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"In general, we look for a new law by the following process: First we guess it; then we 
compute the consequences of the guess to see what would be implied if this law that we 
guessed is right; then we compare the result of the computation to nature, with 
experiment or experience, compare it directly with observation, to see if it works. If it 
disagrees with experiment, it is wrong. In that simple statement is the key to science. It does 
not make any difference how beautiful your guess is, it does not make any difference 
how smart you are, who made the guess, or what his name is – if it disagrees with 
experiment, it is wrong."  

–Richard Feynmann on "Seeking New Laws" in the book "The Character of Physical
Law" (P. 156)
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ABSTRACT

Recent years have seen a growing emphasis on developing models for earthquake fore-

casting and quantifying their predictive skills in order to augment our understanding

of the processes leading to seismogenesis. Two extensively used models to describe

the spatial and temporal distribution of earthquakes are Rate and State and Epidemic Type Af-

tershock Sequence model. They are respectively based on the static stress triggering hypothesis 

and empirically observed statistical laws (namely Omori law, Gutenberg Richter law and Pro-

ductivity law). Both models have been successful to some extent in describing many empirical 

observations related to seismicity as well as in forecasting the rate of the future earthquakes. 

However, several key issues related to both remain unaddressed. For instance, (i) impact of sec-

ondary stress changes caused by small earthquakes is completely ignored while assessing the 

static stress triggering hypothesis as well as in forecasting the rate of future earthquakes based 

on Coulomb stress change from the past events; (ii) often simplistic assumptions are made about 

the orientation of the fault planes that cause static deformations as well as the recipient fault 

planes of these deformations; (iii) influence of uncertainties in the data are rarely considered 

while computing the static stress changes; (iv) parameters of the ETAS model are often as-

sumed to be spatially homogeneous; (v) very few attempts are made to understand the physical 

origin of the ETAS parameters, and (vi) possibility of a self-consistent hybrid of the two models 

remains unexplored.We attempt to address these issues in a systematic manner with attention 

on statistical rigor, realistic synthetic tests and generalized data-driven approaches.
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ABSTRACT

We first conduct a rigorous test of the static stress triggering hypothesis with the aim to 

tackle the first three points outlined above. In particular, we investigate the correlation be-

tween the time variation of the seismicity rate and the sign (and amplitude) of Coulomb stress 

changes. We also quantify the Coulomb Index (CI), the fraction of events that received net pos-

itive Coulomb stress changes compared to the total number of events. We find compelling ev-

idence supporting the static triggering (with stronger evidence after resolving the focal plane 

ambiguity) above significantly small (about 10 Pa) but consistently observed stress thresholds. 

Furthermore, we find evidence for the static triggering hypothesis to be robust with respect to 

the choice of the friction coefficient, Skempton’s coefficient and magnitude threshold. However, 

our analysis suffers from the imprecise assumption that all earthquakes following a source event 

are its direct aftershocks.

To ameliorate the effects of the preceding assumption on our analysis, we infer the full trig-

gering genealogy of the ANSS catalog of the Californian earthquakes by defining and implement-

ing an ETAS model with space varying parameters using the Expectation Maximization (EM) 

algorithm and spatial Voronoi tessellation ensembles. We use the penalized Log-Likelihood to 

rank the inverted models, and select the best ones to eventually compute an ensemble model at 

any location. Prior to analyzing the results obtained from the application of the proposed method 

to earthquakes in and around California, we verified the reliability of this method using realistic 

synthetic catalogs. Results obtained on this earthquake catalog suggest that ETAS (productiv-

ity and background) parameters are far from uniform in the study region. We also find that the 

efficiency of earthquakes to trigger future ones (quantified by the branching ratio) positively 

correlates with the local surface heat flow measurements. In contrast, the rate of earthquakes 

triggered by far-field tectonic loading (or background seismicity rate) shows no such correla-

tion, suggesting the relevance of dynamic triggering possibly through fluid-induced activation. 

Furthermore, we find the branching ratio and background seismicity rate to be uncorrelated 

with hypocentral depths, indicating that the seismic coupling remains invariant of hypocen-

tral depths in the study region. Additionally, we find evidences suggesting that the earthquake-

earthquake triggering is mostly dominated by small earthquakes, convincing us further that 

the static stress change studies should not only focus on the Coulomb stress changes caused by
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specific moderate to large earthquakes, but should also account for the secondary static stress 

changes caused by smaller events.

We then quantify the forecasting skill of the ETAS model with spatially varying parame-

ters by comparing the former to the forecasting skills of other smoothed seismicity models. Our 

results indicate that by taking account of both background and aftershock components of the 

seismicity rate, our model (ETAS-SV2) easily outperforms models that are based on just smooth-

ing the declustered seismicity. Furthermore, we also find that when forecasting the rate of fu-

ture M4.95 earthquakes, the smoothed seismicity model based only on a catalog that has been 

stochastically declustered using the ETAS model tends to outperform smoothed seismicity mod-

els based on declustered catalogs obtained from two widely used declustering methods.

We then use the genealogy tree of earthquakes obtained from the spatially heterogeneous 

ETAS model to quantify the compatibility of the latter with the static stress triggering hypo-

thesis. Using this tree, we obtain conditional Coulomb Indices (CI values conditioned on the 

probability of being a direct aftershock) for different source models available for the Landers 

earthquake. These conditional CI values are then compared to previously defined unconditional 

CI values, which serve as null hypothesis. We find statistically significant enrichment in the evi-

dences supporting the static triggering hypothesis when using the genealogy tree obtained from 

the improved ETAS model pointing towards at least partial compatibility of the former with the 

static stress triggering hypothesis.

Finally, we estimate time varying ETAS parameters in the Salton Sea geothermal area and 

Geysers geothermal field. Our observations suggest that the main fault segment in the Salton 

Sea geothermal area is more favorably oriented to the underlying background stress field than 

its remaining three subsidiary conjugate fault segments. Our results also allow us to evidence 

the influence of fluid injection (and/or extraction) on the background seismicity rate in the re-

gions located around the Salton Sea geothermal facility and the Geysers geothermal facility. 

While in the case of the former we are not able to deduce if the fluid injection or extraction 

drives the human induced seismic activity, our results clearly indicate that the fluid injection 

rate seems to dominate the seismicity triggering in the case of the latter.
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RÉSUMÉ

Ces dernières années, l’accent a été mis sur le développement de modèles de prévi-

sions de séismes et sur la quantification de leurs performances afin d’accroître notre

compréhension des processus de sismogénèse. Deux modèles très populaires de de-

scription de la distribution spatiale et temporelle des séismes sont la loi de friction rate and 

state et le modèle ETAS (Epidemic Type Aftershock Sequence). Ils sont basés respectivement 

sur l’hypothèse de déclenchement elastostatique et trois lois statistiques empiriques découlant 

d’observations (loi d’Omori, loi de Gutenberg-Richter, loi de productivité). Les deux modèles 

obtiennent des résultats satisfaisants dans la description d’observations empiriques et la prévi-

sion du taux de nucléation des séismes futurs. Cependant, plusieurs problèmes clés restent à 

aborder. Par exemple, (i) l’impact des changements de contrainte secondaires causés par les pe-

tits séismes est complètement ignoré lors du test de l’hypothèse du déclenchement statique et 

dans la prévision des taux de sismicité future basée sur le calcul du changement de contrainte 

de Coulomb; (ii) des hypothèses simplistes sont utilisées pour l’orientation des plans de failles 

qui causent les déformations statiques ainsi que celles qui sont soumises à ces déformations;

(iii) l’influence des incertitudes des données est rarement prise en compte lors du calcul des con-

traintes; (iv) les paramètres du modèle ETAS sont souvent supposées spatialement uniforme; (v) 

peu de tentatives sont menées pour comprendre l’origine physique des paramètres du modèle 

ETAS, et (vi) la possibilité d’un modèle hybride et auto-consistant mariant les deux approches 

n’est pas explorée.
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RÉSUMÉ

Nous tentons d’aborder ces problèmes de manière systématique, portant une attention par-

ticulière à la rigueur statistique, aux tests synthétiques réalistes et à des approches générales 

menées par les données. Nous réalisons un test rigoureux de l’hypothèse de déclenchement sta-

tique dans le but d’aborder les trois premiers points décrits ci-dessus. En particulier, nous cher-

chons la corrélation entre la variation temporelle du taux de sismicité et le signe (et l’amplitude) 

des changements de contrainte de Coulomb. Nous quantifions également le Coulomb Index (CI), 

fraction des événements qui ont reçu un incrément de contrainte de Coulomb positif. Nos ré-

sultats montrent significativement l’effet du déclenchement statique (avec une signature en-

core plus forte après résolution de l’ambigüité du plan focal de rupture) au-dessus de seuil de 

contrainte petits (environ 10 Pa) mais significatifs. De plus, nous montrons que la validité de 

l’hypothèse de déclenchement statique ne dépend pas du choix du coefficient de friction, du coef-

ficient de Skempton ou du seuil de magnitude. Cependant, notre analyse souffre de l’hypothèse 

imprécise que tous les séismes suivant un événement source sont ses répliques directes.

Pour réduire les effets de l’hypothèse précédente sur notre analyse, nous inversons la généalo-

gie de déclenchement complète du catalog ANSS pour les séismes Californiens en définissant 

un modèle ETAS avec des paramètres variant spatialement, en utilisant un algorithme de 

type Expectation-Maximization (EM) et un ensemble de diagrammes de Voronoi spatiaux. Nous 

utilisons une log-vraisemblance pénalisée pour classer les modèles inversés, et sélectionnons 

les meilleurs afin de calculer un modèle moyen à chaque position spatiale. Cette méthode est 

testée sur des catalogues synthétiques réalistes avant d’être appliquée à la Californie. Les ré-

sultats obtenus sur cette région suggèrent que les paramètres du modèle ETAS sont loin d’être 

uniformes spatialement. Nous trouvons également que l’efficacité des séismes à en déclencher 

d’autres (quantifiée par le taux de branchement) est positivement corrélé avec les mesures de 

flux de chaleur. En revanche, le taux de séismes déclenchés par la charge tectonique aux limites 

du système (taux de sismicité de fond) ne montre pas une telle corrélation, suggérant la possi-

bilité d’un déclenchement dynamique induit par interaction avec les fluides. De plus, les taux 

de branchement et de sismicité de fond ne sont pas corrélés avec la profondeur, indiquant que le 

couplage sismique reste constant avec la profondeur hypocentrale dans cette région. Nous con-

cluons également que le déclenchement est dominé par le rôle des petits séismes, ce qui suggère à
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nouveau que les études de déclenchement statique doivent absolument inclure les changements 

de contrainte dû aux petits événements.

Nous quantifions ensuite les performances prédictives du modèle ETAS avec variations spa-

tiales des paramètres en le comparant avec d’autres modèles reposant sur un lissage de la sis-

micité. Nos résultats indiquent qu’en prenant en compte à la fois la sismicité de fond et les 

répliques, notre modèle (ETAS-SV2) dépasse facilement les modèles basés sur un simple lissage 

de la sismicité de fond. De plus, nous montrons que lors de la prévision du taux d’événements 

futurs de magnitude M4.95, le modèle de sismicité de fond lissée obtenu par ETAS est plus 

performant que des modèles de sismicité de fond lissée obtenus par deux autres méthodes très 

populaires d’égrappage.

Nous utilisons l’arbre généalogique des séismes obtenu par le modèle ETAS spatialement 

hétérogène pour estimer sa compatibilité avec l’hypothèse de déclenchement statique. A l’aide 

de cet arbre, nous obtenons des Coulomb Indices conditionnels (conditionnés par la probabil-

ité d’être une réplique directe) pour différents modèles de rupture du séisme de Landers. Ces 

valeurs de CI conditionnel sont alors comparées aux valeurs non conditionnelles qui servent 

d’hypothèse nulle. Nous trouvons que l’hypothèse de déclenchement statique est alors renfor-

cée, montrant une compatibilité au moins partielle entre les deux descriptions (mécanique et 

statistique).

Enfin, nous estimons la variation temporelle des paramètres du modèle ETAS dans les ré-

gions géothermiques de Salton Sea et Geysers. Nos observations suggèrent que le segment de 

faille principal dans la zone de Salton Sea est plus favorablement orienté par rapport au champ 

de contrainte appliqué aux limites que les plans subsidiaires qui lui sont conjugués. Nos résul-

tats démontrent également l’influence des injections (ou extractions) de fluide sur le taux de 

sismicité de fond sur les deux sites. Si la zone de Salton Sea ne permet pas de conclure si la 

sismicité dépend des taux de fluides injectés ou extraits, celle de Geysers montre clairement que 

l’injection contrôle le taux de sismicité.
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INTRODUCTION

Indeed, the question, "Are earthquakes predictable?" has been at the heart of most inquiries
related to earthquakes. The motivation behind these inquiries has both societal and scien-
tific façades. The societal aspect stems from the potency of large earthquakes to profoundly

influence the lives of people. When these earthquakes strike, the loss of lives and property is hu-
mongous. Figure 1.1 gives us a glimpse of the economic and human impact of Earthquakes
within the period 2000 to 2016. Although the graph attempts to quantify the impacts of earth-
quakes in terms of loss of life and property, the impact is in some sense unfathomable. Compared
to other natural disasters (landslides, floods, windstorms, droughts, volcanic eruptions, forest
fires and so on...), earthquakes (and the resulting tsunamis in some cases) stand out as fierce
natural swords, striking intermittently, capriciously and often cataclysmically. In the period be-
tween 2000 and 2016, earthquakes and tsunamis alone account for nearly half of the lives lost
due to all natural disasters.

The scientific aspect of the inquiries stems from our curious nature. We want to understand
how things around us work. For doing so, we adopt the general framework of a scientific method,
of which testable predictions are integral part.

Indeed, if we do not make testable predictions, the process of learning is incomplete. Our
hypothesis at best are then analogous to the cosmic teapot hypothesis1. In this regard, predicting
earthquakes is, thus, a necessity for most hypotheses related to seismogenesis. The burden of
proof lies on the shoulder of the proponent. In case of no proof, a hypothesis cannot escape the

1Cosmic teapot hypothesis, also known as Russell’s teapot hypothesis was coined by famous mathematician
Bertrand Russel, in an article titled "Is there God?" that was commissioned but never published by Illustrated
magazine in 1952. [Source: Wikipedia]
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FIGURE 1.1. Impact of earthquakes and all natural disasters (including earthquakes)
in the period between years 2000 and 2016 in terms of number of deaths (red:
earthquakes; grey: all natural disasters) and total economic damage (green: earth-
quakes; grey: all natural disasters). [Source: EM-DAT: The OFDA/CRED Inter-
national Disaster Database, http://www.emdat.be, Universite Catholique de Lou-
vain, Brussels, Belgium]

wrath of Hitchens razor2.

Inevitably, significant efforts have been invested in searching for precursors that can be
used to make reliable and accurate earthquake predictions (specification of time, location and
magnitude of future earthquakes within relatively narrow windows). Optimism regarding earth-
quake prediction flourished in early 1970’s and the "successful" prediction of the 1975 Haicheng
earthquake by Chinese researchers contributed to it. With the advent of the dilatancy-diffusion

2Epistemological razor, named after journalist and writerChristopher Hitchens, who, in a 2003 Slate article,
formulated it as, "What can be asserted without evidence can be dismissed without evidence." [Source: Wikipedia]

2
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model by Scholz et al.[1973],which seemed to explain nearly all reported precursory phenomena
like crustal uplift, 10-20% change in Vp/Vs (the ratio of the velocity of p and s seismic waves),
radon emission, electrical conductivity variation etc. earthquake prediction seemed within the
arms reach [Uyeda, 2013]. However, the optimism soon faded away with the following "failed"
attempts at earthquake prediction. Some of the notable examples of the former are: failure to
predict the (Mw 7.8) 1976 Tangshan earthquake; failed prediction of the USGS issued in 1985
stating that an earthquake approximately of magnitude 6 would occur along the San Andreas
fault near the small town of Parkfield. A growing pessimism now prevails in the scientific com-
munity regarding the predictability of earthquakes, with some researchers claiming the inher-
ent unpredictability of earthquakes [e.g. Geller et al., 1997 and included references; Geller, 1997].
However, before passing any judgement on the predictability of the earthquakes, it is important
to remember that the Hitchens razor works both ways. While the burden of proof of "predictabil-
ity" lies on the shoulder of proponents of earthquake prediction ("believers"), the counterparts
("non-believers") claiming the unpredictability of earthquakes are yet to come up with conclu-
sive proofs. Indeed, the debates on feasibility of reliable earthquake predictions are far from
over [see for e.g. the debate on "Is the reliable prediction of individual earthquakes a realistic
scientific goal?"].

Why has earthquake prediction remained so elusive? In the following we outline some of the
main difficulties that contribute to this elusiveness. First, the Earth crust is a totally opaque
and solid medium, constraining instruments (seismographs or GPS stations, for instance) to be
dispatched at its free surface or subsurface. Second, many parameters such as stress or fluid
pressure at hypocentral depth cannot be directly measured at all. Other parameters (such as
earthquake location, magnitude and dynamical rupture parameters, levelling and GPS data,
etc..) feature uncertainties and errors that are poorly assessed in routine operations. Third, our
quantitative (and even qualitative) knowledge of the state of the deforming crust is largely un-
known. We thus don’t know how to correctly model (and even choose) the relevant physical
quantities. Fourth, there is a large separation between the typical time scales of the state dy-
namics (e.g. the imposed strain rate at tectonic domains boundaries) and of the observables (e.g.
the brutal dissipation of energy during seismic events), which makes the prediction of the latter
intermittent fast events difficult to relate to their driving forces.

Given this fragmentary knowledge, a smoother landscape of opinion has emerged in the seis-
mological community, that instead of making deterministic statements about the time, location
and magnitude of the earthquakes, one should instead make probabilistic statements about the
occurrence of earthquakes. "Deterministic" earthquake prediction has thus made way in favor
of "fuzzy" earthquake forecasting.

Recent efforts have been mostly towards devising models that yield the probability of earth-
quake occurrence in a given space, time and magnitude window, and significant efforts have
been put towards validating models of earthquakes forecasting. Recent forecasting experiments
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conducted by Regional Earthquake Likelihood Models (RELM) and now being continued by Col-
laboratory for the Study of Earthquake Predictability (CSEP) serve as good examples3 [Schor-
lemmer and Gerstenberger, 2007; Schorlemmer et al., 2007; Zechar et al., 2013]. The success of
RELM and CSEP has been in bringing the earthquake prediction research on the center stage
by providing a unique platform for comparing the predictive performance of models of differ-
ent types in terms of probability gains. However, the experiments conducted by CSEP are far
from perfect. Models that can be submitted to CSEP for evaluation are of 5 types [see table 1 in
Schorlemmer and Gestenberger, 2007]. In the first two model classes, the modelers are allowed to
submit the rate of seismicity (M ∈ [5,9]) in a forecast period of 5 years in spatial bins predefined
by CSEP in a testing region. The submitted models are generally based on the modelers esti-
mate of the long-term seismicity rate in the testing region and do not take account of the short
term fluctuations in seismicity rate resulting from future aftershock sequences. These models
are evaluated on the basis of all the observed seismicity (M ≥ 5) in the forecast period. The ob-
served seismicity in the forecast period, however, can include earthquakes that are triggered by
means of stresses accumulated on the faults due to far field tectonic loading and stress changes
(static/ dynamic) caused by earthquakes themselves. As a result, the submitted models are in-
herently inconsistent with the observations. In order to reduce this inherent inconsistency of
the submitted models with the observations, CSEP also evaluates the models against "selected"
observed earthquakes [see Schorlemmer and Gerstenberger, 2007 for details]. These earthquakes
are selected by removing the clustered seismicity from the observed seismicity in the forecast pe-
riod using the declustering algorithm proposed by Reasenberg [1985]. This evaluation strategy
adopted by CSEP is, however, flawed for two reasons. First, the parameters of the Reasenberg’s
declustering algorithm are drawn uniformly randomly from a predefined range, without any
justification for the choice of this range. Second, by choosing any declustering algorithm for
choosing the testing data, one ends up biasing the test in favour of those submitted models that
use the same declustering algorithm to construct their forecast. The problems related to testing
the models in the first two model classes can, however, be easily avoided if CSEP encourages the
modellers to submit forecasts that not only take account of the long-term seismicity rate, but
also short term fluctuations in it.

On more general grounds, the forecasting models that are being tested by CSEP can be
broadly classified into two groups: those that adhere (mostly) to the known physics of earthquake
occurrence and those that are purely statistical.

The premier examples of the two approaches are, respectively, the Rate and State model
based on static stress changes, and the Epidemic Type Aftershock Sequence model. The former
relies primarily on the static stress triggering hypothesis. The main idea behind the hypothesis

3Another notable example of earthquake prediction experiment is the one organized by Russian geophysicists. In
this experiment, which has now been conducted for over two decades, the M8 earthquake prediction algorithm [Keilis-
Borok and Kossobokov, 1984, 1987] has been used to make intermediate term predictions for earthquakes (M ≥ 8) to
occur in a large circle, based on integral counts of transient seismicity in the circle [Kossobokov et al., 1997]. List of
predictions from made in this experiment and their evaluation can be found at http://www.mitp.ru/en/predlist.html
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is that the static deformation can both encourage or inhibit failure on a preexisting fault plane,
depending on whether the deformation manifests itself on the fault plane in the form of positive
or negative Coulomb stress change. A wide range of phenomenological observations from various
case studies seem to support the static triggering hypothesis [King et al., 1994; Stein, 1999; Stein
et al., 1983; Oppenheimer et al., 1988, Parsons et al., 2000; Hardebeck et al., 1998; Wyss et al.,
2000; Kenner et al., 1999; Pollitz et al., 2004], based on their observations of seismicity rate
increase following moderate to large earthquakes in the regions that received positive Coulomb
stress changes and consistent observation of stress shadow regions.

On the other hand, the latter combines the three most robust empirical observations, often
referred to as "Omori law", "Gutenberg Richter law" and "Productivity law", made about seis-
micity. These empirical observations or "laws" have been combined within the Epidemic Type
Aftershock Sequence (ETAS) model, which is then used to model the spatio-temporal distribu-
tion of earthquakes. Notwithstanding its simplicity, the ETAS model has been quite successful
in describing the numerous statistical properties associated with earthquakes: [see for e.g. Helm-
stetter and Sornette, 2002a, 2002b, 2003a and 2003b; Helmstetter et al., 2003] and even more so
in forecasting the rates of future events, to the extent that it easily outperforms the physics
based models of seismicity and ranks among the best models of earthquake forecasting devel-
oped to date [Werner et al., 2011; Console et al., 2007; Iwata, 2010; Dieterich, 1994].

While both approaches have been successful to some extent: static stress triggering hypothe-
sis in demonstrating the existence of stress shadows in various case studies and ETAS model
in describing several renormalized statistical properties of earthquakes and forecasting rate of
future earthquakes, several key ideas related to both remain unaddressed. For instance,

1. Most of the studies related to testing the static triggering hypothesis only consider the
Coulomb stress changes caused by specific moderate to large earthquakes and completely
ignore the secondary static stress changes caused by aftershocks. However, several statisti-
cal studies [Felzer et al., 2002, 2003; Helmstetter, 2003; Marsan, 2005] report empirical evi-
dences that small earthquakes could play an equally or even more important role in earth-
quake triggering, implying that the static stress changes caused by the small earthquakes
cannot be ignored while using Rate and State models based on static stress changes to
forecast the rate of future earthquakes. Even prior to that, it is necessary to reassess the
validity of the static stress triggering hypothesis while taking account of stress changes
caused by small earthquakes.

2. In addition, researchers make facile assumptions about the orientation of fault planes
on which the static deformations caused by the mainshocks are resolved in order to com-
pute Coulomb stress changes. The fault planes are assumed to be optimally oriented for
Coulomb failure or are chosen randomly from one of the two nodal planes delineated by
the focal mechanisms of the earthquakes. Both these choices are far from perfect. While
there are no concrete evidences to support the former (as we rather expect planes to be
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optimally oriented compared to the background stress tensor), the second choice can lead
to an extra layer of uncertainty in the Coulomb stress changes. When considering the
Coulomb stress changes due to small earthquakes the choice of the fault plane becomes
even more crucial. This is because, for small earthquakes, one needs to choose the target
fault planes on which the stress change tensors have to be resolved, as well as the source
fault planes which generate these stress tensors in the first place.

3. Model and data uncertainties while evaluating Coulomb stress changes are, with some
exceptions [e.g. Hainzl et al., 2009; Woessner et al., 2012; Catalli et al., 2013; Meier et
al., 2014], rarely considered when evaluating the static stress change hypothesis. Not
considering the uncertainties in Coulomb stress changes can lead to false acceptance or
rejection of the static stress change hypothesis.

4. The parameters of the "laws" that constitute the ETAS model are often assumed to be
spatially and temporally homogenous, despite their reported notable variations in several
case studies [Guo and Ogata, 1997; Utsu and Ogata, 1995 and references there in; Wiemer
and Katsumuta, 1999]. Such simplifications, mostly made for computational convenience
and due to the lack of a general framework that would allow for inverting optimal spatial
(and temporal) variations of the model parameters, have potentially serious impacts for
hazard assessment (both long term and short term).

5. There is also a general lack of understanding about the physical origin of ETAS para-
meters, which primarily arises from scarce attempts to correlate those parameters with
geophysical measurements. For instance, do those parameters vary with the orientation
of the faults within a given state of stress? Is there any influence of the net fluid injection
rate in human-controlled experiments? Can geophysical measurements help us to infer
ETAS parameters in areas where seismicity catalogs would be of poor quality? Can ETAS
parameters inform us about the mechanical and physical processes controlling seismicity?

In this thesis, we attempt to address these issues in a systematic manner by putting emphasis
on rigorous statistical testing and use of realistic synthetic tests. Moreover, we shall avoid the
"case study" approach often used in studies related to testing the static triggering hypothesis
and inverting parameters of the ETAS model by developing generalized data driven methods
for both. This is done in order to minimize the bias in the results obtained due to debilitating
assumptions made in the case studies.

The advantage of studying both approaches together is that we can use important insights
gained from studying one to augment our understanding while studying the other. For instance,
a problem often encountered while validating the static triggering hypothesis is the absence
of a genealogy tree of earthquakes (i.e. the knowledge of who triggered who). As a result, re-
searchers [Hardebeck et al., 1998; Steacy et al., 2004; Meier et al., 2014] often use additional
criteria for defining a spatio-temporal domain within which a parent earthquake is expected to
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trigger offspring earthquakes. Often, no justifications are offered for these choices. The ETAS
model can easily aid to this cause as one naturally obtains a genealogy tree of earthquakes when
one calibrates the model on a given catalog of earthquakes.

The thesis is organized as follows:
In Chapter 2 , we first conduct a rigorous testing of the static stress triggering hypothesis,
with the aim to take into account the three, generally ignored but extremely important, following
factors: (i) static stress changes caused by small earthquakes; (ii) uncertainties in Coulomb
stress changes due to uncertainty in fault plane orientations, earthquake locations and focal
plane ambiguity. In this chapter, we test the static stress hypothesis using all earthquakes with
magnitude equal to and larger than 2.5, using the relocated focal mechanism catalog of Southern
California [Yang et al., 2012] as our primary dataset. The fault plane ambiguity is resolved using
a small-scale reconstruction of the fault network. We then investigate how the time variation of
the seismicity rate depends on the sign and amplitude of Coulomb stress changes and quantify
the Coulomb Index (CI), the fraction of events that received net positive Coulomb stress changes
compared to the total number of events. The reconstruction of the fault network also helps to
define a null-hypothesis CI value.

In Chapter 3 , we then propose a systematic and efficient method to obtain the spatial vari-
ations of the parameters of the ETAS model by BIC-weighted averages of a large set of random
spatial Voronoi tessellations (BIC standing for Bayesian Information Criterion). After validat-
ing the method on realistic synthetic datasets, we apply the proposed method to earthquakes
included in the ANSS catalog that occurred within the time period 1981-2015 in California. The
inferred variations are then compared to the spatial patterns observed for several geophysical
properties in this area.

Chapter 4 attempts to quantify the forecasting skill of the aforementioned space-varying
ETAS model, by comparing it to the forecasting skills of several other CSEP-competing models.

In Chapter 5 , we use the genealogy tree obtained from our ETAS model inversion in order
to check the compatibility of the latter with the static stress triggering hypothesis. Using this
tree, we obtain conditional Coulomb Indices (CI values conditioned on the probability of being
a direct aftershock) for different source models available for the Landers earthquake, which are
then compared to the corresponding unconditional CI values.

In Chapter 6 , we push the limits of the method proposed in chapter 3 further, by extend-
ing it to account for temporal variation of the parameters of the ETAS model. Such variations
are thought to be especially relevant in geothermal regions where, due to both natural and
anthropogenic causes, the seismicity can feature non-stationary patterns. This new method is
then applied to two sub-catalogs of earthquakes occurring in different geothermal regions: the
Geysers geothermal field and the Salton Sea geothermal area. Inferred parameters are then
compared to the time history of fluid injection in those fields, but also to the local structural
setting.
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Finally, in Chapter 7 , we summarize all our findings and conclude. A few threads are also
provided to define future paths to follow to build a bridge linking more tightly statistical and
physical approaches in earthquake science.
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2
SYSTEMATIC ASSESSMENT OF THE STATIC

STRESS-TRIGGERING HYPOTHESIS USING

INTER-EARTHQUAKE TIME STATISTICS1

A likely source of earthquake clustering is static stress transfer between individ-
ual events. Previous attempts to quantify the role of static stress for earthquake
triggering generally considered only the stress changes caused by large events,

and often discarded data uncertainties. We conducted a robust two-fold empirical test
of the static stress change hypothesis by accounting for all events of magnitude M ≥ 2.5
and their location and focal mechanism uncertainties provided by catalogs for South-
ern California between 1981 and 2010, first after resolving the focal plane ambiguity
and second after randomly choosing one of the two nodal planes. For both cases, we
find compelling evidence supporting the static triggering with stronger evidence after
resolving the focal plane ambiguity above significantly small (about 10 Pa) but consis-
tently observed stress thresholds. The evidence for the static triggering hypothesis is
robust with respect to the choice of the friction coefficient, Skemptons coefficient and
magnitude threshold. Weak correlations between the Coulomb Index (fraction of earth-
quakes that received Coulomb stress change) and the coefficient of friction indicate
that the role of normal stress in triggering is rather limited. Last but not the least, we
determined that the characteristic time for the loss of the stress change memory of a
single event is nearly independent of the amplitude of the Coulomb stress change and

1 CITATION: Nandan, S., G. Ouillon, J. Woessner, D. Sornette, and S. Wiemer, (2016), Systematic assess-
ment of the static stress triggering hypothesis using inter earthquake time statistics, J. Geophys. Res. Solid Earth,
121,18901909
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varies between 95 and 180 days implying that forecasts based on static stress changes
cannot be performed beyond times that are much larger than a few hundred days on
an average.

2.1 Introduction

Earthquakes are thought to interact with each other and alter the times and locations of other-
wise inevitable failures by modifying the state of stress at respective locations. Understanding
the physics of earthquake interaction may thus provide a path towards explaining the well ob-
served spatio-temporal clustering of earthquakes.

Several mechanisms have been proposed by which the earthquakes can modify the stress
on the pre-existing faults. Some of the most notable ones are: (i) static stress change, which is
caused by permanent deformation in the vicinity of an earthquake source [i.e. King et al., 1994;
Steacy et al., 2005]; (ii) dynamic stress change, which is caused by the passage of seismic waves
following an event [i.e. Kilb et al., 2000; Felzer et al., 2006]; (iii) viscoelastic relaxation, which is
caused by viscous flow in the lower crust or upper mantle after a moderate to large earthquake
[i.e. Freed et al., 2001] and (iv) release of fluids during and after faulting and fluid pore diffusion
[Sibson et al., 1975; Sibson, 1982; Hickman et al., 1995]. Moreover, triggering of an earthquake
by an antecedent one does not necessarily have to be direct and can also follow an indirect route
[i.e. Hill et al., 2002; Helmstetter and Sornette, 2002; 2003; Felzer, 2003; Miller et al., 2004].

In the presence of multiple earthquake interaction mechanisms, it is important to under-
stand their relative significance and to rule out those that are not supported by data. In this
chapter, we focus only on systematically testing the static stress change hypothesis. One of the
motivations is its unique prediction of stress shadow regions, i.e. regions in which seismicity is
abated following an earthquake [Bhloscaidh and McCloskey, 2014].

A wide range of phenomenological observations from various case studies support the static
triggering hypothesis. These include studies that show the increase of seismicity rate following
moderate to large earthquake in areas that received positive Coulomb stress changes [King et al.,
1994; Stein, 1999; Stein et al., 1983; Oppenheimer et al., 1988, Parsons et al., 2000; Hardebeck
et al., 1998; Wyss and Wiemer, 2000] and that found consistent observations of stress shadow
regions [Kenner and Segall, 1999; Pollitz et al., 2004]. Furthermore, several studies have evalu-
ated the failure probabilities following a static stress change [Stein and Barka, 1997, Hardebeck,
2004, Gomberg, 2005a; Parsons et al., 2000] and their evolution in time using the rate-and-state
model [Dieterich, 1994].

On the other hand, several studies have found strong evidences against the static triggering
hypothesis. Specifically, Felzer and Brodsky [2005] have shown that stress shadows either do
not exist or cannot be distinguished reliably. Marsan [2003] showed that a decrease in seismic-
ity rate following a mainshock is very rarely observed in the first 100 days following the main-
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shock. Moreover, the predictive skill of models based on Coulomb stress changes remains poor
[Felzer, 2003; Woessner et al., 2011]. In particular, Woessner et al. [2011] found that forecasts of
seismicity based on Coulomb stress change tend to be inferior to statistical seismicity forecasts,
according to the metrics of the Collaboratory for the Study of Earthquake predictability (CSEP).

Most of these studies focused on the Coulomb stress change caused by specific moderate to
large earthquakes and completely ignored the secondary static stress changes caused by after-
shocks. Recently, Meier et al. [2014] investigated the role of secondary static stress triggering
during the 1992 Landers earthquakes sequence by comparing the triggering potential of cu-
mulative Coulomb stress changes including either mainshock Coulomb stress changes caused
by moderate to large earthquakes (M>6) or secondary Coulomb stress changes caused by only
smaller earthquakes (2<M<6). They defined the triggering potential in terms of Coulomb index,
defined as the fraction of the total number of earthquakes that received net positive Coulomb
stress change by the time of their occurrence. They found that by including the secondary stress
changes the Coulomb index dropped to 0.79 from 0.85, which was obtained by only considering
mainshock Coulomb stress changes. The authors attributed this slight drop in Coulomb index to
large uncertainties in secondary Coulomb stress changes due to large uncertainties in the source
parameters of small earthquakes. However, Helmstetter [2003] and Marsan [2005] have found
empirical evidence that small earthquakes could play an equally or even more important role in
earthquake triggering within the framework of the Epidemic Type Aftershock Sequence (ETAS)
model. Augmenting further support for the secondary stress changes, Felzer [2003] showed that
aftershock probability maps based on using only times and locations of previous aftershocks
while completely ignoring the mainshock-induced stress changes can outperform the forecasts
made using only the mainshock Coulomb stress changes. Taking account of secondary stress
changes can also help explain why a significant fraction of aftershocks occur in stress shadow
regions, as the secondary aftershocks of a mainshock are not physically constrained to only occur
in regions where the stress change caused by the mainshock was positive [Felzer, 2002].

Another indispensable consideration for testing Coulomb stress changes is the choice of fault
planes on which Coulomb stress changes are resolved. In the past, researchers have generally
adopted two approaches. The first one consists in resolving the Coulomb stress changes on fault
planes that are optimally oriented for Coulomb failure [as in Stein et al., 1992; King et al., 1994],
which are determined based on the information of magnitude and direction of the principal axes
of the regional stress field. The second approach consists in using the information of the mapped
fault network [Steacy et al., 2005; McCloskey et al., 2003; Bhloscaidh and McCloskey, 2014]. Ar-
guments exist for and against both approaches. Proponents of the former approach argue that
the later can only be applied to very limited well-documented faults while ignoring the blind
faults that can present major threat. On the other hand, proponents of the later approach argue
that the former relies on the existence of optimally oriented fault planes everywhere in the crust
despite mounting observations against it [Steacy et al., 2005]. Moreover, one needs to know the
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poorly constrained regional stress field a priori for finding optimally oriented fault planes. Sev-
eral other researchers [e.g. Hardebeck et al., 1998; Steacy et al., 2004; Meier et al., 2014] have
computed Coulomb stress changes using the focal mechanisms of earthquakes. However, they
are confronted with the focal plane ambiguity, which is often dealt with by making a random
choice between the two nodal planes. This adds an extra layer of uncertainty to already uncer-
tain Coulomb stress changes and can possibly obscure ones resolution to accept or reject the
static stress change hypothesis.

Model and data uncertainties while evaluating Coulomb stress changes are, with some excep-
tions [e.g. Hainzl et al., 2009; Woessner et al., 2012; Catalli et al., 2013], rarely considered when
evaluating the static stress change hypothesis, which can lead to false acceptance or rejection.

In this study, we test the static stress hypothesis using all earthquakes with magnitude
equal to and larger than 2.5, using the focal mechanism catalog of Southern California [Yang
et al., 2012] as our primary dataset. For each event, we first solve the focal plane (and slip vec-
tor) ambiguity. This is done using the clusters of earthquakes defined in the relocated catalog
of Southern California [Hauksson et al., 2012]. The clusters are assumed to reveal the fault
planes on which the earthquakes occur. We then compute the Coulomb stress change interac-
tion between all causal source-target pairs. In contrast to previous stress change studies, all
earthquakes are considered as the source of Coulomb stress change at the location of subse-
quent earthquakes including location and focal mechanism uncertainties while resolving the
focal plane ambiguity and evaluating the Coulomb stress change. Following the evaluation of
Coulomb stress change, we address the static stress change hypothesis from two perspectives.
First, we investigate how the time variation of the seismicity rate depends on the sign and
amplitude of Coulomb stress changes. We fit the rate of triggered events by an exponentially
tapered Omori law, superimposed over a constant background rate, for different amplitudes of
Coulomb stress changes. We then use the best-fit parameters for different stress bins to evaluate
the hypothesis. Second, we analyze the same dependency for the Coulomb Index (CI), the frac-
tion of events that received net positive Coulomb stress changes compared to the total number
of events. All CI values are then compared to a Mean-Field CI, i.e. an expected average value,
derived from the time-independent structure of the fault network.

In Section 2.2, we describe the data that is used for the analysis. Section 2.3.1 describes the
choices for various parameters used for computation of Coulomb stress changes. Section 2.3.2
and 2.3.3 describe our analyses in details. Section 2.4 presents our various results. In Section 2.5,
we interpret the results and explain their implications. Section 2.6 summarizes our conclusions.
For the convenience of the reader, we have defined the frequently used acronyms and symbols
in Table 2.1 in the order of their appearance in the chapter. In the interest of length, we have
described several important analyses and corresponding results related to the present work in
the Appendix A.
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TABLE 2.1. List of symbols and acronyms frequently used in the main text in their
order of appearance.

