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Abstract

Claims reserving is one of the most important tasks in any non-life insurance
company. Accurate claims reserves are essential for the pricing of insurance
products and consequently they have a large impact on the profitability of
a company. A change of the reserves by a small percentage can change the
yearly result from very positive to rather negative and vice versa.

Historically, most claims reserving methods were established as determin-
istic algorithms which give a point estimate for the outstanding loss liabili-
ties. Such a deterministic assessment was sufficient to satisfy the Solvency I
requirements, which was the EU regulation at that time. However, in order
to quantify the uncertainties in the reserve estimates, the claims reserving
problem needs to be embedded in a stochastic framework. Moreover, the
stock market crash following the terrorist attacks of 9/11 clearly showed that
the rule-based regulation of Solvency I was not sufficient. These experiences
lead to the development of new risk-adjusted regulatory frameworks, such as
the Swiss Solvency Test in Switzerland and Solvency II in the EU. The new
risk-based regulations require a quantification of the uncertainties in claims
reserves. Therefore, interest in stochastic claims reserving was reinforced in
recent years. In this thesis we contribute to problems in stochastic claims
reserving.

The Bornhuetter-Ferguson (BF) method is one of the most popular re-
serving methods. In Paper A we consider distributional models for the BF
method. Within these models we derive parameter estimates and quantify
the prediction uncertainty.

In Paper B we introduce the BF method with repricing. The repricing
allows to incorporate claims experience in order to update a priori estimates
used in the BF method. Such repricing procedures are common in practice
and we show how repricing can be done in a mathematically consistent way
by using credibility theory.

In Paper C we show that claims development results with the same sign
over several consecutive calendar years are not a contradiction to best esti-
mate reserves. In contrast, such a phenomenon is to be expected in certain
situations of change.
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In Paper D we consider the Cape Cod method in a stochastic framework
and we derive estimates for the prediction uncertainty and for the uncertainty
in the claims development result.
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Kurzfassung

Schadenreservierung ist eine der wichtigsten Aufgaben in einer Nichtleben-
Versicherungsunternehmung. Angemessene Reserven sind essentiell für die Ta-
rifierung von Versicherungsprodukten und somit auch für die Rentabilität der
Unternehmung. Eine Veränderung der Reserven um einen kleinen Prozentsatz
kann ein positives Jahresergebnis in ein Negatives ändern und umgekehrt.

Die meisten Schadenreservierungsmethoden wurden als deterministische
Algorithmen etabliert, welche eine Punktschätzung für die ausstehenden Scha-
densverpflichtungen liefern. Eine solche deterministische Betrachtung war aus-
reichend, um die damaligen EU Solvenzanforderungen aus Solvency I zu er-
füllen. Um die Unsicherheiten in den Schadenreserven zu quantifizieren, muss
das Schadenreservierungsproblem jedoch in einen stochastischen Rahmen ein-
gebettet werden. Der Börsencrash nach den Anschlägen vom 11. September
2001 zeigte zudem auf, dass die regelbasierten regulatorischen Anforderungen
aus Solvency I nicht ausreichend waren. Diese Erfahrungen führten zur Ent-
wicklung von neuen risikobasierten regulatorischen Anforderungen wie dem
Schweizer Solvenztest und Solvency II in der EU. Die neuen risikobasierten
Regelungen verlangen eine Quantifizierung der Unsicherheiten in den Scha-
densreserven und daher ist das Interesse an stochastischen Schadenreservie-
rungsmethoden in den letzten Jahren stark gewachsen. In dieser Arbeit be-
handeln wir Probleme aus der stochastischen Schadenreservierung.

Die Bornhuetter-Ferguson (BF) Methode ist eine der bekanntesten und
meistbenutzten Reservierungsmethoden. In Artikel A betrachten wir stochas-
tische Modelle mit parametrischen Verteilungsannahmen für die BF Methode.
In diesen Modellen leiten wir Parameterschätzer her und wir quantifizieren
die Prognoseunsicherheit.

In Artikel B führen wir die BF Methode mit Neukalkulation (repricing)
ein. Die Neukalkulation ermöglicht die Einbindung von Schadenserfahrung,
um die in der BF Methode benutzten a priori Schätzer zu aktualisieren. Sol-
che Neukalkulationen kommen in der Praxis häufig vor. Wir zeigen, wie eine
Neukalkulation mit Kredibilitätstheorie auf eine mathematisch konsistente
Art möglich ist.
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In Artikel C zeigen wir, dass Abwicklungsergebnisse mit demselben Vor-
zeichen über mehrere aufeinanderfolgende Kalenderjahre keinen Widerspruch
zu ‘best estimate’ Reserven sind. Im Gegenteil sind solche Phänomene in
gewissen Situationen von Veränderung zu erwarten.

In Artikel D betrachten wir die Cape Cod Methode in einem stochasti-
schen Rahmen und wir leiten Schätzer für die Prognoseunsicherheit und für
die Unsicherheit im Abwicklungsergebnis her.
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1. Introduction

In this thesis we study the claims reserving problem in non-life insurance.
This branch of insurance is known as Property and Casualty Insurance in
the United States and as General Insurance in Great Britain. The separation
from life insurance is due to the different nature in the modelling of life
insurance and non-life insurance cash flows and products. In Switzerland and
in many other countries non-life and life insurance business need to be split
into different legal entities by law, too.

In a non-life insurance contract the insurer provides the insured a guar-
antee of financial coverage against loss resulting from a well-specified random
event. The insured pays a fixed amount for this guarantee. Hence, an in-
surance contract is an exchange of risk: the insured exchanges the risk of
a random loss against a deterministic premium. The precise conditions of
insured risks or people and the coverage are settled in the insurance contract.
The amount that the insurer is obliged to pay to the insured in case of a loss
event is called claim amount or loss amount. The time-lag between the occur-
rence of a claim and its reporting to the insurer is called reporting-delay. In
certain lines of business the reporting-delay can amount to several years. For
instance, in the case of asbestos claims the claim (disease) is usually discov-
ered by the insured many years after it was caused. After a claim is reported,
the settlement of the claim normally takes some time. Depending on the
line of business the settlement can take several years (typically in liability
lines of business) or it can be rather fast (typically in property insurance).
It is also possible that closed claims need to be reopened due to new infor-
mation, relapses or other changes. Due to the time-lag between occurrence
and settlement of a claim and due to the uncertainties in the claims develop-
ment, insurance companies need to set adequate reserves for future payments.
Claims reserves are typically the most important item on the liability side of
the balance sheet of an insurance company. Moreover, the reserves are central
for the determination of the premium and hence have a decisive impact on
the profitability of an insurance company.

Many reserving methods evolved as deterministic algorithms. However,
it is not sufficient to predict outstanding claims, but it is also necessary to
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I ntroduct ion

assess the uncertainties in these predictions. In order to quantify uncertain-
ties in claims reserves one has to model the stochastic nature of the claims
process. Such a risk-based assessment of claims reserves is called stochastic
claims reserving. New solvency regulations require stochastic claims reserv-
ing methods and, hence, this field received considerable attention in recent
years. However, it should be noted that many important contributions to
stochastic claims reserving appeared already before the establishment of the
new solvency regulations, see for instance Taylor (2000).

The focus of this thesis lies on the Bornhuetter-Ferguson (BF) method,
which is one of the most popular claims reserving methods. Like many other
methods, the BF method evolved as a deterministic algorithm. In this thesis
we study the BF method in a stochastic framework.

In the next section we will describe the claims reserving problem in more
detail and we will introduce the most commonly used methods. The sub-
sequent sections summarise the contributions in the author’s papers. The
papers in full length are given in the Appendix.

1.1 Claims Reserving Notation and Data
Structure

Claims reserving data is usually given in the form of a triangle or trapezoid.
The rows represent the accident years (years of occurrence), which are indexed
by i ∈ {0, 1, . . . , I}. The columns represent the development years, which are
indexed by j ∈ {0, 1, . . . , J}. Thereby I denotes the most recent accident
year and J ≤ I denotes the last development year. The diagonals i + j = k
in a claims development trapezoid describe the accounting years.

In many insurance companies claims adjusters provide an estimate of the
outstanding loss liabilities for each reported claim, called case reserves. Some-
times default values are used for the small claims instead of estimating them
separately. The aggregated amount of all case reserves in a portfolio is called
claims incurred. Claims incurred provide an estimate for the outstanding loss
liabilities of reported claims. Additionally to the reported claims one has to
consider incurred but not reported (IBNR) claims. For the IBNR claims there
is no information on individual claims basis available. However, by modelling
the aggregated incurred claims amount we can estimate reserves for reported
claims and for IBNR claims at the same time.

The data in a claims development triangle/trapezoid can be from claim
payments, number of claims or claims incurred. In this thesis we consider data
from payments or incurred claim amounts and the case of claim numbers is
not treated. We distinguish between incremental claim amounts denoted by

2



1.1. Cla im s Re serv i ng Notat ion and Data Structure

Xi,j and cumulative claim amounts denoted by

Ci,j =

j∑

l=0

Xi,l.

For instance, if we consider payments, then Xi,j denotes all payments in de-
velopment year j for claims that occurred in accident year i, and Ci,j is the
total nominal amount paid up to development year j for claims with accident
year i. Similarly, if Xi,j denotes the change in reported claim amount in de-
velopment year j for claims with accident year i, then Ci,j is the total amount
of case estimates for claims of accident year i at the end of development year
j, that is, the claims incurred at the end of development year j. We assume
that all claims are settled after J ≤ I years, that is, Xi,j = 0 for j > J , and
hence Ci,J is called the ultimate claim amount.

accident development year j
year i 0 1 . . . j . . . J

0
1 observations DI
...

i
... DcI
I

Table 1.1: Claims development trapezoid: the observations are given in the
upper left trapezoid DI . The lower right triangle DcI needs to be predicted.

At time I we have the observations in the upper triangle/trapezoid

DI = {Xi,j; i+ j ≤ I, j ≤ J},

and our goal is to predict the lower right triangle DcI = {Xi,j; i+ j > I, i ≤
I, j ≤ J}. The data structure is illustrated in Table 1.1.

The outstanding loss liabilities for accident year i > I − J at time I are
given by

Ri = Ci,J − Ci,I−i =
J∑

j=I−i+1

Xi,j, (1.1)

and the total outstanding loss liabilities of all accident years are given by
R =

∑I
i=I−J+1Ri.

3



I ntroduct ion

Remark 1.1 The ‘true’ outstanding loss liabilities are given by formula (1.1)
only if Ci,j denote cumulative payments. For incurred losses Ci,j the outstand-
ing loss liabilities are given by

Ri = Ci,J − Ci,I−i + Ci,I−i − Cpaid
i,I−i, (1.2)

with Cpaid
i,j denoting the cumulative payments of accident year i up to develop-

ment year j. Note that the additional term Ci,I−i−Cpaid
i,I−i is observable at time

I and has no impact on the claims prediction problem and the corresponding
uncertainty. Therefore, we only consider the outstanding loss liabilities as
defined in (1.1).

The fundamental tasks in claims reserving are the prediction of the out-
standing loss liabilities Ri and R, and the quantification of the uncertainties
in these predictions. A predictor R̂i of Ri is called claims reserve for accident
year i and

R̂ =
I∑

i=I−J+1

R̂i

is the total reserve at time I.
The solvency regulation in Switzerland is described in the Swiss Solvency

Test (SST), see FINMA (2004; 2006). For the valuation of the liabilities in
the SST a best estimate principle is applied: best estimate reserves are re-
serves that do not contain any implicit or explicit safety or fluctuation load-
ings. In addition to best estimate reserves, the SST requires a risk margin
(market value margin) corresponding to the capital cost for the additional
capital needed for protection against adverse developments. For the calcu-
lation of the risk margin a market-consistent valuation of the liabilities is
prescribed in the SST. Similar rules apply in the EU regulation Solvency II,
see European Union (2009). In this thesis we focus on the calculation of best
estimate reserves. For considerations on the risk margin we refer to Salzmann-
Wüthrich (2010) and Wüthrich et al. (2011). Details on market-consistent
valuation are given in Wüthrich et al. (2010) and Wüthrich-Merz (2013).

1.2 Uncertainties: Short-term and Long-term
View

The prediction of the outstanding loss liabilities can be based on different
information. At time I we have information DI from the data. Possibly,
there is additional information available such as external information from
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1.2. Uncerta i nt i e s : Short - term and Long -term V i ew

experts or from other data triangles/trapezoids. Let II denote the σ-algebra
generated by all information that is taken into account for the calculation of
the reserves at time I. Typically, II will consist of the information DI from
the triangle/trapezoid and some external information on some parameters.
We assume that R̂i are II-measurable predictors for Ri and

Ĉi,J = Ci,I−i + R̂i

are the corresponding predictions of the ultimate claim amount for accident
year i, where we assume DI ⊂ II . The prediction of outstanding loss liabil-
ities naturally raises the question of the accuracy of this prediction: we are
not only interested in the estimation of claims reserves but also in the vari-
ability of these reserves. Moreover, an assessment of adverse developments
is required by new solvency regimes such as the SST. In order to quantify
the uncertainties of the estimated claims reserves we study second moments.
More precisely, for an II-measurable predictor Ĉi,J we consider the condi-
tional mean square error of prediction (MSEP) given by

msepCi,J |II

(
Ĉi,J

)
= E

[(
Ĉi,J − Ci,J

)2∣∣∣∣ II
]

= E

[(
R̂i −Ri

)2∣∣∣∣ II
]

= msepRi|II

(
R̂i

)
,

and we observe that the conditional MSEP for the reserve R̂i and the predictor
Ĉi,J = Ci,I−i + R̂i coincide. Due to the II-measurability of Ĉi,J we can
decouple the conditional MSEP into a variance term and an estimation error
term:

msepCi,J |II

(
Ĉi,J

)
= Var (Ci,J |II)︸ ︷︷ ︸

=PVi

+
(
Ĉi,J − E [Ci,J | II ]

)2
︸ ︷︷ ︸

=PEEi

.

