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Abstract
This paper provides several contributions to the mathe-
matical analysis of subwavelength resonances in a high-
contrast medium containing 𝑁 acoustic obstacles. Our
approach is based on an exact decomposition formula
which reduces the solution of the sound scattering prob-
lem to that of an 𝑁 dimensional linear system, and
characterizes resonant frequencies as the solutions to an
𝑁-dimensional nonlinear eigenvalue problem. Under a
simplicity assumptions on the eigenvalues of the capac-
itance matrix, we prove the analyticity of the scattering
resonances with respect to the square root of the con-
trast parameter, and we provide a deterministic algo-
rithm allowing to compute all terms of the correspond-
ing Puiseux series. We then establish a nonlinear modal
decomposition formula for the scattered field as well as
point scatterer approximations for the far-field pattern of
the sound wave scattered by 𝑁 bodies. As a prerequisite
to our analysis, a first part of the work establishes var-
ious novel results about the capacitance matrix and its
symmetry properties, since qualitative properties of the
resonances, such as the leading order of the scattering

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits
use and distribution in any medium, provided the original work is properly cited, the use is non-commercial and no modifications or
adaptations are made.
© 2022 The Authors. Studies in Applied Mathematics published by Wiley Periodicals LLC.

164 wileyonlinelibrary.com/journal/sapm Stud Appl Math. 2022;149:164–229.

https://orcid.org/0000-0001-7278-4877
mailto:florian.feppon@sam.math.ethz.ch
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://wileyonlinelibrary.com/journal/sapm
http://crossmark.crossref.org/dialog/?doi=10.1111%2Fsapm.12493&domain=pdf&date_stamp=2022-03-24


FEPPON and AMMARI 165

frequencies or of the corresponding far-field pattern are
closely related to its spectral decomposition.

KEYWORDS
capacitance matrix, high-contrast medium, holomorphic integral
operators, modal decomposition, point scatterer approximation,
subwavelength resonance

1 INTRODUCTION

There has been a growing interest in the past few years for subwavelength resonant systems,1-9
which have the remarkable property of strongly amplifying incident electromagnetic, elastic, or
acoustic waves through the scattering with objects of size much smaller than the wavelength. In
acoustics, an instance of subwavelength resonant system was first evidenced by Minnaert who
studied the interaction of acoustic waves with air bubbles in water.10 In electromagnetics, such
systems encompass plasmonic particles and high-contrast dielectric particles.11-18 In linear elastic-
ity, an example of a subwavelength resonator consists in a solid core material with relatively high
density and a coating of elastically soft material.1,19 In general, the resonant property at subwave-
length scales is the consequence of a large contrast between physical parameters of the medium,
for instance, between the air density and the density of water in the case of Minnaert bubbles,
or between the width of the opening and the size of a Helmholtz resonators.20 Subwavelength
resonances offer promising potentialities for the design of wave systems in a large variety of inter-
esting applications such as superresolution,21-24 sensing,25,26 focusing,27,28 the design of negative
refractive index metamaterials,29,30 metasurfaces,31,32 and cloaking.33,34
The contribution of this paper is to enhance the mathematical analysis of subwavelength

resonances in acoustic high-contrast media which has already been initiated in the previous
articles.32,35-40 More precisely, we consider an acoustic medium 𝐷 ⊂ ℝ3 constituted of 𝑁 smooth
connected components 𝐵𝑖 (the “bubbles” or acoustic resonators):

𝐷 =

𝑁⋃
𝑖=1

𝐵𝑖. (1)

We refer to Figure 1 for an illustration of the setting. The background medium ℝ3∖𝐷 is a homo-
geneous acoustic material characterized by a homogeneous density 𝜌 and bulk modulus 𝜅. The

F IGURE 1 Distribution of acoustic
obstacles in the three-dimensional space
ℝ3. An incident wave 𝑢in is propagating
with frequency 𝜔 and generates a total
wave field 𝑢tot
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“bubbles” are acoustic heterogeneities with homogeneous density 𝜌𝑏 and bulk modulus 𝜅𝑏. We
are interested in the scattering of an incoming wave 𝑢in propagating through the bulk material
with frequency 𝜔. We denote by

𝑣 =

√
𝜅

𝜌
, 𝑣𝑏 =

√
𝜅𝑏
𝜌𝑏
, 𝑘 =

𝜔

𝑣
, 𝑘𝑏 =

𝜔

𝑣𝑏
, (2)

the sound velocities 𝑣 and 𝑣𝑏 and the wave numbers 𝑘 and 𝑘𝑏 in, respectively, the background
medium and the acoustic obstacles. We consider the high-contrast regime whereby the quantity

𝛿 ∶=
𝜌𝑏
𝜌

(3)

is asymptotically small: 𝛿 → 0. The incoming sound wave 𝑢in is the solution to the Helmholtz
equation in the free space ℝ3; it satisfies

∇ ⋅

(
1

𝜌
∇𝑢in

)
+
𝜔2

𝜅
𝑢in = 0 in ℝ3∖𝐷. (4)

The wave 𝑢in generates a scattered field 𝑢𝑠, which is such that the total field 𝑢tot ∶= 𝑢in + 𝑢𝑠 is the
solution to the following scattering problem:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∇ ⋅
(
1

𝜌𝑏
∇𝑢tot

)
+
𝜔2

𝜅𝑏
𝑢tot = 0 in 𝐷,

∇ ⋅
(
1

𝜌
∇𝑢tot

)
+
𝜔2

𝜅
𝑢tot = 0 in ℝ3∖𝐷,

𝑢tot,+ − 𝑢tot,− = 0 on 𝜕𝐷,
1

𝜌𝑏

𝜕𝑢tot

𝜕𝑛

||||− = 1

𝜌

𝜕𝑢tot

𝜕𝑛

||||+ on 𝜕𝐷,(
𝜕

𝜕|𝑥| − i𝑘
)
(𝑢tot − 𝑢in) = 𝑂

(
1|𝑥|2
)
as |𝑥|→ +∞,

(5)

where 𝑢tot,+ and 𝑢tot,− denote the trace of 𝑢tot on, respectively, the outer and the inner boundaries
of the obstacles 𝜕𝐷, and 𝜕𝑢tot∕𝜕𝑛|− and 𝜕𝑢tot∕𝜕𝑛|+ the inner and outer normal derivatives with
the normal vector 𝑛 pointing outward 𝐷. The last equation is the outgoing Sommerfeld radiation
condition for the scattered field 𝑢𝑠.
As it is reviewed inRef. 39, there exist𝑁 pairs of subwavelength resonances (𝜔±

𝑖
(𝛿))1≤𝑖≤𝑁 which

are mathematically defined as complex values of 𝜔 for which the problem (5) admits nontrivial
solutions when there is no incident field, that is, 𝑢in = 0. These have negative imaginary part and
are positive with respect to the imaginary axis: 𝜔+

𝑖
(𝛿) = −𝜔−

𝑖
(𝛿). Physically, the scattered field

𝑢𝑠 = 𝑢tot − 𝑢in is greatly enhanced as the (physical) real frequency 𝜔 > 0 becomes close to one of
the 𝑁 complex resonances (𝜔+

𝑖
(𝛿))1≤𝑖≤𝑁 . These resonances are called “subwavelength” because

they occur in the low-frequency regime: one can indeed prove that 𝜔±
𝑖
(𝛿) → 0 as 𝛿 → 0. As we

see below, the quantities 𝜔±
𝑖
(𝛿) are the poles of the resolvent operator associated to Equation (5);

they are therefore a particular case of scattering resonances, which also occur in quantum physics
or general relativity.41
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Themain contributions of this paper is to provide a thoroughmathematical analysis of the sub-
wavelength (Minnaert) resonant properties of the system (5). The main fundamental novelties,
which are missing in the previous works,29,35,39,40 can be summarized in the following contribu-
tions:

1. Capacitance matrix: one of the most enlightening concepts for understanding the quali-
tative properties of the subwavelength resonant problem (5) is the capacitance matrix 𝐶 ≡
(𝐶𝑖𝑗)1≤𝑖,𝑗≤𝑁 . In the context where resonators are replaced with electric conductors with iden-
tical shapes (𝐵𝑖)1≤𝑖≤𝑁 , the entry 𝐶𝑖𝑗 is the charge that is accumulated by 𝐵𝑖 when applying
the unit potential (𝛿𝑖𝑗)1≤𝑗≤𝑁 on the boundaries of the resonators/conductors (𝐵𝑗)1≤𝑗≤𝑁 . As it
has been fruitfully exploited in Refs. 38, 39, 42, 43, the spectral decomposition of the capaci-
tance matrix enables to predict the values of the scattering frequencies and the resulting scat-
tered field.
Section 2 is dedicated to the main properties of the capacitance matrix and establishes novel
results such as a Perron–Frobenius type theorem, new spectral bounds, and properties on the
coefficients in the case of symmetries. We obtain that the vector of ones 𝟏 = (1)1≤𝑖≤𝑁 , which
plays a particularly important role in the analysis of the scattering resonances, is an eigenvector
of the capacitancematrix when the system of resonators admits enough symmetries. However,
we also prove that this situation is in general exceptional in the sense that this property is lost
(at least when 𝑁 ≥ 3) after small perturbations of the shape of the resonators.

2. Asymptotic analysis of the resonances: Section 3 extends the analysis and the methods of
Refs. 22, 35 to obtain a fully explicit representation formula for the total field 𝑢tot. Using integral
operator theory, we prove that 𝑢tot can be decomposed as

𝑢tot =

𝑁∑
𝑖=1

𝑥𝑖𝑣𝑖(𝜔, 𝛿) + 𝑤(𝜔, 𝛿), (6)

where the variables 𝑣𝑖(𝜔, 𝛿) and 𝑤(𝜔, 𝛿) are holomorphic fields in 𝜔 and 𝛿 (hence uniformly
bounded) and 𝑣𝑖(𝜔, 𝛿) is independent of 𝑢in. Equation (6) is a decomposition of 𝑢tot into a
resonant part featuring amplitude coefficients 𝑥𝑖 which blow up at the resonances, and the
nonresonant field𝑤(𝜔, 𝛿). The complex coefficients𝒙 ≡ (𝑥𝑖)1≤𝑖≤𝑁 ≡ (𝑥𝑖(𝜔, 𝛿))1≤𝑖≤𝑁 are indeed
𝑁meromorphic functions of𝜔whose poles are the 2𝑁Minnaert resonances (𝜔±

𝑖
(𝛿))1≤𝑖≤𝑁 . The

vector 𝒙 is characterized as the solution to an 𝑁 ×𝑁 linear system

𝐴(𝜔, 𝛿)𝒙 = 𝑭(𝜔, 𝛿) (7)

for an explicit𝑁 ×𝑁 holomorphic matrix 𝐴(𝜔, 𝛿) ∈ ℂ𝑁×𝑁 and right-hand side 𝑭(𝜔, 𝛿) ∈ ℂ𝑁 ,
while the scattering resonances (𝜔±

𝑖
(𝛿)) solve the following nonlinear eigenvalue problem:

find 𝒙 ≠ 0 such that 𝐴(𝜔±
𝑖
(𝛿), 𝛿)𝒙 = 0. (8)

With the help of the implicit function theorem applied to Equation (8), we prove the holomor-

phic dependence of the scattering frequencies (𝜔±
𝑖
(𝛿))1≤𝑖≤𝑁 with respect to the quantity 𝛿

1

2

by assuming a simplicity assumption of the eigenvalues of the capacitance matrix (which is a
stronger result than the existence theorem provided by Gohberg–Sigal theory44,45 as in Refs.
35, 39). Furthermore, we provide a systematic algorithmwhich allows, in principle, to compute
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all the coefficients (𝜔±
𝑖,𝑝
)𝑝≥1 of the Puiseux expansion

𝜔±
𝑖
(𝛿) =

+∞∑
𝑝=1

𝜔±
𝑖,𝑝
𝛿
1

2 . (9)

3. Modal decompositions: we then provide, in Section 4, a pole decomposition of the mero-
morphic coefficients (𝑥𝑖)1≤𝑖≤𝑁 of Equation (6), which allow us to establish a modal decompo-
sition for the solution 𝑢tot. More precisely, we prove the existence of𝑁 generalized eigenmodes
(𝑢𝑖(𝜔, 𝛿))1≤𝑖≤𝑁 and of 𝑁 linear forms 𝐸𝑖(𝜔, 𝛿) ∶ 𝐿2(𝜕𝐷) × 𝐿2(𝜕𝐷) → ℂ satisfying 𝐸𝑖(𝜔, 𝛿) =
𝑂(1), independent on the incident field 𝑢in, such that the solution 𝑢tot to the scattering problem
(5) reads:

𝑢tot(𝜔, 𝛿)(𝑥) =

𝑁∑
𝑖=1

𝛿𝐸𝑖(𝜔, 𝛿)

(
𝑢in
𝜕𝑢in

𝜕𝑛

)
𝜔2 − |𝜔±

𝑖
(𝛿)|2 − 2i𝜔ℑ(𝜔±

𝑖
(𝛿))

𝑢𝑖(𝜔, 𝛿)(𝑥) + 𝑤(𝜔, 𝛿). (10)

The main originality of Equation (10) lies in the fact that it does not resort to any approxima-
tion; in particular, it is visible that 𝑢tot(𝜔, 𝛿) blows up exactly when 𝜔 coincides with one of
the resonant frequencies (𝜔±

𝑖
(𝛿))1≤𝑖≤𝑁 . In contrast, the modal decomposition obtained in Ref.

[46, Lemma 2.11] involved only approximate denominators whichmight be very inaccurate for
complex values of 𝜔 close to the actual resonances, since these vanish at approximate frequen-
cies different to 𝜔±

𝑖
(𝛿). Moreover, Equation (10) highlights that the (negative) imaginary part

ℑ(𝜔±
𝑖
(𝛿)) of the scattering frequency 𝜔±

𝑖
(𝛿) explicitly controls the damping of the resonance

at physical, positive frequencies 𝜔 > 0.
4. Point scatterer approximations: Finally, we derive in Section 5 a point scatterer approxima-

tion for the scattered field 𝑢𝑠(𝑥) propagating through the medium with 𝑁 general resonators
by computing the far-field expansion of the functions (𝑢𝑖(𝜔, 𝛿))1≤𝑖≤𝑁 and𝑤(𝜔, 𝛿). We improve
and generalize thus previous results established in Refs. 29, 35 for the particular cases where𝐷
is a single bubble (𝑁 = 1) or a dimer (constituted of𝑁 = 2 identical spherical resonators). We
find that in the general case, the group of resonators 𝐷 behaves in the far field as a monopole
scatterer (a point source) at all resonant frequencies. Dipole ormultipolemodesmay occur only
under exceptional circumstances such as enough symmetries of the distribution 𝐷 of acoustic
obstacles, and more precisely when the vector of ones 𝟏 = (1)1≤𝑖≤𝑁 is an eigenvector of the
capacitance matrix 𝐶.

We stress that the analysis of this paper is not exhaustive: several interesting questions related to
theMinnaert resonances remain to be explored. Notably, most of our conclusions strongly rely on
the simplicity assumption of the eigenvalues of the capacitancematrix. In the general case, multi-
ple eigenvalues could occur, for instance, when the system of resonators𝐷 has many symmetries.
The modal decomposition (10) could then potentially feature resonant denominators elevated to
higher-order exponents (see the discussion in Remark 8), and one would need to characterize
differently the Puiseux expansion of the frequencies 𝜔±

𝑖
(𝛿) which would not need to be analytic

in 𝛿
1

2 . This issue would require to analyze the splitting of multiple eigenvalues and exceptional
points of the nonlinear system (8), which is known to be particularly delicate, see, for example,
Refs. 26, 47-49 for some treatments in various contexts.
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Finally, we mention that our work is a preamble to a subsequent paper concerned with the
derivation of an effective medium theory for a system𝐷 ≡ ∪1≤𝑖≤𝑁(𝑦𝑖 + 𝑠𝐵𝑖) constituted of a grow-
ing number of small resonators, namely, the present setting with 𝑁 → +∞ and where each res-
onator centered at 𝑦𝑖 ∈ ℝ3 is rescaled by a small parameter 𝑠 → 0.50 This question has been exam-
ined previously in the case where 𝐷 is made of identical resonators in Refs. 32, 36, 51, or identical
dimers (using formal arguments) in Ref. 29. Relying on the exact formula (6), our subsequent
work50 establishes a quantitative homogenization theory for a system constituted of a large num-
ber of tiny clusters of identical packets of𝑁 resonators distributed randomly in a bounded domain.
Notation conventions. In all what follows, vectors are written in bold face notation. (𝒆𝑖)1≤𝑖≤𝑁

is the canonical basis of ℝ𝑁 . The purely imaginary number is denoted by (a straight) i.
𝑘𝐷 and 𝑘∗

𝐷 denote, respectively, the single-layer potential and the adjoint of the Neumann–
Poincaré operator on 𝐷: for any 𝜙 ∈ 𝐿2(𝜕𝐷),

𝑘𝐷[𝜙](𝑥) ∶= ∫
𝜕𝐷

Γ𝑘(𝑥 − 𝑦)𝜙(𝑦) 𝑑𝜎(𝑦), 𝑥 ∈ ℝ3, (11)

𝑘∗
𝐷 [𝜙](𝑥) ∶= ∫

𝜕𝐷

∇𝑥Γ
𝑘(𝑥 − 𝑦) ⋅ 𝑛(𝑥)𝜙(𝑦) 𝑑𝜎(𝑦), 𝑥 ∈ 𝜕𝐷, (12)

where Γ𝑘(𝑥) ∶= −e𝑖𝑘|𝑥|∕4𝜋|𝑥| is the fundamental solution to the Helmholtz equation and 𝑑𝜎
is the surface measure of 𝜕𝐷. We use the notations 𝑘𝑏𝐷 and 𝑘𝑏∗

𝐷 for the same operator with 𝑘
replaced with 𝑘𝑏, and we use the short-hand notation Γ ∶= Γ0, 𝐷 ∶= 0𝐷 , and∗

𝐷 ∶= 0∗
𝐷 for the

fundamental solution of the Laplace operator, its associated single-layer potential and Neumann–
Poincaré operator. We recall that when 𝑘 is not a Dirichlet eigenvalue of 𝐷, 𝑘𝐷 is an invertible
operator from 𝐿2(𝜕𝐷) to 𝐻1(𝜕𝐷), whose inverse is denoted by (𝑘𝐷)−1 ∶ 𝐻1(𝜕𝐷) → 𝐿2(𝜕𝐷), and
that𝑘∗

𝐷 is a compact operator on 𝐿2(𝜕𝐷).45
Finally, a few notation conventions related to tensors (which follow Ref. 52) are used in Sec-

tions 4 and 5 and are now detailed. For a given integer 𝑝 ∈ ℕ, we denote by𝑝 ≡ (𝑝
𝑖1…𝑖𝑝

)1≤𝑖1…𝑖𝑝≤3
the𝑝th order scalar tensorwith𝑝 derivative indices 1 ≤ 𝑖1 … 𝑖𝑝 ≤ 3.We also consider vector tensors
𝑴𝑝 ≡ (𝑀𝑝

𝑖1…𝑖𝑝,𝑙
)1≤𝑖1…𝑖𝑝≤3 with 𝑝 derivative indices 1 ≤ 𝑖1 … 𝑖𝑝 ≤ 3 and one spatial index 1 ≤ 𝑙 ≤ 3,

and we denote by𝑴𝑝

𝑖1…𝑖𝑝
the vector-valued components of𝑴𝑝. For any function 𝑓, we denote by

𝑦𝑝 and ∇𝑝𝑓(𝑥) the 𝑝th order tensors

𝑦𝑝 =
(
𝑦
𝑝

𝑖1…𝑖𝑝

)
1≤𝑖1…𝑖𝑝≤3

, ∇𝑝𝑓(𝑥) ∶=
(
𝜕
𝑝
𝑥𝑖1…𝑥𝑖𝑝

𝑓(𝑥)
)
1≤𝑖1…𝑖𝑝≤3

, 𝑥 ∈ ℝ3, (13)

and by 𝑝 ⋅ ∇𝑝𝑓(𝑥) and𝑴𝑝 ⋅ ∇𝑝𝑓(𝑥) the contractions

𝑝 ⋅ ∇𝑝𝑓(𝑥) = ∑
1≤𝑖1…𝑖𝑝≤3

𝑝
𝑖1…𝑖𝑝

𝜕
𝑝
𝑥𝑖1…𝑥𝑖𝑝

𝑓(𝑥), 𝑴𝑝 ⋅ ∇𝑝𝑓(𝑥) =
∑

1≤𝑖1…𝑖𝑝≤3
𝑴
𝑝

𝑖1…𝑖𝑝
𝜕
𝑝
𝑥𝑖1…𝑥𝑖𝑝

𝑓(𝑥).

(14)
Note that 𝑝 ⋅ ∇𝑝𝑓(𝑥) is a scalar function while𝑴𝑝 ⋅ ∇𝑝𝑓(𝑥) is a rank-one vector field. For 1 ≤
𝑗 ≤ 3, 𝑒𝑗 denotes the first-order scalar tensor whose components are given by 𝑒𝑗,𝑖1 = 𝛿𝑗𝑖1 where
𝛿 is the Kronecker symbol. Finally, 𝑝 ⊗ 𝑒𝑗 denotes the tensor product between the 𝑝th order
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tensor 𝑝 and 𝑒𝑗; it is a scalar tensor of order 𝑝 + 1 whose components are(𝑝 ⊗ 𝑒𝑗)𝑖1…𝑖𝑝+1 = 𝑝
𝑖1…𝑖𝑝

𝛿𝑗𝑖𝑝+1 , 1 ≤ 𝑖1 … 𝑖𝑝+1 ≤ 3. (15)

2 PROPERTIES OF THE CAPACITANCEMATRIX

A recurrent property exploited in the analysis of high-contrast media39,43,46 is the fact that sub-
wavelength resonances of the system (5) can be predicted by the eigenvalues of the capaci-
tance matrix associated to the 𝑁 connected components (𝐵𝑖)1≤𝑖≤𝑁 . The capacitance matrix 𝐶 ≡
(𝐶𝑖𝑗)1≤𝑖,𝑗≤𝑁 is defined by

𝐶𝑖𝑗 ∶= −∫
𝜕𝐵𝑗

𝜕𝑢𝑖
𝜕𝑛

𝑑𝜎, ∀1 ≤ 𝑖, 𝑗 ≤ 𝑁, (16)

where 𝑛 is the outward normal to 𝐷 and 𝑢𝑖 is the solution to the exterior problem

⎧⎪⎨⎪⎩
−Δ𝑢𝑖 = 0 in ℝ3∖𝜕𝐷,

𝑢𝑖 = 𝛿𝑖𝑗 on 𝜕𝐵𝑗 for any 1 ≤ 𝑗 ≠ 𝑖 ≤ 𝑁,
𝑢𝑖(𝑥) = 𝑂(|𝑥|−1) as |𝑥|→ +∞.

(17)

The capacitance matrix is usually considered in the physical context where the resonators
(𝐵𝑖)1≤𝑖≤𝑁 are replaced with perfect electric conductors (𝐵𝑖)1≤𝑖≤𝑁 with identical shapes, for exam-
ple, Ref. 53. Then, the variable 𝑢𝑖 is the electric potential in the free space ℝ3 satisfying 𝑢𝑖 = 1
uniformly inside the conductor 𝐵𝑖 , and 𝑢𝑖 = 0 inside the other conductors (𝐵𝑗)1≤𝑗≠𝑖≤𝑁 . The coef-
ficient𝐶𝑖𝑗 is the electric charge stored at equilibrium on the boundary of the conductor𝐵𝑖 induced
by the potential 𝑢𝑖 . In the setting of Equation (5) whereby 𝐵𝑖 are acoustic obstacles, 𝑢𝑖 can be inter-
preted as an acoustic pressure and 𝐶𝑖𝑗 is the jump of the normal velocity through the obstacle in
the perfectly reflecting regime (corresponding to 𝛿 = 0). Note that the solution to Equation (17)
can also be explicitly written as the single-layer potential 𝑢𝑖 = 𝐷[(𝐷)−1[1𝜕𝐵𝑖 ]].
Let𝑉 be the (positive definite) diagonal matrix whose entries are the volumes of the resonators

(𝐵𝑖)1≤𝑖≤𝑁 :

𝑉 ∶= diag((|𝐵𝑖|)1≤𝑖≤𝑁). (18)

This section dedicated on the capacitance matrix is motivated by the importance of the following
generalized eigenvalue problem in the analysis of Equation (5):

𝐶𝒂𝑖 = 𝜆𝑖𝑉𝒂𝑖. (19)

Notably, the eigenvalues (𝜆𝑖)1≤𝑖≤𝑁 enable to predict the frequencies of the subwavelength reso-

nances thanks to the asymptotic 𝜔±
𝑖
(𝛿) ∼ ±𝑣𝑏𝜆

1

2

𝑖
𝛿
1

2 as 𝛿 → 0 (Corollary 3). Note that the eigen-
values (𝜆𝑖)1≤𝑖≤𝑁 are also the eigenvalues of the “weighted capacitance matrix” 𝑉−1𝐶, which was
rather considered in Refs. 39, 46.
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The section outlines as follows. Section 2.1 recalls well-known positivity and symmetry prop-
erties of the matrix 𝐶 which imply the existence of 𝑁 positive eigenvalues 𝜆1 > 𝜆2 ≥ 𝜆3 ≥⋯ ≥
𝜆𝑁 > 0. An important consequence is a Perron–Frobenius type theorem for Equation (19), which
to the best of our knowledge, had not been stated in previous works. Section 2.2 establishes spec-
tral bounds for the eigenvalues. Then, Section 2.3 examines the structure of the matrix 𝐶 in case
of symmetries of the system of resonators 𝐷 = ∪1≤𝑖≤𝑁𝐵𝑖 . We obtain in particular that when 𝐷
has enough symmetries, the first eigenvector 𝒂1 coincides with the vector of ones, 𝟏 ∶= (1)1≤𝑖≤𝑁 .
This fact implies exceptional properties for the resonant system (5), such as dipole or multipole
far-field patterns at the resonance. The structure of the capacitance matrix for several particular
cases such as the dimer, trimer, and quadrimer, is explicitly derived. Finally, Section 2.4 estab-
lishes that the vector of ones 𝟏 = (1)1≤𝑖≤𝑁 is, at least for 𝑁 ≥ 3 acoustic obstacles, in general not
an eigenvector of the capacitance matrix. Indeed, we prove thanks to differential shape calculus
that almost any shape perturbations of the resonators (up to a finite-dimensional subset) suffices
to cancel this property.
In the next parts of this section, we make use of the function 𝑢 solution to the problem

⎧⎪⎨⎪⎩
−Δ𝑢 = 0 in ℝ3∖𝜕𝐷,

𝑢 = 1 on 𝜕𝐵𝑖 for any 1 ≤ 𝑖 ≤ 𝑁,
𝑢(𝑥) = 𝑂(|𝑥|−1) as |𝑥|→ +∞,

(20)

which is related to the capacity cap(𝐷) of the set 𝐷, defined by the formula

cap(𝐷) ∶= −∫
𝜕𝐷

𝜕𝑢

𝜕𝑛
𝑑𝜎 = ∫

ℝ3
|∇𝑢|2 𝑑𝑥. (21)

Substituting 𝑢 =
∑𝑁

𝑖=1
𝑢𝑖 in Equation (21), we note that the quantity cap(𝐷) satisfies the identity

cap(𝐷) =
∑

1≤𝑖,𝑗≤𝑁
𝐶𝑖𝑗 = 𝟏

𝑇𝐶𝟏. (22)

2.1 A Perron–Frobenius type theorem for the capacitance matrix

Let us start by recalling that the physical definition (16) makes sense because the system (17) is
well-posed in the homogeneous space1,2(ℝ3∖𝐷) = {𝑣 |∇𝑣 ∈ 𝐿2(ℝ3∖𝐷)}; each function 𝑢𝑖 satis-
fies the variational equality

∀𝑣 ∈ 1,2(ℝ3∖𝐷), ∫
ℝ3∖𝐷

∇𝑢𝑖 ⋅ ∇𝑣 𝑑𝑥 = −∫
𝜕𝐷

𝜕𝑢𝑖
𝜕𝑛
𝑣 𝑑𝜎, (23)

see, for example, Ref. 54. Using Equations (16), (17), and (23), it is immediate to see that 𝐶𝑖𝑗 could
be equivalently defined by the following formulas:

𝐶𝑖𝑗 ∶= −∫
𝜕𝐷

𝑢𝑗
𝜕𝑢𝑗

𝜕𝑛
𝑑𝜎 = ∫

ℝ3
∇𝑢𝑖 ⋅ ∇𝑢𝑗 𝑑𝑥, (24)
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𝐶𝑖𝑗 = −∫
𝜕𝐵𝑖

𝜓∗
𝑗
𝑑𝜎 where 𝜓∗

𝑖
∶= −1𝐷 [1𝜕𝐵𝑖 ] = 𝜕𝑢𝑖

𝜕𝑛

||||+ on 𝜕𝐷, (25)

where, throughout the paper, 1𝜕𝐵𝑖 ∈ 𝐿
2(𝜕𝐷) denotes the characteristic function of the bubble 𝜕𝐵𝑖

on the boundary 𝜕𝐷:

1𝜕𝐵𝑖 ∶=

{
1 on 𝜕𝐵𝑖
0 on 𝜕𝐵𝑗 for 1 ≤ 𝑗 ≠ 𝑖 ≤ 𝑁. (26)

The following lemma states symmetry and positivity properties of the capacitancematrixwhich
are rather classical, however not often stated in the literature; we are only aware of similar state-
ments in Ref. 53 which considers a slightly different setting in which the radiation condition of
Equation (17) is replaced with a zero Dirichlet condition on a boundary enclosing the conductors
of 𝐷. We give a proof for the case of conductors in the free space ℝ3.

