyter 2022

Simultaneous supersingular reductions of
CM elliptic curves

By Menny Aka at Zurich, Manuel Luethi at Lausanne, Philippe Michel at Lausanne and
Andreas Wieser at Jerusalem

Abstract. We study the simultaneous reductions at several supersingular primes of
elliptic curves with complex multiplication. We show — under additional congruence assump-
tions on the CM order — that the reductions are surjective (and even become equidistributed)
on the product of supersingular loci when the discriminant of the order becomes large. This
variant of the equidistribution theorems of Duke and Cornut—Vatsal is an(other) application of
the recent work of Einsiedler and Lindenstrauss on the classification of joinings of higher-rank
diagonalizable actions.

1. Introduction

1.1. Simultaneous reduction of CM elliptic curves. Let K = Q(+/D) be an imagi-
nary quadratic number field with ring of integers Ok and discriminant D = Dk < 0.
An elliptic curve over C is a smooth projective variety in IP’(% defined by an equation of
the shape
E: y2 +ayxy +aszy =x3 +a2x2 + asx + ag

and equipped with the structure of an abelian group via the usual chord-tangent construction
and the point [0, 1, 0] as neutral element. We say that £/C has complex multiplication (CM)
by Ok if its ring of endomorphisms is isomorphic to k. Denote by Ell%?{ the finite set of
C-isomorphism classes of such elliptic curves.

Given E € Ellg, its J-invariant j(E) is an algebraic integer, cf. [45, Chapter II, Theo-
rem 6.1], and K(j(E)) C Q C C is the Hilbert class field Hk of K, cf. [45, Chapter II,
Theorem 4.3]. Consequently, E is defined over Hk.
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Given p a fixed odd prime, we also fix throughout an embedding Q < @; in particular
this embedding uniquely determines, for any field K as above, a prime ideal p = pu, C Ony
above p.

Assume that p is inert in K. The curve E (or rather an Hg-form of it) has good reduction
E mod p at p, cf. Section 5.3, and its j-invariant is

J(Emodp) = j(E)modp € Fp2,

and the curve E modp is supersingular, i.e. its endomorphism ring is a maximal order in
a quaternion algebra over Q, namely in the unique quaternion algebra B, o, ramified at p
and oo.

We denote by Ell;S the set of isomorphism classes of supersingular elliptic curves defined
over [Fj,. This is a finite set of cardinality % + O(1) (see [46, Chapter V, Theorem 4.1]). We
will be interested in studying the reduction map

redp : Ellgi — Ell},  E +— Emodp

for various values of p.

By Deuring’s lifting theorem [13] every supersingular curve can be obtained as the reduc-
tion of some elliptic curve (with complex multiplication by some order of some imaginary
quadratic field). A natural question then is whether the CM order can be taken to be maximal
and if so, which are the possible orders. In [35], the third named author remarked that by com-
bining the works of Gross, Duke and Iwaniec [14,25,27], any Eg € Ell;S may be lifted to some
E € EII%E as soon as p is inert in K and D is sufficiently large (depending on p). In other
terms, for D large enough, the reduction map red, is surjective. This result was subsequently
reinterpreted and refined by several authors — see for example [21, 28, 54].

In the present paper we are interested in a further refinement of this question: namely
whether given several supersingular elliptic curves at several distinct primes there exists
a single elliptic curve with CM by Ok which is a lifting of all of them. More precisely,
let p={pi1,..., ps} be a finite set of distinct odd primes and for each i a fixed embedding
Q — (QTP[. Let K be an imaginary quadratic field in which the primes p1, ..., ps are all inert.
Foreachi € {1,...,s} let p; = p; my be the prime ideal in Hk determined by Q — (QT[,I.. We
now have a simultaneous reduction map

redy : EISE — [[EIL.  E > (Emodp;)is.
i<s

The question is whether this map is surjective or not. We expect that this is the case as long as
D is large enough (depending on p). A consequence of our main Theorem 1.3 stated below is
that this is the case at least under some additional congruence assumptions on D:

Theorem 1.1 (Simultaneous lifting). Let q1,q2 be two distinct, odd primes, and let
P1, ..., Ps be distinct odd primes also distinct from q1 and q,. There is some Dy > 1 (depend-
ingonp = {pi1,..., ps}and q1, q) with the following property: for any imaginary quadratic
field K of discriminant D such that

(1) [D| = Do,
(2) each p; for1 <i < s isinertin K, and

(3) g1 and q» are split in K
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the map redy, is surjective. In other terms, for all E; € Ellssl_, i =1,...,s, there exists an elliptic
curve E € Ellg satisfying
Emodp; = E; (i=1,....,5).
In fact, this surjectivity result admits a more precise formulation in the form of an equidis-

I s
tribution statement on the product of [ [, .; ; EIL}}..
Given Eg € ElI¥}, we define

wE, = [End™(Eo)/{£1}|.

Eichler’s mass formula states that

1 -1
(1.1 > o— =

< Ww
EoGEll;

see e.g. [25, equation (1.2)]. We then introduce the probability measure

12 1
vp=—— Y 8Eq-
P =1 picins WEo

Remark 1.2. It is known that the product of the wg, over the distinct isomorphism
classes is a divisor of 12, cf. [25, equation (1.1)], and hence asymptotically most weights are
equal to 1 so the above measure is almost uniform.

Using the observation in [35] referred to previously, the third author established that for
every Eg € EllfpS we have
{E € Ellg; : Emodp = Eo}]
|Ellz

— vp(Eo)

as D — —oo along the set of fundamental discriminants. In other terms, the push-forward of
the uniform probability measure on Ell%i by the map red, converges to the measure vp,.

We establish a similar equidistribution statement towards the product measure ); - Vp,:
in fact, we include an additional archimedean equidistribution result. -

Let Ells, be the moduli space of all complex elliptic curves up to C-isomorphism. This
space is identified with the space of lattices in C up to C*-homothety, i.e. the complex modular

curve
Yo(1) = SL2(Z)\H,

via the map
[z] =SLo(Z).z — [AZ] :=[Z + Z.z] = [C/A;].

In this representation an elliptic curve E with CM by Ok is one for which the corresponding
lattice A, satisfies

End(A;,) :={ze€C:z.A;, CA;,} =0k CKCC.

By this identification Ells, is equipped with a probability measure v, corresponding to the

normalized hyperbolic measure %d;i#.
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Let redso denote the obvious injection
redeo : Ellgy — Elloo, E = E(C).

It was proven by Duke in [14] that the push-forward of the uniform probability measure on
EllZ converges to v as D — —oo.
Setting now
p={po=o0}U{pi:1=i=s}

we consider the map red, = (redy, )o<i<s and its image

S
redp (BIISY) = {(redy, (E))o<i<s : E € B} C Elloo x [ ] EIL},.
i=1

We prove:

Theorem 1.3. Let q1, g2 be distinct, odd primes which are distinct from p1, ..., ps. As
D — —oo along the set of fundamental negative discriminants such that

(1) each p; for1 <i <, isinertin K = Q(v/D), and
(2) q1.q> are splitin K,

the push-forward of the counting probability measure on Ell‘fﬁ”; by redy, equidistributes towards
Voo @ Vp; & -+ & Vp,.

This equidistribution result is true more generally if instead of a sequence of maximal
orders Ok we consider sequences of quadratic orders ¢ C Ok C Kand the sets Ell5]" of elliptic
curves with complex multiplication by & (again with suitable congruence condition); we refer
to Theorem 7.1 for the precise statement.

Remark 1.4. In this extended setting, a version of this equidistribution result was
proven by Cornut [8] using ideas of Vatsal [48] for non-maximal orders whose discriminants
are of the form Dp?" for D < 0 a fixed fundamental discriminant, p a fixed prime coprime
to D and n — 4o00. As in the present paper, these works make crucial use of dynamics and
ergodic theory on locally homogeneous spaces. A chief difference is that the above mentioned
works use unipotent dynamics (i.e. Ratner’s theorems such as [41]) while we also need to
rely on the recent work of Einsiedler and Lindenstrauss on rigidity of joinings of higher rank
diagonalizable actions [16].

An especially interesting case is that of orders whose discriminants are of the form Dp”
for D < 0 a fixed fundamental discriminant, n > 1 a fixed exponent, and p — 400 along the
primes coprime to D (see Theorem 7.1). Although the quadratic field K = Q(+/D) is fixed,
the fact that p is varying also seems to require the use of rigidity of higher rank diagonalizable
actions. As explained to us by Henri Darmon such a case could be interesting for the study of
certain Euler systems. We will pursue other variants along this direction in future joint work
with D. Ramakrishnan.

Remark 1.5. Theorem 1.3 can be upgraded in several directions:

¢ The most immediate is by incorporating additional level structures; for instance by con-
sidering for N > 1, the space Yo(N) of isomorphism classes of pairs of elliptic curves
¢ : E1 — E;, where ¢ has a cyclic kernel of order N. Suppose that every prime divisor
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of N splits in K. If (¢ : E1 > E2) € Yo(N)(C) is such that E; € Ell, then E; € Ellg
as well; the set, Yo (N )" say, of such “CM” points is then called the set of Heegner points
([24, Section 1.3.]). Note that if, in addition, N has two distinct prime factors ¢1, g2, the
splitting condition is automatic.

e In [26], S. Herrero, R. Menares, and J. Rivera-Letelier have established a refined version
of the equidistribution of CM elliptic curves modulo an inert prime p (more generally
for any kind of prime) by describing how the CM curves equidistribute on EII**(Cp),
the moduli space of elliptic curves over C, with supersingular reduction. Their proof
relies among other things on Duke’s approach to prove equidistribution (i.e. by bounding
Fourier coefficient of an adequate theta series). In a forthcoming project with the authors
of [26] we will combine both their and our methods to prove the joint equidistribution
of EIl" on the product of the moduli spaces EII**(Cp,) fori =1,...,s.

* These equidistribution theorems also generalize to equidistribution for CM points in the
space of abelian varieties of dimension 2[F : Q], admitting complex multiplication by
a quaternion algebra defined over a fixed totally real number field F'. We refer to [8—11,
48] for examples of work in this direction.

Remark 1.6. Though seemingly artificial, the splitting assumption on ¢, g in Theo-
rem 1.3 allows the use of diagonalizable dynamics alluded to in Remark 1.4 (see the discus-
sion after Theorem 1.8). One may generalize Theorem 1.3 to treat for instance all imaginary
quadratic fields K for which there are two split primes ¢1,¢g2 € {2, p1,..., ps} below a fixed
threshold C > 0. Furthermore, even assuming GRH one cannot remove the splitting assump-
tion using the arguments in the present paper as the dynamical argument uses two fixed split
primes that are not allowed to vary with the field.

1.2. Reduction to an equidistribution statement. As hinted at above, Theorem 1.3 is
a consequence of a dynamical statement in the context of locally homogeneous spaces. The
first step is to realize redp (Ell}“:() as (the projection of) an orbit of the adelic points of the torus

on a product of adelic locally homogeneous spaces. We describe this realization here. Using
this realization, Theorem 1.3 is then obtained from an equidistribution result for such orbits,
more specifically Theorem 1.8 which will be discussed in the next section.

We use several Q-forms of PGL,, namely the projective unit groups G; = PB} for
i =0,...,s of the quaternion algebras Bg, By, ..., By defined over Q, where By = Mat; is
the split quaternion algebra and where B; for 1 <i <s is the quaternion algebra ramified
exactly at oo and p; .

As explained in Section 5 there is for each p; an identification

Vi 1B = 6;@)\G A/, R)PE; *.

where O; C B;(Q) is some fixed maximal order and 6\, =0; ® 7. There is also an identifi-
cation for the archimedean place

Yo : Ello = PGL,(Q) \POL2(A)/ps0, (R)PGL, (Z)-
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Let E € Ell; . To E is associated for eachi = 0, ..., s aclass [gg ;] = i (redp, (E)) and an
embedding of Q-algebras (; : K < B;, and consequently a morphism of Q-algebraic groups

i : Tk — Gj.

Let us recall that the ideal class group Pic(Ok) acts simply transitively on Ellz ; we
denote this action by
([a], E) + [a] x E,

where [a] is the class of an ideal a C Ok. We also have a natural identification

Pic(0k) ~ TK(Q)\TK(A)/TK(R)TK(/Z\)
where TK(Z) corresponds to the projectivized group of units in the completion 5}, where
the integral structure defining Tk(Z) is the one induced by the choice of maximal orders
O1,...,05. We show in Section 4.3 and Section 5.4 that for i =0, ...,s, if ff € Tk(Ay) is
such that [#¢] >~ [a], then
Vi (redp, ([a] * E)) = [t:(t7 g B,

We now collect these identities for all 0 < i < 5. Let us set
S
L= ()o<izs : Tk > G =[] G
i=0

and define g = (gE,i)o<i<s as well as the compact groups

N N
Koo = PSO2(R) x [[ Gi(R) and K;=PGLy(Z) x [ | PO}
i=1 i=1

We obtain that the componentwise identification

¥ Ellee x [TELS = @) \6@)/ Kk K;

satisfies for any [#¢] and [a] as above

¥ (redy([a] * E)) = [u(7 gE]-

Therefore redy (Ellg ) is identified with the projection of the orbit of the torus Tk (A) embedded
diagonally into the product group G by ¢:

[L(Tk(A))ge] € G@Q)\CA)/ K K-
Let T, denote the image ¢(Tk). The situation can be summarized in the following commutative

diagram:

d
[a] x E € Pic(0k).E = Bl ——"— Elloo x [T{_, EII

| |¥
Lo e T @\ /1 ®)T.2) — 6 @\CH Kook
Here, the bottom arrow is given by mapping [¢(¢)] to [¢(z)gEg] seen as an element in the double

quotient on the right. This discussion reduces Theorem 1.3 to considering the behavior of sets
of the form [t(Tk(A))gEg] as the discriminant of K goes to negative infinity.
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1.3. Equidistribution of diagonal torus orbits. By the reduction step in the previous
section, the proof of Theorem 1.3 is a direct consequence of a general equidistribution theorem.
To state it in full, we (re-)introduce some notation.

