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Abstract

This paper provides several contributions to the mathe-
matical analysis of subwavelength resonances in a high-
contrast medium containing N acoustic obstacles. Our
approach is based on an exact decomposition formula
which reduces the solution of the sound scattering prob-
lem to that of an N dimensional linear system, and
characterizes resonant frequencies as the solutions to an
N-dimensional nonlinear eigenvalue problem. Under a
simplicity assumptions on the eigenvalues of the capac-
itance matrix, we prove the analyticity of the scattering
resonances with respect to the square root of the con-
trast parameter, and we provide a deterministic algo-
rithm allowing to compute all terms of the correspond-
ing Puiseux series. We then establish a nonlinear modal
decomposition formula for the scattered field as well as
point scatterer approximations for the far-field pattern of
the sound wave scattered by N bodies. As a prerequisite
to our analysis, a first part of the work establishes var-
ious novel results about the capacitance matrix and its
symmetry properties, since qualitative properties of the
resonances, such as the leading order of the scattering
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frequencies or of the corresponding far-field pattern are
closely related to its spectral decomposition.

KEYWORDS

capacitance matrix, high-contrast medium, holomorphic integral
operators, modal decomposition, point scatterer approximation,
subwavelength resonance

1 | INTRODUCTION

There has been a growing interest in the past few years for subwavelength resonant systems,'”
which have the remarkable property of strongly amplifying incident electromagnetic, elastic, or
acoustic waves through the scattering with objects of size much smaller than the wavelength. In
acoustics, an instance of subwavelength resonant system was first evidenced by Minnaert who
studied the interaction of acoustic waves with air bubbles in water.!’ In electromagnetics, such
systems encompass plasmonic particles and high-contrast dielectric particles."'® In linear elastic-
ity, an example of a subwavelength resonator consists in a solid core material with relatively high
density and a coating of elastically soft material.""' In general, the resonant property at subwave-
length scales is the consequence of a large contrast between physical parameters of the medium,
for instance, between the air density and the density of water in the case of Minnaert bubbles,
or between the width of the opening and the size of a Helmholtz resonators.”’ Subwavelength
resonances offer promising potentialities for the design of wave systems in a large variety of inter-
esting applications such as superresolution,’">* sensing,>>% focusing,”’-*® the design of negative
refractive index metamaterials,”’*" metasurfaces,**? and cloaking.?*-*

The contribution of this paper is to enhance the mathematical analysis of subwavelength
resonances in acoustic high-contrast media which has already been initiated in the previous
articles.*>*40 More precisely, we consider an acoustic medium D C R constituted of N smooth
connected components B; (the “bubbles” or acoustic resonators):

N
D=|JB. €))
i=1

We refer to Figure 1 for an illustration of the setting. The background medium R*\D is a homo-
geneous acoustic material characterized by a homogeneous density p and bulk modulus «. The
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FIGURE 1 Distribution of acoustic
obstacles in the three-dimensional space
R3. An incident wave u;, is propagating
D

3
with frequency w and generates a total RAD
wave field u,,, R, p
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“bubbles” are acoustic heterogeneities with homogeneous density p, and bulk modulus x;. We
are interested in the scattering of an incoming wave u;, propagating through the bulk material
with frequency w. We denote by

K Kp w w
V=4 /=, v=1/—, k=—, k,=—, 2
\/; b Pb v ’ Up @

the sound velocities v and v, and the wave numbers k and k;, in, respectively, the background
medium and the acoustic obstacles. We consider the high-contrast regime whereby the quantity

5:=tb 3)

is asymptotically small: § — 0. The incoming sound wave u;, is the solution to the Helmholtz
equation in the free space R?; it satisfies

1 w? s
V. {—JVuin + ?uin =0inR \D (4)

The wave u;;, generates a scattered field ug, which is such that the total field u, : = u;, + u; is the
solution to the following scattering problem:

-

1 w? .
V . <_Vutot> + _utot =0in D,
Pb Kp
2
V- <1vumt> + Zu = 0in R3\D,
P K
{ Utot,+ — Utot,— = 0 0n 3D, (5)

1 Ouyoy 1 0ug

n oD,

op On o on

+

0 . 1
<M_1k>(ut°t_uin)_o<ﬁ>35|x| = +oo,

L

where uy  and u,,; _ denote the trace of u,, on, respectively, the outer and the inner boundaries
of the obstacles 0D, and du /0n|_ and du,/dn|, the inner and outer normal derivatives with
the normal vector n pointing outward D. The last equation is the outgoing Sommerfeld radiation
condition for the scattered field u.

Asitisreviewed in Ref. 39, there exist N pairs of subwavelength resonances (cuii(5 Ni<i<y Which
are mathematically defined as complex values of w for which the problem (5) admits nontrivial
solutions when there is no incident field, that is, u;, = 0. These have negative imaginary part and
are positive with respect to the imaginary axis: col.+(5) = —m. Physically, the scattered field
U, = Ugor — Uy, 1 greatly enhanced as the (physical) real frequency w > 0 becomes close to one of
the N complex resonances (w{“(&))lsisN. These resonances are called “subwavelength” because
they occur in the low-frequency regime: one can indeed prove that coii(é) —0asd — 0. Aswe
see below, the quantities col.i(é) are the poles of the resolvent operator associated to Equation (5);
they are therefore a particular case of scattering resonances, which also occur in quantum physics
or general relativity.*!
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The main contributions of this paper is to provide a thorough mathematical analysis of the sub-
wavelength (Minnaert) resonant properties of the system (5). The main fundamental novelties,
which are missing in the previous works,?>*>**40 can be summarized in the following contribu-
tions:

1. Capacitance matrix: one of the most enlightening concepts for understanding the quali-

tative properties of the subwavelength resonant problem (5) is the capacitance matrix C =
(Cijh<i,j<n- In the context where resonators are replaced with electric conductors with iden-
tical shapes (B;);<;<n the entry C;; is the charge that is accumulated by B; when applying
the unit potential (6;;),<j<n on the boundaries of the resonators/conductors (B;);<j<y- As it
has been fruitfully exploited in Refs. 38, 39, 42, 43, the spectral decomposition of the capaci-
tance matrix enables to predict the values of the scattering frequencies and the resulting scat-
tered field.
Section 2 is dedicated to the main properties of the capacitance matrix and establishes novel
results such as a Perron-Frobenius type theorem, new spectral bounds, and properties on the
coefficients in the case of symmetries. We obtain that the vector of ones 1 = (1),<;<y, which
plays a particularly important role in the analysis of the scattering resonances, is an eigenvector
of the capacitance matrix when the system of resonators admits enough symmetries. However,
we also prove that this situation is in general exceptional in the sense that this property is lost
(at least when N > 3) after small perturbations of the shape of the resonators.

2. Asymptotic analysis of the resonances: Section 3 extends the analysis and the methods of
Refs. 22, 35 to obtain a fully explicit representation formula for the total field u,,,. Using integral
operator theory, we prove that u,,; can be decomposed as

N
Utot = Xi Ui(CU, 5) + w(CU, 5)a (6)
i=1

where the variables v;(w, §) and w(w, §) are holomorphic fields in @ and § (hence uniformly
bounded) and v;(w, §) is independent of u;,,. Equation (6) is a decomposition of u;, into a
resonant part featuring amplitude coefficients x; which blow up at the resonances, and the
nonresonant field w(w, §). The complex coefficients x = (x;)1<;<n = (x;(w, §))1<i<n are indeed
N meromorphic functions of w whose poles are the 2N Minnaert resonances (coii(é Ni<i<n-The
vector x is characterized as the solution to an N X N linear system

A(w,8)x = F(w, ) @)

for an explicit N X N holomorphic matrix A(w, §) € CV*N and right-hand side F(w, §) € CV,
while the scattering resonances (col.i(é)) solve the following nonlinear eigenvalue problem:

find x # 0 such that A(w;"(8),8)x = 0. (8)

With the help of the implicit function theorem applied to Equation (8), we prove the holomor-

1
phic dependence of the scattering frequencies (cu;—'(5))1 <i<y With respect to the quantity 62

by assuming a simplicity assumption of the eigenvalues of the capacitance matrix (which is a
stronger result than the existence theorem provided by Gohberg-Sigal theory***° as in Refs.
35, 39). Furthermore, we provide a systematic algorithm which allows, in principle, to compute
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all the coefficients (co;—'p)pzl of the Puiseux expansion

+0o0 1
SHOED IR ©)
p=1

3. Modal decompositions: we then provide, in Section 4, a pole decomposition of the mero-
morphic coefficients (x;);<;<y of Equation (6), which allow us to establish a modal decompo-
sition for the solution u,.;. More precisely, we prove the existence of N generalized eigenmodes
(u;(w, 8))1<i<y and of N linear forms E;(w, ) : L*(8D) x L*(8D) — C satisfying E;(w,8) =
O(1), independent on the incident field u;,,, such that the solution u to the scattering problem

(5) reads:
Uin
SE;(w, 5) (aum )
Uiy (@0, 8)(x) = Y o

= 0?2 — |0 (8)]? — 21w (w;(5))

u;(w, 8)(x) + w(w, 8). (10)

The main originality of Equation (10) lies in the fact that it does not resort to any approxima-
tion; in particular, it is visible that u(w, §) blows up exactly when w coincides with one of
the resonant frequencies (col.i(é))lsl-S ~- In contrast, the modal decomposition obtained in Ref.
[46, Lemma 2.11] involved only approximate denominators which might be very inaccurate for
complex values of w close to the actual resonances, since these vanish at approximate frequen-
cies different to w;—"(é). Moreover, Equation (10) highlights that the (negative) imaginary part
S(wii(é )) of the scattering frequency col.i(é) explicitly controls the damping of the resonance
at physical, positive frequencies w > 0.

4. Point scatterer approximations: Finally, we derive in Section 5 a point scatterer approxima-
tion for the scattered field uy(x) propagating through the medium with N general resonators
by computing the far-field expansion of the functions (u;(w, §))1<j<ny and w(w, §). We improve
and generalize thus previous results established in Refs. 29, 35 for the particular cases where D
is a single bubble (N = 1) or a dimer (constituted of N = 2 identical spherical resonators). We
find that in the general case, the group of resonators D behaves in the far field as a monopole
scatterer (a point source) at all resonant frequencies. Dipole or multipole modes may occur only
under exceptional circumstances such as enough symmetries of the distribution D of acoustic
obstacles, and more precisely when the vector of ones 1 = (1);<;<y is an eigenvector of the
capacitance matrix C.

We stress that the analysis of this paper is not exhaustive: several interesting questions related to
the Minnaert resonances remain to be explored. Notably, most of our conclusions strongly rely on
the simplicity assumption of the eigenvalues of the capacitance matrix. In the general case, multi-
ple eigenvalues could occur, for instance, when the system of resonators D has many symmetries.
The modal decomposition (10) could then potentially feature resonant denominators elevated to
higher-order exponents (see the discussion in Remark 8), and one would need to characterize

differently the Puiseux expansion of the frequencies wii(é ) which would not need to be analytic
1

in §2. This issue would require to analyze the splitting of multiple eigenvalues and exceptional
points of the nonlinear system (8), which is known to be particularly delicate, see, for example,
Refs. 26, 47-49 for some treatments in various contexts.
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Finally, we mention that our work is a preamble to a subsequent paper concerned with the
derivation of an effective medium theory for a system D = U;;<n(y; + 5B;) constituted of a grow-
ing number of small resonators, namely, the present setting with N — +oc0 and where each res-
onator centered at y; € R3 is rescaled by a small parameter s — 0.°° This question has been exam-
ined previously in the case where D is made of identical resonators in Refs. 32, 36, 51, or identical
dimers (using formal arguments) in Ref. 29. Relying on the exact formula (6), our subsequent
work>" establishes a quantitative homogenization theory for a system constituted of a large num-
ber of tiny clusters of identical packets of N resonators distributed randomly in a bounded domain.

Notation conventions. In all what follows, vectors are written in bold face notation. (e;);<j<n
is the canonical basis of RY. The purely imaginary number is denoted by (a straight) i.

Sg and lCi‘)* denote, respectively, the single-layer potential and the adjoint of the Neumann-
Poincaré operator on D: for any ¢ € L?(dD),

SE9I0 = [ Ta-y)0)dol).  xE R, an
oD
Kplplx) 1= / V. I (x = y) - n(x)$(y)do(y),  x €D, (12)
oD
where T*(x) := —eI¥l /47| x| is the fundamental solution to the Helmholtz equation and do

is the surface measure of D. We use the notations Sgb and IC]];’”k for the same operator with k
replaced with k;, and we use the short-hand notationT" := o, Sp = Sg, and IC]’S = IC%* for the
fundamental solution of the Laplace operator, its associated single-layer potential and Neumann-
Poincaré operator. We recall that when k is not a Dirichlet eigenvalue of D, S{; is an invertible
operator from L%(dD) to H'(D), whose inverse is denoted by (S¥)~! : H'(8D) — L*(8D), and
that K% is a compact operator on L%(3D).*

Finally, a few notation conventions related to tensors (which follow Ref. 52) are used in Sec-
tions 4 and 5 and are now detailed. For a given integer p € N, we denote by X? = (Xf: o
the pth order scalar tensor with p derivative indices 1 < i; ... i, < 3. We also consider vector tensors
MP = (Mfl)._.ip,l)lgil.“ipg with p derivative indices 1 < ij ...i, < 3 and one spatial index 1 <[ < 3,

<y .ip<3

and we denote by M 1.11) ; the vector-valued components of M?. For any function f, we denote by
wdp
yP and VP f(x) the pth order tensors

yP = (y"

f-tp >15i1...ip§3

, VPf(x) = (afjilmxip f(x)) ,  xeR? 13)

1<y .0y <3

and by XP - VP f(x) and MP - VP f(x) the contractions

XPVPf()= ¥ &P 0% . fOO.  MPVPfGo = 3 M] oL f(0).

1<i..ip<3 1<iy.ip<3

a4)
Note that XP - VP f(x) is a scalar function while M? - VP f(x) is a rank-one vector field. For 1 <
J < 3, ej denotes the first-order scalar tensor whose components are given by e;; = §;; where

8 is the Kronecker symbol. Finally, X” ® e¢; denotes the tensor product between the pth order
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tensor X7 and ej; it is a scalar tensor of order p + 1 whose components are

(X’ Qe)) =xP 5 1<y ipy <3 (15)

PR i ji )
i1.dps1 Iy...lp Jip+1

2 | PROPERTIES OF THE CAPACITANCE MATRIX

A recurrent property exploited in the analysis of high-contrast media®***® is the fact that sub-
wavelength resonances of the system (5) can be predicted by the eigenvalues of the capaci-
tance matrix associated to the N connected components (B;);<;<y- The capacitance matrix C =
(Cij)i<i,j<n is defined by

ou:
C:i=-] Zldo, V1<ij<N, (16)
J 58, ON

where n is the outward normal to D and u; is the solution to the exterior problem

—Au; = 0in R*\dD,
u; =6;;ondB; foranyl<j#i<N, 17)

u;(x) = O(|x|™ ) as |x| = +oo.

The capacitance matrix is usually considered in the physical context where the resonators
(Bi)1<i<n are replaced with perfect electric conductors (B;),<;<y With identical shapes, for exam-
ple, Ref. 53. Then, the variable u; is the electric potential in the free space R? satisfying u; = 1
uniformly inside the conductor B;, and u; = 0 inside the other conductors (B;); <j+i<n- The coef-
ficient Cj; is the electric charge stored at equilibrium on the boundary of the conductor B; induced
by the potential u;. In the setting of Equation (5) whereby B; are acoustic obstacles, u; can be inter-
preted as an acoustic pressure and C;; is the jump of the normal velocity through the obstacle in
the perfectly reflecting regime (corresponding to § = 0). Note that the solution to Equation (17)
can also be explicitly written as the single-layer potential u; = Sp [(SD)_l[laB[]].