The first term is the conditional process variance, which describes the pure
randomness in the model. The second summand describes the uncertainties
in the parameter estimates and is called parameter estimation error.

The study of the conditional MSEP of the ultimate claim is a long-term
view; it considers the full run-off. A long-term view is important in order to
remain solvent over a longer time.

On the other hand a short-term view is important in solvency regula-
tions, for instance, in the SST and in Solvency II a time horizon of one year
is considered. An early contribution to this one-year view is given in De
Felice-Moriconi (2003). After one year new data and possibly new external
information are available and the prediction of the outstanding loss liabilities
is updated according to this new information. Let Ĉ(t)

i,J denote the predictor of
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I ntroduct ion

Ci,J at time t. The claims development result (CDR) considers the difference
between two successive predictions of the ultimate claim. At time t+ 1 > I,
the CDR for accident year i is defined as

CDR(t+1)
i = Ĉ

(t)
i,J − Ĉ

(t+1)
i,J ,

and the total CDR is defined as CDR(t+1) =
∑t

i=t−J+1 CDR(t+1)
i . The CDR

was for instance studied in Merz-Wüthrich (2008) and Ohlsson-Lauzeningks
(2009). Ohlsson-Lauzeningks (2009) give a general simulation approach for
the one-year reserve risk, whereas Merz-Wüthrich (2008) derive analytical
formulas for the conditional MSEP in the CDR for the chain ladder (CL)
method which is one of the most used claims reserving methods in practice.
In the context of the CL method also higher moments of the CDR are studied
in Salzmann et al. (2012). For other claims reserving methods there is less
literature on the CDR. In Paper D we derive a formula for the conditional
MSEP of the CDR in the Cape Cod method.

As outlined in Merz-Wüthrich (2008) the CDR has a direct impact on
the profit & loss statement of an insurance company. Moreover in Merz-
Wüthrich (2008) the importance of the short-term view for management,
regulators, investors and clients is explained. For instance, many management
actions in a non-life insurance company need to be taken on a yearly basis.
Management often considers the CDR as an indicator whether the reserves
are accurate. It is argued that with ‘best estimate’ reserves, that is, reserves
that are neither on the prudent nor on the aggressive side, the CDR should
fluctuate around zero. However, if the CDR is for instance positive over
several accounting years, this is not necessarily an indicator that the reserves
are too conservative. We analyse this issue in more detail in Paper C and aim
to provide a mathematical argument to solve a common misunderstanding
between actuaries and management.

1.3 Basic Claims Reserving Methods

In this section we briefly present some basic claims reserving methods. The
most popular claims reserving methods are the CL and the Bornhuetter-
Ferguson (BF) method (Bornhuetter-Ferguson, 1972). These methods were
both established as pure deterministic algorithms which deliver an estimate
for the claims reserves. Whereas for the CL method the uncertainties in these
estimates were studied already in 1993 by Mack (1993), such considerations
are rather new for the BF method.

The methods we consider in this thesis are all based on one triangle (or
trapezoid) of either cumulative payments or incurred claims data. In the

6



1.3. Ba s i c Cla im s Re serv i ng Methods

literature there are also methods that incorporate both sources of informa-
tion. Examples for such methods are the Munich CL method by Quarg-
Mack (2004) and the paid-incurred chain claims reserving method by Merz-
Wüthrich (2010).

1.3.1 Chain Ladder Method

There are different stochastic models underlying the CL method. The follow-
ing distribution-free model was introduced in Mack (1993).

Model Assumptions 1.2 (Distribution-free CL Model)

• Cumulative claims Ci,j of different accident years i are independent.

• There exist positive development factors f0, f1, . . . , fJ−1 and positive pa-
rameters σ2

0, σ2
1, . . . , σ

2
J−1 such that for all 0 ≤ i ≤ I and all 1 ≤ j ≤ J

E[Ci,j|Ci,0, Ci,1, . . . , Ci,j−1] = fj−1Ci,j−1,

Var(Ci,j|Ci,0, Ci,1, . . . , Ci,j−1) = σ2
j−1Ci,j−1.

The CL method estimates the development factors fj at time I by

f̂j =

∑I−j−1
i=0 Ci,j+1∑I−j−1
i=0 Ci,j

=
C[I−j−1],j+1

C[I−j−1],j
, 0 ≤ j ≤ J − 1, (1.3)

where here and in the following a square bracket in the index denotes a
summation over this index starting from 0. The ultimate claims amount Ci,J
is then predicted by

ĈCL
i,J = Ci,I−i

J−1∏

j=I−i
f̂j, I − J + 1 ≤ i ≤ I. (1.4)

Therefore the CL reserve for accident year i, I − J + 1 ≤ i ≤ I, is given by

R̂i = Ci,I−i

(
J−1∏

j=I−i
f̂j − 1

)
= Ci,I−i

J−1∏

j=I−i
f̂j

(
1−

J−1∏

j=I−i
f̂−1j

)
.

The CL development pattern is estimated by

β̂CLj =
J−1∏

k=j

f̂−1k , 0 ≤ j ≤ J − 1, β̂CLJ = 1, (1.5)

7



I ntroduct ion

that is, β̂CLj is an estimate of the proportion of the expected ultimate claim
which emerges up to development year j. From Model Assumptions 1.2 it
follows that for I − J + 1 ≤ i ≤ I

E[Ci,J |DI ] = E[Ci,J |Ci,0, Ci,1, . . . , Ci,I−i] = Ci,I−i

J−1∏

j=I−i
fj.

Mack (1993) shows that under Model Assumptions 1.2 the estimators f̂j given
in (1.3) are uncorrelated and unbiased for fj, 0 ≤ j ≤ J − 1. As stated in
Mack (1993) the uncorrelatedness of the f̂j is surprising, as f̂j−1 and f̂j depend
on the same data C[I−j−1],j. In order to estimate the conditional MSEP we
additionally need to estimate the variance parameters σ2

j . The estimators

σ̂2
j =

1

I − j − 1

I−j−1∑

i=0

Ci,j

(
Ci,j+1

Ci,j
− f̂j

)2

, 0 ≤ j ≤ J − 1, j 6= I − 1,

are unbiased for σ2
j . If J = I we need an extrapolation to obtain an esti-

mator for σ2
J−1. Mack (1993) states that the series σ̂2

0, . . . , σ̂
2
J−2 is usually

exponentially decreasing and suggests to use the extrapolation

σ̂2
J−1 = min

(
σ̂4
J−2/σ̂

2
J−3, σ̂

2
J−3, σ̂

2
J−2
)

= min
(
σ̂4
J−2/σ̂

2
J−3, σ̂

2
J−3
)
. (1.6)

Under Model Assumptions 1.2 Mack (1993) derived the following estimate for
the conditional MSEP of accident year i > I − J

m̂sepCi,J |DI

(
ĈCL
i,J

)
=
(
ĈCL
i,J

)2 J−1∑

j=I−i

σ̂2
j

f̂ 2
j

(
1

ĈCL
i,j

+
1

C[I−j−1],j

)
. (1.7)

Note that here we assume that DI = II since the CL method does not
incorporate any information apart from the data DI . In (1.7), the process
variance PVi = Var(Ci,J |DI) is estimated by

P̂Vi =
(
ĈCL
i,J

)2 J−1∑

j=I−i

σ̂2
j/f̂

2
j

ĈCL
i,j

,

and

P̂EEi =
(
ĈCL
i,J

)2 J−1∑

j=I−i

σ̂2
j/f̂

2
j

C[I−j−1],j

is an estimate of the parameter estimation error

PEEi =
(
ĈCL
i,J − E [Ci,J | DI ]

)2
.

8
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Similarly, for aggregated accident years Mack (1993) derived the following
estimator for the conditional MSEP under Model Assumptions 1.2

m̂sep∑I
i=I−J+1 Ci,J |DI

(
I∑

i=I−J+1

ĈCL
i,J

)

=
I∑

i=I−J+1

m̂sepCi,J |DI

(
ĈCL
i,J

)
+ 2

∑

I−J+1≤i<k≤I
ĈCL
i,J Ĉ

CL
k,J

J−1∑

j=I−i

σ̂2
j/f̂

2
j

C[I−j−1],j
.

In the distribution-free model given in Model Assumptions 1.2, the as-
sumption on the conditional expectation is natural if one considers the CL
formula. Due to the proportionality of the CL prediction ĈCL

i,J to the last
observed claim Ci,I−i one expects a dependence between claims of the same
accident year. However, the CL algorithm can also be derived under a com-
pletely different model. In the literature it is shown that the following model
gives a justification of the CL algorithm:

Model Assumptions 1.3 (Over-dispersed Poisson (ODP) Model)
There exist positive parameters µ0, µ1, . . . , µI , γ0, γ1, . . . , γJ with

∑J
j=0 γj = 1

and φ such that Yi,j = Xi,j/φ are independent and Poisson distributed with

E[Yi,j] =
µiγj
φ
, 0 ≤ i ≤ I, 0 ≤ j ≤ J.

The ODP Model 1.3 is, for instance, studied in England-Verrall (2002). If
Yi,j = Xi,j/φ is Poisson distributed then we say that Xi,j is ODP distributed
and we have Var(Xi,j) = φE[Xi,j]. In the case where the dispersion parameter
φ = 1 we have a Poisson model and hence E[Xi,j] = Var(Xi,j). However, in
practical applications a model with φ > 1 is usually more appropriate. Note
that due to the distributional assumption, the ODP Model 1.3 only allows for
non-negative incremental claims. In the ODP Model 1.3 we need to calculate
estimates µ̂i and γ̂j for µi and γj. For i ≥ I − J + 1 the ultimate claim is
then predicted by

Ĉi,J = Ci,I−i + µ̂i

(
1−

I−i∑

j=0

γ̂j

)
.

If the parameters µi and γj are estimated by maximum likelihood (ML) es-
timation, then the predictions in the ODP Model 1.3 coincide with the CL
predictors that is,

Ĉi,J = Ci,I−i + µ̂i

(
1−

I−i∑

j=0

γ̂j

)
= ĈCL

i,J ,

9
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where ĈCL
i,J is defined in (1.4). In the Poisson case that is, if φ = 1, this

result goes back to Hachemeister-Stanard (1975) and it is published for in-
stance in Kremer (1985), Mack (1991) or Renshaw-Verrall (1998). In the
ODP Model 1.3 the ML equations are the same as in the Poisson case (see
for instance Mack-Venter, 2000). Hence in this case the ML estimates also
coincide with the CL estimates.

The drawback of the Poisson or ODP assumption is that all increments
need to be non-negative. Mack-Venter (2000) mention that this problem can
be overcome if one relaxes the distributional assumption and only assumes
that the distribution of the incremental claims belongs to the exponential
family with Var(Xi,j) = φE[Xi,j] = φµiγj. In Mack (1991) it is shown that
the unique solution of the resulting quasi-likelihood equations is given by the
CL estimates.

Other models which reproduce the CL estimates are introduced in Ver-
rall (2000) and compared to the models given in Renshaw-Verrall (1998) and
to the Distribution-free Model 1.2. Mack-Venter (2000) argue that the ODP
Model 1.3 differs from the Distribution-free Model 1.2 and that the latter is
the only model underlying the CL method. Mack-Venter (2000) also show
that in the case where some data is missing, the estimators derived from the
ODP Model 1.3 differ from the CL estimates.

In the literature additional models, which are based on a lognormal as-
sumption for the distribution of the increments, were referred to as CL models
(see for instance Renshaw, 1989 and Verrall, 1990; 1991). This is criticised in
Mack (1994), because these models lead to estimators different from the CL
estimators.

A further model in the literature is a time series model for the CL method
(see for instance Murphy, 1994 and Buchwalder et al. 2006). The time series
model satisfies Model Assumptions 1.2 and is more restrictive. We do not
consider this model in this thesis.

