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ARTICLE INFO ABSTRACT

Editor: G.F. Giudice We have computed the even-N moments N < 20 of the gluon-gluon splitting function P,, at the fourth order of
perturbative QCD via the renormalization of off-shell operator matrix elements. Our results, derived analytically
for a general compact simple gauge group, agree with all results obtained for this function so far, in particular with
the lowest five moments obtained via structure functions in deep-inelastic scattering. Using our new moments
and all available endpoint constraints, we construct improved approximations for the four-loop P,,(x) that should
be sufficient for a wide range of collider-physics applications. The N*LO contributions to the scale derivative of
the gluon distribution, resulting from these and the corresponding quark-to-gluon splitting functions, amount to
1% or less at x > 107* at a standard reference scale with a, =0.2.

In the next decade, measurements at the Large Hadron Collider (LHC) and the future Electron-Ion Collider (EIC) will reduce the experimental
uncertainties of many processes towards 1% [1,2]. For important observables this accuracy requires theoretical calculations at the next-to-next-to-
next-to-leading order (N>LO) of perturbative QCD. Fully consistent calculations at this order need, besides the corresponding partonic cross sections,
the four-loop contributions to the splitting functions governing the scale dependence (evolution) of the parton distribution functions (PDFs). So far
the splitting functions are fully known only to the third order in the strong coupling «a, [3,4].

The PDFs and splitting functions can be decomposed into flavour non-singlet (ns) and singlet quantities. Here we focus on the evolution of the
singlet quark and gluon distributions,

: (qs> - <qu ~ > ® (?gs ) with Py (x,a) = Z“snﬂpi(l:’)(x)’ @

dlnu? \ g eq Tge v

where qu is the sum P,  + Pps (pure singlet), ® denotes the Mellin convolution in the momentum variable x, and the expansion parameter is chosen
as a; = a,/(47). The N3LO contributions Pn(f ) have been addressed in ref. [5]; additional results beyond the fully known limit of a large number
of colours n, will be presented elsewhere. The exact x-dependence of Pif) in eq. (1) is known only for all leading n ; contributions in the limit
of a large number n, of light flavours [6] and for the n? parts of Pp(: ) and Pg(? [7,8]. By themselves, however, these results are not relevant for
phenomenological analyses — cf. the relative size of the contributions in eq. (5) below.

Exact expressions for the whole matrix in eq. (1) do not appear to be imminent. It is possible, however, to construct approximations by combining
the computation of the first even-N Mellin moments,

1
7N = - / dxxN"' P(x), @
0
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with known constraints in the high-energy (small-x) and threshold (large-x)limits. This was done successfully at N2LO in ref. [9]. In the present case
the moments N < 10 have been computed in refs. [10,11], which is just about sufficient to build first meaningful approximations [11]. With the
present means these N3LO calculations, performed via inclusive deep-inelastic scattering (DIS), cannot be extended to higher values of N.

We have therefore undertaken to determine yi(lf)(N ) in eq. (2) at N <20 in the conceptually more involved, but computationally simpler frame-

work of the operator-product expansion, and to provide approximations of Pif)(x) that should be sufficient for most collider-physics applications.

[©RE)] 3)
ps > Vqg 2q

and providing accurate approximations of ng )(x).
Here and in refs. [12-14], we have determined the moments (2) as the anomalous dimensions of the gluon and quark twist-2 operators Og and Oq

The results for y and y,, have been published in refs. [12-14]. In this letter, we complete this programme by presenting yé‘? (N)at N <20

via the renormalization of the off-shell operator matrix elements (OMEs) A;; = (j(p)|O;1j(p)), i,j = g,q. The determination of yé? requires the OMEs
Ay, to four loops and A, to three loops. The latter contribution enters via the mixing of Oy and O,. In addition, O, mixes also with unphysical
‘alien’ operators, see refs. [15,16] and references therein, which we organise in classes of increasing complexity [15].