Lemma 1. The capacitancematrix𝐶𝑖𝑗 defined by Equation (24) satisfies the following properties:

(i) 𝐶 is symmetric, that is, 𝐶𝑖𝑗 = 𝐶𝑗𝑖 for any 1 ≤ 𝑖, 𝑗 ≤ 𝑁, and positive definite;
(ii) the diagonal entries of 𝐶 are positive: 𝐶𝑖𝑖 > 0 for any 1 ≤ 𝑖 ≤ 𝑁;
(iii) the extra-diagonal entries of 𝐶 are negative: 𝐶𝑖𝑗 < 0 for any 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑁;
(iv) 𝐶 is diagonally dominant:

𝐶𝑖𝑖 >
∑
𝑗≠𝑖
|𝐶𝑖𝑗|, for any 1 ≤ 𝑖 ≤ 𝑁. (27)

Proof.

(i) and (ii) are obvious from the definition (24). The positive definiteness comes from the fact
that if there exists 𝒙 ∈ ℝ𝑁 such that 𝒙𝑇𝐶𝒙 = 0, then the function 𝑢 ∶=

∑𝑁

𝑖=1
𝑥𝑖𝑢𝑖 satisfies

∇𝑢 = 0. The Poincaré inequality in 1,2(ℝ3∖𝐷) implies 𝑢 = 0 in ℝ3∖𝐷, and then 𝑥𝑖 = 0 for
any 1 ≤ 𝑖 ≤ 𝑁 because it holds 𝑥𝑖 = 𝑢(𝑦) for any 𝑦 ∈ 𝜕𝐵𝑖 .

(iii) Themaximumprinciple implies the inequality 0 ≤ 𝑢𝑖(𝑥) ≤ 1. Hence, it is necessary that∇𝑢𝑖 ⋅
𝑛 > 0 on 𝜕𝐵𝑗 with 𝑗 ≠ 𝑖 and ∇𝑢𝑖 ⋅ 𝑛 < 0 on 𝜕𝐵𝑖 . The result follows from Equation (25).

(iv) The solution 𝑢 to the problem (20) is given by 𝑢 =
∑
1≤𝑖≤𝑁 𝑢𝑖 . By the maximum principle,

it holds 0 ≤ 𝑢(𝑥) ≤ 1 in ℝ3∖𝐷, which implies ∇𝑢 ⋅ 𝑛 < 0 on 𝜕𝐷. Therefore, the following
inequality holds for any 1 ≤ 𝑖 ≤ 𝑁:

0 < −∫
𝜕𝐵𝑖

𝜕𝑢

𝜕𝑛
𝑑𝜎 = −

𝑁∑
𝑗=1

∫
𝜕𝐵𝑖

𝜕𝑢𝑗

𝜕𝑛
𝑑𝜎 =

𝑁∑
𝑗=1

𝐶𝑖𝑗 = 𝐶𝑖𝑖 −
∑
𝑗≠𝑖
|𝐶𝑖𝑗|. (28)

■

The positivity and symmetry properties of both matrices 𝐶 and 𝑉 imply the existence of eigen-
values (𝜆𝑖)1≤𝑖≤𝑁 and eigenvectors (𝒂𝑖)1≤𝑖≤𝑁 solving Equation (19). More precisely, we recall the
following classical result55,56 about generalized eigenvalue problems, whose proof is given for the
convenience of the reader.
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Proposition 1. Let 𝐶 and 𝑉 be two 𝑛 × 𝑛 symmetric matrix with 𝑉 definite positive. There exists a
basis of generalized eigenvectors (𝒂𝑖)1≤𝑖≤𝑁 and real eigenvalues (𝜆𝑖)1≤𝑖≤𝑁 such that:

(i) (𝒂𝑖)1≤𝑖≤𝑁 is orthogonal for the inner product of 𝑉:

𝒂𝑇
𝑖
𝑉𝒂𝑗 = 𝛿𝑖𝑗, 1 ≤ 𝑖, 𝑗 ≤ 𝑁, (29)

where 𝑇 denotes the transpose.
(ii) 𝐶𝒂𝑖 = 𝜆𝑖𝑉𝒂𝑖 for any 1 ≤ 𝑖 ≤ 𝑁.
Equivalently, let 𝑃 be the transition matrix

𝑃 ∶=
[
𝒂1 𝒂2 … 𝒂𝑁

]
, (30)

and Λ ∶= diag((𝜆𝑖)1≤𝑖≤𝑁). Then the following identities hold:

𝑃𝑇𝑉𝑃 = 𝐼, 𝑃𝑃𝑇 = 𝑉−1, 𝐶𝑃 = 𝑉𝑃Λ. (31)

Proof. Introduce𝑉1∕2 the unique positive definitematrix satisfying (𝑉1∕2)2 = 𝑉. Let (𝒗𝑖)1≤𝑖≤𝑁 and
(𝜆𝑖)1≤𝑖≤𝑁 be, respectively, an orthonormal basis of eigenvectors and the associated eigenvalues of
the symmetric matrix 𝑉−1∕2𝐶𝑉−1∕2. Then, the family (𝒂𝑖)1≤𝑖≤𝑁 defined by

𝒂𝑖 = 𝑉
−1∕2𝒗𝑖 (32)

satisfies the desired properties. Indeed,

𝒂𝑇
𝑖
𝑉𝒂𝑗 = 𝒗

𝑇
𝑖
𝑉−1∕2𝑉𝑉1∕2𝒗𝑗 = 𝒗

𝑇
𝑖
𝒗𝑗 = 𝛿𝑖𝑗, (33)

and

𝐶𝒂𝑖 = 𝐶𝑉
−1∕2𝒗𝑖 = 𝑉

1∕2(𝜆𝑖𝒗𝑖) = 𝜆𝑖𝑉𝒂𝑖. (34)

■

The diagonally dominant property (iv) of Lemma 1 and the previous proposition imply the
following Perron–Frobenius type theorem:

Proposition 2. The lowest eigenvalue 𝜆1 of 𝐶 of the problem (19) is of multiplicity one and is asso-
ciated to an eigenvector 𝒂1 ≡ (𝑎1,𝑖)1≤𝑖≤𝑁 which can be selected with positive coefficients 𝑎1,𝑖 > 0 for
any 1 ≤ 𝑖 ≤ 𝑁. Furthermore, the following lower bound holds:

𝜆1 ≥ min1≤𝑖≤𝑁 𝐶𝑖𝑖
max1≤𝑖≤𝑁 |𝐵𝑖|

(
1 − sup

1≤𝑖≤𝑁
∑
𝑗≠𝑖

|𝐶𝑖𝑗|
𝐶𝑖𝑖

)
. (35)

Proof. It is classical that the inverse of a diagonally dominant matrix has positive coefficients and
hence implies the Perron–Frobenius theorem.57 We give a full proof for the convenience of the
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reader. Consider the triple norm ||| ⋅ ||| defined on matrices 𝐴 ≡ (𝑎𝑖𝑗)1≤𝑖,𝑗≤𝑁 by

|||𝐴||| = sup
1≤𝑖≤𝑁

𝑁∑
𝑗=1

|𝑎𝑖𝑗|. (36)

||| ⋅ ||| is a triple norm because ||𝐴𝑢||∞ ≤ |||𝐴||| ||𝑢||∞, where ||𝑢||∞ ∶= max1≤𝑖≤𝑁 |𝑢𝑖|. Let us
write 𝐶 = 𝐴 − 𝐵 with𝐴 ∶= diag(𝐶𝑖𝑖)1≤𝑖≤𝑁 being the diagonal entries of 𝐶 and 𝐵 ∶= 𝐴 − 𝐶. From
Lemma 1,𝐴 is positive definite, and 𝐵 is a nonnegative symmetric matrix. Furthermore, the diag-
onally dominant property implies |||𝐴−1𝐵||| < 1. Therefore, the Neumann series converges and
it holds

(𝐴 − 𝐵)−1 = (𝐼 − 𝐴−1𝐵)−1𝐴−1 =

+∞∑
𝑖=0

(𝐴−1𝐵)𝑖𝐴−1. (37)

Then, Equation (37) implies that 𝐶−1 = (𝐴 − 𝐵)−1 has positive coefficients. Since the matrix
𝑉1∕2𝐶−1𝑉1∕2 satisfies the assumptions of the Perron–Frobenius theorem, one can find a posi-
tive eigenvector 𝒗1 associated with the maximum eigenvalue of 𝑉1∕2𝐶−1𝑉1∕2, that is, 𝜆−11 , which
is of multiplicity one (this result can be obtained by considering the method of power iterations to
Equation 37). Then𝒂1 ∶= 𝑉−1∕2𝒗1 has positive coefficients and satisfies𝐶𝒂1 = 𝜆1𝑉𝒂1. The bound
on 𝜆1 comes from

𝜆−11 ≤ |||𝑉1∕2𝐶−1𝑉1∕2||| ≤ |||𝑉1∕2|||2|||(𝐴 − 𝐵)−1||| = max
1≤𝑖≤𝑁 |𝐵𝑖| |||𝐴−1|||

1 − |||𝐴−1𝐵||| . (38)

■

We are unaware of previous works mentioning the result of Proposition 2 for the capacitance
matrix 𝐶. For our applications, we retain the following important consequences:

1. the lowest eigenvalue 𝜆1 of𝐶 is always associated to a fully positive or fully negative distribution
of charges (𝑎1,𝑖)1≤𝑖≤𝑁 on the resonators (𝐵𝑖)1≤𝑖≤𝑁 ; we say 𝒂1 is amonopolemode.

2. If the vector of ones 𝟏 = (1)1≤𝑖≤𝑁 is an eigenvector, then it is necessarily associated to the lowest
eigenvalue 𝜆1 (or in other words, 𝒂1 is proportional to 𝟏).

2.2 Spectral bounds for the lowest eigenvalue of the capacitance
matrix

The purpose of this section is to relate the discrete eigenvalue problem (19) to a natural functional
Riesz minimization problem. The main result of this part is the inequality

1

𝜇1
≤ 𝜆1 ≤ cap(𝐷)|𝐷| , (39)
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where𝜇1 is the leading eigenvalue of theNewtonpotential (seeRef. 58 for further related results on
the spectrum of the Newton potential). The upper and lower bounds are proved in Propositions 4
and 5, respectively.

Proposition 3. Let us denote by  the subspace

 = {𝑢 ∈ 1,2(ℝ3) |∇𝑢 = 0 in 𝐷}. (40)

The smallest eigenvalue 𝜆1 of 𝐶 satisfies the Riesz minimization property

𝜆1 = min
𝑢∈

∫
ℝ3
|∇𝑢|2 𝑑𝑥

∫
𝐷
|𝑢|2 𝑑𝑥 . (41)

Proof. Let us denote by 𝜆 the minimal value of Equation (41) and 𝑢 an associated minimizer. The
existence of 𝑢minimizing Equation (41) is a consequence of the strong convexity of the functional
𝐽(𝑢) = ∫

ℝ3
|∇𝑢|2 𝑑𝑥 on the convex set {𝑢 ∈  | ∫

𝐷
|𝑢|2 𝑑𝑥 ≤ 1}. Furthermore ,𝜆 satisfies that for

any 𝑣 ∈  ,

∫
ℝ3
∇𝑢 ⋅ ∇𝑣 𝑑𝑥 = ∫

ℝ3∖𝐷

∇𝑢 ⋅ ∇𝑣 𝑑𝑥 = 𝜆 ∫
𝐷

𝑢𝑣 𝑑𝑥. (42)

This implies −Δ𝑢 = 0 in ℝ3∖𝐷. Then denoting 𝑥𝑖 ∶= 𝑢|𝐵𝑖 , we obtain the identity
𝑢(𝑥) =

𝑁∑
𝑖=1

𝑥𝑖𝑢𝑖(𝑥), 𝑥 ∈ ℝ3. (43)

Therefore, considering 𝑣 =
∑𝑁

𝑖=1
𝑦𝑖𝑢𝑖(𝑥) for an arbitrary 𝒚 = (𝑦𝑖)1≤𝑖≤𝑁 , Equation (42) rewrites as

𝒚𝑇𝐶𝒙 = 𝜆𝒚𝑇𝑉𝒙 for any 𝒚 ∈ ℝ𝑁, (44)

which yields that 𝜆 is an eigenvalue of𝐶 and𝒙 an associated eigenvector,with 𝜆 ≥ 𝜆1. Reciprocally,
the first eigenvalue 𝜆1 of Equation (19) is the solution to the Riesz minimization problem

𝜆1 = min
𝒙∈ℝ𝑁

𝒙𝑇𝐶𝒙

𝒙𝑇𝑉𝒙
= min
𝒙∈ℝ𝑁

∫
ℝ3

||||∇(∑𝑁

𝑖=1
𝑥𝑖𝑢𝑖

)||||
2

𝑑𝑥

∫
𝐷

|||∑𝑁

𝑖=1
𝑥𝑖𝑢𝑖

|||2 𝑑𝑥 ≥ min
𝑢∈

∫
ℝ3
|∇𝑢|2 𝑑𝑥

∫
𝐷
|𝑢|2 𝑑𝑥 = 𝜆. (45)

This shows that 𝜆 = 𝜆1 and the proof is complete. ■

Proposition 4. For any set of resonators 𝐷 the following inequality holds:

𝜆1 ≤ cap(𝐷)|𝐷| =

∑
1≤𝑖,𝑗≤𝑁 𝐶𝑖𝑗∑𝑁

𝑖=1
|𝐵𝑖| , (46)

where the equality is attained if and only if 𝟏 = (1)1≤𝑖≤𝑁 is an eigenvector of Equation (19).
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Proof. It suffices to remark that

𝜆1 ≤ 𝟏𝑇𝐶𝟏

𝟏𝑇𝑉𝟏
=

∫
ℝ3∖𝐷

|∇𝑢|2 𝑑𝑥
∫
𝐷
|𝑢|2 𝑑𝑥 , (47)

where 𝑢 is the function defined by Equation (20). The result follows from the definition (21) of
the capacity. ■

We now use Equation (41) to obtain a lower bound on 𝜆1 different from Equation (35).

Proposition 5. Let 𝜇1 > 0 be the greatest eigenvalue of the Newtonian potential 𝑇 ∶ 𝐿2(𝐷) →
𝐿2(𝐷) defined by

𝑇𝜙 ∶= ∫
𝐷

Γ(⋅ − 𝑦)𝜙(𝑦) 𝑑𝜎(𝑦), 𝜙 ∈ 𝐿2(𝐷). (48)

Then the minimum eigenvalue 𝜆1 of Equation (19) satisfies

𝜆1 ≥ 1

𝜇1
. (49)

Proof. It is obvious from Equation (41) and  ⊂ 1,2(ℝ3) that 𝜆1 ≥ 𝛽 where 𝛽 is the minimizer to
the Riesz problem

𝛽 ∶= min
𝑣∈1,2(ℝ3)

∫
ℝ3
|∇𝑣|2 𝑑𝑥

∫
𝐷
|𝑣|2 𝑑𝑥 . (50)

It remains to show that 𝛽 ≥ 1∕𝜇1. The Euler–Lagrange equation for the minimizer 𝑤 of Equa-
tion (50) reads in the following variational form:

∀𝑣 ∈ 1,2(ℝ3), ∫
ℝ3
∇𝑤 ⋅ ∇𝑣 𝑑𝑥 = 𝛽 ∫

𝐷

𝑤𝑣 𝑑𝑥. (51)

Hence, such a minimizer 𝑤 is solution to the exterior problem

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Δ𝑤 = 𝛽𝑤 in 𝐷,

Δ𝑤 = 0 in ℝ3∖𝐷,

𝑤+ = 𝑤− on 𝜕𝐷,

𝜕𝑤

𝜕𝑛

||||+ = 𝜕𝑤

𝜕𝑛

||||− on 𝜕𝐷,
𝑤(𝑥) = 𝑂(|𝑥|−1) as |𝑥|→ +∞.

(52)

The function𝑤 ∶= 𝛽𝑇𝑤 satisfies thenΔ𝑤 = 𝛽𝑤 in𝐷 and all the other properties of Equation (52).
Hence, Equation (51) and another integration by parts yield ∫

ℝ3
|∇(𝑤 − 𝑤)|2 𝑑𝑥 = 0. Remember-
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ing that 𝑤 and 𝑤 belong to the space1,2(ℝ3) (they vanish at infinity), we obtain 𝑤 = 𝑤 = 𝛽𝑇𝑤.
Consequently, the quantity 1∕𝛽 is an eigenvalue of the Newtonian potential 𝑇, and it must hold
1∕𝛽 ≤ 𝜇1. ■

2.3 Properties of the capacitance matrix in case of symmetries

We now examine how particular circumstances of symmetries on the distribution of resonators
𝐷 = ∪1≤𝑖≤𝑁𝐵𝑖 reflect on the structure of the capacitance matrix 𝐶 and on its spectral decomposi-
tion. General results are stated for arbitrary distributions of resonators in Section 2.3.1, and for a
rotationally invariant chain of resonators in Section 2.3.2. These are applied in Sections 2.3.3–2.3.6
to characterize conveniently the effective coefficients of the associated capacitance matrix for a
dimer constituted of two symmetrical resonators, a trimer constituted of three symmetrical res-
onators, and for acoustic obstacles arranged at the vertices of a square or of a regular tetrahedron.
Throughout this part,𝔖𝑁 denotes the group of permutations of the set {1, 2, … ,𝑁}.

2.3.1 Invariance properties with respect to arbitrary group of symmetries

Our first proposition establishes that any symmetry of the distribution of resonators𝐷 implies the
commutation of the capacitance matrix with a related permutation matrix.

Proposition 6. Assume that there exists an isometry 𝑆 such that 𝑆𝐷 = 𝐷. Then:

(i) there exists a permutation 𝜎 ∈ 𝔖𝑁 such that

𝑆𝐵𝑖 = 𝐵𝜎(𝑖). (53)

(ii) For any 1 ≤ 𝑖 ≤ 𝑁, the solution 𝑢𝑖 to Equation (17) satisfies
𝑢𝜎(𝑖)◦𝑆 = 𝑢𝑖. (54)

(iii) The coefficients of the capacitance matrix and of the volume matrix 𝑉 satisfy

𝐶𝜎(𝑖)𝜎(𝑗) = 𝐶𝑖𝑗, 𝑉𝜎(𝑖)𝜎(𝑗) = 𝑉𝑖𝑗, ∀1 ≤ 𝑖, 𝑗 ≤ 𝑁. (55)

In other words, 𝐶 and 𝑉 commutes with the permutation matrix 𝑃𝜎 ∶= (𝛿𝜎(𝑖)𝑗)1≤𝑖,𝑗≤𝑁 :

𝑃𝜎𝐶 = 𝐶𝑃𝜎, 𝑃𝜎𝑉 = 𝑉𝑃𝜎. (56)

Proof.

(i) An isometry preserves connected components so such a permutation must exist.
(ii) 𝑢𝜎(𝑖)◦𝑆 satisfies −Δ(𝑢𝜎(𝑖)◦𝑆) = 0 and 𝑢𝜎(𝑖)◦𝑆 = 𝛿𝜎(𝑖)𝜎(𝑗) = 𝛿𝑖𝑗 on 𝜕𝐵𝑗 , hence 𝑢𝜎(𝑖)◦𝑆 = 𝑢𝑖 .
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(iii) By using a change of variables, we obtain

𝐶𝜎(𝑖)𝜎(𝑗) = ∫
ℝ3∖𝐷

∇𝑢𝜎(𝑖) ⋅ ∇𝑢𝜎(𝑗) 𝑑𝜎 = ∫
ℝ3∖𝐷

∇𝑢𝑖 ⋅ ∇𝑢𝑗 𝑑𝜎 = 𝐶𝑖𝑗. (57)

For the matrix 𝑉, it is enough to remark that

𝑉𝜎(𝑖)𝜎(𝑗) = 𝛿𝜎(𝑖)𝜎(𝑗)|𝐵𝜎(𝑖)| = 𝛿𝑖𝑗|𝐵𝑖| = 𝑉𝑖𝑗. (58)

■

The commutation of 𝐶 with the permutation matrix 𝑃𝜎 has several consequences on its coef-
ficients and its spectrum, which can be characterized thanks to the following result from Stuart
and Weaver.59

Proposition 7 (Stuart and Weaver59). Let

𝜎 = (𝑖11𝑖12 … 𝑖1ℎ1)(𝑖21𝑖22 … 𝑖2ℎ2) … (𝑖𝑚1𝑖𝑚2 … 𝑖𝑚ℎ𝑚) (59)

be the decomposition of 𝜎 into products of𝑚 ≥ 1 disjoint cycles. For 1 ≤ 𝑝 ≤ 𝑚, let𝑈𝑝 be the𝑁 × ℎ𝑝
selection matrix

𝑈𝑝 =
[
𝒆𝑖𝑝1 … 𝒆𝑖𝑝ℎ𝑝

]
, (60)

where (𝒆𝑖)1≤𝑖≤𝑁 is the canonical basis ofℝ𝑁 . Since 𝑃𝜎𝐶 = 𝐶𝑃𝜎:

(i) For any 1 ≤ 𝑝 ≤ 𝑚,𝑈𝑇𝑝𝐶𝑈𝑝 is a ℎ𝑝 × ℎ𝑝 circulant matrix of the form

𝑈𝑇𝑝𝐶𝑈𝑝 =

⎡⎢⎢⎢⎢⎢⎣

𝑎0 𝑎1 𝑎2 … … 𝑎ℎ𝑝−1

𝑎ℎ𝑝−1 𝑎0 𝑎1 … … 𝑎ℎ𝑝−2

⋮ ⋮ ⋮ ⋮

𝑎1 𝑎2 𝑎3 … 𝑎ℎ𝑝−1 𝑎0

⎤⎥⎥⎥⎥⎥⎦
. (61)

(ii) For any 1 ≤ 𝑝, 𝑞 ≤ 𝑚 with 𝑝 ≠ 𝑞, let 𝑔 = gcd(ℎ𝑝, ℎ𝑞). 𝑈𝑇𝑝𝐶𝑈𝑞 is a ℎ𝑝 × ℎ𝑞 matrix of the form
𝑔 × 𝑔 circulant matrix copied ℎ𝑝∕𝑔 × ℎ𝑞∕𝑔 times.

(iii) Since 𝐶 = 𝐶𝑇 , it additionally holds, for each block:

𝑎𝑖 = 𝑎ℎ𝑝−𝑖 for any 1 ≤ 𝑖 ≤ ℎ𝑝, and 𝑈𝑇𝑞 𝐶𝑈𝑝 =
(
𝑈𝑇𝑝𝐶𝑈𝑞

)𝑇
for 𝑝 ≠ 𝑞. (63)

Let us recall that the eigenvalues of 𝑃𝜎 are the ℎ𝑝 roots of the unity

sp(𝑃𝜎) =
⋃

1≤𝑗≤𝑚

{
1, 𝜔ℎ𝑗 , … , 𝜔

ℎ𝑗−1

ℎ𝑗

}
, (64)
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where 𝜔ℎ𝑗 ∶= e
2i𝜋

ℎ𝑗 . The associated eigenvectors are

𝑈𝑗

⎛⎜⎜⎜⎜⎜⎜⎝

1

𝜔
𝑝

ℎ𝑗

⋮

𝜔
𝑝(ℎ𝑗−1)

ℎ𝑗

⎞⎟⎟⎟⎟⎟⎟⎠
𝑈𝑇
𝑗

for 0 ≤ 𝑝 ≤ ℎ𝑗 − 1, 1 ≤ 𝑗 ≤ 𝑚. (65)

We emphasize that 𝑃𝜎 may admit multiple eigenvalues as recalled in the following remark.

Remark 1.

(i) The integer 1 is always an eigenvalue of 𝑃𝜎 withmultiplicity the number of cycles𝑚 occurring
in the decomposition (59): a basis of eigenvectors is (𝑈𝑗𝟏𝑈𝑇𝑗 )1≤𝑗≤𝑚 where 𝟏 = (1)1≤𝑖≤ℎ𝑚 .

(ii) An eigenvalue 𝜔𝑝
ℎ𝑗
with 0 < 𝑝 ≤ ℎ𝑗 − 1 and 1 ≤ 𝑗 ≤ 𝑚 is multiple if and only if there exists

another cycle such that gcd(ℎ𝑚, ℎ𝑙) ≠ 1 and 𝑝 = 𝑛ℎ𝑚∕ gcd(ℎ𝑚, ℎ𝑙) for an integer 1 ≤ 𝑛 <
gcd(ℎ𝑚, ℎ𝑙).

It is well-known that matrices which commute share the same invariant subspaces.55,60 The
identity 𝑃𝜎𝐶 = 𝐶𝑃𝜎 implies the following constraints for the spectral decomposition of 𝐶.

Proposition 8.

(i) Denote by 𝛼1, … , 𝛼𝑚 the distinct eigenvalues of 𝑃𝜎 with multiplicities 𝑛1, … , 𝑛𝑚 and 𝐸1 ⊕⋯⊕

𝐸𝑚 the associated eigenspace decomposition. There exists a basis adapted to this decomposition
in which 𝐶 is block diagonal on each space 𝐸𝑖 , 1 ≤ 𝑖 ≤ 𝑚.

(ii) If 𝒂𝑖 is an eigenvector of Equation (19) for 1 ≤ 𝑖 ≤ 𝑁, then the vector 𝑃𝜎𝒂𝑖 is also an eigenvector
of Equation (19) associated to the same eigenvalue 𝜆𝑖 .

(iii) In particular, the first eigenvector 𝒂1 associated to the simple eigenvalue 𝜆1 satisfies 𝑃𝜎𝒂1 = 𝒂1.

Proof.

(i) is a direct consequence of the commutation property 𝑃𝜎𝐶 = 𝐶𝑃𝜎.
(ii) If 𝐶𝒂𝑖 = 𝜆𝑖𝒂𝑖 , then 𝐶𝑃𝜎𝒂𝑖 = 𝑃𝜎𝐶𝒂𝑖 = 𝜆𝑖𝑃𝜎𝒂𝑖 .
(iii) is obtained by using (ii) and the fact that the first eigenvalue 𝜆1 is simple.

■

Remark 2. The same result holds for the generalized eigenvalue problem (19).

The previous result yields a simple sufficient condition to obtain that the vector of ones is an
eigenvector of 𝐶.
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F IGURE 2 Chains of, respectively (three-dimensional), six and seven spherical resonators rotationally
invariant around the axis 𝒆3. The rotational symmetry entails the invariance of the geometry by the permutation
group generated by the 𝑁-cycle 𝜎 = (0…𝑁 − 1). The alternate colors visible in Figure 2A with 𝑁 = 6 illustrates
the fact that the sign changing vector ((−1)𝑖)1≤𝑖≤𝑁 is an eigenvector of the capacitance matrix 𝐶 when 𝑁 is even

Corollary 1. If for any resonator 𝐵𝑖 with 1 ≤ 𝑖 ≤ 𝑁, there is an isometry 𝑆 such that 𝑆𝐷 = 𝐷 and
𝑆𝐵1 = 𝐵𝑖 , then the eigenvector𝒂1 associated to the smallest eigenvalue 𝜆1 is proportional to the vector
of ones 𝟏 = (1)1≤𝑖≤𝑁 .