Let B; for 0 <i < s be finitely many distinct rational quaternion algebras. We denote
by G; = PB the associated projective group of units and set

N

G=]][Gi and [G]=G(Q)\G(A).
i=0

Furthermore, we fix foreachi € {0, ..., s} a compact open subgroup Kr; < G;(A¢) and define

(12) Ki =[] Kt and [G]k, = [G]/K:.

1

By a theorem of Borel and Harish-Chandra [4], the homogeneous space [G] comes with a Haar
probability measure which we denote by dg. It induces a probability measure on [G]; (by
restriction to the continuous right K-invariant functions on [G]) which we also denote by dg
for simplicity.

1.3.1. Toral packets and discriminants. For each index i € {0, ...,s} we let(; be an
embedding of a quadratic field K (possibly a real quadratic field) into the quaternion alge-
bra B; (Q). We thus obtain an induced morphism of Q-algebraic groups

ti Tk = G;
and a diagonal morphism
1: Tk — G.
We denote its image by
(1.3) T, = {(to(1),....1s(1)) : 1 € Resg/@(Gm)/Gm}.

For g = (go,...,&s) in G(A) and a tuple ¢ = (¢, ..., ts) of embeddings as above, we
denote by

[Teg] = GQ\GQT.(A)g C [G]

the associated (compact) toral packet and by [T,g]k, its projection to [G],.
The arithmetic complexity of the toral packet [T,g] is measured using the notion of
discriminant; in the present case we define the discriminant as

(1.4) disc(T.g) = min disc((T, g]).
where [T, g;] is the projection of [T,g] to the i-th factor [G;] and the discriminant disc([T,; g;])
is defined in [18, Section 4].

Remark 1.7. In the context of Theorem 1.3 and in view of Section 1.2, the above dis-
criminant of a toral packet [T,g] with associated field K is comparable to |disc(K)| and the
terms on the right-hand side of (1.4) are roughly the same size.
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1.3.2. The main theorem. We are now able to formulate the dynamical input for Theo-
rem 1.3, which is of independent interest.

Theorem 1.8 (Equidistribution of diagonal torus orbits). Let g1, g2 be two distinct odd
primes. Let T, =T,, < G forn > 1 be a sequence of tori as in (1.3) with underlying fields K,
such that q1 and g both split in K,, for every n. For anyn > 1 let g, € G(A). Let Ky < G(Ay)
be a compact open subgroup as in (1.2). We assume that for every i = 0,...,s the reduced
norm Nrg; induces a surjective map

(1.5) Nrg, : Kr; — 27/ (3%)2.

If disc([T,gn]) — 00 as n — oo the sequence of packets [T, g,)k, equidistributes on [G]k,.
That is, for any Kg-invariant function f € €. ([G]) we have

flug &~ [ f(e)de
[Th] [G]
as n — oo, where the left-hand side denotes the integral with respect to the Haar probability
measure.

Remark 1.9. If K, is a real quadratic field for every n, the condition that g, splits in K,
can be omitted as the “infinite place” already splits in K,.

Remark 1.10. Condition (1.5) is in particular satisfied if K¢; = P@\,-X for an Eichler
order 9; in B; (Q) — see also Section 9.3 for this well-known fact.

The proof of Theorem 1.8 is a consequence of the classification of joinings of higher rank
diagonalizable actions by Einsiedler and Lindenstrauss [16] as formulated in Theorem 8.4. For
this, the splitting assumption is crucial. Such an assumption is commonly called a Linnik-type
condition and imposing two such splitting conditions gives rise to higher-rank diagonalizable
acting groups. It is reasonable to expect that Theorems 8.4, 1.8 and 1.3 remain true without this
assumption (as is the case for a single factor). However, a proof without this assumption would
require a completely different argument.

Remark 1.11. In the case of two factors (s = 2 in our notations), Valentin Blomer and
Farrell Brumley have recently developed a proof of Theorem 1.3 which is conditional on the
Generalized Riemann Hypothesis but does not require any splitting assumption. As expected,
the methods are entirely different from ours and build on the evaluation of fractional moments
of L-functions in the spirit of [33,40].

The joinings classification [16] allows us to show that any weak™-limit of the measures
on the packets [T, g,] is invariant under the image of the simply connected cover of G in G(A).
Thus, Theorem 1.8 is reduced to the verification of equidistribution for functions in the char-
acter spectrum. Under assumption (1.5), the character spectrum on [G];, is trivial and hence
equidistribution holds. In Corollary 10.4, we provide an equivalent condition to equidistribution
for a general compact open subgroup Ky under the assumption that the underlying quadratic
fields K;, for n > 1 do not belong to a finite set of exceptional fields determined by K.
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Remark 1.12. As already pointed out above, Theorem 1.8 is a rather direct application
of the classification of joinings of higher rank diagonalizable actions due to Einsiedler and
Lindenstrauss [16]. There is by now a number of works building on this deep and powerful
result, for instance [1-3,30]. As far as we know, the deepest of these applications is the work
of Khayutin [29] who made striking progress on the mixing conjecture by Venkatesh and the
third named author (see [22]).

1.4. Structure of the paper. As this article brings together two different areas of
research from dynamics and number theory, the authors have put an effort into making it acces-
sible to both of these communities. In particular, most of the material discussed in Sections 3,
4 and 5 will probably be considered standard by many number theorists but we hope this will
be helpful to dynamicists. As explained above, the main theorem (Theorem 1.3) follows from
Theorem 1.8 which is an equidistribution result of adelic toral orbits. Therefore, we first need
to describe the objects above in adelic terms. In Section 3 we give an adelic description of the
set of complex elliptic curves. In Section 4 we describe adelically the complex multiplication
curves, the action of the Picard group on them, and the reduction map reds,. In Section 5 we
describe adelically the set of the supersingular elliptic curves together with a natural measure
on them, the associated reduction map and its compatibility with the Picard group action. Then,
in Section 6 we combine the result of the previous sections to show compatibility between the
reductions maps at different primes. This enables us to derive Theorem 1.3 from Theorem 1.8
in Section 7. The proof of Theorem 1.8 is then done in two steps: In Section 8 we show that
the limiting measure of the toral orbits is invariant under the image of the simply-connected
cover and in Section 9 we show that equidistribution holds for Ky-invariant functions. Finally,
in Section 10 we discuss further possible strengthenings of our main results.

2. Notations and background

If E/k is an elliptic curve defined over a field k, we will in general see it as defined over
an algebraic closure k. In particular, its ring of endomorphism End(E) is the ring for E /k and
likewise for the set of isogenies Hom(E, E”) (plus the constant zero map) between two elliptic
curves E/k and E’/k and similarly for the set of isomorphisms. Also we will usually use the
same notation £ for an elliptic curve and its isomorphism class.

By A (resp. Ar) we mean the ring of adeles (resp. finite adeles) over Q and more generally
given a subset S of the set 'V of places of Q we let Q g be the restricted product of Q,, forv € §
with respect to the sequence (Zp)p,es. We also write Vs for the set of finite places (i.e. for the
set of rational primes).

For any affine algebraic group G defined over Q, we denote by G(A) (resp. G(Ay)) the
group of its adelic (resp. finite adelic) points and more generally by

G@Qs) =] 6@
vesS
the group of its Q s-points. In particular, if V' is a finite dimensional Q-vector space, we denote
the sets of its v-adic points, Q g-points, finite adelic, and adelic points by

V(Qv) ==V ®Q Qv,
V(Qs), V(Ay), and V(A), respectively.
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We will use this notation also for a number field K or more generally a finite dimen-
sional Q-algebra. That is, the rings of v-adic, Q g-, finite adelic, and adelic points of K will be
denoted by K, = K(Q,), K(Qg), K(Af), and K(A), respectively. Furthermore, viewing the
multiplicative group K* of K as a Q-algebraic group (which we also denote by Resg /g (Gm)).
we write K = K*(Qy), K*(Qgs), K*(Af), and KX (A), respectively.

2.1. Homogeneous spaces. Equipped with the respective natural topologies, the groups
G(Qy),G(Qs), G(A¢), and G(A) are locally compact groups. The group of rational points
G(Q) then embeds discretely in G(A) via the diagonal embedding. We denote by [G] the
quotient

[G] = G(@)\OW)

and if K < G(A) is a subgroup, we denote the associated double quotient by

[Glk = [Gl/K = g(@)\®@/k.

For g € G(A) an element and A C G(A) a subset we denote their images in [G] or [G]/ K by
[g]. [g]k and [A], [A] k, respectively. If the subgroup K is understood, we will sometimes drop
the index K from the notation above and just write [g] for the class [g]k.

If G has no non-trivial Q-characters (which will always be the case in this paper), G(Q)
is a lattice in G(A) [39, Theorem 5.5] and the groups G(Qy), G(Qs), G(A¢), and G(A) are
unimodular. In general, we denote by m ] (or sometimes simply dg) a G(A)-invariant measure
on the quotient [G] (which is unique up to scaling). If G(Q) is a lattice in G(A), we always
normalize m[g) to be a probability measure.

For K < G(A) a compact subgroup, we write m[g], for the induced measure on [G] g
which is the restriction of m[g] to the space of K-invariant continuous functions on [G] of
compact support. This measure on [G] g is a probability measure whenever mg; is.

Whenever K¢ < G(A) is a compact open subgroup, we will call

(@ \CW/GR) x k;

the class set of K¢. This is always a finite set [39, Theorem 5.1].

2.2. Lattices. A lattice L in a finite-dimensional Q-vector space V is a finitely gener-
ated Z-module containing a Q-basis of V. We denote by &£ (1) the space of all lattices in V. In
the following, g will always denote a (finite) prime. A lattice L, C V; is a finitely generated
Z4-module containing a Q-basis of V,; and we denote by &£(V;) the space of all lattices in V.
Given L € £(V), we write Ly = L ®z Z4 € £(Vy) for the closure of L in V,; and moreover
Ls =[], es Lq whenever S C Vy as well as L= [, Lq-

2.2.1. The local-global principle. Let Lo C V by a fixed lattice. The local-global
principle for lattices states that the map

L1 = (Lg)q
is a bijection

V)~ 2(V) = ]_[/ £(V,).
q
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Here, we denote by
1‘[ £(Vy)

the set of sequences (Lg)q of local lattlces Lq C V4 such that for all but finitely ¢ we have
L4 = (Lo)gq. Equivalently, éC(V) is the set of Z-modules in ¥ commensurable with Lo We
remark that the definition of f,(V) is independent of the choice of lattice Lo C V. The inverse
map is given by
L=(Lyg>VNL:=(\VNLyCV.
q

2.2.2. Interpretation in terms of adelic quotients. Let GLy denote the general linear
group of V. If V' = Q", we denote this group by GL,. The group GLy (Q) acts transitively on
&L (V') and each of the local groups GLy (Q) acts transitively on the local space &£(V;). These
local actions induce a transitive action

GLy (A) ~ £(V)

and therefore a transitive action GLy (Af) ~, £(V) by the local-global principle: given an
element gr € GLy (A¢) and L alattice in V', we have

g.L=VnN (gf.Z).
This action is compatible with the classical action GLy (Q) ~ £(V): if
5t : GLy (Q) — GLy (Ay)
denotes the diagonal embedding, one has for any lattice L in V' and any gg € GLy (Q)
go-L = d6i(gq)-L.
Let GLy (Z), GLy (/Z\) be the stabilizers of Lo under the corresponding actions. It follows that
2(V) ~CLv(Q) /gLy, (z) = CLv (AD /6L, (Z)
~ GLy (Q)\GLV (Q) xGLy (Af)/GLV(z)-

For the last bijection the group GLy (Q) is embedded diagonally in GLy (Q) x GLy (Af) and
the bijection is induced by the map

gQg&r € GLy (Q) x GLy (A¢) — gg'gr.Lo € £(V).

Let £(Vx) be the space of ‘real’ lattices in Voo = V ®q R (i.e. discrete subgroups of
maximal rank). We have the identification

£ (Vo) =~ GLy (R)/GLy (Z)
and the following identification in terms of adelic groups:
2.1) £ (Voo) = GLy (Q)\GLy (A)/GLy (2).