The operators of the classes O’.[ and O‘.’ I fori=A,c,and O’.’ I fori= A(, Ay, c, were already needed for the determination of y g) ; the associated
renormalisation constants were obtained in refs. [14,17]. In principle, the calculation of Yeg involves more complicated operators, listed in ref. [15].
However, we find that most of these contributions vanish upon contracting the OMEs with the physical projector [18,19]

P, (N) = (AN [g,, (A9 (A, q,+A,q)A g+ AN, 4], ©)]

where A, is a lightlike vector and ¢, the momentum of the external gluon. Hence the only new operator that contributes to the renormalization of
the physical projection of A,, is

OCIZII — _d:bcd(ac-a) Z 3’(1'(;21{) (aiAb)(ajAc)(akﬂcd). 4
i+j+k=N-4

Here 0 = A%d,, d fbc" = 1/24[Tr (T4TETSTY) + permutations {a,b,c,d}] with (T4), =if"*, where f** are the structure constant of the gauge
2

group, and A and ¢ denote the gluon and ghost fields. All mixing constants K, are given to the relevant perturbative order in ref. [17]. The OMEs
A;, are required to three loops for every alien operator i in the classes listed above.

The Feynman diagrams for the calculation of the OMEs, for both physical and alien operators, were generated using QGRAF [20]. They were
processed by a FORM [21-23] program that classifies them according to their colour factors [24] and topologies. We have computed the resulting
propagator-type integrals for even N < 20 using an optimized in-house version of FORCER [25]. The MS renormalization of the results yields the
N3LO anomalous dimensions ygg)(N ) for any compact simple gauge group in terms of rational numbers and the values ¢, ¢,, ¢, of Riemann’s
¢-function. Our new results for N > 12 are given in Appendix A. The numerical values for QCD read

y é?(N:Z) = 654.462778 n, — 245.610620 nf2 +0.92499097 n; ,
yé?(N=4) =39876.1233 — 10103.4511 n, +437.098848 n} +12.9555655 n; ,
yg;(N=6) =53563.8435 — 14339.1310n, + 652777331 nf2 +16.6541037 n;. ,
yé?(N =8) =62279.7438 — 17150.6968 n, +785.880613 n} +18.9331031 n} ,
y ;3g>(N= 10)=68958.7532 — 19307.3854 n, + 883.929802 n} +20.6112832 n; ,
yé?(N =12)=74473.0024 — 21076.0320 1, +962.264417 nj? +21.9511603 n; ,
y§g>(N=14)=79209.01 11 —22583.5268 n, + 1027.80706 n} +23.0713754 n; ,
y é?(N: 16)=83378.4014 — 23901.3437 n, + 1084.30677 n/% +24.0362925 n; ,
Y é?(N: 18)=87112.4096 — 25074.2309 n + 1134.04028 n} +24.8850403 n; ,
y ;§>(N=20) =90499.2530 — 26132.2983 n, + 1178.50283 nf2 +25.6433278 n; . (5)

As required by the momentum sum rule, the result for yéé) (N =2) is minus that for yf{?(N =2) in ref. [13]. At N < 10 the results agree with
refs. [10,11]. The coefficients of njf in eq. (5) agree with the all-N results, also computed via DIS, in eq. (3.14) of ref. [6].

Besides the leading large-n . contributions, all-N expressions for yg have been obtained until now only for the {, part, in eq. (12) of ref. [26],
and the £ coefficients of the quartic group invariants [27]. Using our results to N =20, we have now been able to determine at all N the
coefficients for all colour factors and the ¢ , terms of the n]? contributions.