1.3.2 Bornhuetter-Ferguson (BF) Method

In this section we give a brief introduction to the BF method which goes back
to Bornhuetter-Ferguson (1972). The BF method will be discussed in more
detail in Chapter 2. The BF reserve is given by

R̂BF
i = µ̂i

(
1− β̂I−i

)
,

where µ̂i is an a priori estimate of the expected ultimate claim E[Ci,J ] and
β̂I−i is the estimated development pattern. This means that 1 − β̂I−i is
the estimated still to come percentage of accident year i at time I. The
a priori estimates incorporate the information from the premium that is,

10



1.3. Ba s i c Cla im s Re serv i ng Methods

µ̂i = νiq̂i, where νi denotes the earned premium for accident year i and q̂i
is an a priori estimate for the expected loss ratio of accident year i. The µ̂i
are assumed to be specified by experts and they should not depend on the
data. The incorporation of the additional information from the premium is
a fundamental difference compared to the CL method, which is purely based
on the observations in the triangle. The BF predictor of the ultimate claim

ĈBF
i,J = Ci,I−i + µ̂i

(
1− β̂I−i

)

establishes an additive relation between the last observation Ci,I−i and the
predictor of the ultimate claim. This additive connection reflects an inde-
pendence assumption of the past claims and the outstanding claims, which
underlies the BF method (see Mack, 2006). In contrast, the CL predictor
is proportional to the current claims amount Ci,I−i, that is, the CL method
assumes a multiplicative relation. The estimation of the development pattern
and prediction uncertainty will be discussed in detail in Chapter 2 and in
Paper A. The CL method and the BF method are in some sense two extreme
cases: the CL method does not incorporate any prior information, whereas
the BF method assumes perfect prior information and does not incorporate
the data in the calculation of the estimate µ̂i. In order to highlight this
difference we rewrite the CL predictor (1.4) as follows

ĈCL
i,J = Ci,I−i + ĈCL

i,J

(
1− β̂CLI−i

)
,

where the CL development pattern β̂CLI−i is given in (1.5).

1.3.3 Cape Cod Method

From (1.4) we see that in the CL method the predictor of the ultimate claim
of an accident year is directly proportional to the last observation on the
diagonal. If this observation is zero or an outlier the CL method gives un-
satisfactory results. Moreover, the CL method is very sensitive to changes
of individual numbers. A change of C0,J has a multiplicative effect on the
reserves of all accident years. Finally, as mentioned in Section 1.3.1, the CL
method is purely based on the observations in the claims triangle and it dis-
regards the information in the earned premium. The Cape Cod method is a
more robust method and it incorporates the earned premium. The Cape Cod
method goes back to Bühlmann-Straub (1983), who designed the method in
order to overcome the above mentioned deficiencies of the CL method. A
derivation of the method is given in Straub (1988). We denote the earned
premium for accident year i by νi, 0 ≤ i ≤ I. More precisely, we assume that
νi is an on-level premium, that is, the earned premium adjusted to business

11
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cycles such that the expected loss ratio is the same for all accident years. As in
the previous methods, the Cape Cod method assumes that the development
pattern is the same for all accident years. In the following let ι(i) = (I−i)∧J
denote the last observed development year for accident year i. The Cape Cod
predictor of the ultimate claim for accident year i ≥ I − J + 1 is given by

ĈCC
i,J = Ci,ι(i) + νi

∑I
l=0Cl,ι(l)∑I
l=0 νlβ̂ι(l)

(
1− β̂ι(i)

)
,

where β̂ι(i) is an estimate for the development pattern, and we define

q̂ =

∑I
l=0Cl,ι(l)∑I
l=0 νlβ̂ι(l)

, (1.8)

the estimated loss ratio. If the development pattern is estimated by the CL
development pattern (1.5) we have

ĈCC
i,J = Ci,ι(i) + νiβ̂

CL
ι(i)

∑I
l=0Cl,ι(l)∑I
l=0 νlβ̂

CL
ι(l)




J−1∏

j=ι(i)

f̂j − 1


 .

Therefore the Cape Cod predictor is in this case obtained from the CL pre-
dictor by replacing the diagonal element Ci,ι(i) by the more robust value

νiβ̂
CL
ι(i) q̂ = νiβ̂

CL
ι(i)

∑I
l=0Cl,ι(l)∑I
l=0 νlβ̂

CL
ι(l)

,

see (1.4). Due to its simplicity and its advantages over the CL method, the
Cape Cod method is another well-established method in practice. However,
in contrast to the CL and BF method, in current literature there seems to be
no analytical formula for the conditional MSEP of the Cape Cod predictor.
Paper D aims to fill that gap. We will consider stochastic models for the
Cape Cod method and derive an estimate for the prediction uncertainty in
Chapter 5.

1.3.4 Benktander-Hovinen Method

In practice different reserving methods are often combined. Since the CL
method completely relies on the last observation of the diagonal, it is common
to use the BF method for more recent accident years, where there is only few
information in the data. On the other hand, the BF method relies mainly
on the a priori estimate, and hence for older accident years, where a lot
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of data is available, the CL method is often preferred. Benktander (1976)
and Hovinen (1981) proposed, independently from each other, a method that
allows to combine the CL and BF predictors. Let µ̂i denote a prior estimate
of the expected ultimate claim and let βj, 0 ≤ j ≤ J , denote the claims
development pattern. The Benktander-Hovinen predictor of the ultimate
claim is given by

ĈBH
i,J = Ci,I−i + (1− βI−i)

(
βI−iĈ

CL
i,J + (1− βI−i)µ̂i

)
, I − J + 1 ≤ i ≤ I.

Contrary to the BF method, the Benktander-Hovinen method uses a weighted
average between the a priori estimate and the CL predictor. The weights are
chosen such that with increasing development of the data, more weight is
given to the data based CL predictor. The Benktander-Hovinen method can
be interpreted as a BF method in which the a priori estimate is adjusted in
order to take information from the claims development into account. We call
these adjustments repricing and we introduce a BF method with repricing in
Paper B, where the repricing is done by using credibility theory. In Chapter 3
we give an overview of the method.

1.4 Summary
So far, we gave a brief overview of basic methods and problems in claims
reserving. For a more comprehensive review we refer to Taylor (2000) and
Wüthrich-Merz (2008). In the following sections we summarise the contribu-
tions of the author to the above mentioned problems.

• Paper A suggests different stochastic models for the BF method and
derives estimates for the development pattern and for prediction uncer-
tainty.

• Paper B introduces the BF method with repricing that allows to adjust
the a priori estimate in the BF method over time.

• Paper C studies aspects of the claims development result and intro-
duces models that allow to incorporate changes in expert opinion.

• Paper D discusses stochastic models for the Cape Cod method and de-
rives parameter estimates and estimators for the prediction uncertainty.

The complete papers are given in the Appendix.
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2. Bornhuetter-Ferguson (BF) Method

The BF method was briefly outlined in Section 1.3.2. Recall the BF reserve

R̂BF
i = µ̂i

(
1− β̂I−i

)
,

where µ̂i is an a priori estimate of the expected ultimate claim and 1− β̂I−i is
the estimated still to come percentage. So far, we did not elaborate on how
to estimate the development pattern. In the past, the development pattern
was often simply estimated by the CL development pattern (1.5). However,
due to different assumptions underlying the CL and the BF method, the use
of the CL development pattern for the BF method is criticised and different
estimates are proposed for instance in Mack (2006).

Stochastic models for the BF method were introduced much later than
for the CL method. Mack (2008) introduced a distribution-free model for the
BF method and derived a formula for the prediction error of the BF reserve.
Alai et al. (2009; 2010) study the BF method within an ODP model and
derive an estimate for the conditional MSEP. Alai et al. (2009; 2010) assume
that the development pattern is estimated by the CL development pattern.
In Paper A we consider different stochastic models for the BF method with
parametric assumptions on the distribution of the incremental claims. Within
these models we derive estimators of the development pattern based on ML
considerations. We also derive estimators for the conditional MSEP within
these models.

In this chapter we give an overview of the findings in Mack (2008), Alai
et al. (2010) and Paper A.

2.1 Distribution-free Model
From the BF reserve formula Mack (2008) derives a distribution-free stochas-
tic model for the BF method. The model is probably the most general stochas-
tic model underlying the BF method. In contrast to the CL method, the in-
dependence between past and future claims amounts was fundamental for the
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origin of the BF method (see Mack, 2006). Therefore Mack (2008) introduces
an additional independence assumption compared to the Distribution-free
CL Model 1.2. Moreover, the BF reserve formula suggests a cross-classified
structure of the type

E[Ci,j] = µiβj or equivalently E[Xi,j] = µiγj,

with βj =
∑j

k=0 γk. Since µiγj = (µic)(γj/c) for any constant c > 0, the
parameters are only unique up to a constant factor. Thus, without loss of
generality, one can assume that γ0 + . . .+ γJ = 1. Additionally, Mack (2008)
incorporates the tail development with an additional parameter γJ+1 and
requires that

∑J+1
j=0 γj = 1. For the tail no data is available and expert

judgement is required. In this thesis we assume that all claims are settled
after development year J , and hence we omit considerations for the tail. Note
that

E[Ci,J ] = µi,

and hence µi can be considered as a measure of volume. Thus, Mack suggests
the variance assumption

Var(Xi,j) = µis
2
j .

The ODP variance assumption Var(Xi,j) = φµiγj is criticised in Taylor (2002)
as it seems to contradict to what one observes in practice. Additionally, this
variance assumption implies that all γj are positive, which is often not the case
for incurred claims. The model assumptions of Mack (2008) are summarised
as follows:

Model Assumptions 2.1 (Distribution-free BF Model)

• All incremental claims Xi,j are independent.

• There are parameters µi, γj, 0 ≤ i ≤ I and 0 ≤ j ≤ J , with E[Xi,j] =
µiγj and γ0 + . . .+ γJ = 1.

• There are proportionality constants s2j , 0 ≤ j ≤ J , with Var(Xi,j) =
µis

2
j .

• There are given unbiased a priori estimates µ̂i for µi, 0 ≤ i ≤ I.

From Model Assumptions 2.1 it follows for i ≥ I − J + 1

E[Ri|DI ] = µi(1− βI−i), where βI−i =
I−i∑

j=0

γj,
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and thus the assumptions are consistent with the BF reserve formula. Mack
(2006; 2008) criticises the use of the CL development pattern in the BF
method due to the fundamental assumption of independence between past
and future claims, which underlies the BF method. Due to the proportional-
ity of the CL reserve to the current claims amount, the CL reserve for accident
year i is the smaller, the smaller the current claims amount Ci,I−i is. If the
reserve was estimated by R̃i = µ̂i − Ci,I−i, then we would have an opposite
effect. However, Mack (2008) points out that the BF method takes a neu-
tral position: the BF reserve for accident year i does not directly depend on
Ci,I−i. Further, Mack (2008) states that ‘the systematic use of the CL link
ratios assumes that the outstanding claims part is a direct multiple of the
already known claims part at each point of the development’. Therefore, the
development pattern should be estimated differently from the CL develop-
ment pattern (1.5). As a starting point for the estimation of the development
pattern note that

γ̃j =

∑I−j
i=0 Xi,j∑I−j
i=0 µi

=
X[I−j],j
µ[I−j]

is the best linear unbiased estimator for γj. As the µi are unknown, Mack
(2008) suggests to start with

ˆ̃γj =
X[I−j],j
µ̂[I−j]

,

and to apply some manual smoothing to select a final pattern γ̂∗0 , . . . , γ̂∗J with∑J
j=0 γ̂

∗
j = 1 and β̂∗j =

∑j
k=0 γ̂

∗
k, 0 ≤ j ≤ J . For the estimation of the variance

parameters observe that

s̃2j =
1

I − j

I−j∑

i=0

(Xi,j − µiγ̃j)2
µi

is an unbiased estimate of s2j , 0 ≤ j ≤ J , j 6= I. Thus, one can start with

ˆ̃s2j =
1

I − j

I−j∑

i=0

(Xi,j − µ̂iγ̂∗j )2
µ̂i

, 0 ≤ j ≤ J, j 6= I,

and apply some manual smoothing and, if J = I an extrapolation, to obtain
the final estimates ŝ2∗0 , . . . , ŝ2∗J . For the case of rather stable data Mack (2008)
also gives a more formal way for the estimation of the parameters γj and s2j
with smoothing regressions.

The BF reserve estimate for accident year i > I − J is then given by

R̂i = µ̂i

(
1− β̂∗I−i

)
.
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In order to estimate the conditional MSEP of R̂i under Model Assump-
tions 2.1, Mack (2008) additionally assumes that

• the estimates γ̂∗0 , . . . , γ̂∗J are independent from the a priori estimates
µ̂0, . . . , µ̂I ,

• the estimates γ̂∗j , ŝ2∗j are unbiased for γj and s2j , respectively.

Mack (2008) considers the conditional MSEP, given the data of accident year
i only, that is he defines

msepRi|Xi,0,...,Xi,I−i

(
R̂i

)
= E

[(
R̂i −Ri

)2∣∣∣∣Xi,0, . . . , Xi,I−i

]
.

Further, Mack (2008) neglects dependencies between R̂i and Xi,0, . . . , Xi,I−i
and derives an estimate for the unconditional MSEP

msepRi

(
R̂i

)
= E

[(
R̂i −Ri

)2]
= Var(Ri) + Var

(
R̂i

)
.

The process variance PVi = Var(Ri) is estimated by inserting the parameter
estimates which yields

P̂Vi = V̂ar(Ri) = µ̂i

J∑

j=I−i+1

ŝ2∗j .