In the latter, GLy (Q) is embedded diagonally in GLy (A) and the bijection is induced by the
map

(2.2) 8008t € GLy (A) = gl gr.Lo € £(Voo).
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2.2.3. Commensurability. We recall the following definition.

Definition 2.1. Two lattices L, L’ € £ (V&) are commensurable if there is an integer
n # 0suchthatnl’ C L.

For any L € £(Vx) we denote by
L =L®;Q

the Q-subspace of Voo spanned by L. Then two lattices L, L’ € £ (V) are commensurable if
and only if L® = (L’)°. Hence, the commensurability class of L is simply the set of lattices
in LY, that is,

£(L% = GLy(Q).L.

Here, GLy (Q) is viewed as a subgroup of GLy (R). Alternatively, if goo € GLy (R) is such
that ggolLo = L, then

L(L%) = g5 )GLy(Q).Lo = g GLy (A¢).Lo.

In other terms the map (2.2) provides the following identification for the commensurability
class of L:

(23) £(L%) ~ GLy (Q)\GLy (Q)gooGLy (A1) /GLy (2).

By the set on the right-hand side we mean the image under the quotient map to (2.1) of the
set GLy (Q)\GLy (Q)gooGLy (A¢). Note that the copies of GLy (Q) in (2.3) are embedded
differently in GLy (A), the left copy is embedded diagonally while the right copy is a pri-
ori embedded in GLy (R). However, the presence of GLy (Af) allows us to take GLy (Q)
diagonally embedded in either case.

Remark 2.2. This is only interesting for the place v = oo; the lattices in L£(V) or
£ (Vp) are all commensurable.

2.3. Quadratic fields and tori. In this paper, K will usually denote a quadratic exten-
sion of Q (in Sections 4-7 always imaginary). We denote by Trk and Nrk the trace and norm
on K and denote in the same way the natural extensions to K,, K(Qg), K(Af) and K(A).
Recall that we view the multiplicative group K* of K as a Q-algebraic group (which is
resg/Q Gm). We will usually denote the projective group by

Tk = Resk/Q(Gm)/Gm.

2.3.1. Quadratic orders. We write Ok for the ring of integer of K. Recall that a sub-
ring & C K is an order if & is a Z-lattice in K. It follows that & C Ok and that there is
a unique integer ¢ = ¢(0) > 0 (the conductor of ©) such that

ﬁ:Z-l-CﬁK.

The discriminant of ¢ is disc(0) = det(Trk(e;e;))i, j=1,2, Where (e1, e2) is any Z-basis of &.
One has
disc(€) = disc(0k)c?.
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2.4. Quaternion algebras. In this paper B will usually denote a quaternion algebra
over Q (possibly the split quaternion algebra Mat, of 2 x 2 matrices over Q). Given a (possi-
bly empty) finite set of places S of Q with |S| even, there is up to Q-isomorphism a unique
quaternion algebra Bg ramified exactly at the places in S (see e.g. [50, Theorem 14.6.1]). Any
quaternion algebra over Q is of this form. We say that B is definite if B(R) is isomorphic to the
algebra of Hamiltonian quaternions and otherwise we say that it is indefinite.

Denote by Trg and Nrg the (reduced) trace and (reduced) norm on B. Let B° C B be the
subspace the quaternions of trace 0 and let B! be the group the quaternions of norm 1.

The Q-algebraic group of units BX acts on the Q-space B® by conjugation. The image of
B> in GLyo is isomorphic to the quotient of B* by its center and is called the projective group
of units of B. We denote it by

Gm\B* = PB*.

The group PB* is Q-almost simple with trivial center and its simply connected cover is the
group of norm one units B'. These two connected groups are anisotropic over Q if and only
if B # Mat,.

Notice that the conjugation action preserves the norm form Nrg restricted to B?, there-
fore PB* C SOnirgl,» and since these two groups are connected, we have an isomorphism of

Q-groups
PB™ =~ SONig| 0

see [49, Chapter I, Theorem 3.3].

Write G = PB* for simplicity. By the above, the homogeneous space [G] for the group
G has finite volume (i.e. G(Q) is a lattice in G(A)). We note that if B # Mat,, [G] is in fact
compact.

2.4.1. Integral structures. The choice of an order @ C B(Q) defines an integral struc-
ture on G = PB”™ by setting

G(Z) ={g €G(Q): g0g™ "' =0}

The integral structure also provides distinguished local and global compact open subgroups,
namely, for any prime p the subgroups

G(Zp) = {g € G(Qp) :g@pg_l = 0Op}

and the product
G(Z) =[[6(Z)p) < G(AY).
p

If B = Mat,, we will always choose the integral structure defined by 9 = Mat,(Z). In this
case, G(Z) equals PGL,(Z), i.e. the image of GL3(Z) in PGL,(Q).

2.4.2. Quadratic fields and quaternions. Let us recall that a quadratic number field K
embeds in a quaternion algebra B if and only if the following local conditions are satisfied:

(i) If B is definite, then K is imaginary.
(i1) If p is a ramified prime of B, then p is non-split in K.

This is a consequence of the Hasse-Minkowski theorem applied to the quadratic form Nrg|go.
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Suppose we have such an embedding
t: K< B.
Then we have for any z € K,
Trg(1(2)) = Trk(z), Nrg(u(z)) = Nrk(2).

The embedding ¢ also induces an embedding for the multiplicative and projective QQ-groups
which we denote in the same way by

1 : K~ B*, Tk — G =PB*.
In fact, ((K*) C B* and ((Tx) C PB™ are the stabilizers in B* or PB™ of the line
Q.1(z0) € BY(Q).

where zg € K is any non-zero element with trace 0.

3. Complex elliptic curves

Let Ells be the set of elliptic curves over C up to isomorphism. Any elliptic curve E
admits a complex uniformization, that is, it is isomorphic as a Riemann surface to a quotient

E ~C/A,

where A C C is a Z-lattice. Conversely, any lattice gives rise to an elliptic curve over C;
cf. [43, Chapter 7, Section 2].
Given two elliptic curves E >~ C/A, E' ~ C/A’, the set of isogenies from E to E’ is
given by
Hom(E,E') ~{z e C:zA C A'}.

In particular, two curves are isomorphic if and only if A’ = zA for some z € C* (i.e. the
lattices A and A’ are C*-homothetic). Taking E’ = E one has

End(E) ={ze€C:zA C A} and Aut(E)=End(E)™.

The endomorphism ring End(E) is either Z (the generic case) or an order ¢ in an imaginary
quadratic field K. In this last case, one says that E has (exact) complex multiplication by &
and we discuss this further in the next section. In any case we set

End®(E) = End(E) ®7 Q c C, Aut’(E) = End®(E)* = End°(E) \ {0} Cc C*.
Let £(C) be the space of Z-lattices in C. The map
(3.1) AeL(C)— Ex=C/A

induces a bijection
C*\&(C) ~ Ellgo.
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Furthermore, any Z-lattice in C is C*-homothetic to a lattice of the form

for some z € H, where H = {z € C : Iz > 0} is the upper-half plane. Moreover, two such
lattices Az, A,/ are homothetic if and only if z, z’ are in the same SL;(Z)-orbit.
From this we obtain the usual identification

Ellse ~ SLy(Z)\H = Yo(1)

of Ello, with the complex points of the modular curve.
In the sequel, we identify C with the Euclidean plane R? by matching the R-basis (1, i)
of C with the canonical basis ((1,0), (0, 1)) of R2. We denote this identification by

(3.2) 6, : C ~ R2.

Under this identification, the action of the group C* ~ R~¢ x S! on C by multiplication
corresponds to the standard action of R x SO2(R) on R2. By (2.1) we have the adelic
description

(3.3) C*\£(C) ~ R=¢SO2(R)\L(R?)
~ GL2(Q)\GL2(A)/R50SO02(R)GLx (Z).

Since A = Q*R=oZ%, it follows that C*\ £(C) is expressed as an adelic quotient of the
projective group

C*\£(C) ~ PSO,(R)\PGL5(R)/PGL,(Z)
~ PGL,(Q)\PGL5(A)/PSO,(R)PGL,(Z).

Recall here from Section 2.4.1 that PGL, (Z) denotes the image of GL, (/Z\) in PGL; (A¢) under
the natural projection. We denote the resulting identification

(3.4) Voo : Ellse ~ PGL>(Q)\PGL,(A)/PSO»(R)PGL,(Z)

3.1. Isogenies. Given £ = C/A acomplex elliptic curve, let
Y(E) = {[E'] : Hom(E', E) # 0} C Ells

be the set of isomorphism classes of complex elliptic curves E’ isogenous to E (recall that
being isogenous is an equivalence relation).

Given E’ ~ C/A’ isogenous to E, there is z € C* such that zA” C A. In other terms,
zA’ is commensurable with A; cf. Section 2.2.3. Conversely, if A’ is commensurable with A,
then E' ~ C /A’ is isogenous to E: given n # 0 such that n A’ C A the map

[xn]:z4+ AN € C/N —nz+nAN +AecC/A

gives an isogeny. Therefore, the map (3.1) gives an identification between Y (E) and C*-homo-
thety classes of lattices commensurable to A. In other words, it induces a bijection

Y(E) >~ C*\C*£L(AY).
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Here, A = A @7 Q, see Section 2.2.3 for the notation. Let goo € GL»(R) be such that
A = gz!.Z?. In terms of the identifications (3.3) and (3.4) we have (cf. (2.3))

(3.5) Y(E) = GL2(Q)\GL2(Q)gooGL2 (A1) /R=0S02(R)GL2(2),
and letting g, denote the projection of g, to PGL,(IR)) we obtain
Vool y(g) : Y(E) ~ PGL2(Q)\PGL2(Q)Z 5oPGL2(A) /PSO2(R)PGL,(Z).

Remark 3.1. Since the stabilizer of A in C* is Aut®(E), we also have

Y(E) ~ Aut®(E)\£(A?).

4. CM elliptic curves

4.1. Curves with complex multiplication. Recall that given an imaginary quadratic
field K C C, a complex elliptic curve E >~ C/A has complex multiplication (CM) by K if

End®(E) := End(E) 2 Q =K c C.
In that case the ring of endomorphisms End(E) is isomorphic to an order & in K:
End(E) >~ 0

and one then says that £ has CM by 0.

We denote by ElI{" the set of C-isomorphism classes of elliptic curves E with complex
multiplication by K and by Ell5y" or Ell)" C ElIZ" the subset consisting of elliptic curves £
with CM by &, where D = disc(&’). We have a decomposition as a disjoint union

BN = | | BN
OCK
where O ranges over all the orders of K.

4.1.1. Explicit description in terms of the complex uniformization. As a general
remark, an elliptic curve E given by its complex uniformization £(C) = C/A has CM by an
order & C K if and only if

End(A) ={zeC:zACA}=0.
An example of such an elliptic curve is given by E4(C) = C/0.

Proposition 4.1. The map (3.1) induces a bijection
ElI" >~ K*\L(K),

where L(K) denotes the set of Z-lattices in the Q-vector space K as in Section 2.2. In partic-
ular, all elliptic curves with CM by K are isogenous and for any E € ENIZ" we have

EI" = Y(E).

Proof. For any elliptic curve E € EIIg" with E = C/A the lattice A is homothetic to
a lattice containing an order ¢ in K. In particular, the latter is commensurable to &. It follows
from Section 3.1 that E is isogenous to E». Conversely, if a lattice A is homothetic to a lattice
in K, it has complex multiplication by an order in K. m)
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4.1.2. The Picard group and its action. We recall the structure of Ell" for & C K
an order.

Definition 4.2. A (fractional) proper ¢-ideal is a lattice a C K such that
End(a) ={zeK:zaCa}=0.
We denote the set of proper ¢-ideals by (&) C L(K).

The group K* acts on 4 (&) by multiplication and from Definition 4.2 and the proof of
Proposition 4.1, the restriction of the map (3.1) to (&) yields the bijection

4.1) Bl ~ KX\ J(0).

Let us recall that & is a Gorenstein ring, so the set of proper 0-ideals J (0) is exactly the
set of &-modules in K which are locally free of rank 1 and so invertible [19, Section 2.3]. The
set 4 () is therefore stable under multiplication of ¢-ideals and forms a commutative group
whose neutral element is &.

Definition 4.3. The quotient Pic(&)) = K*\d(0) is called the Picard group of O

It is a very classical result that Pic(&) is a finite group, see for example [12, Theo-
rems 2.13 and 7.7]. The set Ell" is in bijection with Pic(&); it is not a group a priori but
comes very close being one.

Proposition 4.4.  The set ENI" is endowed with a simply transitive action of the Picard
group Pic(0).