Symbol Definition
Y ANG Focal Mechanism catalog of Southern California [Yang et al., 2012]
HAUK Relocated catalog of Southern California [Hauksson et al., 2012]

mT ,bval

Magnitude threshold above which Gutenberg-Richter law [Guten-
berg and Richter, 1954] holds; Measure of relative frequency of
small to large earthquake.

mT ;bval

Magnitude threshold above which Gutenberg-Richter law [Guten-
berg and Richter, 1954] holds; Measure of relative frequency of
small to large earthquake.

µ;B;µB
Coefficient of Friction (0.6); Skemptons Coefficient (0.75); Shear
Modulus (32 GPa)

∆CFSi j; |∆CFSi j|median
k

Coulomb stress change caused by ith source at the location of jth

target; Median of |∆CFSi j| in the kth stress bin, where k varies
between 1 and 50

tk
i j; tk+

i j &tk−
i j

Waiting time between all source target pairs present in kth stress
bin; waiting time between source target pairs present in kth stress
bin given the associated Coulomb stress change is positive and neg-
ative respectively.

Nk; Nk+&Nk−

Total Number of source-target pairs in the kth stress bin; Num-
ber of source target pairs in the kth stress bin given that the as-
sociated Coulomb stress change is positive or negative respectively.
Also, Nk = Nk+ + Nk−

W Probability density function of waiting time (Equation 2.3).

τ;τk+&τk−

Characteristic time for the loss of the stress change memory of a
single event; Characteristic time for the kth stress bin given that
the associated Coulomb stress change is positive and negative res-
pectively.

MLL; MLLk+&MLLk−
Maximum Log Likelihood per data point; Maximum Log Likeli-
hood per data point in the kth stress bin given that the associated
Coulomb stress change is positive and negative respectively.

R;Rk+&Rk−
Ratio of instantaneous triggered to background rate; Ratio of in-
stantaneous triggered to background rate given that the associated
Coulomb stress change is positive and negative respectively.

CIk(t); MFCI

Fraction of causal pairs in the earthquake catalog with positive
Coulomb stress change interaction in the kth stress bin at time t
(Equation 2.6); Fraction of positive Coulomb stress change inter-
actions in earthquake catalog that has been randomly shuffled in
time.

α; pval

Significance level chosen to test a null hypothesis; Probability of
obtaining the test statistics at least as extreme as that was actually
observed assuming that the null hypothesis is true.

PREF;RAND
Case corresponding to preferred choice of nodal planes according to
method proposed in Section 2.3.2; Case corresponding to random
choice of nodal planes.
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2.2 Data

2.2.1 Earthquake data: Threshold magnitude, focal mechanisms and
locations

We primarily use the focal mechanism catalog of southern California (YANG) covering the pe-
riod 1981-2010 [Yang et al., 2012] that includes location, focal mechanism and corresponding
uncertainties in the focal mechanisms of 179,255 events. As fault plane solutions for source and
receiver are necessary for computing Coulomb stress change (∆CFS), the catalog provides an ex-
cellent opportunity to analyze the role of small earthquakes in the stress redistribution process.
The YANG-catalog does not provide the uncertainty in earthquake locations. So, we also use the
relocated catalog (HAUK) of southern California, which covers the period 1981-2011 [Hauks-
son et al., 2012] to assign uncertainties to the location of earthquakes present in the YANG-
catalog. This is simply done using the event-id information present in both catalogs. Note that
the YANG-catalog is a subset of the HAUK-catalog, thus all earthquakes in the YANG-catalog
can be assigned a location uncertainty.

The importance of the HAUK-catalog lies in our use of the clusters of earthquakes it features.
The clusters are defined on the basis of similarity of waveforms of the earthquakes and are used
in this study for resolving the focal plane ambiguity of the available focal mechanisms in YANG-
catalog (see Section 2.3.2).

For evaluating the Coulomb stress hypothesis, there is no clear reason or evidence to accen-
tuate the importance of using a complete catalog. However, one can argue that, if the Coulomb
stress hypothesis is true, then we would expect triggering to initiate earlier in the regions where
mainshocks cause positive Coulomb stress changes compared to the regions where they cast
a stress shadow. However, just as a consequence of proportion, there would be more missing
events in a positive stress change lobe than in a negative one. This can bias the outcome of the
test against the Coulomb stress change hypothesis. So, it is essential to estimate a magnitude
threshold above which the catalog is approximately complete. However, for simplicity, we only
consider a space-time independent magnitude threshold for further analysis, similarly to [Steacy
et al., 2004, Meier et al., 2014]. Nevertheless, in Section A.2, we explore the effect of alternative
magnitude thresholds on our results.

Both, the YANG- and the HAUK-catalog, follow the Gutenberg-Richter (GR) law for magni-
tudes larger than and , with b-values of 0.97 and 1, respectively (Figure A1). We have determined
and b-values using the method proposed by Clauset et al. [2009]. We use for the YANG-catalog
on the basis that it cannot be more complete than its parent HAUK-catalog. This reduces the
total number of usable events to 21,480 earthquakes for the Coulomb modeling procedure. We
observe that the YANG-catalog misses events across the entire magnitude range up to M=6.2
and is incomplete in the strictest sense compared to the HAUK-catalog. Above , the latter cata-
log contains 17,856 earthquakes more than the former, with most of the missing earthquakes in
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the YANG-catalog located in offshore regions and Mexico, which have poor station coverage.

2.2.2 Finite-fault source models

Coulomb stress changes strongly depend on the details of the slip distribution on finite faults
[Woessner et al., 2012]. Case studies such as that of Steacy et al. [2004] underlined the im-
portance of choosing slip solutions incorporating correct rupture geometry over simple slip so-
lutions based on empirical relations and focal mechanism by comparing the consistency of off
fault aftershock distribution with Coulomb stress change caused by mainshock in both cases.
Unfortunately, detailed slip inversions are rarely available for small earthquakes. Detailed slip
distributions are available for only 10 large earthquakes present in the YANG-catalog from the
online Finite-Fault Source Model Database (http://equake-rc.info/srcmod/). The names of these
earthquakes for which the detailed slip models are available are listed in Table 2.2 along with
the relevant references. There are generally multiple solutions available for each of these earth-
quakes. We do not prefer any of these slip models and treat them as epistemic uncertainty of the
true source slip distribution. This uncertainty results from multiple inversion procedures, data
used for the slip inversion, uncertainty in the data and so on. Thus, we shall randomly choose
between the slip models for those earthquakes.

2.3 Method

2.3.1 Coulomb Stress computations

2.3.1.1 Method and parameter values

We compute the Coulomb stress changes using the code of Wang et al. [2006], which uses the
solutions of Okada [1992] for internal displacement and strains due to shear and tensile faults
in a homogenous half-space for finite rectangular sources. We assume a constant shear modulus,
µB = 32 GPa, a coefficient of friction, µ = 0.6 and a Skemptons Coefficient, B = 0.75 for most
of this study. The value of µ is chosen on the basis of empirical evidences from Byerlee [1978]
for most rock types. The Skemptons coefficient B is usually found to vary between 0.5 and 1
[Cocco, 2002; Green and Wang, 1986; Hart and Wang, 1995]. Various studies have found that
these two parameters have only modest effect on the aftershock correlations with [e.g. King et
al., 1994, Catalli et al., 2013]. However, for the sake of completeness we also explore the effect
of alternative values of µ and B on our results in (Section A.2).

2.3.1.2 Simple Source models

The computation of ∆CFS requires a specification of the size of, and slip on, the source fault. We
assume a homogenous slip distribution on rectangular faults for all the earthquakes for which
detailed slip distribution models are not available. We estimate the size of the faults (length and
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TABLE 2.2. List of earthquakes for which a source model is available.

Name of Earthquake References
Elmore Ranch Larsen et al. [1992]

Hector Mine
Salichon et al. [2004]
Kaverina et al. [2002]
Jonsson et al. [2002]

Joshua Tree Hough and Dreger [1995]
Bennet et al. [1995]

Landers

Zeng and Anderson [2000]
Wald and Heaton [1994]
Hernandez et al. [1999]
Cotton and Campillo [1995]
Cohee and Beroza [1994]

Big Bear Jones and Hough [1995]

North Palm Spring Mendoza and Hartzell [1988]
Hartzell [1989]

North Ridge

Dreger [1994]
Hartzell et al. [1996]
Hudnut et al. [1996]
Shen et al. [1996]
Wald et al. [1996]
Zeng and Anderson [2000]

Superstition Hill Wald et al. [1990]
Larsen et al. [1992]

Whittier Narrows Hartzell and Iida [1990]
Sierra Madre Wald [1992]

width) and the amplitude of the slip given the corresponding magnitude and style of faulting
using the empirical relations from Wells and Coppersmith [1994]. These relations have been
summarized in Table 2.3.

We classify the focal mechanisms present in the catalog as strike-slip, normal, thrust and
oblique type based on the criteria proposed by Frohlich et al. [1992]. The criteria are that an
earthquake is strike slip, normal or thrust type depending on whether sin2 δB > 0.75, sin2 δP >
0.75 or sin2 δT > 0.59 respectively. are the angles between the horizontal and the B axis, P
axis and T axis of the earthquake focal mechanism. If none of these criteria is fulfilled, the
earthquake is classified as oblique-type. Out of 21,480 earthquakes above magnitude 2.5, ∼
47% are strike slip, ∼ 9% are normal, ∼ 12% are thrust and the rest (∼ 32%) are oblique-type
earthquakes.

A uniform slip model is then obtained by assigning to each point on the fault a slip vector
with magnitude and direction given by the rake of the preferred nodal plane. The orientation of
the fault is given by the strike and dip of the preferred nodal plane, which choice is discussed in
the Section 2.3.2.
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TABLE 2.3. Empirical relations from Wells and Coppersmith [1994] used to estimate
the subsurface-rupture length (L), rupture width (W) and amplitude of average slip
(ū) given the magnitude, M, and faulting style of any earthquake; All the relations
have the general form 10aM+b.

Property Faulting Style a b

Rupture Length
(L)

Strike-Slip 0.62 -2.57
Reverse 0.58 -2.42
Normal 0.50 -1.88
Oblique 0.59 -2.44

Rupture Width
(W)

Strike-Slip 0.27 -0.76
Reverse 0.41 -1.61
Normal 0.35 -1.14
Oblique 0.32 -1.01

Average
Displacement (ū)

Strike-Slip 0.9 -6.32
Reverse 0.08 -0.74
Normal 0.63 -4.45
Oblique 0.69 -4.80

Several other flavors of slip distribution could be used instead of the uniformly distributed
slip that we proposed above. One of them is to use a tapered slip distribution with slip being
zero at the edges of the fault. The argument given in favor of such a slip distribution is that
it does not lead to strong stress singularities at the edges of the fault. However, Steacy et al.
[2004] noted that the percentage of Landers aftershocks that received positive Coulomb stress
change from the Landers earthquake on one or both nodal planes is almost the same when using
tapered and uniform slip distributions, which suggests that our result should not depend on this
choice.

2.3.2 Focal Plane Ambiguity

A focal mechanism defines two nodal planes and in most cases, it is unclear which one ruptured.
The importance of the choice of the nodal plane for the present study is that the computed
Coulomb stress change depends on strike, dip and rake of both source and receiver faults.

In this work, we use the earthquake clusters present in the HAUK-catalog as information
to resolve the nodal plane ambiguity (Section A.1). These clusters are formed on the basis of
waveform cross-correlation [see details in Hauksson et al., 2012], which measures the similarity
between two waveforms. A high cross correlation between the waveforms of two earthquakes
at a given set of stations implies that the two earthquakes have very similar focal mechanisms
and their relative location is such that heterogeneities in the velocity cause very small signal
scattering [Waldhauser et al., 2000].

It is tempting to assume that all events present in a cluster occurred on the same planar
structure. However, several of the clusters are composed of multiple sub-clusters of earthquakes,
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which can potentially represent different faults with varying orientations as illustrated with the
epicentres of earthquakes belonging to the cluster with unique identification number 50106 (Fig-
ure A2). Note that we have created the five-digit unique identification number for each cluster
by combining the polygon index (varying from 1-5) in which the earthquakes belonging to the
cluster are located, with the similar event cluster identification number (varying from 0001-
4317) originally assigned to each cluster. The epicentres indicate the presence of multiple fault
segments. Even though the earthquakes seemingly belong to faults with different orientations,
their assignment to a single cluster can be understood in the following way. In the HAUK-catalog,
two events are designated as similar if the cross correlation of their waveforms yields at least
8 cross correlation coefficients from all stations larger than 0.6, and if the average of the max-
imum cross-correlation coefficients from all stations is larger than 0.4 [Hauksson et al., 2012].
By increasing or decreasing these preset thresholds, one can further increase or decrease the
similarity between the pairs of events, thereby decreasing or increasing the possibility of two
events belonging to different faults being assigned to one cluster. Furthermore, earthquakes be-
longing to conjugate faults would produce approximately similar waveforms at a given station if
the path travelled by corresponding waves were approximately the same. This explanation is in-
deed verified in the cluster shown in Figure A2 where we see the presence of such near-conjugate
faults.

In each cluster of the HAUK-catalog, we further need to identify sub-clusters of earthquakes
that could be designated as occurring on a single fault segment. We apply a method similar to
Ouillon and Sornette [2011] to each cluster of the HAUK-catalog in order to reconstruct the
seismically active part of the fault network (Section A.1.1-A.1.2). These reconstructed faults are
then used to resolve the focal plane ambiguity (Section A.1.3).

2.3.3 Appraisal of Coulomb stress change hypothesis

2.3.3.1 Deriving waiting-time distributions

Our first approach is to estimate the parameters of the conditional waiting time distribution
conditioned on the Coulomb stress change. For clarity of exposition, we have outlined our general
methodology in the flow chart shown in Figure A8.

We define the waiting time, ti j, between two earthquakes Ei and E j as:

(2.1) ti j = t j − ti

In Equation 2.1, ti is the occurrence time of earthquake Ei that causes the ∆CFSi j Coulomb
stress change at the location of earthquake E j that occurs at time t j. ∆CFSi j is considered
causal if ti j > 0 and acausal otherwise.

We assume that a sudden stress change at a given location alters the waiting time to the next
earthquake. A positive ∆CFSi j should shorten ti j while a negative ∆CFSi j should increase
ti j if the static stress change hypothesis is correct. With 21,480 earthquakes in the catalog

18



2.3. METHOD

above mT = 2.5, we have ∼ 230,684,460 causal pairs. Computation of more than one hundred
million Coulomb stress change interactions is computationally expensive, thus we reduce the
computation time by only computing if the ratio of the source-receiver distance to the source
event length satisfies the following condition:

(2.2)
di j

Li
≤ 10

Here, di j is the hypocentral distance between earthquake Ei and E j is the Li rupture length
of earthquake Ei (Table 2.3). Applying this constraint reduces the total number of causal pair
interactions to ∼2,500,000 pairs, enabling effective result generation and analysis.

We then sort ti j according to the absolute amplitude (|∆CFSi j|) of the static stress changes
and divide the latter into k different stress bins, where k varies between 1 and nbin(=50), where
nbin is the total number of Coulomb stress bins. Each of these stress bins contains an equal
number (Nk ∼50,000) of waiting times. We consider the median of |∆CFSi j| in the kth stress
bin, |∆CFSi j|median

k , as the representative stress value of the kth stress bin. Each of the stress
bins contains two groups of waiting times, tk+

i j or tk−
i j , depending on whether the associated

Coulomb stress change was positive or negative. The total number of waiting times in any bin,
Nk, is equal to the sum of number of waiting times for which the associated Coulomb stress
change is positive (Nk+) and negative (Nk−).

For both groups, we model the probability density function (PDF) of waiting time distribution
(W) as a tapered Omori-decay using the form:

(2.3) W(t,K , c, p,τ,B,θ) = (K(t + c)−ρ e−t/τ + B)e−t/θ
∫T

0 (K(t + c)−ρ e−t/τ + B)e−t/θdt

Equation 2.3 respectively consists of a triggering and a background rate component, tapered
by an exponential term to model the finiteness of the catalog. The triggering component, K(t +
c)−ρ e−t/τ, resembles the kernel used for modeling an Omori decay along with an exponential
taper with a characteristic time τ beyond which the rate of aftershocks exponentially decays to
the background seismicity rate B. T denotes the length of the catalog.

In a catalog, the sources that occur earlier in time have more available targets than the
ones that occur later in time due to the finite size of the catalog, which makes the waiting time
distribution biased at long times. To model this bias, we introduce an exponentially decaying
term to modulate the whole waiting time distribution, with characteristic time θ, which is a
generic way to model finite-size effects.

The parameters of the waiting time distribution, λ= {K , c,ρ,τ,B,θ}, are then obtained by
maximizing the log likelihood. Equation 2.4 gives the log-likelihood of the waiting time distribu-
tion.

(2.4) LL =
n∑

m=1
log{W(tm,K , c,ρ,τ,B,θ)}
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Here, {tm,m = 1ton} are the observed waiting times in the stress bin for which the log-likelihood
is being optimized and n is the total number of waiting times present in that bin. We have
numerically maximized LL for all k stress bins to obtain two sets of parameters λk+ and λk− and
respective maximum log likelihood per data point, MLLk+ = max(LLk+)

Nk+ and MLLk− = max(LLk−)
Nk− ,

corresponding to the waiting times tk+
i j and tk−

i j respectively.

We then define R as the ratio of the instantaneous triggered rates to background rates

(2.5) R = K
Bcρ

Ideally, the spatial volumes covered by the corresponding stress bins should normalize the seis-
micity rates in all stress bins. However, computing the volume of different stress bins to normal-
ize the corresponding seismicity rates is not simple. However, since both background seismicity
rate and triggered seismicity rate sample the same volume for a given stress bin, taking their
ratio removes this effect. Using the two sets of parameters, λk+ and λk−, we obtain two sets of
ratios for the instantaneous triggered rates to background rates, Rk+ and Rk−, for each stress
bin.

We then investigate the dependence of R on Coulomb stress changes. In particular, we com-
pare the values of Rk+ to Rk− for the kth stress bin with the median Coulomb stress change
amplitude |∆CFSi j|median

k .

2.3.3.2 Uncertainties in parameters of the waiting time distribution

We compute uncertainties in the parameters λk+ and λk− for all the k stress bins. The uncer-
tainty in these parameters comes from the conditioning of the distribution of ti j on ∆CFSi j.
Sources of uncertainties in Coulomb stress changes are many and we consider only data uncer-
tainties as outlined above: location, focal mechanism and choice of the correct nodal plane.

To compute the uncertainty in λk+ and λk−, we first randomly perturb the location of the
earthquakes present in the relocated and focal mechanism catalogs according to the respective
absolute horizontal and depth uncertainties. We also perturb the focal mechanisms of earth-
quakes according to their corresponding uncertainty. We then determine the preferred normal
and slip vectors for each earthquake. We make the choice of nodal planes according to this
method for all earthquakes except for the 10 earthquakes for which slip models are available.
For the latter, we randomly choose between the available slip models. With the perturbed earth-
quakes locations and preferred normal and slip vectors for each earthquake in the focal mecha-
nism catalog, we compute the estimates of λk+ and λk− for the given realization of the catalog.
Repeating these steps 1000 times, we obtain 1000 estimations of λk+ and λk−, which are then
used to compute the median value and the 2.5-97.5% confidence intervals of each parameter
within each stress bin.
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2.3.3.3 Coulomb Indices (CI)

The second metric that we use to validate the static triggering hypothesis is the Coulomb In-
dex (CI), traditionally defined as the fraction of earthquakes in the catalog that received a net
positive Coulomb stress change from all the preceding earthquakes [Hardebeck et al., 1998].
However, this definition suffers from two main deficiencies: the first arises from the finiteness
of the catalog. The net Coulomb stress change at a receiver event can vary significantly if one
varies the time length of the catalog. Secondly, the obvious incompleteness of the focal mech-
anism catalog influences the result. The largest Coulomb stress contributor to a given target
could be a very small event, by the virtue of its spatial proximity, not recorded in the catalog at
all.

To avoid these two major deficiencies, we use a modified definition of CI values. We define
CI as the fraction of causal pairs in the earthquake catalog with positive Coulomb stress change
interaction (∆CFSi j>0). Note that the causal pairs have to satisfy the distance/length constraint
(Equation 2.2) for the sake of faster computations. In this definition, the CI value is computed
from a representative subsample of all causal Coulomb stress changes without bias.

Moreover, unlike previous studies [Hardebeck et al., 1998; Meier et al. 2014] we extend the
analysis by categorizing the CI value as a function of Coulomb stress change and waiting times
between earthquakes. The CI value for the kth stress bin at time t is then equal to:

(2.6) CIk(t) = Nk+Wk+(t)
Nk+Wk+(t)+ Nk−Wk−(t)

Here, Wk+ and Wk− are the analytical waiting time distributions with parameters λk+ and λk−

that best model the distribution of tk+
i j and tk−

i j respectively. Nk+ and Nk− are the total number
of source receiver pairs with positive and negative Coulomb stress changes, respectively. Note
that Nk+ + Nk− = Nk is constant for all stress bins. The estimate of CIk(t) does not involve
any binning in time as we use the proposed theoretical waiting time distributions with the
parameters estimated for different stress bins.

For the static triggering hypothesis to hold, the CIk(t)’s should be significantly larger than
a Mean-Field Coulomb index (MFCI), at least above a certain stress threshold. The definition of
the MFCI is extremely important for accepting or rejecting the static stress hypothesis. A suit-
able choice for the MFCI depends on the geometry of the underlying fault network. As pointed
out by Meier et al. [2014], the observed CI value may simply be a consequence of the underlying
fault network, which dictates the location and focal mechanism of earthquakes. Only after we
decouple the effect of the underlying fault network from the observed CI value, are we able to
see the effect of static stress triggering if it exists.

To compute the MFCI, we first randomly shuffle the order of the events in time while keeping
each event associated to its original spatial location and preferred nodal plane (see Section A.1).
Hereby, we approximately remove the space-time causality between the events, which might
exist due to the static stress triggering. We then compute the Coulomb stress change interac-
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tions between causal pairs for this randomly shuffled catalog as for the original catalog. Further,
we compute the CI value for each reshuffled catalog by taking the ratio of the total number of
positive Coulomb stress interactions to the total number of pairs. This gives a MFCI that we
would observe if the events were not causally related to each other. Note that the MFCI reflects
properties of the fault network since the geometry is conserved in the time randomization proce-
dure. On the time scale of the catalog, the fault network is assumed to be static and not evolving.
Thus, MFCI should also be independent of the specific realization of the waiting times between
all earthquake pairs in the real (non-shuffled) catalog.

2.3.3.4 Uncertainty of the CI

Our computed CIk(t) features uncertainties rooted in ∆CFSi j uncertainties. The uncertainty
in the CIk(t)’s is simply the manifestation of the uncertainty in the parameters, λk+ and λk−,
and in the total number of positive and negative Coulomb stress change interactions in a given
Coulomb stress change bin, Nk+ and Nk−, according to Equation 2.6. As a result, the uncer-
tainty in CIk(t) can be simply computed once we have computed the uncertainty in λk+, λk−,
Nk+ and Nk−. We also compute the uncertainty in MFCI by computing a MFCI as described in
Section 2.3.3.3 for each of 1000 focal mechanism catalogs perturbed according to location and
focal mechanism uncertainties.

2.3.3.5 Statistical significance using Wilcoxon-Ranksum test

We primarily want to test the statistical significance of Rk+ and CIk(t) respectively over Rk−

and MFCI. This is done using the right tailed Wilcoxon Ranksum test [Wilcoxon, 1945]. Given
two populations, A and B, we test the null hypothesis (H0) that the medians of some quantity (X)
measured for both populations are equal against the alternative hypothesis (HA) that the me-
dian X for population A is larger than that of population B at some predefined significance level,
α. The null hypothesis is rejected if the p-value or pval , which is the probability of obtaining the
test statistic at least as extreme as the one that was actually observed (assuming that the null
hypothesis is true), is found to be smaller than α. A standard value of α used in the literature is
0.05 or 0.01.

For instance, to test the statistical significance of CIk(t) against the MFCI for the kth stress
bin, we test the null hypothesis that, at a given time t, the median of CIk(t) is equal to the
median of the mean-field CI value against the alternative hypothesis that the median value of
CIk(t) is larger than the median value of MFCI at significance level of 0.01.

2.3.4 Effect of random choice of the nodal plane

We repeat the analysis described in Section 2.3.3 using a random choice of the nodal plane
for each earthquake instead of the preferred nodal plane according to the method proposed in
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TABLE 2.4. List of optimal parameters of the best fit of the waiting time distributions
for different cases (Figure 2.1)

Case K ρ c (days) τ (days) B θ (days)
PREF,
+∆CFS 0.40 0.81 0.039 133 2.2×10−4 3011

PREF,
−∆CFS 0.13 0.72 0.049 131 2.2×10−4 2876

RAND,
+∆CFS 0.24 0.78 0.042 137 2.3×10−4 2924

RAND
−∆CFS 0.22 0.75 0.049 133 2.4×10−4 3153

Section A.1. We then compare the results for the preferred choice of the nodal plane to results
obtained with the random choice. This is done to check that stress, and not strain, is the relevant
quantity for triggering, and that the knowledge of the underlying network improves our ability
to study quantitatively such a process.

2.4 Results

In the following sections, we refer to the case where preferred nodal planes are used as PREF,
and the case where randomly chosen nodal plane are used as RAND.

2.4.1 Goodness of fit of the tapered Omori-law to empirical waiting time
distributions

As our interpretations about the validity of the static stress change hypothesis rely on the vari-
ation of the parameters of the proposed waiting time distribution that should be related in a
significant way to the coulomb stress changes, it is imperative that the proposed waiting time
distribution fits well the data. We demonstrate the goodness of fit visually by plotting the empir-
ical and inverted waiting time distributions for one of the positive and negative Coulomb stress
bins (|∆CFS|median

k ∼ 42,000Pa) for PREF and RAND (Figure 2.1).
The different scattered markers represent the empirical waiting time distributions, which

are obtained using kernel density estimation with an Epanechnikov kernel [Epanechnikov, 1969]
with a smoothing parameter of 0.01 and 1000 time bins, for the four possible cases shown in the
legend. The binning in time has been done logarithmically, which implies that the size of the
time bins remains constant on logarithmic scale (base 10). Solid lines represent the waiting
time distribution whose parameters have been obtained by maximizing the log likelihood for
the tapered Omori-law (Section 2.3.3.1). The optimal parameters corresponding to each case
are shown in Table 2.4. The large scatter in the empirical distributions at small times can be
attributed to the very small size of the time bins, which contain fewer events and thus exhibit
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FIGURE 2.1. Empirical and proposed best fit waiting time distributions for positive
and negative stress bins and for PREF and RAND respectively; Scattered markers
represent the empirical distributions obtained using a kernel density estimation;
Smooth lines show the best fitted waiting time distribution obtained by maximizing
the log likelihood with corresponding optimal parameters shown in Table 2.4; Both
the empirical and the fitted waiting time distribution have been normalized to 1
and then translated along Y-axes by a factor of 100; The median Coulomb stress
change in all cases is ∼ 42,000Pa; An excellent correspondence is found between
the empirical and theoretical waiting time distributions.

larger statistical fluctuations. Also, note that, the apparent decays in the waiting time distribu-
tions at waiting times smaller than 10−3 days are artifacts. As the size of the time bins become
very small, they either contain one or no observation. Since the size of consecutive time bins
increases with as constant factor, the resulting empirical distributions obtained by normaliza-
tion of the number of observations in each time bin by its size show apparent power-law decays
with unit exponents. We identify roughly four regimes in Figure 2.1 that can be observed in the
empirical waiting time distributions, which have been modeled using the proposed form of the
waiting time distribution (Equation 2.3). The Pre-Omori Regime corresponds to waiting times
smaller than c. In the Omori Regime, the waiting distributions exhibit a power-law decay with
an exponent equal to ρ. The power-law decay then transitions to a constant background rate, B,
through an exponential taper with a characteristic time τ. Finally, the distribution is subjected
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to the effects resulting from the finite size of the catalog and decays nearly exponentially for
waiting times > θ. We find that the proposed form of the waiting time distribution with the op-
timal parameters fit the empirical distribution well except in the upper tail in all cases. In the
upper tail, the empirical waiting time distribution seems to decay faster than the proposed form.
For improvement of the fit, we might need to modify the exponential taper used to model the
finiteness of the catalog to even faster decaying taper. However, the fits in other parts of the dis-
tribution are reasonable and we speculate that the values of the maximum likelihood estimates
of the parameters except would only change marginally after such a modification.

Finally, in Section A.4 we compare the relative goodness of fit of inverted models for all the
stress bins and all the cases. We find that the inverted models fit the real data equally well in
all the stress bins for all the four cases.

2.4.2 Dependence of the triggering ratio, R, on Coulomb stress change

In Figure 2.2a, we show the variation of ratios Rk+ and Rk− as a function of Coulomb stress
change for PREF and RAND. For both PREF and RAND, Rk+ and Rk− increase with increasing
|∆CFSi j|median

k . Moreover, Rk+ seems to be larger than the corresponding Rk− in both cases.
We test the significance of this observation with a right tailed Ranksum test. In Figure 2.2b, we
show the pval of the tests corresponding to PREF (red dots) and RAND (blue crosses). For the
clarity of the figure, we have defined the lower limit for the pval to be 10−10. We have chosen
two significance levels of 0.01 and 0.05 to demonstrate the stability of our results, which are
shown as dotted and solid lines respectively. For both PREF and RAND, we find that Rk+ is
significantly larger than the corresponding Rk− above a stress threshold of ≈ 10Pa and ≈ 24Pa
respectively, which does not seem to be affected by the choice of the significance level.

We also find that the value of corresponding to PREF seems to be larger than in for RAND
for all stress bins above ≈ 9Pa. On the other hand, Rk− for PREF seems to be smaller than for
RAND for all stress bins above ≈ 6Pa. We also verify these observations using the Ranksum test
as described before (Figure A10).

Finally, we also note in Figure 2.2a that Rk+−Rk− increases with increasing |∆CFSi j|median
k

in both cases of PREF and RAND. Moreover, Rk+ − Rk− corresponding to PREF is larger than
for RAND.

2.4.3 Variation of Coulomb Indices (CI) as a function of Coulomb stress
change and waiting time

Figure 2.3(a) and Figure 2.4(a) show the variation of CI values as a function of waiting time and
Coulomb stress change for PREF and RAND, respectively.

To check for the statistical significance of the CI values in both cases over the respective
MFCI value given the uncertainty in estimating these two quantities, we perform the statistical
test proposed in Section 2.3.3.5. Figure 2.3b and Figure 2.4b show the map of obtained from this
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FIGURE 2.2. (a) Rk+ and Rk− (Ratio of instantaneous triggering to background rate)
vs. Coulomb stress change for both PREF and RAND; the legend shows the labels
corresponding to the four cases; the median value corresponding to each case is
plotted using markers; shaded region plotted in the same colors as the markers
show the 95% confidence interval delineated by the 2.5% and 97.5% quantiles; (b)
of Ranksum test vs. Coulomb stress change for PREF (Red circles) and RAND (Blue
crosses); The null hypothesis and the alternative one in both cases is shown in the
legend; the significance level of 0.01 and 0.05 is shown in grey line and black line
respectively; The Coulomb stress change threshold above which the null hypothesis
is rejected is 10 Pa and 24 Pa for PREF and RAND respectively.

26



2.4. RESULTS

FIGURE 2.3. (a) Map of observed CI value as a function of waiting time and Coulomb
stress change for PREF; The color corresponding to the Mean Field CI value
(MFCI), which equals 0.54, is shown on the color bar; The contour line correspond-
ing to the MFCI is shown as the black solid line on the map; (b) Map of pval of the
Ranksum test as a function of waiting time and Coulomb stress change showing
the significance of CI values for PREF over the corresponding MFCI; The colors
corresponding to the significance level 0.01 and 0.05 are shown in the color bars;
The black contour line on the map mark the pval equal to the significance level
α = 0.01; Double headed arrows mark the three regimes that are apparent on the
map.
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FIGURE 2.4. (a) Map of observed CI value as a function of waiting time and Coulomb
stress change for RAND; The color corresponding to the Mean Field CI value
(MFCI), which equals 0.52, is shown on the color bar; The contour line correspond-
ing to the MFCI is shown as the black solid line; (b) Map of pval of the Ranksum test
as a function of waiting time and Coulomb stress change showing the significance
of CI values for RAND over the corresponding MFCI; The colors corresponding to
the significance level 0.01 and 0.05 are shown in the color bars; The black con-
tour line on the map mark the pval equal to the significance level α = 0.01; Double
headed arrows mark the three regimes that are apparent on the map.

test as a function of Coulomb stress change and waiting time for PREF and RAND respectively.
As before, we have artificially set the lower-limit of the pval obtained from both tests to 10−10.
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FIGURE 2.5. CI(t = 0) as function of Coulomb Stress change for both PREF and RAND;
The legend shows the labels corresponding to the two cases; The median value
corresponding to each case is plotted using markers; The shaded region plotted in
the same colors as the markers shows the 95% confidence intervals delineated by
the 2.5% and 97.5% quantiles

Both CI value and significance map for both PREF (Figures 2.3a-b) and RAND (Figures 2.4a-b)
show the existence of three Coulomb stress regimes. The first regime corresponds to the smallest
Coulomb stress changes smaller than ≈ 6Pa and ≈ 8Pa for PREF and RAND respectively. In
this stress regime, the CI values for both cases are always smaller or indistinguishable from
their respective Mean-Field CI values. In the second regime, Coulomb stress change larger than
≈ 6Pa and waiting time smaller than ≈ 158days for PREF and Coulomb stress change larger
than ≈ 8Pa and waiting time smaller than ≈ 108days for RAND, the CI values for both cases
are significantly larger than respective Mean-Field CI of 0.54 and 0.52 respectively. In the third
regime, for waiting times larger than ≈ 158days for PREF and ≈ 108days for RAND, the CI
values seems to be indistinguishable from the Mean-Field CI values. All the three regimes have
been annotated both in Figures 2.3b and 2.4b using double-headed arrows.

In Figure 2.5, we show the variation of the median CIk(t = 0) as a function of |∆CFSi j|median
k

for both PREF (red circle) and RAND (blue star). We observe that CIk(t = 0) increases with
increasing |∆CFSi j|median

k . Moreover, CIk(t = 0) corresponding to PREF is systematically larger
than in the case of RAND. We also find that the CI values corresponding to PREF are almost
always larger than the CI values corresponding to RAND for |∆CFSi j|median

k larger than ≈ 11Pa
with some exceptions at large waiting times, where the fitting model shows less adequacy.
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2.5 Discussion

2.5.1 Evidences for and against static stress triggering

2.5.1.1 Findings supporting static stress triggering

For PREF, significantly larger values of Rk+ compared to Rk− (Figure2.2a and b) point towards
preferential triggering in areas that received a positive Coulomb stress change from preced-
ing earthquakes, compared to areas that were supposedly relaxed by negative Coulomb stress
changes. Moreover, the increase of Rk+ −Rk− and Rk+ with increasing Coulomb stress change is
consistent with static triggering.

Last but not the least, significantly larger CI values compared to MFCI for Coulomb stress
change larger than ≈ 6Pa and waiting time smaller than ≈ 158 days for PREF and Coulomb
stress change larger than ≈ 8Pa and waiting time smaller than ≈ 108 days for RAND (Figures
2.3-2.4) correlate with preferential triggering in positive stress bins for waiting times smaller
than few hundred days, which cannot be explained by the time independent geometry of the
fault network.

2.5.1.2 Findings in apparent contradiction with static stress triggering

We also find evidence for Omori decay in the negative stress bins (Figure 2.1). The Omori decay
is thought to be a signature of triggering and should therefore not be observed for negative stress
bins at all.

Further, we find that Rk− increases with the amplitude of Coulomb stress change (Figure
2.2a). This observation implies that larger negative Coulomb stress changes lead to larger trig-
gered to background rate ratio. This observation again is in contradiction with the static trigger-
ing hypothesis.

However, the above observations can be accounted for by remarking that there exist un-
certainties in the sign of the computed Coulomb stress change, which leads to mixing of wait-
ing times between a positive and negative Coulomb stress bin with similar amplitude of stress
change. While the uncertainty in the sign of computed Coulomb stress changes exist at all dis-
tances due to the focal plane ambiguity, uncertainty in the strike, dip and rake of the chosen
nodal plane and uncertainty in the location of earthquakes, it is further aggravated in regions
close to the source, which correspond to higher Coulomb stress changes and depend severely on
unknown details of the slip distribution, compared to regions far away from the source. This
unavoidable mixing predicts, in agreement with observations, that similar trends should be ob-
served for the parameters inverted from the waiting time distribution in both cases.

Alternatively, the apparent contradiction of observations with the static triggering hypothe-
sis could be accounted for if we accept that static triggering is not the sole triggering mechanism
and works in conjunction with other triggering mechanisms such as dynamic triggering, which
has often been invoked in literature to explain the apparent absence of stress shadows [Felzer
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et al., 2006; Felzer and Brodsky, 2005]. A possible qualitative model could be that the passage
of seismic waves initiates a relatively isotropic triggering around the source according to the
Omori law that is further modulated by the anisotropic static stress field. Furthermore, as the
distance between the source and the targets increase, the static stress change differences be-
tween positive and negative stress bins diminish. As a result, the ability of static stress changes
to modulate the triggered seismicity initiated by the passage of seismic waves would also di-
minish with decreasing amplitude of the stress changes, which could explain the decrease in
differences between Rk+ and Rk− with decreasing amplitude of the Coulomb stress change.

Finally, the aforementioned contradictions could also be explained solely in the framework of
static triggering if we consider that the sources can not only trigger the targets directly but also
in multiple steps [Saichev et al., 2005]: a primary source triggers a secondary source that trig-
gers the target. Note that, any number of intermediate steps could exist between the primary
source and the target. It is then possible that even though the primary source and the target are
directly connected via a negative Coulomb stress change the actual pathway of triggering fol-
lowed a positive Coulomb stress change at each step. Since the whole pathway is not accounted
for in our analysis, this would then give rise to observations that would appear contradictory to
the static triggering hypothesis.

While all the aforementioned scenarios solely, or in combination, explain the observations
of similar behaviours for both positive and negative Coulomb stress bins, they would lead to
inconclusive results if there were no other properties allowing us to distinguish the positive and
negative stress bins. In fact, we observe much larger effects of the Coulomb stress change in
positive stress bins than in negative stress bins. Indeed, this is precisely what we should expect
if (i) the static stress triggering mechanism is present and (ii) one or all of the above mentioned
scenarios were true.