Proof. The assumption implies that for any 1 ≤ 𝑖 ≤ 𝑁, one can find a permutation 𝜎 such that
𝜎(1) = 𝑖 and 𝑃𝜎𝐶 = 𝐶𝑃𝜎. The previous proposition states that 𝑃𝜎𝒂1 = 𝒂1, which implies

𝑎1,1 = 𝑎1,𝜎(1) = 𝑎1,𝑖 . (66)

Consequently, 𝒂1 = 𝑎1,1𝟏 and the result is obtained. ■

The next subsections apply the above results to characterize the spectral decomposition of the
capacitance matrix for particular systems of resonators.

2.3.2 A general chain of 𝑁 resonators with rotational symmetry

In what follows, we examine the case where 𝐷 = ∪𝑁
𝑖=1
𝑅𝑖𝐵 is invariant by the rotation 𝑅 of angle

2𝜋∕𝑁 around the one-dimensional axis 𝒆3, which yields the invariance by the permutation group
generated by the 𝑁 cycle

𝜎 =
(
0 … 𝑁 − 1

)
. (67)

An occurrence of such set of resonator 𝐷 is illustrated on the schematic of Figure 2.
Propositions 7 and 8 together imply the following result.

Proposition 9. Assume that the set of resonator is rotationally invariant, in the sense that Proposi-
tion 6 holds with the cyclic permutation 𝜎 given by

𝜎 =
(
0 … 𝑁 − 1

)
. (68)

Then,
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(i) 𝐶 is an𝑁 ×𝑁 circulant matrix of the form

𝐶 =

⎡⎢⎢⎢⎢⎢⎣

𝑎0 𝑎1 𝑎2 … … 𝑎𝑁−1

𝑎𝑁−1 𝑎0 𝑎1 … … 𝑎ℎ𝑝−2

⋮ ⋮ ⋮ ⋮

𝑎1 𝑎2 𝑎3 … 𝑎𝑁−1 𝑎0

⎤⎥⎥⎥⎥⎥⎦
, (69)

with 𝑎𝑖 = 𝑎𝑁−𝑖 for any 0 ≤ 𝑖 < 𝑁.
(ii) The spectrum of 𝐶 is given by

sp(𝐶) =

{ ⋃
0≤𝑝≤𝑁−1

𝑁−1∑
𝑖=0

𝑎𝑖𝜔
𝑝𝑖

}
, (70)

where 𝜔 = exp(2i𝜋∕𝑁) with respective eigenvectors (𝜔𝑝𝑖)1≤𝑖≤𝑁 for 0 ≤ 𝑝 ≤ 𝑁 − 1.
Moreover, if𝑁 is even, this can be rewritten as the following set of real eigenvalues

sp(𝐶) =

{
𝑁−1∑
𝑖=0

𝑎𝑖

}
∪

{
𝑁−1∑
𝑖=0

(−1)𝑖𝑎𝑖

}
∪

{
𝑎0 + (−1)

𝑝𝑎𝑁∕2 +

𝑁∕2−1∑
𝑖=1

2 cos

(
2𝑖𝑝𝜋

𝑁

)
𝑎𝑖, 0 < 𝑝 <

𝑁

2

}
,

(71)
with respective eigenvectors

𝟏 = (1)1≤𝑖≤𝑁, ((−1)𝑖)1≤𝑖≤𝑁,
{
(cos(2𝑖𝑝𝜋∕𝑁))1≤𝑖≤𝑁, (sin(2𝑖𝑝𝜋∕𝑁))1≤𝑖≤𝑁 0 < 𝑝 <

𝑁

2

}
,

(72)
while if𝑁 is odd, the spectrum of 𝐶 reads instead

sp(𝐶) =

{
𝑁−1∑
𝑖=0

𝑎𝑖

}
∪

⎧⎪⎨⎪⎩𝑎0 +
(𝑁−1)∕2∑
𝑖=1

2 cos

(
2𝑖𝑝𝜋

𝑁

)
𝑎𝑖, 1 ≤ 𝑝 ≤ 𝑁 − 1

2

⎫⎪⎬⎪⎭, (73)

with respective eigenvectors

𝟏 = (1)1≤𝑖≤𝑁,
{(

cos

(
2𝑖𝑝𝜋

𝑁

))
1≤𝑖≤𝑁

,

(
sin

(
2𝑖𝑝𝜋

𝑁

))
1≤𝑖≤𝑁

1 ≤ 𝑝 ≤ 𝑁 − 1

2

}
. (74)

Proof. See Ref. 59. The rewriting for 𝑁 even is obtained by using 𝑎𝑖 = 𝑎𝑁−𝑖 for 0 ≤ 𝑖 ≤ 𝑁. ■

Corollary 2. In particular, for any set 𝐷 of𝑁 resonators having a rotational invariance symmetry,
the vector 𝟏 = (1)1≤𝑖≤𝑁 is an eigenvector for the general eigenvalue problem (19) associated with the
eigenvalue 𝜆1 = cap(𝐷)∕|𝐷|.
Sections 2.3.3–2.3.5 apply this result explicitly for the particular cases 𝑁 = 2, 3, 4.
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F IGURE 3 A dimer made of two symmetrical resonators. The alternate color emphasize the occurrence of
the dipole mode [−11]𝑇

F IGURE 4 A trimer made of three resonators rotationally invariant around the axis 𝒆3

2.3.3 Example 1: the dimer

The structure of the capacitance matrix for a dimer made of two identical spheres (Figure 3) has
already been obtained in Ref. 61. Proposition 9 enables to retrieve very quickly this result even in
the case where the resonators are not necessary spherical but only symmetrical. It states that the
matrix 𝐶 has the form

𝐶 =

[
𝑎 −𝑏

−𝑏 𝑎

]
(75)

for two positive constants 𝑎 > 𝑏 > 0. The distinct eigenvalues of 𝐶 are

𝑎 − 𝑏, 𝑎 + 𝑏, (76)

with associated eigenvectors [
1

1

]
,

[
1

−1

]
, (77)

corresponding, respectively, to monopole and dipole modes.

2.3.4 Example 2: the trimer

If𝐷 is a trimer constituted of three rotationally invariant, not necessary spherical resonators (illus-
trated in Figure 4), the result of Proposition 9 states that there exists 𝑎, 𝑏 > 0 such that 𝐶 has the
form

𝐶 =

⎡⎢⎢⎢⎣
𝑎 −𝑏 −𝑏

−𝑏 𝑎 −𝑏

−𝑏 −𝑏 𝑎

⎤⎥⎥⎥⎦ . (78)
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F IGURE 5 A quadrimer constituted of four resonators rotationally invariant around the axis 𝒆3. The
alternate colors emphasize the existence of the mode [1 − 1 1 − 1]𝑇

The eigenvalues are

𝑎 − 2𝑏, 𝑎 + 𝑏 (79)

with respective multiplicities 1 and 2, and associated eigenvectors

⎡⎢⎢⎢⎣
1

1

1

⎤⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎣
1

−
1

2

−
1

2

⎤⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎣
0

1

−1

⎤⎥⎥⎥⎦ . (80)

2.3.5 Example 3: the quadrimer

If𝐷 is a quadrimer, that is, four resonators rotationally invariant located at the vertices of a square
(illustrated in Figure 5), not necessary with spherical shapes, the result of Proposition 9 states that
there exist three effective coefficients 𝑎, 𝑏, 𝑐 > 0 such that 𝐶 has the form

𝐶 =

⎡⎢⎢⎢⎢⎢⎣

𝑎 −𝑏 −𝑐 −𝑏

−𝑏 𝑎 −𝑏 −𝑐

−𝑐 −𝑏 𝑎 −𝑏

−𝑏 −𝑐 −𝑏 𝑎

⎤⎥⎥⎥⎥⎥⎦
. (81)

The eigenvalues are

𝑎 − 2𝑏 − 𝑐, 𝑎 + 2𝑏 − 𝑐, 𝑎 + 𝑐, (82)

where the last one is double, with respective eigenvectors

⎡⎢⎢⎢⎢⎢⎣

1

1

1

1

⎤⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎣

1

−1

1

−1

⎤⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎣

1

0

−1

0

⎤⎥⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎢⎣

0

1

0

−1

⎤⎥⎥⎥⎥⎥⎦
. (83)
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F IGURE 6 A set of four identical resonators arranged at the vertices of a regular tetrahedron

2.3.6 Example 4: identical spheres arranged at the vertices of a regular
tetrahedron

We finally consider the case where 𝐷 is made of four identical spheres arranged at the vertices
of a regular tetrahedron (illustrated in Figure 6). The symmetries on the middle axes entail the
invariance by any transposition, hence 𝐶 commutes with the matrix 𝑃𝜎 for any permutation 𝜎 ∈
𝔖4. This implies the existence of two effective coefficients 𝑎, 𝑏 > 0 such that 𝐶 has the form

𝐶 =

⎡⎢⎢⎢⎢⎢⎣

𝑎 −𝑏 −𝑏 −𝑏

−𝑏 𝑎 −𝑏 −𝑏

−𝑏 −𝑏 𝑎 −𝑏

−𝑏 −𝑏 −𝑏 𝑎

⎤⎥⎥⎥⎥⎥⎦
. (84)

The eigenvalues are

𝑎 − 3𝑏, 𝑎 + 𝑏, (85)

where 𝑎 + 𝑏 is a triple eigenvalue, with the same respective eigenvectors given by Equation (83).

2.4 The vector of ones is generically not an eigenvector

We finally close this section devoted to the capacitancematrix by establishing a resultwhich shows
that, for generic domains, the vector of ones 𝟏 = (1)1≤𝑖≤𝑁 is in general not an eigenvector for
the problem (19), at least for a set of 𝑁 ≥ 3 resonators. As we see in the next sections, this has
several consequences for the resonant system (5), one of them being that a system of𝑁 resonators
behaves in general as a monopole scatterer in the far field near any of the resonant frequencies
(𝜔±
𝑖
(𝛿))1≤𝑖≤𝑁 (see Proposition 27). We conjecture that the result remains true for𝑁 = 2, although

our arguments are not sufficient to be conclusive in this case.
Our result is precisely formulated in Corollary 11; it states that if 𝑁 ≥ 3 and if the vector of

ones 𝟏 = (1)1≤𝑖≤𝑁 is an eigenvector of Equation (19), thenmost of the deformation (𝐼 + 𝜽)𝐷 of the
shape of the resonators 𝐷 by a small vector field 𝜽 ∈ 𝑊1,∞(ℝ3,ℝ3) do not satisfy this property.
Throughout this section,𝑊1,∞(ℝ3,ℝ3) is the Sobolev space

𝑊1,∞(ℝ3,ℝ3) ∶= {𝜽 | 𝜽 ∈ 𝐿∞(ℝ3,ℝ3) and ∇𝜽 ∈ 𝐿∞(ℝ3,ℝ3×3)}. (86)
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We assume throughout this section that 𝐷 is a smooth domain of class at least 2 which is
such that 𝟏 is an eigenvector of Equation (19). For any small vector field 𝜽 ∈ 𝑊1,∞(ℝ3,ℝ3), we
consider (𝐵𝑖,𝜽)1≤𝑖≤𝑁 ∶= ((𝐼 + 𝜽)𝐵𝑖)1≤𝑖≤𝑁 the deformed acoustic obstacles and𝐷𝜽 ∶= (𝐼 + 𝜽)𝐷 the
deformed domain obtained by moving the points of 𝜕𝐷 according to the vector field 𝜽. We denote
by𝐶(𝜽) and𝑉(𝜽) the associated capacitance and volumematrices (obtained by substituting𝐷with
𝐷𝜽 in the definitions (16)–(18)), and we consider the generalized eigenvalue problem of finding
(𝒂𝑖(𝜽))1≤𝑖≤𝑁 and 0 < 𝜆1(𝜽) < 𝜆2(𝜽) ≤ … ≤ 𝜆𝑁(𝜽) such that

𝐶(𝜽)𝒂𝑖(𝜽) = 𝜆𝑖(𝜽)𝑉(𝜽)𝒂𝑖(𝜽), 1 ≤ 𝑖 ≤ 𝑁. (87)

Since the first eigenvalue 𝜆1 is simple and 𝜽 ↦ 𝐶(𝜽) and 𝜽 ↦ 𝑉(𝜽) are continuous, it is possible
to choose𝒂1(𝜽) such that the function 𝜽 ↦ 𝒂1(𝜽) is continuous (in fact, smooth) and𝒂1(0) = 𝒂1.62
Assuming 𝒂1 is proportional to the vector of ones, that is,

𝒂1 ≡ 𝒂1(0) = |𝐷|−1∕2𝟏 and 𝜆1 ≡ 𝜆1(0) = cap(𝐷)∕|𝐷|, (88)

our strategy is to compute the Fréchet derivative 𝒂′1 ∶ 𝑊
1,∞(ℝ3,ℝ3) → ℝ𝑁 at 𝜽 = 0 and to char-

acterize the vector fields 𝜽 ∈ 𝑊1,∞(ℝ3,ℝ3) for which 𝒂′1(𝜽) ≠ 0. Since the first variation of 𝒂1(𝜽)
is not zero while 𝒂1(0) = 𝟏, this is enough to obtain that the vector of ones 𝟏 is not an eigenvector
of Equation (87) associated to the perturbed set of resonators 𝐷𝜽 .
Our analysis heavily relies on shape differential calculus; the reader is referred to the

textbooks63-65 for a detailed introduction to this topic.

Proposition 10. The first-order asymptotics of 𝜆1(𝜽) and 𝒂1(𝜽) as 𝜽 → 0 are given by

𝜆1(𝜽) =
cap(𝐷)|𝐷| +

1|𝐷| ∫𝜕𝐷
[||||𝜕𝑢𝜕𝑛 ||||

2

−
cap(𝐷)|𝐷|

]
𝜽 ⋅ 𝑛 𝑑𝜎 + 𝑜(𝜽)𝑊1,∞(ℝ3,ℝ3), (89)

𝒂1(𝜽) = 𝒂1 +
∑
𝑖>1

𝑁∑
𝑗=1

1

𝜆1 − 𝜆𝑖

𝒂𝑇
𝑖
𝒆𝑗

|𝐷| 12
[
∫
𝜕𝐷

[
𝜕𝑢𝑗

𝜕𝑛

𝜕𝑢

𝜕𝑛
−
cap(𝐷)|𝐷| 1𝜕𝐵𝑗

]
𝜽 ⋅ 𝑛 𝑑𝜎

]
𝒂𝑖 + 𝑜(𝜽)𝑊1,∞(ℝ3,ℝ3),

(90)
where we recall the definitions (17) and (20) of the functions (𝑢𝑖)1≤𝑖≤𝑁 and 𝑢.

Proof. We may assume without loss of generality that 𝒂1(𝜽) is a unit vector with respect to the
inner product 𝑉:

𝒂1(𝜽)
𝑇𝑉(𝜽)𝒂1(𝜽) = 1. (91)

Using standard shape differential calculus, see, for example, Refs. 63, 65, we find that the matrix
𝑉(𝜽) is differentiable and that the Fréchet derivative of its coefficients at 𝜽 = 0 is given by

𝑉′
𝑖𝑗
(𝜽) = 𝛿𝑖𝑗 ∫

𝜕𝐵𝑖

𝜽 ⋅ 𝑛 𝑑𝜎. (92)
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We then sketch the computation of the Fréchet derivative of the capacitance coefficients
(𝐶′
𝑖𝑗
(𝜽))1≤𝑖,𝑗≤𝑁 . Differentiating the identity 𝐶𝑖𝑗 = ∫

ℝ3∖𝐷
∇𝑢𝑖 ⋅ ∇𝑢𝑗 𝑑𝑥 (Equation 24), we find

𝐶′
𝑖𝑗
(𝜽) = ∫

ℝ3∖𝐷

(div(𝜽)𝐼 − ∇𝜽 − ∇𝜽𝑇)∇𝑢𝑖 ⋅ ∇𝑢𝑗 𝑑𝑥 + ∫
ℝ3∖𝐷

(∇𝑢′
𝑖
(𝜽) ⋅ ∇𝑢𝑗 + ∇𝑢𝑖 ⋅ ∇𝑢

′
𝑗
(𝜽)) 𝑑𝑥,

(93)
where 𝑢′

𝑖
(𝜽) and 𝑢′

𝑗
(𝜽) are the Lagrangian shape derivatives of 𝑢𝑖 and 𝑢𝑗 . Since these derivatives

satisfy 𝑢′
𝑖
(𝜽) = 0 and 𝑢′

𝑗
(𝜽) = 0 on 𝜕𝐷, Equation (23) implies that the second integral vanishes,

and we obtain after an integration by parts:

𝐶′
𝑖𝑗
(𝜽) = −∫

𝜕𝐷

(
∇𝑢𝑖 ⋅ ∇𝑢𝑗 − 2

𝜕𝑢𝑖
𝜕𝑛

𝜕𝑢𝑗

𝜕𝑛

)
𝜽 ⋅ 𝑛 𝑑𝜎 = ∫

𝜕𝐷

𝜕𝑢𝑖
𝜕𝑛

𝜕𝑢𝑗

𝜕𝑛
𝜽 ⋅ 𝑛 𝑑𝜎. (94)

Differentiating now (87) and (91) with respect to 𝜽, we obtain

(𝐶 − 𝜆1𝑉)𝒂
′
1(𝜽) = 𝜆′1(𝜽)𝑉𝒂1 − (𝐶

′(𝜽) − 𝜆1𝑉
′(𝜽))𝒂1

2𝒂′1(𝜽)
𝑇𝑉𝒂1 = −𝒂𝑇1𝑉

′(𝜽)𝒂1.
(95)

We compute 𝜆′1(𝜽): differentiating the identity 𝜆1(𝜽) = 𝒂1(𝜽)
𝑇𝐶(𝜽)𝒂1(𝜽), we find

𝜆′1(𝜽) = 2𝒂′1(𝜽)
𝑇𝐶𝒂1 + 𝒂

𝑇
1𝐶

′(𝜽)𝒂1 = 2𝜆1𝒂
′
1(𝜽)

𝑇𝑉𝒂1 + 𝒂
𝑇
1𝐶

′(𝜽)𝒂1

= 𝒂𝑇1 (𝐶
′(𝜽) − 𝜆1𝑉

′(𝜽))𝒂1.
(96)

Then, inverting Equation (95) yields

𝒂′1(𝜽) =
∑
𝑖>1

1

𝜆1−𝜆𝑖

[
𝒂𝑇
𝑖
(𝐼 − 𝑉𝒂1𝒂

𝑇
1 )(𝐶

′ − 𝜆1𝑉
′)𝒂1

]
𝒂𝑖

=
∑
𝑖>1

1

𝜆1−𝜆𝑖

[
𝒂𝑇
𝑖
(𝐶′ − 𝜆1𝑉

′)𝒂1
]
𝒂𝑖.

(97)

The identities (89) and (90) follow by substituting the values of 𝐶′
𝑖𝑗
(𝜽) and 𝑉′

𝑖𝑗
(𝜽) into (96) and

(97). ■

We deduce the existence of a dense set of shape perturbations which cancel the property of 𝟏
being an eigenvector of Equation (19).

Proposition 11.

(i) If 𝒂1 = |𝐷|−1∕2𝟏 is an eigenvector of Equation (19), then 𝒂′1(𝜽) = 0 if and only if
∫
𝜕𝐷

(𝑓1 − 𝑓𝑖)𝜽 ⋅ 𝑛 𝑑𝜎 = 0 for any 1 < 𝑖 ≤ 𝑁, (98)

where (𝑓𝑖)1≤𝑖≤𝑁 are the functions defined by

𝑓𝑖 ∶=
𝜕𝑢𝑖
𝜕𝑛

𝜕𝑢

𝜕𝑛
− 𝜆11𝜕𝐵𝑖 . (99)
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(ii) If 𝑁 > 2, then none of the functions 𝑓1 − 𝑓𝑖 vanishes identically on 𝜕𝐷 and the set of deforma-
tions 𝜽 which do not fulfill the condition (98) form a dense subset of𝑊1,∞(ℝ3,ℝ3).

Proof.

1. Let 𝒗(𝜽) = (𝑣𝑖(𝜽))1≤𝑖≤𝑁 be the vector defined by

𝑣𝑖(𝜽) ∶= ∫
𝜕𝐷

𝑓𝑖𝜽 ⋅ 𝑛 𝑑𝜎, 1 ≤ 𝑖 ≤ 𝑁. (100)

FromEquation (97) and the fact that the vectors (𝒂𝑖)1≤𝑖≤𝑁 formanorthonormal basis,𝒂′1(𝜽) = 0
is equivalent to

𝒂𝑇
𝑖
𝒗(𝜽) = 0 for any 1 < 𝑖 ≤ 𝑁, (101)

that is, 𝒗(𝜽)must be proportional to the vector 𝒂1 = |𝐷|−1∕2𝟏. Therefore, 𝒂′1(𝜽) = 0 if and only
if 𝑣1(𝜽) − 𝑣𝑖(𝜽) = 0 for any 1 < 𝑖 ≤ 𝑁 which is equivalent to Equation (98).
(ii) It is sufficient to prove that at least one of the linear forms of Equation (98) is not zero to

obtain that all deformations 𝜽 do not fulfill Equation (98) up to a finite-dimensional subset.
We prove that it is not possible that 𝑓1 − 𝑓𝑖 = 0 on 𝜕𝐷 for any 1 < 𝑖 ≤ 𝑁. If it is the case
and assuming 𝑁 > 2, then it must hold

𝜕(𝑢1 − 𝑢𝑖)

𝜕𝑛

𝜕𝑢

𝜕𝑛
= 0 on 𝜕𝐵𝑙 (102)

for any 𝑙 ∉ {1, 𝑖}. Since 𝜕𝑢

𝜕𝑛
< 0 on 𝜕𝐵𝑙, the function 𝑤 ∶= 𝑢1 − 𝑢𝑖 satisfies the overde-

termined relations 𝜕𝑤

𝜕𝑛
= 0 on 𝜕𝐵𝑙 and 𝑤 = 0 in 𝜕𝐵𝑙. However, recalling that 𝑤 can be

expressed as a single-layer potential:

𝑤 = 𝐷[𝜙] with 𝜙 = (−1𝐷 )
[1𝜕𝐵1 − 1𝜕𝐵𝑖 ], (103)

the jump relation for the normal derivative of 𝐷[𝜙] yields

𝜙 =

[[
𝜕𝑤

𝜕𝑛

]]
∶=

𝜕𝑤

𝜕𝑛

||||+ − 𝜕𝑤

𝜕𝑛

||||− = 0 on 𝜕𝐵𝑙. (104)

Therefore, the representation (103) of𝑤 as a single-layer potential implies that𝑤 is smooth
in the vicinity of 𝜕𝐵𝑙. Consequently, 𝑤 is harmonic in ℝ3∖(𝐵1 ∪ 𝐵𝑖) and satisfies 𝑤 = 0 on
𝐵𝑙. By the unique continuation principle (see, e.g., Ref. 66, 67), we obtain that 𝑤 vanishes
identically in ℝ3∖(𝐵1 ∪ 𝐵𝑖), which contradicts 𝑤 = 1 on 𝜕𝐵1.

■

Remark 3. The above proof does not allow to obtain a version of this result for the case 𝑁 = 2.
However, we may conjecture that the equality 𝑓1 = 𝑓2 occurs only for exceptional shapes even if
𝑁 = 2, which would lead to the same conclusions.
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3 ASYMPTOTIC ANALYSIS OF THE SCATTERING RESONANCES

We now turn to the analysis of the subwavelength resonances of the scattering problem (5). Fol-
lowing Refs. 35, 39, the solution 𝑢tot can be represented as single-layer potentials in 𝐷 and ℝ3∖𝐷:

𝑢tot(𝑥) =

⎧⎪⎨⎪⎩
𝑘𝑏𝐷 [𝜙](𝑥) if 𝑥 ∈ 𝐷,

𝑢in(𝑥) + 𝑘𝐷[𝜓](𝑥) if 𝑥 ∈ ℝ3∖𝐷,
(105)

where the functions (𝜙, 𝜓) ∈ 𝐿2(𝜕𝐷) × 𝐿2(𝜕𝐷) solve the integral equation

(𝜔, 𝛿)
[
𝜙

𝜓

]
=

[
𝑢in

𝛿
𝜕𝑢in

𝜕𝑛

]
, (106)

with the operator(𝜔, 𝛿) being given by

(𝜔, 𝛿) =
⎡⎢⎢⎣

𝑘𝑏𝐷 −𝑘𝐷
−
1

2
𝐼 +𝑘𝑏∗

𝐷 −𝛿
(
1

2
𝐼 +𝑘∗

𝐷

)⎤⎥⎥⎦ . (107)

Due to the Sommerfeld radiation condition, the problem (106) can be shown to admit a unique
solution for any real frequency provided the wave number 𝑘 = 𝜔∕𝑣 is not a Dirichlet eigenvalue
of the domain 𝐷.68 This assumption is naturally satisfied in the regime 𝜔 → 0.
In this section, we solve explicitly the integral formulation (106) by computing the inverse

of the holomorphic operator (𝜔, 𝛿). This allows us to characterize the Minnaert resonances
(𝜔±
𝑖
(𝛿))1≤𝑖≤𝑁 as the poles of the meromorphic operator 𝜔 ↦ (𝜔, 𝛿)−1, and to compute full

asymptotic expansions as 𝛿 → 0. Our analysis outlines as follows. We show in Section 3.1 that the
invertibility of(𝜔, 𝛿) reduces to the one of a complex𝑁 ×𝑁 Schur complement matrix 𝐴(𝜔, 𝛿),
which is holomorphic in 𝜔 and 𝛿. We provide an explicit formula for the inverse of (𝜔, 𝛿) and
we obtain the decomposition (6). The scattering resonances 𝜔±

𝑖
(𝛿) can consequently also be char-

acterized as the solutions to the nonlinear eigenvalue problem

𝐴(𝜔, 𝛿)𝒙 = 0. (108)

After computing the asymptotic expansion of 𝐴(𝜔, 𝛿) at the order 𝑂((𝜔2 + 𝛿)2) in Section 3.2, we
find that the nonlinear eigenvalue problem (108) is a perturbation of the generalized, linear eigen-
value problem (19). Finally, Section 3.3 applies the implicit function theorem to Equation (108),
which yields the Puiseux expansion (9) of the resonance (𝜔±

𝑖
(𝛿)) under a simplicity assumption

on the eigenvalues of the capacitance matrix 𝐶.
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3.1 Explicit inversion of the scattering operator

To compute the inverse of(𝜔, 𝛿), we solve the following linear system (106) which reads explic-
itly

⎧⎪⎨⎪⎩
𝑘𝑏𝐷 [𝜙] − 𝑘𝐷[𝜓] = 𝑢in,(

−
1

2
𝐼 +𝑘𝑏∗

𝐷

)
[𝜙] − 𝛿

(
1

2
𝐼 +𝑘∗

𝐷

)
[𝜓] = 𝛿

𝜕𝑢in
𝜕𝑛

.
(109)

Reducing (109) to a single equation by using the invertibility of 𝑘𝐷 (as in Refs. 39, 46), we are left
with

⎧⎪⎨⎪⎩
𝜓 = (𝑘𝐷)−1𝑘𝑏𝐷 [𝜙] − (𝑘𝐷)−1[𝑢in],(

−
1

2
𝐼 +𝑘𝑏∗

𝐷 − 𝛿

(
1

2
𝐼 +𝑘∗

𝐷

)(𝑘𝐷)−1𝑘𝑏𝐷 )[𝜙] = 𝛿𝜕𝑢in𝜕𝑛 − 𝛿

(
1

2
𝐼 +𝑘∗

𝐷

)(𝑘𝐷)−1[𝑢in]. (110)

Thus, the invertibility of(𝜔, 𝛿) is equivalent to that of the operator

(𝜔, 𝛿) ∶= −1
2
𝐼 +𝑘𝑏∗

𝐷 − 𝛿

(
1

2
𝐼 +𝑘∗

𝐷

)(𝑘𝐷)−1𝑘𝑏𝐷 . (111)

The operator (𝜔, 𝛿) is holomorphic in the variables 𝜔 and 𝛿. Indeed, we recall the following
classical expansions of the potential (see, e.g., Refs. 29, 68).