Proof. The action of the Picard group is defined as follows. Let E € Ell)" and by
4.1)1let A € 4(O) such that E(C) ~ C/A. Furthermore, let a be a proper ¢-ideal and write
a~! € J(0) for its inverse. The set a~! A is in J(&) and hence is a lattice in C satisfying
End(a~!'A) = €. It follows that

ax E:=C/a A
has CM by & and it is easy to check that its isomorphism class depends only on the classes of

a and E. This action is transitive since a * Eg = C/a~! and simply transitive by (4.1). o

Remark 4.5. For the sequel it will be useful to take note of the isomorphism of &-mod-
ules
Hom(a x E,E) ={z € C :za 'A C A} =aq,

where & acts on the left on Hom(a x E, E) via postcomposition by isogenies of E. Conversely,
one verifies that the map u + a A — [z € a = zu + A] induces a bijection

Homg(a, E) ~ a x E(C),

where Hom, denotes the &-module homomorphisms.

4.1.3. The Galois action. Any elliptic curve £ with CM by & has a model defined over
the ring class field Hy and the j -invariant satisfies K(j(£)) = Hg. In addition, the Galois and
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the Picard actions are compatible in the sense that

[a x E] = [E?],

(%)

o =

[a]

is the Artin symbol from class field theory. See [42, p.293] for a proof when & = Ok is the
full ring of integers and [47, Section 22] in general.

where [a] € Pic(0k) and

4.2. The set of CM elliptic curves as an adelic quotient. We now give an adelic
description of the action
Pic(0) ~ ElIZ" C ElI" C Ell.

Let GLk = Endg(K)™ be the linear group of the Q-vector space K. We have an injection
K* < GLk(Q) via the multiplicative action of K* on K. By Proposition 4.1 and the local-
global principle for lattices, we have

EIE™ ~ K*\ £(K) ~ K*\GLk (Af).0
~ K*\GLk (A1) /GLk (Z).

Here GLk (’Z\) is the stabilizer of & under the action of GLk(Af) on K(Ay).
By Proposition 4.4 we have that the inclusion

ElZ" C Ell"
corresponds to the homothety classes of lattices which are proper &-ideals:
K*\J(0) c K*\£(K).

As already discussed the proper ¢-ideals are precisely the locally free ones: for any a € J(0)
there is t; € K*(A¢) such that

(4.2) a=KNa, whered = 0.

Conversely, for any a@ = tf@ formula (4.2) defines a proper &-ideal. Moreover, #; is uniquely
defined modulo & and therefore

K*\d(0) = Pic(0) ~ K*\K*(A)/ 0%,

which gives an adelic description of the group Pic(©).
If one prefers to think in terms of homothety classes of lattices, one has

K*\J(0) ~ K*\K*(A).0 ~ K*\K*(A1).GLk(Z)/GLk(Z).

Indeed, note that by definition of GLK(/Z\) the stabilizer of @ is the stabilizer of the
identity coset in GLg(Af) / GLk(Z). It is equal to K*(A¢) N GLk(Z) = 0. Thus, the two
descriptions are compatible:

K*\K*(As).GLk(Z)/GLk (Z) ~ K*\K* (A)/ 0.
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To summarize, we have the identifications
(4.3) Bl ~ K*\K*(Af)/ 0™ ~ Pic(0)
(4.4) ~ K*\K*(A().GLk(Z)/GLk(Z)

and the action of Pic(&) on Elly}" is realized as follows:

Proposition 4.6. If a € J(0) and t; € K*(A¢) are related by (4.2), the isomorphism
class of a x E g is represented in (4.3) resp. (4.4) by the class

(17 = K7 0% resp. K¥t7'.GLk(Z).
Proof.  From the proof of Proposition 4.4 it follows that the homothety class of lattices

corresponding to a x E4 under the identification C*\&£(C) ~ Elly is given by the lattice
a~! € 4(0) C £(K). The statement is thus a direct consequence of (4.2). m]

4.3. The map redso,. In this subsection we describe the map red adelically. Let us
recall that

Elloo 2 GL2(Q)\GL2(A)/R>0S02(R)GL(Z)
~ PGL,(Q)\PGL5(A)/PSO»(R)PGL(Z).

As we have seen, the elliptic curves with CM by K correspond to the isogeny class of E» and
to the sublattices of K

(4.5) EI™ = Y(Eg) ~ CX\C*Z(K),

where K is viewed as a Q-vector space of dimension 2 inside the R-vector space C = R? and
the sublattices of K are the images of one of them (say &) under all the invertible Q-linear
maps on that space (see Section 2.2.3). Concretely, we choose a Z-basis 0 = Zwy + Zw;.
This choice gives isomorphisms

0:0 — 72, 9:K—>Q2
as well as Z and QQ-algebra embeddings
110 =End(0) — O :=Maty(Z), t:K =End(0)° — B := Mat,(Q)
satisfying:

» Compatibility: for all z € K* and w € K
0(z.w) = t(z)(0(w)).
* Optimality: one has
(4.6) t(K)YNO =(0).
Restricting ¢ to K*, we obtain an embedding of Q-algebraic groups

L : Resg/@(Gm) — GL3,
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where we recall that we view K* = Resg/q(G;,). We denote the image by «(K*) for which
(4.6) translates into
L(KX)(Ap) N GLa(Z) = 1(07).

Remark 4.7. Note that if one chooses another basis, then the induced embedding ¢’ will
be GL,(Q)-conjugate to ¢ and in particular the corresponding torus i’ (Resg /@ (G,)) will be
GL>(Q)-conjugate to t(Resk/q(Gm))-

Let goo € GL2(R) be the R-linear extension of 6, where we have K®g R = C = R?
under (3.2). We have

4.7) LK) (R) = gooR=0S02(R) g

as well as K = go,Q?. As of (4.5) we obtain by applying the characterization of commensu-
rability classes in (2.3) (see also (3.5))

(4.8) EI™ ~ GL(Q)\GL2(Q)g00GL2(Af)/R=0S02(R)GL,(Z)

by identifying elliptic curves over C with homothety classes of lattices C. The set EIIj"
correspond under this identification to the homothety classes of the lattices

g LK) (Ap).Z2
by the adelic description in Section 4.2. As a subset of (4.8), Ell7" corresponds to
GL2(Q)goot (K*)(ADR=0S02 (R)GL2(2) = GL2(Q)u(K*)(A)gooR>0S02(R)GL2 (Z)

by (4.7). More precisely if a € 4(€) and t; € K*(A¢) are related by (4.2), the homothety class
of the lattice a is given by

[1(t1)go0] = GL2(Q)t(11)gooR>0S02(R)GLa(Z).
Passing to the projective group, let
[N TK = RCSK/Q(Gm)/Gm —> PGL2

be the induced embedding. For 1 € K* we denote by 7 € Tk the image.
From (3.4) recall that we denote by ¥/« the identification of Ells, with an adelic double
quotient of PGL,. Summarizing the above, we get the following proposition.

Proposition 4.8. Let g, € PGL,(R) be the image of goo under the natural projection.
Under Vo the set ENI'is mapped to

Voo (EIIF") = [1(Tk)(A) Boo] = PGL2(Q)t(Tk)(A)ZPSO2 (R)PGL, (Z)

which is the image of the adelic torus orbit PGL(Q)t(Tk)(A)g . Moreover, if a € J(0) and
tr € K*(Ay) are related by (4.2), i.e. @ = t7.0, then redo (a x Ep) is represented by the class

Yoo(tedoo(a * E¢)) = [1(7; )Zoo] = PCL2A(Q)(; )Z0oPSO2(R)PGL (Z).
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5. Supersingular elliptic curves

Recall that an elliptic curve Eq/k defined over an algebraically closed field is supersin-
gular if its endomorphism ring End(Eo) is an order in a quaternion algebra. In that case, the
characteristic of k is a prime, say p and the quaternion algebra

B = End(Ep) ® Q

is (isomorphic to) the quaternion algebra Boo, p defined over Q ramified exactly at oo and p.
Moreover,
O :=End(Eop) CB

is a maximal order; cf. [13] or [50, Theorem 42.1.9]. In addition E¢ has a model defined
over F>. In particular, the set of j-invariants of such supersingular curves over k is finite
and so there are only finitely many isomorphism classes. We denote by Ellbs the (finite) set of
isomorphism classes of supersingular elliptic curves over IF

The first aim of this section is to recall how EIL} is realized as an adelic quotient. We will
show the following.

Proposition 5.1. Let G = PB* = B* /Gy, be the projective group of units of B and let
G(Z) be the image in G(A¢) of the open compact subgroup O* C BX (Ay). There is a natural
identification

5.1) vp 1Bl ~ @) \SA/6@) ~ ¢@)\CPD/GR)G@).
Proposition 5.2 (cf. [50, Lemma 42.1.11]). The set Ell;,S forms a single isogeny class.

5.1. Supersingular curves and ideal classes.

Definition 5.3. A (fractional) left--ideal / C B(Q) is a lattice, invariant under multi-
plication on the left by (9. We denote by 4 (O) the set of left-O-ideals.

Two such ideals 7, J are B*-homothetic if and only if there is some z € B*(Q) such that
J = Iz. We denote by

Cl(0) = 4(0)/B(Q)*
the set of B*-homothety classes of left-(@-ideals and by 4#(©) = |C1(O)] its cardinality.

Let Eo be a supersingular curve over E and let @ and B as defined above.

Proposition 5.4. There is a one-to-one correspondence

EIY ~ 4(0)/B(Q)* = CI(0).

Sketch of Proof. 'We briefly recall the principle of the proof and refer to [52, Section 3]
and [50, Chapter 42] for details.

In one direction, the map is given as follows: given E/ E a supersingular elliptic curve
and ¢ : E — E( an isogeny the set Hom(E, Eg) is a left (9-module (via post-composition by
isogenies of E() and embeds into O via

Y € Hom(E, Eg) < V¢ € O,
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where ¢ : Eg — E is the dual of ¢. Moreover, its image /g , = Hom(E, Eo)¢ contains

Op¢ = deg(p)O

so I g o is a left-@O-ideal. One then checks that its homothety class is independent of the choice
of ¢.

In the reverse direction, given a left-9-ideal I C B(Q), up to multiplying / by some
integer n # 0, we may assume that / C . Let

H(I) = () ker¢ C Eo.
pel

Then H (/) is a finite subgroup scheme and the quotient
(5.2) E; = Eo/H(I)

is an elliptic curve satisfying Hom(E7, Eo) ~ I. This isomorphism and the fact that these two
maps are well-defined and inverses of one another (upon taking isomorphism and homothety
classes) follow from [52, Theorem 3.11]; the key point is that, since (@ is a maximal order, the
(9-ideals above are kernel ideals ([52, Theorem 3.15]). D

Proof of Proposition 5.1.  Since @ is maximal, any left (-ideal [ is locally principal
(see [50, Theorem 16.1.3]): for any prime £

Ip:=1Q®Zi =0y
for some By € B(Qy)* uniquely defined modulo (left multiplications by) O, where
O =0QyzZy.
By the local-global principle for lattices, the map
Br = (Bo)e € BX(Ap) = (OB e = (T)e > 1
yields a bijection
(5.3) 4(0) ~ B*(Ap)/0%.

Thus, we obtain

CI(O) =~ B*(Q)\B*(As)/O*.

It follows from A} = Q*Z* that the projection B* — G induces a bijection

(5:4) O = @\ “/6@) = 6@\ W/cme@)
where the class of 1 = @,3 N B(Q) C O is mapped to the class of B~!. Proposition 5.4 con-
cludes the proof. O

5.2. A natural measure on CI(@). Identification (5.1) provides the finite set C1(Q)
with a natural probability measure mcy(@) deduced from the Haar measure m[g) on [G]. In this
subsection we compute the mass of the various ideal classes [/] € C1(O).
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To describe the measure we will need the following notion.

Definition 5.5. For any left-O-ideal / we define its right-order by
Or(I) ={p eBQ): 1 I}

If 1, J are two left-(-ideals in the same homothety class, their right-orders are clearly
B*(Q)-conjugate. More generally, if
I =arx0:=0c;' NB(Q)
as in (5.3) for some oy = (aq)g € BX(A¢), then
(5.5) Or(l) = 0o NB(Q).

In particular, right-orders are locally maximal hence maximal.

Notice also that the action by conjugation of B*(A¢) as in (5.5) is transitive on the set
of maximal orders (for every prime £, GL»(Qy) acts transitively on the maximal orders of
Mat;(Qy) and a division algebra over the local field QQ; has only one maximal order). This
implies that any maximal order of B(Q) is the right-order of some (possibly non-unique)
left-O-ideal.