Let V be the (positive definite) diagonal matrix whose entries are the volumes of the resonators
(Bi<i<n:

V .= diag((|B;i1<i<n)- (18)

This section dedicated on the capacitance matrix is motivated by the importance of the following
generalized eigenvalue problem in the analysis of Equation (5):

Ca,- = /liVal-. (19)

Notably, the eigenvalues (4;);<;<y enable to predict the frequencies of the subwavelength reso-
I

nances thanks to the asymptotic wii(é) ~ ivblf &2 as § — 0 (Corollary 3). Note that the eigen-
values (4;);<;<y are also the eigenvalues of the “weighted capacitance matrix” V~1C, which was
rather considered in Refs. 39, 46.
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The section outlines as follows. Section 2.1 recalls well-known positivity and symmetry prop-
erties of the matrix C which imply the existence of N positive eigenvalues 1; > 4, > A3 > -+ >
Ay > 0. An important consequence is a Perron-Frobenius type theorem for Equation (19), which
to the best of our knowledge, had not been stated in previous works. Section 2.2 establishes spec-
tral bounds for the eigenvalues. Then, Section 2.3 examines the structure of the matrix C in case
of symmetries of the system of resonators D = U;;<yB;. We obtain in particular that when D
has enough symmetries, the first eigenvector a; coincides with the vector of ones, 1 := (1);<;<n-
This fact implies exceptional properties for the resonant system (5), such as dipole or multipole
far-field patterns at the resonance. The structure of the capacitance matrix for several particular
cases such as the dimer, trimer, and quadrimer, is explicitly derived. Finally, Section 2.4 estab-
lishes that the vector of ones 1 = (1);<;<y iS, at least for N > 3 acoustic obstacles, in general not
an eigenvector of the capacitance matrix. Indeed, we prove thanks to differential shape calculus
that almost any shape perturbations of the resonators (up to a finite-dimensional subset) suffices
to cancel this property.

In the next parts of this section, we make use of the function u solution to the problem

—Au = 0in R3\aD,
u=1ondB; foranyl <i<N, (20)

u(x) = O(|x|™") as |x| — +oo,

which is related to the capacity cap(D) of the set D, defined by the formula
cap(D) := —/ —do = |Vul|? dx. (1)
op 9N

Substituting u = Zil u; in Equation (21), we note that the quantity cap(D) satisfies the identity

cap@) = Y C;=17C1 (22)
1<i,j<N
2.1 | A Perron-Frobenius type theorem for the capacitance matrix

Let us start by recalling that the physical definition (16) makes sense because the system (17) is
well-posed in the homogeneous space D'2(R3\D) = {v | Vv € L?*(R*\D)}; each function u; satis-
fies the variational equality

Vv € DY2(R3\D), /

u:
Vu; - Vudx = —/ ﬁU do, (23)
R3\D ap on

see, for example, Ref. 54. Using Equations (16), (17), and (23), it is immediate to see that C;; could
be equivalently defined by the following formulas:

ou;
Cij = —/ uja—n] dO'=/ Vui Vu] dx, (24)
oD R3
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Au:
Cij = / 7 do where 7 5 [1ap,] = 24\ onap, (25)

9B; on +
where, throughout the paper, 155, € L*(3D) denotes the characteristic function of the bubble dB;
on the boundary dD:

1 onodB;
153. = (26)
' 0 ondBjfor1<j#i<N.

The following lemma states symmetry and positivity properties of the capacitance matrix which
are rather classical, however not often stated in the literature; we are only aware of similar state-
ments in Ref. 53 which considers a slightly different setting in which the radiation condition of
Equation (17) is replaced with a zero Dirichlet condition on a boundary enclosing the conductors
of D. We give a proof for the case of conductors in the free space R>.

Lemma 1. The capacitance matrix C;; defined by Equation (24) satisfies the following properties:

(i) Cissymmetric, thatis, C;j = Cj; forany 1 <1, j < N, and positive definite;
(ii) the diagonal entries of C are positive: C;; > 0 forany 1 <i < N;
(iii) the extra-diagonal entries of C are negative: C;; < 0 forany1 <i# j <N;
(iv) C is diagonally dominant:

Cii>Z|Cl-j|, forany1 <i <N. 27
J#

Proof.

(i) and (ii) are obvious from the definition (24). The positive definiteness comes from the fact

that if there exists x € R such that x”Cx = 0, then the function u := Zf\il X;u; satisfies
Vu = 0. The Poincaré inequality in DY*(R3\D) implies u = 0 in R*\D, and then x; = 0 for
any 1 <i < N because it holds x; = u(y) for any y € 9B;.

(iii) The maximum principle implies the inequality 0 < u;(x) < 1. Hence, itis necessary that Vu; -
n > 0on0B; with j # i and Vu; - n < 0 on 0B;. The result follows from Equation (25).

(iv) The solution u to the problem (20) is given by u = 3, <i<y Wi- By the maximum principle,
it holds 0 < u(x) < 1 in R*\D, which implies Vu - n < 0 on 8D. Therefore, the following
inequality holds for any 1 <i < N:

ou;
o<—/ —da— 2/ Jdo—ZCU_C” D131 (28)
0B; 0B;

J#
|

The positivity and symmetry properties of both matrices C and V imply the existence of eigen-
values (4;)1<i<ny and eigenvectors (a;);<;<y solving Equation (19). More precisely, we recall the
following classical result™° about generalized eigenvalue problems, whose proof is given for the
convenience of the reader.
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Proposition 1. Let C and V be two n X n symmetric matrix with V definite positive. There exists a
basis of generalized eigenvectors (a;), <<y and real eigenvalues (4;)1<;<y Such that:

(1) (@;)1<i<n is orthogonal for the inner product of V:

a/Va; =6, 1<i,j<N, (29)
where T denotes the transpose.
(ii) Ca; = A;Va,; forany1 <i < N.
Equivalently, let P be the transition matrix
P:.= [al a, .. aN] , (30)

and A := diag((4;)1<i<n)- Then the following identities hold:

PTyp=1, PPT=v-l, CP=VPA. (31)
Proof. Introduce V'/2 the unique positive definite matrix satisfying (V1/2)> = V. Let (v;); <;<y and
(41)1<i<n be, respectively, an orthonormal basis of eigenvectors and the associated eigenvalues of
the symmetric matrix V~1/2CV~1/2, Then, the family (a;),<;<y defined by

a; = V_l/zvi (32)

satisfies the desired properties. Indeed,

aVa; = viTV‘l/ZVVl/Zvj =v/v; =6, (33)

and
Ca; = CV~12v; = VI2(Q0) = 4V a;. (34)
|

The diagonally dominant property (iv) of Lemma 1 and the previous proposition imply the
following Perron-Frobenius type theorem:

Proposition 2. The lowest eigenvalue 4, of C of the problem (19) is of multiplicity one and is asso-
ciated to an eigenvector a; = (ay ;)1<j<ny Which can be selected with positive coefficients a, ; > 0 for
any 1 <i < N. Furthermore, the following lower bound holds:

min; <<y Ci; |C;il
/‘11 > 1<i<N “ii (1_ sup Z 1] > (35)

T max; <y |Bj 1<isn =1 Cii

Proof. 1tis classical that the inverse of a diagonally dominant matrix has positive coefficients and
hence implies the Perron-Frobenius theorem.”” We give a full proof for the convenience of the
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reader. Consider the triple norm ||| - ||| defined on matrices A = (a;})1<; j<n by
N
Al = sup ) lay;l. (36)
1<isN i3

[[| - [I] is a triple norm because ||Au||, < |[|Alll ||u]|s, Where ||u||, ‘= max;<n |u;|. Let us
write C = A — Bwith A : = diag(C;;),<;<n being the diagonal entries of C and B := A — C. From
Lemma 1, A is positive definite, and B is a nonnegative symmetric matrix. Furthermore, the diag-
onally dominant property implies |||[A~'B||| < 1. Therefore, the Neumann series converges and
it holds

+o00
(A—B)'=(I-A"1B) A"l = Z(A—lB)iA—l. (37)
i=0

Then, Equation (37) implies that C~! = (A — B)™! has positive coefficients. Since the matrix
V1/2C=1y1/2 satisfies the assumptions of the Perron-Frobenius theorem, one can find a posi-
tive eigenvector v; associated with the maximum eigenvalue of V1/2C~1V1/2, that s, A;!, which
is of multiplicity one (this result can be obtained by considering the method of power iterations to
Equation 37). Then a; := V~/2v, has positive coefficients and satisfies Ca; = 1,V a;. The bound
on A; comes from

A—l
A7 < IVV2C VIR < IIVI2IPIICA - BY I = max (B — ] (38)
1<i<N 1

= [IlA=1BI|I
|

‘We are unaware of previous works mentioning the result of Proposition 2 for the capacitance
matrix C. For our applications, we retain the following important consequences:

1. thelowesteigenvalue 4; of C is always associated to a fully positive or fully negative distribution
of charges (a; ;)1<i<y on the resonators (B;); <;<; We say a, is a monopole mode.

2. Ifthevector of ones 1 = (1),<;<y is an eigenvector, then it is necessarily associated to the lowest
eigenvalue 4; (or in other words, a; is proportional to 1).

2.2 | Spectral bounds for the lowest eigenvalue of the capacitance
matrix

The purpose of this section is to relate the discrete eigenvalue problem (19) to a natural functional
Riesz minimization problem. The main result of this part is the inequality

cap(D)

<A <
== Ip|

1
o (39)
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where y; is the leading eigenvalue of the Newton potential (see Ref. 58 for further related results on
the spectrum of the Newton potential). The upper and lower bounds are proved in Propositions 4
and 5, respectively.

Proposition 3. Let us denote by V the subspace
VY ={ueD"*R3)|Vu=0inD}. (40)
The smallest eigenvalue A of C satisfies the Riesz minimization property

[Vul? dx
A, = mi feo

n——. 41
ucy /D|u|2dx (41)

Proof. Let us denote by A the minimal value of Equation (41) and u an associated minimizer. The
existence of u minimizing Equation (41) is a consequence of the strong convexity of the functional
J(u) = [s [Vu|? dx on the convex set {u € V| [ |u|*dx < 1}. Furthermore ,4 satisfies that for
anyv €V,

/ Vu-Vvdx=/ Vu-Vvdx=/1/uvdx. (42)
R3 R3\D D

This implies —Au = 0 in R3\D. Then denoting x; := u|p,, we obtain the identity
N
u(x) = Z xu(x), x€R3. (43)
i=1

Therefore, considering v = Zil yiu;(x) for an arbitrary y = (y;)1<i<n, Equation (42) rewrites as
yCx=2y"Vx foranyy e RV, (44)

which yields that 4 is an eigenvalue of C and x an associated eigenvector, with A > 4,. Reciprocally,
the first eigenvalue 1, of Equation (19) is the solution to the Riesz minimization problem

2

dx 2
|Vul*dx
> min /R3— = A (45)
uey fD |u|2 dx

N
V( ) x~u->
. xTex ) fR3 Limy Xith
A1 = min = min
xeRN xTVx xeRN N 2
/D|Zi=1xiui| dx

This shows that A = 4, and the proof is complete. [ |

Proposition 4. For any set of resonators D the following inequality holds:

< cap(D) lei,jSN Cij

< = (46)
SO 1

where the equality is attained if and only if 1 = (1)1<;<n is an eigenvector of Equation (19).
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Proof. 1t suffices to remark that

17c1 /Rg\D |Vul|? dx
T - 2
17V1 [y lul?dx

A < 47)

where u is the function defined by Equation (20). The result follows from the definition (21) of
the capacity. [ |

We now use Equation (41) to obtain a lower bound on 4, different from Equation (35).

Proposition 5. Let y; > 0 be the greatest eigenvalue of the Newtonian potential T : L*(D) —
L%(D) defined by

T¢ .= / I =) do(y), ¢ € L*D). (48)
D
Then the minimum eigenvalue 1, of Equation (19) satisfies

A > % (49)

Proof. Tt is obvious from Equation (41) and ¥ ¢ D*?(R?) that 4, > 8 where f is the minimizer to
the Riesz problem

S IVUI? dx

min )
veD2RY) [ |u]? dx

(50)

It remains to show that 8 > 1/u;. The Euler-Lagrange equation for the minimizer w of Equa-
tion (50) reads in the following variational form:

Yuv € DV(R?), /

Vw - Vvdx = ﬁ/ wou dx. (51)
R3

D

Hence, such a minimizer w is solution to the exterior problem

-

Aw = Bwin D,

Aw = 0in R3\D,

] we=wo on dD, (52)
ow|  Jw

anl, = an

on dD,

w(x) = O(]x|™) as |x]| = +o0.

.

The function @ := ST w satisfies then AW = fw in D and all the other properties of Equation (52).
Hence, Equation (51) and another integration by parts yield fR3 |V(w — ©)|?> dx = 0. Remember-
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ing that w and @ belong to the space D*(R3) (they vanish at infinity), we obtain @ = w = fTw.
Consequently, the quantity 1/f is an eigenvalue of the Newtonian potential T, and it must hold

1/B < - [
2.3 | Properties of the capacitance matrix in case of symmetries

We now examine how particular circumstances of symmetries on the distribution of resonators
D = Uy ;<nB; reflect on the structure of the capacitance matrix C and on its spectral decomposi-
tion. General results are stated for arbitrary distributions of resonators in Section 2.3.1, and for a
rotationally invariant chain of resonators in Section 2.3.2. These are applied in Sections 2.3.3-2.3.6
to characterize conveniently the effective coefficients of the associated capacitance matrix for a
dimer constituted of two symmetrical resonators, a trimer constituted of three symmetrical res-
onators, and for acoustic obstacles arranged at the vertices of a square or of a regular tetrahedron.

Throughout this part, &, denotes the group of permutations of the set {1, 2, ..., N}.

2.3.1 | Invariance properties with respect to arbitrary group of symmetries

Our first proposition establishes that any symmetry of the distribution of resonators D implies the
commutation of the capacitance matrix with a related permutation matrix.

Proposition 6. Assume that there exists an isometry S such that SD = D. Then:
(i) there exists a permutation o € @y such that
SB; = By(j). (53)
(ii) Forany1 <i < N, the solution u; to Equation (17) satisfies
Uo ()OS = Uy (54)
(iii) The coefficients of the capacitance matrix and of the volume matrix V satisfy
Cotro(j) = Cijp Voot = Vijs V1<i,j<N. (55)
In other words, C and V commutes with the permutation matrix P, = (85(;)j)1<i,j<N°
p.C=CP,, P,V =VP,. (56)
Proof.

(i) An isometry preserves connected components so such a permutation must exist.
(i) ug(;oS satisfies —A(ug(;oS) = 0 and u,(;y0S = S4(j)o(j) = J;j on 9B}, hence uy(;)oS = u;.
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(iii) By using a change of variables, we obtain

Cotiyo(j) = / Vg - Vugjydo = / Vu; - Vu;do = Cj;. (57)
R3\D R3\D
For the matrix V, it is enough to remark that
Vo) = Satiyo(j)|Baiyl = 6ijIBil = Vij. (58)
[

The commutation of C with the permutation matrix P, has several consequences on its coef-
ficients and its spectrum, which can be characterized thanks to the following result from Stuart
and Weaver.”