In order to estimate the variance of R̂i, estimators V̂ar (µ̂i) for Var (µ̂i) and
V̂ar(β̂∗j ) for Var(β̂∗j ) are derived in Mack (2008). The variance Var(R̂i) is then
estimated by

V̂ar
(
R̂i

)
=
(
µ̂2
i + V̂ar (µ̂i)

)
V̂ar

(
β̂∗j

)
+ V̂ar (µ̂i)

(
1− β̂∗I−i

)2
,

which is an estimate for the parameter estimation error.

2.2 BF Method with CL Pattern
Despite of criticism, the CL development pattern (1.5) is often used in the
BF method. For this reason Alai et al. (2010) derive an estimate for the
conditional MSEP of the reserve

R̂i = µ̂i

(
1− β̂CLI−i

)
, (2.1)

where µ̂i is an a priori estimate of the expected ultimate claim µi = E[Ci,J ]

and β̂CLI−i denotes the CL development pattern given in (1.5). In contrast to
the Distribution-free Model 2.1, Alai et al. (2010) assume an ODP distribution
for the incremental claims Xi,j:
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Model Assumptions 2.2 (BF ODP Model)

• Incremental claims Xi,j are independent and ODP distributed and there
exist positive parameters φ, µ0, µ1, . . . , µI and γ0, γ1, . . . , γJ with

E[Xi,j] = µiγj, Var(Xi,j) = φµiγj, 0 ≤ i ≤ I, 0 ≤ j ≤ J,

and
∑J

j=0 γj = 1.

• µ̂i are independent random variables that are unbiased estimators of the
expected ultimate claim µi = E[Ci,J ], 0 ≤ i ≤ I.

• Xi,j and µ̂k are independent for all i, j, k.

Recall that under Model Assumptions 2.2 the ML estimates for µi and γj
coincide with the CL estimates (see Section 1.3.1). It is important to note
that the CL development pattern (1.5) is only obtained if the µi are also
estimated by ML. In the BF method, we are given external a priori estimates
µ̂i and therefore the use of the ML estimates for µi in the estimation of the
development pattern is in some sense inconsistent. However, the use of the
CL development pattern is close to practitioners implementations of the BF
method.

Alai et al. (2010) derive an estimate for the conditional MSEP, given DI ,
that is,

msepRi|DI

(
R̂i

)
= E

[(
R̂i −Ri

)2∣∣∣∣DI
]

=
J∑

j=I−i+1

Var(Xi,j)

︸ ︷︷ ︸
=PVi

+
(

1− β̂CLI−i
)2

Var (µ̂i) + µ2
i

(
J∑

j=I−i+1

(
γ̂CLj − γj

)
)2

︸ ︷︷ ︸
=PEEi

.

The process variance can be estimated by inserting the parameter estimates
which yields

P̂Vi =
J∑

j=I−i+1

φ̂µ̂iγ̂
CL
j = φ̂µ̂i

(
1− β̂CLI−i

)
,

where γ̂CLj denotes the CL development pattern and φ̂ is estimated with the
help of Pearson residuals:

φ̂ =
1

|DI | − (I + J + 1)

∑

0≤i+j≤I,
j≤J

(
Xi,j − ĈCL

i,J γ̂
CL
j

)2

ĈCL
i,J γ̂

CL
j

.
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The uncertainty Var (µ̂i) in the prior estimate µ̂i is estimated by using an
external estimate for the coefficient of variation CoVa (µ̂i). Such estimates
are for example studied in the SST, see FINMA (2006), and it is suggested
that 5% to 10% is a reasonable range for ĈoVa(µ̂i). The variance Var (µ̂i) is
then estimated by

V̂ar (µ̂i) = µ̂2
i ĈoVa (µ̂i)

2 .

The term
(

J∑

j=I−i+1

(
γ̂CLj − γj

)
)2

is estimated by its unconditional expectation and neglecting a possible bias
term the following approximation is used:

E



(

J∑

j=I−i+1

(
γ̂CLj − γj

)
)2

 =

J∑

j,l=I−i+1

E
[(
γ̂CLj − γj

) (
γ̂CLl − γl

)]

≈
J∑

j,l=I−i+1

Cov
(
γ̂CLj , γ̂CLl

)
.

Due to the asymptotic properties of ML estimates the covariance matrix of
the γ̂CLj is estimated by the inverse Fisher information matrix. The Fisher
information matrix H(ζ, φ) is given by

H(ζ, φ)r,s = −Eζ
[

∂2

∂ζr∂ζs
lDI

(ζ, φ)

]
, r, s = 1, . . . , I + J + 1,

where ζ = (ζ1, . . . , ζI+J+1) = (µ0, . . . , µI , γ0, . . . , γJ−1) and lDI
is the log-

likelihood function. An estimate for the Fisher information matrix is obtained
by replacing the parameters µi, γj and φ by the estimates ĈCL

i,J , γ̂CLj and φ̂.
The covariances of the γ̂CLj are then estimated by

Ĉov
(
γ̂CLj , γ̂CLl

)
= H(ζ̂, φ̂)−1I+2+j,I+2+l, 0 ≤ j, l ≤ J − 1,

Ĉov
(
γ̂CLj , γ̂CLJ

)
= −

J−1∑

l=0

H(ζ̂, φ̂)−1I+2+j,I+2+l, 0 ≤ j ≤ J − 1,

V̂ar
(
γ̂CLJ

)
=

∑

0≤j,l≤J−1
H(ζ̂, φ̂)−1I+2+j,I+2+l, 0 ≤ j, l ≤ J − 1.
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Under Model Assumptions 2.2 Alai et al. (2010) arrive at the following
estimator for the conditional MSEP of R̂i given in (2.1)

m̂sepRi|DI

(
R̂i

)

= φ̂µ̂i

(
1− β̂CLI−i

)
+
(

1− β̂CLI−i
)2

V̂ar (µ̂i) + µ̂2
i

J∑

j,l=I−i+1

Ĉov
(
γ̂CLj , γ̂CLl

)
,

and for aggregated accident years the corresponding conditional MSEP is
estimated by

m̂sep∑I
i=I−J+1Ri|DI

(
I∑

i=I−J+1

R̂i

)

=
I∑

i=I−J+1

m̂sepRi|DI

(
R̂i

)
+ 2

∑

i<k

µ̂iµ̂k
∑

j>I−i,
l>I−k

Ĉov
(
γ̂CLj , γ̂CLl

)
.

The formulas in Alai et al. (2010) are quite simple to implement in a
spreadsheet. The disadvantage is that the method can only be applied for
non-negative incremental claims.

2.3 Distributional Models

In Paper A we consider three distributional models for the BF method, which
satisfy Model Assumptions 2.1. In these models we estimate the development
pattern differently from the CL development pattern. The motivation for the
estimation of the development pattern comes from another essential difference
between the CL and the BF philosophy. Whereas the CL method is purely
based on the claims data in the development triangle, the BF method addi-
tionally incorporates the information from the a priori estimates µ̂i. The CL
development pattern disregards this additional information and is therefore
not consistent with the BF philosophy. As a starting point for the estimation
of the development pattern assume that we are given a full claims rectangle.
Then, an obvious estimator is

γ̃j =
X[I],j

C[I],J

,

and
∑J

j=0 γ̃j = 1. Since the lower right triangle DcI is unknown, a natural
idea is to replace the unknown Xi,j by the BF predictors µ̂iγ̂j resulting in the
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following system of equations

γ̂j =
X[I−j],j +

∑I
i=I−j+1 µ̂iγ̂j

C[I−J ],J +
∑I

i=I−J+1

(
Ci,I−i +

∑J
l=I−i+1 µ̂iγ̂l

) , 0 ≤ j ≤ J. (2.2)

In the three models presented in Paper A we derive ML estimates of the
development pattern. Moreover, we find explicit formulas for the estimation
of the correlation matrices of these estimators. These correlations are needed
for the estimation of the conditional MSEP of the BF reserves. We start
with an ODP model, which is similar to Model Assumptions 2.2, but the a
priori estimates are allowed to be correlated. In practice it is likely that the a
priori estimates of consecutive accident years are strongly correlated. Under
the resulting ODP model the ML estimates for the γj’s coincide with the
estimators (2.2) if we replace the µi’s by the a priori estimates µ̂i. A proof
of this result is given in Paper A. For the ML estimation we first assume
that the µi’s are given and in a second step we replace the unknown µi’s by
the a priori estimates µ̂i. If the µi’s are estimated by the ML method, too,
then the resulting pattern is the CL development pattern as we have seen in
Section 1.3.1 and Section 2.2.

Due to the restrictive assumption Var(Xi,j) = φµiγj, which is often not
appropriate in practical applications, we consider a second model in Paper A,
which allows for a varying dispersion parameter φj in the development years.
In this more general ODP model we still have the positivity constraint for
incremental claims amounts due to the distributional assumptions. The fol-
lowing model does not have this restriction:

Model Assumptions 2.3 (Normal Model)

• Incremental claims Xi,j are independent and normally distributed and
there exist parameters γ0, . . . , γJ and positive parameters µ0, . . . , µI and
σ2
0, . . . , σ

2
J such that

E[Xi,j] = µiγj, Var(Xi,j) = µiσ
2
j , 0 ≤ i ≤ I, 0 ≤ j ≤ J,

and
∑J

j=0 γj = 1.

• The a priori estimates µ̂i for µi = E[Ci,J ] are unbiased and independent
from Xl,j for 0 ≤ l ≤ I, 0 ≤ j ≤ J .

The ideas for the estimation of the conditional MSEP are the same in
the three models. In the following we focus on the Normal Model 2.3. In
order to calculate the estimates of the development pattern we assume first
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that the µi’s are known and calculate the ML estimates under the constraint∑J
j=0 γj = 1. With the side constraint we obtain the following ML estimates

γ̃j =
X[I−j],j
µ[I−j]

+
σ2
j/µ[I−j]∑J

l=0 σ
2
l /µ[I−l]

(
1−

J∑

l=0

X[I−l],l
µ[I−l]

)
, 0 ≤ j ≤ J. (2.3)

Note that the first term in γ̃j is the best linear unbiased estimator for γj
and the second term is an additive normalisation correction. The µi and σ2

j

in (2.3) are unknown and have to be replaced by estimators. For µi we insert
the a priori estimates µ̂i. If the σ2

j are estimated by ML, the resulting system
of equations is only iteratively solvable. Therefore we use the estimators

σ̂2
j =

1

I − j

I−j∑

i=0

µ̂i

(
Xi,j

µ̂i
− X[I−j],j

µ̂[I−j]

)2

, 0 ≤ j ≤ J, j 6= I,

which are unbiased estimates for the σ2
j ’s if µ̂i = µi, 0 ≤ i ≤ I. If J = I we

use an extrapolation to obtain an estimate for σ2
J , analogously to (1.6). In

Paper A it is shown that the final estimate

γ̂j =
X[I−j],j
µ̂[I−j]

+
σ̂2
j/µ̂[I−j]∑J

l=0 σ̂
2
l /µ̂[I−l]

(
1−

J∑

l=0

X[I−l],l
µ̂[I−l]

)
, (2.4)

coincides with the estimate derived in the more general ODP model. The
covariance matrix of the estimated development pattern is approximated with
the inverse Fisher information matrix. The log-likelihood function is given
by

lDI
(γ0, . . . , γJ−1)

= −
∑

i+j≤I,
j≤J−1

(Xi,j − µiγj)2
2µiσ2

j

−
I−J∑

i=0

(
Xi,J − µi

(
1−∑J−1

j=0 γj

))2

2µiσ2
J

+ r,

where r contains all remaining terms which do not depend on (γ0, . . . , γJ−1),
and for the entries of the Fisher information matrix we have

H(γ)j,k = E

[
∂lDI

∂γj

∂lDI

∂γk

]
, 0 ≤ j, k ≤ J − 1.

The inverse of the Fisher information matrix can explicitly be calculated and
the resulting estimates for the covariances of the γ̂j are given by

Ĉov (γ̂j, γ̂k) =
σ̂2
j

µ̂[I−j]

(
1j=k −

σ̂2
k/µ̂[I−k]∑J

l=0 σ̂
2
l /µ̂[I−l]

)
, 0 ≤ j, k ≤ J. (2.5)
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Due to the side constraint
∑J

j=0 γ̂j = 1, the γ̂j’s are negatively correlated.
In Paper A we derive an estimate for the conditional MSEP of the BF

predictor
Ĉi,J = Ci,I−i + µ̂i(1− β̂I−i),

under the three different models. Let µ̂ = (µ̂0, . . . , µ̂I) and let II = σ(DI , µ̂)
denote the σ-field containing the information at time I. The conditional
MSEP of Ĉi,J given II is given by

msepCi,J |II

(
Ĉi,J

)
=

J∑

j=I−i+1

Var(Xi,j)

︸ ︷︷ ︸
=PVi

+
(
µ̂i

(
1− β̂I−i

)
− µi(1− βI−i)

)2
︸ ︷︷ ︸

=PEEi

.

The parameter estimation error PEEi can be rewritten as

PEEi =
(

1− β̂I−i
)2

(µ̂i − µi)2 + µ2
i

(
βI−i − β̂I−i

)2

+ 2
(

1− β̂I−i
)
µi (µ̂i − µi)

(
βI−i − β̂I−i

)
.