Lemma 5.6 (Mass distribution). For any [I] € CI(O) we have

(1] ORI /{£1}]7] _ |OR(T)*|!
a©) > e IORDELT — X reaio 10R) XL

As noted in the introduction, Eichler’s mass formula (1.1) states that

1 _p—1
2 ORI {1} 127

[J]eCl(©)
Proof. Recall that B is definite and therefore G(R) is compact. Write I = af x O for
some ar € B*(Ay). By definition, mcy@)([/]) is the m[g)-measure of the coset
GRIG(2)] = GQ\G(QuGR)G(Z) C [G]

or, by invariance of mg], equal to mg) ([G(R)afG(Z)af_l]). Observe that

m = O ! and G2y = me.
Now notice that the stabilizer of the identity coset under the right-action of afG(Z)af_l is

G(Q) NaG(@Z)a" = POR()* := Or(1)* {1}
Therefore, using unimodularity of G(A), we have

moa) (GR)UGZD)ar™") _ mga)(GR)G(Z))

IPOR)X| [PORM)X|
Summing over all [/] € CI(O) (see (5.4)) and using that mg) is a probability measure, we see
that

meye)([1]) =

~ 1
mea)(GR)G(Z) ™" = =a o
[z]eXc;(@) IPOR(I)|

Thus, mcy@)([1]) is the expression claimed. ]
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5.2.1. Interpretation in terms of elliptic curves. By Proposition 5.4, we have an iden-
tification
Cl(9) ~ Ell;.
Let us look at what Lemma 5.6 means in terms of elliptic curves. Let {Iop = O, ..., I(@)—1} be
representatives of the various ideal classes in C1(®) with I; C @. Foreveryi =0,...,h(0)—1
let E; be the elliptic curve corresponding to /; constructed in the proof of Proposition 5.4. By
[52, Proposition 3.9] we have End(E;) ~ Or(/;). Hence, for any E € EIL;,

|Aut(E)|™?
ZE/eEn;; |Aut(E")|~1

where v, is defined in the introduction.

meys (E) = = vp(E),

5.3. Supersingular reduction of CM elliptic curves. Let K be an imaginary quadratic
field and ¢ C K an order. As in the introduction, we fix for any p an embedding Q — (QTD.
This choice determines a place of Q above p which we denote by p. For any subextension
k C Q we denote by 0 ,p the completion of O at p and write ﬁp for ﬁ

Given E an elliptic curve with CM by &, we may assume that £ is deﬁned over the ring
class field Hy of ¢ and in particular over Q. By the work of Serre—Tate [44, pp. 506-507],
E has potential good reduction everywhere. In particular, there is an elliptic curve E’ defined
over Hy with good reduction at p and isomorphic to E over @ (i.e. an Hy-form of E): there
exists a smooth model &’ defined over Oy, , whose generic fiber is E’ and whose special fiber
at p is a certain elliptic curve denoted by &" mod p and defined over the residue field of Oy, p.
Its j-invariant j(E) is an algebraic integer [45, Chapter II, Section 6] (this is a consequence of
the everywhere potential good reduction of £) and we have

j(&'modp) = j(E)modp.

In particular, the isomorphism class of the reduction does not depend on the choice of the
form E’. We will thus simply speak of the reduction modulo p of the isomorphism class
E € EllY" and will sometimes denote the class of &’ mod p by E mod p.

Remark 5.7. In fact, given s distinct primes p1q,..., ps, P1,- .-, Ps a choice of places
above these primes as before, and an elliptic curve E with CM by &, there exists E’ isomorphic
to E over Q such that E has good reduction at every p; ([44, Corollary 1, p. 507]).

From now on we assume that £ has good reduction at p and we denote by & its Néron
model (which we take over the larger ring &', to avoid any rationality issues).

Lemma 5.8. Let E € ENI". For p inert in K, the elliptic curve E mod p is supersingu-
lar.

Proof. This is a result of Deuring [13, p.203] and a modern reference is [31, Chap-
ter 13, Theorem 12]. O

We assume now that p is inert in K. Denote the maximal order and the quaternion algebra
attached to £ mod p = & mod p by

(5.6) Of = End(é modp) C Bg = End(& modp) ®z Q ~ B p.
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‘We therefore have an identification
(5.7) Ell;S ~ Cl(Of) = J(@E)/BE(Q)

under which the class of & mod p corresponds to the ideal class [Og].

5.4. Compatibility with the Picard group action. As in the previous section, let £
have CM by & and let & be its Néron model. By general properties of the Néron model, the
reduction modulo p induces an embedding

tg : Endg(E) ~ Endg () = 0 — Endg (E mod p) = 0O,
and by extension (tensoring with Q) a Q-algebra embedding
(5.8) tg : K— Bg.

Proposition 5.9. Assume that p does not divide the conductor of O. The embedding (g
of O is optimal, that is, one has

te(KYNOfF = 1g(0).

Proof. See [32, Proposition 2.2]. It is proven that the embedding is locally optimal at
every prime # p and it is optimal at p if and only if &), is the maximal order of K. The latter
is equivalent to our assumption. ]

We have seen that all elliptic curves with CM by & are of the form (up to isomorphism)
a x E, where a C O is a proper 0-ideal. The next proposition states that this presentation is
compatible with reduction modulo p.

Proposition 5.10. [n the identification (5.7) the isomorphism class of a x E mod p cor-
responds to the class of the left-O g module O (g (a).

The proof of this proposition, which one can find" in [7, Theorem 7.12], is discussed in
the section below. The main ingredient is a construction due to Serre [42]: the a-transform. We
briefly recall its definition and refer to [7, Section 7], [23] and [38, Chapter 7] for more details.

5.5. The a-transform. Let A be a (not necessarily commutative) associative ring with
unit, M be a projective left A-module of finite type and constant rank r, S a scheme and E/S
a (smooth) elliptic scheme over S on which A acts (on the left) by S-isogenies. The functor

M  E : T ~ Homy(M, E(T))

on the category of schemes over S is representable by an abelian group scheme over S of
relative dimension r and equipped with an A-action.

Example 5.11. For A =0, M = a € J(0) a proper ideal, S = Spec(ﬁp), &/S the
Néron model of an elliptic curve E € ElI}" with good reduction at p, we have ([7, Theo-
rem 7.6])

ax&(C)=ax E(C)~C/Aa" .

D' The proof is given for & = Ok the maximal order but it carries over to general orders of K since quadratic
orders are Gorenstein rings.
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Example 5.12. Given Ey € EII;,
A = Endg(Eo) = O, C End%—p(Eo) = Bg,
a maximal order and I C OF, a left O g,-module and § = Spec(E), we have (see (5.2))
I x Eg=FE; = Eog/H(I).

In the case of Example 5.11, after translating the notations of [7] into ours, the formula
in [7, Theorem 7.12] is the isomorphism of @ g-modules

Homﬁ(a * Emod p, E modp) ~ Of e (a).

This is the claim in Proposition 5.10.

5.6. Compatibility with the Picard group action in adelic terms. In this subsection
we interpret Proposition 5.10 and therefore the map

redp : ElIZ" — Ell}, E +— Emodp

(see Section 5.3) in adelic terms. Here, ¢ C K is a quadratic order, p is inert in K (see
Lemma 5.8). We assume that p does not divide the conductor of & as in Proposition 5.9.

Given E € ElI}", we let O and Bg be the maximal order and the quaternion algebra
associated to E as in (5.6) and let Gg = PB} = B7 /Gy, be the projective group. Thus, we
have an identification

(5.9) VE.p : EllY = BE(Q)\B*(A)/O0% ~ Gr(Q\Ge(A)/Ge(Z)

by Proposition 5.1, where the isomorphism class of £ mod p corresponds to the class of the
identity element and where Gg (Z) = POg ™.
The embedding (g in (5.8) induces an embedding of (Q-algebraic groups

tg : Resg/o(Gm) — B
and by optimality (Proposition 5.9) we have
(£ (0%) = 15 (K(A)* N OF.
Projecting to G g, we obtain a torus embedding
tg : Tk = Resg/@(Gm)/Gm — GE
whose image we denote by Tg. By Section 4.2 we have
(5.10) Pic(€0) = KX\K*(Ap)/ 6% = Tg(Q)\Tk (Ar) /PO
~ Tp(Q\TE(40)/TE (D).

where Tg(Z) := Tg(A) N Gg(Z).

Let a € J(0) and t; € K*(A¢) be related by (4.2) (i.e. such that @ = tf@) and let 7¢ be
the image of #¢ in Tk (A¢). By Proposition 5.10 the class of a * £ mod p corresponds to the left
O g-module _

O te(a) =B (Q)NOE te(ty)
and therefore to the classes [tz (#f) '] and [tg (f1) '], respectively under the identifications
in (5.9). To summarize, we have shown that

(5.11) Ve p(ax Emodp) = [ (@ 1)),
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5.6.1. Changing the reference curve. A minor point is that the identification (5.9) is
made with respect to the reference curve £ mod p which is a priori varying with &. Since p
is fixed and the space Ell;; is finite, we could resolve the issue by passing to subsequences of
orders ¢ such that all the curves E» have a given reduction modulo p. However, it is more
natural to keep track of (5.9) when we use (5.1) with a fixed reference curve Eqg € Ell;s.

Let Eo € Ell;} with associated quaternion algebra, maximal order and projective group
denoted by B, @ and G, respectively.

Let E € Ell}" and

¢ : Emodp — Eyp

an isogeny between the two curves. We have an embedding

Jo 1 ¥ € End(Emodp) = O — oY@ € B(Q),

1
deg(¢)
which extends to an isomorphism of Q-algebras

Jo :BE ~B.
This also gives a bijection
Jo : GE@\GE(AD/GE(Z) = GQ\G(AD/fo(GE(2)).
The right order of the left @-ideal
IEg 4 := Hom(E modp, Eg)¢ C O = End(Ey)

is the maximal order f,(Of). One can check (see Remark 5.13) that its (right) B*(Q)-homo-
thety class does not depend on ¢ and represents (the isomorphism class of) £ mod p under

Proposition 5.4.
Let g+ € B*(A¢) such that

(5.12) Tgo=O0Bg
Since the right order of /g o is f,(Og) have
fo(OF) = BEOBE

and hence
fo(GE(Z)) = BEG(Z)BE
From this we deduce that the map
G(Qtfy(Ge(2)) = G(QuPEG(D)
is a bijection

(5.13) G(Q\G(AD/fp(GE(Z)) = G(Q\G(Ar)/G(Z).

Remark 5.13. If we choose a different isogeny ¢’, then the Skolem—Noether theorem
implies that the images of O by f, and f, are conjugate and the modules /g and I, vary
accordingly.
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Let ¢ : K — B be the composition of the embedding (g : K — Bg with f,. This defines
an embedding

(5.14) t: Tg — G.
The optimality property of (g translates into
(5.15) W(6%) = (K(A))* N BEO B

Combining (5.11) with the bijection (5.13), we obtain the analogue of Proposition 4.8 at
the place p.

Proposition 5.14. Let E = E4 € ENNS" and 1 the embedding constructed above. In the
identification (5.1) the set red, (EIl]") is represented by the projection of the adelic torus orbit

G(Q)u(Tx)(A)BE 1. That is,
¥ip (red, (EIS™) = [((Tx) (A)BE A = GQU(TK)(A)BEGRIG(Z).
More precisely, if a € J(€) and t; € K*(A¢) are related by (4.2), then
red,(a » E) = a » E mod p

is represented by the class

Yp(redy(a x E)) = [1@; DBEA = GQ) (7 )BEGR)G(Z).

6. Diagonal compatibility

In this section we combine Propositions 4.8 and 5.14 as already outlined in Section 1.2.
This continues the reduction of Theorem 1.3 to Theorem 1.8.

We fix pi,..., ps distinct odd primes and for each i = 1,...,s we fix a supersingu-
lar elliptic curve Ep,; € Ell;fi in characteristic p;. Each Eq; determines a quaternion algebra
B; >~ B, ~ and a maximal order (%; in it. We denote by G; = PB;* the corresponding projec-
tive group of units. Furthermore, let By = Mat; be the split quaternion algebra, Q9 = Mat;,(Z)
and Gg = PGL,. We also define fori = 0, ..., s the compact subgroups

Ki = Koo,i K1i C Gi(A),
where Koo = G;(R) fori > 1, Koo,0 = PSO2(R) and where
Kii = Gi(Z) := PO} = OF )7~
for all i. For the product group

S
G = HGi
i=0

we define the compact subgroups

N
K = KooK = [[ Ki CG(A), Koo =[]Keoim Ki=][]Kui.
=0 i i



Aka, Luethi, Michel and Wieser, Simultaneous supersingular reductions 29

The identifications (3.4) for i = 0 and (5.1) fori = 1, ..., s combine into an identifica-
tion
s
(6.1) ¥ 1 Ello x [ ELL}, ~ G(Q)\G(A)/K.
i=1
Let K be an imaginary quadratic field in which foreachi = 1,..., s the prime p; is inert.

Let & C Kbe an order and assume that the primes py, ..., ps do not divide the conductor of &.
The various reduction maps red,, fori = 0,...,s combine into a multi-reduction map

N
redy : E € EIIJ" > (redp, E)i=o,...s € Elloo x | [ EIL.
i=1
The choice of the CM curve E, =~ C/ 0 provides a parametrization of EIIJ" by Pic(&) via
[al > ax Eg = E 1
and a map
(6.2) [a] € Pic(O) + redp(a x Eg) = redp(Eq-1).