Proposition 12. The following expansions hold for the single-layer potential and the Neumann–
Poincaré operator as 𝑘 = 𝜔∕𝑣 → 0:

𝑘𝐷 =
+∞∑
𝑝=0

𝑘𝑝𝐷,𝑝 = 𝐷 + 𝑘𝐷,1 + 𝑘2𝐷,2 +⋯ , (112)

𝑘∗
𝐷 =

+∞∑
𝑝=0

𝑘𝑝∗
𝐷,𝑝 = ∗

𝐷 + 𝑘
2∗

𝐷,2 + 𝑘
3∗

𝐷,3 +⋯ , (113)

where the series converges in operator norms, and where the operators 𝐷,𝑝 and∗
𝐷,𝑝 are defined by

𝐷,𝑝[𝜙] ∶= − i𝑝

4𝜋𝑝! ∫𝜕𝐷 |𝑥 − 𝑦|𝑝−1𝜙(𝑦) 𝑑𝜎(𝑦), 𝜙 ∈ 𝐿2(𝜕𝐷), 𝑝 ∈ ℕ, (114)

∗
𝐷,𝑝[𝜙] ∶= −

i𝑝

4𝜋𝑝! ∫𝜕𝐷 𝒏(𝑥) ⋅ ∇𝑥|𝑥 − 𝑦|𝑝−1𝜙(𝑦) 𝑑𝜎(𝑦), 𝜙 ∈ 𝐿2(𝜕𝐷), 𝑝 ∈ ℕ. (115)

Furthermore, we have the identities for any 𝜙 ∈ 𝐿2(𝜕𝐷):

(i) Δ𝐷,0[𝜙] = Δ𝐷,1[𝜙] = 0 and Δ𝐷,𝑝[𝜙] = −𝐷,𝑝−2[𝜙] for any 𝑝 ≥ 2,
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(ii) ∗
𝐷,𝑝[𝜙](𝑥) = 𝑛(𝑥) ⋅ ∇𝑥𝐷,𝑝[𝜙] for 𝑝 ≥ 1, and

∫
𝜕𝐵𝑖

∗
𝐷[𝜙] 𝑑𝜎 =

1

2 ∫𝜕𝐵𝑖 𝜙 𝑑𝜎 and ∫
𝜕𝐵𝑖

∗
𝐷,𝑝[𝜙] 𝑑𝜎 = −∫

𝐵𝑖

𝐷,𝑝−2[𝜙] 𝑑𝜎 for 𝑝 ≥ 2. (116)

In view of Equation (113), we find that Equation (111) can be rewritten as

(𝜔, 𝛿) = −1
2
𝐼 +∗

𝐷 + 𝜔
21(𝜔) + 𝛿2(𝜔), (117)

where 1(𝜔) and 2(𝜔) are the holomorphic and compact operators defined by

1(𝜔) ∶=
+∞∑
𝑝=2

𝜔𝑝

𝑣
𝑝

𝑏

∗
𝐷,𝑝, 2(𝜔) ∶= −

(
1

2
𝐼 +𝑘∗

𝐷

)(𝑘𝐷)−1𝑘𝑏𝐷 . (118)

The operator (𝜔, 𝛿) is a compact perturbation of the Fredholm operator −1
2
𝐼 +∗

𝐷 , which has a
finite-dimensional kernel, as recalled in the following proposition (see, e.g., Refs. 54, 68, 69):

Proposition 13. The kernel of the operator −1
2
𝐼 +∗

𝐷 is the𝑁-dimensional space

Ker

(
−
1

2
𝐼 +∗

𝐷

)
= span((𝜓∗

𝑖
)1≤𝑖≤𝑁), (119)

where (𝜓∗
𝑖
)1≤𝑖≤𝑁 are the functions defined by

𝜓∗
𝑖
= −1𝐷 [1𝜕𝐵𝑖 ], 1 ≤ 𝑖 ≤ 𝑁. (120)

The range of the operator−1
2
𝐼 +∗

𝐷 is the space of zero average square integrable functions 𝐿
2
0(𝜕𝐷):

Ran

(
−
1

2
𝐼 +∗

𝐷

)
= 𝐿20(𝜕𝐷), (121)

where 𝐿2
0
(𝜕𝐷) ∶= {𝜙 ∈ 𝐿2(𝜕𝐷) | ∫

𝜕𝐵𝑖
𝜙 𝑑𝜎 = 0 for any 1 ≤ 𝑖 ≤ 𝑁}. Furthermore, we have the direct

sum decomposition

𝐿2(𝜕𝐷) = 𝐿2
0
(𝜕𝐷) ⊕ Ker

(
−
1

2
𝐼 +∗

𝐷

)
, (122)

and −1
2
𝐼 +∗

𝐷 is invertible as an operator 𝐿
2
0(𝜕𝐷) → 𝐿20(𝜕𝐷).

Classically, the computation of the inverse of the holomorphic Fredholm operator (𝜔, 𝛿)
reduces to that of a finite-dimensional holomorphic Schur complement matrix after introducing
suitable projections on the kernel and coimage.70,71 In our context, we compute(𝜔, 𝛿)−1 by using
a method inspired from Ref. 22 (also used in the proof of Theorem 2.1 of Ref. 35 in the case𝑁 = 1



FEPPON and AMMARI 191

of a single bubble), which consists in introducing a constant finite-range operator making the
operator −1

2
𝐼 +∗

𝐷 + invertible.

To introduce the operator, we introduce a new basis of functions (𝜙∗
𝑖
)1≤𝑖≤𝑁 ofKer(−1

2
𝐼 +∗)

defined by

𝜙∗
𝑖
∶= −

𝑁∑
𝑗=1

(𝐶−1)𝑖𝑗𝜓
∗
𝑗
, 1 ≤ 𝑖 ≤ 𝑁, (123)

where 𝐶 is the capacitancematrix of Equation (25). The definition (123) ensures the property

∫
𝜕𝐵𝑖

𝜙∗
𝑗
𝑑𝜎 = 𝛿𝑖𝑗 for any 1 ≤ 𝑖, 𝑗 ≤ 𝑁. (124)

Definition 1. We denote by  ∶ 𝐿2(𝜕𝐷) → 𝐿2(𝜕𝐷) the unique projection operator satisfying
Ker() = 𝐿20(𝜕𝐷) and Ran() = Ker(−12 𝐼 +∗

𝐷). For any 𝜙 ∈ 𝐿
2(𝜕𝐷), the value of [𝜙] reads

explicitly

[𝜙] =
𝑁∑
𝑖=1

(
∫
𝜕𝐵𝑖

𝜙 𝑑𝜎

)
𝜙∗
𝑖
. (125)

Proposition 14. The operator (𝜔, 𝛿) defined in Equation (111) can be decomposed as
(𝜔, 𝛿) = 0 − + 𝜔21(𝜔) + 𝛿2(𝜔), (126)

where 0 ∶= −1
2
𝐼 +∗

𝐷 + is an invertible Fredholm operator. The inverse of 0 reads explicitly:

−10 [𝜙] =
(
−
1

2
𝐼 +∗

𝐷

)−1(
𝜙 −

𝑁∑
𝑖=1

(
∫
𝜕𝐵𝑖

𝜙 𝑑𝜎

)
𝜙∗
𝑖

)
+

𝑁∑
𝑖=1

(
∫
𝜕𝐵𝑖

𝜙 𝑑𝜎

)
𝜙∗
𝑖
, 𝜙 ∈ 𝐿2(𝜕𝐷),

(127)
where (−1

2
𝐼 +∗

𝐷)
−1 is the inverse of the operator −1

2
𝐼 +∗

𝐷 ∶ 𝐿20(𝜕𝐷) → 𝐿20(𝜕𝐷). Furthermore,
the following properties hold true:

∙ [𝜙∗
𝑖
] = 0[𝜙∗𝑖 ] = 𝜙∗𝑖 for any 1 ≤ 𝑖 ≤ 𝑁.

∙ ∫
𝜕𝐵𝑖

−1
0
[𝜙] 𝑑𝜎 = ∫

𝜕𝐵𝑖
𝜙 𝑑𝜎 for any 1 ≤ 𝑖 ≤ 𝑁 and 𝜙 ∈ 𝐿2(𝜕𝐵𝑖).

∙ 𝜙 = (𝜙 −[𝜙]) +[𝜙] is the direct sum decomposition of 𝜙 ∈ 𝐿2(𝜕𝐷) on 𝐿20(𝜕𝐷) ⊕ Ker(−
1

2
𝐼 +

∗
𝐷).

The decomposition (126) reads

(𝜔, 𝛿) = (𝜔, 𝛿) −, (128)

where (𝜔, 𝛿) is the operator
(𝜔, 𝛿) ∶= 0 + 𝜔21(𝜔) + 𝛿2(𝜔). (129)
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Since 0 is invertible, (𝜔, 𝛿) is a holomorphic invertible Fredholm operator, whose inverse can
be easily computed thanks to a Neumann series.

Lemma2. The operator(𝜔, 𝛿) is invertible for sufficiently small𝜔 and𝛿:more explicitly, the inverse
reads

((𝜔, 𝛿))−1 = −10 − (𝜔, 𝛿), (130)

where (𝜔, 𝛿) is the compact operator of order 𝑂(𝜔2 + 𝛿) defined by the following Neumann series:

(𝜔, 𝛿) ∶=
+∞∑
𝑝=1

(−1)𝑝+1−10
((
𝜔21(𝜔) + 𝛿2(𝜔))−10 )𝑝. (131)

Equation (128) is analogous to the “pole-pencil decomposition” considered in Refs. 22, 24, in the
sense that(𝜔, 𝛿) is the sumof a holomorphic operator easily invertible and a constant finite-rank
operator. This feature together with Lemma 2 allow to solve conveniently the problem (109).

Proposition 15. The operator (𝜔, 𝛿) is invertible if and only if the 𝑁 ×𝑁 matrix 𝐴(𝜔, 𝛿) ≡
(𝐴(𝜔, 𝛿)𝑖𝑗)1≤𝑖,𝑗≤𝑁 defined by

𝐴(𝜔, 𝛿)𝑖𝑗 ∶= ∫
𝜕𝐵𝑖

(𝜔, 𝛿)[𝜙∗
𝑗
] 𝑑𝜎, 1 ≤ 𝑖, 𝑗 ≤ 𝑁 (132)

is invertible. When it is the case, the solution (𝜙, 𝜓) to the problem (109) reads

⎧⎪⎨⎪⎩
𝜙 =

∑𝑁

𝑖=1
𝑥𝑖−1(𝜔, 𝛿)[𝜙∗𝑖 ] + −1(𝜔, 𝛿)[𝑓],

𝜓 =
∑𝑁

𝑖=1
𝑥𝑖
(𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)[𝜙∗

𝑖
] +

(𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)[𝑓] − (𝑘𝐷)−1[𝑢in], (133)

where 𝑓 ∈ 𝐿2(𝜕𝐷) is the function

𝑓 ∶= 𝛿
𝜕𝑢in
𝜕𝑛

− 𝛿

(
1

2
𝐼 +𝑘∗

𝐷

)(𝑘𝐷)−1[𝑢in], (134)

and where the coefficients 𝒙 ∶= (𝑥𝑖)1≤𝑖≤𝑁 are the solutions to the finite- dimensional problem

𝐴(𝜔, 𝛿)𝒙 = 𝑭 with 𝑭 ∶=

(
∫
𝜕𝐵𝑖

−1(𝜔, 𝛿)[𝑓] 𝑑𝜎
)
1≤𝑖≤𝑁

. (135)

Proof. The second line of Equation (110) reads

(𝜔, 𝛿)[𝜙] −[𝜙] = 𝑓 (136)
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with 𝑓 given by Equation (134). This equation is equivalent to

𝜙 − −1(𝜔, 𝛿)[𝜙] = −1(𝜔, 𝛿)[𝑓]. (137)

Observing that −1(𝜔, 𝛿) is a finite-rank operator, we decompose 𝜙 =
∑𝑛

𝑖=1
𝑥𝑖𝜙

∗
𝑖
+ 𝜙 on

span() ⊕ Ker(). Then integrating Equation (137) over each resonator 𝜕𝐵𝑖 (namely, project-
ing on span()), we find that the coefficients 𝒙 ∶= (𝑥𝑖)1≤𝑖≤𝑁 must solve the finite-dimensional
system

∫
𝜕𝐵𝑖

−1(𝜔, 𝛿)[𝑓] 𝑑𝜎 =
(
𝛿𝑖𝑗 − ∫

𝜕𝐵𝑖

−1(𝜔, 𝛿)[𝜙∗
𝑗
] 𝑑𝜎

)
𝑥𝑗 =

(
𝛿𝑖𝑗 − ∫

𝜕𝐵𝑖

−1(𝜔, 𝛿)[𝜙∗
𝑗
] 𝑑𝜎

)
𝑥𝑗

=

(
𝛿𝑖𝑗 − ∫

𝜕𝐵𝑖

(−10 [𝜙∗𝑗 ] − (𝜔, 𝛿)[𝜙∗
𝑗
]) 𝑑𝜎

)
𝑥𝑗

=

(
∫
𝜕𝐵𝑖

(𝜔, 𝛿)[𝜙∗
𝑗
] 𝑑𝜎

)
𝑥𝑗.

(138)
Therefore, it is necessary that the linear system (135) be invertible for Equation (136) being invert-
ible. Reciprocally, this condition is sufficient because if 𝒙 = (𝑥𝑖)1≤𝑖≤𝑁 is the solution to Equa-
tion (135), then one obtains from Equation (137) that 𝜙 given by the first line of Equation (133) is
solution to Equation (109). Then, the formula for 𝜓 follows from the first line of Equation (110).■

Remark 4. Inserting Equation (133) into the integral representation formula (105) yields the
decomposition (6) for the total field 𝑢tot with

𝑣𝑖(𝜔, 𝛿)(𝑥) =

⎧⎪⎨⎪⎩
𝑘𝑏𝐷 [−1(𝜔, 𝛿)𝜙∗𝑖 ](𝑥) if 𝑥 ∈ 𝐷,

𝑘𝐷[(𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)𝜙∗
𝑖
](𝑥) if 𝑥 ∈ ℝ3∖𝐷,

(139)

𝑤(𝜔, 𝛿)(𝑥) =

⎧⎪⎨⎪⎩
𝑘𝑏𝐷 [−1(𝜔, 𝛿)𝑓](𝑥) if 𝑥 ∈ 𝐷,

𝑘𝐷[(𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)𝑓](𝑥) − 𝑘𝐷[(𝑘𝐷)−1[𝑢in]](𝑥) if 𝑥 ∈ ℝ3∖𝐷.
(140)

Remark 5. We see in Section 4 that Equation (133) can be interpreted as a modal expansion of
𝜙, where the modes are linear combinations of the functions 𝑣𝑖(𝜔, 𝛿)𝜙∗𝑖 and the functions 𝑥𝑖 ≡
𝑥𝑖(𝜔, 𝛿, 𝑓) are scattering amplitudes with poles being the resonant frequencies (𝜔±𝑖 (𝛿))1≤𝑖≤𝑁 .

Remark 6. There exist as many possibilities for the choice of operator  enabling to compute
(𝜔, 𝛿)−1 as there are invertible operators from Ker((−

1

2
𝐼 +∗

𝐷)) to a complement subspace of

Ran((−
1

2
𝐼 +∗

𝐷)). Since Ker((−
1

2
𝐼 +∗

𝐷)) is itself a complement subspace of Ran((−
1

2
𝐼 +∗

𝐷)),
the definition (125) is natural and leads to several simplifications in the computations per-
formed below.
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The previous proposition yields a convenient definition and characterization of the scattering
resonances (𝜔±

𝑖
(𝛿))1≤𝑖≤𝑁 .

Proposition 16. There exists 2𝑁 complex frequencies (𝜔±
𝑖
(𝛿))1≤𝑖≤𝑁 which are defined as the char-

acteristic values of the operator (𝜔, 𝛿), that is, the values for which (𝜔±
𝑖
(𝛿), 𝛿) has a nontrivial

kernel. Equivalently, these are also the characteristic values of the 𝑁 × 𝑁 matrix 𝐴(𝜔, 𝛿) of Equa-
tion (132), that is, eigenvalues of the nonlinear eigenvalue problem (8).

Proof. Proposition 17 reveals that 𝐴(𝜔, 0) ∼ 𝜔2𝑉𝐶−1 with 𝑉𝐶−1 invertible. Hence, the general-
ized Rouché theorem44,68 implies that𝐴(𝜔, 𝛿) has exactly 2𝑁 characteristic values (𝜔±

𝑖
)1≤𝑖≤𝑁 in a

neighborhood of zero for 𝛿 sufficiently small (see also Ref. 39). ■

3.2 Asymptotic expansion of the Schur complement 𝑨(𝝎, 𝜹)

Scattering resonances (𝜔±
𝑖
(𝛿))1≤𝑖≤𝑁 are the characteristic values of the operator (𝜔, 𝛿), that is,

values of 𝜔 for which(𝜔, 𝛿) has a nontrivial kernel. Proposition 15 obtained that they are equiv-
alently the characteristic values of the holomorphic matrix 𝐴(𝜔, 𝛿). The first terms of the asymp-
totic of𝐴(𝜔, 𝛿) as𝜔 → 0 and 𝛿 → 0 are explicited in the next proposition, which is consistent with
a similar computation performed in Ref. [46, Theorem 2.7].

Proposition 17. The following asymptotic holds true as 𝜔 → 0 and 𝛿 → 0:

𝐴(𝜔, 𝛿) =
𝜔2

𝑣2
𝑏

𝑉𝐶−1 − 𝛿𝐼 +
i𝜔3

4𝜋𝑣3
𝑏

𝑉𝟏𝟏𝑇 −
i𝛿𝜔

4𝜋

(
1

𝑣𝑏
−
1

𝑣

)
𝐶𝟏𝟏𝑇 + 𝑂(𝜔2 + 𝛿)2, (141)

where 𝐶 is the capacitance matrix given by Equation (16), 𝑉 is the volume matrix (18), and 𝟏 =
(1)1≤𝑖≤𝑁 is the vector of ones.

Proof. By the definition (118), the fourth-order asymptotic expansion of 𝜔2(𝜔) reads

𝜔2𝐵1(𝜔) =
𝜔2

𝑣2
𝑏

∗
𝐷,2 +

𝜔3

𝑣3
𝑏

∗
𝐷,3 + 𝑂(𝜔

4), (142)

and a computation yields

𝛿2(𝜔) = −𝛿
(
1

2
𝐼 +𝑘∗

𝐷

)(𝑘𝐷)−1𝑘𝑏𝐷
= −𝛿

(
1

2
𝐼 +∗

𝐷 + 𝑂(𝜔
2)

)(𝐷 + 𝜔𝑣 𝐷,1 + 𝑂(𝜔2))−1
(
𝐷 + 𝜔

𝑣𝑏
𝐷,1 + 𝑂(𝜔2)

)
= −𝛿

(
1

2
𝐼 +∗

𝐷

)(−1𝐷 −
𝜔

𝑣
−1𝐷 𝐷,1−1𝐷

)(𝐷 + 𝜔

𝑣𝑏
𝐷,1

)
+ 𝑂(𝜔2𝛿)

= −𝛿

(
1

2
𝐼 +∗

𝐷

)
+ 𝛿𝜔

(
1

𝑣
−
1

𝑣𝑏

)(
1

2
𝐼 +∗

𝐷

)
−1𝐷 𝐷,1 + 𝑂(𝜔2𝛿).

(143)
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Then, Equations (130) and (132) allow to obtain

𝐴(𝜔, 𝛿)𝑖𝑗 = ∫
𝜕𝐵𝑖

(𝜔, 𝛿)[𝜙∗
𝑗
] 𝑑𝜎 = ∫

𝜕𝐵𝑖

−10 (𝜔21(𝜔) + 𝛿2(𝜔))[𝜙∗𝑗 ] 𝑑𝜎 + 𝑂(𝜔2 + 𝛿)2

= ∫
𝜕𝐵𝑖

(𝜔21(𝜔) + 𝛿2(𝜔))[𝜙∗𝑗 ] 𝑑𝜎 + 𝑂(𝜔2 + 𝛿)2,
(144)

where the third equality is a consequence of Equation (127). From the expansions (142) and (143),
we obtain

∫
𝜕𝐵𝑖

𝜔21(𝜔)[𝜙∗𝑗 ] = 𝜔2

𝑣2
𝑏
∫
𝜕𝐵𝑖

∗
𝐷,2
[𝜙∗
𝑗
] 𝑑𝜎 +

𝜔3

𝑣3
𝑏
∫
𝜕𝐵𝑖

∗
𝐷,3
[𝜙∗
𝑗
] 𝑑𝜎 + 𝑂(𝜔4)

= −
𝜔2

𝑣2
𝑏
∫
𝐵𝑖

𝐷[𝜙∗𝑗 ] 𝑑𝜎 + i𝜔
3

𝑣3
𝑏

|𝐵𝑖|
4𝜋 ∫

𝜕𝐷

𝜙∗
𝑗
𝑑𝜎 + 𝑂(𝜔4)

=
𝜔2

𝑣2
𝑏

|𝐵𝑖|𝐶−1𝑗𝑖 + i𝜔3𝑣3
𝑏

|𝐵𝑖|
4𝜋

+ 𝑂(𝜔4). (145)

For the computation of 𝛿2(𝜔), we remark that 𝐷,1[𝜙∗𝑗 ] = −i∕(4𝜋)1𝜕𝐷 and −1𝐷 [1𝜕𝐷] = ∑𝑖
𝜓∗
𝑖
,

which implies

∫
𝜕𝐵𝑖

−1𝐷 𝐷,1[𝜙∗𝑗 ] 𝑑𝜎 = i

4𝜋

𝑁∑
𝑙=1

𝐶𝑖𝑙. (146)

Substituting into Equation (143) yields then

∫
𝜕𝐵𝑖

𝛿2(𝜔)[𝜙∗𝑗 ] 𝑑𝜎 = −𝛿 ∫
𝜕𝐵𝑖

(
1

2
𝐼 +∗

𝐷

)
[𝜙∗
𝑗
] 𝑑𝜎 + 𝛿𝜔

(
1

𝑣
−
1

𝑣𝑏

)
∫
𝜕𝐵𝑖

(
1

2
𝐼 +∗

𝐷

)
−1𝐷 𝐷,1[𝜙∗𝑗 ]

𝑑𝜎 + 𝑂(𝜔2𝛿) = −𝛿𝛿𝑖𝑗 + 𝛿𝜔

(
1

𝑣
−
1

𝑣𝑏

)
∫
𝜕𝐵𝑖

−1𝐷 𝐷,1[𝜙∗𝑗 ] 𝑑𝜎 + 𝑂(𝜔2𝛿)

= −𝛿𝛿𝑖𝑗 −
i𝛿𝜔

4𝜋

(
1

𝑣𝑏
−
1

𝑣

) 𝑁∑
𝑙=1

𝐶𝑖𝑙 + 𝑂(𝜔
2𝛿).

.

(147)
Hence, the asymptotic of 𝐴(𝜔, 𝛿)𝑖𝑗 reads

𝐴(𝜔, 𝛿)𝑖𝑗 =
𝜔2

𝑣2
𝑏

|𝐵𝑖|𝐶−1𝑗𝑖 − 𝛿𝛿𝑖𝑗 + i𝜔3𝑣3
𝑏

|𝐵𝑖|
4𝜋

−
i𝛿𝜔

4𝜋

(
1

𝑣𝑏
−
1

𝑣

) 𝑁∑
𝑙=1

𝐶𝑖𝑙 + 𝑂(𝜔
2 + 𝛿)2 (148)

which is the result to obtain. ■
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Remark 7. With symbolic computations, we find that the term of the asymptotic expansion of
𝐴(𝜔, 𝛿)𝑖𝑗 of order 𝑂(𝜔2 + 𝛿)2 is

𝜔2𝛿

16𝜋2𝑣

(
1

𝑣
−
1

𝑣𝑏

)
𝟏𝑇𝐶𝟏

𝑁∑
𝑙=1

𝐶𝑖𝑙 +
𝜔2𝛿

𝑣2
𝑏

|𝐵𝑖|𝐶−1𝑖𝑗 𝛿𝑖𝑗 + 𝜔2𝛿|𝐵𝑖|
(
1

𝑣2
𝑏

−
1

𝑣2

)
𝐶−1
𝑖𝑗

+𝜔2𝛿

(
1

𝑣2
𝑏

−
1

𝑣2

)
𝑁∑
𝑙=1

𝐶𝑖𝑙 ∫
𝜕𝐷

𝜙∗
𝑙
𝐷,2[𝜙∗𝑗 ] 𝑑𝜎 − 𝛿2𝛿𝑖𝑗 + 𝜔

4

𝑣4
𝑏
∫
𝐵𝑖

[𝐷−10 ∗
𝐷,2 − 𝐷,2][𝜙∗𝑗 ] 𝑑𝜎. (149)

It is worth mentioning that the terms involving ∗
𝐷,2 and ∗𝐷,2 are non-Hermitian, making an

explicit analysis at higher orders in 𝜔 and 𝛿 delicate.

Right multiplying Equation (141) by 𝐶, we obtain that the nonlinear eigenvalue problem (108)
reads at first order

−

(
𝐶 −

𝜔2

𝑣2
𝑏
𝛿
𝑉

)
𝒙 + 𝑂(𝜔) = 0. (150)

The nonlinear eigenvalue problem (108) is therefore a perturbation of the generalized eigenvalue
problem (19), and the 𝑖th resonance reads at first order𝜔2

𝑖
= 𝜆𝑖𝑣

2
𝑏
𝛿, for 𝜆𝑖 a generalized eigenvalue.

This result was already obtained in Refs. 35, 39, 46, is rigorously justified by mean of the implicit
function theorem in the next subsection.