2.5.2 Comparison of results obtained for PREF and RAND

We have larger mixing between positive and negative stress bins for RAND than for PREF, as
we randomly chose the nodal planes of all earthquakes for RAND. Larger mixing of waiting
times between positive and negative stress bins in the RAND case can explain the observations
that Rk+ for PREF are larger than for RAND, while Rk− for PREF are smaller than for RAND
(Figure 2.2a and Figure A3). The mixing effect neutralises the differences in seismicity rate in
positive and negative stress bins. As a result, we find that the difference between Rk+ and Rk−

is larger in the PREF case than in the RAND case. This mixing effect also leads to significantly
larger CI values in the PREF case than in the RAND case.

The comparison of the results between these two cases also outlines the importance of the
choice of nodal planes before computing Coulomb stress changes. Thus, correctly choosing a
nodal plane would increase our ability to observe the effects of sign of static stress changes.
Moreover, this comparison allows us to quantitatively verify the predictions of the argument
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TABLE 2.5. Coulomb stress change thresholds observed for different seismicity parame-
ters measured from waiting time distributions for 50 Coulomb stress bins; Criteria
(1-2) correspond to the ratio of triggered to background seismicity rate (R) whose
variation is shown in Figure 2.2a-b; Criteria (3-4) correspond to the fraction of
positive Coulomb stress interaction (CI) whose variation and significance over the
mean-field CI value is shown in Figure 2.3-2.4.

Index Criteria Coulomb stress threshold
1 Rk+

PREF > Rk−
PREF ≈ 10Pa

2 Rk+
RAND > Rk−

RAND ≈ 24Pa
3 CIPREF > MFCIPREF ∆CFS > 6Pa; ti j <≈ 158days
4 CIRAND > MFCIRAND ∆CFS > 8Pa; ti j <≈ 108days

of unavoidable mixing between positive and negative stress bins offered in Section 2.5.1.2 to
explain the evidences apparently contradictory to the static triggering hypothesis.

In Table 2.5, we list the several Coulomb stress change thresholds observed for the differ-
ent seismicity parameters we measured (see also Figures 2.2-2.4). We find that Coulomb stress
thresholds observed for different metrics agree well with each other. Note that all the observed
stress change thresholds above which we detect the influence of the sign of Coulomb stress
change are significantly lower than those previously published [Reasenberg and Simpson, 1992;
Hardebeck et al., 1998; Toda et al., 1998; Anderson and Johnson, 1999]. However, we find that
even below ≈ 10Pa for PREF and ≈ 24Pa for RAND, the log of ratio of triggered to background
seismicity rate is significantly larger than 0, the expected value in the case of no triggering, in-
dependently of the sign of Coulomb stress change. Combining these two evidences, we postulate
that even though significant triggering is observed in all the stress bins, we only evidence a de-
tectable modulating influence of the sign of static stress changes, a signature of static triggering,
above a certain stress threshold because of the possible influence of uncertainties in Coulomb
stress changes and the sensitivity of the metric used to detect that influence. Such an obser-
vation can be rationalised if we consider, for instance, that static triggering might not be the
sole triggering mechanism and works in conjunction with other triggering mechanisms, such as
dynamic triggering (see Section 2.5.1.2).

Note that some other studies [Ogata, 2005; Ziv and Rubin, 2000] have also shown evidences
against a minimum threshold necessary for triggering. Specifically, Ziv and Rubin [2000] find
significant triggering for Coulomb stress changes < 1kPa.

Finally, the stress thresholds for criteria 1-4 (Table 2.5) correspond roughly to a distance
(in units of source length) of 5.7, 4.5, 6 and 6.5 respectively. Beyond these distances, we do not
observe the influence of the sign of Coulomb stress changes. These distances can possibly define
the size of the aftershock zone in which using the sign of the Coulomb stress changes can possibly
improve the forecasting abilities of spatially isotropic models such as Epidemic Type Aftershock
Sequence (ETAS) models.
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FIGURE 2.6. τk+ and τk− vs. Coulomb stress change for both PREF and RAND; the
legend shows the labels corresponding to the four cases; the median value corre-
sponding to each case is plotted using markers; the shaded region shown in the
same colors as the markers shows the 95% confidence intervals.

2.5.3 Aftershock duration

The time τ is related to the average duration of aftershock sequences (Figure 2.6; also, see
2.3.3.1 and Table 2.1). It has been inverted directly from the waiting time distribution and
can be defined as the average characteristic time beyond which the rate of aftershocks decays
exponentially to the background seismicity rate. It can thus be interpreted as the largest time
scale until which the memory of past stress changes survives, thus being an effective Maxwell
time of the relaxation process [Sornette and Ouillon, 2005; Ouillon and Sornette, 2005].

Figure 2.6 shows that the characteristic times for triggered seismicity, τk+ and τk−, slightly
increase with increasing absolute amplitude of the median Coulomb stress change |∆CFSi j|median

k ,
both for PREF and RAND. The increase is marginal, and is only about 0.25 decades over 5
decades of variation in stress change amplitude. The median value of the characteristic time
varies between ≈ 95days and ≈ 180days. Also, note that the inverted characteristic times of
the waiting time distribution agree with the onset time of Regime 3 (≈ 158days for PREF and
≈ 108days for RAND) evidenced in Figures 2.3 and 2.4. The CI values that are significantly
larger than the MFCI prior to the onset time become indistinguishable from MFCI post this
time. In other words, beyond the onset time of Regime 3, which agrees with τ, no evidence of
static triggering is observed. This further provides support for τ representing the average char-
acteristic time scale until which the memory of past static stress changes survives.
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HYPOTHESIS USING INTER-EARTHQUAKE TIME STATISTICS

Several mechanisms could be proposed for the fading of the memory of past stress changes.
First, in a Maxwell material suddenly subjected to a deformation step, the stress decays with a
characteristic time η

E , where, η is the coefficient of viscosity and E is the elastic Young modulus.
This characteristic time is a material property and does not depend on the amplitude of the
stress change. Plugging in the values of the characteristic time and the elastic modulus, E =
32GPa, we find the viscosity to vary between ≈ 2.7 × 1017Pas and ≈ 4.7 × 1017Pas This low
value seems to be inconsistent with the very high viscosity estimates for the crust of the order
of ≈ 1024Pas at seismogenic depths [Bills et al., 1994].

Overprinting of stress changes caused by following earthquakes could also erase the memory
of the past stress. In that case, larger stress change areas should correspond to larger τ compared
to areas with smaller Coulomb stress change threshold. However, we also find that areas of
larger Coulomb stress changes are associated with higher seismicity rates (Figure 2.2a). As a
result, areas with high Coulomb stress changes would receive more imprinting stresses, which
would facilitate the deletion of the memory of past stress changes. The interplay of these two
effects could lead to an approximately constant characteristic time τ.

Given the range of τ between ≈ 95days and ≈ 180days, the observations of long aftershock
sequences of several large earthquakes (Stein and Liu, 2009) might seem paradoxical. This
paradox can be explained if we consider that τ is just an average parameter. In reality, it might
feature spatio-temporal variation depending on the local processes. Moreover, we should also
consider that the studies that have claimed to observe exceptionally long aftershock sequences
(longer than the usual length of instrumental catalogs) [Ebel et al., 2000; Stein et al., 2009]
feature huge uncertainties on the estimated background seismicity rate prior to the mainshock,
a key parameter necessary for estimating the aftershock duration. Last but not the least, Fig-
ure 2 from Davidsen et al. [2015] shows that both bare and dressed aftershock sequences cor-
responding to both Landers and Hector Mine earthquakes clearly display the signature of an
exponentially tapered Omori law with a characteristic time of the order of a few hundred days.
Also, in Section A.3, we further show that τ estimated by the means of a modified Epidemic
Type Aftershock Sequence (ETAS) model agrees well with the one inverted from the waiting
time distributions.

The knowledge of τ sets an average, non-arbitrary time boundary for case studies that are
based on Coulomb stress changes caused by mainshocks. Most importantly, our results point out
that forecasts based on static stress changes cannot be performed beyond times that are much
larger than a few hundred days on an average.

2.6 Summary and Conclusions

We conducted robust tests of the static triggering hypothesis by taking account of Coulomb stress
changes by all events with magnitude larger than 2.5 recorded in the state-of-the-art focal mech-
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anism catalog of southern California. We also considered the often-ignored uncertainties in the
Coulomb stress changes due to those in location and focal mechanism of the earthquakes in the
available catalog. Furthermore, we performed a two-fold test of the static triggering hypothesis.
In the first case, we resolved the focal plane ambiguity of the earthquakes, a problem often dis-
regarded in the previous Coulomb stress change studies, by first reconstructing the fault planes
within the predefined clusters present in the relocated catalog of southern California using a pat-
tern recognition method inspired by Ouillon and Sornette [2011], combined with a condition of
slip consistency within individual fault segments. In the second case, we chose the nodal planes
randomly between the two available choices.

We modeled the waiting time distribution between the earthquakes conditioned on the sign
and amplitude of the Coulomb stress change for both cases using the exponentially tapered
Omori law. We used the parameters of the waiting time distribution to evaluate different quan-
tities relevant to testing the static triggering hypothesis.

We found that there exists compelling evidence for the static triggering hypothesis above
consistently observed small stress thresholds (about 10Pa). Moreover, we also conclude that by
resolving the focal plane ambiguity, we are able to see the signature of static triggering more
clearly, which further outlines the importance of an informed choice of fault planes. The evidence
in favor of the static triggering hypothesis is further reinforced by the consistent observations
of the influence of sign of static stress changes independent of the values of the coefficient of
friction, Skemptons coefficient and magnitude threshold (Section A.2). We found very weak cor-
relations between the Coulomb Index and the coefficient of friction, which indicate that the role
of normal stress in triggering is rather limited.

Last but not the least, we find the characteristic time of the stress change memory of a single
event to be nearly independent of the amplitude of the Coulomb stress change and to vary within
the range from about 95 to 180 days. It sets an average non-arbitrary time boundary for case
studies that are based on Coulomb stress changes caused by mainshocks. Most importantly, our
results point out that forecasts based on static stress changes cannot be performed beyond times
that are much larger than a few hundred days on an average.
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3
OBJECTIVE ESTIMATION OF SPATIALLY VARIABLE

PARAMETERS OF EPIDEMIC TYPE AFTERSHOCK

SEQUENCE MODEL: APPLICATION TO CALIFORNIA1

T he ETAS model is widely employed to model the spatio-temporal distribution
of earthquakes, generally using spatially invariant parameters. We propose an
efficient method for the estimation of spatially varying parameters, using the

Expectation Maximization (EM) algorithm and spatial Voronoi tessellation ensembles.
We use the Bayesian Information Criterion (BIC) to rank inverted models given their
likelihood and complexity, and select the best models to finally compute an ensem-
ble model at any location. Using a synthetic catalog, we also check that the proposed
method correctly inverts the known parameters. We apply the proposed method to earth-
quakes included in the ANSS catalog that occurred within the time period 1981-2015
in a spatial polygon around California. The results indicate significant spatial vari-
ation of the ETAS parameters. We find that the efficiency of earthquakes to trigger
future ones (quantified by the branching ratio) positively correlates with surface heat
flow. In contrast, the rate of earthquakes triggered by far-field tectonic loading or back-
ground seismicity rate shows no such correlation, suggesting the relevance of trigger-
ing possibly through fluid-induced activation. Furthermore, the branching ratio and
background seismicity rate are found to be uncorrelated with hypocentral depths, indi-
cating that the seismic coupling remains invariant of hypocentral depths in the study
region. Additionally, triggering seems to be mostly dominated by small earthquakes.

 
1 CITATION: Nandan, S., G., Ouillon, S., Wiemer, and D., Sornette (2017), Objective Estimation of Spatially Variable    

Parameters of Epidemic Type Aftershock Sequence Model: Application to California, J. Geophys. Res. Solid Earth, 122, 

doi:10.1002/2016JB013266.
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Consequently, the static stress change studies should not only focus on the Coulomb
stress changes caused by specific moderate to large earthquakes, but also account for
the secondary static stress changes caused by smaller earthquakes.

3.1 Introduction

The Epidemic Type Aftershock Sequence (ETAS) model [Kagan and Knopoff, 1981, 1987; Ogata,
1988, 1998] is a widely used statistical model to describe the occurrence of earthquakes in space,
time and magnitude. In this model, any earthquake irrespective of its size can trigger other
(larger or smaller) earthquakes, which in turn can trigger more earthquakes and so on, leading
to a cascade of triggering. The key feature of the ETAS model is the apparent lack of traditional
labels such as foreshock, mainshock and aftershock [Helmstetter and Sornette, 2003a; Helmstet-
ter et al., 2003], which are often used for earthquakes by seismologists [see, for instance, Gardner
and Knopoff, 1974; Reasenberg, 1985; Zaliapin et al., 2008], based on the parsimonious assump-
tion that the same physical mechanisms give rise to all earthquakes.

Notwithstanding its simplicity, the ETAS model has been exceptionally successful in describ-
ing the numerous statistical properties associated with earthquakes [see for e.g. Helmstetter and
Sornette, 2002a, 2002b, 2003a and 2003b; Helmstetter et al., 2003]. However, it fails to account
for several key properties of seismicity such as existence of stress shadow regions (where seis-
micity rate following an earthquake is suppressed) [see for e.g. Nandan et al., 2016; Meier et al.,
2014]; multifractal nature of spatial distribution of earthquakes [Kamer et al., 2013]; magnitude
dependent exponent of Omori law [Ouillon and Sornette, 2005] and so on. Despite these failures,
it has been very successful (relative to other models) in forecasting the rates of future events, to
the extent that it easily outperforms the physics based models of seismicity and ranks among
the best models of earthquake forecasting developed to date [Werner et al., 2011; Console et al.,
2007; Iwata, 2010; Dieterich, 1994].

Considering that the parameters of the ETAS model are the manifestations of the physical
properties of the crust, which exhibit spatial variability, investigating the possible existence of
spatial variability of ETAS parameters is justified. In fact, numerous case studies [see Utsu and
Ogata, 1995 for list of references; Wiemer and Katsumuta, 1999] have documented the variability
of several ETAS parameters. For instance, the exponent of the modified Omori law (an empirical
law constituting the ETAS model) has been found to vary in a wide range (0.6-2.5) [Utsu and
Ogata, 1995] and has been proposed to be related to the tectonic condition of the region such as
structural heterogeneity, stress and temperature. In another application, Guo and Ogata [1997]
reported the variation of the exponent of the aftershock productivity law (another empirical law
contributing to the ETAS model) in the range 0.2-1.9 [Helmstetter, 2003]. Despite notable evi-
dence of spatial variation in ETAS parameters, its model parameters are generally considered
to be spatially homogenous [Zhuang et al., 2004; Werner et al., 2011; Helmstetter et al., 2006].
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Such simplifications, mostly made for computational convenience, have overarching ramifica-
tions. For instance, based on the spatially invariant estimate of the aftershock productivity law
exponent for the Southern California catalog, Helmstetter [2003] concluded that seismicity trig-
gering is driven by small earthquakes. This result has profound implications as it casts doubt
on most of the stress change studies, which consider static stress changes by only moderate to
large earthquakes and ignore the Coulomb stress changes caused by smaller earthquakes to
predict the location of future ones [King et al., 1994; Stein, 1999; Stein et al., 1994; Oppenheimer
et al., 1988, Parsons and Dreger, 2000; Wyss and Wiemer, 2000; Bhloscaidh et al., 2014]. As a
result, it is important to reinvestigate the findings of Helmstetter [2003] without the restrictive
assumption that the ETAS parameters are spatially invariant in order to falsify (or confirm) her
mean field observation and possibly differentiate regions where her result is valid from those
where it is not.

Another consequence with potentially serious impacts of the assumption of spatially homoge-
nous ETAS parameters is the inability to distinguish regions of smaller hazards from the higher
ones. Considering the spatial variability of the parameters would not only clarify this issue but
would further allow us to differentiate regions in terms of potential of the type of hazard (long
term or short term), which could possibly aid in policy formulations.

There is also a general lack of understanding about the physical origin of ETAS parameters,
which primarily arises from scarce attempts to correlate those parameters with geophysical
measurements. Some of the noteworthy attempts include investigations of Kagan et al. [2010],
Enescu et al. [2009] and Chu et al. [2011]. In particular, Kagan et al. [2010] and Chu et al.
[2011] investigated the variation of ETAS parameters across different tectonic settings. On the
other hand, Enescu et al. [2009] focused on the variation of the productivity law exponent and
its correlation with surface heat flow measurements. A common aspect of these three works is
the a priori delineation of the space-time window used to preselect the earthquakes that are
modelled using a spatially homogenous ETAS model. For instance, Kagan et al. [2010] and
Chu et al. [2011] use the definition of global tectonic zones proposed by Bird [2003] and Bird
and Kagan [2004] to select earthquakes from the National Earthquake Information Centers
(NEIC) Preliminary Determination of Epicenters (PDE) catalog to construct five sub-catalogs
(depending on the location of earthquakes in one of the five types of tectonic zones). The authors
then fit spatially homogenous ETAS model to each of the sub-catalogs of earthquakes to obtain
ETAS parameters for each of the five tectonic zone types. It is important to note that the authors
completely ignore the consequential possibility of spatial variability of the ETAS parameters
within a given tectonic zone. This constitutes a simplification, which is hard to justify, not only
because of the crustal heterogeneities but also because of the well known variability of far field
tectonic loading at least at the scale of tectonic zones used in these studies. Moreover, the authors
also make the unjustified assumption that the earthquakes occurring in one zone cannot trigger
earthquakes in any other zone.
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On the other hand, Enescu et al. [2009] use a window based method [Vidale and Shearer,
2006] to identify earthquake sequences that are well separated from other seismicity in space
and time. Post identification, the authors fit a space independent spatially homogenous ETAS
model to each of the seismic sequences individually. However, the window based pre-selection
of earthquakes introduces a brutal cutoff in space and time beyond which earthquakes are con-
sidered to be independent in terms of triggering since inter-sequence earthquake triggering is
assumed non-existent. As a result, all earthquake sequences are then thought to be independent
of each other. On a large scale, for e.g. as studied by Kagan et al. [2010] and Chu et al. [2011],
the finiteness of the catalog (in terms of space and time) might not be a major issue. However,
at the smaller scales of individual earthquake sequences, as in the study of Enescu et al. [2009],
serious biases could be introduced in the parameter estimates [Wang et al., 2010].

In the few scarce studies mentioned above, the adoption of such ad-hoc measures to quantify
the spatial variability in the ETAS parameters stems primarily from the near absence of reli-
able methods to partition space and estimate model parameters. Recently, Ogata et al. [2003]
and Ogata [2004, 2011] has proposed a novel and systematic method to hierarchically estimate
the spatial variation in all the parameters of the ETAS model. In his procedure, Ogata mod-
els an earthquake catalog with N earthquakes with nearly 5N parameters. On the surface, the
proposed model seems to have a huge number of parameters. However, all 5N parameters are
not all independent. Indeed, the effective number of parameters is determined by the strength
of the roughness penalty imposed by the author. Even though, the model does not effectively
have 5N parameters, one still has to invert for them. While the inversion problem would remain
tractable for catalog with limited number of earthquakes, we foresee that the computation time
(and amount of memory needed) would become extremely large as soon as one would want to
apply this method to large earthquake catalogs. Moreover, it is not clear (due to lack of synthetic
tests in Ogata [2004, 2011]) if this method reliably inverts the underlying ETAS parameters. We
think that appropriate synthetic tests should be the minimum pre-requisite for any new method
that attempts to invert parameters. Moreover, the burden to prove the reliability of the method
lies on the shoulder of the proponent. While Ogata or others might have done synthetic tests, we
were unable to find those in the public domain.

The goal of the present article is to present a method that can reliably invert the spatial
variability of the ETAS parameters, thus providing novel information for improving our under-
standing of the physical origin of the parameters via the existence of correlations with geophys-
ical properties of the crust.

The article is organized as follows. In Section 3.2, we describe our new method to jointly
invert the spatially variable parameters of the ETAS model. We also demonstrate, using appro-
priate synthetic tests, that our method is able to recover correctly the underlying spatial pattern
of the parameters used to generate synthetic catalogs (see Section B.1). As our data set, we use
the catalog of earthquakes spanning the whole California, which is described in Section 3.3.
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In Section 3.4, we apply our method to this dataset and present our main results. In Section
3.5, we investigate the origin of this spatial pattern by correlating the background and trigger-
ing seismicity parameters with some geophysical measurements such as surface heat flow and
hypocentral depth. Finally, we present our conclusions and propose directions for future work in
Section 3.6.

3.2 Method

3.2.1 Epidemic Type Aftershock Sequence (ETAS) Model

As already mentioned, the ETAS model is actively used to model the spatio-temporal distribu-
tion of earthquakes [Zhuang et al., 2002; Helmstetter and Sornette, 2002; Daley and Vere-Jones,
2002]. The ETAS model is an adapted version for seismicity of the self-excited conditional Pois-
son process [Hawkes, 1971a, 1971b; Hawkes and Oakes, 1974]. In this model, the conditional
seismicity rate, λ(t, x, y|Ht), at any location (x, y) and time t depends on the history of the earth-
quake occurrences up to t and is given by:

(3.1) λ(t, x, y|Ht) = µ(x, y)+
∑

i:ti<t
g(t − ti, x − xi, y− yi,mi)

In equation 3.1, Ht = {(ti, xi, yi,mi) : ti < t} represents the history of the process up to time t.
(ti, xi, yi,mi) respectively correspond to the time, x-coordinate, y-coordinate and magnitude of
the ith earthquake in the catalog. µ(x, y) is the background intensity function, which is assumed
to be independent of time, while g(t− ti, x−xi, y− yi,mi) is the triggering function. Several forms
have been proposed for the triggering function [Console et al., 2003; Ogata, 1998; Zhuang et
al., 2004; Zhuang et al., 2005; Harte, 2016]. In this paper, we use the form similar to the one
proposed by Zhuang et al. [2005]:

g(x, y, t − ti, x − xi, y− yi,mi) = K(x, y)ea(x,y)(mi−M0) × {t − ti + c(x, y)}−1−ω(x,y)

× {(x − xi)2 + (y− yi)2 + d(x, y)eγ(x,y)(mi−M0)}−1−ρ(x,y)(3.2)

The triggering function is composed of several components:

1. K(x, y)ea(x,y)(mi−M0) represents the fertility or productivity of the parent earthquake. It
is composed of a coefficient K(x, y) that may be space dependent and of an exponential
function of the parent earthquake magnitude mi. The exponent a is the fertility exponent
quantifying the relative productivity of earthquakes as a function of their magnitudes. Its
value determines crucially the relative importance of small versus large earthquakes in
their overall triggering impact [Helmstetter, 2002].

2. Spatial kernel, {(x−xi)2+(y− yi)2+d(x, y)eγ(x,y)(mi−M0)}−1−ρ(x,y), describes the spatial distri-
bution of offspring around the ith earthquake. d(x, y)eγ(x,y)(mi−M0) measures the magnitude
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dependent spatial extent of the aftershock zone of the ith earthquake. Note that, while we
have assumed for simplicity that the aftershock density around a mainshock decays with
distance according to a simple power-law, there have been other studies [Gu et al., 2013;
Moradpour et al., 2014], based on earthquake declustering method proposed by Zaliapin
et al. [2008], that suggest that the decay of the aftershock density with distance might not
be a simple power-law.

3. Omori Kernel, {t − ti + c(x, y)}−1−ω(x,y), describes the temporal distribution of offspring fol-
lowing the ith earthquake, according to the modified Omori law [Utsu, 1995], as used to
describe the rate of aftershocks.

4. Gi(θ) gives the expected number of offspring of first generation with magnitude larger
than a magnitude M0 of triggering, of any earthquake with magnitude mi in the time
period [ti,T] and in the spatial polygon S. Gi(θ) is given by the following equation:

(3.3) Gi(θ) =
∫T

ti

∫∫

S
g(t − ti, x − xi, y− yi,mi)dxd ydt

5. M0 is the magnitude of the smallest earthquake that can trigger its own aftershocks [Sor-
nette and Werner, 2005a]. For convenience, it is generally assumed that all earthquakes
below the magnitude of completeness (see Sornette and Werner [2005b] for implications) of
a catalog do not trigger any aftershocks [Ogata, 1988; Kagan, 1991; Ogata, 1998; Console
et al., 2003; Ogata, 2004; Zhuang et al., 2004].

6. In order to express the Omori and Spatial kernel as probability density functions while
computing the log-likelihood, the respective exponents ω(x, y) and ρ(x, y) are constrained
to be positive.

θ(x, y) = {µ(x, y),K(x, y),a(x, y), c(x, y),ω(x, y),d(x, y),γ(x, y),ρ(x, y)} represents the set of spa-
tially variable ETAS parameters. As already mentioned, in most previous works, θ(x, y) is gener-
ally assumed to be spatially invariant. Conventionally, these parameters are obtained by maxi-
mizing the log likelihood given by:

(3.4) l(θ) =
∑

i
log

(
λ(ti, xi, yi|Hti )

)
−

∫T

0

∫∫

S
λ(t, x, y|Ht)dxd ydt

where [0,T] and S are respectively the time window and spatial polygon in which the data is
observed.

3.2.2 Estimation of ETAS parameters using the Expectation Maximization
(EM) approach

As pointed out by Veen and Schoenberg [2008] and Schoenberg [2013], the maximum likelihood
based inversion of ETAS parameters has several deficiencies. Typically, the Loglikelihood de-
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fined in Equation 3.4 is maximized using a numerical optimization routine, because no closed
form solution is available. In cases where the log-likelihood function is extremely flat in the
vicinity of its maximum, which could arise due to lack of sample information and/or parameter
correlations [Harte, 2016], the numerical optimization routines have convergence problems and
can be substantially influenced by arbitrary choices of the starting values [Veen and Schoenberg,
2008]. This problem can be further aggravated by the fact that the log-likelihood (Equation 3.4)
can be multimodal due to the underlying model or as a result of numerical inaccuracies.

Moreover, the maximum likelihood based inversion is extremely slow as it involves the es-
timation of

∫T
0

∫∫
S λ(t, x, y|Ht)dxd ydt for each guess of θ in the optimization routine. Since no

analytical expression is available, the integration is performed numerically. However, numerical
approximation of a spiky function in 3D is computationally expensive, and can lead to a sluggish
estimation of θ [Schoenberg, 2013].

It is also important to note that there is a lot of missing information in a given recording of
earthquake sequences. By construction, the ETAS model attributes probabilistic weights to each
possible filiation of which previous earthquake triggered which following earthquakes, while the
knowledge of this progeny structure is absent in any catalog. The degeneracy associated with the
many possible filiation histories is the cause for the degeneracy of the likelihood function and the
sloppiness of the estimated parameters [Brown and Sethna, 2003]. Given missing information,
the Expectation Maximization method seems ideally suited to cope with it. Indeed, Veen and
Schoenberg [2008] proposed using the Expectation Maximization scheme [Dempster et al., 1977;
Baum et al., 1970; Hartley et al., 1958] for the estimation of θ. The method of estimation can be
broken down into two main steps:

1. Expectation step (or E-step): given the current guess of the parameters at step n, θ̂n, we
first compute the probability that the jth earthquake is the offspring of the ith earthquake,
Pn

i, j, using:

(3.5) Pn
i, j = g(t − ti, x − xi, y− yi,mi|θ̂n)

λ(t j, xj, yj|Ht j , θ̂n)

Using Pn
i, j, we can then estimate the total number of independent events, φn, using:

(3.6) φn =
N∑

j=2

(

1−
j−1∑

i=1
Pn

i, j

)

+1

We can also estimate the total number of direct aftershocks triggered by the ith earth-
quake, ψn

i , using:

(3.7) ψn
i =

N∑

j=i+1
Pn

i, j

2. Maximization step (or M-step): in this step, we maximize the complete data log-likelihood,
ln

c (θ) with respect to the parameters θ, defined as:
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ln
c (θ) = −log

(
Γ(φn +1)

)
−µAT +φnlog(µAT)

+
N∑

i=1

(
−log

(
Γ(ψn

i +1)
)
−Gi(θ)+ψn

i log (Gi(θ))
)

(3.8)

+
N∑

j=2

(
j−1∑

i=1
Pn

i, j log
( g(t j − ti, xj − xi, yj − yi,mi)

Gi(θ)

))

where N, A and T are respectively the total number of earthquakes present in the catalog,
the area of the spatial region (S) over which the earthquakes in the catalog are distributed,
and the total time span of the catalog. We refer the reader to Veen and Schoenberg [2008]
for detailed explanation of the different terms composing the complete data log-likelihood,
ln

c (θ), defined in Equation 3.8. The new estimate of the ETAS parameters, θ̂n+1, is obtained
by maximizing ln

c (θ) using a numerical optimization routine.

3. We repeat steps 1 and 2 as long as |ln+1
c (θ)− ln

c (θ)| > 10−4.

Veen and Schoenberg [2008] demonstrated with examples and synthetic tests that the EM algo-
rithm is not only less susceptible to the poor initial guesses of the parameters compared to the
conventional ML approach, but also yields superior estimates in the sense that the estimated
parameters are less biased compared to the parameters estimated using the conventional ML
approach. This is because the complete data log-likelihood defined in Equation 3.8 makes an
optimal converging guess about the branching structure of the earthquake catalog using the
triggering probabilities defined in Equation 3.5.

3.2.3 Extension of the EM approach to estimate spatially variable ETAS
parameters

We further extend the algorithm described in the previous section for estimating the spatially
variable background seismicity rate, µ(x, y), and aftershock productivity parameters, K(x, y)
and a(x, y). For the sake of simplicity, we have considered all other ETAS parameters, Θ =
{c,ω,d,γ,ρ}, to be spatially invariant. We also assume that the spatial region containing the
earthquakes consists of q known subdomains, S = {S1,S2,S3, ...,Sq}, with respective areas, A =
{A1, A2, A3, ..., Aq}. Those subdomains are assumed to coincide with a Voronoi partition of the
whole space. We further assume that µ(x, y), K(x, y) and a(x, y) are piecewise constant functions
over S: µ = {µ1,µ2,µ3, ...,µq}; K = {K1,K2,K3, ...,Kq} and a = {a1,a2,a3, ...,aq}. We assume for
simplicity that the productivity of a source event depends solely on its magnitude and on the
productivity parameters corresponding to the Voronoi cell in which it is located. Note that this
assumption is reasonable if the size of each subdomain is significantly larger than the length of
the largest event it contains, and if spatial variation are smooth at that scale. The conditional
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seismicity rate at any location (x, y) and time t is now defined as:

(3.9) λ(t, x, y|Ht) = µ f (x,y) +
∑

i:ti<t
g f (i)(t − ti, x − xi, y− yi,mi)

In Equation 3.9, µ f (x,y) is equal to the background rate in the spatial partition that contains
that location (x, y) and g f (i)(t − ti, x − xi, y − yi,mi) is the triggering kernel corresponding to the
earthquake of magnitude, mi , which occurs at location (xi, yi) at time ti and is enclosed in the
spatial partition Sf (i), where f (x, y) and f (i) are the indexes of the spatial partition and can only
attain values between 1 and q. The function g f (i)(t − ti, x − xi, y− yi,mi) is given by:

g f (i)(t − ti, x − xi, y− yi,mi) = K f (i)eaf (i)(mi−M0) × {t − ti + c}−1−ω

× {(x − xi)2 + (y− yi)2 + deγ(mi−M0)}−1−ρ(3.10)

In the above equation, K f (i) and af (i) correspond to the productivity parameters in the spatial
partition Sf (i) in which the ith earthquake is located. Remember that the other ETAS parame-
ters, Θ = {c,ω,d,γ,ρ}, are assumed to not vary in space. To estimate Θ, µ, K and a, we follow the
EM scheme outlined in the previous section, using a new complete data log-likelihood defined
as follows:

ln
c (Θ,µ,K ,a) =

q∑

m=1

{
−log

(
Γ(φn

m +1)
)
−µm AmT +φnlog(µm AmT)

}

+
N∑

i=1

{
−log

(
Γ(ψn

i +1)
)
−G f (i)

i (Θ,K ,a)+ψn
i log

(
G f (i)

i (Θ,K ,a)
)}

(3.11)

+
N∑

j=2

{
j−1∑

i=1
Pn

i, j log

(
gf (i)

i (t j − ti, xj − xi, yj − yi,mi)

G f (i)
i (Θ,K ,a)

)}

In Equation 3.11, G f (i)
i (Θ,K ,a) is the expected number of offspring with magnitude larger

than M0, of the earthquake of magnitude mi that occurred at location (xi, yi), at time, ti, and is
enclosed in the spatial partition Sf (i) (see Equation 3.3).

However, in reality, the spatial partition S, over which µ, K and a have been assumed to
be piecewise constant, is unknown. We thus now outline the method, motivated by Kamer and
Hiemer [2015], which we use to estimate the spatially variable µ, K and a in the case of unknown
spatial partitions:

1. We first assume that the total number of spatial cells in a given partition required to
capture the variability of µ(x, y), K(x, y) and a(x, y) is q.

2. We thus divide the whole spatial region into q Voronoi cells. To do this, we first draw q ran-
dom points, which are distributed uniformly within the spatial polygon defined by Schor-
lemmer and Gerstenberger [2007]. We use these points to construct Voronoi partitions
using the algorithm proposed by Barber et al. [1996]. As these partitions are constructed

45



CHAPTER 3. OBJECTIVE ESTIMATION OF SPATIALLY VARIABLE PARAMETERS OF
EPIDEMIC TYPE AFTERSHOCK SEQUENCE MODEL: APPLICATION TO CALIFORNIA

over an infinite 2D plane, we then compute an intersection of each of these q Voronoi parti-
tions with the spatial polygon defined by Schorlemmer and Gerstenberger [2007] to obtain
q Voronoi polygons.

3. We then estimate Θ, µ, K and a using the EM algorithm outlined in the previous section
(Section 3.2.2) in conjunction with Equations 3.9-3.11.

4. We then repeat steps 2 and 3 several times (Niter) with different realizations of the random
distribution of the centers of the Voronoi cells. We store the estimates of Θ̂, µ̂, K̂ and
â along with the final value of the complete data log-likelihood l f inal

c (Θ̂, µ̂, K̂ , â) for each
estimation.

5. We then compute the penalized log-likelihood for each of the estimates using the following
equation:

(3.12) BIC(Θ̂, µ̂, K̂ , â) = −2l f inal
c (Θ̂, µ̂, K̂ , â)+ Nparlog(N)

In the above equation, Npar is the total number of free parameters, which is equal to
5*q+5 (each Voronoi cell has 2 parameters for the Voronoi center + 1 parameter for the
background seismicity rate + 2 parameters for the aftershock productivity; plus 5 other
ETAS parameters independent of the cells). N is the total number of earthquakes in the
catalog.

6. We repeat steps 2 to 5 with increasing values of q (from 1 to Nv=400), Nv where is the
maximum number of Voronoi cells that can be used to divide the region. The choice of Nv

depends on the judgment of the modeler.

The number q of Voronoi cells (complexity level) decides the complexity of the model that we use
to fit the data. In order to choose the optimal complexity required to describe the data, we first
compute the median BIC for each complexity level using the BICs corresponding to the Niter es-
timates for a given complexity level. We refer to the number of Voronoi cells for which we obtain
the minimum median BIC as the optimal complexity level. However, the models corresponding
to the optimal complexity level might not be significantly better than models corresponding to
other complexity levels in describing the data. To account for this, we define an optimal complex-
ity range around the optimal complexity level by repeatedly testing the null hypothesis that the
median BIC corresponding to the optimal complexity level is equal to the median BIC of other
complexity levels against the alternative hypothesis that it is not. All the models corresponding
to any complexity level for which the null hypothesis cannot be rejected are then considered
along with the models of the optimal complexity level for further computation of an ensemble
model. However, each of the selected model is weighted according to its BIC for the computation
of ensemble model. The weight,wi, corresponding to a given model Mi, is given by following
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equation:

(3.13) wi = e−BICi /N
∑n

i=1 e−BICi /N

In Equation 3.13, is the BICi corresponding to the ith selected model; n is the total number
of selected models and N is the total number of earthquakes present in the catalog.

The weighted averaging of the selected models, which lie in the optimal complexity range,
ensures that our method is capable of finding continuous variations of the parameters in space
(if they indeed show a continuous variation). On the other hand, if the spatial variation of the
parameters does feature some discontinuities, our method could easily detect them as well. As
a loose analogy, the Voronoi partitions are reminiscent of the Haar wavelet in the wavelet trans-
form formalism: such a discontinuous wavelet can be used to decompose and reconstruct any
given signal, may it be continuous or not.

3.3 Data

We use the earthquakes (M ≥ 0,depth ≤ 40km) cataloged by the Advanced National Seismic Sys-
tem (ANSS) in the period from January 1, 1981 until July 5, 2015 enclosed in the RELM/CSEP
collection polygon defined by Schorlemmer and Gerstenberger [2007] (Figure 3.1a) for the anal-
ysis. Catalog incompleteness is one of the major problems in seismological studies. The origin of
this incompleteness is generally attributed to the limited sensitivity and coverage of the Earth
by station networks [Kagan, 2003]. The problem of completeness is generally addressed by con-
sidering a magnitude threshold (Mc) above which the frequency magnitude distribution follows
the Gutenberg-Richter relationship [Woessner et al., 2005; Gutenberg et al., 1944]. In Figure
3.1(b), we show the global empirical frequency-magnitude distribution of the selected catalog.
The solid black line in the figure shows the magnitude threshold (Mc = 2.1) estimated using the
method proposed by Clauset et al. [2009] for which we obtain bval = 0.95. This important statis-
tical parameter quantifies the relative frequency of earthquakes with small vs large magnitudes
and is used repeatedly in our analysis.

However, the catalog is not complete at the same level at all times and all locations. As a
result, we need to estimate the joint spatio-temporal variation of Mc in the chosen time period
and spatial polygon. The full spatio-temporal analysis is beyond the scope of this paper. Instead,
we make the conservative assumption that the catalog is complete above a magnitude threshold
of 3 at all times and at all spatial locations. The two observations that justify this assumption are
the following. First, an independent analysis by Werner et al. [2011] justifies this assumption
for the RELM/CSEP collection polygon used in this study. Figure 2 of Werner et al. [2011] clearly
shows that the magnitude threshold estimated using their method, which is a variation of the
maximum curvature method proposed by Wiemer and Wyss [2000], is almost always smaller
than our conservative assumption that Mc ≤ 3. Note that Werner et al. [2011] used only the
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FIGURE 3.1. (a) Spatial distribution of earthquakes with magnitude larger than 0 that
occurred within the time period 1 January 1981 to 5 July 2015 in the RELM poly-
gon defined by Schorlemmer and Gerstenberger [2007] (b) Frequency magnitude
distribution of earthquakes shown in the left panel; green circles show the number
of earthquakes with magnitude larger than M; magenta stars show the number of
earthquakes in magnitude bins of size 0.15 unit; the continuous black line shows
the overall magnitude of completeness (Mc = 2.1) estimated using the method pro-
posed by Clauset et al. [2009]; the dashed red line shows the overall magnitude of
completeness (Mc = 1.1) estimated using the maximum curvature method [Wiemer
and Wyss, 2000] (c) Time Series of Mc estimated from the earthquakes shown in
the left panel within sliding time windows of size 1 year using the method proposed
by Clauset et al. [2009]; the horizontal continuous black line shows the magnitude
threshold of 3, which is assumed to be the magnitude of completeness for this study;
dashed black line shows the decreasing trend in the time series of Mc.

catalog until April 2010 for estimating the magnitude threshold. Further extending the catalog
to 2015 should only further lower the estimates of the magnitude threshold due to the improving
station coverage in the region. However, as the maximum curvature method underestimates
the magnitude threshold [Mignan and Woessner, 2012] (see also Figure 3.1b), the magnitude
threshold obtained by Werner et al. [2011] is likely an underestimation. Thus, in Section 3.4.2,
we further verify the above mentioned assumption that Mc ≤ 3 is valid everywhere inside the
study region using the more conservative estimator proposed by Clauset et al. [2009]. In doing
so, we are also able to estimate the spatial variation of bval .
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Furthermore, we explore the time variation of Mc estimated for the selected catalog within
sliding time windows of size equal to one year using the method proposed by Clauset et al. [2009].
We clearly observe that Mc seems to decrease with time (Figure 3.1c). This decrease of Mc

with time could be associated with the continuously improving sensitivity and coverage of the
seismic network. We also observe that the estimated Mc only seldom exceeds the conservative
assumption of magnitude threshold (Mc = 3) made above, which further strengthens the validity
of our choice Mc ≤ 3.