In addition, the choice of £ = E s determines embeddings ¢; : Tx < G; (see (5.14)) which
combine into a diagonal embedding

S
t=(ti)i=0,.,s Tk > G = 1_[ Gi

i=0
whose image we denote by
Tl = L(TK).
We let g = googr € G(A) be given by
(6.3) g0 = (§0-1d, ..., 1d) € G(R),
(6.4) gr = (Id, Br1..... Brs) € G(Ay),

where goo € GL2(R) is defined above (4.7) and where B¢; for i > 1 is defined in (5.12) given
the curve £ = Ey. By definition of g, and of Ko, we have

T(R) < goo Koot -
By (4.6) and (5.15), the embedding ¢ is optimal in the sense that
((PO™) = Tu(Ap) N grKig; .
Combining Proposition 4.8 and Proposition 5.14, we obtain that the map (6.2) admits the

following adelic description:

Proposition 6.1. In the identification (6.1), the set redp(EllS") is represented by the
projection of the adelic torus orbit G(Q)T,(A)g. That is,

Y (redp (BIIZY) = [T(A)g] = G(Q)T.(A)gK.

More precisely, if a € J(0) and t; € K*(Ay) are related by (4.2), then redy(a x E) is repre-
sented by the class

Y (redy(a * E)) = 177 el = GQ(; Hek.
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7. Joint equidistribution for CM elliptic curves

In this section we prove Theorem 1.3 from the introduction assuming Theorem 1.8. In
fact, we prove the following generalization.

Theorem 7.1. Let py,..., ps.q1.,q2 be distinct odd primes. As D — —o0 along the set
of discriminants of imaginary quadratic orders O such that

(1) every p; fori <s, isinert in K = Q(~/D),
(2) D is coprime to p; foralli < s, and
) g1 and q5 are split in K,
the push-forward of the counting probability measure on Ell}" by red,, equidistributes towards

the product measure Voo @ Vp, @ +++ Q Vp,.

Given Proposition 6.1, the proof is essentially an exercise in translating between the
classical and the adelic language.

7.1. Some notations. Let p1,..., ps,q1,q2 be as above. We consider a sequence of
imaginary quadratic orders
On CKy, n>1,

of discriminant D,, — —oo such that D,, satisfies (1)—(3) in Theorem 7.1 for every n. Let
E,:=Ep, ~C/0,.
In the notation of the previous section, each curve £}, gives rise to a diagonal embedding of Tk,
th = (Lons---stsm) : Tk, = G

whose image we denote by T, . Define g, = 00,18t as in (6.3) and (6.4) so that in particular
(7.1) T, (R) < goo,n KooZoon-

We have the following optimality property:
(7.2) Tyt = 1(POY) = T, (Ar) N grn Kigr -

Finally, we define the compact subgroup

T, :=T,R)xT,sCT,(A).
Remark 7.2. Our assumption (3) on ¢; and g2 implies that T, is split at ¢ and g».

7.2. Proof of Theorem 1.3. It is sufficient to show that for any function fy € €. (Ellx)

and any tuple of super-singular elliptic curves (E;)1<i<s € [; Ell}. one has

(7.3) Y foC/a) ] 8F, (a* Exmodpi) — veo(fo) [ | vp: (i)

1
[Pic(On)] [a]€Pic(&y) i>1 i>1

as n — oo, where 83 denotes the Dirac function at the point E; € Ell;)si. To prove this con-
vergence, we will interpret the left- and the right-hand sides of (7.3) as adelic integrals.
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7.2.1. The right-hand side of (7.3). Under the identification (3.4) the function fy
correspond to a continuous compactly supported function on [Golk, or equivalently to a con-
tinuous compactly supported function fq (say) on [Go] which is Kp-invariant. In particular,

fo(g0) dgo = voo(fo)-
[Go]

Similarly, for i > 1 the Dirac function SE corresponds to a K; = G; (R) K ;-invariant contin-
uous function on [G;] under (5.1), namely the characteristic function of the class

[gf,f,- Gi(R)Ky,] = [gf’fi Ki] C [Gi]

where the class of g, Vol corresponds to E; under (5.1). By Lemma 5.6 and the discussion in
Section 5.2.1, we have

l

The product function

N
f=fox[]8g, Bl x []EIl}, > C

i=1 i>1
corresponds to the K-invariant function
f=fox [ ]l 1161 = C
i>1

which satisfies

/[G] (@ dg = voolfo) [ v (B,

i>1

7.2.2. The left-hand side of (7.3). To ease notation, we will not display the index n
here.
Because of the obvious bijection

T.(QN\T.(A) ~ G(Q\GQ)T.(A) = [T.],
we view (by restriction) the shifted function on [G]
e.f ()it flg)

as a (continuous) function on [T,]. By (7.2) and (7.1) this function is T;-invariant, that is, it is
constant along any set of the shape

[t:T)] = T, (Q)\T.(Q)%T, for ¢ € T, (Ay).

Moreover, by invariance of the Haar measure we have

volr,)([trT2]) = volr ([Tut5]) = volir, ([T.])
as T, is abelian. Thus, all 7,-cosets have the same volume. Hence,

1
[Tz, [Pic(0)]

volpr,j ([t T.]) =
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where in the second equality we used (5.10) and (7.1). It follows that

_ 1 3
dt =
oy 7% = T L
1
= dy(a™! % E ,
peoy] | A S ED

where the last equality follows from Proposition 6.1. This is equal to the left-hand side of (7.3).
Therefore, we have for any 7,

: > fo((C/a_l)l_[SEi(a*Enmodp,-)=/[T ]f(tgn)dt,

|Plc(ﬁn)| [a]€Pic(Ty) =t

which realizes the left-hand side of (7.3) as an adelic integral.

7.2.3. The convergence claim in (7.3). By Section 7.2.1 and Section 7.2.2 it remains
to show that as n — oo,
Ji

n

Flign) dr — /[G] (o) de.

Therefore, Theorem 1.3 will follow from the equidistribution statement in Theorem 1.8 once
we have verified all its assumptions.

Condition (1.5) is satisfied since (9; is a maximal order in B; for any i (see the more
general Lemma 9.5). It remains to see that the discriminant fulfills

disc([T,, gn]) = min diSC([TLl. ngi,n]) — 00
; ,

as n — oo. Here, g; , is the projection of g, to the i-th factor. The discriminant of the torus
orbit disc([T,; , gi»]) is defined in [18, Section 4], and one can show that there exists a constant
C > 1 independent of n with

C Dyl < disc([Ty; , gi,n]) < C|Dn|

using [17, Proposition 4.1] and [18, Theorem 5.2 (1)] and the fact that D, is coprime to p;.
Therefore
disc([T., gn]) — oo.

Thus, Theorem 1.8 applies and concludes the proof of Theorem 1.3. O

Remark 7.3. Theorem 1.3 can be refined further to provide more precise information
by reducing the size of the compact subgroup

K = PSO2(R)PGL2(Z) x [ | Gi(R)G;(Z).
i=1

For instance, we could replace for each index i = 1,...,s the full group Ko,; = G;(R) by
Koo,i = Gi(R);, the stabilizer of a line

Rz; C BY(R)

in the quadratic space of real trace-zero quaternions on which G; act by conjugation.



Aka, Luethi, Michel and Wieser, Simultaneous supersingular reductions 33

In that case G; (R)/Ko,; identifies with the ellipsoid of traceless quaternions of norm 1
B> (R) = {z € B;(R) : Trp, (z) = 0, Nrp, (z) = 1}.

Theorem 1.8 restricted to the ]_[;v —o Koo,i K¢-invariant functions and applied to sequences of
torus orbits [T, g,] for suitable g, may be interpreted as a joint equidistribution statement as
n — oo for primitive representations of |Dy| by the genus classes of the ternary quadratic

.....

8. Invariance under the simply connected cover

In this section we discuss the main step towards the proof of Theorem 1.8, namely Theo-
rem 8.4; we briefly review the standard approach. Let [T,, g,] be a sequence of toral packets
and denote by 1, the Haar probability measure on [T,,g,]. We analyze possible limits of the
measures [4,. To this end, recall that the space of (Borel) measures v on [G] with v([G]) <1
is compact (and metrizable) in the weak™-topology by a theorem of Banach and Alaoglu. Let
(1ny )k be an arbitrary convergent subsequence of the sequence (it,),. This means that there
is a measure 1 on [G] with 1 ([G]) < 1 and with

/ S dpn, — / Sdu
[G] [G]

forall f € €.([G]). Such a measure u is called a weak*-limit of the sequence (i), . To prove
Theorem 1.8, we need to show that any such weak*-limit /1 projects to the Haar measure m g, X
on [G]k,, or equivalently, that for any Ky-invariant function f* € €.([G]) we have

/ fdu=f S dmg).
[G] [G]

Theorem 8.4 establishes that any u as above, that is, any weak™*-limit of the measures
mit,, ¢,] 18 @ probability measure® and is invariant under the group of adelic points of the
simply connected cover of G.

In Section 9 we explain how the surjectivity assumption (1.5) allows us to deduce Theo-
rem 1.8 from Theorem 8.4. A key ingredient in the proof of the latter is a generalization of
Duke’s result [14], cf. Theorem 8.1, which roughly speaking addresses Theorem 8.4 in the case
when G has one simple factor. We then apply the joinings classification theorem of Einsiedler
and Lindenstrauss [16] to deduce Theorem 8.4.

8.1. Invariance for one factor. Let B be a quaternion algebra defined over QQ (possibly
the split algebra Mat,). Let G = PB* be the associated projective group and G(A)1T < G(A)
the image of B! (A) under the canonical projection of the subgroup B! < B> of quaternions of
norm 1. In the context of ergodic theory, B! has a special role as it is generated by unipotents
over the algebraic closure. The following theorem was stated (without proof)® in [18, Theo-
rem 4.6].

2 In other words, there is “no escape of mass”. If [G] were compact, this would be automatic.
3 A proof will be given in the forthcoming book [36].
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Theorem 8.1 (Invariance in single factors). Let B be a quaternion algebra over Q
and let G = PB*. Let [T,, gn] be a sequence of toral packets where 1, : K, — B(Q) are
embeddings of quadratic fields and where g, € G(A). Assume that

disc([TLngn]) —00 (n— ).

Then any weak™-limit of the normalized Haar measures on the packets [T,, g»] is a probability
measure invariant under G(A) ™.

Remark 8.2. Theorem 8.1 is a broad generalization of Duke’s equidistribution theo-
rems [14] and a consequence of deep results by many authors [6, 15,37, 51]. It builds on the
theory of automorphic forms and associated L-functions, in particular on Waldspurger’s for-
mula and on subconvexity bounds. We invite the reader to look at the discussion surrounding
[18, Theorem 4.6] for more details.

Remark 8.3. For the purpose of proving Theorem 8.4, one can also assume that a fixed
prime ¢ splits in all the quadratic fields K;,. Under this splitting assumption, one can then use
(for certain natural sequences of toral packets) the modern presentations of the ergodic method
of Linnik [34] (for instance [22]) to prove Theorem 8.1. This has been carried out by the last
named author in [53].

8.2. Joint invariance. We now upgrade Theorem 8.1 to multiple factors. Let us briefly
recall the notation used in Theorem 1.8. Let B; for i = 0,...,s be a finite set of distinct
quaternion algebras and let G; be their of projective groups of units. Set

G =Ggx--xGg

and denote by G(A)™ C G(A) the product of the groups G;(A)* fori = 0,...,s. Without
loss of generality we may and will assume that Gg = PGL,. Given a tuple ¢ = (19, ..., ls)
of embeddings ¢; : K — B; of a given quadratic field K, we obtain a tuple of morphisms of

Q-groups
L TK = ReSK/Q(Gm)/Gm —> Gi.

We denote by
T, = {(to(t),...,ts(t)) : t € Tk}

the diagonally embedded image.

Theorem 8.4 (Invariance in the product). Let py1,..., ps and q1,q> be distinct odd
primes. Let Ky, for n > 1 be a sequence of quadratic fields such that for every n,

(1) p1,...,ps areinertin K, and
(2) q1 and q5 are split in K.

Let t, = (L n)i=o,...,s be a tuple of embeddings i; , : K,, — B; and let g, € G(A). If one
has disc([T,,gn]) — 00 as n — oo, then any weak™-limit of the sequence of normalized Haar
measures on the packets [T, g, is a probability measure invariant under G(A) ™.

Proof.  As the groups G; are not isogenous over Q, Theorem 8.1 and [16, Theorem 1.8]
imply the theorem. m)
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9. Proof of Theorem 1.8

In this section we upgrade Theorem 8.4 using the norm surjectivity assumption in (1.5) to
obtain Theorem 1.8. We will also comment on stronger versions of Theorem 1.8 in Section 10.

9.1. Conditioning on G(A)*-orbits. We denote by m the Haar probability measure
on [G]. Let 4 be the preimage of the Borel o-algebra on [G]/G(A)™. In particular, 4 is
countably generated and its atoms are the G(A) T -orbits in [G]. As G(A)™T is normal in G(A),
s is invariant under G(A\). Also, each G(A)™-orbit is closed since it is of the form

G(QeGA)T =GQG(A)Tg

and G(Q)G(A)™ is closed (this follows from a theorem of Borel and Harish-Chandra [4]
applied to []; B}).