3.3 Full asymptotic expansions of the resonances

We now propose a procedure which enables in principle to compute full asymptotic expansions
of the resonant frequencies 𝜔±

𝑖
(𝛿)when the eigenvalues (𝜆𝑖)1≤𝑖≤𝑁 of the capacitance matrix 𝐶 are

simple. In contrast with Refs. 39, 46, our procedure does not require to assume the existence of a
formal ansatz; it relies on a change of variables and on the implicit function theorem to derive the
Puiseux expansion (9), which is inspired from Refs. 22, 45 and which can be related to Newton
diagrams.49,72 In particular, we prove the analyticity of 𝜔±

𝑖
(𝛿) with respect to 𝛿1∕2, a result that

was implicitly assumed in the aforementioned works.
From there and in the next sections, we assume that the eigenvalues (𝜆𝑖)1≤𝑖≤𝑁 of the generalized

eigenvalue problem (19) are simple:

0 < 𝜆1 < 𝜆2 < ⋯ < 𝜆𝑁. (151)

We discuss shortly in Remark 8 what could happen in the case of multiple eigenvalues.
We start by rewriting Equation (141) as an explicit perturbation of the linear eigenvalue prob-

lem (19). Introducing the variable 𝜆 = 𝜔2∕(𝑣2
𝑏
𝛿) and recalling the definitions (131) and (132), the
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coefficients 𝐴(𝜔, 𝛿)𝑖𝑗 for 1 ≤ 𝑖, 𝑗 ≤ 𝑁 can be rewritten in terms of 𝜆 and 𝜔 as

𝐴(𝜔, 𝛿)𝑖𝑗 =

+∞∑
𝑝=1

∫
𝜕𝐵𝑖

(−10 (𝜔21(𝜔) + 𝛿2(𝜔)))𝑝[𝜙∗𝑗 ] 𝑑𝜎,

=

+∞∑
𝑝=1

𝑣
2𝑝

𝑏
𝛿𝑝 ∫

𝜕𝐵𝑖

(
−10

(
𝜔2

𝑣2
𝑏
𝛿
1(𝜔) + 𝑣−2𝑏 2(𝜔)

))𝑝
[𝜙∗
𝑗
] 𝑑𝜎

=

+∞∑
𝑝=1

𝜔2𝑝

𝜆𝑝 ∫
𝜕𝐵𝑖

(−10 (𝜆1(𝜔) + 𝑣−2𝑏 2(𝜔)))𝑝[𝜙∗𝑗 ] 𝑑𝜎.
, (152)

We define𝐴(𝜆, 𝜔) to be the𝑁 ×𝑁 complexmatrix holomorphic in𝜔 given by the following power
series with 𝜔 = 𝑜(1) and 𝜆 = 𝑂(1):

𝐴(𝜆, 𝜔) ∶=
𝑣2
𝑏
𝜆

𝜔2
𝐴

(
𝜔,
𝜔2

𝑣2
𝑏
𝜆

)
𝐶 =

(
𝑁∑
𝑙=1

+∞∑
𝑝=0

𝑣2
𝑏
𝜔2𝑝

𝜆𝑝 ∫
𝜕𝐵𝑖

(−10 (𝜆1(𝜔) + 𝑣−2𝑏 2(𝜔)))𝑝+1𝐶𝑙𝑗[𝜙∗𝑙 ] 𝑑𝜎
)
1≤𝑖,𝑗≤𝑁

. (153)

Equation (141) implies that 𝐴(𝜆, 𝜔) reads more explicitly at second order

𝐴(𝜆, 𝜔) = 𝜆𝑉 − 𝐶 +
i𝜔𝜆

4𝜋𝑣𝑏
𝑉𝟏𝟏𝑇𝐶 −

i𝜔

4𝜋

(
1

𝑣𝑏
−
1

𝑣

)
𝐶𝟏𝟏𝑇𝐶 + 𝑂(𝜔2). (154)

From the definition (153), it is straightforward to observe that 𝜔 is a characteristic value of𝐴(𝜔, 𝛿)
if and only if 𝜆 = 𝜔2∕(𝑣2

𝑏
𝛿) is a characteristic value of 𝜆 ↦ 𝐴(𝜆, 𝜔). The interest of introducing

𝐴(𝜆, 𝜔) lies in the fact that under the simplicity assumption (151), there exist𝑁 characteristic func-
tions (𝜆𝑖(𝜔))1≤𝑖≤𝑁 which are holomorphic in𝜔. This enables to solve the splitting of the scattering
frequencies 𝜔±

𝑖
(𝛿), by inverting the relation 𝜔±

𝑖
(𝛿)2 = 𝛿𝑣2

𝑏
𝜆𝑖(𝜔) for 1 ≤ 𝑖 ≤ 𝑁.

The existence of𝑁 holomorphic characteristic functions (𝜆𝑖(𝜔))1≤𝑖≤𝑁 is guaranteed by the ana-
lytic implicit function theorem (see, e.g., Chapter 0 of Ref. 73).

Proposition 18. Assume Equation (151). There exist𝑁 generalized eigenfunctions (𝜆𝑖(𝜔))1≤𝑖≤𝑁 and
𝑁 associated eigenvectors (𝒂𝑖(𝜔))1≤𝑖≤𝑁 which are holomorphic in an open neighborhood  of 𝜔 = 0
and which satisfy, for any 1 ≤ 𝑖 ≤ 𝑁 and 𝜔 ∈  :
(i) 𝐴(𝜆𝑖(𝜔), 𝜔)𝒂𝑖(𝜔) = 0,
(ii) 𝒂𝑖(𝜔)𝑇𝑉𝒂𝑖(𝜔) = 1,
(iii) 𝜆𝑖(0) = 𝜆𝑖 and 𝒂𝑖(0) = 𝒂𝑖 .

Proof. (i) and (ii) are equivalent to find holomorphic functions 𝜆𝑖(𝜔) and 𝒂𝑖(𝜔) such that
𝐹((𝜆𝑖(𝜔), 𝒂𝑖(𝜔)), 𝜔) = 0 for any 𝜔 ∈  , where 𝐹 ∶ (ℂ × ℂ𝑁) × ℂ → ℂ𝑁 × ℂ is the functional

𝐹((𝜆, 𝒙), 𝜔) ∶= (𝐴(𝜆, 𝜔)𝒙, 𝒙𝑇𝑉𝒙 − 1), 𝜆 ∈ ℂ, 𝒙 ∈ ℂ𝑁. (155)

Since Equation (154) is equivalent to 𝐹((𝜆𝑖, 𝒂𝑖), 0) = 0, the result follows from the implicit func-
tion theorem whose hypotheses are satisfied as soon as we prove that the differential of (𝜆, 𝒙) ↦
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𝐹((𝜆, 𝒙), 0) is invertible at (𝜆, 𝒙) = (𝜆𝑖, 𝒂𝑖). A straightforward computation yields

D𝐹((𝜆𝑖, 𝒂𝑖), 0)(𝜆
′, 𝒙′) = (𝜆′𝑉𝒂𝑖 + (𝜆𝑖𝑉 − 𝐶)𝒙

′, 2𝒂𝑇
𝑖
𝑉𝒙′). (156)

Assuming Equation (151), we find that D𝐹((𝜆𝑖, 𝒂𝑖), 0) is indeed invertible, with the inverse given
by

[D𝐹((𝜆𝑖, 𝒂𝑖), 0)]
−1(𝜶, 𝛽) =

(
𝒂𝑇
𝑖
𝜶,
𝛽

2
𝒂𝑖 +

∑
𝑗≠𝑖

𝒂𝑇
𝑗
𝜶

𝜆𝑖 − 𝜆𝑗
𝒂𝑗

)
, (𝜶, 𝛽) ∈ ℂ𝑁 × ℂ. (157)

■

Since the functions (𝜆𝑖(𝜔))1≤𝑖≤𝑁 and (𝒂𝑖(𝜔))1≤𝑖≤𝑁 are holomorphic, they can be written as

𝜆𝑖(𝜔) = 𝜆𝑖,0 +

+∞∑
𝑝=1

𝜆𝑖,𝑝𝜔
𝑝, 𝒂𝑖(𝜔) = 𝒂𝑖,0 +

+∞∑
𝑝=1

𝒂𝑖,𝑝𝜔
𝑝, 1 ≤ 𝑖 ≤ 𝑁. (158)

The coefficients (𝜆𝑖,𝑝)𝑝≥0, (𝒂𝑖,𝑝)𝑝≥0 can be computed explicitly by solving a triangular system
obtained by differentiating 𝑝 times the equation 𝐹((𝜆𝑖(𝜔), 𝒂𝑖(𝜔)), 𝜔) = 0 with respect to 𝜔 at
𝜔 = 0.74 Furthermore, the coefficients satisfy the following properties:

Proposition 19. The coefficients 𝜆𝑖,𝑝 and 𝒂𝑖,𝑝 are real and imaginary for, respectively, even and odd
values of 𝑝:

∀1 ≤ 𝑖 ≤ 𝑁, ∀𝑝 ∈ ℕ, 𝜆𝑖,2𝑝 ∈ ℝ and 𝜆𝑖,2𝑝+1 ∈ iℝ, (159)

∀1 ≤ 𝑖 ≤ 𝑁, ∀𝑝 ∈ ℕ, 𝒂𝑖,2𝑝 ∈ ℝ𝑁 and 𝒂𝑖,2𝑝+1 ∈ iℝ𝑁. (160)

Proof. It is straightforward to verify that (𝜔, 𝛿) = (−𝜔, 𝛿). This implies in turn 𝐴(𝜆, 𝜔) =
𝐴(𝜆, −𝜔), which can be shown to entail 𝜆𝑖(𝜔) = 𝜆𝑖(−𝜔) and 𝒂𝑖(𝜔) = 𝒂𝑖(−𝜔). These properties
reflect on the coefficients of the expansion (158) in the identities (159) and (160). ■

The next and final step is to invert the equation 𝜔2 = 𝛿𝑣2
𝑏
𝜆𝑖(𝜔) for 1 ≤ 𝑖 ≤ 𝑁, which can be

achieved as follows.

Proposition 20. For 𝛿 > 0 sufficiently small, the matrix 𝐴(𝜔, 𝛿) has 2𝑁 characteristic values
(𝜔±
𝑖
(𝛿))1≤𝑖≤𝑁 which are the implicit solutions to the equations

𝜔+
𝑖
(𝛿) = 𝛿

1

2 𝑣𝑏

√
𝜆𝑖(𝜔

+
𝑖
(𝛿)) and 𝜔−

𝑖
(𝛿) = −𝛿

1

2 𝑣𝑏

√
𝜆𝑖(𝜔

+
𝑖
(𝛿)), (161)
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where 𝑧 ↦
√
𝑧 denotes the analytic continuation of the square root to ℂ∖ℝ−. The functions 𝜔±𝑖 (𝛿)

are analytic in 𝛿
1

2 , that is, there exists coefficients (𝜔±
𝑖,𝑝
)𝑝≥2 such that

𝜔±
𝑖
(𝛿) = ±𝑣𝑏𝜆

1

2

𝑖
𝛿
1

2 +

+∞∑
𝑝=2

𝜔±
𝑖,𝑝
𝛿
𝑝

2 . (162)

Furthermore:

(i) the coefficients 𝜔±
𝑖,𝑝
are real and imaginary for, respectively, even and odd values of 𝑝:

𝜔±
𝑖,2𝑝

∈ ℝ and 𝜔±
𝑖,2𝑝+1

∈ iℝ, ∀1 ≤ 𝑖 ≤ 𝑁, ∀𝑝 ≥ 2; (163)

(ii) 𝜔−
𝑖
(𝛿) = −𝜔

+
𝑖 (𝛿), that is, 𝜔+𝑖 (𝛿) and 𝜔

−
𝑖
(𝛿) are symmetrical with respect to the imaginary axis,

or in other words

𝜔+
𝑖,2𝑝

= −𝜔−
𝑖,2𝑝

and 𝜔+
𝑖,2𝑝+1

= 𝜔−
𝑖,2𝑝+1

, ∀1 ≤ 𝑖 ≤ 𝑁, ∀𝑝 ≥ 2. (164)

Proof. We apply once again the analytic implicit function theorem to the functions 𝐹±
𝑖
defined by

𝐹±
𝑖
(𝜔, 𝑧) ∶= 𝜔 ∓ 𝑧𝑣𝑏

√
𝜆𝑖(𝜔). (165)

Obviously, 𝐹±
𝑖
(0, 0) = 0 and 𝜕𝜔𝐹±𝑖 (0, 0) = 1 ≠ 0 so the hypotheses of the implicit function theo-

rem are satisfied and there exists a unique local solution 𝑧 ↦ 𝜔±
𝑖
(𝑧) to 𝐹±

𝑖
(𝜔±
𝑖
(𝑧), 𝑧) = 0 which is

analytic for 𝑧 belonging to a neighborhood of 0. Then by definition of the scattering resonance
𝜔±
𝑖
(𝛿), it holds

𝐴
(
𝜔±
𝑖
(𝛿), 𝛿

)
𝒂𝑖
(
𝜔±
𝑖
(𝛿)
)
= 0 with 𝒂𝑖

(
𝜔±
𝑖
(𝛿)
)𝑇
𝑉𝒂𝑖

(
𝜔±
𝑖
(𝛿)
)
= 1, (166)

which shows that (𝜔±
𝑖
(𝛿))1≤𝑖≤𝑁 are 2𝑁 characteristic values of 𝐴(𝜔, 𝛿). Formula (162) deter-

mines then all characteristic values of 𝐴(𝜔, 𝛿). Then, noticing that 𝐹+
𝑖
(𝜔, 𝑧) = −𝐹−

𝑖
(−𝜔, 𝑧) and

𝐹+
𝑖
(𝜔, −𝑧) = 𝐹−

𝑖
(𝜔, 𝑧), we obtain, respectively, −𝜔+

𝑖
(𝑧) = 𝜔−

𝑖
(𝑧) and 𝜔+

𝑖
(−𝑧) = 𝜔−

𝑖
(𝑧), which eas-

ily imply both properties (i) and (ii) on the coefficients (𝜔𝑖,𝑝)𝑝≥2. ■

Remark 8. If 𝐷 is such that one of the eigenvalues (𝜆𝑖(𝜔))1≤𝑖≤𝑁 of Equation (19) is of multiplic-
ity 𝑚 > 1 (for instance, if 𝑁 > 1 and if there are enough symmetries as in the examples of Sec-
tion 2.3), then a muchmore subtle analysis is required, because this eigenvalue 𝜆𝑖(𝜔) split a priori
into 𝑚 distinct eigenvalues; see, for example, Refs. 72, 75 about the characterization of the split-
ting of linear eigenvalues and Refs. 49, 62, 70, 76, 77 in the nonlinear case. Then, the frequency

𝜔±
𝑖
(𝛿) ∶= ±𝑣𝑏𝜆𝑖(𝜔)

1

2 𝛿
1

2 would not need to be holomorphic in 𝛿
1

2 and a different Puiseux series
than Equation (9) would need to be computed. Notably, the present analysis could be affected by
the occurrence of poles (𝜔2 − 𝛿𝜆𝑖(𝜔))𝑝 of order 𝑝 > 1 in the modal expansion (175). This subtlety
seems to be ignored in the previous works concerned with Minnaert resonances associated to a
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group of𝑁 resonators,38-40 who implicitly assumed the analyticity of the resonances with respect

to 𝛿
1

2 .

Let us finally retrieve the leading terms of the asymptotic expansion of 𝜔±
𝑖
(𝛿) based on the

previous propositions.

Proposition 21. The asymptotic expansions of the eigenvalue 𝜆𝑖(𝜔) and of its associated eigenvector
𝒂𝑖(𝜔) read at first order:

𝜆𝑖(𝜔) = 𝜆𝑖 −
i𝜔𝜆2

𝑖

4𝜋𝑣

(
𝒂𝑇
𝑖
𝑉𝟏
)2
+ 𝑂(𝜔2), 1 ≤ 𝑖 ≤ 𝑁, (167)

𝒂𝑖(𝜔) = 𝒂𝑖 −
∑
𝑗≠𝑖

i𝜔𝜆𝑖
4𝜋(𝜆𝑖 − 𝜆𝑗)

(
𝜆𝑖
𝑣𝑏
− 𝜆𝑗

(
1

𝑣𝑏
−
1

𝑣

))
(𝒂𝑇
𝑗
𝑉𝟏)(𝒂𝑇

𝑖
𝑉𝟏)𝒂𝑗 + 𝑂(𝜔

2). (168)

Proof. With the notation of Proposition 18, we have from Equation (141)

D𝐹((𝜆𝑖, 𝒂𝑖), 0)(𝜆𝑖,1, 𝒂𝑖,1) = −D𝜔𝐹((𝜆𝑖, 𝒂𝑖), 0) = −

((
i𝜆𝑖
4𝜋𝑣𝑏

𝑉𝟏𝟏𝑇𝐶 −
i

4𝜋

(
1

𝑣𝑏
−
1

𝑣

)
𝐶𝟏𝟏𝑇𝐶

)
𝒂𝑖, 0

)
.

(169)
From Equation (157), the inversion of the above equation yields

𝜆𝑖,1 = −
i𝜆𝑖
4𝜋

(
𝜆𝑖
𝑣𝑏
𝒂𝑇
𝑖
𝑉𝟏𝟏𝑇𝑉𝒂𝑖 −

(
1

𝑣𝑏
−
1

𝑣

)
𝒂𝑇
𝑖
𝐶𝟏𝟏𝑇𝑉𝒂𝑖

)

= −
i𝜆2
𝑖

4𝜋𝑣
𝒂𝑇
𝑖
𝑉𝟏𝟏𝑇𝑉𝒂𝑖,

(170)

𝒂𝑖,1 = −
∑
𝑗≠𝑖

i𝜆𝑖
4𝜋(𝜆𝑖 − 𝜆𝑗)

(
𝜆𝑖
𝑣𝑏
− 𝜆𝑗

(
1

𝑣𝑏
−
1

𝑣

))
(𝒂𝑇
𝑗
𝑉𝟏𝟏𝑇𝑉𝒂𝑖)𝒂𝑗. (171)

■

Inserting these values in Equation (162) we eventually retrieve the asymptotic claimed in Ref.
39:

Corollary 3. Assume that the eigenvalues of the (weighted) capacitance matrix are simple (hypoth-
esis (151)). The subwavelength resonances 𝜔±

𝑖
(𝛿) admit the following asymptotic expansions:

𝜔±
𝑖
(𝛿) = ±𝛿

1

2 𝑣𝑏𝜆

1

2

𝑖
−
i𝑣2
𝑏
𝜆2
𝑖

8𝜋𝑣
(𝒂𝑇
𝑖
𝑉𝟏)2𝛿 + 𝑂(𝛿

3

2 ). (172)
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Proof. Equation (172) is obtained by writing

𝜔±
𝑖
(𝛿) = ±𝛿

1

2 𝑣𝑏

√
𝜆𝑖 + 𝜆𝑖,1𝜔

±
𝑖
(𝛿) + 𝑂(𝜔±

𝑖
(𝛿)) = ±𝛿

1

2 𝑣𝑏
√
𝜆𝑖

√
1 ±

𝜆𝑖,1

𝜆𝑖
𝜆

1

2

𝑖
𝑣𝑏𝛿

1

2 + 𝑂(𝛿)

= ±𝛿
1

2 𝑣𝑏
√
𝜆𝑖 +

1

2
𝛿𝑣2
𝑏
𝜆𝑖,1 + 𝑂(𝛿

3

2 ),

(173)

which yields the result. ■

Remark 9. If 𝐷 is a single resonator 𝐷 ≡ 𝐵 (𝑁 = 1), we have 𝐶 = cap(𝐵) and 𝑉 = |𝐵| hence 𝜆1 =
cap(𝐵)∕|𝐵| and 𝒂1 = |𝐵|−1∕2. Then, Equation (172) reads more explicitly as

𝜔±1 (𝛿) = ±𝛿
1

2 𝑣𝑏

√
cap(𝐵)|𝐵| −

i𝑣2
𝑏
cap(𝐵)2

8𝜋𝑣|𝐵| 𝛿 + 𝑂(𝛿
3

2 ), (174)

which is the result obtained in Ref. 35.

Remark 10. From Equation (172), we see that when the vector of ones 𝟏 = (1)1≤𝑖≤𝑁 is an eigenvec-
tor of the weighted capacitance matrix (e.g., when there are enough symmetries as in the cases
considered in Section 2.3), then 𝒂𝑇

𝑖
𝑉𝟏 = 0 for 𝑖 > 1 and the first-order variation of the resonant

frequency vanishes: 𝜔±
𝑖
(𝛿) = ±𝛿

1

2 𝑣𝑏𝜆

1

2

𝑖
+ 𝑂(𝛿

3

2 ), that is, the corresponding frequencies 𝜔±
𝑖
(𝛿) are

quite robust to the variations of 𝛿.

4 MODAL DECOMPOSITION

This section takes advantage of the explicit formula (133) to establish a (nonlinear) modal decom-
position of the form of Equation (10) for the solution 𝑢tot to the scattering problem (5). This is
achieved in two steps: we start by computing in Section 4.1 a pole expansion of the meromorphic
coefficients 𝒙 = (𝑥𝑖)1≤𝑖≤𝑁 solutions to the finite-dimensional problem (135). In Section 4.2, we
substitute this expansion into Equation (133) to obtain the modal decomposition (10) for the scat-
tered field 𝑢tot. Finally, Section 4.3 states a few remarks regarding the estimation of themagnitude
of the resonances when considering physical, real frequencies 𝜔 > 0.

4.1 Pole expansion of the resonant amplitudes (𝒙𝒊)𝟏≤𝒊≤𝑵

We first establish a pole decomposition of the meromorphic solution 𝒙 to the finite-dimensional
problem (135), whose leading order expansion can be expressed in terms of the generalized eigen-
values and eigenvectors (𝜆𝑗(𝜔))1≤𝑗≤𝑁 and (𝒂𝑗(𝜔))1≤𝑗≤𝑁 of Proposition 18.

Proposition 22. The followingmodal decompositionholds for the solution𝒙(𝜔, 𝛿) to Equation (135):

𝒙(𝜔, 𝛿) =

𝑁∑
𝑖=1

𝑣2
𝑏

𝜔2 − 𝛿𝑣2
𝑏
𝜆𝑖(𝜔)

(
𝒂𝑇
𝑖
𝑭 − i𝜔𝒃𝑇

𝑖
𝑭 + 𝑂(𝜔2 + 𝛿)𝑇𝑭

)
𝐶𝒂𝑖(𝜔), (175)
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where the mode 𝒂𝑖(𝜔) is given by Proposition 18, 𝒃𝑖 is the vector defined by

𝒃𝑖 ∶=
𝜆𝑖
4𝜋𝑣𝑏

(
𝒂𝑇
𝑖
𝑉𝟏
)2
𝒂𝑖 +

1

4𝜋𝑣

𝑁∑
𝑗≠𝑖

𝜆𝑖𝜆𝑗

(𝜆𝑖 − 𝜆𝑗)

(
𝒂𝑇
𝑖
𝑉𝟏
)(
𝒂𝑇
𝑗
𝑉𝟏
)
𝒂𝑗, (176)

and where 𝑂(𝜔2 + 𝛿) is a holomorphic vector field in 𝜔 and 𝛿 which can be written fully explicitly.

Proof. Using the quantity 𝜆 = 𝜔2∕(𝑣𝑏𝛿), Equation (135) rewrites 𝐴(𝜆, 𝜔)𝒚 =
1

𝛿
𝑭 with 𝒚 = 𝐶−1𝒙.

By continuity of the determinant, (𝒂𝑖(𝜔))1≤𝑖≤𝑁 is a basis of ℂ𝑁 for 𝜔 sufficiently small. Let us
consider the decomposition of 𝒚 ≡ 𝒚(𝜔, 𝛿) onto this basis with coefficients (𝑦𝑖(𝜔, 𝛿))1≤𝑖≤𝑁 :

𝒚(𝜔, 𝛿) =

𝑁∑
𝑖=1

𝑦𝑖(𝜔, 𝛿)𝒂𝑖(𝜔). (177)

By Proposition 18, it holds 𝐴(𝜆𝑖(𝜔), 𝜔)𝒂𝑖(𝜔) = 0 for any 1 ≤ 𝑗 ≤ 𝑁. Therefore,

𝐴(𝜆, 𝜔)𝒚 =

𝑁∑
𝑗=1

(𝐴(𝜆, 𝜔) − 𝐴(𝜆𝑗(𝜔), 𝜔))𝒂𝑗(𝜔)𝑦𝑗(𝜆, 𝜔). (178)

We factorize (𝜆 − 𝜆𝑗(𝜔)) in this expression. From Equation (153), there exist coefficients
(𝐴𝑝,𝑙,𝑚)𝑝,𝑚≥0,0≤𝑙≤𝑝+1 such that 𝐴(𝜔, 𝜆) can be expanded as

𝐴(𝜆, 𝜔) =
∑

𝑝,𝑙,𝑚≥0
0≤𝑙≤𝑝+1

𝐴𝑝,𝑙,𝑚
𝜔2𝑝

𝜆𝑝
𝜔𝑚𝜆𝑙. (179)

Let us then write a fully explicit expansion of the difference 𝐴(𝜆, 𝜔) − 𝐴(𝜆𝑗(𝜔), 𝜔):

𝐴(𝜆, 𝜔) − 𝐴(𝜆𝑗(𝜔), 𝜔) =
∑

𝑝,𝑙,𝑚≥0
0≤𝑙≤𝑝+1

𝐴𝑝,𝑙,𝑚𝜔
2𝑝+𝑚(𝜆𝑙−𝑝 − 𝜆𝑗(𝜔)

𝑙−𝑝)

=
∑
𝑝,𝑚≥0

𝐴𝑝,𝑝+1,𝑚𝜔
2𝑝+𝑚(𝜆 − 𝜆𝑗(𝜔)) +

∑
𝑝≥1
𝑙,𝑚≥0
0≤𝑙≤𝑝−1

𝐴𝑝,𝑙,𝑚𝜔
2𝑝+𝑚

(
1

𝜆𝑝−𝑙
−

1

𝜆𝑗(𝜔)
𝑝−𝑙

)

= (𝜆 − 𝜆𝑗(𝜔))

⎡⎢⎢⎢⎢⎢⎢⎢⎣
∑
𝑝,𝑚≥0

𝐴𝑝,𝑝+1,𝑚𝜔
2𝑝+𝑚 −

∑
𝑝≥1
𝑙,𝑚≥0
0≤𝑙≤𝑝−1

𝐴𝑝,𝑙,𝑚𝜔
2𝑝+𝑚

𝑝−𝑙−1∑
𝑞=0

1

𝜆𝑞+1𝜆𝑗(𝜔)𝑝−𝑙−𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

(180)
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where the third equality is a consequence of the identity

1

𝑎𝑝+1
−

1

𝑏𝑝+1
= −(𝑎 − 𝑏)

𝑝∑
𝑞=0

1

𝑎𝑞+1𝑏𝑝−𝑞+1
, ∀𝑎, 𝑏 ∈ ℂ, ∀𝑝 ∈ ℕ. (181)

Substituting 𝜆 = 𝜔2∕(𝑣2
𝑏
𝛿) reveals that the second term of Equation (180) is a holomorphic func-

tion of 𝜔 and 𝛿,

𝜔2𝑝+𝑚
𝑝−𝑙−1∑
𝑞=0

𝑣
2(𝑞+1)

𝑏
𝛿𝑞+1

𝜔2(𝑞+1)𝜆𝑗(𝜔)𝑝−𝑙−𝑞
=

𝑝−𝑙−1∑
𝑞=0

𝑣
2(𝑞+1)

𝑏

𝜆𝑗(𝜔)𝑝−𝑙−𝑞
𝛿𝑞+1𝜔2(𝑝−𝑞−1)+𝑚, (182)

which is also smaller than 𝑂(𝛿). Therefore, the only term of Equation (180) which is bigger than
𝑂(𝜔2 + 𝛿) is 𝐴0,1,0 + 𝐴0,1,1𝜔 with 𝐴0,1,0 = 𝑉 and 𝐴0,1,1𝜔 = i𝜔∕(4𝜋𝑣𝑏)𝑉𝟏𝟏𝑇𝐶 according to Equa-
tion (154). Hence, Equation (180) reads with 𝜆 = 𝜔2∕(𝑣2

𝑏
𝛿):

𝐴(𝜆, 𝜔) − 𝐴(𝜆𝑗(𝜔), 𝜔) = (𝜆 − 𝜆𝑗(𝜔))

(
𝑉 +

i𝜔

4𝜋𝑣𝑏
𝑉𝟏𝟏𝑇𝐶 + 𝑂(𝜔2 + 𝛿)

)
. (183)

Coming back to Equation (178), we obtain

𝐴(𝜆, 𝜔)𝒚 =

𝑁∑
𝑗=1

(𝜆 − 𝜆𝑗(𝜔))

(
𝑉 +

i𝜔

4𝜋𝑣𝑏
𝑉𝟏𝟏𝑇𝐶 + 𝑂(𝜔2 + 𝛿)

)
𝑦𝑗(𝜔, 𝛿)𝒂𝑗(𝜔)

=

𝑁∑
𝑗=1

(𝜆 − 𝜆𝑗(𝜔))𝑦𝑗(𝜔, 𝛿)

(
𝑉𝒂𝑗(𝜔) + i𝜔

𝜆𝑗

4𝜋𝑣𝑏
𝑉𝟏𝟏𝑇𝑉𝒂𝑗 + 𝑂(𝜔

2 + 𝛿)

)
.

(184)

Left multiplying Equation (178) by 𝒂𝑇
𝑖
and using Proposition 21, we find that the vector 𝒛(𝜔, 𝛿)

given by

𝒛(𝜔, 𝛿) ∶= ((𝜆 − 𝜆𝑗(𝜔))𝑦𝑗(𝜔, 𝛿))1≤𝑗≤𝑁 (185)

is the solution to the linear system

(𝐼 + i𝜔𝐺 + 𝑂(𝜔2 + 𝛿))𝒛(𝜔, 𝛿) =
1

𝑣2
𝑏
𝛿
𝑭, (186)

where 𝑭 ∶= (𝒂𝑇
𝑖
𝑭)1≤𝑖≤𝑁 and 𝐺 is the matrix

𝐺 ∶= (𝐺𝑖𝑗)1≤𝑖,𝑗≤𝑁 ∶=
([

𝜆𝑗

4𝜋𝑣𝑏
−

𝜆𝑗𝛿𝑖≠𝑗
4𝜋(𝜆𝑗 − 𝜆𝑖)

(
𝜆𝑗

𝑣𝑏
− 𝜆𝑖

(
1

𝑣𝑏
−
1

𝑣

))](
𝒂𝑇
𝑖
𝑉𝟏
)
(𝒂𝑇
𝑗
𝑉𝟏)

)
1≤𝑖,𝑗≤𝑁

=

((
𝜆𝑗𝛿𝑖𝑗

4𝜋𝑣𝑏
+
𝛿𝑖≠𝑗
4𝜋𝑣

𝜆𝑖𝜆𝑗

(𝜆𝑖 − 𝜆𝑗)

)(
𝒂𝑇
𝑖
𝑉𝟏
)
(𝒂𝑇
𝑗
𝑉𝟏)

)
1≤𝑖,𝑗≤𝑁

.