Proposition 7 (Stuart and Weaver>®). Let

o = (i11i12 - b 21d2 - bany) o (1 im2 - I, ) (59)

be the decomposition of o into products of m > 1 disjoint cycles. For1 < p < m, let U}, bethe N X h,,
selection matrix

U, = [eip1 el-php] , (60)
where (e;);<i<y is the canonical basis of RN. Since P,C = CP,:
(i) Foranyl < p<m, UgCUp isa hy, X hy, circulant matrix of the form
Qo A1 Qe o Qg

ap —1 Qo aj ... ap _»
T — p P
ulcu, =

(61)
a apas.. ahp_l (o}
(i) Forany1 < p,q < mwith p # q, let g = ged(h,, hy). UIT,CUq is a hy, X hy matrix of the form
g X g circulant matrix copied h, /g X h, /g times.
(iii) Since C = C7, it additionally holds, for each block:
a=ay,; foranyl<i<h, and UyCU, = (U£CUq)T forp#q.  (63)

Let us recall that the eigenvalues of P, are the h, roots of the unity

sp(Py) = U {l,whj,...,wzjj_l}, (64)

J
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2im

where w;,; 1=e " . The associated eigenvectors are

allel

Uj for0<p<h;-1, 1<j<m. (65)

p(h;—1)
CUhj

We emphasize that P, may admit multiple eigenvalues as recalled in the following remark.
Remark 1.

(i) Theinteger1isalways an eigenvalue of P, with multiplicity the number of cycles m occurring
in the decomposition (59): a basis of eigenvectors is (U]-IUJ.T)IS j<m Where 1 = (1)1<i<p, -
(ii) An eigenvalue coi, with0 < p < h;—1and1 < j<mis multiple if and only if there exists
J

another cycle such that ged(h,,, ;) # 1 and p = nh,,/ gcd(h,,, h;) for an integer 1 < n <
ng(hm’ hl)

It is well-known that matrices which commute share the same invariant subspaces.’>® The
identity P,C = CP, implies the following constraints for the spectral decomposition of C.

Proposition 8.

(i) Denote by oy, ..., a,, the distinct eigenvalues of P, with multiplicities ny, ... ,n,, and E; @ --- @
E,, the associated eigenspace decomposition. There exists a basis adapted to this decomposition
in which C is block diagonal on each space E;, 1 <i < m.
(i) If a; is an eigenvector of Equation (19) for 1 < i < N, then the vector P, a; is also an eigenvector
of Equation (19) associated to the same eigenvalue ;.
(iii) In particular, the first eigenvector a; associated to the simple eigenvalue A, satisfies P,a; = a;.

Proof.
(i) is a direct consequence of the commutation property P,C = CP,.

(11) If Cai = /11'(11', then CPaai = chai = AiPaai.
(iii) is obtained by using (ii) and the fact that the first eigenvalue 4, is simple.

Remark 2. The same result holds for the generalized eigenvalue problem (19).

The previous result yields a simple sufficient condition to obtain that the vector of ones is an
eigenvector of C.
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(aA) N=6 (B) N=7

FIGURE 2 Chains of, respectively (three-dimensional), six and seven spherical resonators rotationally
invariant around the axis e;. The rotational symmetry entails the invariance of the geometry by the permutation
group generated by the N-cycle o = (0... N — 1). The alternate colors visible in Figure 2A with N = 6 illustrates
the fact that the sign changing vector ((—1)"), <<y is an eigenvector of the capacitance matrix C when N is even

Corollary 1. If for any resonator B; with 1 <i < N, there is an isometry S such that SD = D and
SB; = B;, then the eigenvector a, associated to the smallest eigenvalue 4, is proportional to the vector
ofones 1 = (1)1<ij<n-

Proof. The assumption implies that for any 1 <i < N, one can find a permutation ¢ such that
o(1) = iand P,C = CP,. The previous proposition states that P,a; = a;, which implies

a1 = aig() = 1- (66)
Consequently, a; = a; ;1 and the result is obtained. [ |
The next subsections apply the above results to characterize the spectral decomposition of the
capacitance matrix for particular systems of resonators.
2.3.2 | A general chain of N resonators with rotational symmetry
In what follows, we examine the case where D = Uﬁ\; 1RiB is invariant by the rotation R of angle
27 /N around the one-dimensional axis e;, which yields the invariance by the permutation group
generated by the N cycle
o=(0..N—-1). (67)

An occurrence of such set of resonator D is illustrated on the schematic of Figure 2.
Propositions 7 and 8 together imply the following result.

Proposition 9. Assume that the set of resonator is rotationally invariant, in the sense that Proposi-
tion 6 holds with the cyclic permutation o given by

c=(0..N—-1). (68)

Then,
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(i) Cisan N X N circulant matrix of the form

ay, a;a;.. .. an-—1
an-1 4y aq ... ... QAp o
C= R (69)

a aaz..ay—1 Qo

witha; = ay_; forany0 <i < N.
(ii) The spectrum of C is given by

N

-1
sp(C) = { Y aieb! } (70)
0<p<N-1 i=0

where @ = exp(2irr /N) with respective eigenvectors (wP'),<;<y for0 < p < N — 1.
Moreover, if N is even, this can be rewritten as the following set of real eigenvalues

N-1 N-1 ' N/2-1 sipr N
sp(C) = {Z ai} U {Z(—l)’ai} U {ao +(=DPay,+ ) Zcos< ~ )ai, 0<p< 7}’
i=0 i=0 i=1
(71)

with respective eigenvectors

1= 1<iens (DD 1<icns {(COS(Zip”/N))1<i<N’ (sinipm/N))1<icn 0<p < %V},

(72)
while if N is odd, the spectrum of C reads instead

N-1 (N-1)/2 .
2 _
sp(C)={Zai}U ap + 2 2cos<%>ai, ISpSNz ! , (73)

i=0 i=1

with respective eigenvectors

2ipm . [ 2ipm N-1
1=(1)1<i<n» { (cos < )) , <s1n < >> 1<p< } (74)
l N 1<i<N N 1<i<N 2

Proof. See Ref. 59. The rewriting for N even is obtained by using a; = ay_; for0 <i < N. [ |

Corollary 2. In particular, for any set D of N resonators having a rotational invariance symmetry,
the vector 1 = (1),<;<y Is an eigenvector for the general eigenvalue problem (19) associated with the
eigenvalue A, = cap(D)/|D|.

Sections 2.3.3-2.3.5 apply this result explicitly for the particular cases N = 2, 3, 4.
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FIGURE 3 A dimer made of two symmetrical resonators. The alternate color emphasize the occurrence of
the dipole mode [—11]7

o
o

FIGURE 4 A trimer made of three resonators rotationally invariant around the axis e;

€2

Q €3 e

2.3.3 | Example 1: the dimer

The structure of the capacitance matrix for a dimer made of two identical spheres (Figure 3) has
already been obtained in Ref. 61. Proposition 9 enables to retrieve very quickly this result even in
the case where the resonators are not necessary spherical but only symmetrical. It states that the

matrix C has the form
c=|® P (75)
" |=b a

for two positive constants a > b > 0. The distinct eigenvalues of C are

a—b, a+b, (76)

L)

corresponding, respectively, to monopole and dipole modes.

with associated eigenvectors

2.3.4 | Example 2: the trimer

If D is a trimer constituted of three rotationally invariant, not necessary spherical resonators (illus-
trated in Figure 4), the result of Proposition 9 states that there exists a, b > 0 such that C has the
form

a =b-b
C=|-b a —-b]. (78)
-b-b a
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FIGURE 5 A quadrimer constituted of four resonators rotationally invariant around the axis e;. The

alternate colors emphasize the existence of the mode [1 —1 1 —1]7

The eigenvalues are
a—2b, a+b (79)

with respective multiplicities 1 and 2, and associated eigenvectors

1] ] 1 0

_1
. =5 [ 1 | (80)
1] {2t [=1

2.3.5 | Example 3: the quadrimer

If D is a quadrimer, that is, four resonators rotationally invariant located at the vertices of a square
(illustrated in Figure 5), not necessary with spherical shapes, the result of Proposition 9 states that
there exist three effective coefficients a, b, ¢ > 0 such that C has the form

a —-b —c-b
—-b a —-b —c
C= . (81)
—c—-b a -b
—b —c —b a
The eigenvalues are
a—2b—c, a+2b—-c, a+c, (82)

where the last one is double, with respective eigenvectors

(83)
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FIGURE 6 A setof four identical resonators arranged at the vertices of a regular tetrahedron

2.3.6 | Example 4: identical spheres arranged at the vertices of a regular
tetrahedron

We finally consider the case where D is made of four identical spheres arranged at the vertices
of a regular tetrahedron (illustrated in Figure 6). The symmetries on the middle axes entail the
invariance by any transposition, hence C commutes with the matrix P, for any permutation o €
©,. This implies the existence of two effective coefficients a, b > 0 such that C has the form

a -b-b-b
—b a -b-b
C= : (84)
—b—-b a -b
-b-b-b a
The eigenvalues are
a—3b, a+b, (85)

where a + b is a triple eigenvalue, with the same respective eigenvectors given by Equation (83).

2.4 | The vector of ones is generically not an eigenvector

We finally close this section devoted to the capacitance matrix by establishing a result which shows
that, for generic domains, the vector of ones 1 = (1);<;<y is in general not an eigenvector for
the problem (19), at least for a set of N > 3 resonators. As we see in the next sections, this has
several consequences for the resonant system (5), one of them being that a system of N resonators
behaves in general as a monopole scatterer in the far field near any of the resonant frequencies
(Cvii(5))1gg ~ (see Proposition 27). We conjecture that the result remains true for N = 2, although
our arguments are not sufficient to be conclusive in this case.

Our result is precisely formulated in Corollary 11; it states that if N > 3 and if the vector of
ones 1 = (1);<;<y is an eigenvector of Equation (19), then most of the deformation (I + 8)D of the
shape of the resonators D by a small vector field & € W1*®(R3, R3) do not satisfy this property.
Throughout this section, W“®(R3, R3) is the Sobolev space

WLe(R3,R3) 1= {6]6 € L*(R?, R3?) and V& € L¥(R?, R¥3)}. (86)
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We assume throughout this section that D is a smooth domain of class at least C?> which is
such that 1 is an eigenvector of Equation (19). For any small vector field 6 € W1 (R3, R?), we
consider (B; g)1<i<y := (I + 0)B;);<i<n the deformed acoustic obstacles and Dy := (I + 0)D the
deformed domain obtained by moving the points of 0D according to the vector field 8. We denote
by C(6) and V() the associated capacitance and volume matrices (obtained by substituting D with
Dg in the definitions (16)-(18)), and we consider the generalized eigenvalue problem of finding
(a;(8))1<i<ny and 0 < A1(8) < 4,(6) < ... £ An(6) such that

C(0)a;(0) = 4,(O)V(O)ai(0), 1<i<N. (87)

Since the first eigenvalue 4, is simple and 6 — C(6) and 6 — V() are continuous, it is possible
to choose a,(9) such that the function 8 ~ a;(8) is continuous (in fact, smooth) and a;(0) = a;.%
Assuming a; is proportional to the vector of ones, that is,

a;, = a,(0) = |[D|"'/?1and 1, = 1,(0) = cap(D)/|D|, (88)

our strategy is to compute the Fréchet derivative a] : Wh*(R3 R?) - RN at 6 = 0 and to char-
acterize the vector fields & € W (R?, R?) for which a/ (6) # 0. Since the first variation of a;(6)
is not zero while a;(0) = 1, this is enough to obtain that the vector of ones 1 is not an eigenvector
of Equation (87) associated to the perturbed set of resonators Dyg.

Our analysis heavily relies on shape differential calculus; the reader is referred to the
textbooks®® for a detailed introduction to this topic.

Proposition 10. The first-order asymptotics of 1,(6) and a;(6) as @ — 0 are given by

_ cap(D) L/ ou
MO= "5 i) aDlan

a/ ej / Oujou cap(D)
on on |D|

?_ cap(D)

D]

] 0 - ndo + 0(O) w13 R3)s (89)

a,(0) =

153]_] 6-n do] a; + 0(O)y1.co(r3 R3),s
i>1 j= |D| 2

(90)
where we recall the definitions (17) and (20) of the functions (u;)1<j<y and u.

Proof. We may assume without loss of generality that a;(8) is a unit vector with respect to the
inner product V:

a,(0)V(0)a,(6) = 1. (91)

Using standard shape differential calculus, see, for example, Refs. 63, 65, we find that the matrix
V(@) is differentiable and that the Fréchet derivative of its coefficients at & = 0 is given by

VI(0) =8 / 6 ndo. (92)
0B,

i
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We then sketch the computation of the Fréchet derivative of the capacitance coefficients

(C’ (6))1<;,j<n- Differentiating the identity C;; = fRS\D Vu; - Vu; dx (Equation 24), we find

Cl.’j(G) = / (div(e)I — VO — VOT)Vu,; - Vu; dx + / (Vu/(8) - Vu; + Vu, - Vu;.(e)) dx,
R3\D R3\D
(93)
where ulf () and u;(e) are the Lagrangian shape derivatives of »; and u;. Since these derivatives
satisfy u{ (6) =0 and u}(e) = 0 on dD, Equation (23) implies that the second integral vanishes,
and we obtain after an integration by parts:

du; 0 du; 0
/ — — _l_ = _l_
cij(e) = /aD <Vul Vu; -2 3 n > ndo = / - (94)

Differentiating now (87) and (91) with respect to 8, we obtain

(C = ,V)ai(®) 21(®)Va, = (C'(0) — 1, V'(O)ay

(95)
20(0)"Va, = —aV'(0)a.
We compute /11(9): differentiating the identity 1,(8) = a,(8)" C(6)a,(8), we find
26 = 2d,0)Ca; +alC'(0)a; =21,d,(6)"Va, +a]C'(O)a, 96)
= aj(C'(®) -1V (0)a;.
Then, inverting Equation (95) yields
a® = X la] T — Va;a]))(C" — 2,V)ay]a;
i>1 ’11 —4i (97)
— T !/ !
= i§1’11 - la/ (C" = 2,V Nay|a.

The identities (89) and (90) follow by substituting the values of cl.’j(e) and V;j(e) into (96) and
7). [

We deduce the existence of a dense set of shape perturbations which cancel the property of 1
being an eigenvector of Equation (19).

Proposition 11.

(1) Ifa; = |D|7Y/?1 is an eigenvector of Equation (19), then a/(6) = 0 if and only if

/ (fi—f)é-ndo=0foranyl <i <N, (98)
oD

where (f;)1<i<n are the functions defined by

ou; du

fi ::E%_Alla&" (99)
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(ii) If N > 2, then none of the functions f, — f; vanishes identically on 0D and the set of deforma-
tions @ which do not fulfill the condition (98) form a dense subset of W' (R3, R3).

Proof.

1. Letv(8) = (v;(0))1<i<n be the vector defined by
0;(6) :=/ fi6-ndo, 1<i<N. (100)
aD

From Equation (97) and the fact that the vectors (a;); <;<y form an orthonormal basis, a;(e) =0
is equivalent to

al.Tv(G) =0forany1 <i <N, (101)

that is, v(6) must be proportional to the vector @; = |D|1/?1. Therefore, a}(6) = 0 if and only

if v1(8) — v;(6) = 0 for any 1 < i < N which is equivalent to Equation (98).

(ii) It is sufficient to prove that at least one of the linear forms of Equation (98) is not zero to
obtain that all deformations 6 do not fulfill Equation (98) up to a finite-dimensional subset.
We prove that it is not possible that f; — f; =0 on dD for any 1 < i < N. If it is the case
and assuming N > 2, then it must hold

3w — uy) du

an s 0 on 0B, (102)

for any [ ¢ {1,i}. Since :—u < 0 on 0B, the function w := u; — u; satisfies the overde-
n

termined relations Z—w =0 on 0B; and w = 0 in dB;. However, recalling that w can be
n
expressed as a single-layer potential:

w = Spl¢] with ¢ = (S;1)[1sp, — 135, (103)

the jump relation for the normal derivative of Sp[¢] yields

ow| . oJw
= I[%]l =

Therefore, the representation (103) of w as a single-layer potential implies that w is smooth
in the vicinity of dB;. Consequently, w is harmonic in R*\(B; U B;) and satisfies w = 0 on
B,. By the unique continuation principle (see, e.g., Ref. 66, 67), we obtain that w vanishes
identically in R3\(B, U B;), which contradicts w = 1 on dB;.