In order to estimate the unknown terms

(µ̂i − µi)2 ,
(
βI−i − β̂I−i

)2
and (µ̂i − µi)

(
βI−i − β̂I−i

)
,

we study the fluctuations of µ̂i and β̂I−i around the true values µi and βI−i,
respectively, that is, we take the mean over all possible II . If we neglect the
dependencies between the µ̂i’s and the β̂j’s we obtain with the unbiasedness
of the µ̂i’s and the (approximate) asymptotic unbiasedness of the β̂j’s the
following estimator for the parameter estimation error

P̂EEi = (1− β̂I−i)2V̂ar(µ̂i) + µ̂2
i V̂ar(β̂I−i),

where V̂ar(µ̂i) and V̂ar(β̂I−i) are estimates for the variances Var(µ̂i) and
Var(β̂I−i), respectively. The covariance matrix of the β̂I−i’s is estimated using
the Fisher information matrix

V̂ar
(
β̂I−i

)
= Ĉov

(
β̂I−i, β̂I−i

)
, Ĉov

(
β̂I−i, β̂I−k

)
=

I−i∑

j=0

I−k∑

l=0

Ĉov(γ̂j, γ̂l).

Under the Normal Model 2.3 the covariances Ĉov(γ̂j, γ̂k) are given in (2.5).
It remains to estimate the variances of the a priori estimates µ̂i. An

actuary being able to deliver a priori estimates µ̂i is often also able to make
a statement about the precision of these estimates. In this case beside the
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µ̂i’s there are also given a priori estimates of Var(µ̂i). If this is not the case
we show in Paper A how Var(µ̂i) can be estimated from the data under the
assumption that the µ̂i have a constant coefficient of variation CoVa(µ̂i) ≡ c
and that the correlations Corr(µ̂i, µ̂k) can be estimated by

Ĉorr(µ̂i, µ̂k) =

{
n−|i−k|

n
, 0 ≤ i, k ≤ I and |i− k| < n,

0, else,
(2.6)

where 0 ≤ n ≤ I. Formula (2.6) is obtained if the a priori loss ratios are
estimated with a moving average of the ultimate loss ratios over n years
under the assumption that the premium νi and the variances of the ultimate
loss ratios are constant.

Thus, we have derived the following estimate for the conditional MSEP
of the BF predictor Ĉi,J under the Normal Model 2.3

m̂sepCi,J |II (Ĉi,J) = µ̂i

J∑

j=I−i+1

σ̂2
j + V̂ar(µ̂i)(1− β̂I−i)2 + µ̂2

i V̂ar(β̂I−i).

For aggregated accident years we obtain in the Normal Model 2.3

m̂sep∑I
i=I−J+1 Ci,J |II

(
I∑

i=I−J+1

Ĉi,J

)
=

I∑

i=I−J+1

m̂sepCi,J |II

(
Ĉi,J

)

+ 2
∑

I−J+1≤i<k≤I

(
(1− β̂I−i)(1− β̂I−k)Ĉov(µ̂i, µ̂k) + µ̂iµ̂kĈov(β̂I−i, β̂I−k)

)
.

2.4 Comparison
In Paper A we calculate the different estimators for two data sets and we
compare the results to the results from Mack’s distribution-free model given
in Mack (2008). Additionally we give the results from the CL method using
the distribution-free model given in Mack (1993) and we calculate the BF
reserves under the assumption that the CL development pattern is used. One
of the examples with incurred claims data from motor liability clearly shows
the differences resulting from the different estimation procedures for the de-
velopment patterns. In Figure 2.1 the CL development pattern (1.5) and the
development pattern calculated from (2.4) are compared. In this example we
have

σ̂2
j/µ̂[I−j]∑J

l=0 σ̂
2
l /µ̂[I−l]

(
1−

J∑

l=0

X[I−l],l
µ̂[I−l]

)
> 0, 0 ≤ j ≤ J,
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and these additive correction terms add up to 7.62%. The smoothing for each
development year depends on the variance terms σ̂2

j/µ̂[I−j]. In this case this
leads to a longer tailed development pattern compared to the CL development
pattern.

The corresponding data and more details are given in Paper A. As pointed
out previously the use of the CL development pattern is not consistent with
the BF philosophy.

5 10 15 20

0.98

1

1.02

1.04

1.06

1.08

j

β̂j

β̂CL
j

Figure 2.1: Estimated pattern β̂j under Model Assumptions 2.3 and CL de-
velopment pattern β̂CLj as given in (1.5).

The BF reserves strongly depend on the quality of the a priori estimates.
If the CL predictors are either higher or lower than the BF predictors for
most accident years, this is a strong indicator that the a priori estimates
might be biased. Sometimes one then adjusts the a priori estimates. In the
next chapter we present a method that allows to modify the a priori estimates.
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3. Bornhuetter-Ferguson Method with
Repricing

In the previous sections we have seen that the BF reserve completely relies
on the a priori estimate. However, in some situations it might be reasonable
to incorporate claims experience in order to update this a priori estimate.
We call this process repricing. The combination of a priori information with
observations is typically done in the framework of Bayesian statistics. For ref-
erences on Bayesian methods for actuarial science we refer to Klugman (1992)
and Makov et al. (1996). In Bayesian claims reserving methods expert infor-
mation is incorporated with a prior distribution for a model parameter. In the
case of the BF method one could for instance introduce a prior distribution
around the a priori estimates. This prior distribution reflects uncertainty in
the expert opinion. Based on the observations in the triangle/trapezoid this
prior information is then updated with the use of Bayes’ theorem. Bayesian
predictors of the ultimate claim minimize the quadratic loss in the class of all
DI-measurable and square integrable estimators. Moreover, parameter un-
certainty is naturally incorporated in the posterior distributions. For the BF
method a Bayesian model is studied in Verrall (2004). The ODP model from
Verrall (2004) is investigated in more detail in England et al. (2012).

It is not always possible to calculate the posterior distribution of the
ultimate claim explicitly. In such cases one can for instance use Markov
Chain Monte Carlo (MCMC) simulation methods. For the implementation
of MCMC methods in claims reserving we refer to Scollnik (2001). Another
approach is to use credibility estimators (see Bühlmann-Gisler, 2005). An
advantage of credibility methods is that one only needs to specify the first two
moments instead of making full distributional assumptions. For credibility
methods in the context of the CL method we refer to Gisler-Wüthrich (2008)
and Bühlmann et al. (2009).

The credibility model in De Vylder (1982) is closer to the BF method.
Mack (1990) generalized the model of De Vylder and embedded the model
in the Bühlmann-Straub framework. The model in Paper B is a further
generalisation of the model in Mack (1990). Moreover, in contrast to De
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Vylder (1982) and Mack (1990) the estimation of the development pattern
in Paper B incorporates the updated a posteriori estimates of the expected
ultimate claims. Finally, Paper B also provides an estimate for the prediction
uncertainty in the resulting method.

A second motivation for the credibility reserving method in Paper B comes
from the fact that in practice different reserving methods are often combined.
Recall that the BF reserve ignores the information from the claims trian-
gle/trapezoid, whereas the CL method purely relies on the data and com-
pletely ignores any prior information. In a special case the repricing method
given in Paper B can be interpreted as a weighted average between the CL
and the BF method, similarly to the Benktander-Hovinen method (see Benk-
tander, 1976; Hovinen, 1981). The optimal additive mixture between the CL
and BF method is discussed in Mack (2000) and Wüthrich-Merz (2008).

3.1 Stochastic Model for the BF Method with
Repricing

In Paper B the µ̂i, which are used in the BF reserve formula

R̂i = µ̂i

(
1− β̂I−i

)
, (3.1)

are a posteriori adjusted estimates. For the repricing we switch from the
basic BF assumptions formulated in the Distribution-free BF Model 2.1 to a
Bayesian framework in which the unknown loss ratio parameter is modelled
as a random variable. We assume that the true expected ultimate claim
amount is given by µi(Θi) = piΘi, where pi are assumed to be known (earned
premium) and Θi is a random variable describing the unknown expected loss
ratio of accident year i. The distribution of Θi thus reflects the uncertainty
of our a priori knowledge with regard to the ‘true’ individual expected loss
ratio. The assumptions are formulated for Yi,j = Xi,j/pi. We denote the
modified observations of accident year i by Y i = (Yi,0, . . . , Yi,ι(i))

′, where we
recall that ι(i) = min(I − i, J) is the index of the last observed development
year for accident year i.

Moreover, we assume in the following that the premium pi is an on-level
premium that is, earned premium adjusted for premium-cycles such that the
a priori expected loss ratio θ0 is the same for all accident years.

Model Assumptions 3.1 (BF Model with Repricing)
Each accident year i is characterised by its true expected loss ratio Θi and
Θi > 0 almost surely.
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• Given Θ = (Θ0, . . . ,ΘI), all Yi,j are conditionally independent and there
exist parameters γ1, . . . , γJ and positive parameters γ0, σ2 and δ20, . . . , δ2J
with

∑J
j=0 γj =

∑J
j=0 δ

2
j = 1 such that for 0 ≤ i ≤ I and 0 ≤ j ≤ J

E[Yi,j|Θ] = Θiγj, Var(Yi,j|Θ) = Θi

δ2jσ
2

pi
.

• We assume

E[Θi] = θ0 and Cov(Θ) = T,

where T is symmetric and positive definite with (T )i,k = τi,k and τi,i = τ 2

for all i.

Remark 3.2

• Model Assumptions 3.1 should be compared with the basic BF as-
sumptions formulated in the Distribution-free BF Model 2.1. In the
Distribution-free BF Model 2.1 the µi’s are unknown and it is assumed
that there are unbiased a priori estimates for µi, 0 ≤ i ≤ I. In the
BF Model with Repricing 3.1 this a priori knowledge is given by the a
priori expected value µi = piθ0 and the corresponding uncertainties are
modelled with the random variables Θi. In Paper B we also consider the
case where θ0 is not known. In this case the a priori expected ultimate
claim amount is not specified by an expert, but it needs to be estimated
from the data.

• In the special case δ2j = γj we have Var(Xi,j|Θi) = σ2E[Xi,j|Θi], which
is referred to as the ODP case. Note that the ODP case is not appro-
priate if negative incremental claims occur.

• If we assume that Θi ≡ θ0 we distinguish the following cases. If θ0
is known then the expected values E[Ci,J ] are exactly known and a
repricing makes no sense and one should use piθ0 in the BF reserving
formula. On the other hand, if θ0 is unknown it needs to be estimated
from the data, which is similar to the Cape Cod method of Bühlmann-
Straub (1983), see also Section 1.3.3.

• If all γj 6= 0 we define Zi,j = Yi,j/γj and we have

E[Zi,j|Θ] = Θi = µ(Θi),

Var(Zi,j|Θ) =
σ2Θi

piγ2j /δ
2
j

=
σ2(Θi)

wi,j
,
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with µ(Θi) = Θi, σ2(Θi) = Θiσ
2 and wi,j = piγ

2
j /δ

2
j . For independent

Θi’s this gives the Bühlmann-Straub model. Under Model Assump-
tions 3.1 some γj’s can be zero. Moreover, the Θi’s can be dependent.

3.2 Credibility Estimates
The µ̂i in the BF reserve formula (3.1) are estimates of the true expected
value of the ultimate claim Ci,J . Under Model Assumptions 3.1, this expected
value depends on the risk characteristics Θi of year i, which means that the
µ̂i in (3.1) should be estimates of µi (Θi) = piΘi. We estimate the Θi’s by
credibility estimators.

Theorem 3.3 Under Model Assumptions 3.1 the credibility estimators of
Θ = (Θ0, . . . ,ΘI)

′ based on all observations Yi,j, i + j ≤ I, 0 ≤ j ≤ J ,
are given by

Θ̂inh = AB + (I − A)1θ0,

Θ̂hom = AB + (I − A)1θ̂0,

where B = (B0, . . . , BI)
′, with

Bi =

ι(i)∑

j=0

γj/δ
2
j

w[ι(i)]

Yi,j, wj =
γ2j
δ2j
,

and 1 = (1, . . . , 1)′, I is the identity matrix and A = T (T + S)−1 where
S = E [Cov (B|Θ)] is the diagonal matrix with entries

(S)i,i = E [Var (Bi|Θ)] =
σ2θ0
piw[ι(i)]

.

Moreover,

θ̂0 =
(
1′(S + T )−11

)−1
1′(S + T )−1B.

A proof of Theorem 3.3 is given in Paper B. In the case where the Θi’s
are uncorrelated, we obtain simpler formulas:

Corollary 3.4 Under Model Assumptions 3.1 and if the Θi are uncorrelated,
then the credibility estimators of Θi based on all observations Yi,j, i+ j ≤ I,
0 ≤ j ≤ J , are given by

Θ̂inh
i = αiBi + (1− αi)θ0,

Θ̂hom
i = αiBi + (1− αi)θ̂0,
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where Bi and wj are given in Theorem 3.3 and

αi =
piw[ι(i)]

piw[ι(i)] + σ2θ0
τ2

, θ̂0 =
I∑

i=0

αi
α[I]

Bi.