(187)
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By using a Neumann series to invert Equation (186), we arrive at

𝒛 =
1

𝛿
(𝐼 − i𝜔𝐺 + 𝑂(𝜔2 + 𝛿))𝑭 (188)

and then, since 𝑦𝑖(𝜔, 𝛿) = 𝒆𝑇𝑖 𝑧(𝜔, 𝛿)∕(𝜆 − 𝜆𝑖(𝜔)), we finally obtain

𝑦𝑖(𝜔, 𝛿) =
1

𝛿

1

𝜆 − 𝜆𝑖(𝜔)
(𝒂𝑇
𝑖
𝑭 − i𝜔𝒆𝑇

𝑖
𝐺𝑭 + 𝑂(𝜔2 + 𝛿)𝑇𝑭), 1 ≤ 𝑖 ≤ 𝑁. (189)

The result follows from 𝜆 = 𝜔2∕(𝑣2
𝑏
𝛿) and by substituting the value of 𝐺 and 𝑭 in 𝒃𝑖 =∑𝑁

𝑗=1
𝐺𝑖𝑗𝒂𝑗 . ■

Remark 11. If 𝐷 is constituted of a single resonator, that is, 𝑁 = 1 and 𝐷 ≡ 𝐵, the vector 𝒃1 of
Equation (176) reads:

𝒃1 =
cap(𝐵)

4𝜋𝑣𝑏|𝐵| 12 . (190)

Remark 12. It is interesting to note that the modes (𝒂𝑖(𝜔))1≤𝑖≤𝑁 featured in the decomposition
(175) are not the modes (𝒂𝑖(𝜔±𝑖 (𝛿))) that can be built from the resonant frequencies (𝜔±

𝑖
(𝛿))1≤𝑖≤𝑁 ,

as one could have expected.

Remark 13. The interest of the formula (175) lies in that there is no approximation made in
the denominators, which vanish exactly at the “true” resonant frequencies 𝜔±

𝑖
(𝛿))1≤𝑖≤𝑁 . Equa-

tion (175) is more explicit than a Laurent series expansion of 𝐴[𝛿, 𝜔]−1 in the neighborhood of
only one of these poles.

Remark 14. It is clear from the proof that Equation (175) is a nonlinear continuation of the more
standard modal decomposition

𝒙 =

𝑁∑
𝑗=1

1

𝜆 − 𝜆𝑗
(𝒂𝑇
𝑗
𝑭)𝐶𝒂𝑗, (191)

which is the solution of the linear problem

𝐴(𝜆, 0)𝐶−1𝒙 = 𝑭 with 𝐴(𝜆, 0) = 𝜆𝑉 − 𝐶. (192)

We now factorize the denominators of Equation (175) to make the poles (𝜔±
𝑖
(𝛿))1≤𝑖≤𝑁 appear

more explicitly in Equation (175).

Proposition 23. We canwrite the following factorization for the poles of Equation (175) in the regime
𝜔, 𝛿 → 0:

𝜔2 − 𝛿𝑣2
𝑏
𝜆𝑖(𝜔) = (1 + 𝑂(𝛿))(𝜔 − 𝜔

+
𝑖
(𝛿))(𝜔 − 𝜔−

𝑖
(𝛿)), (193)
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where the remainder𝑂(𝛿) is a holomorphic function of𝜔 and 𝛿
1

2 , which can bewritten fully explicitly,
and where 𝜔+

𝑗
(𝛿) and 𝜔−

𝑗
(𝛿) are the resonant frequencies characterized by Proposition 20.

Proof. It is clear that

𝜔2 − 𝛿𝑣2
𝑏
𝜆𝑖(𝜔) =

(
𝜔 − 𝑣𝑏𝛿

1

2

√
𝜆𝑖(𝜔)

)(
𝜔 + 𝑣𝑏𝛿

1

2

√
𝜆𝑖(𝜔)

)
=

[
𝜔 − 𝜔+

𝑖
(𝛿) − 𝑣𝑏𝛿

1

2

(√
𝜆𝑖(𝜔) −

√
𝜆𝑖(𝜔

+
𝑖
(𝛿))

)][
𝜔 − 𝜔−

𝑖
(𝛿) + 𝑣𝑏𝛿

1

2

(√
𝜆𝑖(𝜔) −

√
𝜆𝑖(𝜔

−
𝑖
(𝛿))

)]
.

(194)
Let us consider the holomorphic function 𝑔𝑖(𝜔) ∶=

√
𝜆𝑖(𝜔) and denote by (𝑔𝑖,𝑝)𝑝∈ℕ the coeffi-

cients of its Taylor expansion at 𝜔 = 0:

𝑔𝑖(𝜔) =

+∞∑
𝑝=0

𝑔𝑖,𝑝𝜔
𝑝. (195)

We consider the function ℎ𝑖(𝜔, 𝛿) defined as follows:

1 + ℎ𝑖(𝜔, 𝛿) ∶=
𝜔2 − 𝛿𝜆𝑖(𝜔)

(𝜔 − 𝜔+
𝑖
(𝛿))(𝜔 − 𝜔−

𝑖
(𝛿))

=

[
1 − 𝑣𝑏𝛿

1

2

𝑔𝑖(𝜔) − 𝑔𝑖(𝜔
+
𝑖
(𝛿))

𝜔 − 𝜔+
𝑖
(𝛿)

][
1 + 𝑣𝑏𝛿

1

2

𝑔𝑖(𝜔) − 𝑔𝑖(𝜔
−
𝑖
(𝛿))

𝜔 − 𝜔−
𝑖
(𝛿)

]
.

(196)

Then, the result (193) is proved if we show that ℎ𝑖(𝜔, 𝛿) is holomorphic in𝜔 and 𝛿
1

2 with ℎ𝑖(𝜔, 𝛿) =
𝑂(𝛿). By using the identity 𝑎𝑝 − 𝑏𝑝 = (𝑎 − 𝑏)(𝑎𝑝−1 + 𝑎𝑝−2𝑏 +⋯+ 𝑏𝑝−2𝑎 + 𝑏𝑝−1) valid for any
𝑎, 𝑏 ∈ ℂ and 𝑝 ∈ ℕ, we can write the full asymptotic expansion of Equation (196):

𝑔𝑖(𝜔) − 𝑔𝑖(𝜔
+
𝑖
(𝛿))

𝜔 − 𝜔+
𝑖
(𝛿)

=

+∞∑
𝑝=1

𝑝−1∑
𝑙=0

𝑔𝑖,𝑝𝜔
+
𝑖
(𝛿)𝑝−1−𝑙𝜔𝑙 =

+∞∑
𝑙=0

+∞∑
𝑝=𝑙+1

𝑔𝑖,𝑝𝜔
+
𝑖
(𝛿)𝑝−1−𝑙𝜔𝑙

=

+∞∑
𝑝=0

(
+∞∑
𝑙=0

𝑔𝑖,𝑙+𝑝+1𝜔
+
𝑖
(𝛿)𝑙

)
𝜔𝑝 = 𝑔𝑖,1 + 𝑂(𝛿

1

2 ), (197)

and similarly

𝑔𝑖(𝜔) − 𝑔𝑖(𝜔
−
𝑖
(𝛿))

𝜔 − 𝜔−
𝑖
(𝛿)

=

+∞∑
𝑝=0

(
+∞∑
𝑙=0

𝑔𝑖,𝑙+𝑝+1𝜔
−
𝑖
(𝛿)𝑙

)
𝜔𝑝 = 𝑔𝑖,1 + 𝑂(𝛿

1

2 ). (198)

Hence, coming back to Equation (196), we see that the function ℎ𝑖 is holomorphic in 𝜔 and 𝛿
1

2 ,
and we obtain

1 + ℎ𝑖(𝜔, 𝛿) = (1 − 𝑣𝑏𝛿
1

2 𝑔𝑖,1 + 𝑂(𝛿))(1 + 𝑣𝑏𝛿
1

2 𝑔𝑖,1 + 𝑂(𝛿)) = 1 + 𝑂(𝛿). (199)

■
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For any 𝑝 ∈ ℕ, we define the 𝑝th order vector-valued tensor𝑴𝑝 by the formula

𝑴𝑝 ∶=

(
∫
𝜕𝐷

𝑦𝑝𝜙∗
𝑖
𝑑𝜎

)
1≤𝑖≤𝑁

. (200)

We recall that𝑴𝑝 is a vector tensor in the sense that for any 𝑝 derivative indices 1 ≤ 𝑖1, … , 𝑖𝑝 ≤ 3,
𝑴
𝑝

𝑖1…𝑖𝑝
is the vector

𝑴
𝑝

𝑖1…𝑖𝑝
=

(
∫
𝜕𝐷

𝑦
𝑝

𝑖1…𝑖𝑝
𝜙∗
𝑖
𝑑𝜎

)
1≤𝑖≤𝑁

. (201)

𝑴𝑝 is analogous to a polarization or moment tensor78; it appears in the asymptotic expansion of
the right-hand side 𝑭 of Equation (135). By the property (124), it holds𝑴0 = 𝟏.

Lemma 3. The following expansion holds for the vector 𝑭 of Equation (135):

𝑭 = 𝛿𝑢in(0)

(
1 −

i𝜔

4𝜋𝑣
cap(𝐷)

)
𝐶𝟏 + 𝛿𝐶𝑴1 ⋅ ∇𝑢in(0) + 𝑂((𝜔

2 + 𝛿)𝛿), (202)

where we recall𝑴1 ⋅ ∇𝑢𝑖𝑛(0) ∶=
∑
1≤𝑖1≤𝑁 𝑴

1
𝑖1
𝜕𝑖1𝑢𝑖𝑛(0).

Proof. We have the following expansion for the right-hand side 𝑓 of Equation (134):

𝑓 = 𝛿
𝜕𝑢in
𝜕𝑛

− 𝛿

(
1

2
𝐼 +𝑘∗

𝐷

)(𝑘𝐷)−1[𝑢in]
= 𝛿∇𝑢in(0) ⋅ 𝑛 − 𝛿

(
1

2
𝐼 +∗

𝐷

)(
(𝐷)−1 − 𝜔𝑣 (𝐷)−1𝐷,1(𝐷)−1

)
[𝑢in] + 𝑂(𝜔

2𝛿),

(203)

where we use the fact that 𝑢in satisfies (Δ + 𝑘2)𝑢in inℝ3, which implies (e.g., by using the Fourier
transform) that∇𝑝𝑢in is of order 𝜔𝑝 on any bounded set and any 𝑝 ∈ ℕ. From (130) and (131), we
obtain −1(𝜔, 𝛿)𝑓 = 𝑂(𝛿) and hence the point (i) of the proposition.
Then for any 1 ≤ 𝑖 ≤ 𝑁, we have

∫
𝜕𝐵𝑖

−1(𝛿, 𝜔)[𝑓] 𝑑𝜎 (204)

= −∫
𝜕𝐵𝑖

𝛿−1
0

(
1

2
𝐼 +∗

𝐷

)(
(𝐷)−1 − 𝜔𝑣 (𝐷)−1𝐷,1(𝐷)−1

)
[𝑢in] 𝑑𝜎

+∫
𝜕𝐵𝑖

𝛿∇𝑢in(0) ⋅ 𝑛 𝑑𝜎 + 𝑂((𝜔
2 + 𝛿)𝛿)

= −𝛿 ∫
𝜕𝐵𝑖

(
(𝐷)−1 − 𝜔𝑣 (𝐷)−1𝐷,1(𝐷)−1

)
[𝑢in] 𝑑𝜎 + 𝑂((𝜔

2 + 𝛿)𝛿)

= −𝛿 ∫
𝜕𝐷

𝑢in𝜓
∗
𝑖
𝑑𝜎 + 𝛿

𝜔

𝑣
𝑢in(0)∫

𝜕𝐷

𝜓∗
𝑖
𝑑𝜎

(
−
i

4𝜋

)
∫
𝜕𝐷

𝑁∑
𝑗=1

𝜓∗
𝑗
𝑑𝜎 + 𝑂((𝜔2 + 𝛿)𝛿)
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= 𝛿𝑢in(0)

𝑁∑
𝑗=1

𝐶𝑖𝑗 + 𝛿∇𝑢𝑖𝑛(0) ⋅ ∫
𝜕𝐷

𝑦1
𝑁∑
𝑗=1

𝐶𝑖𝑗𝜙
∗
𝑗
𝑑𝜎 − 𝛿

i𝜔

4𝜋𝑣

𝑁∑
𝑗=1

𝐶𝑖𝑗
∑

1≤𝑗,𝑙≤𝑁
𝐶𝑗𝑙𝑢in(0)

+𝑂((𝜔2 + 𝛿)𝛿). (205)

Hence, the right-hand side 𝑭 = (∫
𝜕𝐵𝑖

−1(𝛿, 𝜔)[𝑓] 𝑑𝜎)1≤𝑖≤𝑁 of Equation (135) is given by Equa-
tion (202). ■

Remark 15. The point 0 at which the Taylor expansion of 𝑢in is computed in Equation (202) does
not matter, it can be replaced by any other fixed given point 𝑥0 ∈ ℝ3. However, as implicitly used
in Refs. 29, 51, it needs to be replaced by the center of the resonator in the dilute setting where its
size shrinks to zero.50

Remark 16. More generally, higher-order terms in Equation (202) depend on the tensors𝑴𝑝 as
well as the operators 𝐷,𝑝 and∗

𝐷,𝑝 for larger values of 𝑝 ∈ ℕ.

Inserting (193) and (202) into (175), we obtain the following result.

Corollary 4. The following pole expansion holds as 𝛿 → 0 and 𝜔 → 0 for the solution 𝒙(𝜔, 𝛿) of
Equation (135):

𝒙(𝜔, 𝛿) =

𝑁∑
𝑖=1

𝛿𝑔0
𝑖
(𝜔)𝑢in(0) + 𝛿𝑔

1
𝑖
(𝜔) ⋅ ∇𝑢in(0) + 𝑂((𝜔

2 + 𝛿)𝛿)

(𝜔 − 𝜔+
𝑖
(𝛿))(𝜔 − 𝜔−

𝑖
(𝛿))

𝐶𝒂𝑖(𝜔), (206)

where 𝑔0
𝑖
and 𝑔1

𝑖
are the zeroth and first-order scalar tensors

𝑔0
𝑖
(𝜔) ∶= 𝑣2

𝑏

(
1 −

i𝜔

4𝜋𝑣
cap(𝐷)

)(
𝒂𝑇
𝑖
− i𝜔𝒃𝑇

𝑖

)
𝐶𝟏, 𝑔1

𝑖
(𝜔) ∶= 𝑣2

𝑏
𝒂𝑇
𝑖
𝐶𝑴1, 1 ≤ 𝑖 ≤ 𝑁 (207)

for 𝒂𝑖(𝜔) and 𝒃𝑖 defined in Proposition 18 and (176). Furthermore, the remainder 𝑂(𝜔2 + 𝛿) is a

holomorphic function in 𝜔 and 𝛿
1

2 which can be fully explicited.

Remark 17. The result of Corollary 4 is true without assuming 𝜔 = 𝑂(𝛿
1

2 ).

4.2 Modal decomposition of the scattered field

We now use the result of Corollary 4 to obtain a modal decomposition for the field 𝑢tot, solution
to Equation (5). We start by defining “resonant states” as root functions to the integral problem
(109), or to the scattering problem (5). Since𝐴(𝜔, 𝛿)𝐶𝒂𝑖(𝜔) = 0when𝜔 = 𝜔±𝑖 (𝛿) for any 1 ≤ 𝑖 ≤ 𝑁
(Proposition 18), these are obtained by substituting (𝑥𝑖)1≤𝑖≤𝑁 with the coordinates of the vector
𝒂𝑖(𝜔) = (𝒂𝑖(𝜔)

𝑇𝐶𝒆𝑗)1≤𝑗≤𝑁 in Equation (133) with 𝑢in = 0:
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Definition 2. For 1 ≤ 𝑖 ≤ 𝑁, We define “resonant states” 𝜙∗
𝑖
(𝜔, 𝛿), 𝜓∗

𝑖
(𝜔, 𝛿) ∈ 𝐿2(𝜕𝐷) associated

to the eigenvector 𝒂𝑖(𝜔) by the formulas

𝜙∗
𝑖
(𝜔, 𝛿) ∶=

𝑁∑
𝑗=1

(
𝒆𝑇
𝑗
𝐶𝒂𝑖(𝜔)

)−1(𝜔, 𝛿)[𝜙∗
𝑗
], 𝜓∗

𝑖
(𝜔, 𝛿) ∶=

(𝑘𝐷)−1𝑘𝑏𝐷 [𝜙∗𝑖 (𝜔, 𝛿)], 1 ≤ 𝑖 ≤ 𝑁.
(208)

We then define the “physical” resonant mode 𝑢𝑖(𝜔, 𝛿) as a function of ℝ3 by

𝑢𝑖(𝜔, 𝛿)(𝑥) =

⎧⎪⎨⎪⎩
𝑘𝑏𝐷 [𝜙∗𝑖 (𝜔, 𝛿)](𝑥) if 𝑥 ∈ 𝐷,
𝑘𝐷[𝜓∗𝑖 (𝜔, 𝛿)](𝑥) if 𝑥 ∈ ℝ3∖𝐷.

(209)

Remark 18. By definition, themode (𝜙∗
𝑖
(𝜔, 𝛿), 𝜓∗

𝑖
(𝜔, 𝛿)) is a root function of the scattering problem

(5), and 𝑢𝑖(𝜔±𝑖 (𝛿), 𝛿) is a nontrivial solution to Equation (5) with 𝑢in = 0.

Remark 19. The resonant states 𝜙∗
𝑖
(𝜔, 𝛿) and 𝜓∗

𝑖
(𝜔, 𝛿) with 1 ≤ 𝑖 ≤ 𝑁 are to the first-order lin-

ear combinations of the potentials (𝜙∗
𝑖
)1≤𝑖≤𝑁 (definition (123)). More precisely, it holds, due to

Equation (130):

𝜙∗
𝑖
(𝜔, 𝛿) =

𝑁∑
𝑗=1

(
𝒆𝑇
𝑗
𝐶𝒂𝑖(𝜔)

)
𝜙∗
𝑗
+ 𝑂(𝜔2 + 𝛿), (210)

𝜓∗
𝑖
(𝜔, 𝛿) =

𝑁∑
𝑗=1

(
𝒆𝑇
𝑗
𝐶𝒂𝑖(𝜔) +

i𝜔

4𝜋

(
1

𝑣𝑏
−
1

𝑣

)
𝟏𝑇𝐶𝒂𝑖

𝑁∑
𝑙=1

𝐶𝑙𝑗

)
𝜙∗
𝑗
+ 𝑂(𝜔2 + 𝛿), (211)

where the second identity is a consequence of

(𝑘𝐷)−1𝑘𝑏𝐷 [𝜙∗𝑗 ] = 𝜙∗𝑗 − i𝜔

4𝜋

(
1

𝑣𝑏
−
1

𝑣

) 𝑁∑
𝑙=1

𝜓∗
𝑙
with 𝜓∗

𝑙
= −

𝑁∑
𝑗=1

𝐶𝑙𝑗𝜙
∗
𝑗
. (212)

The resonant states enable to write a modal decomposition of the solution to Equation (109). It
is obtained by reading first a modal decomposition for the potential 𝜙 and 𝜓 of Equation (133):

Corollary 5. The solution (𝜙, 𝜓) to the scattering problem (106) admits the following modal decom-
position as 𝜔 → 0 and 𝛿 → 0:

𝜙 = −1(𝜔, 𝛿)[𝑓] +
𝑁∑
𝑖=1

𝛿𝑔0
𝑖
(𝜔)𝑢in(0) + 𝛿𝑔

1
𝑖
(𝜔) ⋅ ∇𝑢in(0) + 𝑂((𝜔

2 + 𝛿)𝛿)

(𝜔 − 𝜔+
𝑖
(𝛿))(𝜔 − 𝜔−

𝑖
(𝛿))

𝜙∗
𝑖
(𝜔, 𝛿), (213)

𝜓 =
(𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)[𝑓] − (𝑘𝐷)−1[𝑢in] + 𝑁∑

𝑖=1

𝛿𝑔0
𝑖
(𝜔)𝑢in(0) + 𝛿𝑔

1
𝑖
(𝜔) ⋅ ∇𝑢in(0) + 𝑂((𝜔

2 + 𝛿)𝛿)

(𝜔 − 𝜔+
𝑖
(𝛿))(𝜔 − 𝜔−

𝑖
(𝛿))

𝜓∗
𝑖
(𝜔, 𝛿),

(214)
where −1(𝜔, 𝛿)[𝑓] = 𝑂(𝛿); 𝑔0

𝑖
and 𝑔1

𝑖
are given by Equation (207) and 𝑂((𝜔2 + 𝛿)𝛿) is a holomor-

phic function of 𝜔 and 𝛿1∕2.
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Proof. Using Equations (133) and (177) with 𝒙(𝜔, 𝛿) = 𝐶𝒚(𝜔, 𝛿), the potential 𝜙 reads

𝜙 = −1(𝜔, 𝛿)[𝑓] +
𝑁∑
𝑗=1

𝒆𝑇
𝑗
𝒙(𝜔, 𝛿)−1(𝜔, 𝛿)[𝜙∗

𝑗
] = −1(𝜔, 𝛿)[𝑓] +

𝑁∑
𝑗=1

𝑁∑
𝑖=1

𝑦𝑖(𝜔, 𝛿)𝒆
𝑇
𝑗
𝐶𝒂𝑖(𝜔)−1(𝜔, 𝛿)[𝜙∗𝑗 ]

= −1(𝜔, 𝛿)[𝑓] +
𝑁∑
𝑖=1

𝑦𝑖(𝜔, 𝛿)𝜙
∗
𝑖
(𝜔, 𝛿).

(215)

The result (213) follows from the expression (207) determining the value of 𝑦𝑖(𝜔, 𝛿). Then, Equa-
tion (214) is obtained by inserting Equation (213) into the first line of Equation (110). ■

Remark 20. The identity (213) improves the result of Refs. 35, 39 in the fact that it clearly highlights
the structure of the inverse of the operator(𝜔, 𝛿) in terms of the resonant poles𝜔±

𝑖
(𝛿) andmodes

𝜙∗
𝑖
(𝜔, 𝛿). Furthermore, the scattering amplitude is known up to the order 𝑂(𝜔2 + 𝛿) instead of

𝑂(𝜔 + 𝛿
1

2 ).

To propagate asymptotic expansions from the boundary potentials 𝜓 and 𝜙 to the fields 𝑘𝐷[𝜓]
and 𝑘𝑏𝐷 [𝜙], we need to bound 𝑘𝐷[𝜙] as a function on ℝ3 in terms of 𝜙. Following Ref. 54, we
consider the space

𝐻 =

⎧⎪⎨⎪⎩𝑢 |
𝑢(

1 + |𝑥|2)1∕2 ∈ 𝐿2
(‖𝑥 ||3 ) , ∇𝑢(

1 + |𝑥|2)1∕2 ∈ 𝐿2(‖𝑥|3),
𝜕𝑢

𝜕|𝑥| − i𝑘𝑢 ∈ 𝐿2(‖𝑥|3)
⎫⎪⎬⎪⎭.
(216)

Let 𝑅 > 0 be a sufficiently large positive number such that 𝐷 is contained in the ball of radius 𝑅:
𝐷 ⊂ 𝐵(0, 𝑅). We recall the following facts (see Ref. [54, Theorem 2.6.6].

Proposition 24.

(i) Let 𝑢 ∈ 𝐻1
𝑙𝑜𝑐
(ℝ3) be a function solving the homogeneous Helmholtz equation on the exterior

domainℝ3∖𝐵(0, 𝑅):

⎧⎪⎨⎪⎩
−Δ𝑢 − 𝑘2𝑢 = 0 inℝ3∖𝐵(0, 𝑅),(

𝜕𝑢

𝜕|𝑥| − i𝑘𝑢
)
(𝑥) = 𝑜(|𝑥|−1) as |𝑥|→ +∞.

(217)

Then, 𝑢 ∈ 𝐻 and there exists constants 𝛼, 𝛼′ > 0 depending only on 𝑅 such that

||𝑢||𝐻 ≤ 𝛼||𝑢||
𝐻
−
1
2 (𝜕𝐵(0,𝑅))

≤ 𝛼′||𝑢||𝐻1(𝐵(0,𝑅)). (218)

(ii) In particular, 𝑘𝐷[𝜙] ∈ 𝐻 for any 𝜙 ∈ 𝐿2(𝜕𝐷) and there exists a constant 𝛼 > 0 depending only
on 𝑅 > 0 such that

||𝑘𝐷[𝜙]||𝐻 ≤ 𝛼||𝜙||𝐿2(𝜕𝐷). (219)
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Proof. The point (i) is obtained in Theorem 2.6.3 of Ref. 54. Point (ii) is obtained by writing that
𝑢 = 𝑘𝐷[𝜙] satisfies

⎧⎪⎪⎪⎨⎪⎪⎪⎩

−Δ𝑢 − 𝑘2𝑢 = 0 in 𝐵(0, 𝑅),[[
𝜕𝑢

𝜕𝑛

]]
= 𝜙 on 𝜕𝐷,

𝜕𝑢

𝜕𝑛
− 𝑇𝑅𝑢 = 0 on 𝜕𝐵(0, 𝑅),

(220)

where 𝑇𝑅 ∶ 𝐻
1

2 (𝜕𝐵(0, 𝑅)) → 𝐻
−
1

2 (𝜕𝐵(0, 𝑅)) is the capacity operator. The variational formulation
of this Fredholm problem reads:

find 𝑢 ∈ 𝐻1(𝐵(0, 𝑅)) such that for any 𝑣 ∈ 𝐻1(𝐵(0, 𝑅)),

∫
𝐵(0,𝑅)

∇𝑢 ⋅ ∇𝑣 𝑑𝑥 − ∫
𝜕𝐵(0,𝑅)

𝑇𝑅𝑢𝑣 𝑑𝜎 = ∫
𝜕𝐷

𝜙𝑣 𝑑𝜎, (221)

where 𝑣 is the complex conjugate of the test function 𝑣. The bilinear form associated to Equa-
tion (221) is injective and independent of 𝜕𝐷. Hence, setting 𝑣 = 𝑢 and using the Banach–Nečas–
Babuška theorem.69 We can obtain the existence of a constant 𝐶 independent of 𝜕𝐷 such that

||𝑢||𝐻1(𝐵(0,𝑅)) ≤ 𝛼||𝜙||𝐿2(𝜕𝐷), (222)

from where the result is derived. ■

Since 𝜔−
𝑖
(𝛿) = −𝜔

+
𝑖 (𝛿), the denominators of (213) and (214) read:

(𝜔 − 𝜔+
𝑖
(𝛿))(𝜔 − 𝜔−

𝑖
(𝛿)) = (𝜔2 − |𝜔±

𝑖
(𝛿)|2) − 2i𝜔ℑ(𝜔±

𝑖
(𝛿)). (223)

Gathering (213), (214), and (105) yields the following result:

Corollary 6. The solution 𝑢tot to the scattering problem (5) admits the following modal decomposi-
tion as 𝜔 → 0 and 𝛿 → 0:

𝑢tot =

𝑁∑
𝑖=1

𝛿𝑔0
𝑖
(𝜔)𝑢in(0) + 𝛿𝑔

1
𝑖
(𝜔) ⋅ ∇𝑢in(0) + 𝑂(𝛿(𝛿 + 𝜔

2))

𝜔2 − |𝜔±
𝑖
(𝛿)|2 − 2i𝜔ℑ(𝜔±

𝑖
(𝛿))

𝑢𝑖(𝜔, 𝛿)

+
(
𝑢in − 𝑘𝐷

[(𝑘𝐷)−1[𝑢in]])1ℝ3∖𝐷 + 𝑂(𝛿), (224)

where 𝑂(𝛿) is a function holomorphic in 𝜔 and 𝛿 such that ||𝑂(𝛿)||𝐻∕𝛿 → 0 as 𝜔, 𝛿 → 0, and 𝑔0
𝑖

and 𝑔1
𝑖
are given by Equation (207).