— a—w‘ = 0on 0B,. (104)
+ on|_

Remark 3. The above proof does not allow to obtain a version of this result for the case N = 2.
However, we may conjecture that the equality f; = f, occurs only for exceptional shapes even if
N = 2, which would lead to the same conclusions.
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3 | ASYMPTOTIC ANALYSIS OF THE SCATTERING RESONANCES

We now turn to the analysis of the subwavelength resonances of the scattering problem (5). Fol-
lowing Refs. 35, 39, the solution u, can be represented as single-layer potentials in D and R3\D:

SP[$l(x) if x € D,
Ugor(X) = (105)
Uin(x) + SE[P]1(x) if x € R3\D,

where the functions (¢,%) € L?(dD) x L*(dD) solve the integral equation

¢ Uin
A(w, 5) L/’] = LS% ] , (106)

on

with the operator .A(w, §) being given by

k
D _SD

—r4 K —5(%1 + n,’g*) ' (1on
Due to the Sommerfeld radiation condition, the problem (106) can be shown to admit a unique
solution for any real frequency provided the wave number k = w/v is not a Dirichlet eigenvalue
of the domain D.® This assumption is naturally satisfied in the regime w — 0.

In this section, we solve explicitly the integral formulation (106) by computing the inverse
of the holomorphic operator A(w,d). This allows us to characterize the Minnaert resonances
(0 (8))1<i<n as the poles of the meromorphic operator w - A(w,8)"!, and to compute full
asymptotic expansions as § — 0. Our analysis outlines as follows. We show in Section 3.1 that the
invertibility of A(w, §) reduces to the one of a complex N X N Schur complement matrix A(w, ),
which is holomorphic in w and §. We provide an explicit formula for the inverse of .A(w, §) and
we obtain the decomposition (6). The scattering resonances wl.i(é ) can consequently also be char-
acterized as the solutions to the nonlinear eigenvalue problem

A(w,8)x = 0. (108)

After computing the asymptotic expansion of A(w, &) at the order O((w? + §)?) in Section 3.2, we
find that the nonlinear eigenvalue problem (108) is a perturbation of the generalized, linear eigen-
value problem (19). Finally, Section 3.3 applies the implicit function theorem to Equation (108),
which yields the Puiseux expansion (9) of the resonance (w;—"(é)) under a simplicity assumption
on the eigenvalues of the capacitance matrix C.



FEPPON AND AMMARI 189

3.1 | Explicit inversion of the scattering operator

To compute the inverse of .A(w, §), we solve the following linear system (106) which reads explic-
itly

Sl - SE[Y] = i,

ks 1 * _ auin
(--1+1c >[¢]—5(§I+IC]’3>[¢]—5 S

(109)

Reducing (109) to a single equation by using the invertibility of SE (as in Refs. 39, 46), we are left
with

¥ = (S)SE[p] — (S u),

110)
Jep 1 . -1 _k du; 1 By -1 (
<— I+ K 5<§1 + K >(SL’§) sDb>[¢] =5t - 5<§I + K >(sg) [t4in].
Thus, the invertibility of A(w, §) is equivalent to that of the operator
£(@.8) 1= —s1+ K9 — 5 1 Kk ) (sk) sk 11
(Cl), ) . _5 + - + ( D) D ( )

The operator L(w, §) is holomorphic in the variables w and . Indeed, we recall the following
classical expansions of the potential (see, e.g., Refs. 29, 68).

Proposition 12. The following expansions hold for the single-layer potential and the Neumann-
Poincaré operatorask = w/v — 0:

+0o0
= z kpSD,p = SD + kSD,l + kZSD’Z + -, (112)
p=0
(6]
Khr = Y kPG = Kp +K2CH , + K3 5 + -, (113)

. . sk
where the series converges in operator norms, and where the operators Sp , and K Db.p are defined by

Sppl¢] 1= / X =y l0)do(y), e L*@D), p €N, (114)

471'p'

Kh [8] = ——— [ ) Vix-ylPT90)dol),  $ELXOD)pEN. (13
: D

4rp
Furthermore, we have the identities for any ¢ € L*(dD):

(D) ASpolg]l = ASp1[¢] = 0and ASp ,[¢] = —Sp pslp] forany p > 2,
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(i) K} ,[#1(x) = n(x) - Vi Sp pl¢] for p > 1, and

/63,- Kpl¢ldo = > /a&- ¢do and - ICD,p[gb] do =— / Sp,p-2l¢ldo for p > 2. (116)

B;

In view of Equation (113), we find that Equation (111) can be rewritten as
£(w,8) = —%1 + K+ 0B, (@) + 6B,(w), an)
where B;(w) and B,(w) are the holomorphic and compact operators defined by

+0oo
w? 1 -1 i
p=2"p

The operator £(w, §) is a compact perturbation of the Fredholm operator —%I + K7, which has a
finite-dimensional kernel, as recalled in the following proposition (see, e.g., Refs. 54, 68, 69):

Proposition 13. The kernel of the operator i+ K7, is the N-dimensional space
2

1 " "
Ker(—il + ICD> = span((¥;)1<i<n)s (119)
where (Y;)1<i<n are the functions defined by
¥ =S [1s5], 1<i<N. (120)

The range of the operator —%I + K7, is the space of zero average square integrable functions LS(@D):

Ran(—%l + 1c;3> — 12(3D), (121)

where Lg(aD) :={¢p € L*(dD) | fas ¢do =0 forany1 <i < N}. Furthermore, we have the direct
sum decomposition

L*(6D) = L}(3D) @ Ker<—%[ + 1c;5>, (122)

and —%I + K} is invertible as an operator L}(3D) — L(8D).

Classically, the computation of the inverse of the holomorphic Fredholm operator £(w, )
reduces to that of a finite-dimensional holomorphic Schur complement matrix after introducing
suitable projections on the kernel and coimage.”®”" In our context, we compute £(w, §)~! by using
a method inspired from Ref. 22 (also used in the proof of Theorem 2.1 of Ref. 35in the case N = 1
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of a single bubble), which consists in introducing a constant finite-range operator H making the
operator —%I + K}, + H invertible.

To introduce the operator H, we introduce a new basis of functions (¢; ), <;<y of Ker(— %I + K£*)
defined by

N
¢ 1=~ ch_l)" W5 1<i<N, (123)
J:

where C is the capacitance matrix of Equation (25). The definition (123) ensures the property

qb;fda:éij forany1 <i,j <N. (124)
0B;

Definition 1. We denote by X : L*(dD) — L?(dD) the unique projection operator satisfying
Ker(H) = L(z)(dD) and Ran(H) = Ker(—%l + K7},). For any ¢ € L*(3D), the value of H[¢] reads
explicitly
N
Higl=Y. < / ¢da>¢;. (125)
i=1 \/9B;

L

Proposition 14. The operator L(w, §) defined in Equation (111) can be decomposed as

L(w,8) =Ly —H + 0?By(w) + §B,(w), (126)
where L = —iI + K}, + H is an invertible Fredholm operator. The inverse of L reads explicitly:
1 -1 N N
£:l¢] = <_§1 + 1c;;> <¢ -y </ ¢do>¢j> + (/ ¢da> *, ¢ e L2(aD),
i=1 0B; i=1 0B;
(127)

where (—éI + ICE‘))_1 is the inverse of the operator —%I +K5 LS(@D) - LS(&D). Furthermore,
the following properties hold true:

* H[¢p!] = Lol¢]]= ¢! forany1 <i <N.
* [y £o'¢ldo = [, ¢doforanyl <i <N and¢ € L*(3B;).

« ¢ = (¢ — H[$]) + H[¢] is the direct sum decomposition of ¢ € L*(dD) on Lg(aD) ) Ker(—%[ +
K7).

The decomposition (126) reads
L(w,8) = G(w,8) — H, (128)
where G(w, 6) is the operator

C(w,8) 1= Ly + w’By(w) + 5By (w). (129)



192 | FEPPON AND AMMARI

Since L, is invertible, G(w, §) is a holomorphic invertible Fredholm operator, whose inverse can
be easily computed thanks to a Neumann series.

Lemma 2. Theoperator G(w, ) is invertible for sufficiently small w and &: more explicitly, the inverse
reads

(G(w,8)™ = Eal - C(w, 6), (130)

where C(w, 8) is the compact operator of order O(w? + §) defined by the following Neumann series:
+o0

C(w,8) 1= Y (1P L3 ((w? By () + 8By(@)) £51)". (131)
p=1

Equation (128) is analogous to the “pole-pencil decomposition” considered in Refs. 22, 24, in the
sense that £(w, §) is the sum of a holomorphic operator easily invertible and a constant finite-rank
operator. This feature together with Lemma 2 allow to solve conveniently the problem (109).

Proposition 15. The operator A(w,d) is invertible if and only if the N X N matrix A(w,6) =
(A(CO, 5)ij)1§i,j§N defined by

Alw,8); i= / C@$ilds, 1< j<N (132)
8B;
is invertible. When it is the case, the solution (¢, ) to the problem (109) reads

$ =20 X @,8)$]+ 6 (@, O[],

N -1 _k , -1 _k -1 (133)
=X, x(S5) SyG @ a1+ (Sp)  SyGTH @ OIf1=(Sp) [uinl,
where f € L?(dD) is the function
o} in 1 s -1
f:i=6 ;‘n — 5(51 + K >(s§) [uin], (134)

and where the coefficients x : = (x;)1<j<n are the solutions to the finite- dimensional problem

A(w,8)x = FwithF := (/ G Yw, ) f] dc) ) (135)
3B,

1<i<N

Proof. The second line of Equation (110) reads

G(w,8)[¢] - H[¢] = f (136)
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with f given by Equation (134). This equation is equivalent to

¢ =G N (w, OH[P] = G (@, O f]. 137)

Observing that ¢~'(w,8)H is a finite-rank operator, we decompose ¢ = Z,-n:l xi¢; + ¢ on
span(H) @ Ker(H). Then integrating Equation (137) over each resonator dB; (namely, project-
ing on span(#)), we find that the coefficients x := (x;);<;<y must solve the finite-dimensional
system

G N (w,8)[f]do = (5ij —/a Q_l(CU,5)H[¢;]dU>Xj = <5ij - G Hw, 5)[4’;] d0>xj
B;

= <5ij - /aBi(Eal[ij] - C(w, 5)[45;-‘]) d0>xj

0B;
(138)

Therefore, it is necessary that the linear system (135) be invertible for Equation (136) being invert-
ible. Reciprocally, this condition is sufficient because if x = (x;);<;<y is the solution to Equa-
tion (135), then one obtains from Equation (137) that ¢ given by the first line of Equation (133) is
solution to Equation (109). Then, the formula for ¢ follows from the first line of Equation (110).1H

Remark 4. Inserting Equation (133) into the integral representation formula (105) yields the
decomposition (6) for the total field u,, with

Sy 167 (@, 0)¢;1(x) if x € D,
vi(@,8)(x) = (139)
SEISEY LS 6w, 8)¢71(x) if x € R3\D,

S 167 (@, &)f I(x) if x € D,
w(w,8)(x) = ) (140)
SEISE) TSR G (e, )f1x) — SKI(SE [ ]1(x) if x € R3\D.

Remark 5. We see in Section 4 that Equation (133) can be interpreted as a modal expansion of
¢, where the modes are linear combinations of the functions v;(w,§)$; and the functions x; =
x;(w, 8, f) are scattering amplitudes with poles being the resonant frequencies (coii(d Ni<i<n-

Remark 6. There exist as many possibilities for the choice of operator H enabling to compute
L(w,8)”! as there are invertible operators from Ker((—%l + K7)) to a complement subspace of

Ran((—%[ + K7})). Since Ker((—%l + K7)) is itself a complement subspace of Ran((—él + K5,
the definition (125) is natural and leads to several simplifications in the computations per-
formed below.
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The previous proposition yields a convenient definition and characterization of the scattering
resonances (" (8))1 <i<n-

Proposition 16. There exists 2N complex frequencies (coii(é))lsis N Which are defined as the char-
acteristic values of the operator A(w, §), that is, the values for which A(cul.i(é), &) has a nontrivial
kernel. Equivalently, these are also the characteristic values of the N X N matrix A(w, §) of Equa-
tion (132), that is, eigenvalues of the nonlinear eigenvalue problem (8).

Proof. Proposition 17 reveals that A(w,0) ~ w?*VC~! with VC~! invertible. Hence, the general-
ized Rouché theorem**“® implies that A(w, §) has exactly 2N characteristic values ("), <;<y in a
neighborhood of zero for § sufficiently small (see also Ref. 39). [ |

3.2 | Asymptotic expansion of the Schur complement A(w, §)

Scattering resonances (co;—'(é))lsisN are the characteristic values of the operator A(w, 6), that is,
values of w for which A(w, §) has a nontrivial kernel. Proposition 15 obtained that they are equiv-
alently the characteristic values of the holomorphic matrix A(w, 6). The first terms of the asymp-
totic of A(w, d) asw — 0and & — 0 are explicited in the next proposition, which is consistent with
a similar computation performed in Ref. [46, Theorem 2.7].

Proposition 17. The following asymptotic holds true as w — 0 and § — 0:

2
A(w,8) = ZVC™ — 6 + V11T 9
U

4
5 4703 T

<— - %)ch + O(w? + 6)?, (141)
b

where C is the capacitance matrix given by Equation (16), V is the volume matrix (18), and 1 =
(1)1<i<n is the vector of ones.

Proof. By the definition (118), the fourth-order asymptotic expansion of w?B(w) reads

2 w’ 2% 4
w?B;(w) = EICTM + =K ;5 + 0@, (142)
b b

and a computation yields
5By(w) = —8( E1+ Kk ) (s5) s
2(w)=—6{ 51+ K} (Sp) Sp
w -1 w
—5(z1+xp + O(w2)> (sD +2sp,+ O(coz)) Sp+ —Sp 1 +0(@?)
b

=[5
-
-

(143)
I+ K} ——a’s—ls s (s, +2s O(w?8
+ 0D SD1°p D+vb D1 | +O(w8)

N |

5[ =1+ 1c*> + 5@(% — Ui> GI + 1<:;‘3>51;15D,1 + O(w?5).

b

N
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Then, Equations (130) and (132) allow to obtain

A(w, 6);

/ C(w, 5)[¢;] do = / LM (B (w) + SBZ(w))[qu] do + O(w? + 6)?
0B; 0B; (144)

/ (w?B;(w) + 5Bz(a)))[¢;f] do + O(w? + 6)?,
8B;

where the third equality is a consequence of Equation (127). From the expansions (142) and (143),
we obtain

CO3 % *
/ 2Bl(cu) / K, da+—3/ ]CD’3[¢j]da+O(w4)
9B, Uy, JaB;
3 iw? |Bi * 4
__—/SD ¢¥ldo + — 3 P /D¢jdo+0(co)
b
|B et + %L—ll + 0. (145)
vy Y%

For the computation of §3,(w), we remark that SD,1[¢;] = —i/(4m)15p and SD‘I[laD] =295
which implies

1
/aB,-S Spal¢;ldo = 4ﬂ2ql. (146)

Substituting into Equation (143) yields then

* * 1 1 1 * - *
/aB 5By (w)[¢* ]dcr_—é/ < I+ K >[¢J]do+5w<5_ﬂ> /aB,- <§1+’CD>5D15D,1[¢J-]

do + 0(?6) = —65;; + 5w<1 - l) / $518p,[¢"] do + 0(w?5)
v Uy 3B, e

idw
= —80, - o <— - —) Zcﬂ + 0(w?9).