If all γj 6= 0, Corollary 3.4 can also be derived from the Bühlmann-Straub
model for Zi,j = Yi,j/γj. In the case where the Θi’s are uncorrelated we have
the following ‘balance property’ for the homogeneous credibility estimator
(see Bühlmann-Gisler, 2005).

Theorem 3.5 (Balance Property) Under Model Assumptions 3.1 and if
the Θi’s are uncorrelated, then the homogeneous credibility estimator of Θi

satisfies the ‘balance property’

∑

i+j≤I

γj
δ2j
X̂hom
i,j =

∑

i+j≤I

γj
δ2j
Xi,j,

where X̂hom
i,j = piΘ̂

hom
i γj with Θ̂hom

i given in Corollary 3.4.

Remark 3.6

• In the ODP case, we obtain the balance property
∑

i+j≤I
X̂hom
i,j =

∑

i+j≤I
Xi,j,

which means that the sum of the predicted past increments is equal to
the sum of the observed claims.

• In the case τ 2 → ∞ we have credibility weights αi = 1 and we addi-
tionally get the following ‘balance property’ in each row

ι(i)∑

j=0

γj
δ2j
X̂hom
i,j =

ι(i)∑

j=0

γj
δ2j
Xi,j.

In the ODP case we then get

piΘ̂
hom
i =

Ci,ι(i)
βι(i)

.
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3.3 Estimation of the Development Pattern
For the credibility estimators in Section 3.2 the development pattern γ =
(γ0, . . . , γJ) was assumed to be known. However, the second main question
in the BF method is how this development pattern should be estimated. The
best linear unbiased estimate of γj given Θ = (Θ0, . . . ,ΘI) is given by

γrawj =
X[I−j],j∑I−j
i=0 µi(Θi)

. (3.2)

Since the µi(Θi) are not exactly known they are replaced by estimates µ̂i of
µi(Θi). In order to normalise the resulting estimates of γj we consider the
simplest normalisation given by

γ̂sj = γ̂rawj

(
J∑

j=0

γ̂rawj

)−1
, (3.3)

where γ̂rawj is obtained from (3.2) by replacing the µi(Θi) by the estimates
µ̂i = piΘ̂

inh
i or µ̂i = piΘ̂

hom
i .

In Paper B we also consider the normalisations derived from ML consid-
erations in Paper A.

Note that the estimate of the development pattern will depend on µ̂
that is, γ̂j = γ̂j(µ̂) and the µ̂i depend themselves on γ that is, µ̂i = µ̂i(γ̂).
Therefore an iterative procedure is necessary. In Paper B we give an iterative
algorithm for the simultaneous estimation of the development pattern and
the a posteriori adjusted µ̂i. Further, Paper B provides estimates for the
variance parameters. If the iterative procedure converges we call the resulting
estimates a compatible pair.

If the Θi’s are uncorrelated and if θ0 is unknown, then the compatible
pair (µ̃hom, γ̃hom) is automatically normalised that is,

γ̃homj =
X[I−j],j
µ̃hom[I−j]

,

and we therefore have the balance property in each column j. A proof of this
result is given in Paper B.

3.3.1 Relations to Other Methods

In this subsection we have a closer look at the ODP case (γj = δ2j ) under the
assumption that the Θi’s are uncorrelated. If θ0 is known, we have

Bi =
Ci,ι(i)
piβι(i)

and αi =
piβι(i)

piβι(i) + σ2θ0
τ2

,
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and we obtain the following formula for the reserve which is also given in
Wüthrich-Merz (2008)

R̂i = (1− βι(i))
(
αi
Ci,ι(i)
βι(i)

+ (1− αi)piθ0
)
.

We therefore have a mixture between a data based projection method (CL
type), where

Ĉd
i,J = Ci,ι(i) + (1− βι(i))

Ci,ι(i)
βι(i)

=
Ci,ι(i)
βι(i)

,

and a method based on external information (BF type), where

Ĉe
i,J = Ci,ι(i) + (1− βι(i))piθ0.

In these formulas the development pattern is still assumed to be known. If
the development pattern is estimated by the CL development pattern, we
have Ĉd

i,J = ĈCL
i,J . In practice it is not unusual to combine different reserving

methods in such an additive way.
If τ 2 → 0 then αi = 0 and we get

lim
τ2→0

αi
α[I]

=
piβι(i)∑I
l=0 plβι(l)

,

and therefore θ̂0 is then the Cape Cod estimate of the expected loss ratio (see
(1.8))

θ̂0 =

∑I
i=0Ci,ι(i)∑I
l=0 plβι(l)

.

In the case τ 2 → ∞ the iterative algorithm for the estimation of the
development pattern and the a posteriori adjusted µ̂i’s yields the CL reserve
and the CL development pattern, which is in line with the well-known result of
the BF reserve in the ODP case, where the µ̂i and γ̂j are the ML estimators
(see Hachemeister-Stanard, 1975; Kremer 1985; Mack, 1991 and Renshaw-
Verrall, 1998). An alternative proof, which also shows that the CL reserve is
the unique solution, is given in Paper B. Hence in this special case we have a
unique solution for the compatible pair.

If the premium coincides with the CL ultimate that is, if pi = ĈCL
i,J ,

0 ≤ i ≤ I, then the algorithm delivers the CL development pattern and
reserves.
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3.4 Conditional Mean Square Error of
Prediction (MSEP)

The final estimates resulting from the iterative estimation are denoted by
µ̃i, Θ̃i, β̃ι(i), τ̃ 2, σ̃2θ0 and θ̃0. The corresponding reserve is denoted by R̃i

and we recall that Ri =
∑J

j=I−i+1Xi,j. In Paper B we derive an estimate
for the conditional MSEP in order to assess the prediction uncertainty. The
conditional MSEP for accident year i > I − J , given the data DI , is given by

msepRi|DI

(
R̃i

)
= E

[(
Ri − R̃i

)2∣∣∣∣DI
]
.

In Paper B the conditional MSEP is split into different additive terms. Some
of these terms are approximated by unconditional means which allows to
derive distribution-free estimators for these terms. One remaining term is
estimated by parametric simulation. One could also estimate the conditional
MSEP with a simulation, however, without closed formulas, interpretations
are more difficult. Moreover, the conditional MSEP would then depend heav-
ily on the distributional assumptions. In the approach presented in Paper B
distributional assumptions are only needed for one term.

We define

Ri(Θi) = piΘi(1− βι(i)) = E[Ri|Θi], RBayes
i = piE[Θi|DI ](1− βι(i)),

Rcred
i = piΘ

inh
i (1− βι(i)),

where Θinh
i is the inhomogeneous credibility estimator as given in Theo-

rem 3.3. The conditional MSEP, given all available data DI , is given by

msepRi|DI

(
R̃i

)
=

J∑

j=I−i+1

piσ
2δ2jE [Θi|DI ]

︸ ︷︷ ︸
=PVi

+E
[(
Ri(Θi)−Rcred

i

)2∣∣∣DI
]

︸ ︷︷ ︸
=EEIi

(3.4)

+
(
Rcred
i − R̃i

)2
︸ ︷︷ ︸

=EEIIi

+2
(
Rcred
i − R̃i

)(
RBayes
i −Rcred

i

)
.

In the process variance PVi the term E[Θi|DI ] is approximated by Θ̃i and
after inserting the parameter estimates we obtain the following estimate

P̂Vi = piΘ̃iσ̃2θ0/θ̃0

J∑

j=I−i+1

δ̃2j .
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The estimation error term EEIi in (3.4) is approximated by the unconditional
expected value and by using the quadratic loss matrix

E
[(

Θ−Θinh
) (

Θ−Θinh
)′]

= (I − A)T.

Inserting the parameter estimates in the resulting approximation yields the
following estimate for EEIi

ÊEIi = p2i (1− β̃ι(i))2((I − Ã)T̃ )i,i.

Given DI , the second estimation error term EEIIi in (3.4) is a constant, but
since Rcred

i is not known, we have to estimate it. This has to be done by
simulation. Finally, we assume that Rcred

i is close to RBayes
i so that the last

mixed term in (3.4) is negligible.
Note that the closed formula for PVi+EEIi is a lower bound for the condi-

tional MSEP of accident year i, which is obtained without any distributional
assumptions.

For the parametric bootstrap simulation in Paper B the following distri-
butional assumptions are used: Θ = |Θ̄| := (|Θ̄0|, . . . , |Θ̄I |), where

Θ̄ ∼ NI+1(1θ̄0, T̄ ), Xi,j|Θi ∼ N(piΘiγj, piΘiσ
2δ2j ),

and where θ̄0 and T̄ are chosen such that E[Θ] = 1θ0 and Cov(Θ) = T .
For our numerical examples, the differences θ̄0 − θ0 and T̄ − T are negligible.
Note that Θ̄ has a multivariate normal distribution and for Θ we consider
componentwise the absolute values to ensure positivity. Of course, these as-
sumptions can be changed easily and one can switch to different distributional
assumptions. We have for instance tried a lognormal distribution for the Xi,j

with the assumptions on Θ as above. Moreover, for the case of indepen-
dent (Θi)i we have also used a lognormal distribution for each Θi. We have
compared the results for the simulated terms ÊEII under these different dis-
tributional assumptions. In all our examples the relative differences in the
corresponding terms ÊEII were less than 0.5%. The details of the simula-
tion procedure are explained in Paper B. Moreover, Paper B also provides an
estimate for the conditional MSEP of aggregated accident years.
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4. Best Estimate Reserves and Claims
Development Results

Claims reserves are usually the most important item on the liability side of
the balance sheet of a non-life insurance company. A change of the reserves by
a small percentage can change the yearly result from quite positive to rather
negative and vice versa. Therefore, the management wants to be confident
that the actuarial reserves are best estimates that is, reserves that are neither
optimistic nor pessimistic. As long as the CDRs in different accounting years
fluctuate around zero, there is no reason to question that the reserves are
best estimates because they are centred around zero. But if the CDRs in
a given line of business (lob) are negative over several consecutive years, it
often happens that actuaries are blamed for causing the resulting losses in the
profit & loss account. On the other hand, if the CDRs are positive it is often
complained that the company has missed profitable opportunities because
of too high and not competitive premium calculation due to too pessimistic
reserves.

The question whether CDRs with the same sign over several consecutive
accounting years necessarily mean that the reserves are not best estimates is
investigated in Paper C.

4.1 Basic Bayesian Framework
In Paper C two Bayesian models with diagonal effects are introduced. Di-
agonal effects are effects that act on accounting years and, therefore, such
effects influence different accident years simultaneously. This leads to de-
pendencies between accident years. Since diagonal effects affect accounting
years they are also called accounting year effects or calendar year effects in
the literature. A typical example of a diagonal effect is claims inflation.
Diagonal effects received considerable attention in recent literature, see for
instance Wüthrich (2010), Shi et al. (2012), Salzmann-Wüthrich (2012) and
Merz et al. (2013). For further references we refer to the paper of Merz
et al. (2013).
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Apart from the data in the claims triangle there is often expert knowledge
available in a company. This should be taken into account when calculating
best estimate reserves. LetDt denote the observed data until time t and in this
chapter It denotes additional external information independent of the data,
such as observations and expert opinion with regard to legal and economic
developments.

A Bayesian framework allows to consider models, which incorporate a
priori knowledge on the one hand and observed claims data on the other
hand. In Paper C the diagonal effect for accounting year t is modelled by a
random variable Ψt. The basic Bayesian framework considered in Paper C is
a multiplicative model with the Bayesian structure given as follows:

Model Assumptions 4.1 (Bayes Model with Diagonal Effects)
Conditionally, given Ψ = {Ψ0,Ψ1, . . .} and It for any t ∈ N, the increments
(Xi,j)i,j are independent and there exist positive parameters µ0, . . . , µt, and
parameters γ0, . . . , γJ , with

∑
j γj = 1 such that

E [Xi,j|Ψ, It] = E [Xi,j|Ψi+j] = µiγjΨi+j.

Further we assume that Var(Ψt) <∞ and Var(Xi,j|Ψ, It) <∞ for all t ∈ N.

The variables Ψ are latent (non-observable) factors that drive accounting
year effects in the Xi,j. Based on the information Dt and It these latent
factors need to be filtered.

Best estimate reserves R̂(t)
i of accident year i at time t ≥ i are defined as

the reserves minimizing the conditional MSEP

msep
R

(t)
i

∣∣∣It,Dt

(
R̂

(t)
i

)
= E

[(
R̂

(t)
i −R(t)

i

)2∣∣∣∣ It,Dt
]
,

where R(t)
i =

∑J
j=t−i+1Xi,j. Under Model Assumptions 4.1 the best estimate

reserve of accident year i at the end of accounting year t ≥ J is given by

R̂
(t)
i = E

[
R

(t)
i

∣∣∣ It,Dt
]

= E
[
E
[
R

(t)
i

∣∣∣ It,Dt,Ψ
]∣∣∣ It,Dt

]
(4.1)

= µi

J∑

j=t−i+1

γjE [Ψi+j| It,Dt] , (4.2)

and the best estimate reserve at the end of accounting year t is given by the
sum over all accident years:

R̂(t) =
t∑

i=t−J+1

R̂
(t)
i .
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4.2. I l lu strat i ve Example

Recall that the CDR of accident year t − J ≤ i ≤ t − 1 in the financial
statement of accounting year t is defined by

CDR(t)
i = Ĉ

(t−1)
i,J − Ĉ(t)

i,J ,

where Ĉ(t)
i,J = Ci,t−i + R̂

(t)
i . Since

Ĉ
(t)
i,J = E [Ci,J | It,Dt] ,

the sequence (Ĉ
(t)
i,J)t≥i is a martingale with respect to the filtration generated

by σ(It,Dt), t ∈ N. Hence the sequence (CDR(t)
i )t≥i+1 of CDRs in consecutive

years consists of increments of a martingale. Therefore, these CDRs are un-
correlated and have expected value zero. From this fact it is often concluded
that CDRs having the same sign over several consecutive accounting years
indicate that the reserves are not best estimates.