Remark 21. Considering only real and positive values of 𝜔, we see that−2ℑ(𝜔±
𝑖
(𝛿))∕|𝜔±

𝑖
(𝛿)| plays

the role of a damping constant.
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Remark 22. Corollary 6 is a clarification of Lemma 2.11 in Ref. 46, whereby the resonant denomi-
nator of Equation (224) vanishes exactly at the scattering frequency 𝜔±

𝑖
(𝛿), and the norm (as well

as the space 𝐻) measuring the smallness of 𝑂(𝛿) is specified.

Remark 23. Using (175) and (133) without approximating the vector 𝑭 by using the result of
Lemma 3, one obtains the existence of 𝑁 linear forms 𝐸𝑖(𝜔, 𝛿) ∶ 𝐿2(𝜕𝐷) × 𝐿2(𝜕𝐷) → ℝ, for
1 ≤ 𝑖 ≤ 𝑁, such that

𝛿𝑔0
𝑖
(𝜔)𝑢in(0) + 𝛿𝑔

1
𝑖
(𝜔) ⋅ ∇𝑢in(0) + 𝑂(𝛿(𝛿 + 𝜔

2)) = 𝐸𝑖(𝜔, 𝛿)

(
𝑢in
𝜕𝑢in

𝜕𝑛

)
. (225)

Inserting this expression into Equation (224) yields the modal decomposition (10) claimed in the
introduction. Furthermore, the previous analysis shows that 𝐸𝑖(𝜔, 𝛿) is holomorphic as a function

of 𝜔 and 𝛿
1

2 and verifies 𝐸𝑖(𝜔, 𝛿) = 𝑂(1) in the operator norm.

Remark 24. Applying the inverse Fourier transform to the resonant part of Equation (224), it is
possible to rewrite Equation (224) in the form of a modal decomposition in the time domain, see,
for example, Refs. 39, 42, 46, 79.

4.3 Estimation of the magnitude of the resonances for real
frequencies

Physically, the parameter 𝜔 is real, hence the resonant part of 𝑢tot in Equation (224) featuring
resonant poles

𝛿

(𝜔 − 𝜔+
𝑖
(𝛿))(𝜔 − 𝜔−

𝑖
(𝛿))

=
𝛿

𝜔2 − |𝜔±
𝑖
(𝛿)|2 − 2i𝜔ℑ(𝜔±

𝑖
(𝛿))

(226)

has a bounded magnitude for these frequencies (despite it blows up for 𝜔 = 𝜔±
𝑖
(𝛿)). Further-

more, the resonant frequencies 𝜔±
𝑖
(𝛿) are replaced by approximations in the scattering ampli-

tude (226),29,35,39,51 and it is important to estimate the induced error as 𝜔 is real (this error being
unbounded for complex frequencies). In this part, we gather a few results which allow to estimate
the magnitude of the resonant poles of 𝑢tot at real frequencies, and to estimate the error induced
by replacing resonant denominators with approximate ones.

Lemma 4. Let 𝑎, 𝑏 ∈ ℝ satisfying |𝑎| > |𝑏|. The following inequality holds:
∀𝜔 ∈ ℝ, |𝜔2 − 𝑎2 + 2i𝑏𝜔| ≥ 2|𝑏|√𝑎2 − 𝑏2. (227)

Proof. We consider the real function 𝑓 defined by

𝑓(𝜔) ∶= |𝜔2 − 𝑎2 + 2i𝑏𝜔|2 = (𝜔2 − 𝑎2)2 + 4𝜔2𝑏2, (228)
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whose derivative reads

𝑓′(𝜔) = 4𝜔(𝜔2 − 𝑎2) + 8𝑏2𝜔 = 4𝜔(𝜔2 − 𝑎2 + 2𝑏2). (229)

Consequently, 𝑓 reaches therefore its minimum when 𝜔2 = 𝑎2 − 2𝑏2 and we obtain

∀𝜔 ∈ ℝ, 𝑓(𝜔) ≥ 4𝑏4 + 4𝑏2(𝑎2 − 2𝑏2) = 4𝑏2(𝑎2 − 𝑏2). (230)

■

The bound (227) enables to estimate the amplitude of the resonances in Equation (224).

Corollary 7. For real frequencies 𝜔 ∈ ℝ, the resonant amplitudes of Equation (224) are of order:

𝛿

𝜔2 − |𝜔±
𝑖
(𝛿)|2 − 2i𝜔ℑ(𝜔±

𝑖
(𝛿))

= 𝑂
⎛⎜⎜⎝

𝛿
1

2

ℑ(𝜔±
𝑖
(𝛿))

⎞⎟⎟⎠. (231)

Remark 25. The enhancement coefficient of the resonance is therefore determined by the imag-
inary part of 𝜔±

𝑖
(𝛿). In most situations, ℑ(𝜔±

𝑖
(𝛿)) = 𝑂(𝛿) inducing an enhancement is of order

𝑂(𝛿
−
1

2 ). However, ℑ(𝜔±
𝑖
(𝛿)) may be of order smaller or equal to 𝑂(𝛿2) when 𝒂𝑇

𝑖
𝑉𝟏 = 0 (Equa-

tion (172)), for example, in case of symmetries. Furthermore, the modal decomposition (224)
reveals that this amplification can be reduced by a factor 𝜔 in the situation where 𝑔0

𝑖
(𝜔) = 0.

Remark 26. The reader may retain that the magnitude of the resonance of Equation (231) is
obtained by setting 𝜔 = |𝜔±

𝑖
(𝛿)| in Equation (226).

We conclude this part by a remark on the error committed by the approximation of a resonant
ratio (considered at real frequencies 𝜔 > 0) by a different one.

Lemma 5. Let 𝑎, 𝑏 ∈ ℝ satisfying |𝑏|≪ |𝑎| andΔ𝑎, Δ𝑏 ∈ ℝ such that |Δ𝑎|≪ |𝑎| and |Δ𝑏|≪ |𝑏|.
If further

|Δ𝑎|≪ |𝑏|, (232)

then the following approximations hold as 𝜔 = 𝑂(|𝑎|):
1

𝜔2 − (𝑎 + Δ𝑎)2 + 2i(𝑏 + Δ𝑏)𝜔
=

1

𝜔2 − 𝑎2 + 2i𝑏𝜔

(
1 + 𝑂

(
max(|Δ𝑎|, |Δ𝑏|)|𝑏|

))
. (233)

Proof. We write, by using Equation (227) and the assumptions of the lemma:

1

𝜔2 − (𝑎 + Δ𝑎)2 + 2i(𝑏 + Δ𝑏)𝜔
=

1

𝜔2 − 𝑎2 + 2i𝑏𝜔

1

1 + 𝑂
(|||Δ𝑎𝑏 ||| + |||Δ𝑏𝑏 ||| 𝜔|𝑎|)

=
1

𝜔2 − 𝑎2 + 2i𝑏𝜔

(
1 + 𝑂

(||||Δ𝑎𝑏 |||| + ||||Δ𝑏𝑏 |||| 𝜔|𝑎|
))

,

(234)
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from where the result follows. ■

Remark 27. The condition (232) is very important for the approximation (233) to be valid. Recalling
the expansion (172) of 𝜔±

𝑖
(𝛿), we find that in the generic case where 𝒂𝑇

𝑖
𝑉𝟏 ≠ 0 (i.e., corresponding

to 𝑖 = 1 or when the vector of ones 𝟏 = (1)1≤𝑖≤𝑁 is not an eigenvector of Equation (19)), then
ℑ(𝜔±

𝑖
(𝛿)) = 𝑂(𝛿) and

𝛿

𝜔2 − |𝜔±
𝑖
(𝛿)|2 − 2i𝜔ℑ(𝜔±

𝑖
(𝛿))

= 𝑂

(
𝛿
−
1

2

)
. (235)

Furthermore, we have the approximation

𝛿

𝜔2 − |𝜔±
𝑖
(𝛿)|2 − 2i𝜔ℑ(𝜔±

𝑖
(𝛿))

=
𝛿

𝜔2 − 𝑣2
𝑏
𝜆𝑖𝛿 +

i𝜔𝛿

4𝜋𝑣
𝑣2
𝑏
𝜆2
𝑖

(
𝒂𝑇
𝑖
𝑉𝟏
)2(1 + 𝑂(𝛿 12 )). (236)

Remark 28. For the dimer considered in Section 2.3.3, the vector of ones 𝟏 is an eigenvector of
Equation (19), hence 𝒂𝑇

2
𝐶𝟏 = 0 and the second resonant frequency (see also Ref. 29) 𝜔±

2
(𝛿) has

the form

𝜔±2 (𝛿) = ±𝑣𝑏𝜆

1

2

2 𝛿
1

2 ± 𝜂1𝛿
3∕2 − 𝜂2𝑖𝛿

2 + 𝑂(𝛿
5

2 ) (237)

for coefficients 𝜂1, 𝜂2 a priori positive. The resonant amplitude (231) is therefore of order 𝑂(𝛿
−
3

2 ).
Therefore, the coefficient 𝜂1 needs to be kept in the denominator if one desires to approximate the
amplitude with vanishing errors: for 𝜔 real,

1

𝜔2 − |𝜔±2 (𝛿)|2 − 2i𝜔ℑ(𝜔±2 (𝛿)) = 1

𝜔2 − |√𝜆2𝛿 + ±𝜂1𝛿3∕2)|2 − 2i𝜔𝜂2𝛿2 (1 + 𝑂(𝛿
1

2 )), (238)

however if we do not keep 𝜂1, we arrive instead at

1

𝜔2 − |𝜔±2 (𝛿)|2 − 2i𝜔ℑ(𝜔±2 (𝛿)) = 1

𝜔2 − |√𝜆2𝛿|2 − 2i𝜔𝜂2𝛿2 (1 + 𝑂(𝛿−
1

2 )). (239)

5 POINT SCATTERER APPROXIMATIONS

In this final section, we compute the leading asymptotics of the far-field pattern for the field scat-
tered by the resonant medium𝐷 in the subwavelength regime. The case of𝑁 resonators is treated
in Section 5.1, where the far field of the scattered field is computed in Proposition 27. We find
that in this generic situation, the group of 𝑁 resonators behaves in the far field as a monopole
scatterer (a point source) as the frequency 𝜔 gets close to any of the resonant frequencies 𝜔±

𝑖
(𝛿):

𝑢tot(𝑥) is approximately proportional to the fundamental solution Γ𝑘(𝑥) as |𝑥|→ +∞. Multipole
behaviors, that is, a far-field pattern proportional to ∇𝑝Γ𝑘(𝑥) with 𝑝 ≥ 1, can be obtained under
sufficient symmetry of the system of resonators 𝐷, requiring among other 𝟏 to be an eigenvec-
tor of the eigenvalue problem (19). Then, the result obtained for 𝑁 bodies is applied to the case
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𝑁 = 1 with a single resonator in Section 5.2, and finally to a dimer of 𝑁 = 2 spherical identical
resonators in Section 5.3. In both cases𝑁 = 1 and𝑁 = 2, we retrieve and propose simplifications
to the corresponding formulas obtained in Ref. 29, 35. We still assume the simplicity (151) of the
eigenvalues of the (weighted) capacitance matrix. We emphasize the connexion with generalized
moment tensors78 and we retrieve some results from Refs. 29, 35, 80.

5.1 Point scatterer approximation for a system with𝑵 resonators

The far-field expansion of the solution 𝑢tot to the scattering problem (5) is obtained by expanding
the kernel Γ𝑘(𝑥 − 𝑦) involved in the single-layer potential 𝑘𝐷[𝜓](𝑥) in the representation (105).
The general formula for the expansion of Γ𝑘(𝑥 − 𝑦) as |𝑥|→ +∞ and 𝑦 remains in a bounded
set is provided by the addition formula,81 which involves spherical Bessel functions. Here, we
rather rely on a differentmultipole expansion of the fundamental solution, which yields a simpler
formula in the regime 𝜔 → 0. To establish this expansion, we use uniform estimates of higher-
order derivatives of the Helmholtz fundamental solution recalled in the next lemma.

Lemma 6. There exists a constant 𝛼 > 0 such that for any 𝑝 ∈ ℕ,

∀𝑥 ∈ ℝ3, ∇𝑝+1Γ𝑘(𝑥) ≤ 𝛼6𝑝𝑝!|𝑥|−1(|𝑥|−𝑝 + 𝑘𝑝). (240)

Proof. The 𝑝th derivative of Γ𝑘 can be obtained by differentiating this function 𝑝 + 1 times using
Leibniz and FaaDi Bruno formula,82 fromwhere the estimate (240) can then be explicitly derived.
We provide below a more constructive proof based on tensorial calculus.
Let us introduce the family of 𝑝th order tensor (𝑓𝑝

𝑗
(𝑥))0≤𝑗≤𝑝 defined by induction on 𝑝 by

⎧⎪⎪⎨⎪⎪⎩
𝑓
𝑝+1

𝑗
(𝑥) =

∑3

𝑙=1

(
𝜕𝑙𝑓

𝑝

𝑗−1
(𝑥) + i

𝑥𝑙|𝑥|𝑓𝑝𝑗 (𝑥)
)
⊗ 𝑒𝑙 with 0 ≤ 𝑗 ≤ 𝑝 + 1,

𝑓00(𝑥) =
1|𝑥| ,

(241)

with the convention 𝑓𝑝𝑝+1(𝑥) = 𝑓
𝑝
−1(𝑥) = 0. By induction, it can easily be proved that 𝑓

𝑝

𝑗
is homo-

geneous of degree −1 − 𝑗 and that the 𝑝th derivative of Γ𝑘 reads

∇𝑝Γ𝑘(𝑥) = −
1

4𝜋

𝑝∑
𝑗=0

𝑘𝑝−𝑗𝑓
𝑝

𝑗
(𝑥)e𝑖𝑘|𝑥|, 𝑥 ∈ ℝ3. (242)

In fact, it can be verified from Equation (241) that 𝑓𝑝
𝑗
(𝑥) is of the form

𝑓
𝑝

𝑗
(𝑥) =

𝑝∑
𝑙=0

𝛼
𝑝−𝑙

𝑝,𝑗
⊗ 𝑥𝑙|𝑥|1+𝑗+𝑙 , (243)



FEPPON and AMMARI 215

where 𝛼𝑝−𝑙
𝑝,𝑗

is a constant tensor of order 𝑝 − 𝑙 which can be computed by induction as follows:

⎧⎪⎨⎪⎩
𝛼
𝑝+1−𝑙

𝑝+1,𝑗
= (𝑙 + 1)𝛼

𝑝−1−𝑙

𝑝,𝑗−1
⊗ 𝐼 − (𝑙 + 𝑗)𝛼

𝑝+1−𝑙

𝑝,𝑗−1
+ i𝛼

𝑝+1−𝑙

𝑝,𝑗
, 0 ≤ 𝑙 ≤ 𝑝 + 1

𝛼00,0 = 1,
(244)

with the convention 𝛼𝑙
𝑝,𝑗
= 0 for 𝑙 > 𝑝 or 𝑙 < 0. From the previous system, it can be obtained by

induction that there exists a constant 𝛽 > 0 independent of 𝑝 such that

max
0≤𝑗≤𝑝

𝑝∑
𝑙=0

|𝛼𝑝−𝑙
𝑝,𝑗
|1 ≤ 𝛽6𝑝𝑝! (245)

where we denote |𝛼𝑝−𝑙
𝑝,𝑗
|1 ∶= ∑1≤𝑖1…𝑖𝑝−𝑙≤3 |𝛼𝑝−𝑙𝑝,𝑗,𝑖1…𝑖𝑝−𝑙

|. Using the definition (243), the previous
inequality implies

∀𝑥 ∈ ℝ3,
|||𝑓𝑝𝑗 (𝑥)||| < 𝛽6𝑝𝑝!|𝑥|−1−𝑗 for any 0 ≤ 𝑗 ≤ 𝑝. (246)

Hence, we obtain the bound

|∇𝑝Γ𝑘(𝑥)| ≤ 𝛽 6𝑝𝑝!
4𝜋

𝑝∑
𝑗=0

𝑘𝑝−𝑗|𝑥|−1−𝑗 ≤ 𝛽 6𝑝𝑝!
4𝜋

|𝑥|−1𝑘𝑝(𝑝 + 1)max(1, 𝑘−𝑝|𝑥|−𝑝)
≤ 𝛽 6𝑝𝑝!(𝑝 + 1)

4𝜋
|𝑥|−1(𝑘𝑝 + |𝑥|−𝑝).

(247)

■

Proposition 25. The following multipole expansion holds for the kernel Γ𝑘(𝑥 − 𝑦) as 𝜔 → 0, |𝑥|→
+∞ and |𝑦| = 𝑂(1): for any 𝑝 ∈ ℕ,

Γ𝑘(𝑥 − 𝑦) =

𝑝∑
𝑙=0

(−1)𝑙

𝑙!
∇𝑙Γ𝑘(𝑥) ⋅ 𝑦𝑙 + 𝑂

(
1|𝑥|𝑝+2

)
+ 𝑂

(
𝜔𝑝+1|𝑥|

)
. (248)

Proof. The Taylor–Lagrange formula reads

Γ𝑘(𝑥 − 𝑦) =

𝑝∑
𝑙=0

(−1)𝑙

𝑙!
∇𝑙Γ𝑘(𝑥) ⋅ 𝑦𝑙 +

(−1)𝑝+1

𝑝! ∫
1

0

(1 − 𝑡)𝑝∇𝑝+1Γ𝑘(𝑥 − 𝑡𝑦) ⋅ 𝑦𝑝+1 𝑑𝑡. (249)

Therefore, as |𝑥|→ +∞ and |𝑦| remains bounded, the remainder of the Taylor sum truncated
at order 𝑝 is of order 𝑂(∇𝑝+1Γ𝑘(𝑥)) which is of order 𝑂(|𝑥|−1(𝜔𝑝+1 + |𝑥|−𝑝+1) according to
Lemma 6. ■

The far-field of the resonant modes 𝑢𝑖(𝜔, 𝛿) of Equation (209) can be expressed in terms of
polarization tensors𝑴𝑝(𝜔, 𝛿)which generalize the tensors𝑴𝑝 defined by Equation (200), in the
sense that𝑴𝑝(0, 0) = 𝑴𝑝.
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Definition 3. We denote by𝑴𝑝(𝜔, 𝛿) the vector-valued tensor

𝑴𝑝(𝜔, 𝛿) ∶=

(
∫
𝜕𝐷

𝑦𝑝
(𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)[𝜙∗

𝑖
](𝑦) 𝑑𝜎(𝑦)

)
1≤𝑖≤𝑁

. (250)

Proposition 26. The resonant mode 𝑢𝑖(𝜔, 𝛿)(𝑥) of Equation (209) admits the following multipole
expansion as |𝑥|→ +∞ and 𝜔 → 0:

𝑢𝑖(𝜔, 𝛿)(𝑥) =

𝑝∑
𝑙=1

(−1)𝑙

𝑙!
𝒂𝑖(𝜔)

𝑇𝐶𝑴𝑙(𝜔, 𝛿) ⋅ ∇𝑙Γ𝑘(𝑥) + 𝑂

(
1|𝑥|𝑝+2

)
+ 𝑂

(
𝜔𝑝+1|𝑥|

)
. (251)

Proof. Denote 𝜙∗
𝑖
(𝜔, 𝛿) ∶= (𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)[𝜙∗

𝑖
]. By using (248), we can develop the single-

layer potential 𝑘𝐷[𝜙∗𝑖 ] as |𝑥|→ +∞:

𝑘𝐷[𝜙∗𝑖 ] = ∫
𝜕𝐷

Γ𝑘(𝑥 − 𝑦)𝜙∗
𝑖
(𝑦) 𝑑𝜎(𝑦) =

𝑝∑
𝑙=0

(−1)𝑙

𝑙!
∇𝑙Γ𝑘(𝑥) ⋅ 𝑀𝑙

𝑖
(𝜔, 𝛿) + 𝑂(|𝑥|−1(|𝑥|−𝑝−1 + 𝜔𝑝+1)).

(252)
Then, Equation (209) and (208) yield

𝑢𝑖(𝜔, 𝛿)(𝑥) = 𝑘𝐷[𝜓∗𝑖 (𝜔, 𝛿)](𝑥) =
𝑁∑
𝑗=1

(
𝒆𝑇
𝑗
𝐶𝒂𝑖(𝜔)

)𝑘𝐷[𝜙∗𝑗 ](𝑥)
=

𝑝∑
𝑙=0

(−1)𝑙

𝑙!
∇𝑙Γ𝑘(𝑥) ⋅

𝑁∑
𝑗=1

(
𝒆𝑇
𝑗
𝐶𝒂𝑖(𝜔)

)
𝑀𝑙
𝑗
(𝜔, 𝛿) + 𝑂(|𝑥|−1(|𝑥|−𝑝−1 + 𝜔𝑝+1))

=

𝑝∑
𝑙=0

(−1)𝑙

𝑙!
∇𝑙Γ𝑘(𝑥) ⋅ 𝒂𝑖(𝜔)

𝑇𝐶𝑴𝑙(𝜔, 𝛿) + 𝑂(|𝑥|−1(|𝑥|−𝑝−1 + 𝜔𝑝+1)).
(253)

■

We need to introduce a last tensor appearing in the point scatterer approximation of the scat-
tered field 𝑢tot − 𝑢in.

Definition 4. We denote by 𝐾2 the second-order scalar tensor defined by

𝐾2 ∶= ∫
𝜕𝐷

𝑦1 ⊗
(𝑘𝐷)−1[𝑦1](𝑦) 𝑑𝜎(𝑦). (254)

Proposition 27. The following multipole expansion holds for the scattered field as |𝑥|→ +∞, 𝜔 →
0 and 𝛿 → 0:

𝑢tot(𝑥) − 𝑢in(𝑥)

=

𝑁∑
𝑖=1

𝛿𝑔0
𝑖
(𝜔)𝑢in(0) + 𝛿𝑔

1
𝑖
(𝜔) ⋅ ∇𝑢in(0)

𝜔2 − |𝜔±
𝑖
(𝛿)|2 − 2i𝜔ℑ(𝜔±

𝑖
(𝛿))

𝒂𝑖(𝜔)
𝑇𝐶
[
𝑴0(𝜔, 𝛿)Γ𝑘(𝑥) −𝑴1 ⋅ ∇Γ𝑘(𝑥)
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+|𝑥|−1𝑂(|𝑥|−2 + 𝜔2 + 𝛿)]
+

[(
1 −

i𝜔

4𝜋𝑣
cap(𝐷)

)
cap(𝐷)𝑢in(0) + 𝟏

𝑇𝐶𝑴1 ⋅ ∇𝑢in(0)

]
Γ𝑘(𝑥)

−𝑢in(0)𝟏
𝑇𝐶𝑴1 ⋅ ∇Γ𝑘(𝑥) + ∇𝑢in(0) ⋅ 𝐾

2 ⋅ ∇Γ𝑘(𝑥)

+|𝑥|−1𝑂(𝜔2 + |𝑥|−2) + 𝑂(𝛿), (255)

where

∇𝑢in(0) ⋅ 𝐾
2 ⋅ ∇Γ𝑘(𝑥) ∶=

∑
1≤𝑖1,𝑖2≤3

𝐾2
𝑖1𝑖2
𝜕𝑦𝑖1

𝑢in(0)𝜕𝑦𝑖2
Γ𝑘(𝑥) (256)

and where 𝑔0
𝑖
(𝜔) and 𝑔1

𝑖
(𝜔) are given by Equation (207).

Proof. The point scatterer approximation of the resonant part is obtained by inserting Equa-
tion (251) with 𝑝 = 1 into the modal decomposition (137), where we further note that

𝑴1(𝜔, 𝛿) ⋅ ∇Γ(𝑥) = 𝑴1 ⋅ ∇Γ(𝑥) + 𝑂((𝜔 + 𝛿)(|𝑥|−1(𝜔 + |𝑥|−1))) = 𝑴1 ⋅ ∇Γ(𝑥) + 𝑂(|𝑥|−1(𝜔2 + 𝛿 + |𝑥|−2)).
(257)

It remains to expand the nonresonant term −𝑘𝐷[(𝑘𝐷)−1[𝑢in]](𝑥) of Equation (224). Observe first
that(𝑘𝐷)−1[𝑢in] = (𝐷)−1[𝑢in] − 𝜔𝑣 (𝐷)−1𝐷,1(𝐷)−1[𝑢in] + 𝑂(𝜔2)

= 𝑢in(0)(𝐷)−1[1𝜕𝐷] + ∇𝑢in(0) ⋅ (𝐷)−1[𝑦1] − 𝑢in(0)𝜔𝑣 (𝐷)−1𝐷,1(𝐷)−1[1𝜕𝐷] + 𝑂(𝜔2).
(258)

Then, (𝐷)−1[1𝜕𝐷] = ∑𝑁

𝑖=1
𝜓∗
𝑖
and Equation (114) entail

(𝐷)−1𝐷,1(𝐷)−1[1𝜕𝐷] = − i

4𝜋

𝑁∑
𝑖=1

(
∫
𝜕𝐷

𝜓∗
𝑖

) 𝑁∑
𝑙=1

𝜓∗
𝑙
=

i

4𝜋
cap(𝐷)

𝑁∑
𝑙=1

𝜓∗
𝑙
. (259)

Therefore, we arrive at

(𝑘𝐷)−1[𝑢in] = 𝑢in(0)(1 − i𝜔

4𝜋𝑣
cap(𝐷)

) 𝑁∑
𝑙=1

𝜓∗
𝑙
+ ∇𝑢in(0) ⋅ (𝐷)−1[𝑦1] + 𝑂(𝜔2). (260)
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Computing the far field of the single-layer potential 𝑘𝐷[(𝑘𝐷)−1[𝑢in]], we find that

−𝑘𝐷[(𝑘𝐷)−1[𝑢in]](𝑥) = −Γ(𝑥)∫
𝜕𝐷

(𝑘𝐷)−1[𝑢in] 𝑑𝜎 + ∇Γ(𝑥) ⋅ ∫
𝜕𝐷

𝑦1
(𝑘𝐷)−1[𝑢in](𝑦) 𝑑𝜎(𝑦) + 𝑂(|𝑥|−1(𝜔2 + |𝑥|−2))

=

(
𝑢in(0)

(
1 −

i𝜔

4𝜋𝑣
cap(𝐷)

)
cap(𝐷) −

𝑁∑
𝑖=1

∫
𝜕𝐷

𝜓∗
𝑖
(𝑦)𝑦1 𝑑𝜎(𝑦) ⋅ ∇𝑢in(0)

)
Γ𝑘(𝑥)

+

(
𝑢in(0)

𝑁∑
𝑖=1

∫
𝜕𝐷

𝜓∗
𝑖
(𝑦)𝑦1 𝑑𝜎(𝑦) + ∇𝑢in(0) ⋅ ∫

𝜕𝐷

𝑦1 ⊗
(𝑘𝐷)−1[𝑦1](𝑦) 𝑑𝜎(𝑦)

)
⋅ ∇Γ𝑘(𝑥)

+ 𝑂(|𝑥|−1(𝜔2 + |𝑥|−2)).
(261)

The result follows from the identity

𝑁∑
𝑖=1

∫
𝜕𝐷

𝜓∗
𝑖
(𝑦)𝑦1 𝑑𝜎(𝑦) = −

𝑁∑
𝑖=1

𝑁∑
𝑗=1

∫
𝜕𝐷

𝐶𝑖𝑗𝜙
∗
𝑗
(𝑦)𝑦1 𝑑𝜎(𝑦) = −𝟏𝐶𝑴1, (262)

where we recall the definition (200) of the tensor𝑴1. ■

Remark 29. From (130) and (212), we have the following expansion for (𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)[𝜙∗
𝑖
]:

(𝑘𝐷)−1𝑘𝑏𝐷 −1(𝜔, 𝛿)[𝜙∗
𝑖
] = 𝜙∗

𝑖
+
i𝜔

4𝜋

(
1

𝑣𝑏
−
1

𝑣

) ∑
1≤𝑙,𝑗≤𝑁

𝐶𝑙𝑗𝜙
∗
𝑗
+ 𝑂(𝜔2 + 𝛿). (263)

Recalling𝑴0 = 𝟏 and Section 5.2, the tensor𝑴0(𝜔, 𝛿) occurring in the result of Proposition 27:
has the following asymptotic expansion:

𝑴0(𝜔, 𝛿) =

(
1 + i𝜔

1

4𝜋

(
1

𝑣𝑏
−
1

𝑣

)
cap(𝐷)

)
𝟏 + 𝑂(𝜔2 + 𝛿). (264)

Remark 30. These expansions further highlight the fact that the vector of ones 𝟏 = (1)1≤𝑖≤𝑁 plays
a particular role if it turns to be an eigenvector of the capacitance matrix, as it occurs in case of
many symmetries.