Another important consideration while estimating the parameters of the ETAS model is the
spatio-temporal boundary effect [Wang et al., 2010]. In our present paper, we have imposed
a global spatio-temporal boundary, which is constituted by the collection of polygons proposed
by Schorlemmer and Gerstenberger [2007] and the time period [1981-2015]. Any earthquake
outside this spatio-temporal boundary is not allowed to contribute to triggering. This would cer-
tainly have an influence on the estimated parameters corresponding to earthquakes adjacent
to the spatio-temporal boundary. However, this effect would only be limited because the para-
meters are estimated for the majority of earthquakes that are located away from the boundary.
Note that such boundary effects could be easily accounted for by the use of auxiliary windows,
as in Wang et al. [2010], and will be accounted for in future studies.

3.4 Results

3.4.1 Estimates of the ETAS parameters (µ, K , a and Θ):

We implement the algorithm proposed in Section 3.2.3 to estimate the spatially variable back-
ground seismicity rate and aftershock productivity parameters, as well as the other global ETAS
parameters. We increase the number of Voronoi cells from q = 1 to q = 480. For each level of
Voronoi complexity, we perform Niter = 200 random partitions and store the solutions for all of
them. We then rank all the solutions according to the penalized log-likelihood (BIC) score ob-
tained using Equation 3.12. Figure 3.2a shows the BIC corresponding to all (96,000) solutions
(black circles) as a function of the number of Voronoi cells used. The minima of the median BIC
(shown as solid red line) corresponds to 286 Voronoi cells, which is indicated using a solid ma-
genta line. The dashed magenta lines indicate the range of the number of Voronoi cells (214-384)
for which inverted models are not significantly worse (or better) than the models corresponding
to the optimal number of Voronoi cells. Note that we have computed this range by testing the
null hypothesis that the median BIC for a Voronoi partition with q cells is equal to the minimum
median BIC against the alternative hypothesis that it is not, using the Wilcoxon Ranksum test
at a significance level of 0.05. We further select all (34,200) solutions within the optimal range
of Voronoi cells (214-384) to compute the ensemble model.

In Figures 3.2b-d, we show the weighted median estimates of µ, K and a at the locations
of the 21,448 earthquakes used to estimate these parameters. To obtain the weighted median
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FIGURE 3.2. (a) BIC corresponding to 96,000 solutions as a function of the number
of Voronoi cells used is shown using black circles; the median BIC corresponding
to each Voronoi complexity level is shown using a solid red line; the continuous
magenta vertical line corresponds to the minima in the median BIC curve and in-
dicates the optimal complexity level; the dashed magenta lines indicate the optimal
complexity range in which the median BIC for a given complexity level is not signif-
icantly different from the minimum median BIC. (b-d) Spatial variation of the (b)
background seismicity rate (µ, No. of earthquakes/km2/day) (c) pre-factor of the
aftershock productivity (K) (d) exponent of the aftershock productivity (α = a

log10 );
circles show the locations of the 21,448 earthquakes (M ≥ 3) used; colors corre-
sponding to each earthquake represent the ensemble estimate of µ, K and α.

estimate of µ, K and a at the location of the earthquakes, we first assign to each earthquake the
value of the estimated parameters µ, K and a corresponding to the Voronoi cells within which
the earthquake is located for each of the 34,200 selected solutions. Then, we use these solutions
to compute the weighted median ensemble solution. The weight corresponding to each solution
is computed using Equation 3.13.

In Figure 3.3a-e, we show the variation of the estimates of each of the five parameters,
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FIGURE 3.3. Estimates of the spatially invariant parameters (a) c[days] (b) ω (c)
d[km2] (d) ρ and (e) γ, corresponding to all 96,000 solutions, as a function of
the number of Voronoi cells used, are shown using empty circles; the median es-
timate corresponding to each Voronoi complexity level is shown by the continuous
red line; the continuous grey lines corresponds to the 95% confidence interval of the
estimates as a function of complexity level; the horizontal continuous and dashed
magenta lines show the value of the ensemble estimate and corresponding 95%
confidence interval respectively.

Θ = {c,ω,d,γ,ρ}, as a function of number of Voronoi cells used. All the five parameters show
systematic variation with increasing number of Voronoi cells. While the parameter d decreases
with increasing number of Voronoi cells, the other four parameters c, ω, γ and ρ systematically
increase with increasing number of Voronoi cells.

Using the the estimates of Θ corresponding to the individual selected solutions and the as-
sociated weights computed using Equation 3.13, we compute the weighted median ensemble
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estimates of Θ and the complementary 95% confidence interval (shown using solid and dashed
magenta lines respectively).

We find that the three parameters µ, K and a show noticeable spatial variation (Figure 3.2b-
d). To confirm that these spatial variations are indeed real and not artifacts of the inversion
procedure, we quantitatively perform two synthetic tests in the Section B.1. First, we test if
the inversion procedure introduces spurious spatial variation in the parameters even if they
are spatially invariant (Section B.1.1). Second, we test if the inversion procedure is unable to
capture the correct patterns of spatial variability in the parameters (Section B.1.2). We find that
our method is able to pass both synthetic tests, which supports our claim that the observed
spatial variation in the three parameters are real (see Section B.1).

3.4.2 Spatial variation of Mc and bval

We obtain the spatial variation of Mc and bval , shown in Figures 3.4a-c, using the Voronoi parti-
tions corresponding to the selected 34,200 solutions. We first compute an individual Mc and bval

map for each of the 34,200 solutions and then obtain the weighted median ensemble estimates of
Mc and bval using the weights computed using the BIC corresponding to the selected solutions
(see Equation 3.13). To compute an individual Mc and bval map, we first group all earthquakes
(M ≥ 0) depending on which Voronoi cell they are enclosed in. We then estimate the Mc and bval

for each group of earthquakes. The b-value (bval) for a group of earthquake is estimated using
the following formula proposed by Tinti and Mulgaria [1987]:

(3.14) bval =
log

(
1+∆M(M̄ − Mc)−1)

log(10)∆M

In this equation, ∆M is the magnitude bin size that is used in the catalog to group the
magnitude of the earthquakes; M̄ is the average magnitude of the earthquakes with magnitudes
larger than the assumed magnitude of completeness, Mc. Note that we set ∆M = 0.1 , following
the general existing practice [Marzocchi and Sandri, 2003; Kamer and Hiemer, 2015]. bval relies
heavily on the prior knowledge of Mc, which is unknown in general. We use two methods, the
first one (known as Maximum Curvature method) was proposed by Wiemer and Wyss [2000]
and the second one was proposed by Clauset et al. [2009], to estimate Mc. Note that originally,
Clauset et al. [2009] proposed their method for power-laws. However, we would like to point to
the reader that calibrating a power law p(x) is strictly identical to calibrating an exponential
p(y) with the transformation y=ln(x). The Aki or Hill log-likelihood estimator is the same (by
changing x with ln(x)). We refer the reader to Wheatley and Sornette [2015], where the authors
make this point crystal clear for the application to extreme statistics.

From Figure 3.4a and 3.4b, we observe that Mc estimated using the methods proposed by
Wiemer and Wyss [2000], M̂curvature

c , and Clauset et al. [2009], M̂Clauset
c , show noticeable vari-

ation in space. Both M̂curvature
c and M̂Clauset

c seem to be systematically larger in offshore re-
gions and Mexico. Larger incompleteness in these regions could be possibly attributed to poor
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FIGURE 3.4. (a-c) Spatial variation of the (a) magnitude of completeness (MClauset
c ) es-

timated using the method proposed by Clauset et al. [2009] (b) magnitude of com-
pleteness (MCurvature

c ) estimated using the method proposed by Wyss and Wiemer
[2000] (c) b-value (bval); All earthquakes with M ≥ 0 are used for the estimation
of these maps; the bval map assumes that MClauset

c is the true completeness mag-
nitude; the maps are only shown at the location of 21,448 (M ≥ 3) earthquakes in
the studied region; colors corresponding to each earthquake represent the ensemble
estimate of MClauset

c , bval and MCurvature
c ; (d) correlation between MCurvature

c and
MClauset

c ; the filled black circles indicate the median MCurvature
c in a given bin of

MClauset
c ; grey bars show the 95% confidence interval for each value; the continuous

blue line corresponds to the equation MCurvature
c = MClauset

c .

station coverage. We also note that M̂Clauset
c is systematically larger than M̂curvature

c (Figure
3.4d), which is consistent with the findings of other studies [Mignan and Woessner, 2012] that
M̂curvature

c underestimates the magnitude of completeness. We find that the median value of the
difference, M̂Clauset

c − M̂curvature
c , between the two estimates of Mc is approximately 0.7 units.

Using the maps of both M̂Clauset
c and M̂curvature

c , we are also able to justify our assumption that
Mc ≤ 3 is valid everywhere inside the study region with only few exceptions from the offshore
region in Mendocino in the north and Mexico in the south.
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We also find that bval shows noticeable variations in space (Figure 3.4c). Some of these
variations seem to be consistent with the ones reported in the literature [Tormann, 2011; Kamer
and Hiemer, 2015; Tormann et al., 2014; Wiemer and Wyss, 2002]. For instance, as reported in
these studies, regions such as the Mendocino Fault zone, the Cascadia mega thrust, the Parkfield
section of San Andreas Fault, Northridge and so on are associated with low bval . On the other
hand, areas of high b-value on this map, like the region around Geysers, North Palm Springs,
the creeping section of San Andreas fault, and so on have also been reported in these studies as
regions with high bval .

It has been often claimed that geothermal regions are exclusively associated with high b-
values [see Wiemer and Wyss, 2002 and references therein]. It is interesting to note, however,
that we find that, while some of the geothermal areas in the study region such as Geysers and
North Palm Springs are associated with large b-values, several other geothermal areas such as
the Coso geothermal field and Mammoth mountain are associated with moderate (≈1) to low
b-values (< 0.9).

3.4.3 Correlation among parameters

In Figure 3.5a-f, we show the correlations between the parameters, which are estimated at the
locations of the 21,448 M ≥ 3 earthquakes. For clarity, we only plot the median value and 95%
confidence interval (CI) of one set of parameter versus the median of the second set of parameter.

The general procedure to obtain one of these plots is the following. Given the spatially ensem-
ble estimates of the parameters, each earthquake, Ei, can be associated with a pair of parameter
values (say, Xi and Yi) depending on its location. We sort the earthquakes according to their cor-
responding Xi values and divide the range of Xi values into k different bins, where k varies
between 1 and nbin = 50, where nbin is the total number of bins. Each of these bins is defined so
that it contains the same number of earthquakes as each other bin. We consider the median of
Xi and Yi in the kth bin, as the representative parameter value of the kth bin. Then, we plot the
median value and the 95% CI of Yi versus the median of Xi.

We find that, among all the parameter pairs, K and α seem to have the strongest coupling,
and are negatively correlated to each other. Such a strong coupling between K and α is possi-
bly due to the form of the aftershock productivity law prescribed in the ETAS model, in which
both parameters can compensate each other in order to achieve a similar productivity. The im-
plication of the strong coupling of K and α could be that these parameters cannot be correctly
estimated without the prior knowledge of one of them. However, we demonstrate in the Section
B.1.2 that, in spite of the strong coupling of the two parameters, our method is able to extract
the correct spatial patterns of these two parameters from a synthetic dataset generated using
the spatial patterns observed in the real data.

It is also important to consider that in our formulation of the ETAS model, we have assumed
the c value of the Omori kernel to be independent of the magnitude of the mainshock while
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FIGURE 3.5. Correlation between the median values (black circles) and 95% confidence
interval (grey bars) of (panels a and c) α = a

log10 with the median value of K and
µ respectively, (panel b) K with median value of µ and (panels d-f) bval with of the
median value of µ, K and α respectively.

it might actually depend on it, either due to physical reasons [Dieterich, 1994; Narteau et al.,
2002] or due to short term aftershock incompleteness [Hainzl, 2016; Helmstetter et al., 2006].
Such a simplification can possibly manifest itself in form of anti-correlation between K and α. In
Sections B.2 and B.3, we investigate this issue in detail. Using rigorous statistical test in Section
B.2, we are able to show that the Omori kernel with a fixed c-value fits the observed decay rate
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of aftershocks in the real catalog very well. As a result, it cannot be rejected as a reasonable
hypothesis. In Section B.3, we further modify our ETAS formulation such that the c-value of
the Omori kernel depends on the magnitude of the mainshock, c = c0eη(Mi−M0). Upon calibration
of this modified ETAS model on the catalog used in this study, we find that the unmodified
ETAS model (so far used in the study) describes the data as well as the modified ETAS model
in terms of penalized log-likelihood (BIC) (see Figure B.9). This implies that the gain in terms
of BIC for the modified ETAS model over the unmodified one is non-existent. Furthermore, we
also find that the spatially variable parameters K , α and µobtained from the modified ETAS
model are nearly equivalent to the ones obtained from the unmodified model. This automatically
implies that the estimates of the parameters K and α obtained from the modified ETAS model
are also negatively correlated. Finally, we find that the value of parameter η obtained with
the modified ETAS model is −0.19. The negative value of η indicates that the c value, which
is thought to indicate the short term aftershock incompleteness duration, decreases with the
magnitude of the mainshock. In fact, this observation is inconsistent with the hypothesis that
short term incompleteness increases with the magnitude of the mainshock. While this later
hypothesis might be true, it is not supported by the data when we consider only earthquakes
with M ≥ 3. The negative value of η seems to be consistent with several physics based models
such as the stress corrosion model [Scholz, 1968; Narteau et al., 2002] and rate and state friction
model [Dieterich, 1994; Dieterich et al., 2000] hypothesizing that larger amplitudes of stress
perturbations can lead to a decrease in the duration of the non-power-law regime in the rate of
aftershock decay, which would imply that the c value of the Omori law would decrease with the
magnitude of the mainshocks (it is assumed that larger earthquake would cause larger stress
perturbations).

In the both discussions above, we tried to explain the negative correlation between K and
α as estimation artefacts. Yet, we failed to do so. It thus seems likely that the spatial patterns
observed for K and α in the real data are indeed genuine. It derives that the negative correla-
tion is also real. We are not aware of any physical mechanism that can explain this negative
correlation. It is possible that K might be dependent on the local faulting density, while α might
depend on the scaling of this density with the size of the aftershock zone [Helmstetter, 2003].
Thus, further understanding may come from local reconstructions of the fault network [Ouillon
and Sornette, 2011; Wang et al., 2013; Nandan et al., 2016] coupled with physics-based models
of stress transfer and rate-and-state friction [Dieterich, 1994].

3.5 Discussion

3.5.1 Branching Ratio

The branching ratio, n, defined as the average number of direct aftershocks per earthquake, is a
key ETAS parameter. Based on the value of n, three ETAS regimes can be distinguished [Helm-
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stetter and Sornette, 2002a]. The first regime corresponds to the case n < 1 and is also known
as the subcritical regime. In this regime, aftershock sequences die out with a probability 1. The
case n > 1 corresponds to the supercritical regime for which there is a non-zero probability that
a given aftershock sequence grows exponentially without bounds. The case n = 1 corresponds to
the critical regime, which separates the subcritical and supercritical regimes for which a rich
set of critical behaviors of the triggered sequences can be expected [Saichev and Sornette, 2004;
Saichev et al., 2005]. n is given by the following equation:

(3.15) n =
∫Mmax

M0

G(m) f (m)dm

In the above equation, f (m) is equal to blog(10)10−bm

10−bM0 −10−bMmax , and describes the relative likelihood
of an earthquake of magnitude m to occur regardless of the location, time and magnitude of the
parent-shock. G(m) is the expected number of earthquakes triggered by an earthquake of mag-
nitude m and is computed using Equation 3.3. Mmax is the largest possible magnitude, while
M0 is the smallest magnitude of an earthquake that can trigger its own aftershocks [Sornette
and Werner, 2005a]. In Equation 3.15, we still lack the spatially variable estimates of Mmax and
M0, which prevents us from estimating the spatially variable estimates of n. Nevertheless, we
make the following simplifying assumptions to overcome this obstacle. First, we assume that
both Mmax and M0 are spatially invariant. Second, we assume that the largest possible magni-
tude that can occur in the study region is 8.5, based on previously reported values [e.g. Kagan,
1999]. Third, we assume that M0 for the study region is equal to the minimum magnitude of
the earthquakes present in the catalog used for the inversion of ETAS parameters, which in our
case is equal to 3.

Figure 3.6a shows the obtained spatial distribution of the branching ratio n. We find that n
is far from uniform and varies within a wide range [0-1.2].

Prominent regions of high branching ratio (>0.8) include areas around Northridge, Hector
mine and Landers earthquakes, the Parkfield section and the Santa Cruz Mountain section of
the San Andreas Fault Zone (SAFZ), Coalinga, Mammoth mountain, Coso geothermal fields,
Geysers, Imperial Valley, Oceanside, Sugar Valley and so on. We also find that the Mendocino
triple junction and creeping section of the SAFZ have locally anomalous branching ratios. While
the Mendocino triple junction is characterized by higher branching ratios, the creeping section
of the SAFZ is associated with smaller branching ratio, relative to its surrounding.

A relevant question is whether our estimated branching ratio is positively correlated with
the local seismicity rate. In Section B.4, we answer this question in detail and show that our
estimate of the branching ratio does not depend on the local seismicity rate.

Note that, in a few regions such as Mammoth mountain, n locally exceeds the critical value
1, such that there would be a finite probability for the local seismicity to increase exponentially
in the future. However, such exceedances necessarily have to be temporary, thus removing the
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FIGURE 3.6. (Panel a) Spatial variation of the branching ratio (n); (Panel b) difference
α−bval between the exponent α = a

log(10) of the aftershock productivity and the b-
value; circles show the locations of the 21,448 earthquakes (M≥ 3) used in this
study; the color of each earthquake represents respectively the ensemble estimate of
n and α−bval at the location of the earthquake.

physically improbable scenario of explosive seismicity. Seismicity sequences may indeed display
apparent explosive behavior, which eventually subsides, following a scenario akin to intermit-
tent criticality [Ben-Zion et al., 2003; Bowman and Sammis, 2004]. The hypothesis of temporary
exceedance of the branching ratio is also consistent with the observations of Harte [2013, 2014]
who provided evidence that productivity also varied temporally, between benign seismicity and
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highly active mainshock-aftershock sequences. This would imply that the ETAS parameters also
vary in time, an aspect not considered in this study.

The branching ratio n quantifies the efficiency of a given earthquake to trigger future earth-
quakes. Then, the existence of a significant spatial variability in n indicates that the efficiency
of earthquakes in triggering other earthquakes varies spatially. In the physical picture in which
earthquakes trigger other earthquakes by pushing the almost critically stressed faults towards
failure by adding miniscule stress perturbations on them, the variation in the efficiency of
earthquake-earthquake triggering suggests that the crust is not equally critically stressed ev-
erywhere in the study region. This insight is supported by computational models encompassing
both the long range and time organization of complex fractal fault patterns and the short time
dynamics of earthquake sequences [Cowie et al., 1993; Sornette et al., 1994; 1995; Lee et al.,
1999].

3.5.2 Dominance of small or large earthquakes

The number of earthquakes of magnitude m scales as 10−bval m (Gutenberg-Richer law), and the
number of earthquakes triggered by a typical earthquake of magnitude m scales as 10αm(fertility
law, as formulated in ETAS model), where α = a

log(10) . Therefore, the total number of earth-
quakes triggered by all earthquakes of magnitude m scales as 10(α−bval )m. For α > bval , large
earthquakes dominate triggering since 10(α−bval )m is an increasing function of m: in this regime,
a few very large earthquakes largely control the subsequent induced seismicity. For α < bval ,
small earthquakes dominate triggering since 10(α−bval )m is a decreasing function of m: in this
regime, the crowd of small earthquakes compensate for their relatively smaller individual trig-
gering activity and, as a class, the small earthquakes dominate the overall seismicity trigger-
ing. For α = bval , all earthquake magnitude ranges contribute equally on average to the future
triggered seismicity. Helmstetter [2003] reported empirical evidence that α < bval for Southern
California, suggesting that small earthquakes control seismicity triggering in this region. In
the presence of spatially variable estimates of α and bval , the picture becomes more complex as
diverse regions can be found where large or small earthquakes dominate triggering.

Figure 3.6b shows the spatial variation of the weighted median estimate of α− bval . We find
that the relation α ≤ bval holds for most parts of the study region. This indicates that trigger-
ing is either dominated by small earthquakes or small earthquakes play an equally dominant
role as the large earthquakes in triggering in most of the study region. Our observations seem
to be consistent with the results of not only Helmstetter [2003] but also with [Helmstetter et
al., 2005; Marsan, 2005; Felzer et al; 2002, 2003] who also find, using the catalog of Southern
California, that earthquake triggering is driven by small earthquakes. However, it should be
noted that Helmstetter [2003] makes the simplifying assumption that both α and bval were spa-
tially invariant. In contrast, with spatially variable estimates of α and bval , we are also able
to identify localized regions where large earthquakes seem to dominate earthquake triggering.
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The most prominent among these localized regions with positive values of α− bval are along the
Mendocino fault zone and Cascadia megathrust.

Nevertheless, the general dominance of small earthquakes has strong implications for Coulomb
stress change studies in the study region. Most of these studies, except for a few [e.g. Meier et al.,
2014; Nandan et al., 2016], have focused on the Coulomb stress change caused by specific moder-
ate to large earthquakes and completely ignored the secondary static stress changes caused by
smaller magnitude aftershocks that seem to dominate the earthquake triggering, since α < bval .
Taking account of secondary stress changes can possibly help explain why a significant fraction
of aftershocks occur in stress shadow regions of the mainshocks [Felzer and Brodsky, 2005] and
can thus help improve the forecasting skills of models based on Coulomb stress changes.

3.5.3 Correlation of ETAS parameters with surface heat flow measurements

Figure 3.7a-e shows the correlation between n, α, K , µ and bval and local surface heat flow
measurements.

To obtain these plots, we first smooth approximately 800 surface heat flow measurements in
the study region (obtained from U.S. Geological Survey online heat flow database) to obtain heat
flow estimates at the location of the 21,448 M ≥ 3 earthquakes. Our smoothing method is the
following. For a given spatial Voronoi partitioning scheme used during the fitting procedure, we
first obtain the median heat flow estimate for each of the spatial cells using the enclosed heat
flow measurements. All the earthquakes enclosed in each of the spatial cells are then assigned
the corresponding median heat flow estimate. We repeat this two steps procedure for all the
34,200 Voronoi partition schemes corresponding to the selected solutions within the optimal
complexity range (shown Figure 3.2a) to obtain 34,200 individual surface heat flow maps. Finally,
we obtain the ensemble surface heat flow map by weighting all the individual surface heat flow
maps using weights that are computed according to Equation 3.13. We then choose the variable,
say Y, whose correlation with surface heat flow we want to investigate. Each earthquake, Ei,
is associated with a parameter value (Yi) and a surface heat flow value (HFi) depending on
its location. We sort Yi according to the corresponding HFi value and divide the latter into k
different bins, where k varies between 1 and nbin(=50), where nbin is the total number of bins.
Each of these bins is constructed so as to contain an equal number of earthquakes. We consider
the median of HFi and Yi in the kth bin, as the representative variable values of the kth bin.
Then, we plot the median value and the 95% CI of Yi versus the median of HFi.

We find that the three parameters, n, α and K , show a systematic correlation with surface
heat flow (Figure 3.7a-c). Both n and K first systematically increase with increase in surface
heat flow (< 80 mW/m2̂) and then saturate for higher heat flow values. On the other hand, α

decreases with increasing heat flow values. We also find that the remaining two parameters, µ

and bval, show no systematic correlation with surface heat flow.

Our observation of a negative correlation between α and surface heat flow is consistent with
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FIGURE 3.7. Correlation between n (panel a), α (panel b), log10(K) (panel c), log10(µ)
(panel d) and bval (panel d) and log10[Heat Flow (mW /m2)]; Black circles are the
median values and the vertical bars delineate the 95% confidence interval of each of
these parameters conditioned on the median value of log10[Heat Flow (mW /m2)].

the results reported by Enescu et al. [2009], who inverted the value of alpha for many earth-
quake sequences. Enescu et al. [2009] argued that a negative correlation of α and surface heat
flow is consistent with the damage rheology model of Ben-Zion and Lyakhovsky [2006], which
predicts that aftershock productivity is proportional to the effective viscosity in a region. Accord-
ing to Enescu et al. [2009], a decrease in the value of the productivity exponent is interpreted
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as a decrease in the aftershock productivity of earthquakes, and this decrease is expected with
an increase in surface heat flow, which lowers the effective viscosity of the crust. However, the
argument of Enescu et al. [2009] incorrectly identifies the decrease of the productivity exponent
α with that of the productivity itself. Indeed, according to the ETAS model, the productivity
K10αm of an earthquake of magnitude m is also influenced by the pre-factor K and not just α.
We find that the large variations of K influence the values of the branching ratio n more than do
the relatively small variations of α. In other words, the prefactor K plays a dominant role in dic-
tating the aftershock productivity. Contrary to the findings of Enescu et al. [2009] and Yang and
Ben-Zion [2009] and the predictions of the damage rheology model of Ben-Zion and Lyakhovsky
[2006], we find that regions with high heat flow are more productive than regions with low heat
flow in terms of aftershock generation, which is indicated by a systematic increase of n and K
with increase in surface heat flow. The decrease of α is too small to have a countervailing effect.

The systematic increase of the branching ratio with increase in surface heat flow and its con-
vergence to the critical value of 1 indicates that earthquake triggering is increasingly efficient
in regions of high surface heat flow. Such an increase could indicate that the crust is closer to
the local critical stress threshold associated with triggering in the regions of higher heat flow.
This interpretation is supported by overwhelming evidence of remote dynamic triggering in ar-
eas with geothermal/volcanic activity in numerous case studies from around the globe (see Table
2 of Hill and Prejean, [2007] for the list of reported cases). In fact, many of the areas with vol-
canic/geothermal activity, such as Geysers, Coso, Long Valley, Mammoth Mountain and Salton
Sea area, with reported evidence of remote dynamic triggering, are part of our study region and
are unambiguously associated with high values of branching ratio (n>0.9). Assuming that the
crust is stressed close to criticality in these geothermal/volcanic areas of very high heat flow
allows us to reconcile both observations of remote dynamic triggering and high values of branch-
ing ratio. As the crust is very close to the local critical stress threshold necessary for triggering,
even a small nudge provided by a miniscule stress change (static/dynamic) from a far-field source
may be able to push some of the existing faults towards failure. In the same way, stress pertur-
bations (static/dynamic) caused by an earthquake in its vicinity could efficiently trigger more
earthquakes by nudging the surrounding faults, which are already close to unstable, towards
failure.

However, while it is increasingly efficient for earthquakes to trigger other earthquakes (indi-
cated by positive correlation between n and surface heat flow), triggering by the far-field tectonic
loading remains uncorrelated with surface heat flow (indicated by no correlation between µ and
surface heat flow in Figure 3.7d). These two observations in combination point towards a dy-
namic weakening process rather than a static weakening of the crust that preferably occurs in
the region of high surface heat flow. Considering that areas of very high surface heat flow in
the study region, such as Geysers, Coso, Long Valley, Mammoth Mountain, Salton Sea area and
so on, are also very rich in fluids, we propose, in accordance with several researchers [Brodsky
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et al., 1998; Moran et al., 2004; Hill et al., 1995; Hill et al., 2002; Manga and Brodsky, 2006],
that triggering in those regions could indeed be driven through dynamic excitation of crustal
fluids. Passage of seismic waves from the distant large earthquakes or from those triggered
locally by the far field tectonic loading could redistribute the pore pressures by changing the
crustal permeability, for instance by disrupting clogged fractures and via hydraulic fracturing.
As proposed by Hill and Prejean [2007], the pore-pressure redistribution mechanism may be par-
ticularly relevant in active geothermal areas, such as the Geysers and Coso geothermal fields, as
fractures are sealed and high-pressure compartments form over relatively short timescales as
minerals are precipitated from hot brines. This process of pore pressure redistribution may mod-
ify the Coulomb failure function such that the effective normal stress is decreased sufficiently
to trigger failure [Cocco and Rice, 2002] or that quasi-static (aseismic) strains associated with
local, fluid-driven deformation are sufficient to trigger earthquakes. Several other mechanisms,
involving bubble excitations [Manga and Brodsky, 2006], magmatic intrusions or sinking crys-
tal plumes [Manga and Brodsky, 2006], which have been proposed to account for the readily
available evidence of dynamic triggering in geothermal areas could also be equally relevant in
explaining the observation of highly efficient earthquake-earthquake triggering in the areas of
very high surface heat flow in the study region.

Despite the overwhelming evidence of correlation between heat flow and branching ratio, it
is important to note that we have completely ignored the effect of anthropogenic activities, such
as fluid injection (and extraction) in the geothermal regions, on the seismicity in our analysis.
Recently, Trugman et al. [2016] and Brodsky and Lajoie [2013] have shown convincing evidence
that the background seismicity rate, µ, shows systematic correlation with fluid injection and
fluid extraction rates and varies in time. Ignoring the time variation of µ (and possibly of other
parameters) can lead to systematic bias in the estimates of the parameters of the ETAS model.
For instance, a geothermal region can display a constantly increasing seismicity rate with time
due to constantly increasing fluid injection rates. An ETAS model with time invariant para-
meters could possibly characterize such a seismicity sequence as explosive, in which case the
estimated branching ratio would be erroneously estimated as larger than 1.

ETAS parameters (especially µ) in regions with seismic swarms could also feature temporal
variations, which when ignored could lead to biases in the estimated ETAS parameters [Jacobs
et al., 2013; Hainzl et al., 2013; Kumazawa and Ogata, 2014].

To address these issues, one possibility is to use a different methodology, which does not rely
on ETAS (e.g. Schoenball et al. [2015]; Zaliapin and Ben-Zion [2016]) to estimate the relevant
parameters (K , α and n) in the specific geothermal regions or in the full spatial domain of the
catalog. However, there are several problems associated with the application of the aforemen-
tioned methods. In particular, the method of Zaliapin and Ben-Zion [2016] not only ignores the
temporal variation of the background seismicity rate (µ) but also its spatial variation, both of
which are relevant in real earthquake catalogs. As a result, it is imperative to first modify the
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method to take account of both spatial and temporal variation of the parameters. For instance,
to account for the spatial variation of µ, we could modify the method of Zaliapin and Ben-Zion
[2016] using Voronoi tessellations, in the same way as we have modified the ETAS model. How-
ever, unlike the ETAS model, such a modification would suffer from the following drawbacks:

1. In the existing version of the method of Zaliapin and Ben-Zion [2016], only events occur-
ring within a given spatial partition can be used in order to identify background earth-
quakes as well as aftershocks. It is not possible to take account of the triggering effect of
events located in a given spatial partition on other events located in other spatial parti-
tions, nor is it possible to take account of events outside of the spatial partition on events
located within it. As a result, all the spatial partitions would thus have to be considered
as seismically decoupled from each other, while our approach considers that all the spatial
partitions are coupled to each other.

2. As there is no definition of how well the method of Zaliapin and Ben-Zion [2016] fits the
data, it would be impossible to define the optimal number of Voronoi partitions as we have
done in our approach.

As a result, we prefer to head towards the generalization of our approach to the full space-time
structure of the catalog, which ensures the least subjectivity, at the cost of defining a parametric
model for the source and target events (the ETAS model).

3.5.4 Correlation of ETAS parameters with Depth

Depth at which earthquakes occur is often suggested to be a controlling factor for their occur-
rence. In particular, based on arguments borrowed from the rate and state friction model [Di-
eterich, 1994], Scholz [1998] proposed a synoptic model of the variation of the frictional stability
parameter, ζ = af − bf (where af and bf are here the parameters quantifying material prop-
erties in the Rate and State dependent friction law), as a function of depth for crustal faults
and subduction zone interfaces. Scholz [1998] proposed that ζ is positive (indicating stable slip
regimes) at shallow depths because of the presence of unconsolidated granular material, and at
large depths because of the onset of plasticity at, and above, a critical temperature. Between
the two stable slip regimes exists the unstable regime, for which ζ exceeds a certain threshold
(see Equation (2) in [Scholz, 1998]). This unstable regime corresponds to the seismogenic depth
range over which earthquakes may nucleate. Motivated by these propositions, we investigate if
the parameters of the ETAS model, in particular µ and n, are correlated with hypocenter depths.

To investigate these correlations, we first extend our method to invert spatially variable
parameters in 3D. The whole procedure of the inversion (see Section 3.2.3) remains the same,
except for the following changes. First, we perform the spatial partitioning in 3D using Voronoi
volumes. Second, we modify the spatial component of the triggering kernel such that it depends
on hypocentral distances rather than epicentral distances.
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It is interesting to note that the number of Voronoi cells for which we achieve the minimum
median BIC is nearly the same for 2D (286 cells) and 3D (320 cells) inversions respectively. This
suggests that very few new spatial cells are needed to explain the variation of the parameters
along the newly added depth dimension, which possibly indicates that variation of the inverted
parameters along depth is much smaller (or possibly non-existent) compared to their lateral
variation.

We further try to systematically quantify the variation of µ and n as a function of hypocen-
tral depth in the following manner. First, we subtract the 2D estimates of µ and n from their
corresponding 3D estimates, both of which have been obtained at the location of all 21,448 M ≥ 3
earthquakes used for the inversion of these parameters, in order to obtain respective parameter
residuals, Rµ and Rn, at each location. In doing so, we remove the effect of the lateral variation
of the parameters from the 3D estimates of µ and n, leaving behind Rµ and Rn. Any system-
atic variation (with depth) of the two residuals can then be purely attributed to the hypocentral
depths.

In Figure 3.8a-b, we show the correlation of Rµ and Rn with hypocentral depths. For clarity,
we only show the median value and 95% CI of Rµ and Rn in different depth bins. We follow
the same binning procedure as defined in the previous Section 3.5.3. Both Rµ and Rn show no
systematic trend with hypocentral depth, indicating that µ and n are nearly independent of
hypocentral depth.

Our observations are in direct contradiction with the synoptic model proposed by Scholz
[1998], which predicts a mid-crustal unstable regime (with efficient earthquake nucleation, prop-
agation and triggering) sandwiched between upper and lower stable regimes. Our results rather
suggest that both the far-field tectonic loading and stress perturbations caused by earthquakes
could be equally efficient in nucleating unstable slip at all depths at a given horizontal location.
While Scholz [1998] suggests that seismic coupling is strong in the middle part, and weak at
shallow and large depths, our results indicate that seismic coupling seems constant along depth,
even if it varies laterally in the study region. This thus suggests that the normal stress has no
real effect on earthquake nucleation and that temperature also has no effect. This reinforces the
conclusion that high heat flow areas show a singular behavior because of their fluid content, not
because of higher temperatures.

It is interesting to note that, without the residual analysis, one does observe a global depth
variation of µ and n, shown in Figure 3.8c-d. For clarity, we only show the median value and 95
% CI of µ and n in different depth bins. We find that, globally, both µ and n show a slight increas-
ing tendency up to ≈ 10km depth, and then consistently decrease afterwards. These observations
seem to be consistent with the model proposed by Scholz [1998]. However, in combination with
the residual analysis, our observations indicate that the global depth variation of µ and n ob-
served for the whole study region is merely a geometrical effect, which only originates when we
stack local µ and n values observed in all the sub-regions (composing the whole study region)
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FIGURE 3.8. Correlation of Rµ = µ3D − µ2D (panel a), Rn = n3D − n2D (panel b), (µ3D)
(panel c) and n3D (panel d) with hypocentral depths (km); Black circles are the
median values and the grey vertical bars delineate the 95% confidence interval of
each of these parameters conditioned on the median value of hypocentral depths
(km).

together, despite the fact that both µ and n show no correlation with depth locally. The origin of
the global depth variation of µ and n as a geometrical effect rather than a physical effect can be
explained if we consider that the maximum seismogenic depth varies laterally due to variation
in surface heat flow.

Last but not least, we have not considered the influence of uncertainties in the location
and magnitude of the earthquakes on the estimates of the ETAS parameters in this paper. Yet,
we can be concerned by the possibility that such location uncertainties (especially along depth,
which are usually larger) might blur any variation with location, and even totally overprint it if
the uncertainties are large enough. Thus, the question of a possible influence of location (depth
in particular) and magnitude uncertainties on the estimates of ETAS parameters is still open
and should be considered in future studies.
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3.6 Summary and Conclusions

We proposed a data-driven method to estimate the spatially variable parameters of the ETAS
model. Our method is an improved extension of the stochastic declustering method proposed
by Veen and Schoenberg [2008], which allows us to obtain the optimal spatially varying back-
ground seismicity rate as well as spatially varying estimates of other parameters of the ETAS
model. The success of our method is demonstrated by the correct inversion of the parameters of
a “realistic” synthetic catalog.

Applying our methodology to the earthquakes (M ≥ 3, depth ≤ 40 km) cataloged by the
Advanced National Seismic System (ANSS) in the period from January 1, 1981 until July 5,
2015 enclosed in the RELM/CSEP collection polygon, we obtained the spatial variability in the
background seismicity rate µ, the two productivity parameters (K , α) and spatially invariant
estimates of the remaining ETAS parameters. In addition, we obtained the spatial variability
of the exponent of the Gutenberg Richter law (bval) and magnitude of completeness (Mc). Using
the spatially variable estimates of K , α and bval, we obtained two derived ETAS parameters,
the branching ratio (n) and α−bval, which respectively quantify the efficiency of earthquake-
earthquake triggering and the dominance of large earthquakes relative to small earthquakes in
their triggering contributions.