Hence, the asymptotic of A(w, §); j reads

(147)

w? _ iw3 |B;| 0w
A(CU, 5)ij = ?lBiICﬁl — Saij + ?ﬁ — E(—b - —> ZCll + O(a) + 5)2 (148)
b b

which is the result to obtain. [ |
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Remark 7. With symbolic computations, we find that the term of the asymptotic expansion of
A(w, 8);; of order O(w? + 8)* is

_co25 ! L\yr S @’8 -1 2 1 1 -1
167720 ;_U_b ICIECH'FU—;BJCU 5ij+cu S|B;| F_F Cl_j

S8

N
1 1 * * 4 % *
+w25<§ - E) Y cu /a : ¢ Spal¢;1do — 625, + % / [SpLy' Ky, = Spollgtldo.  (149)
b =1

b “Bi

It is worth mentioning that the terms involving Kj, , and Sj, , are non-Hermitian, making an
explicit analysis at higher orders in w and & delicate.

Right multiplying Equation (141) by C, we obtain that the nonlinear eigenvalue problem (108)
reads at first order

w?
- C—Tsv x+ O(w) =0. (150)

Yy

The nonlinear eigenvalue problem (108) is therefore a perturbation of the generalized eigenvalue
problem (19), and the ith resonance reads at first order cul.2 = Aivié , for A; a generalized eigenvalue.
This result was already obtained in Refs. 35, 39, 46, is rigorously justified by mean of the implicit

function theorem in the next subsection.

3.3 | Full asymptotic expansions of the resonances

We now propose a procedure which enables in principle to compute full asymptotic expansions
of the resonant frequencies col.i(é) when the eigenvalues (4;);<;<y of the capacitance matrix C are
simple. In contrast with Refs. 39, 46, our procedure does not require to assume the existence of a
formal ansatz; it relies on a change of variables and on the implicit function theorem to derive the
Puiseux expansion (9), which is inspired from Refs. 22, 45 and which can be related to Newton
diagrams.**” In particular, we prove the analyticity of w(8) with respect to '/, a result that
was implicitly assumed in the aforementioned works.

From there and in the next sections, we assume that the eigenvalues (4;), <;<n of the generalized
eigenvalue problem (19) are simple:

0< 4 <Ay < <Ay (151)
We discuss shortly in Remark 8 what could happen in the case of multiple eigenvalues.

We start by rewriting Equation (141) as an explicit perturbation of the linear eigenvalue prob-
lem (19). Introducing the variable 1 = w?/ (vi@) and recalling the definitions (131) and (132), the
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coefficients A(w, §); j for 1 <i, j < N can be rewritten in terms of A and w as

+0o0
Aw,0) = ), ; (L5 (@*By(w) + 6B,(w))P[¢7]1do
p=170B;

+00 2 p
=Y vPer / <£51<Uw7531(cu)+v,;2]32(w)>> [¢7]da, (152)
p=1 0B;

b
+o 5
-3 Al /63 (L5 AB, (@) + v, By@)) " [47] do.
p= i

We define A(1, w) to be the N x N complex matrix holomorphic in w given by the following power
series with w = 0o(1) and A = O(1):

_ 2/1 N +oo 2 2p +
A w) = %A( @, = /1> <ZZ b / (£ (B, (@) + vy By(@)))” 1Clj[¢l*]da> . (153)
1<i,j<N

=1 p=0

Equation (141) implies that A(A, w) reads more explicitly at second order

1
vii’c — % <ﬁ _ 5)cuTc + 0(w?). (154)

AL, w) =V —C + 4“‘”1

From the definition (153), it is straightforward to observe that w is a characteristic value of A(w, §)
if and only if 1 = w?/ (vié) is a characteristic value of 1 — A(1, w). The interest of introducing
A(A, w) lies in the fact that under the simplicity assumption (151), there exist N characteristic func-
tions (4;(w));<i<ny Which are holomorphic in w. This enables to solve the splitting of the scattering
frequencies w;- £(8), by inverting the relation w; £(8)? = 5021 (w)for1 <i<N.

The ex1stence of N holomorphic characterlstlc functlons (4i(w))1<i<n is guaranteed by the ana-
lytic implicit function theorem (see, e.g., Chapter 0 of Ref. 73).

Proposition 18. Assume Equation (151). There exist N generalized eigenfunctions (4;(w))1<i<n and
N associated eigenvectors (a;(w)), <<y Which are holomorphic in an open neighborhood V of w = 0
and which satisfy, foranyl1 <i < Nandw € V:

i) Ai(@), w)ai(@) =0,
(i) a;(@)Va;(w)=1,
(lll) /11(0) = /‘li and ai(O) = a,;.

Proof. (i) and (ii) are equivalent to find holomorphic functions 4;(w) and a;(w) such that
F((Ai(w), a;(w)),w) = 0 for any w € ¥, where F : (C x CV)x C — CN x C is the functional

F((A,%x),) := (AL, w)x,xTVx — 1), AecC,xecCN. (155)

Since Equation (154) is equivalent to F((4;, a;),0) = 0, the result follows from the implicit func-
tion theorem whose hypotheses are satisfied as soon as we prove that the differential of (1,x) —
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F((1,x),0) is invertible at (4, x) = (4;, @;). A straightforward computation yields
DF((4;,a,),0)A',x") = (A'Va; + (4,V — O)x',2a] Vx'). (156)

Assuming Equation (151), we find that DF((4;, a;),0) is indeed invertible, with the inverse given
by

T
a. o
[DF((4;, ), 0)] X(ax, B) = (aiToc, gai +) ﬁaJ-), (a,f) € CN x C. (157)
jE T
[ |
Since the functions (4;(w));<;<ny and (a;(w));<;<n are holomorphic, they can be written as
+o0 +oo
/11(60) = /‘Li,O + Z /‘li,pa)p, al-(a)) =ao + Z ai,pwp, 1<i<N. (158)
p=1 p=1

The coefficients (4; p)p>0, (@;p)p>0 can be computed explicitly by solving a triangular system
obtained by differentiating p times the equation F((4;(w), a;(w)),w) = 0 with respect to w at
w = 0.7 Furthermore, the coefficients satisfy the following properties:

Proposition 19. The coefficients A; , and a; ;, are real and imaginary for, respectively, even and odd
values of p:

V1 <i< N, Vp (S N, /11',2p € R and Ai,2p+1 (S IR, (159)

V1<i<N, Vp e N, ai,zp S RN and ai,2p+1 S IIRN (160)

Proof. 1t is straightforward to verify that A(w,§) = A(—w, ). This implies in turn A(1, w) =
A(A, —w), which can be shown to entail 4;(w) = 1;,(—®) and a;(w) = a;(—®). These properties
reflect on the coefficients of the expansion (158) in the identities (159) and (160). [ |

The next and final step is to invert the equation w? = 5v§/1i(w) for 1 <i < N, which can be
achieved as follows.

Proposition 20. For & > 0 sufficiently small, the matrix A(w,8) has 2N characteristic values
(w;—'(é))lsisN which are the implicit solutions to the equations

w/ () = 5§vb\//1i(wl.+(5)) and w7 (8) = —5%01,\//11-(0)?(5)), (161)
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where z — \/E denotes the analytic continuation of the square root to C\R_. The functions cu;—'(é)
1

are analytic in 82, that is, there exists coefficients (co;—"p)pzz such that

1 +0c0 P
Wi (8) = 201702 + ) ' 87, (162)
p=2
Furthermore:

(i) the coefficients coiip are real and imaginary for, respectively, even and odd values of p:
cu;—"zp e€R and cui“—jzm1 €iR, V1<i<N,Vp>2; (163)
(i) w;(6) = —6: (6), that is, col.*(d) and w; (8) are symmetrical with respect to the imaginary axis,

or in other words

col.+2p =—w,, and col.+2p+1 =001 V1<i<N,Vp>2. (164)

Proof. We apply once again the analytic implicit function theorem to the functions F li defined by

Fi(®,2) := o F 20,V 2;(w). (165)

Obviously, F;(0,0) = 0 and d,F;"(0,0) = 1 # 0 so the hypotheses of the implicit function theo-
rem are satisfied and there exists a unique local solution z - w7"(z) to F;"(w;"(2), z) = 0 which is

analytic for z belonging to a neighborhood of 0. Then by definition of the scattering resonance
@;"(8), it holds

A(w;(8),6)a;(w;(8)) = 0 with ai(wii(5))TVa,-(cuii(5)) =1, (166)

which shows that (w;—'(5))1sisN are 2N characteristic values of A(w,d). Formula (162) deter-

mines then all characteristic values of A(w, §). Then, noticing that F l.+(co, z)=-F ;(—a, z) and

Ff(w,—2) = F; (w, z), we obtain, respectively, —w; (z) = w; (z) and ;' (—2) = w; (), which eas-
ily imply both properties (i) and (ii) on the coefficients (w; ;) p>>- [ ]

Remark 8. If D is such that one of the eigenvalues (4;(w)),<;<n of Equation (19) is of multiplic-
ity m > 1 (for instance, if N > 1 and if there are enough symmetries as in the examples of Sec-
tion 2.3), then a much more subtle analysis is required, because this eigenvalue 4;(w) split a priori
into m distinct eigenvalues; see, for example, Refs. 72, 75 about the characterization of the split-

ting of linear eigenvalues and Refs. 49, 62, 70, 76, 77 in the nonlinear case. Then, the frequency
1 1 1

@ (8) 1= +vpd;(w)282 would not need to be holomorphic in 62 and a different Puiseux series
than Equation (9) would need to be computed. Notably, the present analysis could be affected by
the occurrence of poles (w? — §4;(w))P of order p > 1 in the modal expansion (175). This subtlety
seems to be ignored in the previous works concerned with Minnaert resonances associated to a
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38-40

group of N resonators, who implicitly assumed the analyticity of the resonances with respect
1

todz2.

Let us finally retrieve the leading terms of the asymptotic expansion of coii(é) based on the
previous propositions.

Proposition 21. The asymptotic expansions of the eigenvalue 1;(w) and of its associated eigenvector
a;(w) read at first order:

2

icw
M@ =4 - —L(aV1) +0@),  1<i<N, (167)

iCL)/Il' /‘Li 1 1
ai(cu) =a; — ; m (U_b - /1] <E - 5>>(aJTV1)(alTV1)aJ + O(C()2). (168)

Proof. With the notation of Proposition 18, we have from Equation (141)

il; i 1 1
DF((4;, a;),0)(4;1,a;1) = =D, F((4;, a;),0) = —<<EV11TC ~ i <a - 5>C11Tc>ai, 0)-

(169)
From Equation (157), the inversion of the above equation yields
il (A 1 1
Aii=——=Zalv11"Va; - [ — - = JalC11"TV g,
’ 4w \vp ! vpb UL/
(170)
iA?
=——a'v11'va,,
4v t
a,=—) —————|——-4|—-- a'vil’va)a;.
i1 ]Z;: G — 1) <Ub i\o, "o (a; a; (171)
[

Inserting these values in Equation (162) we eventually retrieve the asymptotic claimed in Ref.
39:

Corollary 3. Assume that the eigenvalues of the (weighted) capacitance matrix are simple (hypoth-
esis (151)). The subwavelength resonances col.i(é) admit the following asymptotic expansions:

1 1 ju2A?
wF(8) = +82vpA7 — 2+

3
v (a] V1)*5 + O(82). a72)
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Proof. Equation (172) is obtained by writing

w* (5)—+52vb\//1 + 21 05(8) + O(w* (6))—+5zvb\/_\/ /1/1—/15 0,87 +0(5) .
173

1 3
= £870, VI + 56074, +0(62),
which yields the result. |

Remark 9. If D is a single resonator D = B (N = 1), we have C = cap(B) and V' = |B| hence 1, =
cap(B)/|B| and a; = |B|~'/2. Then, Equation (172) reads more explicitly as

02 2
b Lk cap(B) iv;cap(B) 3
w(8) = 620y IB] 870B] 8+ 0(82), (174)

which is the result obtained in Ref. 35.

Remark 10. From Equation (172), we see that when the vector of ones 1 = (1), ;< iS an eigenvec-

tor of the weighted capacitance matrix (e.g., when there are enough symmetries as in the cases

considered in Section 2.3), then al.TVI = 0 for i > 1 and the first-order variation of the resonant
1 1 3

frequency vanishes: cuii(é )=+652 vb/ll.2 + 0(82), that is, the corresponding frequencies co;—"(é) are

quite robust to the variations of 6.

4 | MODAL DECOMPOSITION

This section takes advantage of the explicit formula (133) to establish a (nonlinear) modal decom-
position of the form of Equation (10) for the solution u, to the scattering problem (5). This is
achieved in two steps: we start by computing in Section 4.1 a pole expansion of the meromorphic
coefficients x = (x;);<;<n solutions to the finite-dimensional problem (135). In Section 4.2, we
substitute this expansion into Equation (133) to obtain the modal decomposition (10) for the scat-
tered field u,. Finally, Section 4.3 states a few remarks regarding the estimation of the magnitude
of the resonances when considering physical, real frequencies w > 0.

4.1 | Pole expansion of the resonant amplitudes (x;),<;<y

We first establish a pole decomposition of the meromorphic solution x to the finite-dimensional
problem (135), whose leading order expansion can be expressed in terms of the generalized eigen-
values and eigenvectors (4(@));<j<y and (a;(w));<j<y of Proposition 18.

Proposition 22. The following modal decomposition holds for the solution x(w, §) to Equation (135):

N 2
x(w,0)=Y — 2 (aTF —iwb"F + 0(w? + 8)TF)Ca;(w), 175
( ) Z 2 _ avill(a))( L i ( ) ) 1( ) ( )

i=1
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where the mode a;(w) is given by Proposition 18, b; is the vector defined by

A Torgy2 1 < Aid; T T
bi L= 47TUb (ai Vl) a; + m ; m(di V].) (a} Vl)aj, (176)

and where O(w? + §) is a holomorphic vector field in w and & which can be written fully explicitly.