Remark 31. The multipole expansion (255) is in general of monopole type (𝑢tot(𝑥) − 𝑢in(𝑥) is pro-
portional to Γ𝑘(𝑥) at leading order). A far-field pattern of dipole type (proportional to ∇Γ𝑘(𝑥))
can be observed if 𝒂𝑇

𝑖
𝐶𝟏 = 0 as 𝜔 becomes close to the resonance 𝜔±

𝑖
(𝛿). Generating systems with

higher-order far-field patterns (proportional to ∇𝑝Γ𝑘(𝑥) with 𝑝 ≥ 2) does not seem trivial and
would require to compute asymptotic expansions of 𝑢tot at higher orders.

5.2 Point scatterer approximation for a single resonator

We now specialize the result of Proposition 27 to the case 𝑁 = 1, where 𝐷 ≡ 𝐵 is constituted of a
single resonator. Using our accurate multipole expansion (255), we are able to retrieve and to clar-
ify the results obtained for this context in Refs. 35, 39. We also find a simplification of the damping
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constant of the complex scattering coefficient, whichwe find directly related to the imaginary part
of the resonance.

Proposition 28. Assume 𝑁 = 1 and 𝐷 ≡ 𝐵. The following monopole source behavior holds for the
solution 𝑢tot to the scattering problem as |𝑥|→ +∞, 𝜔 → 0 and 𝛿 → 0.

𝑢tot(𝑥) − 𝑢in(𝑥) =

(
𝛿𝑣2

𝑏
|𝐵|−1cap(𝐵)

𝜔2 − |𝜔±1 (𝛿)|2 − 2i𝜔ℑ(𝜔±1 (𝛿)) + 1
)
cap(𝐵)𝑢in(0)(1 + 𝑂(𝜔 + 𝛿 + |𝑥|−1))Γ𝑘(𝑥) + 𝑂(𝛿).

(265)

Proof. In this context where𝑁 = 1, let us recall that 𝒂1 = |𝐵|−1∕2 and 𝐶 = cap(𝐵). Neglecting the
contributions in 𝑂(𝜔) in Equation (207), we find

𝑔01(𝜔) = 𝑣
2
𝑏
𝒂𝑇1𝐶𝟏 + 𝑂(𝜔) = 𝑣

2
𝑏
|𝐵|−12 cap(𝐵) + 𝑂(𝜔). (266)

The result follows from Equation (255). ■

Remark 32. We see from Equation (265) that the scattering coefficient contains the contribution
of the constant 1 and of a resonant coefficient which blows up exactly at the resonant frequency
𝜔±1 (𝛿).

We now simplify the expression of the scattering coefficient in Equation (265) in the case where
𝜔 ∈ ℝ is a physical, real frequency. Following Ref. 35, let us denote by

𝜔𝑀 ∶= 𝜔
±
1,1𝛿

1

2 = 𝑣𝑏

√
cap(𝐵)|𝐵| 𝛿

1

2 (267)

the leading order of the resonant frequency 𝜔±1 (𝛿).

Proposition 29. Assuming that𝜔 is real, Equation (265) reduces to the following pointwise behavior
for the solution 𝑢tot to the scattering problem (5) as |𝑥|→ +∞, 𝜔 → 0 and 𝛿 → 0:

𝑢tot(𝑥) − 𝑢in(𝑥) =

⎛⎜⎜⎜⎝
1

𝜔2

𝜔2
𝑀

− 1 + i𝜔
cap(𝐵)

4𝜋𝑣

⎞⎟⎟⎟⎠(1 + 𝑂(𝜔) + 𝑂(𝛿
1

2 ) + 𝑂(|𝑥|−1))cap(𝐵)𝑢in(0)Γ𝑘(𝑥) + 𝑂(𝛿).
(268)

Proof. We approximate the resonant denominator by using Equations (233) and (174):

𝛿𝑣2
𝑏
|𝐵|−1cap(𝐵)

𝜔2 − |𝜔±1 (𝛿)|2 − 2i𝜔ℑ(𝜔±1 (𝛿)) = 𝜔2𝑀

𝜔2 − 𝜔2𝑀 + 𝑂(𝛿
3

2 ) + i𝜔
(
𝛿
𝑣2
𝑏
cap(𝐵)2

4𝜋𝑣|𝐵| + 𝑂(𝛿2)
) = 1 + 𝑂(𝛿

1

2 )
𝜔2

𝜔2𝑀
− 1 + i𝜔

cap(𝐵)

4𝜋𝑣

. (269)
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Then, Equation (231) highlights that the above quantity is of order 𝑂(𝛿−
1

2 ), hence the constant 1
of Equation (265) is of the same order as the error of the approximation:

𝛿𝑣2
𝑏
|𝐵|−1cap(𝐵)

𝜔2 − |𝜔±
1
(𝛿)|2 − 2i𝜔ℑ(𝜔±

1
(𝛿))

+ 1 =
1

𝜔2

𝜔2
𝑀

− 1 + i𝜔
cap(𝐵)

4𝜋𝑣

+ 𝑂(1) =,
1

𝜔2

𝜔2
𝑀

− 1 + i𝜔
cap(𝐵)

4𝜋𝑣

(1 + 𝑂(𝛿
1

2 )),

(270)
from where the result follows. ■

Remark 33. The expression (268) is somewhat simpler as the result of the original paper (Ref. [35,
Theorem 3.1]). The difference lies in the error term. First, the constant 1 of Equation (265) was
kept in Ref. 35, which does not change the approximation error. Keeping the constant 1 yields the
scattering coefficient

1
𝜔2

𝜔2
𝑀

− 1 + i𝜔
cap(𝐵)

4𝜋𝑣

(1 + 𝑂(𝛿
1

2 )) =

⎛⎜⎜⎜⎝
1

𝜔2

𝜔2
𝑀

− 1 + i𝜔
cap(𝐵)

4𝜋𝑣

+ 1

⎞⎟⎟⎟⎠(1 + 𝑂(𝛿
1

2 ))

=
1

1 −
𝜔2
𝑀

𝜔2
+ i

𝑣2
𝑏
cap(𝐵)2

4𝜋𝑣|𝐵| 𝛿

𝜔

(1 + 𝑂(𝛿
1

2 )).

(271)

Then, referring to the formula (2.28) for the damping constant in Ref. 39, one can verify that

1 −
𝑣2
𝑏
cap(𝐵)|𝐵| 𝛿

𝜔2
+ i

(
(𝑣 + 𝑣𝑏)cap(𝐵)

8𝜋𝑣𝑣𝑏
𝜔 −

𝑣 − 𝑣𝑏
𝑣

𝑣𝑏cap(𝐵)
2

8𝜋|𝐵| 𝛿

𝜔

)

=

(
1 −

𝑣2
𝑏
cap(𝐵)|𝐵| 𝛿

𝜔2
+ i
𝑣2
𝑏
cap(𝐵)2

4𝜋𝑣|𝐵| 𝛿

𝜔

)(
1 + i

(𝑣 + 𝑣𝑏)cap(𝐵)

8𝜋𝑣𝑣𝑏
𝜔 + 𝑂(𝜔2)

)

=

(
1 −

𝑣2
𝑏
cap(𝐵)|𝐵| 𝛿

𝜔2
+ i
𝑣2
𝑏
cap(𝐵)2

4𝜋𝑣|𝐵| 𝛿

𝜔

)
(1 + 𝑂(𝜔)).

(272)

Hence, using (271) and (272), we obtain

1
𝜔2

𝜔2
𝑀

− 1 + i𝜔
cap(𝐵)

4𝜋𝑣

=
1 + 𝑂(𝛿

1

2 )

1 −
𝜔2
𝑀

𝜔2
+ i
(
(𝑣+𝑣𝑏)cap(𝐵)

8𝜋𝑣𝑣𝑏
𝜔 −

𝑣−𝑣𝑏

𝑣

𝑣𝑏cap(𝐵)2

8𝜋|𝐵| 𝛿

𝜔

) , (273)

which shows that the damping constant of Equation (268) and the one of Ref. [39, eq. 2.28] are

equivalent for an approximation of the scattered field of the order 𝑂(𝛿
1

2 ). However, let us remark
than our formula (268) is more enlightening because it clearly shows that the damping coefficient
can be taken to be positive and equal (at first order) to twice the opposite of the imaginary part of
the complex resonant frequency 𝜔±1 (𝛿).
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F IGURE 7 Setting of the dimer 𝐷 constituted of two identical spheres

5.3 Point scatterer approximation for a dimer

We now consider a dimermade of two identical spheres 𝐵1 and 𝐵2 of volume |𝐵1| = |𝐵2| = |𝐷|∕2,
following the setting of Section 2.3.3. Without loss of generality, we assume that the axis of the
dimer is aligned with the direction 𝒆1, and that the origin 𝑂 = (0, 0, 0) is the middle of the seg-
ment joining the two centers of𝐵1 and𝐵2. The setting is illustrated in Figure 7. In this final part, we
retrieve and improve the results of Ref. 29 concernedwith the derivation of point scatterer approx-
imations for the field scattered by the dimer. Our analysis emphasizes the fact that the “dipole”
behavior of the resonance associated to the second scattering frequency 𝜔±2 (𝛿) is closely related
to the symmetry of the system and cannot be expected for an arbitrary system of 𝑁 resonators,
where all resonances are in general of “monopole” type.
We recall that in the present context, the capacitance matrix 𝐶 and the volume matrix 𝑉 read

𝐶 =

[
𝑎 −𝑏

−𝑏 𝑎

]
, 𝑉 =

|𝐷|
2
𝐼 (274)

for two positive constants 𝑎 > 𝑏 > 0 (Section 2.3.3). The solutions to the generalized eigenvalue
problem (19) are given by

𝜆1 =
2|𝐷| (𝑎 − 𝑏) = cap(𝐷)|𝐷| , 𝜆2 =

2|𝐷| (𝑎 + 𝑏), (275)

with respective eigenvectors 𝒂1 and 𝒂2 normalized such that 𝒂𝑇𝑖 𝑉𝒂𝑗 = 𝛿𝑖𝑗 for 1 ≤ 𝑖, 𝑗 ≤ 2:

𝒂1 = |𝐷|−12 (1
1

)
= |𝐷|−12 𝟏, 𝒂2 = |𝐷|−12 ( 1

−1

)
. (276)

Note that Equations (274)–(276) hold as soon as the dimer is symmetric with respect to themedian
plane orthogonal to 𝒆1. However, we consider spherical resonators because the rotational invari-
ance along the axis of the dimer is essential to obtain a far field of dipole type for 𝜔 close to the
resonance 𝜔+2 (𝛿).
In what follows, we denote by 𝜔1 and 𝜔2 the first-order approximations of the real part of the

resonant frequencies (𝜔+
𝑖
(𝛿))1≤𝑖≤2 (Equation (172)):

𝜔1 ∶= 𝛿
1

2 𝑣𝑏

√
2|𝐷| (𝑎 − 𝑏), 𝜔2 ∶= 𝛿

1

2 𝑣𝑏

√
2|𝐷| (𝑎 + 𝑏). (277)
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The multipole expansion (255) involves𝑴0 = 𝟏 and𝑴1. As we obtain below, the simplifications
which entail the dipole behavior of the second resonance are induced by the algebraic symmetry
properties of the tensor𝑴0 and𝑴1. The latter are the object of the next proposition, which exam-
ines more generally the symmetry properties of the polarization tensors 𝑴𝑝 defined by Equa-
tion (200) for an arbitrary 𝑝 ∈ ℕ.

Lemma 7. The polarization tensor𝑴𝑝 of Equation (200) associated to the system of two identical
spherical resonators has the following symmetries for any 𝑝 ∈ ℕ:

(i) there exists a scalar tensor 𝑝 of order 𝑝 such that for any indices 1 ≤ 𝑖1 … 𝑖𝑝 ≤ 3,

𝑴
𝑝

𝑖1…𝑖𝑝
= 𝑝

𝑖1…𝑖𝑝

(
1

1

)
if p is even, (278)

𝑴
𝑝

𝑖1…𝑖𝑝
= 𝑝

𝑖1…𝑖𝑝

(
1

−1

)
if p is odd. (279)

(ii) 𝑝
𝑖1…𝑖𝑝

= 0 if 2 or 3 occurs an odd number of times in the indices (𝑖1, … , 𝑖𝑝). More precisely,

𝑝
𝑖1…𝑖𝑝

= (−1)
𝛿𝑖1𝑗+⋯+𝛿𝑖𝑝𝑗𝑝

𝑖1…𝑖𝑝
for 𝑗 = 2, 3. (280)

(iii) The numbers 2 and 3 can be permuted in the indices (𝑖1, … , 𝑖𝑝). More precisely, if 𝜎 ∈ 𝔖3 is the
permutation defined by 𝜎(1) = 1, 𝜎(2) = 3, 𝜎(3) = 2, then

𝑝
𝜎(𝑖1)…𝜎(𝑖𝑝)

= 𝑝
𝑖1…𝑖𝑝

. (281)

Proof. We consider the planar symmetries 𝑆1, 𝑆2, 𝑆3 defined by

𝑆𝑖𝒆𝑖 = −𝒆𝑖 and 𝑆𝑖𝒆𝑗 = 𝒆𝑗 for 𝑗 ≠ 𝑖 with 1 ≤ 𝑖, 𝑗 ≤ 3, (282)

and the symmetry 𝑆23 satisfying

𝑆23𝒆1 = 𝒆1, 𝑆23𝒆2 = 𝒆3 and 𝑆23𝒆3 = 𝒆2. (283)

Due to the symmetries of 𝐷, the potential 𝜓∗
𝑙
= −1𝐷 [1𝜕𝐵𝑙 ] with 𝑙 = 1, 2 satisfies

𝜓∗1◦𝑆1 = 𝜓
∗
2 , 𝜓∗2◦𝑆1 = 𝜓

∗
1 , (284)

𝜓∗
𝑙
◦𝑆𝑖 = 𝜓

∗
𝑙

for 𝑙 = 1, 2 and 𝑖 = 2, 3. (285)

Let us consider the 𝑝th order vector tensors𝑴𝑝 ≡ (𝑀̃𝑝

𝑖
)1≤𝑖≤3 defined by

𝑀̃
𝑝

𝑖
∶= ∫

𝜕𝐷

𝜓∗
𝑖
𝑦𝑝 𝑑𝜎, 1 ≤ 𝑖 ≤ 3. (286)
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By considering the change of variables 𝑦 = 𝑆𝑖(𝑦′) with 1 ≤ 𝑖 ≤ 3 in Equation (286), we obtain,
respectively,

𝑀̃
𝑝

1,𝑖1…𝑖𝑝
= (−1)

𝛿𝑖11+⋯+𝛿𝑖𝑝1𝑀
𝑝

2,𝑖1…𝑖𝑝
, (287)

𝑀̃
𝑝

𝑙,𝑖1…𝑖𝑝
= (−1)

𝛿𝑖1𝑗+⋯+𝛿𝑖𝑝𝑗 𝑀̃
𝑝

𝑙,𝑖1…𝑖𝑝
for 𝑙 = 1, 2 and 𝑗 = 2, 3. (288)

Furthermore, the change of variables 𝑦 = 𝑆23(𝑦′) in Equation (286) yields

𝑀̃
𝑝

𝑙,𝑖1…𝑖𝑝
= 𝑀̃

𝑝

𝑙,𝜎(𝑖1)…𝜎(𝑖𝑝)
. (289)

Property (287) implies that 𝑴𝑝

𝑖1…𝑖𝑝
is proportional to

(
1 1
)𝑇

if there is an even number of 1 in

(𝑖1, … , 𝑖𝑝), and to
(
1 −1

)𝑇
otherwise. The identity (288) states that𝑴𝑝

𝑖1…𝑖𝑝
= 0 if there is an odd

number of 2 or 3 in (𝑖1, … , 𝑖𝑝). Finally, Equation (289) implies that we can permute the numbers 2
and 3 in (𝑖1, … , 𝑖𝑝), so properties (i), (ii), and (iii) hold for𝑴𝑝 instead of𝑴𝑝. Since𝑴𝑝 = −𝐶−1𝑴𝑝

and
(
1 1
)𝑇

and
(
1 −1

)𝑇
are eigenvectors of 𝐶, these results also hold for𝑴𝑝. ■

Corollary 8. The moment tensor𝑴1 defined by Equation (200) can be written

𝑴1 = 𝑀1
1,1𝑒1

(
1

−1

)
(290)

for an effective constant𝑀1
1,1 ∈ ℂ.

Remark 34. Let us further illustrate the result of Lemma 7 on the higher- order tensors𝑴2 and
𝑴3: using the properties (i), (ii), and (iii), we find that𝑴2 and𝑴3 depend, respectively, on only
three effective coefficients:

𝑴2 =
(
𝑀2
1,11
𝑒1 ⊗ 𝑒1 +𝑀

2
1,22
𝑒2 ⊗ 𝑒2 +𝑀

2
1,33
𝑒3 ⊗ 𝑒3

)(1
1

)
, (291)

𝑴3 =
(
𝑀3
1,111𝑒1 ⊗ 𝑒1 ⊗ 𝑒1 +𝑀

3
1,122𝑒1 ⊗ 𝑒2 ⊗ 𝑒2 +𝑀

3
1,122𝑒1 ⊗ 𝑒3 ⊗ 𝑒3

)( 1

−1

)
. (292)

We also need to determine the symmetry properties of the second-order tensor 𝐾2 of Equa-
tion (254). We find that 𝐾2 is a diagonal tensor.

Lemma 8. The second-order scalar tensor 𝐾2 defined by Equation (254) can be written

𝐾2 = 𝐾211𝑒1 ⊗ 𝑒1 + 𝐾
2
22(𝑒2 ⊗ 𝑒2 + 𝑒3 ⊗ 𝑒3) (293)

for two effective coefficients 𝐾211, 𝐾
2
22 ≡ 𝐾233 ∈ ℂ.
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Proof. Due to the symmetry of the dimer, the potential 𝜁𝑖 ∶= (𝑘𝐷)−1[𝑦𝑖] with 1 ≤ 𝑖 ≤ 3 satisfies

𝜁𝑖◦𝑆𝑗 =
(𝑘𝐷)−1[𝑦𝑖◦𝑆𝑗] for 1 ≤ 𝑗 ≤ 3. (294)

Consequently, we find by using the change of variables 𝑦′ = 𝑆𝑖𝑦 with 𝑖 = 1, 2, 3:

𝐾2
𝑖1𝑖2
= (−1)𝛿𝑖1 𝑖(−1)𝛿𝑖2 𝑖𝐾2

𝑖1𝑖2
, (295)

which implies 𝐾2
𝑖1𝑖2
= 0 as soon as 𝑖1 ≠ 𝑖2. Then the change of variables 𝑦′ = 𝑆23 yields

𝐾2
𝑖2𝑖2
= 𝐾2

𝜎(𝑖2)𝜎(𝑖3)
, (296)

from where we obtain 𝐾222 = 𝐾
2
33. ■

Proposition 30. The following multipole expansion holds for the field 𝑢tot(𝑥) scattered through a
dimer 𝐷 constituted of two identical spherical resonators, as |𝑥|→ +∞ and 𝜔, 𝛿 → 0:

𝑢tot(𝑥) − 𝑢in(𝑥)

=

[
𝜔2
1
(1−i𝜔𝜏𝑣)

𝜔2−|𝜔±
1
(𝛿)|2−2i𝜔ℑ(𝜔±

1
(𝛿))

+ 1

]
cap(𝐷)(1 − i𝜔𝜏𝑣)𝑢in(0)(1 + 𝑂(𝜔

2) + 𝑂(|𝑥|−2))Γ𝑘(𝑥)
+

2(𝑎+𝑏)(𝑀1
1,1
)2𝜔2

2

𝜔2−|𝜔±
2
(𝛿)|2−2i𝜔ℑ(𝜔±

2
(𝛿))
𝜕𝑦1𝑢in(0)𝜕𝑦1Γ

𝑘(𝑥)(1 + 𝑂(𝜔) + 𝑂(|𝑥|−1))
+𝐾211𝜕𝑦1𝑢in(0)𝜕𝑦1Γ

𝑘(𝑥) +
∑3

𝑖=1
𝐾2
𝑖𝑖
𝜕𝑦𝑖𝑢in(0)𝜕𝑦𝑖Γ

𝑘(𝑥) + 𝑂(|𝑥|−1(𝜔2 + |𝑥|−2)) + 𝑂(𝛿),
(297)

where 𝜏𝑣 ∶= cap(𝐷)∕(2𝜋𝑣) and (𝐾2𝑖𝑖)1≤𝑖≤3 are the coefficients of the diagonal tensor 𝐾2 of Equa-
tion (293).

Proof. According to Equation (176) and using the orthogonality 𝒂𝑇2𝑉𝟏 = 0, we find

𝒃1 =
cap(𝐷)

4𝜋𝑣𝑏
𝒂1, 𝒃2 = 0. (298)

This allows to compute the coefficients 𝑔0
𝑖
(𝜔) and 𝑔1

𝑖
(𝜔) of Equation (207):

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑔01(𝜔) = 𝑣
2
𝑏

(
1 −

i𝜔

4𝜋𝑣
cap(𝐷)

)(
1 −

i𝜔

4𝜋𝑣𝑏
cap(𝐷)

)
𝒂1𝐶𝟏

= 𝑣2
𝑏

(
1 −

i𝜔

4𝜋
cap(𝐷)

(
1

𝑣
+
1

𝑣𝑏

))|𝐷|−12 cap(𝐷) + 𝑂(𝜔2),
𝑔11(𝜔) = 𝑣

2
𝑏
𝒂𝑇1𝐶𝑴

1 = 0,

𝑔02(𝜔) = 0,

𝑔12(𝜔) = 𝑣
2
𝑏
𝒂𝑇2𝐶𝑴

1 = 𝑣2
𝑏
|𝐷| 12 𝜆2𝑀1

1,1𝑒1 = 2𝑣
2
𝑏
|𝐷|−12 (𝑎 + 𝑏)𝑀1

1,1𝑒1.

(299)
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Furthermore, Proposition 21 imply that the first-order perturbation of the eigenvectors are zero:

𝒂𝑖(𝜔) = 𝒂𝑖 + 𝑂(𝜔
2). (300)

Therefore, with the help of Equation (264), we find

𝒂1(𝜔)
𝑇𝐶𝑴0(𝜔, 𝛿)(𝑴0(𝜔, 𝛿)Γ𝑘(𝑥) −𝑴1 ⋅ ∇Γ𝑘(𝑥)) =

(
1 +

i𝜔

4𝜋

(
1

𝑣𝑏
−
1

𝑣

)
cap(𝐷)

)|𝐷|− 1

2 cap(𝐷)Γ𝑘(𝑥), (301)

𝒂2(𝜔)
𝑇𝐶𝑴0(𝜔, 𝛿)(𝑴0(𝜔, 𝛿)Γ𝑘(𝑥) −𝑴1 ⋅ ∇Γ𝑘(𝑥)) = |𝐷| 12 𝜆2𝑀1

1,1𝜕𝑦1Γ
𝑘(𝑥) = 2|𝐷|− 1

2 (𝑎 + 𝑏)𝑀1
1,1𝜕𝑦1Γ

𝑘(𝑥).

(302)
This together with Equation (299) yields the expressions of the resonant scattering amplitudes in
Equation (297). The result follows from Equation (255) by using 𝟏𝑇𝐶𝑴1 = 0. ■

Proposition 30 yields a higher-order asymptotic for the far-field expansion of 𝑢tot than Ref.
[29, Theorem 4.2]. To conclude this section, we specialize Equation (297) to the case where 𝜔 is
real, using the approximation result of Lemma 5. We recall the definition (237) of the constants
𝜂1, 𝜂2 > 0 involved in the higher-order expansion of the scattering frequency 𝜔±2 (𝛿).

Proposition 31. Assuming that 𝜔 is real, Equation (297) reduces to the following multipole expan-
sion for the solution 𝑢tot to the scattering problem (5) as |𝑥|→ +∞, 𝜔 → 0 and 𝛿 → 0:

𝑢tot(𝑥) − 𝑢in(𝑥)

=
⎡⎢⎢⎣ 1

𝜔2

𝜔2
1

−1+
i𝜔

4𝜋𝑣
cap(𝐷)

⎤⎥⎥⎦cap(𝐷)𝑢in(0)(1 + 𝑂(𝜔) + 𝑂(𝛿
1

2 ) + 𝑂(|𝑥|−2))Γ𝑘(𝑥)
+

2(𝑎+𝑏)(𝑀1
1,1
)2

𝜔2

𝜔2
2

−1−2
𝜂1
𝜔2
𝛿
3
2 +2𝑖𝜂2𝛿2

𝜔

𝜔2
2

𝜕𝑦1𝑢in(0)𝜕𝑦1Γ
𝑘(𝑥)(1 + 𝑂(𝜔) + 𝑂(|𝑥|−1)).

(303)

Remark 35. For real frequencies, the scattering coefficient for the dipole resonance is of order

𝜔22

𝜔2 − |𝜔±
2
(𝛿)|2 − 2𝑖ℑ(𝜔±

2
(𝛿))𝜔

= 𝑂(𝛿
−
3

2 ), (304)

which is greater than the amplitude coefficient of order𝑂(𝛿−
1

2 ) for themonopolemode. However,
this magnitude is tempered by the derivative 𝜕𝑦1𝑢in(0) which is of order 𝑂(𝜔), and by the faster

decay of 𝜕𝑦1Γ
𝑘(𝑥) as 𝑂(|𝑥|−1(𝜔 + |𝑥|−1)). Therefore, for 𝜔 > 0 close to 𝜔+2 (𝛿) (and so 𝜔 = 𝑂(𝛿 12 )),

we find that the scattered field 𝑢tot(𝑥) is of order

𝑂

(
𝛿
−
3

2 𝛿
1

2 |𝑥|−1(𝛿 12 + |𝑥|−1)) = 𝑂(𝛿−12 |𝑥|−1 + 𝛿−1|𝑥|−2). (305)
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Hence, the amplitude of themonopole and dipolemodes are similar (of order𝑂(1)) at the distance|𝑥| = 𝑂(𝛿−12 ). However, the amplitude of the dipole mode is larger than the one of the monopole
resonance for |𝑥|→ +∞ with |𝑥|≪ 𝛿

−
1

2 .

Remark 36. The result of Proposition 31 coincides with the one of Ref. [29, Theorem 4.2] up to
some rewriting of the denominators and by observing that the constant 𝑃 of Equation (177) of this
reference is given by

𝑃 = ∫
𝜕𝐷

𝑦1(𝜓
∗
1 − 𝜓

∗
2) 𝑑𝑦 = −

(
1

−1

)𝑇
𝐶𝑴1

1 = 2(𝑎 + 𝑏)𝑀
1
1,1. (306)

Remark 37. The nonresonant term ∇𝑢in(0) ⋅ 𝐾
2 ⋅ ∇Γ𝑘(𝑥) appearing in Equation (255) brings a

contribution of order 𝑂(1), which is smaller compared to the error of order 𝑂(𝜔𝛿−
3

2 ) = 𝑂(𝛿−1)

committed on the resonant amplitude when considering real frequencies 𝜔 ∈ ℝ and truncating
at order 𝑂(𝜔) + 𝑂(|𝑥|−1)).
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