The all-N expressions of the anomalous dimensions up to N>LO - as far as they are known now — can be expressed in terms of powers of simple
denominators 1/(N + a) = D, and harmonic sums S;(N) [28], see also ref. [29]. Below the denominators will occur mostly, but not exclusively, in
the N - —N — 1 reciprocity invariant combinations
Lol _p,p= o1
N N+1 N-1 N+2

Note that the results in refs. [6] and [26] are given for a slightly different notation with v=D_; D,.
3)
g8

n=Dy—D; = )

The complete all-N form of the ¢ B contribution to y,, reads

ygg(N)Ls = Cj(—8/27N(N +1)—12016/27 — 1120/3 v — 640/3 v* + 3008 /9 1 + 640 *

+1760/3.S; +640/35, {2v—2n— 8, } ) +d 54 d 3¢ /n,(—32/9 N(N + 1) — 48064 /9
—4480v — 2560 v2 + 12032/3 1 + 7680 n* + 7040 S| +2560.5, {2v—21— S, })
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+n, C3(16/27 N(N + 1) +272/27 +1280/9 v +2384/9n — 12160/3 1> + 160/3.5) )
+n, C;C, (160 - 5440/3 v + 32807 + 147207” + 160 Sy ) +n, C,C7(2560v
— 648017 —209607> —320 S, ) + n, C;(—2560/3v+27201 + 10560 77)
+n, dpbed d 4 /n, (128/9 N(N + 1) +36736/9 +2560/3 v — 15488 /3 1 + 6400 >
—2560.5|) +n7Cx(—8/27 N(N +1) - 136/27 +368/9n — 640/3 %)
+ n}d;”“’ dgbed fn,(—128/9 N(N +1)—2176/9 + 5888 /3 — 1024077) . 7)
Here and below we suppress the argument N for brevity. The corresponding nj? terms with ¢, are
ygg(N)L = nfzcj( —32/135 N(N + 1)S_, — 104/135 — 114464 /405 v — 448 /9 2
+6364/97+6872/97% + 1925 — 544/135.S_, — 448/455_, 1+ 640/9 S,
+3680/27 Sv —4016/9 811 — 2624/9 81> +256/3 S, + 64/3 S n {1 —4n})
+n7 C,Cp(32/276(N —2)— 160/9 +3904/9v +256/3v* — 11152/9n - 5728 /30
—1472/30* +32/3 {1D_, =7Dy—5D;—4 D]} —640/9. S, —2432/9.S,v+ 768 S|
+2560/357%) + nf?c;(176/9 —2240/27v —256/9v + 4801 + 7264/9 5% + 448 /3 1
+256/3{-2D_, +2Dy+ D} +2 D]} +1280/9.5,v — 448 5,1 — 1408/3 S, n*)
+nfdgRP e d e [n, (= 512/45 N(N + 1)S_, — 7424/45 - 76544/135 v + 4224
+384077 — 8704/45S_, —7168/15.S_o n+512/9.S;v —9728/3 1+ 13312/3 S
+4096.5,7° + 1024 S n {1 —4n}). 8)

The above expressions include two structures that do not occur in the three-loop anomalous dimensions [3,4], but enter the coefficient functions
for inclusive DIS at this order in a, [30]. These are the terms with N(N+1){{ 5 & S_, 1}, which occur in all non-C. contributions, and the ¢ 5 6(N=-2)
term in the nf2 C,Cp part. The latter is also present in 7;(12) [31], 7[()35) [7]1 and in VS;) [81, where it arises from the non-¢ contribution (N—2)~! S_,(N-2),
corresponding to x> H_; ¢(x) = x~2[In(x) In(1 + x) + Li,(—x)] in x-space, see refs. [32,33].

As already noted in ref. [5], the { s N (N +1) terms suggest contributions N(N +1) f(N) with

J(N) = 56, +40,8 5 —28_5—4S_y 3 +85_ o) +48;5_, — 4S5, +285 ©)

which were first encountered and discussed in ref. [30]. Indeed, the corresponding coefficients in the n} parts of eq. (7) and in eq. (8) are consistent
with eq. (9). The N(N + 1) contributions to eq. (7) vanish, separately for the quadratic and quartic group invariants, for the choice of n . and colour
factors that leads to an N = 1 supersymmetric theory, see eq. (2.8) of ref. [34].