Based on the spatial variation of n, we deduced that the efficiency of earthquake-earthquake
triggering is far from uniform in the study region, possibly due to the crust not being equally
critically stressed everywhere. On the other hand, spatial variation of α−bval indicate that trig-
gering is mostly dominated by smaller earthquakes in the study region, with small pockets of
equal or larger dominance of larger earthquakes in triggering. The widespread dominance of
the smaller earthquakes in triggering (in the study region) necessitates the use of often ignored
secondary stress changes (Coulomb stress changes caused by smaller earthquakes) in addition
to the stress changes caused by larger earthquakes in static stress change studies.

Investigations of correlation of the branching ratio and the background seismicity rate with
surface heat flow suggests the existence of triggering possibly through fluid-induced activation.
The evidence of fluid mediated triggering is further accentuated with evidence of aftershock
diffusion in areas with high fluid content.

Last but not least, we find that triggering and nucleation of earthquakes show no true corre-
lation with hypocentral depths. The global correlation of background seismicity rate and branch-
ing ratio with hypocentral depths is rather a geometrical effect arising from the superposition
of locally uniform depth dependences in a crust with a laterally varying seismogenic depth.

Our present work opens the following areas for further research. First, we find that the
number of background earthquakes, among the 21,448 (M≥3) earthquakes used for inversion,
systematically increases with the number of Voronoi cells used to partition the area under study
(Figure 3.9). For instance, the median number of background earthquakes increases from ≈2100,
for the minimum complexity (whole region treated as one cell), to ≈4500, for 480 cells Voronoi
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FIGURE 3.9. Number of Background Earthquakes as a function of the number of
Voronoi cells used to partition the study region; Black circles are the median val-
ues and the grey bars delineate the 95% confidence of the number of background
earthquakes identified for a given number of Voronoi cells.

cells. The median number of background earthquakes corresponding to the ensemble model is
equal to ≈4200. Relative to the ensemble model, the minimum complexity model (with spatially
invariant parameters) underestimates the total number of background earthquakes by a factor
of ≈2 (relative bias= -50%). So, the ensemble model not only captures the optimal spatial vari-
ability of background seismicity rate but also its net amplitude. We speculate that both these
factors should lead the ensemble model of background seismicity rates to outperform the long
term forecast of spatially homogenous (or arbitrarily complex) ETAS models. We propose to test
this hypothesis in our future work. Moreover, our method also allows us to distinguish regions
where the triggering of earthquakes is extremely efficient from those where it is low (high n vs.
low n). This distinction can potentially improve short term forecasting of aftershocks, which con-
stitute nearly 80% of the total observed seismicity (M≥3) in the study region, relative to models
with a spatially homogenous branching ratio. This will also be tested in future work.

Second, as the ETAS parameters are correlated with each other in the calibration process,
the assumption of spatial homogeneity for some of them might introduce biases in the estimates
of spatially variable parameters. As a result, we need to extend our method to jointly invert the
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spatial variation of all the ETAS parameters.
Third, the ETAS parameters at a given location might not be stationary in time. This is espe-

cially relevant for regions with swarm activities and regions with anthropogenic activities (such
as, fluid injection and extraction) leading to earthquake triggering. So, we propose to extend our
method to jointly invert the spatio-temporal variation in the parameters, with special focus on
geothermal regions.

Finally, in our current method, we have assumed that the ETAS parameters are source de-
pendent (i.e. depend on the location of the source) for computational simplicity. Even though this
assumption is reasonable if the size of each subdomain is larger than the length of the largest
event it contains, and if spatial variations are smooth at that scale, a more physical description
of the spatial variability of the ETAS parameters would be to assume that the parameters are
target dependent. In the future, we will also explore this avenue and possibly compare the es-
timates of the parameters obtained from a target based approach to the present source based
approach.
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4
ASSESSING THE IMPACT OF DECLUSTERING METHOD

ON THE FORECASTING SKILL OF SMOOTHED

SEISMICITY MODEL1

4.1 Introduction

Recent earthquake forecasting experiments (within the Regional Earthquake Likelihood Mod-
els (RELM) or CSEP frameworks) in California revealed that the smoothed seismicity model by
Helmstetter et al. [2007] was the most skill full in forecasting the rate of future earthquakes
(with M≥4.95) [Zechar et al., 2013; Hiemer and Kamer, 2016]. The main assumption of their
model is that the spatial density of past earthquakes reveal the probable locations of the future
earthquakes. A key ingredient of this model is Reasenberg’s "declustering" algorithm [Reasen-
berg, 1985], which the authors use to remove large fluctuations of seismicity rate in space and
time due to aftershock sequences. However, the authors only justify their choice of this declus-
tering algorithm based on its "simplicity" over other more sophisticated declustering algorithms
[Zhuang et al., 2002 2004; Veen and Schoenberg, 2008; Marsan and Lengline, 2008].

The goal of this chapter is to investigate if the forecasting skill of a smoothed seismicity
model is indeed influenced by the choice of the declustering algorithm. The chapter is organized
as follows. We first describe the data used in this study. We then describe the experiments that
are used to compare the forecasting skills of the models using different declustering algorithms.
We then present an overview of the declustering algorithms that we compare. We then present
and discuss the results of these experiments.

1 Authors: Nandan, S., G. Ouillon, D. Sornette, and S. Wiemer, This work is to be submitted to the Bulletin of
the Seismological Society of America.
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FIGURE 4.1. (a) Spatial distribution of earthquakes with magnitude larger than 0 that
occurred within the time period 1 January 1981 to December 2015 in the RELM
polygon defined by Schorlemmer and Gerstenberger [2007] (b) Frequency magni-
tude distribution of earthquakes shown in the left panel; green circles show the
number of earthquakes with magnitude larger than M; magenta stars show the
number of earthquakes within magnitude bins of size 0.15 unit; the continuous
black line shows the overall magnitude of completeness (Mc=2.1) estimated using
the method proposed by Clauset et al. [2009]; the dashed red line shows the over-
all magnitude of completeness (Mc=1.1) estimated using the maximum curvature
method [Wiemer and Wyss, 2000] (c) Time Series of Mc estimated from the earth-
quakes shown in the left panel within sliding time windows of size 1 year using
the method proposed by Clauset et al. [2009]; the horizontal continuous black line
shows the magnitude threshold of 3, which is assumed to be the magnitude of com-
pleteness for this study; dashed black line shows the decreasing trend in the time
series of Mc.

4.2 Data

We use the earthquakes (M ≥ 0, depth ≤ 40 km) cataloged by the Advanced National Seis-
mic System (ANSS) in the period from January 1981 until December 2015 enclosed in the
RELM/CSEP collection polygon defined by Schorlemmer and Gerstenberger [2007] (Figure 4.1a)
for the analysis.

Prior to the declustering of the catalog, we address the catalog incompleteness problem con-
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sidering a magnitude threshold (Mc) above which the frequency magnitude distribution follows
the Gutenberg-Richter relationship [Woessner et al., 2005; Gutenberg et al., 1944] with an expo-
nent bval, which quantifies the relative frequency of earthquakes with small vs large magnitudes
and is used repeatedly in our analysis.

In Figure 4.1(b), we show the global empirical frequency-magnitude distribution of the se-
lected catalog. The solid black line in the figure shows the magnitude threshold (Mc=2.1) esti-
mated using the method proposed by Clauset et al. [2009]. We find that all earthquakes in the
catalog with magnitude larger than Mc=2.1 tend to follow the Gutenberg-Richter relationship
with an exponent bval =0.95.

Indeed, we should estimate the joint spatio-temporal variation of Mc in the chosen time
period and spatial polygon, but this full and complex spatio-temporal analysis is beyond the
scope of this chapter. Instead, we make the conservative assumption that the catalog is complete
above a magnitude threshold of 3 at all times and at all spatial locations (see Section 3.3).

4.3 Description of the Experiments

In this chapter, we conduct a series of 6 experiments (Table 4.1) to compare the performance of
4 models, outlined in Section 4.4, in forecasting the location of the future earthquakes.

Each experiment is composed of a training catalog that all the models are allowed to use
to construct a probability density function (PDF), µ(x, y), within the predefined testing region,
which is used to forecast the location of the future earthquakes that are included in a target
catalog. The period spanned by the earthquakes of the training catalog used in the 6 experiments
is listed in the second column of the Table 4.1. It is also important to note that we only use
earthquakes with magnitude larger than 3, and those that are enclosed with in the collection
polygon defined by Table 3 of Schorlemmer and Gerstenberger [2007] for California as part of
the training catalog for each experiment.

The target catalog is always the 5-year time period following the end of the training catalog.
Moreover, we only try to forecast the location of earthquakes with magnitude larger than either
4.95 or 3.95, and included within the testing region defined by Table 2 of Schorlemmer and
Gerstenberger [2007].

In order to evaluate the forecast, we first divide the testing region using 0.01 degree2 cells.
Note that we use the same grids as the ones used by Zechar et al. [2013], who compared the
forecasting performance of models that participated in the first RELM earthquake forecasting
experiment. We, thus, coarse-grain the PDF, µ(x, y), of each model to construct a new coarse-
grained PDF, µi, by integrating µ(x, y) within each of the i = 1 to Ncell square cells that divide
the testing region. We then evaluate the forecast of each model by computing its information
over a minimum information model (Λ0). In the Λ0 model, the probability of an earthquake to
occur in the testing region with area Aregion is uniform. In other words, the spatial PDF, µ(x, y),
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TABLE 4.1. Shows the list of 6 experiments conducted in this chapter; Each experiment
consists in non-overlapping (in time) training and target catalogs; In each experi-
ment, a model is constructed using the training catalog, which is then used to fore-
cast the target catalog; The training catalog is always composed of earthquakes
with magnitude larger than 3 that occurred in the collection polygon defined by
CSEP; the target catalog is always composed of earthquakes with magnitude larger
than the one specified in column 4 that occurred in the testing polygon defined by
CSEP in the time period specified by the column 3.

Experim
-ent #

Time Period
of the Train-
ing Catalog

Time Period
of the Target
Catalog

Magnitude
Threshold of
the Target
Catalog

# Earth-
quakes in
the Target
Catalog

1 1981-2000 2001-2005 3.95 206
2 1981-2000 2001-2005 4.95 21
3 1981-2005 2006-2010 3.95 206
4 1981-2005 2006-2010 4.95 31
5 1981-2010 2011-2015 3.95 206
6 1981-2010 2011-2015 4.95 14

corresponding to Λ0 is equal to 1
Aregion

. The information gain, IGt of model ΛA with spatial PDF
µA(x, y) and coarse-grained PDF µA

i , relative to model Λ0 with spatial PDF µ0(x, y) and coarse-
grained PDF µ0

i , for the tth earthquake that occurs in the ith latitude-longitude spatial bin in
the testing region is given by:

(4.1) IGt

(
ΛA,Λ0

)
= ln

(
µA

i:t∈i

)
− ln

(
µ0

i:t∈i
)

In this equation, µA
i:t∈i and µ0

i:t∈i denote the probability of occurrence of the tth earthquake in
the ith latitude-longitude spatial bin according to the models ΛA and Λ0 respectively.

Note that CSEP only evaluates the forecasts for earthquakes with M≥4.95. However, there
are only very few earthquakes (21, 31 and 14 respectively) in the three periods used in the
experiments (see Table 4.1). So, we also conduct the experiments for earthquakes with M≥3.95,
as these are more numerous, which might help in reducing the statistical fluctuations in the
outcomes of the experiment.

4.4 Declustering algorithm and smoothed seismicity approach

The process of obtaining a PDF, µ(x, y), that forecasts the probable location of future earth-
quakes is composed of one major assumption and two basic steps. The main assumption is that
the spatial density of the past earthquakes reveals the probable locations of future earthquakes.
Having made this assumption, the first step is to select earthquakes from the training catalog,
by means of declustering algorithm. This selection is considered necessary to remove the large
fluctuations of seismicity rate in space and time due to aftershock sequences. The location of
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these selected background events is then smoothed using a kernel density estimation technique
to obtain µ(x, y). In the following sections, we first describe the different declustering algorithms
which are used to select earthquakes from the training catalog (Section 4.4.1). These decluster-
ing algorithms are at the heart of four models that compete in the 6 forecasting experiments
conducted in this study. We then delineate the method of obtaining µ(x, y) from these selected
earthquakes using the smooth seismicity approach proposed by Helmstetter et al. [2007] in Sec-
tion 4.4.2.

4.4.1 Description of declustering algorithms

4.4.1.1 Reasenberg’s declustering algorithm (Model 1 or RD)

This method was introduced by Reasenberg [1985] and is based on the previous work of Savage
[1972]. In this, algorithm any earthquake that occurs within the interaction zone of a prior
earthquake can be considered to be its aftershock. The events that are associated are referred
to as belonging to a cluster. The cluster grows by simple rules of association which are described
in the following:

1. Consider a cluster earthquake, with index k. Also assume that the largest and the last
event in this cluster have magnitudes Mk

max and Mk
last; they occurred at locations (xk

max, yk
max)

and (xk
last, yk

last); at times tk
max and tk

last respectively.

2. In order for the ith event in the catalog to be linked to this cluster, it has to satisfy the
following 2 criteria:

a. It should fall within the spatial interaction zone of this cluster, defined as the union
of the areas spanned by the circles of radius Rk = 100.4∗Mk

max−1.943+Q centered around
the locations of the largest and last event of the cluster. Q is a parameter that can
switched between 0 and 1 depending upon whether the event is, respectively, the
largest or the last event of the cluster [Reasenberg, 1985]. Yet, some references such
as van Stiphout et al. [2012] and Mochan and Dmitrieva [1992] suggest a reversed
usage of this switch.

b. The event should also fall within the temporal interaction zone of the cluster, which
is defined using the Omori decay with exponent 1. In particular, for the ith event to be
associated to cluster, the time elapsed between the ith event and the last event of the
cluster (ti−tk

last) should be smaller than τ, where τ is defined as τ = −log(1−P)∗(tk
last−tk

max)

10(Mk
max−Mc )2/3

.
In the preceding equation, P is the probability of the observing the next event in the
cluster. To be reasonably confident of observing the next event in the cluster, it is
generally set to 0.95. It is also important to note that the value of τ can vary between
0 and ∞. To account for it this “unboundedness” of τ, Reasenberg [1985] proposed
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arbitrary upper and lower bounds (τmax and τmin) for τ to be 1 day and 10 days
respectively.

If an event is associated with a previously clustered event, it becomes a member of the
existing cluster. Furthermore, when 2 events belonging to different clusters are associated, the
respective clusters are redefined as a single cluster.

The values of the parameters (τmin, τmax, Q and P) of the aforementioned declustering
method are unknown and often arbitrary values are chosen for them without justification (see
for instance, Helmstetter et al. [2007]). The final outcome of applying this declustering proce-
dure on an earthquake catalog, with a fixed set of parameters, is the “hard” classification of
earthquakes into two groups: independent earthquakes and dependent earthquakes. Schorlem-
mer and Gerstenberger [2007] instead proposed a Bayesian approach. They suggested to vary
those parameters within a predefined range. The authors then suggest to repeat the declus-
tering procedure 10,000 times by randomly assigning the parameters values from within the
prescribed range to obtain 10,000 declustered catalogs. Using these 10,000 declustered catalogs,
the authors suggested to compile a single declustered catalog in which each event is assigned
an independence probability, IP j, based on the number of declustered catalogs that contained
this event. However, it is important to note that Schorlemmer and Gerstenberger [2007] do not
provide any justification for the range prescribed for these parameters. Nevertheless, in this
chapter, we use the approach suggested by Schorlemmer and Gerstenberger [2007] to compute
independence probabilities corresponding to the events in the catalog.

4.4.1.2 Zaliapin declustering (Model 2 or ZD)

Zaliapin et al. [2008], following the work of Baiesi and Paczuski [2004], proposed a simple declus-
tering algorithm based on a rescaled space-time distance between earthquakes. This decluster-
ing algorithm is composed of the following steps:

1. We identify the nearest neighbor earthquake, with index i∗, to the jth earthquake in the
catalog. To find the nearest neighbor earthquake, we first compute the space-time distance,
nij, between the jth earthquake and all the preceding earthquakes. Following Baiesi and
Paczuski [2004], nij is defined as the following:

(4.2) ni j = ti j r
df
i j 10−bmi

In the above equation, i (= 1 to j − 1) is the index of all the earthquakes preceding the
jth earthquake; tij = t j − ti; rij =

√(
xj − xi

)2 +
(
yj − yi

)2 ; {ti, xi, yi,mi} is time, location and
magnitude of the ith earthquake; df is the fractal dimension of earthquake epicenters and
b is the exponent of the GR law.
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Finally, i∗ corresponds to the index i for which nij is minimum. We denote the minimum
space time distance between events j and i∗ as ni∗ j .

2. Following Zaliapin et al. [2008], we define rescaled time and space distance separately
between earthquakes j and i∗ earthquake as follows:

(4.3)
Ti∗ j =

(
t j − ti∗

)
10−bmi /2

Ri∗ j =
(√(

xj − xi∗
)2 +

(
yj − yi∗

)2
)df

10−bmi∗ /2

Note that ni∗ j = Ti∗ j × Ri∗ j.

3. We repeat steps 1 and 2 for j = 2 to N, where, N is the total number of earthquakes in the
catalog to obtain individual rescaled Space and Time distances (Ri∗ j and Ti∗ j respectively)
for all earthquakes in the catalog except the first one. The first earthquake is by default
considered as a background earthquake.

4. In order to further classify events j=2 to N as background or aftershock, we then perform
a 2D Gaussian Mixture modelling in the T-R space using the base 10 logarithm of the cor-
responding rescaled space and time distances (Ri∗ j and Ti∗ j respectively) as a data set.
For this, we first consider a data set composed of N-1 data points in the T-R space with
coordinates {logTi∗ j, logRi∗ j}. We apply a standard Gaussian mixture modelling to these
N-1 data points, assuming that the data can be described by a mixture of two Gaussian
components (one corresponding to the background earthquakes and the second one cor-
responding to the aftershocks), with mean and covariance matrices

{
µ1, µ2

}
and {Σ1, Σ2},

respectively, and mixing coefficients {π1, π2}. We then use a standard EM algorithm to esti-
mate

{
µ1, µ2

}
, {Σ1, Σ2} and {π1, π2}, and compute the responsibilities γ1, j and γ2, j that each

component of the Gaussian mixture holds for the jth earthquake. Note that, γ1, j +γ2, j = 1.
In other words, γ1, j represents the probability for the jth earthquake to be part of the
Gaussian cluster with index 1, which in our case represents the cluster of background
earthquakes. As a result, we obtain the independence probability corresponding to the jth

earthquake, IP j= γ1, j.

4.4.1.3 Stochastic declustering using the ETAS model with spatially variable
parameters (Model 3 or ETAS-SV1)

The ETAS model is actively used to model the spatio-temporal distribution of earthquakes
[Zhuang et al., 2002; Helmstetter and Sornette, 2002]. It is an adapted version for seismicity
of the self-excited conditional Poisson process [Hawkes, 1971a, 1971b; Hawkes and Oakes, 1974].
In this model, the conditional seismicity rate, λ (t, x, y|H t), at any location (x, y) and time t
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depends on the history of the earthquake occurrences up to t and is given by:

(4.4) λ (t, x, y|H t) = µ+
∑

i:ti<t
g(t − ti, x − xi, y− yi,mi)

In Equation 4.4, H t = {(ti, xi, yi,mi) : ti < t} represents the history of the process up to time
t. (ti, xi, yi,mi) respectively correspond to the time, x-coordinate, y-coordinate and magnitude of
the ith earthquake in the catalog.

µ is the spatially homogenous background intensity function, which is also assumed to be
independent of time. It stands for the expected rate of background earthquakes.

g (t − ti, x − xi, y− yi,mi) is the triggering function, which measures the rate of decay of af-
tershocks of the ith mainshock as a function of distance in space and time. Several forms have
been proposed for the triggering function [Console et al., 2003; Ogata, 1998; Zhuang et al., 2004;
Zhuang et al., 2005; Harte, 2016]. In this chapter, we use the form similar to the one proposed
by Zhuang et al. [2005]:

(4.5) g (t − ti, x − xi, y− yi,mi) = K ea(mi−M0)

{t − ti + c}1+ω
{
(x − xi)2 + (y− yi)2 + deγ(mi−M0)

}1+ρ

See Section 3.2.1 for the explanation of the various terms involved in the triggering function.
θ = {µ, K , a, c, ω, d, γ, ρ} is the set of invariant parameters that characterize the ETAS model.

Given the ETAS model, the process of declustering is then to estimate the independence
probability, IP j, corresponding to each earthquake. This can be achieved using the EM scheme
proposed by Veen and Schoenberg [2008]. This method can be broken down into two steps.

1. Expectation step (or E-step): given the current guess of the parameters at step n, θ̂n, we
first compute the probability that the jth earthquake is the offspring of the ith earthquake,
P(n)

i, j , using:

(4.6) P(n)
i, j =

g
(
t j − ti, xj − xi, yj − yi,mi|θ̂n)

λ
(
t j, xj, yj

∣∣H t j , θ̂n
)

Using Pn
i, j, we can then estimate the total number of independent events, φ(n), using:

(4.7) φ(n) =
N∑

j=2

(

1−
j−1∑

i=1
P(n)

i, j

)

+1

We can also estimate the total number of direct aftershocks triggered by the ith earthquake,
ψ(n)

i , using:

(4.8) ψ(n)
i =

N∑

j=i+1
P(n)

i, j
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2. Maximization step (or M-step): in this step, we maximize the complete data log-likelihood,
ln

c (θ) with respect to the parameters θ, defined as:

(4.9)

ln
c (θ) = − log

(
Γ

(
φ(n) +1

))
−µAT +φ(n) log

(
µAT

)

+
N∑

i=1

{
− log

(
Γ

(
ψ(n)

i +1
))

−Gi (θ)+ψ(n)
i log(Gi (θ))

}

+
N∑

j=2

{
j−1∑

i=1
P(n)

i, j ∗ log
{ g

(
t j − ti, xj − xi, yj − yi,mi

)

Gi (θ)

}}

where N, A and T are respectively the total number of earthquakes present in the catalog,
the area of the spatial region (S) over which the earthquakes in the catalog are distributed,
and the total time span of the catalog. Note that

(4.10) Gi (θ) =
∫T

ti

7

S
g (t − ti, x − xi, y− yi,mi)dx dy dt

gives the expected number of offsprings of first generation with magnitude larger than a
magnitude M0 of triggering, of any earthquake.

We refer the reader to Veen and Schoenberg [2008] for detailed explanation of the different
terms composing the complete data log-likelihood, ln

c (θ), defined in Equation 4.9.

The new estimate of the ETAS parameters, θ̂n+1, is obtained by maximizing ln
c (θ) using a

numerical optimization routine.

3. We repeat steps 1 and 2 as long as
∣∣ln+1

c (θ)− ln
c (θ)

∣∣ > 10−4. The outcomes of the repeated
EM cycles are the final estimates of the parameters, θ̂final and IP j, which is equal to
1 − ∑ j−1

i=1 P̂final
i, j . Note that the first earthquake in the catalog always has an independence

probability equal to 1.

In Chapter 3, we proposed a systematic method for the estimation of spatially varying para-
meters, using the Expectation Maximization (EM) algorithm and spatial Voronoi tessellation en-
sembles. We use the Bayesian Information Criterion (BIC) to rank inverted models given their
likelihood and complexity, and select the best models to finally compute an ensemble model at
any location. This method builds upon the work of Veen and Schoenberg [2008]. The details of
the method to invert the spatially variable parameters can be found in Section 3.2.2. We exhaus-
tively tested this method using realistic synthetic catalog and demonstrated its reliability in
inverting the underlying parameters in Appendix B.

The final outcome of this method is a set of spatially variable estimates of the ETAS para-
meters as well as independence probabilities, IP j, corresponding to each earthquake.
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4.4.2 Smoothing Independence probabilities to obtain the PDF of future
seismicity

This method to obtain the PDF of future seismicity, µ(x, y), was proposed by Helmstetter et al.
[2007]. In this approach, the locations of the "selected" earthquakes in the training catalog are
smoothed to generate a smoothed seismicity rate map, which is then used to forecast the prob-
able location of future earthquakes. However, unlike Helmstetter et al. [2007], who assigned
a probability of either 0 or 1 to the earthquakes in the catalog of being independent, all the
declustering methods proposed in Section 4.4.1 yield a probability of being independent for all
the earthquakes in the training catalog. As a result, we modify the original method of smooth-
ing proposed by Helmstetter et al. [2007] to smooth the independence probabilities of all the
earthquakes in the training catalog to obtain µ(x, y), using the following equation:

(4.11) µ (x, y) =

∑N
j=1 IP j exp

[
− (x−xj)2+(y−yj)2

2d2

]

:
Tregion

{
∑N

j=1 IP j exp
[
− (x−xj)2+(y−yj)2

2d2

]}
dx dy

In the above equation, C(d)∗ exp
[
− (x−xj)2+(y−yj)2

2d2

]
represents an isotropic Gaussian Kernel

with bandwidth d; IP j denotes the independence probability of jth earthquake located at {xj, yj};

C(d) is the normalization constant such that
:+∞

−∞ C(d)exp
[
− (x−xj)2+(y−yj)2

2d2

]
equals 1, however

it doesn’t appear in Equation 4.11 by simplification.

Note that the denominator,
:

Tregion

{
∑N

j=1 IP j exp
[
− (x−xj)2+(y−yj)2

2d2

]}
dx dy ensures that

:
Tregion

µ (x, y)dx dy =1.

4.4.3 Taking account of aftershocks in constructing the spatial PDF of
future seismicity rate (Model 4 or ETAS-SV2)

So far, all the proposed models only use the independence probabilities to forecast the spatial
distribution of all the future earthquakes. However, there is no reason to believe that all the
future earthquakes are background earthquakes. A significant portion of them could, indeed,
be aftershocks. Of all the declustering methods, only the stochastic declustering method allows
us to correct the forecast of the spatial PDF of the future earthquakes by taking account of
the contribution of aftershocks to it. While such a correction might be possible for the other
declustering method, it is not as straightforward. On the other hand, in the case of the stochastic
declustering method, this can be easily achieved by means of simulating aftershocks in the
forecasting period given the triggering parameters that characterize the ETAS model.

The aftershocks in the forecasting period can be decomposed into two types (1) those that
are generated by the “known” earthquakes present in the training period and (2) those that are
generated by the “unknown” background earthquakes present in the forecasting period.
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In the following, we present simple algorithms to simulate both types of aftershocks for the
case of the ETAS model with spatially heterogeneous parameters. Note that these algorithms
can be easily applied to the case of the spatially homogenous ETAS model.

To generate aftershocks of type 1, we use the following algorithm:

1. We first consider that all the earthquakes in the training catalog (occurring in the period
[0,Ttrain]) are parent events. Their location, time and magnitude are directly taken from
the real catalog. It is important to realize that as the part of seismicity sequence in the
training period has already been observed in the form of earthquakes enclosed in the train-
ing catalog, we should discard all the synthetic offspring of these earthquakes that fall in
the training period and only retain those synthetic offspring that fall in the validation pe-
riod [Ttrain, Ttrain +5×365]. We achieve this in the step 4 of the algorithm. The synthetic
offspring that fall in the validation period can then be allowed to trigger their own cascade
of offspring.

2. We then assign a set of productivity parameters K j and a j to each parent earthquake
depending upon the value of the ensemble estimates of the parameters K̂ and â from the
real catalog at their location.

3. For each parent earthquake with magnitude m j, we generate Nj offspring earthquakes
above magnitude M0, where Nj is a discrete Poisson random variable with mean G j

(see Equation 4.10). The times and locations of all offspring earthquakes are simulated
stochastically using an Omori kernel in time {t − t j + ĉ}−1−ω̂ and a spatial density kernel{(

x − xj
)2 +

(
y− yj

)2 + d̂eγ̂(m j−M0)
}−1−ρ̂

respectively, where Θ̂={ĉ, ω̂, d̂, γ̂, ρ̂} are the pre-
viously estimated spatially invariant parameters. We simulate the magnitudes of the off-
spring earthquakes using the PDF of a Gutenberg-Richter law with Mmin = 3 as the lower
magnitude cutoff, Mmax = 8.5 as the upper magnitude cutoff and a global b-value of 0.95
(estimated for the real catalog, see Section 4.2). We also assume that only the earthquakes
with magnitude larger than 3 are able to trigger aftershocks.

4. We then remove all the earthquakes that occur outside the period [Ttrain,Ttrain + 5 × 365]
from the list of earthquakes in the catalog. All the remaining offspring earthquakes are
then considered as the potential parent earthquakes for the next generation.

5. We repeat steps 2 and 4 until no more offspring earthquakes are generated.

Note that, the catalog generated using the above algorithm is composed only of aftershocks
of earthquakes present in the training catalog. We repeat the above process nsim =10,000 times
to obtain 10,000 synthetic catalogs. Using all these synthetic catalogs, we finally create one
stacked catalog of type 1 aftershocks.

To generate aftershocks of type 2 we use the following algorithm:

81



CHAPTER 4. ASSESSING THE IMPACT OF DECLUSTERING METHOD ON THE
FORECASTING SKILL OF SMOOTHED SEISMICITY MODEL

1. We first generate the background earthquakes using the independence probabilities (IP j),
and the location of the earthquakes from the real catalog. We compare the independence
probability, IP j, of each earthquake, E j, to a random number generated uniformly between
0 and 1. If IP j is larger than the random number, the earthquake is considered as a back-
ground event. If not, the event is discarded. All the selected background earthquakes are
considered as potential parent earthquakes, which can trigger their own aftershocks or
offsprings.

2. Each of the background earthquake is then assigned a time by sampling from a uniform
distribution in the range [0,Ttrain]. Ttrain is the length of training catalog in days.

3. Each of the background earthquake is assigned a magnitude by sampling from the PDF of
a Gutenberg-Richter law with Mmin = 3 as the lower magnitude cutoff, Mmax = 8.5 as the
upper magnitude cutoff and a global b-value of 0.95.

4. Same as the step 2 of the preceding algorithm.

5. Same as the step 3 of the preceding algorithm.

6. We repeat steps 4 to 5 until no newer offspring earthquake is generated.

We repeat the above process nsim =10,000 times to obtain 10,000 synthetic catalogs. Using all
of these synthetic catalogs, we create one stacked catalog of type 2 aftershocks in the following
way. We first remove all the earthquakes that occur at times larger than 5*365 days, as the time
length of the forecasting window is only 5 years in all the experiments and the origin time of all
the synthetic catalog is 0. Moreover, we also remove all the earthquakes that occur outside the
testing polygon specified by CSEP. Finally, we remove all the earthquakes that are labelled as
background earthquakes in the stacked synthetic catalog.

We then combine the stacked synthetic catalogs of aftershocks of type 1 and type 2 to create
one combined stacked synthetic catalogs of aftershocks.

We further construct the smoothed seismicity PDF using the following equation:

(4.12) µ (x, y) =
KTfract + K

′
n−1

sim:
Tregion

(
KTfract + K ′n−1

sim
)
dx dy

In the above equation, K = ∑N
i=1 IPiC(d)exp

[
− (x−xi)2+(y−yi)2

2d2

]
; K

′ = ∑N ′

j=1 C
′
(d)exp

[
− (x−xj)2+(y−yj)2

2d2

]
;

IPi denotes the independence probability of the ith earthquake present in the training catalog,
which is located at (xi, yi); N in the total number of earthquakes present in the training cat-
alog; Tfract = 5×365

Ttrain
is the ratio of time period of forecast window to that of the training cat-

alog; (xj, yj) denotes the location of the jth earthquake in the stacked synthetic catalog; N
′

is the total number of earthquakes present in the stacked synthetic catalog of aftershocks;
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nsim is the number of simulations performed to generate the stacked synthetic catalog; C(d)
and C

′
(d) are the normalization coefficients such that

:+∞
−∞ C(d)exp

[
− (x−xi)2+(y−yi)2

2d2

]
dx dy and

:+∞
−∞ C

′
(d)exp

[
− (x−xj)2+(y−yj)2

2d2

]
dx dy respectively equals 1. Note that the denominator on the

Right hand side of the Equation 4.12 ensures that
:

Tregion
µ (x, y)dx dy is equal to 1.

4.4.4 Summary of all competing models

For clarity, in the following, we summarize the list of all the smoothed seismicity models that
we compare in this chapter.

In Model 1 (or RD), Model 2 (or ZD), Model 3 (or ETAS-SV1), we obtain the respective PDFs
of the spatial distribution of earthquakes (µRB (x, y) ,µZD (x, y) , µETASSV1 (x, y)) by smoothing the
location of the earthquakes in the training catalog using Equation 4.11, weighted according to
the independence probabilities obtained from the declustering algorithms described in sections
4.4.1.1, 4.4.1.2 and 4.4.1.3 respectively. In Model 4 (ETAS-SV2), we also take account of the
contribution of aftershocks in order to compute the spatial PDF of earthquakes, µETASSV2 (x, y),
by generating a stacked synthetic catalog of aftershocks within the forecasting window and then
computing the spatial PDF of future earthquakes using Equation 4.12, as described in Section
4.3.

4.4.5 Important Caveat

An important parameter necessary for evaluating the PDF of the spatial distribution of future
earthquakes, for all the 4 models outlined in Section 4.4.4, is the bandwidth d of the isotropic
Gaussian kernel. However, the value of d is unknown in reality. Rather than fixing the band-
width to some arbitrary value for obtaining µ(x, y), we let all the models optimize this parameter
to maximize their information gain relative to the minimum information model (Λ0) proposed in
Section 4.3. It is important to note that such a luxury would not be available in a true prospective
forecasting experiment. However, as we let all the models optimize the band width by maximiz-
ing their information gain, we do not give any undue advantage to any of the competing models.
As a result, all the competing models can still be ranked based on their maximized information
gain score.

Another important consideration in constructing the PDF µ(x, y) is to allow for the occur-
rence of some surprise events, which are defined as future earthquakes occurring in regions
with a very small value of µ(x, y). This is generally done by adding a spatially homogenous wa-
terlevel, µwl, to the PDF µ(x, y), and then renormalizing µ(x, y) so that it integrates to 1 within
the testing region. We do not choose the value of µwl, but rather let all the models optimize this
parameter to maximize their forecast.

Note that we jointly optimize the parameters µwl and d for each model.
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4.5 Calibration of the ETAS model with spatially variable
parameters

4.5.1 Optimal Number of Voronoi Partitions

We implement the algorithm proposed in Chapter 3 to estimate the spatially variable back-
ground seismicity rate and aftershock productivity parameters, as well as the other global ETAS
parameters, for the the three training catalogs listed in Table 4.1. We increase the number of
Voronoi cells from 1 to 600. For each level of Voronoi complexity, we perform Niter = 200 random
partitions and store the solutions for all of them. We then rank all the solutions according to the
penalized log-likelihood (BIC) score. Figure 4.2a shows the BIC corresponding to all (120,000)
solutions (blue dots, red dots and grey circles) for each of the three training catalogs, which in-
clude earthquakes in the time period 1981 to 2000, 1981 to 2005 and 1981 to 2010 respectively,
as a function of the number of Voronoi cells used. In Figure 4.2a, we also show the median BIC
(as solid lines of different colors) as a function of the number of Voronoi partitions for each of
the three training catalogs. For each of the three periods, we observe a clear minimum in the
median BIC for the respective training catalogs. We define the number of Voronoi partitions for
which we achieve the minimum BIC as the optimal number of Voronoi partitions.

We then compute the range of the number of partitions for which the inverted models are
not significantly worse than the models corresponding to the optimal number of Voronoi parti-
tions for all the three training catalogs. We compute this range by testing the null hypothesis
that the median BIC for all the models with q Voronoi partitions is equal to the minimum me-
dian BIC against the alternative hypothesis that it is not, using the Wilcoxon Ranksum test
at a significance level of 0.05. In Figure 4.2b, we show the p-value of this test as a function of
number of Voronoi partitions for each of the three training periods. In this figure, the solid black
line indicates the significance level of 0.05. We find that for each training period, the range of
optimal numbers of Voronoi partitions is roughly [260, 490]. The scatter in the p-value versus
number of Voronoi partitions arises due to the limited number of random partitions performed
for each level of Voronoi complexity. Increasing the number of random partitions can possibly
help to alleviate this problem and help us define more precisely the optimal range of number of
voronoi partitions. As this would increase our computational requirements manifolds, we have
not pursued it in the present chapter.

In the present chapter, however, we select all solutions corresponding to Voronoi complexity
levels for which we cannot reject the null hypothesis proposed above. These selected solutions
are then used to compute the ensemble models.

4.5.2 Ensemble Estimates of ETAS parameters

In Figure 4.3, we show the ensemble estimates of the background seismicity rate (Figure 4.3a,
d and g), µ, branching ratio (Figure 4.3b, e and h) (n), and exponent of aftershock productivity
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FIGURE 4.2. (a) BIC corresponding to120,000 solutions as a function of the number of
Voronoi cells used is shown using blue dots, red dots and grey circles respectively
for the three training catalogs, which include earthquakes in the time period 1981
to 2000, 1981 to 2005 and 1981 to 2010; Solid lines (of different colors) indicate
the median BIC corresponding to each Voronoi complexity level for the three train-
ing catalogs; (b) Markers of different colors indicate log10(p-value) of the Wilcoxon
Ranksum test, described in Section 4.5.1, for the three training catalogs; Solid
black line indicates the significance level used for these tests; Dashed black arrow
indicates the approximate range (roughly [260, 490] for all the training catalogs)
of Voronoi complexity in which the inverted models are not significantly worse (or
better) than the models corresponding to the optimal number of Voronoi partitions.

(Figure 4.3c, f and i), α = a
log(10) , for each of the three training catalogs. We have obtained the

ensemble estimates using the BIC weighted averaging proposed in the previous chapter.

Note that the branching ratio is not an explicit parameter of the ETAS model defined in
Section 4.4.1.3. It is rather a derived ETAS parameter and is defined as the average number of
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FIGURE 4.3. Spatial variation of the (a, d, g) background seismicity rate (µ, #
earthquakes/km2/day) (b, e, h) branching ratio (n) (c, f, i) exponent of the after-
shock productivity (α = a

log(10) ); Colors correspond to the ensemble estimate of µ, n
and α at each location; the first second and the third row correspond to the maps
obtained from the three training catalogs, which include earthquakes in the time
period 1981 to 2000, 1981 to 2005 and 1981 to 2010 respectively.

direct aftershocks per earthquake. Knowing the value of the branching ratio, however, allows
us to easily compute the parameter K, an explicit parameter of ETAS model. As a result, we
only show the spatial variation of the branching ratio, which we estimate empirically. Given
the final estimates of P̂final

i, j for a model, we compute the number of aftershocks triggered by
ith earthquake using Equation 4.8. We then compute the average number of aftershocks trig-
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TABLE 4.2. Ensemble estimate of the five spatially invariant ETAS parameters for the
three training catalogs; The numbers in brackets indicate the 1 standard deviation.