For m-almost every element x € [G] we may let m ;’:“ be the conditional measure of m
on the atom of x. As the atoms of 4 are closed subsets, these measures are supported on
the G(A)™-orbits (see [20, Chapter 5] for the definition and basic properties of conditional
measures). By G(A)t-invariance of m, it follows that m;’f is the G(A)T-invariant probability
measure on the closed orbit xG(A)™* m-almost everywhere. Using that, we may as well define
m ;’f to be the unique G(A) ™ -invariant probability measure on xG(A)™ everywhere, preserving
the defining property of conditional measures.

9.1.1. The space of bounded uniformly continuous functions. For what follows, it
will be convenient to work with a certain class of test functions. A function f : [G] — C is
uniformly continuous if for all ¢ > 0 there is a neighborhood U € G(A) of the identity such
that

sup  [f(xg) — f(X)] <e.

gelU, x€[G]

We note that the bounded uniformly continuous functions form a subspace €, ([G]) of the con-
tinuous functions that contains the space €. ([G]) of compactly supported continuous functions
on [G]. Equipped with the uniform norm €, ([G]) is a Banach algebra.

The natural action of G(A) on the space of bounded measurable functions given by
g f(x) = f(xg) preserves €, ([G]) and the resulting representation is strongly continuous.
In fact, the space €,([G]) can be identified with the space of continuous vectors for the
representation of G(A) on L7 ([G]).

9.1.2. Decomposing €, ([G]). We use the conditional measures for 4 to decompose
functions on [G]. For f a bounded measurable function on [G] define

fchar:xr—>/ f dm?,
[G]

Note that fp,r is G(A) -invariant and A-measurable. Moreover, the two functions fihar and
f — fehar are bounded. The function f — fenar satisfies that

/ (f — fonar) dm?* = 0
[G]

since fepar is constant on G(A)™ -orbits.
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Remark 9.1. The map f +> fcpar is introduced in [29] as a projection operator from
L2 ([G]) onto the character spectrum of L2,([G]), i.e. the subspace of G(A)*-invariant func-
tions. Note that for functions in the orthogonal complement of the character spectrum Theo-
rem 1.8 follows directly from Theorem 8.4 without assuming Kj-invariance of the function —
see [29, Corollary 3.3] as well as Lemma 9.3 below.

Lemma9.2. Forany f € €,([G]) we have fenar € €y ([G]). Furthermore, if f is invar-
iant under a subgroup H < G(A), then so is fehar.

We have thus obtained for any function f* € €,([G]) the decomposition

f = fchar + (f - fchar)

into a G(A) T -invariant function and a function with zero integral over all G(A) ™ -orbits (which
respects additional invariance of f).

Proof of Lemma 9.2. We first prove that fch,e is uniformly continuous. Let ¢ > 0 be
given and choose a symmetric neighborhood U of the identity in G(A) for f and ¢ as in the
definition of uniform continuity. Let x € [G] and g € U be arbitrary. Invariance of 4 under
the action of G(A), uniform continuity of f, and the triangle inequality imply that fopar is
uniformly continuous. If f is H -invariant, we see that

Fonroch) = f £ dm* = / hf dm = / Fdm? = fuar(x)
G] [G] [G]
as claimed. O

9.2. Concluding the proof of Theorem 1.8. We recall that our final goal is to prove
that any weak™-limit of the Haar measures on the toral packets in Theorem 1.8 is equal to
MGk, - This amounts to showing that f[G] fdu = f[G] f dm for a large class of K¢-invariant
functions f and any such weak™-limit .

Lemma 9.3. Let 1 be any measure on [G] invariant under G(A)™. Then for any func-
tion f € €,([G]) with fehar = 0 we have

/ fdu = fdm =0.
[G] [G]

In the context of Theorem 1.8, the measure  is G(A) T -invariant by Theorem 8.4.

Proof. Let {u;" : x € [G]} be a family of conditional measures for p with respect to .
As p is G(A)T-invariant, it follows that the measure ,uf, which is supported on the orbit
xG(A)T,is G(A) T -invariant for y-almost all x € [G]. By uniqueness of the invariant measure,
it follows that ;L;’;\’ = m;’f’ for p-almost all x € [G]. Thus we have shown that

/ £ dpt =/ Fdm? = fanu(x) = 0
[G] [G]

for p-almost every x € [G]. In particular, we obtain the statement of the lemma by the charac-
terizing properties of conditional measures. m)



Aka, Luethi, Michel and Wieser, Simultaneous supersingular reductions 37

Proof of Theorem 1.8. Recall that we have Ky = ]_[i K ;, where for any i the compact
open subgroup Kr; < G;(Ay) satisfies (1.5), i.e. that

Nrg, : K¢ — ZX/(/Z\X)Z

is surjective.
Let u be a weak™-limit of the Haar measures in Theorem 1.8. We need to show that for
any Kg-invariant compactly supported f on [G] we have

(9.1) / fdu= [ fdm.
[6] [G]

By Theorem 8.4 the measure j is G(A)™-invariant and hence Lemma 9.3 applies to show
(9.1) for f — fehar @8 (f — fehar)char = 0. It thus remains to check (9.1) for fipar Which is
K;G(A)T-invariant by Lemma 9.2. Note that Ky G(A)™ is a subgroup of G(A) as G(A) T is
normal.

We claim that such a function fepar is constant in which case (9.1) is obvious. This follows
from the fact that the double quotient

c@\SW/K Gt
is a singleton under our assumptions on Ky. To this end, it suffices to prove that for any
i €{0,...,s} the double quotient

©-2) Gi(Q)\C (A)/Kf,i Gi(A)T
is a singleton. For this we consider the group homomorphism induced by the reduced norm
Nr; = Nr;

Nii : Gi(Q\Gi(A)/Kri Gi(A)F — Q\AX/A*Nr; (K1),
We note first that it is injective hence an isomorphism onto its image.

Let us compute the image: for any prime ¢ the norm Nr; : BX(Qg4) — Q; is surjective
since any non-degenerate quadratic form in five variables over Q is isotropic [5, Chapter 4].
Over the real numbers, the norm Nr; : B; (R)* — R is surjective if B; is indefinite and
otherwise it has image R~ . It follows that

Nr; (BX(A)) = AX %f B; %s indeﬁ'nite, ‘
R>oAf if B; is definite

In addition, by the Hasse-Minkowski Theorem [5, Chapter 6] this also implies that
Q*  if B; is indefinite,
Nr; (B (Q)) = S . .
Q=¢ if B; is definite

From this we conclude that (9.2) is isomorphic to
QX\A*/A*?Nr; (K¢) if B; is indefinite,
{@>0\R>0 x AX/AX*Nr; (Ky;)  if B; is definite.
Under the assumption (1.5) (i.e. Nr; (Kf,;) = /Z\X/(/Z\X)z) this is either
AXJQ*Z*AX? or R5gAX/QsoZ*AX?

and both are trivial since A;‘ = Q>oz X, This concludes the proof of the above claim and thus
also of the theorem. O
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9.3. The case of Eichler orders. In this subsection we remark that assumption (1.5)
holds more generally for open-compact subgroups associated to Eichler orders (such as max-
imal orders). This extension is important as it allows to prove joint equidistributions results
similar to Theorem 7.1 for Heegner points.

Definition 9.4. An FEichler order in a quaternion algebra B is an intersection of two
maximal orders.

Being an Eichler order is a local property. Indeed, an order @ C B(Q) is Eichler if and
only if it is everywhere locally Eichler: for every prime ¢, Oy = O ® Z, is the intersection of
two maximal orders in B(Qy).

Moreover, one has the following classification of local Eichler orders in the quaternion
algebra B(Qg) (see [50, Proposition 13.3.4, Proposition 23.4.3]):

« If B is ramified at g, then O is the unique maximal order of B(Qy) given by
Oy = {x € B(Qyg) : Nr(x) € Zg4}.

* If B is non-ramified at ¢, one has B(Q,) ~ Mat,(Q,) and under this identification, there
is some e > 0 such that @, is conjugate to the order

b
“ cab,e,d €Zqy .
qc d

The classification implies the following lemma verifying condition (1.5) for the open-compact
subgroup @ when O is an Eichler order.

Lemma 9.5. For O C B(Q) an Eichler order we have

Nr(OX) = Z*.

10. Further refinements

In this section we will analyze under which assumptions on sequences of toral packets
[Trgn]k, Theorem 1.8 holds for a general compact open subgroup Ky = [[; Kf,; C G(Ay).

By Lemma 9.3 it is sufficient to check whether condition (9.1) holds for functions invar-
iant under K;G(A)™, i.e. functions on the quotient Gepar/ K, where Genar denotes the abelian
group

Gehar = G(Q)\G(A)/G(A)+

Furthermore, we only have to check (9.1) for Ki-invariant characters on Gepar. We start by
spelling out what they are.

10.1. Characters on Gepar. We have Gehar = [ [; Gi char, Where

Gi,char =Gy (Q)\Gl (A)/Gi (A)+'

Recall that in the course of proving Theorem 1.8 we have also established the following lemma.
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Lemma 10.1. Foranyi € {0,...,s} the reduced norm induces isomorphisms
Nr; : G char Q>0\R>0 x A;(/AXZ

if B; is definite and
NI © Gjehar =~ QX\AX/AX?,

if B; is indefinite.

Note that the natural homomorphism
Qo \R>0 X AF /g x2 5 Q\A*/A*?

is an isomorphism as any element of A* can be multiplied by —1 € Q* if necessary to have a
positive real component. Lemma 10.1 thus gives an isomorphism (independent of the ramifica-
tion at the archimedean place)

(10.1) NI © Gichar =~ QX\AX/A>?,

In particular, Gep,r 1s @ compact abelian group, every continuous function on Gepay is uniformly
continuous, and € (G¢hyr) is densely generated by its group of characters ng;

By the previous lemma, any character of G; chyr is of the shape y; o Nr; for a quadratic
Hecke character y; of Q, i.e. a character

xi: QX\AX/AX? > (£1).

Thus, any character y € 6;1; is of the shape
S
(10.2) g =(8)i € Genar > 2() = [ | 2:(Nri(g2))
i=0

for a uniquely defined tuple (y;); of quadratic Hecke characters as above. The Kj-invariant
characters correspond to the tuples of characters (y;);, where y; is Nr; (K, )-invariant for
all i.

10.2. The torus integral for a character. Let y be a character of Gcp,r given by a tuple
(xi)i of quadratic Hecke characters as in (10.2). We view y as a G(A)™-invariant function
in €,([G]). Let [T,g] C [G] be a toral packet with associated quadratic field K. As of Weyl’s
equidistribution theorem, we consider the torus integral

/ x=/ x(tg)dr.
[TLg] [TL]

f X(tg)dt=x(g)/ x(t)de.
[T.] [T,]

Since y is a character, we have

Let IT be the product map
: ()i = [
i

on quadratic Hecke characters.
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Proposition 10.2. Let (x;); be a tuple of quadratic Hecke characters and let y be the
associated character on Genge as in (10.2).

e If I(xi)i = 1, then for any torus orbit T, we have

/ x()dr = 1.
[T]

o If II(x;)i # 1, let Kpy(y,), be the quadratic field corresponding to the Legendre symbol
corresponding to the Hecke character T1(y;);. For any torus T, with associated quadratic

field K, we have
0 ifK#Kpney..,
/ X(t) dr = lf 7& I(x;)i
[T,] 1 else.

Proof. Note that for any x € K and any i we have Nr; (¢; (x)) = Nrg(x), where Nrg
denotes the norm form of K/Q. Hence, we have

/m () dt = /[Tk]llf[xeri(u(r)))dr - /[TK]nui)i(NrK(r))dz.

This shows the first part, so we assume that I1(;); is non-trivial.

The character TT(y;); corresponds to a classical Legendre symbol character and is asso-
ciated with some uniquely defined quadratic field Kpy(y,), . If K = Kpy(y,),, then we have by
definition of the Legendre symbol

II(xi)iocNrg =1 = : ]H(Xi)i(NrK(l)) dr = 1.
Tk

If K # Kry(y,),» there exists a prime p split in K and inert in Kyy(,,), so that for 7, in the
corresponding idele class one has

MG () = =1 = [ G (o) de =0
Tk
as follows from the substitution ¢ > £1,, where ¢, is as above. O

Definition 10.3. Let Ky = [[; Kt; C G(Ay) be a compact open subgroup. The set of
exceptional fields attached to Ky is defined as the set of quadratic fields attached to the non-
trivial products I1(;); for which the corresponding character y of Gepyr is K¢ invariant:

H(Kg) = {KH(Xi)i (yi)i #1, x = l_[)(l' ONI‘Bi Kf—invariant}.
i

In particular, given a limit measure u of a sequence of toral packets [T,,g,] for which
the underlying quadratic field is constant equal to Kyy(y,);, the measure p cannot satisfy (9.1)
for the test function y = Hi xi © Nrg, if the latter is K¢-invariant. Indeed, all torus integrals in
that case have modulus 1 as

‘ x‘ = [x(gn)| =1
[ngn]
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by Proposition 10.2. On the other hand, since y is non-trivial

X = / xi (Nrg; (gi)) dgi = 0.
/[G] ll_[ G B

Thus, these finitely many exceptional fields are natural obstructions to equidistribution
on [G] ;. Therefore, one only has to consider sequences of toral packets [T,, g,] whose asso-
ciated quadratic fields K;, are not exceptional.