With eq. (7), all ¢ contributions to yi(kS)(N ) are now completely known. Their combination (ygq + 74 vanishes in the same

~Yqg ™ Vgg) &
manner for the above A =1 case. Beyond the results in eq. (8), we have been able to determine the all-N form so far only for the combination of
the d:""" djb"d /n, and { 31 d l‘;b"" djb"d /n, contributions that enters the supersymmetric limit. Its N(N +1).S_, coefficient also agrees with the
presence of the function (9).

The above partial all-N results are of theoretical interest but not relevant to N3LO analyses at the LHC. Until the complete functions Pﬂ(f)(x)
become known, such analyses will have to rely on approximations based on the available moments and information about the large-x and small-x

limits. With eq. (5) we are now in the position to improve upon the N < 10 based approximations of ref. [11], thus putting Pg(g ) on the same footing
3 p® 3)
as Pps s qu and qu in refs. [13)2—14].

The large-x behaviour of Pg(g (x) has been addressed in detail in ref. [11]. It can be written as

(3) 4 4 4 4 4
P 0 = AP /(1-x), + BP6(1-x) + C¥ In(1-x) - AP + DY (10)

up to terms that vanish for x— 1. Here A(g4) denotes the four-loop (lightlike) cusp anomalous dimension [35,36], Bg(4) is the corresponding virtual

anomalous dimension [37,38], and the coefficients Cg(4) and Dg(4) are functions of lower-order quantities [5,39]. With the exception of a few n/? and

n! contributions to Bg(4) , the coefficients in eq. (10) are completely known, see eqgs. (15), (16) and (20) of ref. [11]. Their rounded numerical values
for QCD are

Aé4)=40880.330 — 11714246 n, + 440.04876n; + 7.3627750nf3,

Bg<4>=68587.64i0.2 - 18143.983n, + 423.81135 n/? +0.90672154n7 ,

cg<4>=85814.120 — 13880.515n, + 135.11111n},

Dé4)=54482.808 - 4341.1337n, — 21.133333;1} ) a1

The uncertainty of the n! contribution to Bg(4) is now negligible for all practical purposes; that of the n?, although less than 107> of its value, is not
irrelevant in the present context.
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Fig. 1. Two sets of 80 trial functions for the four-loop (N>LO) contribution to the gluon-gluon splitting function at n, = 4. The two cases selected for eq. (15) are
shown by the solid (red) lines. Also shown, by the dashed (blue) lines, are the selected approximations of ref. [11] based on only the first 5 even moments.
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Fig. 2. Left: the perturbative expansion of the splitting functions P, to N3LO for n = 4 and «, = 0.2, using eq. (15) for the four-loop contribution. Right: the resulting
N2LO and N3LO convolutions with the reference gluon distribution in eq. (18) normalized to the NLO result which changes sign at about x = 0.03.

Up to this small uncertainty, the unknown part of Pg(g )(x) vanishes as x— 1, i.e., its behaviour is the same as that for the pure-singlet splitting

function in ref. [12]: at large x, the (1—x) In? (1—x) have been determined for £ = 3, 4 [40]; the coefficients for # = 1, 2 are unknown. The dominant
(BFKL) small-x terms x ~! In"x are known for m = 3 [41,42] and m = 2 [43-46], but not for m = 1 and m = 0. The sub-dominant small-x terms of
the form In" x have been obtained for n =4, 5, 6 [47]; the remaining three coefficients are unknown.

Consequently, the approximations for Pg(s) can be built in basically the same manner as those for Pp(s ) in ref. [12]: the seven unknown endpoint
functions above are combined with 10 choices of a two-parameter rational function that vanishes as x— 1 and 8 choices of a non-rational interpolating
function. In this manner we have built 80 trial functions for both ‘extreme’ values of BS) in eq. (11), of which we choose two representatives that
reflect the remaining uncertainties.