However, claim payments and the claims development depend on ‘hidden’
not directly observable (latent) characteristics. Under Model Assumptions 4.1
these latent characteristics are the diagonal effects and the martingale argu-
ment only holds in average over these characteristics. But in a claims devel-
opment triangle a specific but unknown realisation of the latent variables is
given. The observed CDRs resulting from best estimates based on such a con-
ditional latent factor are no longer increments of a martingale with expected
value zero. In the following we illustrate this fact with an example.

4.2 Illustrative Example
We consider the simple situation where there was a stable period in the years
t ≤ s0−1 with no diagonal effects observable in the claims triangle and with no
indication that this situation will change in the future. However, in account-
ing year s0, there is a sudden change in the environment (e.g. legislation),
which leads to a change of the expected value of the total claim payments in
each ‘cell’ {(i, j) : i+ j ≥ s0} by some unknown factor Ψs0 . After accounting
year s0 the situation is again stable. For simplicity and illustrative purposes
we assume that at time s0 we know that there are no further changes in future
accounting years. Of course, this is a simplification but it is just a special
case of the Jump Model in Paper C, where several jumps can occur. In the
case we consider here, the external information Is0 contains the information
that a change happens in year s0 and that no further changes occur. For sim-
plicity, we formulate the model for the time after s0, so we can insert realised
values from the information Is0 and we then do not need to take the external
information into account.
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Model Assumptions 4.2

• Conditionally, given Ψs0, the (Xi,j)i,j are independent and normally
distributed with

E[Xi,j|Ψs0 ] =

{
µγj, i+ j ≤ s0 − 1,

µγjΨs0 , i+ j ≥ s0,

Var(Xi,j|Ψs0) = µγjσ
2,

where
∑J

j=0 γj = 1, and µ and γ0, . . . , γJ are positive parameters.

• Ψs0 ∼ N(m, τ 2) for some constants m ∈ R and τ 2 > 0.

Due to the assumption on the variance of theXi,j, all γj need to be positive
under Model Assumptions 4.2. The model in Paper C is more general and
uses different parameters for the variances. In order to simplify the formulas
we assume in the following that s0 ≥ J . Under Model Assumptions 4.2 we
have for t ≥ s0

Ψ(t)
s0

:= E[Ψs0|Dt] = αt
1

µ(t− s0 + 1)

t∑

l=s0

J∑

j=0

Xl−j,j + (1− αt)m, (4.3)

where

αt =
µ(t− s0 + 1)

µ(t− s0 + 1) + σ2

τ2

.

The predictors Ψ
(t)
s0 and the variances q(t)s0 can also be calculated recursively

(see Proposition 3.4 in Paper C) and for t > s0 we have

Ψ(t)
s0

= α̃t

∑J
j=0Xt−j,j

µ
+ (1− α̃t)Ψ(t−1)

s0
, q(t)s0 = (1− α̃t)q(t−1)s0

, (4.4)

where

α̃t =
µ

µ+ σ2

q
(t−1)
s0

.

For early contributions on recursive credibility estimation we refer to Jones-
Gerber (1975) and Sundt (1981).

From (4.3) an explicit formula for the CDR can be derived and for t+1 >
s0 we have

CDRt+1 = Ψ(t)
s0
µ(1− β0)−

J∑

j=1

Xt+1−j,j

︸ ︷︷ ︸
difference between forecast and observations

+
(
Ψ(t)
s0
−Ψ(t+1)

s0

)
µ

J∑

k=2

(1− βk−1)
︸ ︷︷ ︸

change future

.
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4.2. I l lu strat i ve Example

From the recursive representation (4.4) we observe that in the case t + 1 >
s0 the second term ‘change future’ converges to zero as t → ∞ since the
weights α̃t+1 → 0. On the other hand, the difference between forecast and
observations depends more on the volatility of the data.

Next we want to consider the sign of the CDR over several consecutive
accounting years in the period starting at year s0 + 1. We recall that Ψs0 is
not directly observable and hence the actuary needs to base his predictions
on the available information Dt. However, in one triangle there is one fixed
realisation of Ψs0 which affects the data. Hence, if we consider one triangle,
we are interested in the CDR conditional on Ψs0 and not on the average over
all possible Ψs0 . Therefore we calculate the conditional expectation of the
CDR, given Ψs0 . From Paper C we have for t+ 1 > s0

E [CDRt+1|Ds0−1,Ψs0 ]

= (m−Ψs0)µ

(
(1− β0)(1− αt) + (αt+1 − αt)

J∑

k=2

(1− βk−1)
)
. (4.5)

Note that the second factor in (4.5) is positive since αt is increasing in t.
The first factor m − Ψs0 is unknown but fixed for one triangle. From this
we deduce the following properties for the conditional expected value of the
CDR:

• The conditional expected value of the CDR has the same sign for all
t+ 1 ≥ s0 + 1.

• The absolute value of E [CDRt+1|Ds0−1,Ψs0 ] increases with the absolute
value |m−Ψs0|.

• The absolute value of E [CDRt+1|Ds0−1,Ψs0 ] is bigger, if the devel-
opment is longer. In other words, the slower the development pat-
tern (βj)0≤j≤J increases to βJ = 1, the larger is the absolute value of
E [CDRt+1|Ds0−1,Ψs0 ].

• The absolute value of E [CDRt+1|Ds0−1,Ψs0 ] is decreasing in t and in
the limit for t→∞ the CDR is conditionally unbiased.

In Paper C we provide a simulation example to illustrate the results.
For the simulation it is assumed that in accounting year s0 = 10 there is an
increase of 5% in the expected values of the future claims in each cell. Further
it is assumed that the expected increase is only 2%. This means that the true
diagonal effect is given by ψs0 = 1.05 and the expected value is m = 1.02.
Further we choose µ = 10′000, σ = 4 and τ = 0.02 and a development pattern
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γj as in Paper C. We then simulate 10′000 triangles with I = 21 accident years
and J = 9 and calculate the CDR for time s0 = 10 to time t = 21.

The conditional distribution of the CDR is illustrated with the boxplots
of the realised values of the CDR in the simulations in Figure 4.1. Note
that Model Assumptions 4.2 are only assumed for times t ≥ s0. For the
calculation of CDRs0 we assume that Ψ

(s0−1)
s0 = 1 since before time s0 there

is no indication that a change will occur (see Paper C for a more detailed
explanation). Observe that the conditional expected value is negative and it
gets closer to zero in later accounting years. In the first few accounting years
after the jump, it is likely to observe negative CDRs. The intensity of this
effect strongly depends on the difference between the realised diagonal effect
ψs0 and its expected value m. The larger this difference is, the more likely it
is to observe a long period with CDRs of the same sign.
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Figure 4.1: Boxplot of CDRt, with 10’000 simulations, ψs0 = 1.05.

In practice, there are often several consecutive jumps going into the same
direction over a period of years. In Paper C we give a more general framework
in order to model such cases more adequately.
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4.3. Further Remarks and Outlook

4.3 Further Remarks and Outlook
In Paper C it is shown in a simple model that the same sign of the CDR
over several consecutive accounting years is not a contradiction to best esti-
mate reserves. A more general model illustrates how situations of change can
mathematically be modelled.

In our models it is assumed that there is the same diagonal factor for
all elements of a diagonal. There can be situations, where this not the case,
for instance, if a change of legislation only has an impact on bodily injury
claims. Future research could extend the modelling framework to such situ-
ations by assuming that the diagonal effects are random vectors rather than
random variables. For illustrative purposes we assumed the parameters to
be known. For applications in practice one also needs to find estimators for
these parameters.
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5. Cape Cod Method

In the introduction we have seen that the Cape Cod method is a more robust
method than the CL method. Due to its simplicity the Cape Cod method
is well-established in practice. However, in the original article of Bühlmann-
Straub (1983), there is no formula for the prediction uncertainty of the ulti-
mate claim in the Cape Cod method and it is mentioned that the estimation
of the development pattern in the Cape Cod method is still unsolved. In
Paper D we introduce a stochastic model for the Cape Cod method and we
derive estimates for the development pattern within this model. Moreover,
we derive estimates for the conditional MSEP of the ultimate claim and for
the uncertainty in the CDR.

5.1 Cape Cod Method in a Distribution-free
Model

In Paper D we introduce the following distribution-free model for the Cape
Cod method.

Model Assumptions 5.1 (Cape Cod Model)
Incremental claims Xi,j are independent and there exist positive parameters
q, ν0, ν1, . . . , νI , σ2

0, σ
2
1, . . . , σ

2
J , and a development pattern γ0, γ1, . . . , γJ , with∑J

j=0 γj = 1 such that

E[Xi,j] = νiqγj and Var(Xi,j) = νiqσ
2
j ,

for 0 ≤ i ≤ I and 0 ≤ j ≤ J .

The parameters ν0, . . . , νI in Model Assumptions 5.1 denote the premiums
and are assumed to be known. Note that for each 0 ≤ i ≤ I, the premium νi
is an on-level premium as described in Chapter 3.
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Under Model Assumptions 5.1 the best linear unbiased estimate for γj is
given by

γ̃rawj =
X[I−j],j
qν[I−j]

.

In general the γ̃rawj ’s do not sum up to 1 and hence we consider the normalised
pattern

γ̂j =
γ̃rawj∑J
j=0 γ̃

raw
j

=
γ̂rawj

β̂rawJ

, (5.1)

where

γ̂rawj =
X[I−j],j
ν[I−j]

, β̂rawj =

j∑

k=0

γ̂rawk .

If we insert the estimates γ̂j in the best linear unbiased estimator for q
based on the observations Xi,j, i+ j ≤ I, j ≤ J , we obtain

q̂ =

∑J
j=0

∑I−j
i=0 Xi,j

X[I−j],j/ν[I−j]

β̂raw
J σ2

j

∑J
j=0 ν[I−j]

X2
[I−j],j

/(ν[I−j])
2

(β̂raw
J )

2
σ2
j

= β̂rawJ .

In Paper D it is shown that the same formula is obtained if we insert the
estimates γ̂j in the Cape Cod estimator

q̂ =

∑I
i=0Ci,ι(i)∑I
i=0 νiβ̂ι(i)

= β̂rawJ ,

where we recall that ι(i) = min(I − i, J). We therefore use the following
estimates under Model Assumptions 5.1

γ̂j =

X[I−j],j

ν[I−j]∑J
l=0

X[I−l],l

ν[I−l]

, q̂ =

∑I
i=0Ci,ι(i)∑I
i=0 νiβ̂ι(i)

=
J∑

l=0

X[I−l],l
ν[I−l]

. (5.2)

The Cape Cod reserve and ultimate claim prediction for accident years i ≥
I − J + 1 are then given by

R̂CC
i = νiq̂

(
1− β̂I−i

)
= νiβ̂

raw
J

(
1− β̂rawI−i

β̂rawJ

)
= νi

(
β̂rawJ − β̂rawI−i

)
, (5.3)

ĈCC
i,J = Ci,I−i + R̂CC

i . (5.4)
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The variance parameters qσ2
j are estimated by

q̂σ2
j =

1

I − j

I−j∑

i=0

1

νi

(
Xi,j − νiγ̂rawj

)2
, 0 ≤ j ≤ J, j < I, (5.5)

and if I = J we use the extrapolation from Mack (1993) (see also (1.6))

q̂σ2
J = min

(
q̂σ2

J−2,
q̂σ2

2

J−1

q̂σ2
J−2

)
.

In Paper D we derive the following estimate for the conditional MSEP of
the Cape Cod predictor ĈCC

i,J given in (5.4) under Model Assumptions 5.1

m̂sepCi,J |DI

(
ĈCC
i,J

)
= P̂Vi + P̂EEi, (5.6)

where P̂Vi and P̂EEi are given by

P̂Vi =
J∑

j=I−i+1

νiq̂σ2
j , P̂EEi = ν2i

J∑

j=I−i+1

q̂σ2
j

ν[I−j]
,

and where q̂σ2
j is given in (5.5). For aggregated accident years the corre-

sponding conditional MSEP is estimated by

m̂sep∑I
i=I−J+1 Ci,J |DI

(
I∑

i=I−J+1

ĈCC
i,J

)

=
I∑

i=I−J+1

m̂sepCi,J |DI

(
ĈCC
i,J

)
+ 2

∑

I−J+1≤i<k≤I
P̂EEi,k,

where P̂EEi,k is given by

P̂EEi,k = νiνk

J∑

j=I−i+1

q̂σ2
j

ν[I−j]
, i < k.