We remark that ¢ (Ky) is a finite set as Gepar/ K is finite.

10.3. A refined equidistribution criterion. We denote by
7t Gi(A) = Gichar, 7 G(A) = Gehar
the natural projections. We also define the closed diagonal subgroup
AGehar = {h € Gepar 2 Nrj(hi) = Nrj(h;) forall i, j}.

Here, the condition Nr; (;) = Nrj(h;) is understood in the sense of (10.1).

Corollary 10.4. Let Ky = [[; Kr,i < G(Ay) be a compact open subgroup. Let % (Ky)
be the set of exceptional quadratic fields attached to it. Let q1, g2 be distinct odd primes. For
any sequence g, € G(A) and any sequence of diagonally embedded tori T, C G attached to
quadratic fields K,, such that

o foranyn, K, & 7 (Ky),
o disc([Tngn]) — oo for n — oo, and
* g1 and g are split in K, for every n,
the following are equivalent:
(1) The packets [T, gn]k, equidistribute in [G]k,.
(2) AGehar 7(Ks) = Gehar.

Proof. By Theorem 8.4, Lemma 9.3, Proposition 10.2 and our assumption that the fields
K, are never exceptional, equidistribution in [G] g, is equivalent to the non-existence of a char-
acter y of Gehar Which is non-trivial, K¢-invariant and such that IT(y;); is trivial. But TT(y;);
being trivial is equivalent to the tuple (y; o Nr;); being constant equal to 1 along the diagonal
subgroup AGep,r and y being Ky-invariant is equivalent to (y;); being 7 (Ky)-invariant (hence
constant equal to 1 along 7 (Ky)). ]

Acknowledgement. We want to express our gratitude towards the referee, whose care-
ful reading of the manuscript improved the exposition and helped us remove an inaccuracy
present in a preliminary version of this article. We also thank Valentin Blomer, Farrell Brumley,
Brian Conrad, Henri Darmon, Dick Gross, Jennifer-Jayne Jakob, Ilya Khayutin, Bjorn Poonen,
Dinakar Ramakrishnan and Tomer Schlank for helpful discussions. Part of this work was car-
ried out while Philippe Michel was visiting the Department of Mathematics at Caltech, while
Manuel Luethi was visiting the Einstein institute of Mathematics at the Hebrew University
of Jerusalem, and while the authors were visiting the Hausdorff Research Institute during the
program “Dynamics: Topology and Numbers”.



42

(1]
(2]
(3]
[4]

(8]
(9]

(10]
(1]
[12]
[13]
[14]
[15]
[16]
(7]
[18]
[19]
[20]
[21]
(22]
(23]
[24]
(25]
[26]
[27]
(28]

(29]
(30]

Aka, Luethi, Michel and Wieser, Simultaneous supersingular reductions

References

M. Aka, M. Einsiedler and U. Shapira, Integer points on spheres and their orthogonal grids, J. Lond. Math.
Soc. (2) 93 (2016), no. 1, 143-158.

M. Aka, M. Einsiedler and U. Shapira, Integer points on spheres and their orthogonal lattices, Invent. Math.
206 (2016), no. 2, 379-396.

M. Aka, M. Einsiedler, and A. Wieser, Planes in four space and four associated CM points, preprint 2019,
https://arxiv.org/abs/1901.05833; to appear in Duke Math. J.

A. Borel and Harish-Chandra, Arithmetic subgroups of algebraic groups, Ann. of Math. (2) 75 (1962),
485-535.

J. W.S. Cassels, Rational quadratic forms, London Math. Soc. Monogr. 13, Academic Press, London 1978.
L. Clozel and E. Ullmo, Equidistribution de mesures algébriques, Compos. Math. 141 (2005), no. 5,
1255-13009.

B. Conrad, Gross—Zagier revisited, in: Heegner points and Rankin L-series. With an appendix by W. R. Mann,
Math. Sci. Res. Inst. Publ. 49, Cambridge University Press, Cambridge (2004), 67-163.

C. Cornut, Mazur’s conjecture on higher Heegner points, Invent. Math. 148 (2002), no. 3, 495-523.

C. Cornut and D. Jetchev, Liftings of reduction maps for quaternion algebras, Bull. Lond. Math. Soc. 45
(2013), no. 2, 370-386.

C. Cornut and V. Vatsal, CM points and quaternion algebras, Doc. Math. 10 (2005), 263-309.

C. Cornut and V. Vatsal, Nontriviality of Rankin-Selberg L-functions and CM points, in: L-functions and
Galois representations, London Math. Soc. Lecture Note Ser. 320, Cambridge University Press, Cambridge
(2007), 121-186.

D. A. Cox, Primes of the form x2 + ny?: Fermat, class field theory and complex multiplication, John Wiley
& Sons, New York 1989.

M. Deuring, Die Typen der Multiplikatorenringe elliptischer Funktionenkorper, Abh. Math. Sem. Hansischen
Univ. 14 (1941), 197-272.

W. Duke, Hyperbolic distribution problems and half-integral weight Maass forms, Invent. Math. 92 (1988),
no. 1, 73-90.

W. Duke, J. Friedlander and H. Iwaniec, Bounds for automorphic L-functions, Invent. Math. 112 (1993),
no. 1, 1-8.

M. Einsiedler and E. Lindenstrauss, Joinings of higher rank torus actions on homogeneous spaces, Publ. Math.
Inst. Hautes Etudes Sci. 129 (2019), 83-127.

M. Einsiedler, E. Lindenstrauss, P. Michel and A. Venkatesh, Distribution of periodic torus orbits on
homogeneous spaces, Duke Math. J. 148 (2009), no. 1, 119-174.

M. Einsiedler, E. Lindenstrauss, P. Michel and A. Venkatesh, Distribution of periodic torus orbits and Duke’s
theorem for cubic fields, Ann. of Math. (2) 173 (2011), no. 2, 815-885.

M. Einsiedler, E. Lindenstrauss, P. Michel and A. Venkatesh, The distribution of closed geodesics on the
modular surface, and Duke’s theorem, Enseign. Math. (2) 58 (2012), no. 3—4, 249-313.

M. Einsiedler and T. Ward, Ergodic theory with a view towards number theory, Grad. Texts in Math. 259,
Springer, London 2011.

N. Elkies, K. Ono and T. Yang, Reduction of CM elliptic curves and modular function congruences, Int. Math.
Res. Not. IMRN 2005 (2005), no. 44, 2695-2707.

J.S. Ellenberg, P. Michel and A. Venkatesh, Linnik’s ergodic method and the distribution of integer points
on spheres, in: Automorphic representations and L-functions, Tata Inst. Fundam. Res. Stud. Math. 22, Tata
Institute of Fundamental Research, Mumbai (2013), 119-185.

J. Giraud, Remarque sur une formule de Shimura-Taniyama, Invent. Math. 5 (1968), 231-236.

B. H. Gross, Heegner points on Xo(N ), in: Modular forms (Durham 1983), Ellis Horwood Ser. Math. Appl.
Statist. Oper. Res., Horwood, Chichester (1984), 87-105.

B. H. Gross, Heights and the special values of L-series, in: Number theory (Montreal 1985), CMS Conf. Proc.
7, American Mathematical Society, Providence (1987), 115-187.

S. Herrero, R. Menares, and J. Rivera-Letelier, p-adic distribution of cm points and Hecke orbits II: Linnik
equidistribution on the supersingular locus, preprint 2021.

H. Iwaniec, Fourier coefficients of modular forms of half-integral weight, Invent. Math. 87 (1987), no. 2,
385-401.

B. Kane, CM liftings of supersingular elliptic curves, J. Théor. Nombres Bordeaux 21 (2009), no. 3, 635-663.
1. Khayutin, Joint equidistribution of CM points, Ann. of Math. (2) 189 (2019), no. 1, 145-276.

1. Khayutin, Equidistribution on Kuga-Sato varieties of torsion points on CM elliptic curves, J. Eur. Math.
Soc. JEMS) 23 (2021), no. 9, 2949-3016.


https://arxiv.org/abs/1901.05833

(31]
[32]
[33]
[34]
[35]

[36]
[37]

(38]
[39]
[40]
[41]
[42]
[43]

[44]
[45]

[46]
[47]

(48]
[49]
[50]
[51]

[52]
(53]
[54]

Aka, Luethi, Michel and Wieser, Simultaneous supersingular reductions 43

S. Lang, Elliptic functions. With an appendix by J. Tate, 2nd ed., Grad. Texts in Math. 112, Springer, New
York 1987.

K. Lauter and B. Viray, On singular moduli for arbitrary discriminants, Int. Math. Res. Not. IMRN 2015
(2015), no. 19, 9206-9250.

S. Lester and M. Radziwitt, Quantum unique ergodicity for half-integral weight automorphic forms, Duke
Math. J. 169 (2020), no. 2, 279-351.

Y. V. Linnik, Ergodic properties of algebraic fields. Translated from the Russian by M. S. Keane, Ergeb. Math.
Grenzgeb. (3) 45, Springer, New York 1968.

P. Michel, The subconvexity problem for Rankin—Selberg L-functions and equidistribution of Heegner points,
Ann. of Math. (2) 160 (2004), no. 1, 185-236.

P. Michel, Equidistribution, periods and subconvexity, in preparation.

P. Michel and A. Venkatesh, The subconvexity problem for GL,, Publ. Math. Inst. Hautes Etudes Sci. 111
(2010), 171-271.

J. Milne, Complex multiplication, course notes, Lecture notes 2006, https://www.jmilne.org/math/
CourseNotes/cm.html.

V. Platonov and A. Rapinchuk, Algebraic groups and number theory. Translated from the 1991 Russian original
by Rachel Rowen, Pure and Applied Mathematics 139, Academic Press, Boston 1994.

M. Radziwitt and K. Soundararajan, Moments and distribution of central L-values of quadratic twists of
elliptic curves, Invent. Math. 202 (2015), no. 3, 1029-1068.

M. Ratner, Raghunathan’s conjectures for Cartesian products of real and p-adic Lie groups, Duke Math. J. 77
(1995), no. 2, 275-382.

J.-P. Serre, Complex multiplication, in: Algebraic number theory (Brighton 1965), Thompson, Washington,
D.C. (1967), 292-296.

J.-P. Serre, A course in arithmetic. Translated from the French, Grad. Texts in Math. 7, Springer, New York
1973.

J.-P. Serre and J. Tate, Good reduction of abelian varieties, Ann. of Math. (2) 88 (1968), 492-517.

J. H. Silverman, Advanced topics in the arithmetic of elliptic curves, Grad. Texts in Math. 151, Springer, New
York 1994.

J. H. Silverman, The arithmetic of elliptic curves, 2nd ed., Grad. Texts in Math. 106, Springer, Dordrecht
2009.

A. Sutherland, Elliptic curves, MIT Course 18.783 2019, https://math.mit.edu/classes/18.783/
2019/lectures.html.

V. Vatsal, Uniform distribution of Heegner points, Invent. Math. 148 (2002), no. 1, 1-46.

M.-F. Vignéras, Arithmétique des algebres de quaternions, Lecture Notes in Math. 800, Springer, Berlin 1980.
J. Voight, Quaternion algebras, Grad. Texts in Math. 288, Springer, Cham 2021.

J.-L. Waldspurger, Sur les valeurs de certaines fonctions L automorphes en leur centre de symétrie, Compos.
Math. 54 (1985), no. 2, 173-242.

W. C. Waterhouse, Abelian varieties over finite fields, Ann. Sci. Ec. Norm. Supér. (4) 2 (1969), 521-560.

A. Wieser, Linnik’s problems and maximal entropy methods, Monatsh. Math. 190 (2019), no. 1, 153-208.

T. Yang, Minimal CM liftings of supersingular elliptic curves, Pure Appl. Math. Q. 4 (2008), no. 4, 1317-1326.

Menny Aka, Departement Mathematik, ETH Ziirich, Ramistr. 101, CH-8092 Zurich, Switzerland
e-mail: mennyaka@math.ethz.ch

Manuel Luethi, Institute of Mathematics, Ecole Polytechnique Fédérale de Lausanne, EPFL,
Station 8, CH-1015 Lausanne, Switzerland
e-mail: manuel.luthi@epfl.ch

Philippe Michel, Institute of Mathematics, Ecole Polytechnique Fédérale de Lausanne, EPFL,
Station 8, CH-1015 Lausanne, Switzerland
https://orcid.org/0000-0003-2419-3073
e-mail: philippe.michel@epfl.ch

Andreas Wieser, Einstein Institute of Mathematics, Hebrew University, Edward J. Safra Campus, Jerusalem, Israel

e-mail: andreas.wieser @mail.huji.ac.il

Eingegangen 11. Mai 2020, in revidierter Fassung 23. November 2021


https://www.jmilne.org/math/CourseNotes/cm.html
https://www.jmilne.org/math/CourseNotes/cm.html
https://math.mit.edu/classes/18.783/2019/lectures.html
https://math.mit.edu/classes/18.783/2019/lectures.html