This procedure is illustrated in Fig. 1 for n, = 4. The 80 trial functions are shown as dotted lines. In the left panel their spread is hardly visible,
in striking contrast to the uncertainty band, shown by the dashed lines, of the previous approximations based on only five moments [11]. At small-x
(right panel), Pg(;) is now well constrained at about x > 1073, which represents an improvement by about one order of magnitude in x. Consequently,
the approximation uncertainty is now hardly visible at x % 3 - 10~3 for the total N>LO splitting function P, shown in the left part of Fig. 2.

The selected approximations are built up as

P(3) _ [”f] [”f] (12)
e A/B %) = Poa () + 1y s (%)
[n,]
where pggf O(x) collects the known endpoint contributions discussed above. Using the abbreviations x =1l-x, L= In(1-x), Ly =Inx, and as in
eq. (11) rounding to eight significant figures, we have
(]

4eo(0) = —8308.6173 L7 /x — (10691199 +996.38304n,) L /x

p
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2\76 2\r5
144 — 27.786008 n, +0.79012346 n? ) LG — (144 + 162.08066 1, — 14.380247n7 ) L)
26165.784 — 3344.7551n, + 91.522635n; - 0.19753086 ] ) L

+ o+ o+ o+

(
(
(247.55054n, — 40.559671 n} +1.5802469n] ) x| L]
(

56460905 1, —3.6213992n7 )x, L} + P/ (x) a3

with Pg(;)x—n (x) given by eq. (10). The additional superscript —/+ indicates that —0.2 in eq. (11) is used for the approximations A, and +0.2 for the
approximations B in
pglé]A(x) = —421311x,Ly/x — 325557 x; /x + 1679790 x; — 1456863 x; x + 3246307 x| L,
+2026324 L + 549188 L) + 8337 x, L, +26718 x, L] — 27049 x] L7,

pialp ()= = 700113 x; Lo/x — 2300581 x; /x + 896407 x; (1 + 2x) — 162733 x, x*

— 2661862 x, L + 196759 L7 — 260607 L} + 84068 x, L, + 346318 x, L]
+315725 Ly L3, 14

pgA(x) = — 437084 x, Lo/x — 361570 x, /x + 1696070 x, — 1457385 x,x + 3195104 x, L,,
+2009021 L{ + 544380 L) + 9938 x, L) +24376x, L7 — 22143 x] L7 ,
pr(x) = 706649 x, Ly/x — 2274637 x, /x + 836544 x, (1 + 2x) — 199929 x, x>

— 2683760 x, L + 168802 L — 250799 L} + 36967 x, L, +24530x, L?

—71470x] L7, (1s)
p;]A(x) = —439426 x, Lo/x — 293679 x; /x + 1916281 x; — 1615883 x x + 3648786 x, L,

+2166231 L§ + 594588 Ly + 50406 x, L +24692x, L7 + 174067 x7 L, ,
Py (0) = 705978, Lo/x — 2192234 x; /x + 1730508 x; x + 353143x, (2 - x*)

—2602682 x Ly + 178960 Lj — 218133 L +2285x, L, + 19295 x, L7
—13719x7L7. (16)

The error bands above lead to precise numerical predictions for yé? at higher values of N such as

—ygg)(N=22) = 23990.457275(20), 6396.872080(20), —8123.349380(20) aa7)

for n ;= 3,4,5, where the brackets indicate a conservative uncertainty of the last two digits.

In order to illustrate the size and uncertainties of the present N°LO contributions to the evolution of the gluon PDF, we adopt the reference point
of ref. [4] with n, =4, a,(43) = 0.2 and

xq (%, 1) =06 x 031 —xy7 (145.0x%%),
xg(x, 1) =16 x93 (1 -x)* (1-0.6x°%). 18)

The resulting N>LO and N3LO contributions to the convolution [Py ® g](x) are shown in the right part of Fig. 2. In order to render these small
effects visible, we have normalized these corrections to the NLO results, which however leads to an artificial singularity slightly above x = 0.03 due
to a sign change at NLO. Except at the smallest values of x, the N>LO corrections are below 1%. Their uncertainties are negligible at x > 10~*. Even
at x = 1073, the N3LO effect amounts to only about 1.5% with an uncertainty of less than +1%.