Time Period
of the Train-
ing Catalog

c ω d ρ γ

1981-2000 0.027
(0.003)

0.22
(0.01)

0.13
(0.05)

0.56
(0.06)

1.19
(0.02)

1981-2005 0.027
(0.003)

0.22
(0.01)

0.13
(0.03)

0.57
(0.06)

1.21
(0.02)

1981-2010 0.027
(0.003)

0.22
(0.01)

0.14
(0.03)

0.57
(0.07)

1.18
(0.03)

gered by earthquakes present in each voronoi partition of the model, which then represents the
estimated branching ratio in each partition.

For a given training period, each of the parameters shows significant variation in space. We
refer the reader to Section 3.5 for a discussion on the possible origin of such a spatial variation.

A careful visual comparison of the maps of parameters for the three training periods shows
that the spatial variation in all the parameters remains stable for all the three training catalogs.
This is probably due to the significant overlap between the three training periods. However, in
Figure 4.3e and h, we have also indicated, with magenta arrows, regions that show a sudden
increase of the branching ratio, relatively to maps in the preceding training period, following
the occurrence of large earthquakes such as the 2003 San Simeon earthquake (Mw 6.6), and the
2010 Baja California earthquake (Mw 7.2). This observation clearly indicates that the branching
ratio parameter shows temporal variations, an aspect completely ignored in this chapter, but
would be pursued in Chapter 6.

Finally, in Table 4.2, we show the estimates of all the other ETAS parameters that have been
assumed to be spatially invariant for simplicity.

4.6 Comparison of seismicity forecasts of all models

4.6.1 Information Gain of all models

In Table 4.3, we list the maximum average information gain achieved for all the four models,
over the minimum information model, Λ0, in each of the six experiments listed in Table 4.1.
In this table, we also list the corresponding value of the optimal bandwidth parameter and the
percentage contribution of µwl to the average value of µ(x, y) for each model. In the table, we have
highlighted the model that has the highest average information gain in each of the experiment.
We find that, except for Experiment 2, the PDF corresponding to the ETAS-SV2 (µETASSV2 (x, y))
tends to always outperform other models in terms of the average information gain it yields
over the minimum information model. Even in Experiment 2, in which ETAS-SV1 outperforms
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TABLE 4.3. The average information gain obtained for the four models for each of the
6 experiments is listed in column 3; The optimal bandwidth and % contribution to
for each model are listed in columns 4 and 5 respectively. For each experiment, the
best model is highlighted in grey.

Experim -
ent # Models

Average In-
formation
Gain

Bandwidth
(km)

% contribu-
tion of µwl to
µ(x, y)

1

RB 1.54 3.0 5.41
ZD 1.61 2.8 5.04
ET ASSV1 1.37 3.0 5.24
ET ASSV2 1.68 0.8 5.08

2

RB 1.50 3.9 0
ZD 1.63 3.6 0
ET ASSV1 1.74 0.9 0
ET ASSV2 1.72 0.4 0

3

RB 1.50 6.0 0.66
ZD 1.56 5.7 0.63
ET ASSV1 1.66 5.6 0.54
ET ASSV2 1.91 3.9 0.38

4

RB 1.77 5.6 0
ZD 1.83 5.4 0
ET ASSV1 2.00 5.2 0
ET ASSV2 2.37 3.2 0

5

RB 1.13 1.0 23.29
ZD 1.12 1.0 22.13
ET ASSV1 1.10 3.0 6.98
ET ASSV2 1.41 1.0 18.67

6

RB 0.80 15.5 0
ZD 0.87 14.4 0
ET ASSV1 1.12 1.2 11.98
ET ASSV2 1.18 15.0 0

ETAS-SV2, the difference between the average information gains of the two models is very small
(0.02). We further find that the ETAS-SV1 model tends to consistently outperform the other two
competing models ZD and RB in the experiments in which we consider only earthquakes with
M ≥ 4.95 as target events, while its performance relative to these two models seems to be mixed
in the experiments in which we consider earthquakes with M ≥ 3.95 as target events. ETAS-SV1
outperforms the other two models ZD and RB in Experiment 3, while ZD and RB outperform
ETAS-SV1 in experiments 1 and 5.

In Figure 4.4, we show the time series of the cumulative information gain for all the models
listed in Table 4.3 for each of the six experiments. These time series are obtained by sequentially
summing up the information gain that each model achieves for each earthquake present in the
testing catalog. As mentioned in the preceding paragraph, we find that, except for Experiment
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1

Experiment 5

FIGURE 4.4. Time series of cumulative information gain for the six experiments listed
in Table 4.1.

2, ETAS-SV2 achieves the highest information gain relative to the minimum information model
by the end of each testing period. We also find that the time series of cumulative information
gain of the ETAS-SV2 model tends to systematically stay above the time series of cumulative
information gain of other models, which clearly establishes its superiority over the other com-
peting models. The two exceptions, however, are Experiment 2 and Experiment 6, in which case
the time series of the ETAS-SV2 model seems to be entangled with the ETAS-SV1 model, and
both the models seem to be equally superior compared to the models RB and ZD.

Finally, it is interesting to note that the time series of cumulative information gain for the
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FIGURE 4.5. (a) Map of µETASSV2 obtained for Experiment 1 (see Table 4.1) using the
optimal bandwidth and water-level parameters listed in Table 4.3; (b-d) Map of
difference between µETASSV2 and (b) µRB (c) µZD and (d) µETASSV1 ; Each of the spa-
tial PDFs µRB, µZD and µETASSV1 have been been obtained using the corresponding
optimal bandwidth and water-level parameters for Experiment 1; Grey crossed in
panel a indicate the location of M ≥ 3.95 earthquakes included in the target pe-
riod; Magenta arrows indicates the region of elevated seismicity rate in ETAS-SV2
model surrounding the 1999 Hector Mine (Mw 7.1) earthquake relative to other
competing models.

ETAS-SV1 model seems to systematically stay above the corresponding time series of models RB
and ZD in all the even numbered experiments. However, this observation seems to be reversed
for the experiments 1 and 5. For Experiment 3, the time series of cumulative information gain
of ETAS-SV1, RB and ZD are all entangled.

It is clear from the outcomes of all the experiments that ETAS-SV2 is the most skillful among
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FIGURE 4.6. (a) Map of µETASSV2 obtained for Experiment 2 (see Table 4.1) using the
optimal bandwidth and water-level parameters listed in Table 4.3; (b-d) Map of
difference between µETASSV2 and (b) µRB (c) µZD and (d) µETASSV1 ; Each of the spa-
tial PDFs µRB, µZD and µETASSV1 have been been obtained using the corresponding
optimal bandwidth and water-level parameters for Experiment 2; Grey crossed in
panel a indicate the location of M ≥ 4.95 earthquakes included in the target period.

all the models used in this study in forecasting the rate of future seismicity. This superiority pos-
sibly stems from the ability of this model to reconstruct in an objective manner the future rate
of seismicity using not only the spatially variable background rate but also spatially variable
aftershock productivity parameters. The skillfulness of this model relative to other models gets
accentuated especially in those experiments where we consider earthquakes with M ≥ 3.95 in
the target catalog for validation. Unavoidably, most of the earthquakes in these experiments are
triggered. With the knowledge acquired from the calibration on the respective training catalogs,
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FIGURE 4.7. (a) Map of µETASSV2 obtained for Experiment 3 (see Table 4.1) using the
optimal bandwidth and water-level parameters listed in Table 4.3; (b-d) Map of
difference between µETASSV2 and (b) µRB (c) µZD and (d) µETASSV1 ; Each of the spa-
tial PDFs µRB, µZD and µETASSV1 have been been obtained using the corresponding
optimal bandwidth and water-level parameters for Experiment 3; Grey crossed in
panel a indicate the location of M ≥ 3.95 earthquakes included in the target pe-
riod; Magenta arrows indicates the region of elevated seismicity rate in ETAS-SV2
model surrounding the 2003 Sam Simeon (Mw 6.6) earthquake and the 2010 Baja
California (Mw 7.2) earthquake relative to other competing models.

ETAS-SV2 model is better equipped to forecast the rate of the future triggered events. On the
other hand, its competing counterparts lack this information and hence do not fare well in these
selected experiments.

In experiments where we consider earthquakes with M ≥ 4.95 in the target catalog for vali-
dation, ETAS-SV2 model fares either as well as its sister model ETAS-SV1 (experiments 2 and
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FIGURE 4.8. (a) Map of µETASSV2 obtained for Experiment 4 (see Table 4.1) using the
optimal bandwidth and water-level parameters listed in Table 4.3; (b-d) Map of
difference between µETASSV2 and (b) µRB (c) µZD and (d) µETASSV1 ; Each of the spa-
tial PDFs µRB, µZD and µETASSV1 have been been obtained using the corresponding
optimal bandwidth and water-level parameters for Experiment 4; Grey crossed in
panel a indicate the location of M ≥ 3.95 earthquakes included in the target period.

6) or outperforms it (in Experiment 4). It is important to note that, both validation time periods
corresponding to experiments 2 and 6 consist of very few earthquakes. It is quite likely that
most of the earthquakes can be classified as independent events. So, it should not be surpris-
ing that ETAS-SV1 model should be able to forecast these events as well as ETAS-SV2. On the
other hand, during the validation period of Experiment 4 (2006-2010), the occurrence of 2010
Baja California (Mw 7.2) earthquake lead to anomalously larger number of earthquakes with
M ≥ 4.95 in the validation period. This anomalous increase is mostly likely due to the large num-
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FIGURE 4.9. (a) Map of µETASSV2 obtained for Experiment 5 (see Table 4.1) using the
optimal bandwidth and water-level parameters listed in Table 4.3; (b-d) Map of
difference between µETASSV2 and (b) µRB (c) µZD and (d) µETASSV1 ; Each of the spa-
tial PDFs µRB, µZD and µETASSV1 have been been obtained using the corresponding
optimal bandwidth and water-level parameters for Experiment 5; Grey crossed in
panel a indicate the location of M ≥ 3.95 earthquakes included in the target pe-
riod; Magenta arrows indicates the region of elevated seismicity rate in ETAS-SV2
model surrounding the 2010 Baja California (Mw 7.2) earthquake relative to other
competing models.

ber of aftershocks following the 2010 Baja California (Mw 7.2) earthquake, which contributes
to significant increase in the performance of ETAS-SV2 model compared to ETAS-SV1 model in
Experiment 4.

It is also interesting to note that ETAS-SV1 tends to be more skillful compared to RB and
ZD in forecasting experiments where we consider only M ≥ 4.95 in the target catalog for vali-
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FIGURE 4.10. (a) Map of µETASSV2 obtained for Experiment 6 (see Table 4.1) using the
optimal bandwidth and water-level parameters listed in Table 4.3; (b-d) Map of
difference between µETASSV2 and (b) µRB (c) µZD and (d) µETASSV1 ; Each of the spa-
tial PDFs µRB, µZD and µETASSV1 have been been obtained using the corresponding
optimal bandwidth and water-level parameters for Experiment 6; Grey crossed in
panel a indicate the location of M ≥ 3.95 earthquakes included in the target period.

dation establishing it as a superior declustering technique compared to the other two methods.
However, performance of ETAS-SV1 relative to these two models in the forecasting experiments
where we consider M ≥ 3.95 earthquakes is mixed. This decrease in performance could be ac-
counted for if we consider that by lowering the magnitude threshold of the target catalog, we
tend to increase the proportion of the triggered events in the catalog. As a result, a model which
is designed to forecast the rate of the independent earthquakes would start to increasingly un-
derperform with increasing proportion of triggered events.
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4.6.2 Comparison of Forecasts of the PDF of future seismicity of different
models

In Figure 4.5 to 4.10, we show the forecast of the spatial PDF of the future seismicity for the
ETAS-SV2 model (µETASSV2 ) for the six experiments conducted in this chapter. We generate all
these PDFs by using the optimal band width and water level parameters corresponding to the
ETAS-SV2 model (see Table 4.3). In these figures, we also show the location of the earthquakes
present in the testing catalog corresponding to the experiment. Furthermore, in these figures, we
also show the difference between µETASSV2 and forecasts of the spatial PDF of future seismicity
corresponding to other competing models for each of the experiments. For a given experiment, we
use the optimal bandwidth and water level parameter corresponding to each competing model.

For a given experiment, the maps of differences between the µETASSV2 and the PDF of future
seismicity corresponding to other competing models reveal the areas where ETAS-SV2 model
would have superior performance relative to other models (if the difference is positive) and areas
where it would perform poorly, if an earthquake occurred in that region.

For the first two experiments (Figure 4.5 and 4.6), we find that the ETAS-SV2 model tends
to forecast an elevated seismicity rate in the region surrounding the 1999 Hector Mine (Mw 7.1)
earthquake compared to all the other models (indicated by dashed magenta arrow in Figure 4.5).
This is because this region has a very high average productivity (see Figure 4.3b). Given that
a large earthquake (Mw 7.1) had occurred in this region, it is natural for the ETAS-SV2 model
to forecast a large number of aftershocks in this region. On the other hand, other competing
models, ETAS-SV1 for instance, forecasts a very low seismicity rate in this region as the inverted
background seismicity rate is low in this region (see Figure 4.3a).

In experiments 3 and 4 (Figures 4.7 and 4.8), we find two new centers of elevated seismicity
rate emerging (indicated by magenta arrows in Figure 4.7) in µETASSV2 relative to other compet-
ing models. One of these centers of elevated seismicity rate corresponds to the 2003 San Simeon
Earthquake (Mw 6.6) and can be explained by the occurrences of aftershocks of this earthquake.
The second center of elevated seismicity rate corresponds to the area where the 2010 Baja Cal-
ifornia (Mw 7.2) earthquake occurred. Indeed, this region of elevated seismicity rate shown in
Figure 4.7 can only be due to precursory earthquakes prior to this large earthquake and not due
to its aftershocks.

Finally, in experiments 5 and 6 (Figure 4.9 and 4.10), we find that the difference between
µETASSV2 and other PDFs of other competing models tend to be concentrated in the region sur-
rounding the 2010 Baja California (Mw 7.2) earthquake (indicated by the dashed magenta arrow
in Figure 4.9). In these experiments, this large earthquake is included in the training catalog.
Hence, this region of elevated seismicity rate can mostly be attributed to the aftershocks directly
or indirectly triggered by this earthquake.
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4.7 Conclusions

The main conclusions of this chapter can be summarized as follows:

1. The experiments conducted in this chapter indicate that ETAS-SV2 model is the most skill-
ful model in forecasting the rate of future M ≥ 3.95 and M ≥ 4.95 earthquakes compared
to other three models ETAS-SV1, RB and ZD.

2. ETAS-SV1 model, however, can perform equally well as ETAS-SV2 model when forecast-
ing the rate future earthquakes with M ≥ 4.95, as long as the target catalog only contains
very few triggered events.

3. ETAS-SV1 model outperforms RB and ZD models when the proportion of triggered events
in the target catalog is smaller. As a result, this method could be more suitable for fore-
casting rates of earthquakes with larger magnitudes.
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5
TOWARDS A SELF-CONSISTENT HYBRID COULOMB

ETAS MODEL1

5.1 Introduction

In our assessment of the static triggering hypothesis in Chapter 2, we avoided ad hoc choices
often made in case studies related to aforesaid hypothesis.

These choices are mainly concerned with using additional criteria for defining a region in
which a parent earthquake is expected to trigger offspring earthquakes. For instance, in several
case studies of the Landers earthquake [Hardebeck et al., 1998; Steacy et al., 2004; Meier et al.,
2014], authors define a polygon around the 3 fault segments that ruptured during the Landers
earthquake. The choices of such polygons are arbitrary, as there is no reason to believe that
the Landers earthquake could not have triggered earthquakes beyond these arbitrarily chosen
polygons. Additionally, the researchers define a time period following the parent earthquake
beyond which it is not expected to trigger any offspring earthquake. For instance, Hardebeck
et al. [1998] considered a period of 1 month, Steacy et al. [2004] considered a period of 1 year,
and Meier et al. [2014] considered a period of ~3 months following the Landers earthquake, in
which they evaluate the static triggering hypothesis. Again, these choices are arbitrary. In fact,
if we consider that the rate of aftershocks following a mainshock decays according to the Omori
law, whose exponent is often reported to be close to 1, we can immediately state that the choices
made by these researchers are erroneous due to extremely long-lived nature of an Omori decay.
Indeed, these choices are not only limited to the few case studies mentioned above, but are in
fact quite pervasive [see for e.g. King et al., 1994; Stein, 1999; Parsons et al., 2000; McCloskey et

1 Authors: Nandan, S., G. Ouillon, D. Sornette, and S. Wiemer, This work is to be submitted to the Geophysical
Research Letters.
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al., 2003].

As there is no reason to justify any choice of a spatial polygon around the mainshock, nor any
fixed time period following it, our choice for the list of possible offspring earthquakes following
a parent event can only be limited by the spatio-temporal extent of the catalog, as has been
made in our analysis in Chapter 2. However, this assumption is also questionable as in essence
we implicitly accept that all the earthquake following a given event are its direct aftershocks.
Indeed, many of the earthquakes, which are assumed to be potential aftershocks, could indeed be
background events, which have been triggered by far field tectonic loading. Moreover, the main
event could have triggered the aftershocks in an indirect manner, i.e. it triggered secondary
aftershocks which then triggered these events. In order to ameliorate this problem, we require
the full genealogy tree of the earthquake catalog, in which all the earthquakes in the catalog
are linked to their direct offspring. The spatially variable Epidemic Type Aftershock Sequence
(ETAS) model developed in Chapter 3 can easily come to aid for this cause, as it naturally offers
the full genealogy tree of the working catalog once it has been calibrated on it.

The goal of this chapter is thus, to provide a non-arbitrary method to assess the static trig-
gering hypothesis, using the genealogy tree of the earthquake catalog, obtained from the ETAS
model, and then assess the strength of the new evidences by comparing them to the old ones.

5.2 Data

We use the earthquakes (M ≥ 0, depth ≤ 40 km) cataloged by the Advanced National Seis-
mic System (ANSS) in the period from January 1, 1981 until July 5, 2015 enclosed in the
RELM/CSEP collection polygon defined by Schorlemmer and Gerstenberger [2007] (Figure 3.1)
for estimating the spatially variable background seismicity rate and productivity parameters
of the ETAS model defined in Chapter 3. We have demonstrated in section 3.3 that this cata-
log is complete above a magnitude threshold of 3, using the arguments that the temporal and
spatial variation of Mc in the study’s time period and region, respectively, seldom violate this
conservative threshold.

For the estimation of the Coulomb stress changes caused by an earthquake (source) at the
location of any future earthquake (target), we not only need the locations of both the source and
the targets but also the orientation of the failure planes of both the source and target, the slip
distribution on the source fault and the slip orientation on the target fault.

In this study, we only consider stress changes caused by the Landers earthquake (Mw = 7.3)
at the location of all the succeeding earthquakes. Being the largest earthquake in the catalog,
Landers earthquake enjoys a special status. Thus, it is not surprising that a number of authors
have conducted detailed studies in order to estimate the slip distribution on the 3 fault segments
that ruptured during the Landers earthquake. The five slip models available for the Landers
earthquake form http://equake-rc.info/SRCMOD/ and the corresponding references are listed in
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Table 2.2.

Detailed slip distributions are not available for all the earthquakes. In fact, information
about the orientation of the fault planes on which earthquakes have occurred and the average
orientation of slip on these fault planes is also seldom available for all the earthquakes in the
catalog. In this regard, the focal mechanism catalog for the earthquakes located in Southern
California [Yang et al., 2012] gives us a unique opportunity to estimate the Coulomb stress
changes caused by any earthquake at the location of any other earthquake, as it documents
focal mechanisms corresponding to nearly 190,000 earthquakes. However, prior to using this
catalog, there are few details that need to be discussed:

The focal mechanism catalog is only limited to earthquakes located in Southern California.
So, the analysis conducted in this chapter is limited to this area.

The completeness threshold of the focal mechanism catalog, being a subset of ANSS cata-
log, can only be larger than or equal to the magnitude of completeness of ANSS catalog. We
have demonstrated in Section 3.3 that ANSS catalog can only be conservatively assumed to be
complete above magnitude 3 in the study region and the time period. So, we discard all the
earthquakes in the focal mechanism catalog with magnitude smaller than 3.

The focal mechanism catalog provides two sets of equally probable fault planes and cor-
responding slip directions. We use the strategy proposed in Appendix A.1 to resolve the focal
plane ambiguity for the earthquakes present in the focal mechanism catalog. As the slip model
is available for the Landers earthquake, which is used as the only source of Coulomb stress
change in this chapter, the informed choice of fault plane is only made for the earthquakes in
the focal mechanism catalog that occur after the Landers earthquake.

5.3 Method

5.3.1 Unconditional CI values

The unconditional CI value for a parent earthquake can be clearly defined as the fraction of
earthquakes following a parent earthquake that received a positive Coulomb stress change from
the parent. We call the CI value defined in this way the unconditional CI value (CIUC) as no prior
condition/selection, except the argument of causality, is used in computing this metric.

5.3.2 Conditional CI values

The genealogy tree obtained from the ETAS model encodes the probability, Pi, j, that the ith

earthquake in the catalog has triggered the jth earthquake, where i and j satisfy the condition
that j > i. This genealogy tree of earthquakes is also referred to as the branching structure. We
refer the reader to Section 3.2.2, where we have formally defined Pi, j in terms of the triggering
kernel of the ETAS model and the background seismicity rate. We now define a conditional CI
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value (CIC) for any earthquake i using all Pi, j values obtained from the calibration of the ETAS
model on the catalog using the following equation:

(5.1) CIC
i =

∑N
j=i+1 Pi, j I i, j
∑N

j=i+1 Pi, j

In the above equation, Ii, j can only assume values 1 or 0 depending upon whether the
Coulomb stress transferred by the ith earthquake at the location of the jth earthquake is, res-
pectively, positive or negative.

Note that we can easily obtain the unconditional CI value from the formula of the conditional
CI value defined in Equation 5.1 if we consider that the probability for the ith earthquake to
trigger any jth earthquake is the same in the case of unconditional CI value by definition.

5.4 Results and Discussion

In Figure 5.1, we show the distribution (CIUC
rand and CIC

rand) and value (CIUC
sel and CIC

sel) four
Coulomb indices obtained for all target earthquakes with magnitude larger than 3, following
the Landers earthquake, present in the focal mechanism catalog. The four Coulomb indices are
defined in the following.

CIUC
rand, represents the unconditional CI value obtained for the case in which the stress per-

turbation tensor caused by the Landers earthquake (for a given slip distribution) is resolved on
one of the two nodal planes chosen randomly for each target. This computation is repeated for
different seeds of the random number generator so that a distribution of possible CIUC

rand values
results.

CIC
rand, represents the conditional CI value obtained by using Equation 5.1 for the random

choice of the nodal plane for the all the target earthquakes. This computation is repeated for
different seeds of the random number generator so that a distribution of possible CIC

rand values
results.

CIUC
sel , represents the unconditional CI value obtained for the case in which the stress per-

turbation tensor caused by the Landers earthquake (for a given slip distribution) is resolved on
the selected nodal plane. The process of selection of the nodal plane for each earthquake in the
focal mechanism catalog is described in Appendix A.1. As the process of failure plane selection
is non-random, a single CI value results.

CIC
sel, represents the conditional CI value obtained by using Equation 5.1 for the selected

nodal plane. As the process of failure plane selection is non-random, a single CI value results.

Each panel of the figure shows the distributions of the CI values (CIUC
rand, CIC

rand) and the
single CI values (CIUC

sel , CIC
sel) for each of the five slip distributions available for the Landers

earthquake form http://equake-rc.info/SRCMOD/.
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FIGURE 5.1. CIUC
rand (blue histogram), CIC

rand (red histogram), CIUC
sel (dashed vertical

line) and CIC
sel (solid vertical line) for the five source models available for the Lan-

ders earthquake on http://equake-rc.info/SRCMOD/; The p-value corresponding
to the null hypothesis that the median of CIC

rand is smaller or equal to median of
CIUC

rand against the alternative hypothesis that median of CIC
rand is larger than that

of CIUC
rand for all the five source models is listed in the last panel of the figure; the

name of the source models corresponding to each panel is also listed at the top of
each panel.

We find that for the random choice of the nodal planes of the targets, the median of CIC
rand
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seems to be systematically larger than the median of CIUC
rand for 4 out 5 source models available

for the Landers earthquake. In fact, using a right tailed Wilcoxon Ranksum test, we can unam-
biguously reject the null hypothesis that the median of CIC

rand is smaller or equal to median of
CIUC

rand against the alternative hypothesis that median of CIC
rand is larger than that of CIUC

rand for
those 4 source models. The p-value for this test for each of the source models is listed in Figure
5.1. The increased dispersion in distribution of CIC

rand compared to CIUC
rand results from the fact

that there are effectively less number of earthquakes (due to conditioning) used to compute the
CIC

rand compared to CIUC
rand. Furthermore, we also find that for the preferred choice of the nodal

plane, the conditioned CI value (CIC
sel) is larger than the unconditional CI value, CIUC

sel , for all
the available source models.

These two observations clearly demonstrate that, using the branching structure obtained
from the ETAS model, one can obtain significantly stronger evidence for the static triggering
hypothesis, in terms of higher CI values, relative to the case in which no information about the
genealogy of the earthquakes is used. This evidence gets further accentuated when we make
an informed choice for one of the two nodal planes available for the earthquakes. The improved
strength of the evidence can only arise if there exists an underlying consistency between the
branching structure obtained from the ETAS model and the Coulomb stress changes transferred
by the Landers earthquake at the location of its succeeding earthquakes. Indeed, an increase in
the CI value when the branching structure obtained from the ETAS model is used as a prior
information about the genealogy of earthquakes, indicates that the Landers earthquake had a
lower triggering ability in areas where it actually transferred negative Coulomb stress changes,
compared to those where it transferred positive Coulomb stress changes.

It is also interesting to note that CIUC
sel and CIC

sel are systematically larger than the median
value of CIUC

rand and CIC
rand respectively. This observation is indeed consistent with the conclusion

of Chapter 2 that making an informed choice of nodal plane accentuates the evidence of the static
triggering hypothesis in terms of increased CI value.

5.5 Conclusion

The main conclusions of the simple experiment conducted in this chapter are:

The evidences supporting the static triggering hypothesis get stronger when we use the
branching structure/genealogy tree obtained from the ETAS catalog, at least for the particular
case of Landers earthquake. This conclusion seems to be robust with respect to the choices of
the five source models available for the Landers earthquake.

Based on the observation of enrichment of the evidences supporting the static triggering
hypothesis due to the use of the genealogy tree obtained from the spatially variable ETAS model,
it can be further asserted that the latter is at least partially consistent with the former.

Finally, our conclusion in the Chapter 2 that the informed choices of the nodal plane can lead
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to stronger evidences in the favor of the static triggering hypothesis gets strengthened even more
in the light of the supporting observations obtained in the case of the Landers earthquake.

However, there are several outstanding questions that remain to be addressed. First of all,
the observations made in this study pertain only to the seismicity following the Landers earth-
quake. A similar, but more exhaustive analysis, in which we will repeat the experiment for all
the earthquakes present in the catalog irrespective of their magnitude would present a stronger
evidence for or against the hypothesis tested in this chapter. Second, the branching structure
obtained from the ETAS model is only partially consistent with the static triggering hypothesis,
as we don’t obtain a CI value very close to 100%. The question which arises is then: can we
construct a hybrid ETAS model that would be fully consistent with the Coulomb stress change
caused by the earthquakes in their vicinity? Furthermore, would such a model have a higher
probability gain in forecasting the location of future earthquakes? These are the threads we
plan to follow for future research.
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6
TIME VARIATION OF ETAS PARAMETERS: APPLICATION

TO SALTON SEA AND GEYSERS GEOTHERMAL FIELD1

6.1 Introduction

In chapter 3, we proposed a systematic method to invert the spatial variation of the ETAS para-
meters. However, we ignored the possibility of their temporal variation. The latter is especially
relevant for regions prone to seismic swarms and regions in which anthropogenic activities lead
to induced earthquakes. In this chapter, we investigate if we can extend our method to obtain
meaningful temporal variations of the parameters in geothermal regions, focusing more partic-
ularly on the Salton Sea and the Geysers geothermal fields. Such an extension will allow us to
quantify the non-stationary nature of seismicity in these regions, and possibly shed some light
on the physics behind these non-stationary processes. Moreover, it will also allow us to quantify
the impact of the anthropogenic activities on the seismicity in these regions, which has become
a major concern due to our increasing reliance on geothermal energy with our increasing energy
needs.

6.2 Data

We use the earthquakes (M ≥ 0, depth ≤ 40 km) cataloged by the Advanced National Seismic
System (ANSS) in the period extending from January 1, 1981 until July 5, 2015 and enclosed
within the RELM/CSEP collection polygon defined by Schorlemmer and Gerstenberger [2007].

1 Authors: Nandan, S., G. Ouillon, D. Sornette, and S. Wiemer
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TABLE 6.1. Time period and magnitude threshold of the target and auxiliary catalogs
used to obtain the different figures shown in this chapter; All earthquakes in the
auxiliary catalog satisfy the spatial selection criteria: enclosed within the collection
polygon proposed by Schorlemmer and Gerstenberger [2007] but not within the
spatial polygon of corresponding target cataogs; location of the earthquakes in the
target catalog used to obtain Figures 6.1, 6.2 and 6.3 is shown in Figures 6.2 and
6.3; target catalog used to obtain Figure 6.4a are enclosed within the shaded region
shown in Figure 6.3; target catalog used to obtain Figure 6.4b are enclosed within
the spatial polygon proposed by Trugman et al. [2016] for the Geysers geothermal
field.

Results
Time Period
of the Target
Catalog

Magnitude
Threshold of
the Target
Catalog

Time Period
of the Auxil-
iary Catalog

Magnitude
Threshold of
the Auxiliary
Catalog

Figure 1, 2 and
3

January 1, 2005
to October 3,
2016

1.5
January 1, 1981
to October 3,
2016

3

Figure 4a
January 1, 1981
to December 31,
2015

1.7
January 1, 1981
to December 31,
2015

3

Figure 4b
January 1, 1981
to December 31,
2015

2.1
January 1, 1981
to December 31,
2015

3

6.3 Method

The method we use to investigate temporal variations of the ETAS parameters is close in spirit
to the one presented for space in Chapter 3. In this method, we divide the catalog into small
randomly chosen q time periods, during which the parameters of the ETAS model are assumed
to be constant. This is akin to the random spatial Voronoi tessellation used in the chapter 3. We
then estimate the parameters of the model in each of the time periods using expectation max-
imization algorithm proposed by Veen and Schoenberg [2008]. We repeat this process several
times, each time making a different random time partitioning of the catalog while keeping q
fixed. This whole process is then repeated for varying values of q=1 to Nv. We then rank all the
obtained models using their penalized log likelihood scores and select a group of models that
significantly outperform other models. Using the selected models, we then construct an ensem-
ble model by computing a weighted average of all the selected models. For the details of the
estimation process, we refer the reader to Appendix C.

An important consideration prior to the inversion of the parameters of the ETAS model is
regarding the choice of an auxiliary catalog [Wang et al., 2010]. It is probable that some of the
parents of the earthquakes that are being used to constrain the parameters of the ETAS model
lie outside the space-time-magnitude domain of the analyzed catalog. This is especially true for
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the earthquakes that are located at the boundary of the spatio-temporal domain encompassing
the earthquakes. An obvious implication of ignoring the existence of those parents is that some
earthquakes in the catalog would appear as “orphans”. Due to the lack of ancestry, we would
end up assigning a high independence probability to these earthquakes during the calibration
of the ETAS model, even though in reality they might have been triggered. While ignoring the
existence of such probable parents does not pose a big problem if the chosen spatio-temporal
domain in large, it is always advisable to consider an auxiliary catalog, which is composed of
earthquakes outside the spatio-temporal domain of the “target” catalog. On the other hand, if the
spatio-temporal domain of the “target” catalog is small, the importance of using an “auxiliary”
catalog becomes extremely important.

The difference between the earthquakes in the “auxiliary” and the “target” catalogs is that
the former can only act as parent earthquakes, while the latter can act both as parent as well
as offspring while calibrating the ETAS model. As we have tried to calibrate the parameters
of the ETAS model in a very small region around the Salton Sea and the Geysers geothermal
fields, we think that using an auxiliary catalog is extremely important. In Table 6.1, we list the
details of the auxiliary as well as the target catalogs used to obtain the results of this chapter.
We note that the magnitude threshold for the target and auxiliary catalogs used to obtain the
results reported in this chapter are different: magnitude threshold of the target catalog being
always smaller than that of the auxiliary catalog. This is because, the target catalog is generally
restricted to certain smaller areas than the auxiliary catalog. Over these restricted small regions,
the ANSS catalog has indeed a lower magnitude of completeness, possibly due to higher network
density and coverage around these regions. On the other hand, the auxiliary catalog spans the
entire RELM/CSEP collection polygon and can only be considered complete above a magnitude
threshold of 3 in this region.

6.4 Results and Discussion

In Figure 6.1, we show the ensemble time series of the background seismicity rate (blue), the em-
pirical branching ratio (red) and the exponent of the productivity law (green). It is important to
note that in this figure we show the empirical branching ratio and not the theoretical branching
ratio. This has been done due to the ease of computation of the former. The ensemble time series
of the empirical branching ratio shown in the figure can be easily computed by first obtaining the
branching structures from the calibrated ETAS models. The corresponding branching structure
gives one individual time series of the empirical branching ratio. The individual time series of
the empirical branching ratio obtained from the selected ETAS models can then be ensembled
using the BIC weighted averaging. On the other hand, to compute the theoretical branching
ratio, one needs to know the parameters of the model outside the spatio-temporal domain of the
study region as well. While it would be interesting to compare the theoretical and the empirical
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FIGURE 6.1. Time series of the normalized background seismicity rate (µ∗ = µ/(µmax −
µmin), blue), branching ratio (n, red) and exponent of the productivity law, (α,
green); Grey vertical lines indicate the times at which earthquakes (M≥ 4) occurred
in the study region; Numbers above the vertical grey lines indicate the total number
earthquakes (M≥ 4) each line corresponds to; Numbers within brackets indicate the
number of M≥ 5 earthquakes.

branching ratios, we hypothesize that both these quantities would be approximately the same.
In order to support this hypothesis, we refer the reader to compare the spatial maps of theoret-
ical and empirical branching ratio shown respectively in Figure 3.6 and Figure 4.3. It can be
easily inferred from this comparison that the spatial maps of the theoretical and the empirical
branching ratio mimic each other. Some differences between the maps in the aforementioned fig-
ures solely arise from slightly different time periods spanned by the earthquake catalogs used
in the two studies. As a result, we are inclined to think that the time series of the empirical
branching ratio in the Figure 6.1 would also mimic the time series of the underlying theoretical
branching ratio.

We find that all the three parameters show substantial temporal fluctuations. It is further
interesting to note that the 2 largest peaks in the branching ratio tend to correlate with the
3 largest earthquakes that occurred during the study period. In fact, the five largest peaks in
the time series of the branching ratio can account for 20 out of the 23 largest (M ≥ 4) earth-
quakes that occurred in the time period between 2005 to 2016. We see that prior to each of these
“large” earthquakes, there is an increase in the branching ratio. However, we should refrain from
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making any conclusions about the precursory nature of this signal. In order to compute these
ensemble time series, we stack the individual time series obtained from the best models. Each
of the best models are composed of random time partitions within which we assume the ETAS
parameters to be constant. As a time partition from a model can encompass the time period both
before and after the “large” earthquakes, the estimate of the parameter in the time partition is
not only constrained by the events that happened before the earthquake, but also by the events
that happened after it. As a result, these time series are not strictly causal in nature. Neverthe-
less, it would indeed be interesting to investigate, in future studies, if prior to the occurrence of
the large earthquakes, we do observe an increase in the branching ratio. Appropriate statistical
quantification of such a phenomenon would indeed add to the list of seismicity based precursors.

Indeed, it could also be argued that the association of the peaks of the branching ratio with
the occurrence of the largest earthquakes should not come as surprise as the largest earth-
quakes are the most productive ones. Their occurrence should increase the branching ratio lo-
cally in time by the virtue of their large magnitude. However, it is important to remember that
the largest earthquakes are accompanied by aftershocks, which tend to aggregate in time just
following the main event. These aftershocks would be composed of earthquake of all sizes, whose
relative frequency is described by the Gutenberg-Richter law (with a global exponent of ≈1). As
these earthquakes, would be mostly dominated by small earthquakes, they would neutralize the
local increase in the average productivity caused by the largest event. As a result, we should
not “obviously” expect the peaks in average productivity to be associated with the largest earth-
quakes in the catalog.

In Figure 6.2a-b and 6.3, we show the spatial distribution of the earthquakes used to es-
timate the temporally varying parameters. In these figures, the size of the markers scales ac-
cording to the magnitude of the events. Moreover, the colors of the markers in these figures
correspond to, respectively, the ensemble estimate of the branching ratio, exponent of the pro-
ductivity law, and independence probability corresponding to each earthquake. In Figure 6.2a,
we also show the probable orientation of the underlying faults segments (main fault segment A,
and three nearly parallel fault segments B, C and D, which are oriented at approximately right
angle to fault segment A), inferred from the orientation of the seismicity cloud, along which the
seismicity tends to occur.

From the spatial patterns of branching ratio and independence probability of the earth-
quakes, it seems clear that the fraction of earthquakes that can be classified as background
events tend to cluster on the main fault segment A compared to the parallel fault segments B
and D. Relative dominance of the background earthquakes on the fault segment A compared to
the fault segments B and D would imply that the fault segment A is more favorably oriented to
the background stress field than the fault segments B and D. This possible favorable orientation
of the segment A to the background stress field leads it to express itself by means of earthquakes
that have a high independence probability. On the other hand, the fault segments B and D, due
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FIGURE 6.2. Pentagrams show the spatial distribution of the earthquakes used to esti-
mate the parameters of the ETAS model with temporally varying parameters; The
size of the markers scales with the magnitude of the associated earthquake; The
color of the marker shows the value of the parameter, branching ratio (n) and α,
associated with each earthquake in panels a and b, respectively; The dashed lines
in panel a show the probable orientation of underlying faults segments (main fault
segment A, and three nearly parallel fault segments B, C and D, which are oriented
at approximately right angle to fault segment A), inferred from the orientation of
the seismicity cloud; Black arrows indicate orientation of the inferred regional max-
imum horizontal compressive stress [Hauksson et al., 2013; Yang and Hauksson,
2013]; Half grey arrows indicate the orientation of the slip on the fault segments
[Hauksson et al., 2013; Lohman and Mcguire, 2007].

to their less favorable orientation to the background stress field, can only be activated by stress
transfer. The necessary stress for this activation is transferred either exogenously by seismic-
ity occurring on certain parts of segment A, or endogenously by seismicity occurring on those
individual segments themselves.