Proof. Using the quantity 1 = w?/(v},8), Equation (135) rewrites A(1, w)y = éF with y = C™lx.
By continuity of the determinant, (a;(w)),<;<y is a basis of CV for w sufficiently small. Let us
consider the decomposition of y = y(w, §) onto this basis with coefficients (y;(w, ) <i<n:

N
Y@,8) = ) yi(w, H)a;(). a77)

i=1
By Proposition 18, it holds A(4;(w), w)a;(w) = 0 for any 1 < j < N. Therefore,

N

A, w)y = Z(Z(/L ) — A4 j(w), w)aj(@)y;4, w). (178)
j=1

We factorize (1—4;(w)) in this expression. From Equation (153), there exist coefficients
(Ap 1,m)pm=0,0<i<p+1 sSuch that A(w, A) can be expanded as

~ 2p

Adw)= Y Ap,l,mcfl—pwmﬂ.l. 179)
p,l,m>0
0<l<p+1

Let us then write a fully explicit expansion of the difference A(1, w) — A(A j(w), w):

A, 0) = AQj(@),0) = Y Apm@P AP = 2;(w)7P)
p,l,m>0
0<I<p+1

1 1
— 2p+ 2p+
= D Apprim@P A= 2@+ Y Api e m(/ﬁ - W)

p.m>0 p>1
1,m>0
0<I<p-1

p—1-1
1
— 2p+ 2p+
= A=A X Appam@ = D Ap Y A9+ 2 (w)p—1=a [
p,m>0 p>1 q=0 j(w)
,m>0
0<l<p-1

(180)
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where the third equality is a consequence of the identity

p

1 1 1

e — il =—(a—->b) EO W, Va,b € C, Vp e N. (181)
q=

Substituting A = w?/ (v§5 ) reveals that the second term of Equation (180) is a holomorphic func-
tion of w and 6,

2@+t —- 2(q+1
p—I-1 (q )§a+1 p—l-1 2(@+D)

w2ptm — b 5q+1w2(p—q—1)+m 182
; w2(q+1)ﬂ (w)p —l—q = Aj(w)p—l—q s ( )

which is also smaller than O(8). Therefore, the only term of Equation (180) which is bigger than
O(w?* + 8) is Ag 10 + Ag 1@ With Ag ;o =V and Ay 10 = iw/(47v,)V117C according to Equa-
tion (154). Hence, Equation (180) reads with 1 = w?/ (vgd):

A, w) — A(Aj(w),w) = (A — A j(w))<v + ztjrivaHTc +O(w? + 5)). (183)

Coming back to Equation (178), we obtain

A, w)y = Z(/l A (w))<V+ —V117C + O(w? + a)> ¥i(@,8)a;()
J_
(184)

N 1.
=Y =21;(@)yi(wd)| Va, () +iv—7Vv11"Va; + O(w? +6) ).
&~ J J J 4mvy, J
j=

Left multiplying Equation (178) by al.T and using Proposition 21, we find that the vector z(w, §)
given by

2(@,8) := (4 - 4j(@)yj(@,8)h<j<n (185)

is the solution to the linear system

(I + iwG + O(w? + 8))z(w,8) = —F, (186)

where F := (a] F), <<y and G is the matrix

1, A6 (A
= (G )rerien = (| = 0 (L (L1 y1)(al
G +=Cuhsijan 1= ([47“)1) 4n(dj = &) (Ub Al<vb U))] (a;V1)Ga, V1)>1<i J<N

A8 S Ak
= JTH T T Y (T T
B <<47Tvb t o @ - /lj)> (e Vl)(aj Vl))

1<i,j<N
(187)
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By using a Neumann series to invert Equation (186), we arrive at
1. 2 =
z= E(I — iwG + O(w= + 8))F (188)

and then, since y;(w, §) = el.Tz(co, 8)/(A — A;(w)), we finally obtain

1

1 o .
yi(w, ) = gm(ai F —iwe] GF + O(w® + 8)F), 1<i<N. (189)

The result follows from A = coz/(viS) and by substituting the value of G and F in b; =
N
2 -1 Gijaj- L

Remark 11. If D is constituted of a single resonator, that is, N = 1 and D = B, the vector b; of
Equation (176) reads:

cap(B)

bl e 1
47uy|B|2

(190)

Remark 12. It is interesting to note that the modes (a;(w));<;<y featured in the decomposition
(175) are not the modes (ai(cu;—'(é ))) that can be built from the resonant frequencies (cuii(é Ni<i<n>
as one could have expected.

Remark 13. The interest of the formula (175) lies in that there is no approximation made in
the denominators, which vanish exactly at the “true” resonant frequencies w?(5))1gig\1- Equa-
tion (175) is more explicit than a Laurent series expansion of A[§,w]™! in the neighborhood of
only one of these poles.

Remark 14. 1t is clear from the proof that Equation (175) is a nonlinear continuation of the more
standard modal decomposition

N
o 1 T
X = ]Zl 7, (aj F)Ca;, (191)

which is the solution of the linear problem
A(4,0)C7'% = F with A(1,0) = AV - C. (192)

We now factorize the denominators of Equation (175) to make the poles (coii(é))lggN appear
more explicitly in Equation (175).

Proposition 23. We can write the following factorization for the poles of Equation (175) in the regime
w,d — 0:

w? — éviiti(co) =1+00)(w-— col.+(5))(co - wl._(5)), (193)
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1
where the remainder O(8) is a holomorphic function of w and 8 2, which can be written fully explicitly,

and where w;.“(é) and co]T () are the resonant frequencies characterized by Proposition 20.

Proof. 1tis clear that

w? — 8V} 2;(w) = < - Ub52 VA (co)> <CU + Ub5§ \/li(w)>
= [co —wf () - vbéé (\//li(co) - \//li(co;“(é))ﬂ [cu -7 (6) + vbéé <\//Ii(co) - \/Ai(wi_(5))>].
(194)

Let us consider the holomorphic function g;(w) := 1/4;(w) and denote by (g; ,)pen the coeffi-
cients of its Taylor expansion at w = 0:

+oo
gi(@) = g peP. (195)
p=0
We consider the function h;(w, §) defined as follows:

1+ h(w,d) :=

- 82(w) 1 gi(w) — gi(w; (9)) [ 1 8i(w) — gi(w; (8))
1—Ub52— 1+l)b52—_
(w— w+(5))(w w; (5)) w—wf(8) w — ] (8)
(196)
1
Then, the result (193) is proved if we show that ;(w, §) is holomorphic in w and §2 with h;(w, §) =
O(5). By using the identity a? — b = (a — b)(a?~! + aP~2b + --- + bP~2a + bP~!) valid for any
a,b € Cand p € N, we can write the full asymptotic expansion of Equation (196):

g@-g@ ) TS p-1-1 1_+°o S +(5)P— 11!
w—w'(5) ; Z 8p%; (0) ZOleHglpw ©

+o0 /400
= (Z 8iLapr10] (8) >wp =g, +0(5%), (197)

p=0 \ [=0

and similarly

(@) —-gl @) SIS
: ww_cg(,_—?;) = Z <Zglz+p+1w (%) >cop = 1+0(5z) (198)

p=0 \I=0

1
Hence, coming back to Equation (196), we see that the function h; is holomorphic in w and 62,

and we obtain
1 1
1+ hi(w,8)=>010- vbéig,-’l +0(8)1 + vb55gl-,1 +0(8)) =1+ 0(9). (199)
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For any p € N, we define the pth order vector-valued tensor M? by the formula

MP = ( / quSfdc) . (200)
oD 1<i<N

We recall that MP is a vector tensor in the sense that for any p derivative indices 1 < iy, ..., i, < 3,
M ill) ,_is the vector
P

M = < / v ¢ da) . (201)
’ ap P 1<i<N

MP is analogous to a polarization or moment tensor’®; it appears in the asymptotic expansion of
the right-hand side F of Equation (135). By the property (124), it holds M° = 1.

Lemma 3. The following expansion holds for the vector F of Equation (135):
F = 5“in(0)<1 - %cap(D))Cl + 8CM! - Vu;, (0) + O((w? + 6)95), (202)

where we recall M" - Vu;,(0) := 1< <N Mll1 8;, ;,(0).

Proof. We have the following expansion for the right-hand side f of Equation (134):

Ou; 1 . -1
f=6 a’;“ - 6<§I+ Kk >(s};) [uin]

(203)
= 6Vutn(0) - - 5(%1 + K:;;) (S0 = 2(Sp)™18p,1(Sp) ! ) [atn] + 0(9),

where we use the fact that u;, satisfies (A + k?)u;, in R3, which implies (e.g., by using the Fourier
transform) that VPu;, is of order wP on any bounded set and any p € N. From (130) and (131), we
obtain G~!(w, §)f = O(8) and hence the point (i) of the proposition.

Then for any 1 <i < N, we have

G (8, w)fldo (204)
0B

= _/63 5£51 <%I + ’C}B) <(5D)_1 - %(SD)_ISD,l(SD)_1>[um] do

i

+/ SVu;,(0) - ndo + O((w? + 8)5)
3B;

=8 [ (15007 = 550) 5150 ) do + O? + 99)
B,

i

. N
* @ * 1 %
=-5 /aD tin); do + 621, (0) /w ¥ do<—E> /aD j§=1 $? do + O((«? + 8)3)
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N N
= 6 0) 3 Cyy + 8V, @)+ [ 1 ¥ €y do 5—2011 3 Cn(0)
j=1 oD j=1

Jj=1 1<j,I<N
+0((w? + 8)9). (205)

Hence, the right-hand side F = ( /63 G1(8,w)[f]do),<i<n of Equation (135) is given by Equa-
tion (202). [ ]

Remark 15. The point 0 at which the Taylor expansion of u;, is computed in Equation (202) does
not matter, it can be replaced by any other fixed given point x, € R>. However, as implicitly used
in Refs. 29, 51, it needs to be replaced by the center of the resonator in the dilute setting where its
size shrinks to zero.””

Remark 16. More generally, higher-order terms in Equation (202) depend on the tensors M? as
well as the operators Sp , and K7, » for larger values of p € N.

Inserting (193) and (202) into (175), we obtain the following result.

Corollary 4. The following pole expansion holds as § — 0 and w — 0 for the solution x(w, §) of
Equation (135):

.5 i 880(@)uin(0) + 88 (@) - Vuuin(0) + O((w? + 6)8)
x(w,d) =
“ (@ — @' ()@ — w0} (8))

Ca;(w), (206)
where g? and gi1 are the zeroth and first-order scalar tensors

g(w) := vi(l - %cap(D)) (af —iwb])C1, gl(w) :=via]CM', 1<i<N (207)

for a;(w) and b; defined in Proposition 18 and (176). Furthermore, the remainder O(w? + 8) is a
1

holomorphic function in w and 82 which can be fully explicited.

1
Remark 17. The result of Corollary 4 is true without assuming w = 0O(52).

4.2 | Modal decomposition of the scattered field

We now use the result of Corollary 4 to obtain a modal decomposition for the field v, solution
to Equation (5). We start by defining “resonant states” as root functions to the integral problem
(109), or to the scattering problem (5). Since A(w, §)Ca;(w) = Owhenw = w;—"(é) foranyl <i <N
(Proposition 18), these are obtained by substituting (x;);<;j<y With the coordinates of the vector
a;(») = (a;(w)" Ce;); <j<y in Equation (133) with u;;, = 0:
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Definition 2. For 1 <i < N, We define “resonant states” qb;“(co, 6), zpli*(cu, 8) € L*(0D) associated
to the eigenvector a;(w) by the formulas

N
$1@,8):= Y (fCa@)s @B}, ¥;(@8) :=(h) SyI#@,8], 1sisN.
j=1

(208)
We then define the “physical” resonant mode u;(w, §) as a function of R3 by

Syt (@, 8)|(x) if x € D,
u;(w,8)(x) = (209)
SE[Y7 (w, 8)1(x) if x € R*\D.

Remark18. By definition, the mode (¢; (w, 6), %} (w, §)) is aroot function of the scattering problem
(5), and y; (cu;—'(S), d) is a nontrivial solution to Equation (5) with u;, = 0.

Remark 19. The resonant states ¢ (w,d) and ¥;(w,d) with 1 <i < N are to the first-order lin-
ear combinations of the potentials (¢;);<;<y (definition (123)). More precisely, it holds, due to
Equation (130):

z

$:(, ) = Z( el Cai(cu))qu +0(w? + ), (210)

N . N
@8 = (e}TCai(a)) e <i - %>1TCal- l; c j>¢; L0 +8),  (a1)

j=1 Y

where the second identity is a consequence of

N
(5,'3)_15,’§b[¢ 1= ¢>r_ _<_ — _> Zl,bl w1th¢l = ZlClde;‘. (212)
i=

The resonant states enable to write a modal decomposition of the solution to Equation (109). It
is obtained by reading first a modal decomposition for the potential ¢ and ¢ of Equation (133):

Corollary 5. The solution (¢, ) to the scattering problem (106) admits the following modal decom-
positionasw — 0and § — O:

< 687 (@)uin(0) + 88} (@) - Vuin(0) + O((w? + 6)8)
(@ — o] ()@ — w; (6))

$ =G, 6)[f]+2 $;(@,8), (1)

687 (@)uin(0) + 8g; (@) - Vi (0) + O((w” + 6)6)
(@ — o ()@ — w; (6))

97 (@,9),

(214)
where G Nw, 8)[f] = O(5); g? and gl.1 are given by Equation (207) and O((w? + 8)8) is a holomor-
phic function of w and 5'/2.

N
¥ = (5) 7 Spe @ N1~ (55) Tl + Y,
i=1
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Proof. Using Equations (133) and (177) with x(w, §) = Cy(w, §), the potential ¢ reads

N
$ =G @Of1+ Y €lx(@,8)67 @, 8)¢;] = 67 (@, ONf 1+ Y D’ vi(w, 0] Cay@)G (@, O]

j=1 j=1 i=

y (215)
=G @ OIf1+ Y, yi(w, 6)¢; (@, 8).
i=1

The result (213) follows from the expression (207) determining the value of y;(w, §). Then, Equa-
tion (214) is obtained by inserting Equation (213) into the first line of Equation (110). [ |

Remark 20. The identity (213) improves the result of Refs. 35, 39 in the fact that it clearly highlights

the structure of the inverse of the operator .A(w, §) in terms of the resonant poles col.i(é) and modes

¢ (w, §). Furthermore, the scattering amplitude is known up to the order O(w? + &) instead of
1

O(w + 62).

To propagate asymptotic expansions from the boundary potentials 1 and ¢ to the fields S[k) [¥]

and Sgb[cﬁ], we need to bound Sl’;[qﬁ] as a function on R? in terms of ¢. Following Ref. 54, we
consider the space

u ou

\%
el (Ix]), o € PP, 5

H={u —% _vu
)" (1e0)”

—iku € L*(||x|?) ¢-

(216)
Let R > 0 be a sufficiently large positive number such that D is contained in the ball of radius R:
D cC B(0, R). We recall the following facts (see Ref. [54, Theorem 2.6.6].

Proposition 24.

(i) Letu e H}OC(R3) be a function solving the homogeneous Helmholtz equation on the exterior
domain R3\B(0, R):

—Au — k?*u = 0in R3\B(0,R),

ou X (217)
— —iku J(x) =o(]x|7)as |x +00.
<a|x| )() (IxI™") as x| = +oo
Then, u € H and there exists constants a, a’ > 0 depending only on R such that
Nullg < allull < o' [lullgso.r)- (218)

H™2(8B(0,R))

(ii) In particular, Sllg [¢] € H for any ¢ € L*(8D) and there exists a constant c > 0 depending only
on R > 0 such that

1S5[11 < all$lli2@p)- (219)
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Proof. The point (i) is obtained in Theorem 2.6.3 of Ref. 54. Point (ii) is obtained by writing that
u= S]’; [¢] satisfies

P

—Au — k*u = 0in B(0,R),

ou
J ﬂ%]l = ¢ onadD, (220)
ou — Tgru = 0o0n dB(0,R)
an KT e

L

1 1
where Tr : H2(8B(0,R)) —» H 2(8B(0,R)) is the capacity operator. The variational formulation
of this Fredholm problem reads:

find u € H'(B(0, R)) such that for any v € H'(B(0, R)),

/ Vu - Vudx —/ Truvdo =/ pvdo, (221)
B(0,R) 3B(0,R) aD

where v is the complex conjugate of the test function v. The bilinear form associated to Equa-
tion (221) is injective and independent of dD. Hence, setting v = u and using the Banach-Necas-
Babuska theorem.®® We can obtain the existence of a constant C independent of 4D such that

[lullmBo,r) < all$llrzepy (222)
from where the result is derived. [ |
Since w; (8) = —57(5), the denominators of (213) and (214) read:
(@ — &} (B — &7 () = (@ — |&=(O)?) - 2T (@ (8)). (223)
Gathering (213), (214), and (105) yields the following result:

Corollary 6. The solution u, to the scattering problem (5) admits the following modal decomposi-
tionasw — 0and § — 0:

880 @)uin(0) + 8] (@) - Vuin(0) + O(8(8 + )
Ugor = Z{ w? — |wE(8)]? - 2iwS(wF(5))

u;(w, )

+(uin — sk [(s};)_l[um]] )1R3\D +0(5), (224)

where O(9) is a function holomorphic in w and § such that ||0(8)||g/6 = 0 as w,§ — 0, and g?
and gl.1 are given by Equation (207).