Combining our above results with those for Pg(q3) in ref. [14], in a manner that the uncertainties add up at small x, we are finally able to evaluate
the N3LO contributions to the scale derivative (1) of the gluon PDF at the above reference point. The relative size of the N2LO and N3LO contributions
to ¢ = dg/dIn u? is shown in the left panel of Fig. 3. Both the N3LO corrections and their uncertainties are below 1% at x > 10~%, reaching (2 + 1)%
at x=107>.

So far we have identified the renormalization scale y with the factorization scale y; = u. The expansion in eq. (1) is readily expanded to u_ # p,,
see, e.g., €q. (2.9) of ref. [48] for the expression to order aSS. The scale stability of ¢ is illustrated in the right panel of Fig. 3 by the quantity

A g o TX[8Cou? = Aud] - min(gen? = A0 1)
g =
. 2| average [ g(x, u2 = Ap2)]|

for the conventional range A= 1/4 ... 4. At x > 10™* this N>LO scale uncertainty is below 1%, except close to the sign change of ¢ at x ~ 0.07. It
reaches (3+1)% at x = 107>, This is very similar to the result for the quark PDF in Fig. 3 of ref. [14], where the improvement on the N2LO uncertainty
is much more impressive since the latter is much larger than in the present gluon case.

With this article, we have completed the computation of the moments to N = 20 of the four-loop (N>LO) splitting functions for the evolution of
the flavour singlet PDFs in the MS scheme. We have combined these moments with knowledge on the x— 0 and x — 1 limits to construct approximate
expressions for Pif) (x) that should be sufficient for most high-scale applications. For example, the N3LO effects on the scale dependence df /d In u?,

f =4, g are below 1% with an irrelevant approximation error down to x 2 10~* at a standard reference point with u2 ~ 25...50 GeV?2, as shown in
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Fig. 3. Left: the relative N>LO and N>LO corrections to the scale derivative of the gluon PDF g at the reference point with n = 4 and as(yoz) = 0.2. Right: the

renormalization-scale uncertainties of these results, as estimated using eq. (19). Note that clg/a’lny2 changes sign close to x = 0.07, which leads to (irrelevant)
singularities in both the relative corrections and the relative scale uncertainty in eq. (19).

the left parts of Fig. 3 of ref. [13] and Fig. 3 above. The remaining large uncertainties of Pif)(x) for x — 0 would shrink dramatically if all small-x
logarithms x~! In? x were calculated.
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Appendix A. Mellin moments of Pg(z)

The four-loop anomalous dimensions }’Sg)(N ) at even 2 < N < 10 have been already been obtained in refs. [10,11] for a general compact simple
gauge group. Here we report the corresponding expressions for 12 < N <20. The numerical values in QCD have been given in eq. (5) above.

The quadratic Casimir invariants in SU(n,) are C, =n. and C, = (nc2 —1)/(2n,). The quartic group invariants are products of two symmetrized
traces of four generators T7,

dr”bc" = é Tr (T Trb TS Tr" + five bcd permutations), (A1)

in the fundamental (R) or adjoint (A) representation, which leads to (n, = nf -1
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and hence d §**? d 44 /n, =135/8, d 2> d 4! /n, = 15/16 and d 2*** d @*¢ /n, = 5/96 in QCD.
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FORM files with the results for ygg(N ) at even N <20 and the partial all-N expressions in the main text have been deposited at the preprint

3)

server http://arXiv.org together with a FORTRAN subroutine of our approximations for the splitting function Pg(g

are also available from the authors upon request.
Data availability
No data was used for the research described in the article.
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