However, if we consider that the orientation of the regional maximum horizontal compressive
stress (shown as black arrow) is oriented at 16 degrees from North [Hauksson et al., 2013; Yang
and Hauksson, 2013], and that the sense of slip on all the fault segments are as shown in Figure
6.2a using grey arrows [as proposed by Hauksson et al., 2013; Lohman and Mcguire; 2007], then
both the main fault segment A and the parallel fault segments B, C and D seem to be equally
loaded by the regional background stress field. However, the orientation of the regional stress
field proposed by Hauksson et al. [2013] and Yang and Hauksson [2013] is itself obtained from
the focal mechanisms of local earthquakes. As there are only two different fault systems in this
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FIGURE 6.3. Circles show the spatial distribution of the earthquakes used to estimate
the parameters of ETAS model with temporally varying parameters; The size of
the markers scale with the magnitude of the associated earthquake; The color of
the marker shows the value of the independence probability associated with each
earthquake; Location of the fluid injection as well as extraction wells, associated
with geothermal plant located in the shaded region (also plotted in the top right
insert), are shown using red stars (adapted from Brodsky and Lajoie [2013]).

area, the inverted maximum principal stress axis is necessarily the bisector of the acute angle
defined by, say, segments A and B. The seismicity rates over each segment could yield more
information about the orientation of the stress tensor and would rely on a physical model linking
the earthquake activation rates to the resolved (Coulomb) shear stress (see for instance Ouillon
and Sornette, 2011 who propose a general exponential dependence). This is left for future work.

From Figures 6.2 and 6.3, we also notice that while the fault segments B and D behave in
a similar manner, the fault segment C shows a higher rate of background events which seems
to contradict our previous conclusion on stress orientation. This departure from the expected
behavior can be accounted for, if we notice that a geothermal facility is located just above this
fault segment (see the inset in Figure 6.3, Brodsky and Lajoie [2013]), which, by virtue of fluid
injection/extraction, elevates the fraction of background earthquakes locally. As the seismicity
related to fluid injection/extraction is indeed due to an exogenous factor, the ETAS model classi-
fies the earthquakes triggered by fluid injection/extraction as background events.
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FIGURE 6.4. Time series of background seismicity rate (red), fluid injection rate (grey)
and fluid extraction rate (green) for (a) Salton Sea geothermal area (b) Geysers
geothermal field; In order to normalize each of the three quantities, we divide the
true quantity by its range (difference between maximum and minimum value); The
unnormalized unit for background seismicity rate and fluid injection/extraction
rate is, respectively, number of earthquakes per year and kg/year; Magenta line in
pane a marks the time of the largest earthquake (M=5.1) that occurred in the study
region.

To support the hypothesis of background seismicity rate being driven by fluid injection/extraction
rate in the region around fault segment C, we show, in Figure 6.4a, the time series of fluid in-
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jection and extraction rates as reported by DOGGR online database (available at http://www.
conservation.ca.gov/) between the period 1982-2016. In this figure, we also show the time series
of the background seismicity rate estimated using the method proposed in the Appendix C and
the ANSS catalog earthquakes enclosed in the shaded region shown in Figure 6.3, assuming a
magnitude of completeness of 1.7. Similar values of magnitude of completeness have also been
used by Trugman et al. [2016] and Brodsky and Lajoie [2013]. Similar to the observation of
Brodsky and Lajoie [2013], we find that the background seismicity rate in the shaded region
(the vicinity of the geothermal facility) is correlated with the fluid injection as well as extrac-
tion rates, with an overall maximum cross-correlation coefficient of 0.68 (lag 0) and 0.66 (lag
0) respectively. We notice, however, that prior to 2005, both the injection and extraction rates
tend to have a higher degree of correlation (maximum correlation coefficient of 0.87 and 0.86,
respectively, at lag 0) with the local background seismicity rate. After 2005, the fluid injection
and extraction rates seem to lose their correlation with background seismicity rate. It is interest-
ing to note that a “large” earthquake of magnitude 5.1 occurred around this time of transition
from high correlation to nearly a lack of correlation. It is possible that this “large” event and
its rich aftershock sequence, composed of 7 (M ≥ 4) earthquakes, disrupted the preexisting fluid
pathways inhibiting fluid circulation in the fault zone, altering the control of the fluid injected
by the geothermal facility on the seismicity rate.

From Figure 6.4a, it is not clear, however, if the fluid injection rate or the fluid extraction rate
control the background seismicity rate. This is because both the fluid injection and the fluid ex-
traction rates are highly correlated with each other (maximum correlation coefficient of 0.99 at
a lag of 0). In order to possibly resolve this conundrum, we investigate the correlation of the rate
of fluid injection as well as fluid extraction with the background seismicity rate in the Geysers
geothermal field. In figure 6.4b, we show the time series of fluid injection and extraction rate
as reported by DOGGR online database (available at http://www.conservation.ca.gov/) within
the period 1981-2016. In this figure, we also show the time series of the background seismicity
rate estimated using the method proposed in the Appendix C and the earthquakes enclosed in
the polygon proposed by Trugman et al. [2016]. We find that while the overall correlation be-
tween the background seismicity rate is high with the fluid injection rate (maximum correlation
coefficient of 0.83 at lag 0), the correlation of the background seismicity rate with the fluid ex-
traction rate is quite low (nearly 0). This lack of correlation between fluid extraction rate and
background seismicity rate in the Geysers geothermal field casts doubt on the fluid extraction
driven seismicity triggering hypothesis, at least for the seismicity in the Geysers geothermal
field.
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6.5 Conclusion

We demonstrated in this chapter that our method can indeed be extended to account for the
temporal variation of ETAS parameters, which could be effectively used to study the seismicity
in geothermal regions which can be driven both by natural and anthropogenic causes. While
detailed investigations of the results presented in this chapter are warranted, we can tentatively
conclude the following:

1. ETAS parameters, especially in geothermal regions, can show temporal variations.

2. While the fault segment A in the Salton Sea geothermal area seems to be favourably
oriented to the ambient stress field, the fault segments B, C and D do not seem to be so
well oriented to the background stress field. This observation cannot, however, be justified
by the reconstructed background stress field proposed by Yang and Hauksson [2013]. We
hypothesize that the rate of background earthquakes prior to reconstruct the orientation
of the background stress field would resolve this inconsistency.

3. The fault segment, C, which is located beneath the geothermal facility, tends to express
itself with a significant number of earthquakes that can be classified as independent. In-
deed, these earthquakes can be attributed to the fluid injection/extraction that is carried
out by the geothermal power plant in order to harness the geothermal energy. It is also
possible that the large earthquake and its aftershock sequence that occurred in the region
surrounding the geothermal facility have destroyed the fluid circulation pathways, which
led to a loss of control of the fluid injection/extraction on the seismicity rate in the period
following this large earthquake in 2005.

4. While it is not clear if the fluid injection or extraction drives the human induced seismic
activity in the region surrounding the fault segment C, a similar study in the Geysers
geothermal field reveals that the fluid injection rate seems to dominate the seismicity
triggering.
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7
SUMMARY AND OUTLOOK

7.1 Summary

In this thesis, we attempted to develop a generalized data driven methods to rigorously test and
further improve the two approaches- Static Stress Triggering Hypothesis and Epidemic Type
Aftershock Sequence model (described in Chapter 1), widely used to model the spatio-temporal
distribution of earthquakes.

7.1.1 Systematic testing of static triggering hypothesis

We first ventured to conduct a rigorous testing of the static stress triggering hypothesis, with the
aim to take into account the three, generally ignored but extremely important, factors: (i) static
stress changes caused by small earthquakes; (ii) uncertainties in Coulomb stress changes due to
uncertainty in fault plane orientations and earthquake locations and (iii) focal plane ambiguity.
Our investigations indicate that there exist clear and robust evidences of the static triggering
hypothesis, even when we take account of the stress changes caused by small events. The ro-
bustness of these evidences stems from the fact that they appear despite huge uncertainties in
the computed Coulomb stress changes that arise from: (i) uncertainties in the location and fo-
cal mechanism of earthquakes as well as random choice of nodal planes; (ii) facile assumptions
about the slip models of most earthquakes; (iii) epistemic uncertainties in the detailed slip mod-
els for the large earthquakes; (iv) uncertainties in the coefficient of friction and Skempton’s co-
efficient. The use of standard statistical tests, to verify the statistical significance of our results,
further adds to the strength of the evidences for the static stress triggering hypothesis. Although
these evidences are not as strong as the ones reported often in literature, their merit lies in the
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fact that they have been obtained even when making no ad hoc choices, such as performing the
analysis for certain earthquakes in an arbitrarily chosen space-time window around them. In
addition, we find that we are able to detect a statistically significant increase in the strength of
the evidences supporting the static stress triggering hypothesis when we make informed choices
about the fault planes for both the source that causes the static deformation and the targets on
which these static deformations are resolved to compute the Coulomb stress changes. As a result,
we are inclined to think that further improvements in the method to resolve focal plane ambigu-
ity using more systematic approaches proposed by Ouillon and Sornette [2011], which has been
further improved by Wang et al. [2013] and Kamer et al. [2016], for fault plane reconstruction
would further enhance the evidences supporting static triggering hypothesis.

7.1.2 ETAS model with spatially varying parameters

Although we avoided making ad hoc assumptions in Chapter 2 while assessing the validity of the
static triggering hypothesis, we made a gross simplification by considering that all earthquakes
following a source event are its direct aftershocks. This assumption is necessarily imprecise
as many of the earthquakes, which are assumed to be potential aftershocks, could indeed be
background events, which have been triggered by far field tectonic loading. Moreover, the main
event could have triggered the aftershocks in an indirect manner. To resolve this problem, we
inferred the full triggering genealogy of our working catalog by defining and implementing a
heterogeneous, space-varying ETAS model.

In Chapter 3, we first proposed a systematic method to obtain the spatial variations of the
parameters of the ETAS model. We demonstrated the reliability of this method by checking its
ability to correctly invert the underlying parameters in a realistic synthetic catalog.

When applied to a real catalog of earthquakes located in and around California, we found
that the parameters of the ETAS model show significant variations in space. In order to un-
derstand the spatial variations of parameters such as the branching ratio and background seis-
micity rate, we tried to correlate them to readily available geophysical measurements such as
heat flow and hypocentral depth. Our investigations of the correlation of the branching ratio
and the background seismicity rate with the local surface heat flow measurements suggested
the existence of triggering possibly through fluid-induced activation. The evidence of fluid medi-
ated triggering is further accentuated with evidence of aftershock diffusion in areas with high
fluid content. Furthermore, we found that triggering and nucleation of earthquakes show no
true correlation with hypocentral depths. The global correlation of background seismicity rate
and branching ratio with hypocentral depths is rather a geometrical effect arising from the su-
perposition of locally uniform depth dependences in a crust with a laterally varying seismogenic
depth.

The spatial variations of the derived parameters of the ETAS model, such as branching
ratio and difference between exponent of productivity and Gutenberg-Richter law, have some
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important implications. For instance, based on the spatial variation of the branching ratio, we
can deduce that the efficiency of earthquake-earthquake triggering is far from uniform in the
study region, which can possibly be attributed to the crust not being equally critically stressed
everywhere. Furthermore, the spatial variation of the difference between the aforementioned
exponents indicates that triggering is mostly dominated by smaller earthquakes in the study
region, with small isolated pockets of equal or larger dominance of larger earthquakes in trig-
gering. This would imply that it is extremely important to consider the Coulomb stress changes
caused by the small events, not only when assessing the static triggering hypothesis (as we have
done in Chapter 2), but also when we attempt to devise a physical model to forecast the future
seismicity rate. This further accentuates the importance of highly resolved imagery of the fault
networks, needed in order to compute the Coulomb stress changes due to small earthquakes,
because most of the small events will occur on small-scale segments.

7.1.3 Forecasting skill of ETAS model with spatially varying parameters

To quantify the forecasting skill of the aforementioned ETAS model, we compared its skill to the
ones obtained from smoothed seismicity models based on two popular declustering techniques
proposed, by Reasenberg [1985] and Zaliapin et al. [2008], within the framework defined by
the Collaboratory for Study of Earthquake Predictability (CSEP). Despite the arbitrariness in
choosing the parameters of these declustering methods, smoothed seismicity model based on
at least one of them [Reasenberg, 1985; Helmstetter et al., 2007], has been shown to be very
successful in the first forecasting competition (January 1, 2006 to December 31, 2010) organised
by CSEP, outperforming all the participating models (many of them being physics based) in
forecasting the rate of earthquakes with M≥4.95 in the aforementioned forecasting period of 5
years [Hiemer and Kamer, 2016; Zechar et al., 2013].

Results of the partially pseudo-prospective experiments conducted in Chapter 4 indicate that
our smoothed seismicity model, ETAS-SV2, obtained by smoothing the observed declustered seis-
micity (background earthquakes) and simulated clustered seismicity (obtained by simulating
catalogs in the forecast window using spatially variable parameters of the ETAS model), tends
to outperform other smooth seismicity models, ETAS-SV1, RB and ZD; the latter are based on
smoothing only the observed declustered seismicity obtained by, respectively, stochastic declus-
tering (see Chapter 4), Reasenberg declustering [Reasenberg, 1985] and Zaliapin declustering
[Zaliapin et al., 2008]. The success of the ETAS-SV2 model can be attributed to the two compo-
nents of the model: the background component, which captures the spatially variable rate of the
future background earthquakes based on past background events, and the triggered component,
which captures how the future background earthquakes would trigger their own cascade of after-
shocks, which would further trigger their aftershocks, and so on. Indeed, without the triggered
component, ETAS-SV2 is equivalent to ETAS-SV1, which already outperforms the RB and ZD
models in all the experiments concerned with forecasting M≥4.95 earthquakes, but has mixed
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performance compared to them in experiments concerned with forecasting M≥3.95 events. This
leads to the conclusion that the ETAS-SV1 model is more suitable for forecasting rates of earth-
quakes with larger magnitudes, compared to RB and ZD. In fact, when forecasting earthquakes
with larger magnitudes, the ETAS-SV1 model could perform almost as well as ETAS-SV2 model.

7.1.4 Compatibility of ETAS model with static stress triggering hypothesis

We then used the genealogy tree obtained from our ETAS model inversion in order to check
the compatibility of the latter with the static stress triggering hypothesis. We demonstrated,
using the case of Landers earthquake, that we were able to obtain a stronger evidence for the
static stress triggering hypothesis using the refinement, computing conditional CI values using
the genealogy tree of earthquakes obtained from the improved ETAS model. The enrichment of
evidence in favor of the static stress triggering hypothesis demonstrates that the genealogy tree
obtained from the ETAS model is at least partially consistent with the Coulomb stress changes
transferred by the Landers earthquake at the location of succeeding events.

7.1.5 Application of ETAS model with temporally varying parameters to
geothermal regions

The potential of the method proposed in Chapter 3 is immense, as it allows us to open doors to
several lines of research. As an exposition of this potential, we slightly modified this method to
take account of the temporal variations of parameters of the ETAS model. This modified ETAS
model (ETAS-TV) is particularly suitable for geothermal regions where, due to both natural
and anthropogenic causes, the seismicity can feature non-stationary patterns. We first applied
this method to the Salton Sea geothermal area where the results suggest that the main fault
segment in this region is more favorably oriented to the underlying background stress field
than its remaining three subsidiary conjugate fault segments, as the former displays a higher
background seismicity rate.

Our results also allowed us to evidence the influence of fluid injection (and/or extraction) on
the background seismicity rate in the regions located around the Salton Sea geothermal facility
and the Geysers geothermal facility. While in the case of former we were not able to deduce if
the fluid injection or extraction drives the human induced seismic activity, our results clearly
indicate that the fluid injection rate seems to dominate the seismicity triggering in the case of
the latter.

7.2 Outlook

There are several outstanding questions that still remain, which we plan to address in future
research.
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1. The improved version of the ETAS model proposed in Chapter 3 only accounts for the
spatial variation of the background seismicity rate and the productivity parameters. The
spatial variation of other parameters of the model have been neglected in favor of simplic-
ity without any further justification. How can we extend the model further to account for
the spatial variation of all parameters? The answer to this question is rather trivial in
theory (although not so trivial in implementation). In fact, we have already obtained pre-
liminary results, which we have not presented in this thesis, as we still have to perform
rigorous synthetic tests.

2. Despite the superiority of the ETAS-SV2 in all the controlled experiments conducted in
Chapter 4, we further aim to participate in the forecasting competitions organized by third
parties (such as CSEP) to further increase our confidence in the robustness and reliability
of these results. Indeed, we choose to submit ETAS-SV2 model in such competitions, as
it can take account of both background and aftershock component of the seismicity while
forecasting the rate of future earthquakes, which would be inevitably composed of both
background earthquakes and aftershocks.

3. We demonstrated in Chapter 5 using the particular case of Landers earthquake the non-
trivial compatibility of ETAS model with static stress triggering hypothesis. However,
we believe that a more systematic approach, not only restricted to a few large events,
would further shed light on the robustness of the results obtained in this chapter. We also
strongly believe that a deeper study along these lines would also shed light on the relation-
ship between static stress changes and triggering probabilities. These empirical relations
can then be used to develop self-consistent Coulomb-ETAS model.

4. The results obtained from the application of the ETAS model (with temporally varying
parameters) to the Salton Sea geothermal area suggest that, using a declustering algo-
rithm based on ETAS model coupled with physical models of earthquake nucleation and
realistic 3D fault reconstructions, we could build an integrated model which also either
inverts for, or use independent observations of, the stress field.

5. Indeed, the extension of the ETAS model to obtain the temporal variation of seismicity
parameters is only a first step. We need to generalize this approach in space and time
in potentially large areas, and investigate if there exist robust precursory patterns prior
to large events and quantify them. Furthermore, in geothermal settings, while we have
only correlated the fluid extraction/injection rates with the inverted background seismic-
ity rate, there are several other physical measurements (well head pressures, reservoir
permeability, stress field orientation and so on) that are made by operators at the geother-
mal facilities that can also be correlated to the background seismicity rate in order to gain
a better understanding of the physical processes driving the seismicity. These correlations
can then be incorporated into the ETAS model in order to forecast the seismicity rates
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due to anthropogenic activities. The forecasting skill of this “improved” model can then be
evaluated and compared to other models designed to forecast seismicity rate in enhanced
geothermal reservoirs [as in Kiraly-Proag et al., 2016; Hainzl and Ogata, 2005; Bachmann
et al., 2011; Mignan, 2015; Karvounis and Wiemer, 2015; McClure and Horne, 2012; Wang
and Ghassemi, 2012; Shapiro et al., 2010].

6. In reality, earthquakes are known to occur on anisotropic structures called faults. However,
we have only used isotropic spatial kernels in the ETAS model to describe the spatial
distribution of earthquakes. This simplistic assumption, made primarily due to the lack of
knowledge about the underlying fault geometry and to lesser extent due to the simplicity
of computation, can bias the parameters of this model severely. With availability of more
extensive fault catalogs [Kamer et al., 2016], we can proceed to account for the anisotropic
spatial distribution of earthquakes in a systematic manner. For instance, we can use fault
planes reconstructed from the seismicity catalogs as a prior knowledge about the probable
location of future seismicity while calibrating the ETAS model.

7. In our present forecasting scheme, we still draw the magnitudes of the future earthquakes
assuming a universal Gutenberg Richter distribution with a fixed exponent. This exponent
quantifies the relative frequency of infrequent large earthquakes to frequently occurring
smaller events. A contentious debate exists in the literature regarding the universality
of this parameter and causes of its spatial variation if it exists [Kamer and Hiemer, 2015;
Amorese et al., 2010 Kagan, 1999, 2002, 2010; Frolich and Davis; 1993; Scholz, 1968; Schor-
lemmer and Wiemer, 2005; Wiemer and Wyss, 1997, 2002; Spada et al., 2013; Tormann et
al., 2015]. Nevertheless, Hiemer and Kamer [2016] demonstrated that using an optimal
spatially variable estimate of b-value, obtained from a method proposed by Kamer and
Hiemer [2015] (similar to the method proposed for estimating spatially varying ETAS
parameters in Chapter 3), they were able to outperform other methods [Helmstetter et al.,
2007; Wiemer and Schorlemmer, 2007] that did not account for the optimal spatial vari-
ation in b-value. Indeed, we can also further enhance the forecasting skill of our method
using spatially variable estimate of b-value.

8. In our current application of ETAS model we completely ignored the uncertainties in the
data, which could have major influences on our resolution of the model parameters. Ignor-
ing the influence of the uncertainties in the data on the model parameters make us more
confident in our models than we actually should be and can lead to misleading forecasts.
Furthermore, as we would proceed to implement our model on a global scale, the consider-
ation of uncertainties in the data would become even more important. For few seismically
active regions such as California, Japan, New Zealand and so on, the uncertainty in the
data would be smaller than most of the other remaining seismically active regions. The un-
certainties in our forecasted seismicity rate should, thus, be appropriately scaled with the
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spatially varying uncertainties in the data. Furthermore, if we would want to understand
the physical origin of the parameters on the global scale, we must be able to distill the
influence of the data uncertainties on the estimates of the parameters from the influences
arising from the physical causes.

9. The application of the method proposed in this thesis for the estimation of the spatially
variable parameters of ETAS model can easily be extended (modified) to other fields of
research which frequently use Hawkes processes to model corresponding observed phe-
nomena [Wheatley et al., 2016]. Some of the example applications of Hawkes processes
include modelling of: (i) high frequency fluctuations of financial prices; (ii) genomic events
along DNA; (iii) neural spike trains; brain seizures; and (iv) the spread of violence and
crime. By using the method proposed in this thesis, the Hawkes process can not only be
used more efficiently to model these phenomena and possibly better foresee the future,
but also the researchers could obtain better insights into the origin of the parameters that
constitute the model by possibly correlating them with the spatio temporal fluctuation of
physical or social observations thought to be related to the process.

10. In the end, it is important to realize that the ETAS model is only a simple approximation
of a highly nonlinear phenomena, seismicity itself. While, the main driving force behind
the earthquakes, the stresses (both background and stress changes caused by earthquakes
themselves) may add up linearly, the effects of these forces, i.e. earthquakes quantified in
terms of seismicity rates, should not add in a linear fashion. In fact, the seismicity rates,
being the exponential of stresses as proposed by many physical models such as the Multi-
fractal stress activation [Sornette and Ouillon, 2005; Ouillon and Sornette, 2005; Ouillon
et al., 2009; Tsai et al., 2012], stress corrosion [Sornette, 1999 and references therein; Atkin-
son et al., 1981], rate and state friction [Dieterich, 1979; Ruina, 1983; Scholz, 1998], and
so on, multiply. The ETAS model being additive in its present form (in terms of seismicity
rate), it is thus a gross simplification of the multiplicative nature of the seismicity rate.
While one can indeed attempt to describe a non-linear function by means of a possibly
large set of piecewise linear functions, the extrapolations made using this approximation,
in order to forecast, would necessarily be imprecise. In essence, the idea of stresses adding
linearly is incompatible with the basic nature of the ETAS model that linearly adds the
seismicity rates. This is possibly the reason why many renormalized observations (see
for instance, Ouillon and Sornette [2005]) made about seismicity do not naturally emerge
from the current formulation of the ETAS model. Furthermore, the ETAS model fails to
account for stress shadows that have been widely reported following large events. Thus,
it seems necessary to reformulate the ETAS model in a multiplicative fashion in order to
make the model compatible (at least in theory) with the various nonlinear models of seis-
micity and the stress shadow hypothesis. We hope to pursue investigations along this line
in the future.
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A.1 Application of Ouillon and Sornette [2011] for optimal
Gaussian partitioning

As described in Section 2.3.2, each cluster of the HAUK-catalog needs to be further partitioned
into sub-clusters of earthquakes that could be designated as occurring on a single fault seg-
ment (see Figure A.4). The general strategy for achieving this is the following. For a given num-
ber of sub-clusters, we use a Gaussian mixture approach implemented through an expectation-
maximization (EM) procedure to obtain the optimal decomposition of a given cluster into well-
defined individual Gaussian distributions. We repeat the same procedure progressively, increas-
ing the number of sub-clusters. The optimal number of sub-clusters corresponds to the configu-
ration with minimum Bayesian Information Criterion (BIC) [Bishop, 2006].

A.1.1 Prior Identification of Outliers

As observed by Ouillon and Sornette [2011], several events remain isolated and possibly do
not belong to any cluster (Figure A.4). Even though each of them must belong to an underlying
fault, the existence of those faults is be revealed by seismicity due to the limited number of earth-
quakes associated to them. Including these isolated events in the clustering process would tend
to identify sub-clusters with three or less earthquakes, leading to near-singular log likelihoods,
preventing us from computing correctly the BIC.

Ouillon and Sornette [2011] proposed to remove this uncorrelated seismicity using a filter-
ing method, hereafter labeled as F1, which compares the distribution of volumes of tetrahedra
(Vtetra) (defined by event and its three nearest neighbors) in the natural catalog to a synthet-
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ically generated reference distribution for uncorrelated seismicity (Section 8.2 of Ouillon and
Sornette, 2011).

We introduce some minor modifications to the original approach of Ouillon and Sornette
[2011] to define a modified filtering method, labeled as F2. First of all, we consider the convex
hull of the observed cluster, and generate within that hull the same number of uncorrelated
(randomly distributed) events. The convex hull is defined as the minimum convex set that con-
tains the earthquakes and naturally defines a unique boundary for the given set of points. We
then find the volume of the tetrahedron formed by each point and its three nearest neighbors in
the synthetic and in the natural catalog.

In order to improve on Ouillon and Sornette [2011], we also compute the maximum distance
(dmax) between each earthquake and its three nearest neighbors in both catalogs, as an event
may be an outlier even if its associated tetrahedron possesses a very small volume. The latter
situation occurs if the considered event is spatially isolated, yet its three closest neighbours
are tightly clustered. In such a case, the event would not be labeled as an outlier and would
participate in the clustering process, unavoidably leading to singularities in the log likelihood
and eventually to sub-optimal spurious solutions. By also comparing the distribution of dmaxin
the natural and synthetic catalogs, one can easily detect and remove such outliers.

Finally, all the earthquakes in the natural set are then qualified as uncorrelated events or
outliers if one of the above two quantities exceeds the 95%ile confidence boundary of the respec-
tive quantities (Vtetra and dmax) for the reference distribution (Figure A.5). On the other hand,
Ouillon and Sornette [2011] define an event to be an outlier if the corresponding Vtetra computed
from the natural catalog exceeds the 5%ile confidence boundary of the reference distribution of
Vtetra alone (Figure A.5). Note that, both methods rely on the unavoidable arbitrary choice of
confidence boundary for the definition of outliers.

A.1.2 Optimal Gaussian Partitioning of cluster #50106

Figure A.6 shows the variation of the BIC corresponding to the optimal partitioning of the se-
lected set of events for an increasing number of sub-clusters. We have indicated with a red star
the optimal number of sub-clusters for which the minimum BIC is achieved. We find that after
accounting for the increasing complexity of the model with an increasing number of Gaussian
components, the best partitioning of the earthquakes in cluster #50106 could be achieved using
10 Gaussian sub-clusters.

Figure A.7 shows the horizontal cross-section (Depth=0) of the optimal configuration of the
10 Gaussian sub-clusters. We represent each sub-cluster using colored ellipsoids with three semi-
axes equal to the

√
3×γ2

i , where γ2
i (i = 1, 2 or 3) represents the three eigenvalues of the cor-

responding covariance matrix. According to Ouillon et al. [2008], twice the value of the largest
two semi-axes represent approximately the fault length and width respectively. Earthquakes
assigned to each sub-cluster are shown using different marker types and colors (same as the par-
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ent ellipsoid). Note that, an earthquake is assigned to the Gaussian sub-cluster that attributes
highest probability to the earthquake. For convenience, we have also labeled each fault with a
different index. Figure A.8a (East=0) and A.8b (North=0) show the two vertical cross-sections of
the same ellipsoids shown in Figure A.7. The eigenvector of the Gaussian kernel corresponding
to the smallest eigenvalue is defined as the normal vector (Nclust) of the underlying fault plane
and fully encodes its orientation.

For any given number of sub-clusters, we perform the clustering analysis 3,000 times, start-
ing from different initial configurations, and only choose the final partition corresponding to the
smallest BIC.

A.1.3 Resolving the focal plane ambiguity

STEP 1: Within each sub-cluster, we first consider the nodal plane of each earthquake’s focal
mechanism such that its normal vector is the closest to the normal vector to the sub-cluster,
Nclust. This automatically provides a choice for the slip vector associated to each event. This step
allows us to compute an initial guess for the average slip vector (savg

step1) on the reconstructed fault
plane of the corresponding cluster. savg

step1 is computed by projecting the mean of the individual
unit slip vectors.

STEP 2: We then compute, for each event, the deviation between savg
step1 and both unit slip

vectors provided by its associated focal mechanism. The slip vector yielding the smallest devia-
tion is then definitely considered as the slip vector associated to that event (which automatically
determines the failure plane). This is done to reduce the influence of uncertainties on STEP 1,
which sometimes provides a few events in a cluster slipping in an opposite direction to all the
others. We then update the estimate of the average slip vector on the reconstructed fault plane
to savg

step2, defined as the projection of the mean of unit slip vectors selected in the second step.
The amplitude of savg

step2 thus ranges between 0 and 1. Amplitude closer to 1 (resp. to 0) implies
that the preferred slip vectors of the earthquakes in the cluster are less (resp. more) scattered
in their directions.

We further compare the consistency of the preferred slip vectors savg
step2 to the case where the

failure plane for each earthquake in the cluster is chosen randomly. For this, we compute the
projection of the mean of the preferred unit slip vectors on the reconstructed fault plane of each
cluster, savg

random, when we randomly chose the preferred nodal plane for all earthquakes. We find
a substantial improvement of the amplitude for savg

step2 compared to savg
random as displayed by the

histograms of amplitude for savg
step2 and savg

random, computed for all the sub-clusters of earthquakes
(Figure A.9, red and blue, respectively). The median value of the savg

step2 amplitude histogram is
0.85 while that of savg

rand is 0.32. This implies that the preferred slip vectors selected using the
two-steps approach are more tightly oriented than the preferred slip vectors selected using a
random choice between the nodal planes.

The above procedure provides multiple choices for computing Coulomb stress changes. For
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each earthquake, we can use the normal and slip vectors corresponding to the individually se-
lected nodal plane. We can also assign to each earthquake in a cluster a fixed unit normal vector,
Nclust and a fixed unit slip vector,

savg
step2

|savg
step2| . The use of the second approach is justified if we consider

that, in the presence of a locally homogenous stress field, a planar fault possesses a unique slip
direction. As a result, all the earthquakes associated with this fault should display a unique
focal mechanism. The variation in the focal mechanism of the earthquakes associated with this
fault plane is then just the manifestation of uncertainties in the inversion process used to obtain
them. In this chapter, we have followed this second ’stacking’ approach.

As a demonstration of how the method proposed above works we also show in Figure A.7 the
composite focal mechanisms associated with the 10 sub-clusters using colored beach balls. We
have obtained each composite focal mechanism using Nclust as the normal vector and

savg
step2

|savg
step2| as the

slip vector. We also display the strike, dip and rake of the preferred nodal plane corresponding
to each composite focal mechanism. The colors of the beach balls correspond to those of the
reconstructed faults shown by the colored ellipsoids.

A.2 Sensitivity to the values of the friction coefficient,
Skempton’s coefficient and magnitude threshold

All the evidences for static triggering presented in the main text correspond to fixed values of the
friction coefficient (µ = 0.6), Skempton’s coefficient (B = 0.75) and magnitude threshold mt = 2.5.
Given the uncertainties in these quantities, we consider imperative to test the sensitivity of our
results to their possible variations.

We consider both µ and B to vary within the range [0,1], which is based on generally reported
values for these two quantities, while we allow mt to vary within [2,3].

Our general strategy is to fix all parameters to their originally considered values, except for
the one whose effect we are trying to capture. We then vary the parameter under consideration
within its predefined range. For instance, if we are assessing the effect of µ, we fix B and mt

to their original values of 0.75 and 2.5 respectively. We then vary µ within the range [0,1] with
a step of 0.1. For each value of µ, we then estimate the quantities R, CI (t = 0) and MFCI one
thousand times, by bootstrapping the locations and focal mechanisms uncertainties. Similarly,
we compute these quantities as a function of B and mt with the other two parameters fixed.

In Figure A.10, we show the variation of the median values of R, CI (t = 0) and MFCI for all
possible cases as a function µ. We find that the both R and CI(t = 0) exhibit all the properties dis-
cussed in Section 2.4.2 and 2.4.3, independently of the choice of µ. The same holds for the other
two parameters B (Figure A.11) and mt (Figure A.12). These observations further reinforce the
evidences in favor of the static triggering hypothesis. We also demonstrate that, independently
of the choice of µ, B and mt, our ability to find supportive evidence for the static triggering hypo-
thesis is stronger if we make informed choices of the fault planes. It is, however, important to
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note that we find significantly stronger evidences supporting static triggering hypothesis when
we make informed choices of fault planes even for µ = 0, the case in which the computed Coulomb
stress changes should be independent of the choice of nodal planes for both source and receiver.
But, the independence of Coulomb stress change of the choice of nodal planes only holds in case
of point sources and is not valid for sources with finite dimensions, as in the case of present
study. So, the significantly different results for PREF and RAND even for µ = 0 presents no
contradiction at all.

We also find from Figure A.10b and Figure A.11b that CI(t=0) seems to show a very weak
negative correlation with respect to µ and no correlation at all with B for both PREF and RAND
respectively. Note that other researchers have also evidenced such a weak correlation between
Coulomb Index and µ [Catalli et al., 2013]. The existence of a weak correlation between Coulomb
Index and µ and almost no correlation between Coulomb Index and B implies that the effect of
the effective normal stress in earthquake triggering is only moderate and the dominating role is
played by the shear stress. Note that, Kagan and Jackson [1998] reached similar conclusions by
comparing the spatial distribution of earthquakes prior and posterior to a mainshock under the
premise that, for positive values of µ, one would observe that aftershocks would concentrate in
the direction of the P-axis rather than in the direction of the T-axis.

A.3 Estimating the characteristic time, τ, using a modified
Epidemic Type Aftershock Sequence (ETAS) model

An appropriate way to measure τ could be to use a modified Epidemic Type Aftershock Sequence
(ETAS) model [Ogata and Zhuang, 2006; Zhuang et al., 2004]. This model allows for inverting
the parameters of “bare” kernels, which describe the way in which an earthquake directly trig-
gers its aftershocks. We modify the “pure” Omori kernel, 1

(t+c)p , with an exponentially tapered
Omori kernel, e−t/τ

(t+c)p , and then perform the usual inversion of its parameters [Veen and Schoen-
berg, 2008].

We perform the inversion of the ETAS parameters for both catalogs (HAUK and YANG)
considered in this study with M ≥ 2.5, magnitude above which both catalogs are thought to
be complete (Figure A.1). We replace the usual space-time-magnitude triggering kernel in the
ETAS model [Ogata and Zhuang, 2006; Zhuang et al., 2004] with the following one:

(A.1) g (t − ti, x − xi, y− yi,mi) = K ea(mi−M0)e− t
τ

{t − ti + c}1+ω
{
(x − xi)2 + (y− yi)2 + d (x, y) eγ(mi−M0)

}1+ρ

Note that an advantage of using and exponentially tapered Omori kernel instead of pure
Omori kernel is that the time exponent, ω, is not mathematically constrained to be positive. We
then use the Expectation-Maximization scheme proposed by Veen and Schoenberg [2008] for the
inversion of ETAS parameters (K , a, c, ω,τ, d, γ, ρ). Table A.1 shows the results of inversion
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for both catalogs, using triggering kernels with pure and exponentially tapered Omori laws. We
find that the values of τ inverted for YANG and HAUK catalogs are respectively ~295 days and
~346 days. They are in both cases in good agreement with the characteristic times inverted from
the waiting time distribution, which varies between ~95 and ~180 days. Also, the consistency
of the values of τ between both catalogs demonstrates that τ remains unaffected by the choices
made in the extraction of the YANG catalog from the HAUK catalog. We also note that, for a
given catalog, while all the other parameters seem to be in agreement between the pure Omori
and tapered Omori cases, c and ω show significant changes. Both c and ω seem significantly
smaller in the case of the tapered Omori case. Larger values of c and ω in the pure Omori case is
due to the ETAS model trying to fit a genuine tapered Omori decay in the real data with a pure
Omori decay. This naturally leads to an overestimation of the c and ω values.

A.4 Comparison of the quality of fits of the inverted waiting
time distributions for all the stress bins and the four cases
(PREF+,PREF−,RAND+,RAND−)

In supplementary Figure A.13a, we compare the relative goodness of the fit of the inverted mod-
els of the waiting time distribution for all stress bins and the four cases shown in the legend,
using the measure of maximum log likelihood per data point (MLL) defined in section 2.3.3.1
(also see Table 2.1). We find that MLL increases with increasing |CFS ij| median

k for both positive
and negative stress bins. This observation holds for both PREF and RAND. Further, we observe
that MLLk+ seems to be larger than the corresponding MLLk− for both PREF and RAND. These
observations could be the result of a change of the parameters of the waiting time distributions,
a degradation of the fit due to a less appropriate model, or a combination of both. However, in
Figure A.13b, we demonstrate that the quality of fit of the inverted models for all the stress bins
is nearly constant. To show this, we first fit an observed waiting time distribution and compute
its maximum likelihood per point (hereafter coined MLobs). We then use the parametric analyt-
ical form of the inverted distribution to generate a synthetic dataset with the same number of
points as the natural one. We then estimate the likelihood per point, MLsyn, of the synthetic
waiting time distribution given the inverted model. This represents the optimal log-likelihood
that could be observed for that model if it were the true model. We then compare MLobs to MLsyn

by computing their ratio. If the model is a correct one for the natural data, the ratio should be
close to 1. If the model is bad, the ratio should drastically decrease. We find that this ratio is
independent of the amplitude of the Coulomb stress change for all the four cases, and that its
value is very close to 1. These observations suggest that the tapered Omori model we used to fit
the data is a very good description for all cases and stress bins considered. The apparent change
of likelihood with stress level shown on Figure A.13a is thus only due changing fitting parame-
ters, and not to variations of the adequacy of the model itself. The fact that the fit quality is
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also very good for the RAND cases stems from the fact that the model explains both PREF+ and
PREF- data. Mixing them due to stress uncertainties thus does not change the quality of the fit,
even for a more unrealistic model such as RAND, or even our modified, exponentially tapered
ETAS model (which is isotropic in nature).
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A.5 Tables of Appendix A

TABLE A.1. Inverted parameters of the ETAS model with pure Omori and exponen-
tially tapered Omori decay for YANG and HAUK catalogs.