Remark 21. Considering only real and positive values of w, we see that —28(@?(5)) / |coii (8)| plays
the role of a damping constant.
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Remark 22. Corollary 6 is a clarification of Lemma 2.11 in Ref. 46, whereby the resonant denomi-
nator of Equation (224) vanishes exactly at the scattering frequency coii (), and the norm (as well
as the space H) measuring the smallness of O(6) is specified.

Remark 23. Using (175) and (133) without approximating the vector F by using the result of
Lemma 3, one obtains the existence of N linear forms E;(w,5) : L?(dD) X L?>(dD) — R, for
1 <i < N, such that

58°(@)uin(0) + 881(®) - Vuiyy (0) + O(8(8 + @) = Ey(w, 8) (Zﬁf,) - (225)
T

Inserting this expression into Equation (224) yields the modal decomposition (10) claimed in the

introduction. Furthermore, the previous analysis shows that E;(w, ) is holomorphic as a function
1

of w and §2 and verifies E;(w, §) = O(1) in the operator norm.

Remark 24. Applying the inverse Fourier transform to the resonant part of Equation (224), it is
possible to rewrite Equation (224) in the form of a modal decomposition in the time domain, see,
for example, Refs. 39, 42, 46, 79.

4.3 | Estimation of the magnitude of the resonances for real
frequencies

Physically, the parameter w is real, hence the resonant part of u;,; in Equation (224) featuring
resonant poles

é )

T — = T —— (226)
(@—af (O))w—w; () ©—|wf(®) - 2uS(w(3))

has a bounded magnitude for these frequencies (despite it blows up for w = cul.i(é)). Further-
more, the resonant frequencies col.i(é) are replaced by approximations in the scattering ampli-
tude (226),%73>3%! and it is important to estimate the induced error as w is real (this error being
unbounded for complex frequencies). In this part, we gather a few results which allow to estimate
the magnitude of the resonant poles of u at real frequencies, and to estimate the error induced
by replacing resonant denominators with approximate ones.

Lemma4. Leta,b € R satisfying |a| > |b|. The following inequality holds:
Vo € R, |w? — a? + 2ibw| > 2|b|Va? — b2. (227)
Proof. We consider the real function f defined by

f(w) 1= |w? — a® + 2ibw|? = (0* — a®)* + 4w?b?, (228)
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whose derivative reads
(@) = 4w(w? — a®) + 8b%w = 4w(w? — a® + 2b3). (229)
Consequently, f reaches therefore its minimum when w? = a? — 2b? and we obtain

Vo € R, f(w) > 4b* + 4b%(a? — 2b?) = 4b*(a® — b?). (230)

The bound (227) enables to estimate the amplitude of the resonances in Equation (224).

Corollary 7. For real frequencies w € R, the resonant amplitudes of Equation (224) are of order:

) ~0 5%
0 — |wF O] — 2iS(@F (@) | S(@F @) |

(231)

Remark 25. The enhancement coefficient of the resonance is therefore determined by the imag-
inary part of co;—“(é). In most situations, Ss’(coii(d)) = 0(9) inducing an enhancement is of order
1

O(6 2). However, S(w;—'(é)) may be of order smaller or equal to O(6%) when aiTVl = 0 (Equa-
tion (172)), for example, in case of symmetries. Furthermore, the modal decomposition (224)
reveals that this amplification can be reduced by a factor w in the situation where g?(co) =0.

Remark 26. The reader may retain that the magnitude of the resonance of Equation (231) is
obtained by setting w = |a)ii(5 )| in Equation (226).

We conclude this part by a remark on the error committed by the approximation of a resonant
ratio (considered at real frequencies w > 0) by a different one.

Lemmals. Leta,b € R satisfying |b| < |a| and Aa, Ab € R such that |Aa| < |a| and |Ab| < |b].
If further

|Aa| < |b], (232)

then the following approximations hold as w = O(|a|):

1 1 max(|Aal, |Ab])
= 140 ———= . 233
w? —(a+ Aa)? +2i(b+ Ab)w  w? —a? + 2ibw < + < |b]| (233)

Proof. We write, by using Equation (227) and the assumptions of the lemma:

1 1 1
wz—(a+Aa)2+zi(b+Ab)w_wz—a2+zibw1+0(A_a A_bi>
b b Tl (234)
1 Aa Ab| w
=————(1+0(|—|+|—|= ) ),
wz—a2+21bcu< < b ’b |a|>)
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from where the result follows. [ ]

Remark 27. The condition (232) is very important for the approximation (233) to be valid. Recalling
the expansion (172) of wl.i(é), we find that in the generic case where al.TVl # 0 (i.e., corresponding
to i = 1 or when the vector of ones 1 = (1);;<y is not an eigenvector of Equation (19)), then
(@ 7(8)) = 0(8) and

1
T 2 - < =O<5_5>. (235)
w? — w7 (8)? — 2iwTI(w; ()
Furthermore, we have the approximation

1
- o — = ° 2<1+0(55)>. (236)
0 = | (O = 20 (0) 2 — 22,6 + L1222 (aT V1)
47v

Remark 28. For the dimer considered in Section 2.3.3, the vector of ones 1 is an eigenvector of
Equation (19), hence a§C1 = 0 and the second resonant frequency (see also Ref. 29) co;—'(c?) has
the form

1

-1 5
@5 (8) = +vpA282 £ 1,62 — n,i6% + 0(82) (237)

3
for coefficients 7;, 9, a priori positive. The resonant amplitude (231) is therefore of order O(§™ 2).
Therefore, the coefficient 7; needs to be kept in the denominator if one desires to approximate the
amplitude with vanishing errors: for w real,

1 1

1
- = 1+0(52)),  (238)
w2 — |y (82 — 2iwS(w,(8) w2 — |\/2,8 + +1,63/2)|2 — 2iwn, s>

however if we do not keep 7, we arrive instead at

1 1
@? — |wZ(O)]? - 2iwS(WE(E)  w? — |\/A,82 — 2iwn,8?

1+ 0(5_%)). (239)

5 | POINT SCATTERER APPROXIMATIONS

In this final section, we compute the leading asymptotics of the far-field pattern for the field scat-
tered by the resonant medium D in the subwavelength regime. The case of N resonators is treated
in Section 5.1, where the far field of the scattered field is computed in Proposition 27. We find
that in this generic situation, the group of N resonators behaves in the far field as a monopole
scatterer (a point source) as the frequency w gets close to any of the resonant frequencies cul.i(c?):
U (x) is approximately proportional to the fundamental solution I'*(x) as |x| — +co. Multipole
behaviors, that is, a far-field pattern proportional to VPT*(x) with p > 1, can be obtained under
sufficient symmetry of the system of resonators D, requiring among other 1 to be an eigenvec-
tor of the eigenvalue problem (19). Then, the result obtained for N bodies is applied to the case
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N =1 with a single resonator in Section 5.2, and finally to a dimer of N = 2 spherical identical
resonators in Section 5.3. In both cases N = 1 and N = 2, we retrieve and propose simplifications
to the corresponding formulas obtained in Ref. 29, 35. We still assume the simplicity (151) of the
eigenvalues of the (weighted) capacitance matrix. We emphasize the connexion with generalized
moment tensors’® and we retrieve some results from Refs. 29, 35, 80.

5.1 | Point scatterer approximation for a system with N resonators

The far-field expansion of the solution u to the scattering problem (5) is obtained by expanding
the kernel I'*(x — y) involved in the single-layer potential Sg [¢](x) in the representation (105).
The general formula for the expansion of I'*(x — y) as |x| — +oco and y remains in a bounded
set is provided by the addition formula,®" which involves spherical Bessel functions. Here, we
rather rely on a different multipole expansion of the fundamental solution, which yields a simpler
formula in the regime w — 0. To establish this expansion, we use uniform estimates of higher-
order derivatives of the Helmholtz fundamental solution recalled in the next lemma.

Lemma 6. There exists a constant o > 0 such that forany p € N,

Vx € R3, VPHITK(x) < a6Pp!|x| = (|x|7P + kP). (240)
Proof. The pth derivative of I¥ can be obtained by differentiating this function p + 1 times using
Leibniz and Faa Di Bruno formula,®” from where the estimate (240) can then be explicitly derived.

We provide below a more constructive proof based on tensorial calculus.
Let us introduce the family of pth order tensor (f j.) (x))o<j<p defined by induction on p by

ﬁ“uy=ZLJ@ﬁL&H%§ﬁﬁw>®qwmm315p+L »

o0 = —,

|x]

with the convention f 5 =7 b 1(x) = 0. By induction, it can easily be proved that f f is homo-
geneous of degree —1 — j and that the pth derivative of I reads

14
VPIk(x) = —ﬁ Y ki fPoekl,  x e R, (242)
j=0

In fact, it can be verified from Equation (241) that f f (x) is of the form

-1
P o ®x!
p _ b.J
THEEDY e (243)

=0
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where oci ;l is a constant tensor of order p — [ which can be computed by induction as follows:
A v @I+ P it 0<i<p+l
p+1"} p’j 1 p’] 1 p’]
(244)
0 _
%o = 1,

with the convention o = =0 forl > p or | < 0. From the previous system, it can be obtained by
induction that there exists a constant 8 > 0 independent of p such that

pl
max a < B6Pp! 245
O<J<p§| 1 < B67p! (245)

where we denote |rx§ | Using the definition (243), the previous

zl<11 dp l<3| DsJoirip
inequality implies

Vx € R3, |f§’(x)| < B6P pl|x|~1~ for any 0 < j < p. (246)

Hence, we obtain the bound

[VPT*(x)| <6 ka Jx|71- J<ﬁ |x| 1kP(p + 1) max(1, k~P|x| )
(247)

6Pp(p+1)

—1(kp -p
| e + x| P).

<B
|

Proposition 25. The following multipole expansion holds for the kernel TX(x — y)asw — 0, |x| —
+oo and |y| = O(1): forany p € N,

|x]

rk(x —y) = Z( ik -yt 40— ) 4o 22 (248)
xX—y)= x) - y! P .
Proof. The Taylor-Lagrange formula reads

(=17

rk(x —y) = Z( Vlrk( )yt ED - / 1(1—t)pr+1Fk(x—ty)-yp+1dt. (249)
p! 0

Therefore, as |[x| — +o0 and |y| remains bounded, the remainder of the Taylor sum truncated
at order p is of order O(VP*'T¥(x)) which is of order O(|x| ' (wP*! + |x|"P*1) according to
Lemma 6. B

The far-field of the resonant modes u;(w, §) of Equation (209) can be expressed in terms of
polarization tensors MP(w, §) which generalize the tensors MP defined by Equation (200), in the
sense that MP(0,0) =
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Definition 3. We denote by MP(w, 6) the vector-valued tensor
P . p(ck -1 kp ~—1 %
MP(w,6) = YP(S5) Sy G Hw, 8¢ 1(y) da(y) . (250)
aD 1<i<N

Proposition 26. The resonant mode u;(w, §)(x) of Equation (209) admits the following multipole
expansion as |x| - +o0 and w — 0:

ui(w, 5)(x) = Z( D' () M (@,8) - vlrk(x)+o<| ﬁ’“) + o(ﬂ) (251)

|x]

Proof. Denote $*(w 8 :=(S k)_ISka_l(a), 8)[¢7]. By using (248), we can develop the single-
layer potential SX [¢ ]as |x| = +oo:

Sy = | TG B 02 o) = 3 GV Mo, 8) + Ol 0P )
=0

(252)
Then, Equation (209) and (208) yield

N

(0, 8)(6) = S[¥; (@, 9I() = Y, (€] Cay(@) ) ShIF100)

Jj=1

N
VITk(x) - 2(JTCai(w))M;.(w,a)+0(|x|—1(|x|—P-1+wP+1)) (253)

Il
M~

I
N

~ /\
g0

—
Il
o

—
Il
o

VF"(x) a;(@)" CM' (@, 8) + O(|x| 7" (|x| P~ + wP*1)).

We need to introduce a last tensor appearing in the point scatterer approximation of the scat-
tered field uo; — Ujy.

Definition 4. We denote by K? the second-order scalar tensor defined by

K= / Y ® (55) 7 1) do). (254)

oD

Proposition 27. The following multipole expansion holds for the scattered field as |x| — +o0, w —
Oandé — O:

Ugor(X) — Ui (X)

_ 3 8@ + 0 (@) Vi@ @) C[MOw, ST () — M - VT ()
— |0 (O)? - 2i0F(@(8) ’
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+lx|TrO(|x[ 7% + w? + )]

+ [<1 - %cap(D))cap(D)uin(O) +17cM?! - Vu,,(0)[TF(x)
—u;, (0)1TCM! - VT*(x) + Vuy, (0) - K2 - VI (x)

+1x|710(w? + |x|72) + 0(8), (255)
where

Vuip(0)- K2 - VI*(x) 1= )\ K7, 9, uin(0)3y, TX(x) (256)

1<i1.ir<3
and where g?(w) and gl.l(co) are given by Equation (207).

Proof. The point scatterer approximation of the resonant part is obtained by inserting Equa-
tion (251) with p = 1 into the modal decomposition (137), where we further note that

M'(,8) - VI(x) = M" - VI (x) + O((@ + 8)(|x|~ (@ + |x|71))) = M - VI (x) + O(|x|"(«? + & + |x|2)).
(257)
It remains to expand the nonresonant term —S ]’; [(5’{;)_1 [u;n 11(x) of Equation (224). Observe first
that

(Sg)fl[um] = (Sp)Mupml — %(SD)_ISD,I(SD)_l[uin] + O(@?)
(258)
= u;, (0)(Sp) M 1sp] + Vuin (0) - (Sp)~Hy'] - uin(o)%(SD)_lsD,l(SD)_l[lﬂD] + O(e?).

Then, (Sp)~H1sp] = Zi\il % and Equation (114) entail
. N N . N
(Sp)™1Sp.1(Sp) M 1ep] = —ﬁ 2 ( / w;) D= ﬁcap(D) > vy (259)
i=1 \/aD =1 1=1
Therefore, we arrive at
N

(S5)" ] = uin(0)<1 - %eap@)) 2 U5+ Vuin(0) - (Sp) 'Y +0@).  (260)
=1
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Computing the far field of the single-layer potential 5]’5 [(Sl’;)‘1 [u;n 1], we find that
—SEL(S5) " wn]160) = —T(x) / (85) ] do + VI(x) - / Y1 (SE) [in]0) do) + O(1x] (@ + [x|72)
éD aD

. N
= <um<o><1 - %eap(D))cap(D) -2 [ %0 do)- Vum<o>>rk<x>

i=1 JdD
N -1
+<uin(0)2 / P @)y do() + Vu, (0) - / Y ®(Sf) [yl](y)da(y)>-VF"(x)
i=1 /oD oD

+ O(Ix|™ (@® + |x]72)).

(261)
The result follows from the identity
N N N
Y [ wonde0)=-3 3 [ ciondow) = -1cm (262)
i=170D i=1 j=1/9D
where we recall the definition (200) of the tensor M*. |

Remark 29. From (130) and (212), we have the following expansion for (Sllg)_lsl];b ¢ (w, e 1:

k -1 ki o %1 _ 4 lCO 1 1 %
(S5) 7 SyG @ O] = ¢; + 1= <U_b - 5) 1<IZJ<N Cj¢" +0(w? +9). (263)

Recalling M? = 1 and Section 5.2, the tensor M°(w, §) occurring in the result of Proposition 27:
has the following asymptotic expansion:

1

M(w, 8) = <1 oo <% - %)cap(D)) 1+ 0(@? +6). (264)

Remark 30. These expansions further highlight the fact that the vector of ones 1 = (1),<;<y plays
a particular role if it turns to be an eigenvector of the capacitance matrix, as it occurs in case of
many symmetries.