Catalog Model
Type K a c ω τ d ρ γ

YANG Pure
Omori 0.0021 1.75 0.077 0.29 NA 0.030 0.50 1.48

YANG Tapered
Omori 0.0013 1.70 0.037 -0.068 295 0.029 0.48 1.49

HAUK Pure
Omori 0.0040 1.57 0.033 0.26 NA 0.19 0.50 1.10

HAUK Tapered
Omori 0.0030 1.53 0.0018 -0.064 346 0.19 0.49 1.10
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A.6 Figures of Appendix A

FIGURE A.1. Empirical frequency-magnitude distribution for relocated catalog of
Southern California from Hauksson et al. [2012] (red circles) and focal mecha-
nism catalog of Southern California from Yang et al. [2012] (blue stars); Solid and
dashed lines show the best fit Gutenberg Richter law for the two catalogs above mt
of 2.5 and 2.2 respectively; the legend shows bval corresponding to both catalogs;
Both mt and bval have been inferred using Clauset et al. [2009] method for both
catalogs
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FIGURE A.2. Flowchart of our general methodology for the estimation of the waiting
time distribution parameters.
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FIGURE A.3. pval of Ranksum test vs. Coulomb stress change for positive Coulomb
stress bins (Red circles) and negative Coulomb stress bins (Blue crosses); the null
hypothesis and the alternative tested in both cases are shown in the legend; the
significance level of 0.01 and 0.05 are shown in black dashed line and solid line
respectively; the Coulomb stress change thresholds above which the null hypothesis
can be rejected in both cases are above ~9 Pa and ~6 Pa respectively.



APPENDIX A. APPENDIX A

FIGURE A.4. Spatial distribution (scales in km) of epicenters of earthquakes be-
longing to cluster #50106; the geographical coordinates of the barycenter
(−115.6143, 33.0961) of the cluster is indicated using a black star for reference;
the epicenters clearly indicate the presence of multiple faults and spatially uncor-
related events.

FIGURE A.5. (left panel) Epicenters of earthquakes belonging to cluster #50106 left
after application of filtering method F2, based on volume and distance criteria (red
circles); grey circles stand for events defined as outliers; (right panel) same, using
filtering method F1, proposed by Ouillon and Sornette [2011] using green triangles
for clustered events; grey triangles are defined as outliers; The geographical coordi-
nates of the barycenter (−115.6143, 33.0961) of the cluster is indicated using black
star for reference.
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FIGURE A.6. BIC of optimal partitioning of the correlated earthquakes in cluster
#50106 (Figure A5a, Red Circles) as a function of the number of sub-clusters (Blue
Circles); The minimum BIC is indicated by the red star.

FIGURE A.7. Classification of correlated seismicity (Figure A5a, Red Circles), obtained
after application of filtering method F2, present in cluster #50106 in 10 Gaussian
sub-clusters; the figure shows the horizontal cross-sections of the ellipsoids; Epicen-
ters of earthquakes assigned to each sub-cluster are shown using different marker
types and colors (same as parent ellipsoid); Composite focal mechanisms associated
with each sub-cluster are shown using colored beach balls with the same color as
the associated ellipsoid, and have been assigned same index (shown using bold grey
numbers) as that of the corresponding sub-cluster (shown using bold black num-
bers); strike, dip and rake of the preferred fault plane, obtained using the method
proposed in Appendix A1.3, is shown above beach balls for each sub-cluster.
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FIGURE A.8. Classification of correlated seismicity (Figure A5a, Red Circles) present
in cluster #50106 in 10 Gaussian sub-clusters; the figure shows the two vertical, (a)
Depth vs. North and (b) Depth vs. East cross-sections of ellipsoids; the earthquakes
assigned to each sub-cluster are shown using different marker types and colors
(same as parent ellipsoid); The indices of the faults correspond to the indices shown
in Figure A7.

FIGURE A.9. Distribution of the amplitudes of the average projected slips on the recon-
structed plane of the cluster for the preferred choice of nodal plane (savg

step2, shown
in red) and random choice of nodal plane (savg

rand, shown in blue); Median value for
each case in indicated by the solid arrows (same color as the histogram); On aver-
age, choosing the nodal planes according to the prescribed method leads to more
tightly oriented slip vectors compared to the random choice method.
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FIGURE A.10. (a) R vs. µ (Coefficient of friction) for the largest Coulomb stress bin
with a median Coulomb stress change of 42 kPa; Legend shows the labels corre-
sponding to the four cases plotted using different markers (b) CI (t = 0) & MFCI
vs. µ for both PREF and RAND for the largest Coulomb stress bin with median
Coulomb stress change of 42 kPa.
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FIGURE A.11. (a) R vs. B (Skempton’s Coefficient) for the largest Coulomb stress bin
with a median Coulomb stress change of 42 kPa; Legend shows the labels corre-
sponding to the four cases plotted using different markers (b) CI (t = 0) & MFCI
vs. B for both PREF and RAND for the largest Coulomb stress bin with median
Coulomb stress change of 42 kPa.
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FIGURE A.12. (a) R vs. mt (Magnitude Threshold) for the largest Coulomb stress bin
with a median Coulomb stress change of 42 kPa; Legend shows the labels corre-
sponding to the four cases plotted using different markers (b) CI (t = 0) & MFCI
vs. mt for both PREF and RAND for the largest Coulomb stress bin with median
Coulomb stress change of 42 kPa.
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FIGURE A.13. (a) MLLk+and MLLk− (maximum log-likelihood per point) vs.
Coulomb stress change for both PREF and RAND; The legend shows the labels
corresponding to the four cases; the median value corresponding to each case is
plotted using markers; the shaded region plotted in the same colors as the mark-
ers shows the 95% confidence interval delineated by the 2.5% and 97.5% quantiles;
(b) Ratio of observed maximum likelihood per point, MLobs, and likelihood of syn-
thetic data generated using the inverted models, MLsyn, as function of Coulomb
stress change; the legend shows the labels corresponding to the four cases; the me-
dian value corresponding to each case is plotted using markers.
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B.1 Synthetic tests

In this section, we apply the method developed in the Section 3.2.3 to test if:

1. the method introduces spurious spatial variations in the parameters even if they are spa-
tially invariant.

2. the method is able to capture the correct patterns of spatial variability in the parameters
when they exist.

B.1.1 Does the proposed method introduce spurious spatial variations even
if the parameters are spatially invariant?

For testing if the method introduces spurious spatial variations in the parameters even if they
are spatially invariant, we first generate a synthetic ETAS catalog with spatially invariant para-
meters. We first assign a fixed value to each of the 8 parameters (θ = {µ, K , a, c, ω, d, γ, ρ})
(see Table B.1). We then simulate the earthquakes using these parameters and the simulation
algorithm proposed by Zhuang et al. [2004] over the same spatio-temporal domain as the real
catalog. Note that we set the M0 (minimum magnitude below which earthquakes do not trigger
aftershocks), Mmin (magnitude of the smallest possible earthquake), Mmax (magnitude of the
largest possible earthquake) and bval (exponent of the Gutenberg Richter law) values to, res-
pectively, 3, 3, 8.5 and 0.95 in accordance with our assumptions and observations on the real
catalog. In Figure B.1, we show the spatial distribution of earthquakes generated by the ETAS
simulator.
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We then apply the method proposed in Section 3.2.3 to invert spatially variable µ, K and a
along with spatially invariant c, ω, d, γ and ρ parameters.

In Figure B.2, we show the BIC corresponding to all (5000) solutions as a function of the
number of Voronoi cells used. We find that the minimum median BIC corresponds to inverted
models with only 1 voronoi partition indicating that our method is able to correctly detect the
complexity of the input model used to generate the synthetic catalog. Moreover, we also find,
using Wilcoxon Ranksum test, that the minimum median BIC (corresponding to only 1 voronoi
partition) is significantly smaller than the median BIC corresponding to all other complexity
levels. As a result, we obtain spatially invariant estimates of of µ, K and α. We report the
spatially invariant estimates of all the parameters in Table B.1. Comparing the inverted values
of the parameters to the input values, we find that that our method correctly estimates the input
values of the parameters.

These results demonstrate the ability of our method to not only correctly infer the underlying
complexity of the input model used to generate a synthetic catalog, but also the correct values
of the input parameters.

B.1.2 Is the proposed method able to capture the underlying spatial
variation of the parameters?

For testing if the method is able to capture the correct patterns of spatial variability in the
parameters, we first generate a synthetic ETAS catalog using the estimates of parameters (Θ, µ,
K and a) for the real catalog, that covers the same spatio-temporal domain as the real catalog.
We make these choices for the generation of the synthetic catalog for it to resemble the real
catalog as closely as possible. We then follow the following algorithm:

1. We generate the background earthquakes. To do so, we use the independence probabilities
(IP j = 1−∑ j−1

i=1 P̂i, j where P̂i, j is the probability that the jth earthquake has been triggered
by the ith earthquake given the estimated parameters Θ̂, µ̂, K̂ and â , and is computed us-
ing Equation 3.6), time, location and magnitude of the earthquakes from the real catalog.
We compare the independence probability, IP j, of each earthquake, E j, to a random num-
ber generated uniformly between 0 and 1. If IP j is larger than the random number, the
earthquake is considered as a background event whose time, location and magnitude is the
same as in the real catalog. If not, the event is discarded. This is a semi-stochastic way to
simulate the background earthquakes for the synthetic catalog. The advantage of this ap-
proach over the conventional strategy to simulate non-homogenous stationary space-time
Poisson process [Zhuang et al., 2004; Daley and Vere-Jones, 2002, Section 7.4] is that the
former allows us to use the location and magnitude of real earthquakes, which possibly
capture the geometry of the underlying fault network. We then consider each background
earthquake as a parent earthquake.
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2. We then assign a set of productivity parameters K j and a j to each parent earthquake
depending upon the value of the ensemble estimates of the parameters K̂ and â from the
real catalog at their location.

3. For each parent earthquake with magnitude m j, we generate Nj offsprings earthquakes
above magnitude M0, where Nj is a discrete Poisson random variable with mean G j

(see Equation 3.3 for the definition of G j in Section 3.2.1). The times and locations of
each offsprings earthquakes are simulated stochastically using an Omori kernel in time
{t − t j + ĉ}−1−ω̂ and a spatial density kernel

{(
x − xj

)2 +
(
y− yj

)2 + d̂eγ̂(m j−M0)
}−1−ρ̂

respec-
tively, where Θ̂={ĉ, ω̂, d̂, γ̂, ρ̂} are the previously estimated spatially invariant parameters.
We simulate the magnitudes of the offsprings earthquakes using the pdf of a Gutenberg-
Richter law with Mmin = 3 as the lower magnitude cutoff, Mmax = 8.5 as the upper mag-
nitude cutoff and a global b-value of 0.95 (estimated for the real catalog, see Section 3.3).
We also assume that only the earthquakes above magnitude, M0 ≥ 3 are able to trigger
aftershocks. We then consider the offsprings earthquakes as the parent earthquakes for
the next generation.

4. We repeat steps 2 and 3 until no newer offsprings earthquake is generated.

Note from Figure 3.6a that the estimated branching ratio for the real catalog sometimes
locally exceeds 1, which can lead to an explosive generation of earthquakes. To account for this,
we modify the K j value assigned to the earthquakes (in step 3) for which the local branching
ratio exceeds 1 such that the newly assigned branching ratio is equal to 1. This leads to the
generation of a non-explosive catalog.

Figure B.3 shows the spatial distribution of the earthquakes generated using the proposed
algorithm.

We then apply the method proposed in Section 3.2.3 to invert the spatially variable µ, K and
a along with spatially invariant c, ω, d, γ and ρ.

In Figure B.4, we show the BIC corresponding to all (120,000; 200 for each given number
partition) solutions as a function of the number of Voronoi cells used. We find that the minimum
in the median BIC corresponds to 284 voronoi partitions (indicated using solid magenta line in
Figure B.3). As proposed in the Section 3.2.3, we find the complexity range, [178- 428], in which
the median BIC corresponding to each complexity level is not significantly different from the
minimum median BIC. Note that both the optimal complexity level and complexity range, iden-
tified by our method for the synthetic catalog, nearly coincide with the optimal complexity level
(286) and the complexity range, [214-384], observed in the case of the real catalog (see Figure
3.2a). Since the parameters inverted from the real catalog are used as the input parameters for
the generation of the synthetic catalog, the near coincidence of the optimal complexity level and
the complexity range for the synthetic catalog and the real catalog indicate that our method
correctly detects the complexity of the underlying model.
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In Figure B.5, we show the spatially varying estimates of µ, K and α = a
log10 at the location of

the earthquakes present in the synthetic catalog. The left panels in the figure show the spatial
variation of the input parameters (used to generate the synthetic catalog) while the right panels
show the spatial variation of the same parameters inverted from the synthetic catalog. Visually
comparing the input and inverted parameters, we find that our method is quite successful in
inverting the underlying spatial patterns of the three spatially varying input parameters. In
addition to that, the inverted values of the spatially invariant parameters (c, ω, d, γ and ρ),
shown in Table B.2, are very close to the input values (see the solid magenta lines in Figure
3.3a-e).

It is also important to note that, even though the parameters K and α are correlated with
each other (see Figure 3.5a) and can compensate for each other during the inversion process, our
method correctly detects the input patterns of both these parameters (compare panels c and e to
d and f respectively in Figure B.5).

In Figure B.6a-c, we compare the input and inverted values of µ, K and α more quanti-
tatively. For clarity, we divide the inverted values of each of the three parameters, which are
estimated at the location of earthquakes in the synthetic catalog (see right panels in Figure
B.5), separately in 50 bins conditioned on the values of the corresponding input parameters. We
then plot the median value and 95% CI of each parameter versus the corresponding median
value of the input parameter, obtained within each of the 50 bins. We find that the inverted
values of µ, K and α are highly correlated with the corresponding input values, with correlation
coefficient of 0.98, 0.92 and 0.95 respectively. However, we do find that the inverted versus the
input values of these parameters systematically deviate from the x=y line shown in each of the
figures, especially in the case of µ. The parameter µ seems to be underestimated in the regions
of high background seismicity rate. The underestimation of high values of µ can be rationalized
if we consider that a high background seismicity rate leads to a high density of earthquakes
in a given region, which can appear as clustered. This can further lead to the misclassification
of some background earthquakes in regions with very high background seismicity rate as after-
shocks. As a consequence, the background rates in the regions of high background seismicity
rate will be underestimated.

Nevertheless, the high degree of correlation between the inverted and input parameters as
well as the similarity of spatial patterns in the map of inverted and input µ, K and a (see Figure
B.5a-c) indicate that our method is capable to capture the correct patterns of spatial variability
in these parameters.
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B.2 Goodness of fit of Omori kernel with fixed c-value to
observed aftershock decay rate

In our formulation of the ETAS model, we have assumed the c-value of the Omori kernel to
be independent of the magnitude of the mainshock while it might actually depend on it, either
due to physical reasons [Dieterich, 1994; Narteau et al., 2002] or due to short term aftershock
incompleteness [Hainzl, 2016; Helmstetter et al., 2006]. As a result, the Omori kernel with fixed
c-value might not appropriately describe the decay rate of aftershocks in the real catalog. In
the following, however, we demonstrate with the goodness of fit test proposed by Clauset et al.
[2009] that an Omori kernel with fixed c-value fits the observed decay rate of aftershocks very
well.

To test the goodness of fit of the Omori kernel with fixed c-value, we first extract the em-
pirical decay rate of aftershocks from the branching structure of the catalog, obtained after the
calibration of the ETAS model. Note that the branching structure quantifies the probability (Pij)
that the jth earthquake (occurring at time t j) has been triggered by the ith earthquake occurring
at time ti, where t j − ti > 0. Given this probability matrix, we can extract from the branching
structure direct mainshock-aftershock pairs and their corresponding time differences (∆tij). This
is simply done by generating a uniform random number between 0 and 1 and comparing it to
Pij. If Pij is greater than the random number, then the corresponding ∆tij is chosen. In this
manner, we were able to extract ~17,000 values of ∆tij. Indeed, this extraction procedure yields
only those mainshock-aftershock pairs that are directly related to each other. Using these ∆t′

ijs,
we then estimate their empirical probability density function, which integrates to 1 within the
minimum and maximum time interval in the real catalog. This empirical PDF is shown using
blue crosses in Figure B.7.

Next, for each of the selected mainshocks (ti), we simulate as many aftershocks as there
are in the real catalog. The times of these aftershocks are simulated using the Omori kernel
with parameters p=1.002 and c = 10−2.6 days. Note that these parameters were obtained from
the calibration of the spatially variable ETAS model on the real catalog. We make sure that
the Omori kernel integrates to 1 in the time period between the occurrence of the mainshock
and the end time of the catalog. By doing so, we ensure that the mainshock would have as
many simulated aftershocks as there are in the real catalog. Finally, we compute the PDF of the
∆tij = t j − ti for all the mainshock-aftershock pair in the simulated catalog. This empirical PDF
is shown using solid red line in Figure B.7.

We can clearly see that the empirical PDF simulated using the Omori kernel with fixed c
value fits well the empirical PDF obtained from the real catalog.

To further quantify the goodness of fit, we use the standard goodness of fit test proposed by
Clauset et al. [2009] (Section 3.4.1) which is composed of the following steps:

1. We compute the Kolmogorov Smirnov (KS) distance between the best fit Omori kernel
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(with parameters p=1.002 and c = 10−2.6 days) and the empirical aftershock decay rate
obtained from the real catalog (KSreal). Note that these parameters are obtained by cali-
bration of the ETAS model.

2. Using the best Omori kernel fit, we simulate aftershock sequences for each mainshock
present in the real catalog. We keep the number of aftershock for each mainshock to be
the same as in the real catalog. As before, we ensure that the Omori kernel, for each
mainshock, integrates to 1 in the time period between the occurrence of the mainshock
and the end time of the catalog. By doing so, we ensure not only that the mainshock would
have as many simulated aftershocks as there are in the real catalog, but also that the
simulated catalog would exhibit the same finite size effects as does the real catalog.

3. For each of the simulated catalogs, we re-estimate the parameters of the Omori kernel.

4. We compute the KS distance between the new Omori kernel and the empirical aftershock
decay rate obtained from the simulated catalog (KSsynthetic).

5. We repeat steps 2-4 10,000 times.

The histogram of KSsynthetic is shown in Figure B.8. For comparison, KSreal is shown using
a solid grey vertical line. We find that, in nearly 21% of the cases, the KSsynthetic is larger than
KSreal. As a result, in accordance with the relatively stringent criteria proposed by Clauset et
al. [2009], we can safely conclude that the Omori kernel with a fixed c-value is a reasonable
hypothesis for the aftershock decay rate observed in real catalog, which cannot be rejected at all
standard statistical significance levels with a p-value of 0.21.

B.3 Influence of short term aftershock incompleteness on our
results

In order to assess the influence of short term aftershock incompleteness on our results, we first
modify the Omori kernel of the ETAS model to 1{

t−ti+c0eη(mi−M0)
}1+ω . Note that the c-value in this

modified Omori kernel depends on the magnitude mi of the mainshock. As long as the parameter
η of the modified Omori kernel is positive, the c-value would increase with the magnitude of
the mainshock, which is consistent with idea of short term aftershock incompleteness. We then
calibrate the modified ETAS model (ETAS-mod) on the earthquake catalog (M ≥ 3) used in this
study using the method proposed in Section 3.2.3 in the main text. In Figure B.9, we show
the penalized log likelihood (BICmod) of the ETAS-mod as a function of the number of voronoi
partitions. The red circles show the median value of BICmod and the error bars show the 95%
confidence interval. In the same figure, we also show the penalized log likelihood (BICunmod)
corresponding to the unmodified ETAS model (ETAS-unmod) using a solid blue line. It is evident
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from the figure that BICmod is not significantly larger than BICunmod. We also verify it using the
Wilkoxon Ranksum test.

The similar performances of ETAS-mod and ETAS-unmod in describing the spatio-temporal
distribution of earthquakes (M ≥ 3) in the catalog, in terms of penalized log-likelihood, indicate
that both models are equally likely.

We further compare the spatially variable and spatially invariant parameters obtained from
ETAS-mod and ETAS-unmod models. In figure B.10, we plot the four spatially variable parame-
ters: background seismicity rate (µ); empirical branching ratio (nempirical); normalized pre-factor
of the productivity law (Knorm) and exponent of the productivity law (α), obtained from the cal-
ibration of the ETAS-mod model versus the ones obtained from calibration of the ETAS-unmod
model on the catalog. In the figure, we also plot the x=y line (in red) for comparison. We can
clearly see that the spatially variable parameters obtained from calibration of both versions of
the ETAS model is nearly identical. It automatically implies that the estimates of the parame-
ters K and α obtained from the modified ETAS model are also negatively correlated.

In Table B.3, we show the ensemble estimates of the spatially homogenous parameters ob-
tained from both models. Again, we find that the calibration of both models on the catalog yields
nearly equivalent spatially invariant parameters.

Finally, we also find that the ensemble estimate of η is -0.19. The negative value of η indicates
that the c value, which is thought to indicate the short term aftershock incompleteness duration,
decreases with the magnitude of the mainshock. In fact, this observation is inconsistent with the
hypothesis that short term incompleteness increases with the magnitude of mainshock. While
this hypothesis might be true, it is not supported by the data when we consider only earthquakes
with M ≥ 3.

Finally, it is interesting to note that several physics-based models such as the stress cor-
rosion model [Scholz, 1968; Narteau et al., 2002] and rate and state model [Dieterich, 1994;
Dieterich et al., 2000] postulate that larger amplitudes of stress perturbations can lead to a
decrease in duration of the non-power-law regime in the rate of aftershock decay, which would
imply that the c value of the Omori law would decrease with the magnitude of the mainshocks
(it is assumed that larger earthquakes would cause larger stress perturbations). This hypothesis
seems to be in agreement with the negative value of η observed in the case of ETAS-mod.

B.4 Is the estimated branching ratio correlated with seismicity
rate?

In the following, we show first by comparison of the maps of seismicity rate and branching
ratio obtained from the real catalog, and then by controlled synthetic experiments, that the two
quantities are not correlated.

149



APPENDIX B. APPENDIX B

B.4.1 Comparison of maps of branching ratio and seismicity rate in the real
catalog

In Figure B.11, we show the map of the total seismicity rate. In order to compute this map at the
location of the 21,448 M ≥ 3 earthquakes, we adopt the following strategy. For a given spatial
Voronoi partitioning scheme used during the calibration procedure, we first obtain the estimate
of the average seismicity rate for each of the spatial cells by counting the number of earthquakes
enclosed within each of the cells, and by dividing this number by the area of the cells (in km2)
and total time period of the catalog (in years). All earthquakes enclosed in each of the spatial
cells are then assigned the corresponding estimate of the average seismicity rate. We repeat this
two steps procedure for all the 34,200 Voronoi partition schemes corresponding to the selected
solutions within the optimal complexity range (shown Figure 3.2a) to obtain 34,200 individual
seismicity rate maps. Finally, we obtain the ensemble seismicity rate map (shown in Figure
B.11) by weighting all the individual rate maps with weights that are computed according to
Equation 3.13.

On comparing this seismicity rate map to the map of the parameters n (shown in Figure
3.5a), we find that, while there exist regions in the maps that indeed display both a high seis-
micity rate and a high value of n, there exists prominent counter examples to this observation.
In Figure B.11, we have marked some of the counter examples for easier visualization using a
dashed arrow. We find that, indeed, there exist prominent regions, such as offshore Mendocino,
where we observe a very high seismicity rate and yet our method inverts a very small value
of n. Furthermore, we have also indicated some regions in Figure B.11 that have overall a low
seismicity rate but a very high branching ratio. The existence of regions of both types (1. high
seismicity rate and low n; 2. low seismicity rate and large n) clearly demonstrates that:

1. our method does not exclusively identify high n in regions of high seismicity rate.

2. our method also associates regions of high seismicity rate with low n.

B.4.2 Controlled synthetic experiment

We design the following experiment. We simulate synthetic earthquake catalogs with varying
total seismicity rates but a fixed branching ratio. The total seismicity rate is varied by means
of changing the background seismicity rate. For each of the synthetic catalogs, we then apply
our estimation procedure and estimate the parameters that were used for simulation. We then
investigate the correlation between the estimated branching ratio and total seismicity rate.

In our experiment, we vary the total seismicity rate by scanning the background seismicity
rate from 10−7 to 10−6.1 earthquakes per day per km2. The two aftershock productivity parame-
ters, the branching ratio (n) and the exponent of the productivity law (α), are fixed respectively
to values 0.7 and 0.8. The times and the location of the aftershocks are simulated using the
Omori kernel

{
1

(t+c)p

}
and spatial kernel

{
1

(x2+y2+deγm)q

}
. The parameters {c, p,d,γ, q} of these
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two kernels are set to values {10−2.6,1.1, 10−0.75,1.24, 1.6}. The magnitudes of the earthquakes
are simulated using a Gutenberg-Richter law with exponent b = 1 in all the simulations. In our
simulations, we also assume that the magnitude threshold above which earthquakes start trig-
gering other earthquakes is M0 = 3 and the magnitude of the largest earthquake than can occur
is 8.5. As the ETAS model is highly stochastic, for a given set of parameters {µ,n, α, c, p,d,γ, q},
we perform numerous (200) simulations. For each of the simulated catalogs, we use our method
to estimate the underlying parameters. We then compute the expected total seismicity rate from
all the 200 simulated catalogs for a given set of parameters. From the estimated parameters of
all the 200 simulated catalogs, we then estimate the median branching ratio and corresponding
95% confidence interval. We repeat this process of simulation and estimation by varying the
background seismicity rate from 10−7 to 10−6.1 earthquakes per day per km2. In Figure B.12,
we show the estimated branching ratio and its 95% confidence interval as a function of the total
seismicity rate. It is clear from the figure that there is no correlation between the estimated
branching ratio and the total seismicity rate. In fact, regardless of the total seismicity rate, the
estimated branching ratio is always close to the true branching ratio.
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B.5 Tables of Appendix B

TABLE B.1. Input and inverted values of the parameters of the spatially homogenous
ETAS model.

log10µ log10K
α =

a
log(10)

log10c ω log10d ρ γ

Input
value -6.35 -2.25 0.80 -2.00 0.40 0.18 0.57 1.23

Inverted
value -6.37 -2.22 0.81 -1.96 0.39 0.19 0.62 1.19

TABLE B.2. Ensemble estimate of the five spatially invariant ETAS parameters; the
input values of each of these parameters are shown in Figure 3.3a-e using solid
magenta line.

log10c ω d ρ γ
Inverted value -2.64 0.005 0.19 0.59 1.23

TABLE B.3. Estimates of the spatially invariant parameters obtained from ETAS-
unmod and ETAS-mod models.

Model Type log10c ω η log10d ρ γ
ETAS-unmod -2.6 0.002 NA -0.74 0.56 1.27
ETAS-mod -2.5 0.007 -0.19 -0.74 0.56 1.27
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B.6 Figures of Appendix B

FIGURE B.1. Spatial distribution of the earthquakes generated in the synthetic cata-
log over the same spatio-temporal domain as the natural catalog; grey circles and
green dots show the spatial distribution of the background earthquakes and after-
shocks respectively.

FIGURE B.2. The BIC corresponding to 5000 solutions as a function of the number of
Voronoi cells used is shown using black circles; the median BIC corresponding to
each Voronoi complexity level is shown using a solid red line.
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FIGURE B.3. Spatial distribution of the earthquakes generated in the synthetic catalog
over the same spatio-temporal domain; grey circles and green dots show the spatial
distribution of the background earthquakes and aftershocks respectively.

FIGURE B.4. The BIC corresponding to 96,000 solutions as a function of the number
of Voronoi cells used is shown using black circles; the median BIC corresponding
to each Voronoi complexity level is shown using a solid red line; solid magenta cor-
responds to the minima in the median BIC curve (indicated using red line) and
indicates the optimal complexity level; dashed magenta line indicates the optimal
complexity range in which the median BIC for a given complexity level is not sig-
nificantly different from the minimum median BIC.
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d)c)

e) f)

FIGURE B.5. (a-f) Spatial variation of the (a) Input background seismicity rate (µ, #
earthquakes/km2/day) (b) Inverted µ (c) Input pre-factor of the aftershock produc-
tivity (K) (d) Inverted K (e) Input exponent of the aftershock productivity (α = a

log(10) )
(f) Inverted α; circles show the locations of the earthquakes in the synthetic catalog;
colors corresponding to each earthquake in the right panels represent the ensemble
estimate of µ, K and α at the location of the synthetic earthquakes, computed us-
ing the solutions with the complexity range indicated by dashed magenta lines in
Figure B4.
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a) b)

c) d)

FIGURE B.6. Correlation between (a) Inverted and input background seismicity rate
(µinverted versus µinput) (b) Inverted and input prefactor of aftershock productivity
(Kinverted versus Kinput) (c) Inverted and input exponent of aftershock productivity
(αinverted = ainverted

log(10) versus αinput = ainput
log(10) ) (b) Inverted and input branching ratio

(ninverted versus ninput); black circles show the median value and grey bars show
the 95% confidence interval of Y conditioned on the median value of X; the Y=X
line is shown using a blue solid line.
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FIGURE B.7. Blue crosses show the empirical PDF of waiting times between main-
shocks and direct aftershocks in the real catalog; the red solid line shows the em-
pirical PDF of waiting times between mainshocks and direct aftershocks in the
synthetic catalog generated using an Omori kernel with exponent p=1.002 and
c =10−2.6 days.

FIGURE B.8. Histogram of KSsynthetic is shown using blue columns; solid grey line
shows the value of KSreal.
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FIGURE B.9. Red circles and black error bars show the median and 95% confidence
interval corresponding to the modified ETAS model (ETAS-mod); solid blue lines
and blue shaded region show the median and 95% confidence interval correspond-
ing to the unmodified ETAS model (ETAS-unmod).

FIGURE B.10. Estimate of the spatially variable parameters obtained from ETAS-mod
plotted vs. ETAS-unmod models.
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FIGURE B.11. Spatial variation of the total seismicity rate ( # earthquakes/km2/year);
circles show the locations of the 21,448 earthquakes (M≥ 3) used.

FIGURE B.12. Orange circles and the error bars show the estimate of the median of the
branching ratio and its 95% confidence interval for a given expected total seismicity
rate; the solid red line shows the true branching ratio used to simulate the synthetic
catalogs.
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C.1 ETAS model with temporally variable parameters
(ETAS-TV)

Let us consider the ETAS model (hereafter ETAS-TV) in which the parameters of the model vary
in time only. In this model, the conditional seismicity rate, λ (t, x, y|H t), at any location (x, y)
and time, t, depends on the history of the earthquake occurrences up to t and is given by:

(C.1) λ (t, x, y|H t) = µ(t)+
∑

i:ti<t
g(t − ti, x − xi, y− yi,mi)

In Equation C.1, H t = {(ti, xi, yi,mi) : ti < t} represents the history of the process up to time
t. (ti, xi, yi,mi) respectively correspond to the time, x-coordinate, y-coordinate and magnitude of
the ith earthquake in the catalog. Note that the earthquakes in the catalog, occurring over a
time domain T, are located in the spatial domain S.

µ(t) is the temporally variable but spatially uniform background intensity function in S,
while g (t − ti, x − xi, y− yi,mi) is the triggering function and is given by following equation:

(C.2) g (t − ti, x − xi, y− yi,mi) = K (t) ea(t)(mi−M0)

{t − ti + c (t)}1+ω(t){(x − xi)2 + (y− yi)2 + d (t) eγ(t)(mi−M0)}1+ρ(t)

The form of triggering kernel used in Equation C.2 is similar to the one proposed by Zhuang
et al. [2005]. However, unlike Zhuang et al. [2005], we assume that all the parameters of the
triggering kernel, {K (t), a (t), c (t), ω (t), d (t), γ (t), ρ (t)}, vary in time. These parameters are
assumed to feature no spatial variation, like the background intensity function.

Note that, in the above equation, M0 is the magnitude of the smallest earthquake that can
trigger its own aftershocks [Sornette and Werner, 2005a]. For convenience, it is generally as-

161



APPENDIX C. APPENDIX C

sumed that all earthquakes below the magnitude of completeness (see Sornette and Werner
[2005b] for implications) of a catalog do not trigger any aftershocks [Ogata, 1988; Kagan, 1991;
Ogata, 1998; Console et al., 2003; Ogata, 2004; Zhuang et al., 2004].

For the explanation of other terms involved in the triggering kernel, we refer the reader to
Chapter 3.

C.2 Parameter estimation using the EM algorithm

We further assume that the time domain, T, which encloses all the earthquakes in the cata-
log, can be divided into q known subdomains, T =

{
T1 ∪ T2 ∪ T3 ∪ . . .∪ Tq

}
, with respective

time periods TP =
{
TP1, TP2, TP3, . . . ,TPq

}
. Furthermore, we assume that the parameters of

the ETAS-TV model, {µ(t),K (t), a (t), c (t), ω (t), d (t), γ (t), ρ (t)} are piecewise constant func-
tions in each of the q known subdomains. We can thus represent each temporally varying
parameter of the ETAS model as a vector composed of q elements: µ =

{
µ1, µ2, µ3, . . . ,µq

}
;

K =
{
K1, K2, K3, . . . ,Kq

}
; a =

{
a1, a2, a3, . . . ,aq

}
and so on.

The conditional seismicity rate at any location (x, y) and time t is now defined as:

(C.3) λ (t, x, y|H t) = µ f (t) +
∑

i:ti<t
g f (t)(t − ti, x − xi, y− yi,mi)

In Equation C.3, µ f (t) and g f (t)(t−ti, x−xi, y−yi,mi) are respectively equal to the background
rate and the triggering kernel in the time subdomain that encloses the time t. Note that f (t) is
the index of the time subdomain and can only attain values between 1 and q, depending on the
time t. The function g f (t)(t − ti, x − xi, y− yi,mi) is given by:

(C.4)
g f (t) (t − ti, x − xi, y− yi,mi) =

K f (t)exp
{
af (t) (mi − M0)

}

{
t − ti + c f (t)

}1+ω f (t)
{
(x − xi)2 + (y− yi)2 + df (t)eγ f (t)(mi−M0)}1+ρ f (t)

In the above equation, K f (t), af (t), c f (t), ω f (t), df (t), γ f (t) and ρ f (t) correspond to the parame-
ters of the triggering kernel in the time partition Tf (t). Note that, unlike in Chapter 3, where for
reasons of simplicity, we considered the parameters of the triggering kernel to be source depen-
dent (depending only on the location (xi, yi) of the sources), we now consider the parameters to
be target dependent (depending on the time t of the targets), as it seems to be a more physically
relevant choice.

To estimate the parameters Θ = {µ, K , a, c, ω, d, γ, ρ}, we use the following expectation
maximization algorithm:
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1. We first select all the earthquakes that are enclosed within the temporal sub domain, Tk.
All selected earthquakes compose a “target” subcatalog.

2. For the jth earthquake in the target catalog, we compose a list of Nj earthquakes from
the global catalog that could be its probable “parents”. The only criteria for an earthquake
to be labelled as a probable parent is that it precedes the jth earthquake. This process of
composing the list of probable parents is repeated for all the earthquakes in the target
catalog.

3. Expectation step (or E-step): given the current guess of the parameters at step n, θ̂n
k =

{µ̂n
k , K̂n

k , ân
k, ĉn

k , ω̂n
k , d̂n

k , γ̂n
k , ρ̂n

k}, which correspond to the piecewise constant parameters in
temporal subdomain Tk that includes the jth earthquake, we first compute the probability,
P(n)

i, j , that the jth earthquake in the “target” catalog is the offspring of ith earthquake in the
corresponding list of probable parents, using the following equation:

(C.5) P(n)
i, j =

g
(
t j − ti, xj − xi, yj − yi,mi|θ̂n

k
)

λ
(
t j, xj, yj

∣∣H t j , θ̂
n
k

)

Using Pn
i, j, we can then estimate the total number of independent events, φ(n), using:

(C.6) φ(n) =
O∑

j=1

(

1−
Nj∑

i=1
P(n)

i, j

)

We can also estimate the total number of direct aftershocks triggered by the ith earthquake,
ψ(n)

i , using:

(C.7) ψ(n)
i =

∑

j ∀ t j−ti>0
P(n)

i, j

4. Maximization step (or M-step): in this step, we maximize the complete data log-likelihood,
ln

c (θk), for the temporal subdomain Tk defined as:

(C.8)

ln
c (θk) =

{
− log

(
Γ

(
φ(n) +1

))
−µk ATPk +φ(n) ∗ log

(
µk ATPk

)}

+
∑

i

{
− log

(
Γ

(
ψ(n)

i +1
))

−Gi(θk)+ψ(n)
i log(Gi(θk))

}

+
O∑

j=1

{ Nj∑

i=1
P(n)

i, j ∗ log
{ gk

(
t j − ti, xj − xi, yj − yi,mi

)

Normi

}}

In the above equation, A is the area of the spatial region S that encloses the earth-
quakes present in the target catalog; TPk is the total duration of the time domain Tk

encompassing the “target” earthquakes; Gi (θk) is the expected number of earthquakes
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triggered by the ith parent earthquake in the time domain Tk and space domain S; Normi

is the normalizing constant corresponding to the ith parent earthquake such that Normi =
∫∞

ti

:
R2 g f (t) (t − ti, x − xi, y− yi,mi) .

The new estimate of the ETAS parameters, θ̂n+1
k , is obtained by maximizing ln

c (θk) using
a numerical optimization routine.

5. We repeat the steps 3 and 4 as long as
∣∣ln+1

c (θk)− ln
c (θk)

∣∣ > 10−4.

6. Finally, we repeat the steps 1-5 for all the temporal subdomains, Tk=1 to Tk=q, to invert
the parameters, θ̂k for each. Note that the total log likelihood of the model with q temporal
subdomains is equal to LLq = ∑q

k=1 lc
(
θ̂k

)
.

In reality, however, the time subdomains over which the parameters of the ETAS-TV model
are assumed to be piecewise constant functions are unknown. As a result, we use the above
algorithm to estimate the piecewise constant ETAS parameters with increasing values of q=1 to
Nv. Note that q defines the complexity of the model. An ETAS model with q time subdomains
possesses 9q-1 free parameters. To account for the complexity of the model, we compute the
penalized log likelihood for a model with q time subdomains according to the following equation:

(C.9) BICq = −2LLq + (9q −1)log(N)

For a given number of time domains, q, we repeat the process several times (i=1 to Niter) with
the time domains being chosen in the same fashion (yet in 1D) as in Chapter 3 and store the
corresponding penalized log likelihood as BICi

q.
In order to choose the optimal complexity required to describe the data, we first compute

the median BIC for all the models with q time partitions. We then refer to the number of time
partitions for which we obtain the minimum median BIC as the optimal complexity level. How-
ever, the models corresponding to the optimal complexity level might not be significantly better
than models corresponding to other complexity levels in describing the data. To account for this,
we define a complexity range around the optimal complexity level by repeatedly testing the null
hypothesis that the median BIC corresponding to the optimal complexity level is equal to the
median BIC of other complexity levels against the alternative hypothesis that it is not. All the
models corresponding to any complexity level for which the null hypothesis cannot be rejected
are then considered along with the models of the optimal complexity level for further computa-
tion of an ensemble model. However, each of the selected model is weighted according to its BIC
for the computation of the ensemble model. The weight, wi, corresponding to a given model Θi,
is given by following equation:

(C.10) wi = e− BICi
N

∑n
i=1 e− BICi

N
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In equation C.10, BICi is the BIC corresponding to the ith selected model; n is the total
number of selected models and N is the total number of earthquakes present in the catalog.
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