Remark 31. The multipole expansion (255) is in general of monopole type (4 (x) — u;jn (x) is pro-
portional to T*(x) at leading order). A far-field pattern of dipole type (proportional to VI*(x))
can be observed if al.TC 1 = 0 as w becomes close to the resonance cul.i(é ). Generating systems with
higher-order far-field patterns (proportional to VPT*(x) with p > 2) does not seem trivial and
would require to compute asymptotic expansions of u at higher orders.

5.2 | Point scatterer approximation for a single resonator
We now specialize the result of Proposition 27 to the case N = 1, where D = B is constituted of a

single resonator. Using our accurate multipole expansion (255), we are able to retrieve and to clar-
ify the results obtained for this context in Refs. 35, 39. We also find a simplification of the damping
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constant of the complex scattering coefficient, which we find directly related to the imaginary part
of the resonance.

Proposition 28. Assume N = 1 and D = B. The following monopole source behavior holds for the
solution u, to the scattering problem as |x| - +o00, w — 0and § — 0.

§v;|B| ' cap(B)

w? — |0f (8)|? — 2iwI(w] ()

mmu)—um&)=< +1>amanm4mu+wa+a+wern*u)+owm

(265)

Proof. In this context where N' = 1, let us recall that a; = |B|~'/? and C = cap(B). Neglecting the
contributions in O(w) in Equation (207), we find

1
(@) = v}a;C1 + O(w) = v}|B| 2cap(B) + O(w). (266)
The result follows from Equation (255). [ ]
Remark 32. We see from Equation (265) that the scattering coefficient contains the contribution
of the constant 1 and of a resonant coefficient which blows up exactly at the resonant frequency

wE(8).

We now simplify the expression of the scattering coefficient in Equation (265) in the case where
w € R is a physical, real frequency. Following Ref. 35, let us denote by

1 B) L
W :=cof152 = vb‘/ ca|%(| )52 (267)

the leading order of the resonant frequency wI—'(a).

Proposition 29. Assuming that w is real, Equation (265) reduces to the following pointwise behavior
for the solution uy to the scattering problem (5) as |x| — +co0, w —» 0 and § — 0:

1

Ugor(X) — Uin(x) = (1+0(w) + 0(5§) + O(|x|))cap(B)uin (0)T*(x) + O(8).

w? . cap(B
— 1+ 1w£
@y 4mv

(268)
Proof. We approximate the resonant denominator by using Equations (233) and (174):

6v,|B| " cap(B) Wy _ 1+0(62)

T - I = 3 > . = o8 269
w? = |7 (O)|? — 21T (@ (6)) o _ @, +0(87) + i(o(Schap(B) " 0(52)> 214 icocip(B) (269)
4mu|B| “n g
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1
Then, Equation (231) highlights that the above quantity is of order O(§™ 2), hence the constant 1
of Equation (265) is of the same order as the error of the approximation:

5v?|B|"cap(B 1
- B cr® 1 +0(1)= — (1+0(52)),
@ —|0f @) —20S@ @) L 14 juu® EP =)
@y 4mv @y 4mv
(270)
from where the result follows. [ |

Remark 33. The expression (268) is somewhat simpler as the result of the original paper (Ref. [35,
Theorem 3.1]). The difference lies in the error term. First, the constant 1 of Equation (265) was
kept in Ref. 35, which does not change the approximation error. Keeping the constant 1 yields the
scattering coefficient

1 1 1 1
w . cap(B) (1 +0(82)) = w? . cap(B) +1]0+0(52))
—2—1+IC()4— —2—1+IC()4—
wy, TV wy, 7TV (271)
1 1
- (1+0(52)).
1— % + IME
@ 47v|B| @

Then, referring to the formula (2.28) for the damping constant in Ref. 39, one can verify that

- v7cap(B) 5 i + vb)cap(B)w _v-p vpcap(B)? 8
B w2 8muyy v 87|B|

(s s e e e

0 2
|B| cu2+1 47v|B| w 87ovy, @+ O(w )> (272)

vicap(B) §  vpcap(B) s
(1270 ;b7 C
= (1 B o +i 4708 @ (1 + O(w)).

Hence, using (271) and (272), we obtain

1
1 _ 1+ 0(52) Q73)
w_22 1 4 i SPEB) 1 W} N i((u+vb)cap(3)w _ v—up vpcap(B)? g)’
v 4mv w? 8ovy v 87|B| @

which shows that the damping constant of Equation (268) and the one of Ref. [39, eq. 2.28] are
1

equivalent for an approximation of the scattered field of the order O(62). However, let us remark
than our formula (268) is more enlightening because it clearly shows that the damping coefficient
can be taken to be positive and equal (at first order) to twice the opposite of the imaginary part of
the complex resonant frequency coI—'(S).
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FIGURE 7 Setting of the dimer D constituted of two identical spheres

5.3 | Point scatterer approximation for a dimer

We now consider a dimer made of two identical spheres B, and B, of volume |B;| = |B,| = |D|/2,
following the setting of Section 2.3.3. Without loss of generality, we assume that the axis of the
dimer is aligned with the direction e, and that the origin O = (0, 0,0) is the middle of the seg-
ment joining the two centers of B; and B,. The setting is illustrated in Figure 7. In this final part, we
retrieve and improve the results of Ref. 29 concerned with the derivation of point scatterer approx-
imations for the field scattered by the dimer. Our analysis emphasizes the fact that the “dipole”
behavior of the resonance associated to the second scattering frequency co;—L(é ) is closely related
to the symmetry of the system and cannot be expected for an arbitrary system of N resonators,
where all resonances are in general of “monopole” type.
We recall that in the present context, the capacitance matrix C and the volume matrix V' read

a —b DI
C= , V=—I 274
5] v ()

for two positive constants a > b > 0 (Section 2.3.3). The solutions to the generalized eigenvalue
problem (19) are given by

2 cap(D) 2
A= ﬁ(a— b) = Dl A= ﬁ(a +b), (275)

with respective eigenvectors a; and a, normalized such that al.TVa j=06;for1 <i,j<2

_1 (1 _1 11
a, = [D| 2 ) =1|D| 21, a,=|D| 2 1) (276)

Note that Equations (274)-(276) hold as soon as the dimer is symmetric with respect to the median
plane orthogonal to e;. However, we consider spherical resonators because the rotational invari-
ance along the axis of the dimer is essential to obtain a far field of dipole type for w close to the
resonance w; ().

In what follows, we denote by w; and w, the first-order approximations of the real part of the
resonant frequencies (coj(é))lsisz (Equation (172)):

) /2
wy 1=020y ﬁ(a—b), Wy =820y ﬁ(a+b). (277)
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The multipole expansion (255) involves M = 1 and M'. As we obtain below, the simplifications
which entail the dipole behavior of the second resonance are induced by the algebraic symmetry
properties of the tensor M? and M. The latter are the object of the next proposition, which exam-
ines more generally the symmetry properties of the polarization tensors M? defined by Equa-
tion (200) for an arbitrary p € N.

Lemma 7. The polarization tensor MP of Equation (200) associated to the system of two identical
spherical resonators has the following symmetries for any p € N:

(i) there exists a scalar tensor XP of order p such that for any indices 1 < iy ...i,, < 3,

MP  =x? ! if p is even (278)
iy = iy \ 1 ) VP g

MP  =xF ! if pis odd (279)
iy iy \ _q ) YP :

.. D A . . .. . . .
(ii) Xil...ip = 0if 2 or 3 occurs an odd number of times in the indices (iy, ..., i,). More precisely,

ST )
P ) = (=1t PJXiI;ml.pfor] =2,3. (280)

iy

(iii) The numbers 2 and 3 can be permuted in the indices (iy, ..., i,,). More precisely, if o € @ is the
permutation defined by c(1) = 1, 0(2) = 3, 0(3) = 2, then

Xclf)(il)...cr(ip) = Xf...ip' (281)
Proof. We consider the planar symmetries Si, S, S; defined by
Sie;=—e; and Sie;=e; forj#i withl<i, j<3, (282)
and the symmetry S,; satisfying
S)ze; = e, Syze, = e3 and Syze; = e,. (283)

Due to the symmetries of D, the potential ] = S 1[16B,] with I = 1, 2 satisfies

proS1 =195, P08 =19, (284)

PjoS; =9, forl=1,2 and i=2,3. (285)

Let us consider the pth order vector tensors MP = (M IP )1<i<3 defined by

P . .
M! ._/ang;"dea, 1<i<3. (286)



FEPPON AND AMMARI | 223

By considering the change of variables y = S;(y’) with 1 <i < 3 in Equation (286), we obtain,
respectively,

7P _ Sip1t+--+8iy1 5 rP
My i, = (D™ P My iy (287)
MP = (=D%OwiAP  forl=1,2 and j=2,3. (288)
Jipedp l,ll...lp

Furthermore, the change of variables y = S,3(y") in Equation (286) yields

MP . =MP (289)

Liy...ip Lo(iy)...o(ip)”

— T
Property (287) implies that Ml.‘z ;s proportional to (1 1) if there is an even number of 1 in
wdp

(i1, »ip), and to (1 —l)T otherwise. The identity (288) states that ITil .’i iy = 0 if there is an odd
number of 2 or 3 in (iy, ..., ip). Finally, Equation (289) implies that we can permute the numbers 2
and3in (i, ..., ), so properties (i), (ii), and (iii) hold for MP instead of MP. Since MP = —C~1MP
and (1 1)T and (1 —1)T are eigenvectors of C, these results also hold for MP. [}

Corollary 8. The moment tensor M defined by Equation (200) can be written
1
M'=M; e . (290)

Remark 34. Let us further illustrate the result of Lemma 7 on the higher- order tensors M? and
M?3: using the properties (i), (ii), and (iii), we find that M? and M3 depend, respectively, on only
three effective coefficients:

. 1
for an effective constant M, € C.

1
M2 = (MZ,ue1 Qe + Mizzez Re, + Mi33e3 ® e3> <1> , (291)

1
M3 = (Mio’,lllel ® €1 ® €1 +Mi122€1 ® € ® € +Mi122€1 ® €3 ® e3> <_1> . (292)

We also need to determine the symmetry properties of the second-order tensor K? of Equa-
tion (254). We find that K is a diagonal tensor.

Lemma 8. The second-order scalar tensor K? defined by Equation (254) can be written
K?=K}e;®e + K (e;®e+e3®e3) (293)

for two effective coefficients K7, K5, = K3, € C.
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Proof. Due to the symmetry of the dimer, the potential {; : = (5};)‘1 [y;] with 1 < i < 3 satisfies

-1
¢oS; = (SE) [yoS;] for1<j<3. (294)
Consequently, we find by using the change of variables y' = S;y with i = 1,2, 3:

K% = (=1)°ni(-1)°:IK2. (295)

iyip iyip’

which implies Kl.z1 L= 0 as soon as i; # i,. Then the change of variables y' = S,; yields

K? =K? (296)

iip a(iz)o(iz)’
from where we obtain K7, = K2,. [

Proposition 30. The following multipole expansion holds for the field u.(x) scattered through a
dimer D constituted of two identical spherical resonators, as |x| - +oo0 and w,d — 0:

Ugor(X) — Uip(x)
wf(l—icuru)

cu2—|culi(5)|2—ziw5(cult(5))

+ 1| cap(D)(1 — iwT,)ui (0)(1 + O(w?) + O(|x|~2))T*(x)

2(a+b)(M11,1 Y2 (297)

w2—|w5 ()12 -2iwS (w5 (8))

+K?,8,, 4in(0)3,, TH(x) + 3| K28, uin(0)3,, TF(x) + O(| x|~ (@? + |x|™2)) + 0(&),

8y, Uin(0)3,, T¥(x)(1 + O(w) + O(|x|™1))

where 7, := cap(D)/(2mv) and (Kl.zi)lsiﬁ are the coefficients of the diagonal tensor K* of Equa-
tion (293).

Proof. According to Equation (176) and using the orthogonality ang = 0, we find

_ cap(D)
= 47vy,

a;,, b,=o0. (298)

This allows to compute the coefficients g?(co) and gl.1 (w) of Equation (207):

-

0 _ 24 & _ iw
g (w) = v, (1 A0 cap(D)) <1 yrey cap(D)>a1C1

=v’(1- iﬂcap(D) L |D|_§cap(D) + 0(w?)
b v v U ’

J (299)
gl(w) = vlz)a{CM1 =0,

g(@) =0,

1 1
g, (w) = vja;CM"' = v;|D|>A,M] je; = 2v;|D| 2(a +b)M] je;.
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Furthermore, Proposition 21 imply that the first-order perturbation of the eigenvectors are zero:
a;(w) = a; + O(w?). (300)
Therefore, with the help of Equation (264), we find
iw (1

a, ()" CM(w, ) (M (w, §)T¥(x) — M* - VI*(x)) = (1 + (v_ - %)cap(D)) |D|7%cap(D)F"(x), (301)
b

a, (@) CM(w, §)(M°(w, §)I*(x) — M" - VI¥(x)) = |D|>4,M] 8, T*(x) = 2|D| "2 (a + b)M; , 8, T*(x).

(302)
This together with Equation (299) yields the expressions of the resonant scattering amplitudes in
Equation (297). The result follows from Equation (255) by using 17CM" = 0. [ |

Proposition 30 yields a higher-order asymptotic for the far-field expansion of u, than Ref.
[29, Theorem 4.2]. To conclude this section, we specialize Equation (297) to the case where w is
real, using the approximation result of Lemma 5. We recall the definition (237) of the constants
71,7, > 0 involved in the higher-order expansion of the scattering frequency w; ().

Proposition 31. Assuming that w is real, Equation (297) reduces to the following multipole expan-
sion for the solution u to the scattering problem (5) as |x| - +oo0, w — 0and § — 0:

Uor(X) — Ui (X)

m | cap(D)un (0)(1 + O(@) + 0(53) + O(x ") (x)

& 1+ 2 cap(D) (303)
1
2(a+b)(M? )
> T 8y, uin (0)3y, T*(x)(1 + O(@) + O(|x| ™).
2 —1-21L52 42in,62 =
> «2 @

Remark 35. For real frequencies, the scattering coefficient for the dipole resonance is of order

2 3

2 _ 5_5
w? — w5 (8)]2 — 2iS(w; (§)w 0© ), (304)

w

1
which is greater than the amplitude coefficient of order O(8™ 2 ) for the monopole mode. However,
this magnitude is tempered by the derivative 9, u;,(0) which is of order O(w), and by the faster

1
decay of 8, T (x) as O(|x|~!(w + |x|~")). Therefore, for & > 0 close to @} (§) (and so w = 0(52)),
we find that the scattered field u,(x) is of order

301 1 !
o(a‘zaa x| ! <5z + |x|—1>> = o<5‘5 x|~ + 5‘1|x|‘2>- (305)
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Hence, the amplitude of the monopole and dipole modes are similar (of order O(1)) at the distance
1
|x] = O(6 2). However, the amplitude of the dipole mode is larger than the one of the monopole
1

resonance for |x| = +oo with |x| < § 2.

Remark 36. The result of Proposition 31 coincides with the one of Ref. [29, Theorem 4.2] up to
some rewriting of the denominators and by observing that the constant P of Equation (177) of this
reference is given by

T

1
P= / @ - dy =— < ) CM| =2(a+b)Mj ;. (306)
oD -1

Remark 37. The nonresonant term Vu;,(0) - K? - VI'*(x) appearing in Equation (255) brings a
3

contribution of order O(1), which is smaller compared to the error of order O(wd 2) = O(5~1)
committed on the resonant amplitude when considering real frequencies w € R and truncating
at order O(w) + O(]x|™1)).
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