5.1.1 Conditional MSEP of the One-year Claims
Development Result

From Section 1.2 we recall that the one-year CDR is the difference between
two successive predictors of the ultimate claim. The CDR for accident year i
and accounting year I + 1 is given by

CDR(I+1)
i = Ĉ

(I)
i,J − Ĉ

(I+1)
i,J ,
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where Ĉ(k)
i,J , k = I, I + 1, denotes the prediction of Ci,J at time k. Under

Model Assumptions 5.1 we have for I − J + 1 ≤ i ≤ I and k = I, I + 1,

Ĉ
(k)
i,J = Ci,k−i + νiq̂

(k)
(

1− β̂(k)
k−i

)
= Ci,k−i + νi

(
β̂
(k)raw
J − β̂(k)raw

k−i

)
,

where q̂(k) = β̂
(k)raw
J and

β̂
(k)raw
j =

j∑

l=0

γ̂
(k)raw
l , with γ̂

(k)raw
j =

X[k−j],j
ν[k−j]

.

At time I, we consider Ĉ(I)
i,J as best estimate based on the available information

at time I. Therefore we predict CDR(I+1)
i at time I by zero. The uncertainties

in the predictions of the CDRs are studied by the conditional MSEP:

msepCDR(I+1)
i |DI

(0) = E

[(
CDR(I+1)

i

)2∣∣∣∣DI
]
.

In Paper D we derive the following estimates for the conditional MSEP
of the CDR of accident year i at time I:

m̂sepCDR(I+1)
i |DI

(0) = νiq̂σ2
I+1−i

ν[i]
ν[i−1]

+ ν2i

J∑

j=I+2−i

q̂σ2
j

ν[I−j]

νI+1−j
ν[I+1−j]

, (5.7)

where the q̂σ2
j’s are given in (5.5). In order to compare this formula with

the estimate (5.6) for the conditional MSEP of the predictor for the ultimate
claim, we rewrite (5.7) as follows

m̂sepCDR(I+1)
i |DI

(0) = νiq̂σ2
I+1−i + ν2i

q̂σ2
I+1−i

ν[i−1]
+ ν2i

J∑

j=I+2−i

q̂σ2
j

ν[I−j]

νI+1−j
ν[I+1−j]

.

Note that the conditional MSEP of the CDR considers only the first term
of P̂Vi, which corresponds to the variance in the next diagonal. For the
parameter estimation error the first term is fully incorporated and all other
terms in P̂EEi are scaled down by the factors νI+1−j/ν[I+1−j] < 1. Similar
relations are observed in the case of the CL method, see Merz-Wüthrich (2008)
and Bühlmann et al. (2009).

The conditional MSEP of CDR(I+1) =
∑I

i=I−J+1 CDR(I+1)
i is estimated

by

m̂sepCDR(I+1)|DI
(0) =

I∑

i=I−J+1

m̂sepCDR(I+1)
i |DI

(0)

+ 2
∑

I−J+1≤i<k≤I
νiνk

(
q̂σ2

I+1−i
ν[i−1]

+
J∑

j=I+2−i

q̂σ2
jνI+1−j

ν[I−j]ν[I+1−j]

)
.
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5.2. Example and Compar i son

In the derivation of these conditional MSEPs we use approximations by
the unconditional expected value. Therefore these formulas can also be in-
terpreted as unconditional MSEPs.

5.1.2 Over-dispersed Poisson (ODP) Model

A special case of Model Assumptions 5.1 is obtained by assuming that the
incremental claims are ODP distributed with constant dispersion parameter
φ. Note that incremental claims are in this case assumed to be positive.

The ODP assumption brings us back to the ODP Model 1.3, which was
for instance used in England-Verrall (2002).

Under these additional distributional assumptions the estimates for q and
γj can be calculated with the ML method. In Paper D it is shown that the
ML estimates coincide with the estimates given in (5.2).

Under the ODP assumption the estimates for qσ2
j , 0 ≤ j ≤ J , need to be

replaced by some estimates for φqγj. As in Wüthrich-Merz (2008) we suggest
to estimate φ with the help of Pearson residuals

φ̂ =
1

|DI | − (J + 1)

∑

i+j≤I
j≤J

(Xi,j − νiγ̂rawj )2

νiγ̂rawj

, (5.8)

and φ̂γ̂rawj is then an estimate for φqγj.

Remark 5.2 Under Model Assumptions 5.1 and if the Xi,j are ODP dis-
tributed with constant dispersion parameter φ, we can derive the CL devel-
opment pattern from ML estimation: if µi = νiq, 0 ≤ i ≤ I, are considered
as unknown parameters and if the µi’s and γj’s are both estimated by ML
estimation then we know from Section 1.3.1 that the resulting pattern is the
CL development pattern. For the estimation of the correlations in the CL
development pattern one can therefore use the Fisher information matrix.
This approach is also used by Alai et al. (2010) as described in Section 2.2.
However, in the Cape Cod method the premium is assumed to be known and
hence ignoring this information for the estimation of the development pattern
is not consistent with the Cape Cod assumptions.

5.2 Example and Comparison
We use a data set fromWüthrich-Merz (2008) in order to illustrate the results.
The data is also provided in Paper D. We calculate the results obtained in
the Cape Cod Model 5.1 and the results obtained under the additional ODP
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assumption. Moreover, for comparison we also list the results from the CL
method and from the BF method. For the BF method we give the results
from the ODP model of Paper A and from the model of Alai et al. (2010).
Further we add the results obtained in the BF method with repricing under
Model Assumptions 3.1. The a priori estimates for the BF method and the
BF method with repricing are given in Table 5.2. For the coefficient of vari-
ation of the µ̂i the estimate described in Paper A is used with n = 10, which
yields in this example a value of CoVa(µ̂i) = 12.3%. In this example the
a priori estimates seem to be rather conservative and the BF method gives
higher reserves than the CL and the Cape Cod method. In the BF method
with repricing the conservative a priori estimates are adjusted and the result-
ing reserves lie between those from the CL method and from the Cape Cod
method.

Reserves PV1/2 PEE1/2 MSEP1/2 CoVa
Cape Cod Model 5.1 6’617’622 436’215 201’730 480’610 7.3%
Cape Cod ODP 6’617’622 378’170 290’414 476’815 7.2%
Mack CL 6’047’061 424’379 185’024 462’960 7.7%
BF ODP Alai et al. (2010) 7’356’580 329’007 228’252 733’129 10.0%
BF ODP Paper A 8’987’300 363’648 1’080’965 1’140’493 12.7%
BF Repricing, homogeneous 6’055’498 358’998 306’909 472’306 7.8%
BF Repricing, inhomogeneous 6’136’080 338’579 304’217 455’174 7.4%

Table 5.1: Results for aggregated accident years: Reserves, Process Standard
Deviation, Parameter Estimation Error, Conditional MSEP and Coefficient
of Variation.

i µ̂i

0 11’653’101
1 11’367’306
2 10’962’965
3 10’616’762
4 11’044’881
5 11’480’700
6 11’413’572
7 11’126’527
8 10’986’548
9 11’618’437

Table 5.2: A priori estimates µ̂i for E[Ci,J ] in the BF method.
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6. Concluding Remarks

In this thesis we considered problems arising in claims reserving. On the
one hand we have studied estimation and prediction uncertainties for well-
established methods: for the BF method and the Cape Cod method we de-
rived explicit formulas for the prediction errors. For the Cape Cod method we
additionally gave estimates for the uncertainties in the one-year CDR. The
resulting formulas are explicit and simple to be implemented in a spread-
sheet. Moreover, we showed how the BF method can be modified in order
to adjust the original a priori estimates based on the claims experience from
the triangle/trapezoid. We have also shown relations between this new BF
method with repricing and the CL method as well as the Cape Cod method.
Additionally, the BF method with repricing allowed to include dependencies
between different accident years.

In our models we have assumed that development patterns are the same
for all accident years. In certain situations in practice it would be beneficial to
model development patterns that are allowed to vary over the accident years.
Future research on such varying development patterns would be interesting
for practitioners.

On the other hand we have studied the CDR in a general Bayesian frame-
work. We have illustrated that despite of the martingale property, CDRs with
the same sign over several consecutive accounting years are not a contradic-
tion to best estimate reserves. The illustration should solve this common
misunderstanding between management and actuaries.
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8092 Zurich, Switzerland

Abstract

We investigate the question how the development pattern in the
Bornhuetter-Ferguson method should be estimated and derive the cor-
responding conditional mean square error of prediction (MSEP) of the
ultimate claim prediction. An estimator of this conditional MSEP in
a distribution-free model was given by Mack (2008), whereas in Alai
et al. (2010) this conditional MSEP was studied in an over-dispersed
Poisson model using the chain ladder development pattern. In this
paper we consider distributional models and derive estimators (max-
imum likelihood) for the development pattern taking all relevant in-
formation into account. Moreover, we suggest new estimators of the
correlation matrix of these estimators and new estimators of the con-
ditional MSEP. Our findings supplement some of Mack’s results. The
methodology is illustrated at two numerical examples.

Keywords. Claims Reserving, Bornhuetter-Ferguson Method,
Mean Square Error of Prediction, Claims Development Pattern.

1 Introduction

The chain ladder (CL) and the Bornhuetter-Ferguson (BF) method (1972)
are still the most frequently used claims reserving methods in practice. For
both methods it is assumed that there exists a development pattern γj, which
is the same for all accident years. For the BF method there are, in addition
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compared to the CL method, given estimates µ̂i of the expected ultimate
claim of each accident year i, and the BF reserve of accident year i is ob-
tained by multiplying µ̂i with the ‘still to come percentage’ of accident year
i according to the development pattern γj. Thus, one essential difference be-
tween the CL and the BF philosophy is that the BF method incorporates µ̂i
in the reserve estimate. Often, the CL development pattern is used for the
development pattern in the BF method. However, this is not consistent with
the BF philosophy, as the CL development pattern disregards any information
contained in the µ̂i’s.

Originally, both methods were established as purely pragmatic methods
without an underlying stochastic model. Such a pragmatic approach allows to
determine a point estimate of the claims reserve. However, in order to assess
the uncertainties in this point estimate one needs an underlying stochastic
model.

For the CL method Mack (1993) presented such a stochastic model and a
corresponding estimator for the conditional mean square error of prediction
(MSEP) in 1993. For the BF method such models and estimators are com-
paratively new. In 2008, Mack (2008) introduced a distribution-free model
underlying the BF method and suggested estimators for the corresponding
MSEP. Estimators of the MSEP for models related to BF were already de-
rived earlier as, for instance, in England-Verrall (2002) or in Neuhaus (1992).
However, Mack’s model is probably the most general distribution-free model
underlying the BF method. But this generality has also a drawback, namely,
that many results in Mack (2008) cannot be obtained in a stringent math-
ematical way and that one has to resort to pragmatic considerations and
approximations.

Another approach was used by Wüthrich-Merz (2008) and by Alai et
al. (2010). Both studied the conditional MSEP in an over-dispersed Pois-
son (ODP) model where the development pattern is estimated by the CL
development pattern.

In this paper we investigate the question how the development pattern
in the BF method should be estimated considering all relevant information
and how the corresponding correlation matrix looks like. For this purpose we
consider stochastic BF models with parametric model assumptions for incre-
mental claims. In these models we are able to derive the maximum likelihood
estimators (MLEs) as well as the correlation matrix of the MLEs and derive
estimators of the corresponding conditional MSEP. In contrast to the usual
approach in which the CL development pattern is used, we implement the BF
philosophy in the estimates of the development pattern by incorporating the
a priori knowledge in this estimation. In our opinion the new estimates for
the development pattern, the correlation matrix and the conditional MSEP
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should generally be used for the BF method.
Moreover, we show how the variance of the a priori estimates can be

estimated from the data. Finally, we apply our methods to real data from
practice.

Organisation of the paper. In the next section we introduce the no-
tation and data structure. In Section 3 we give the basic assumptions un-
derlying the BF method and recall the model of Mack (2008). In Section 4
we introduce three distributional models underlying the BF method and de-
rive estimates for the conditional MSEP in these models. Conclusions and
numerical examples are given in Sections 5 and 6. Technical proofs of the
statements are provided in Appendix A.

2 Notation and Data Structure

We denote the cumulative claims (cumulative payments or incurred losses)
in accident year i ∈ {0, . . . , I} at the end of development year j ∈ {0, . . . , J}
by Ci,j > 0 and we assume that J ≤ I. Let Xi,j = Ci,j − Ci,j−1 denote the
incremental claims, where we set Ci,−1 = 0. In the sequel it is also useful to
define

X[k],j =
k∑

i=0

Xi,j, 0 ≤ k ≤ I, 0 ≤ j ≤ J.

In general we denote the summation over an index starting from 0 with a
square bracket. We assume that all claims are settled after development year
J and therefore the total ultimate claim of accident year i is given by Ci,J .
At time I we have information

DI = {Ci,j : i+ j ≤ I, j ≤ J},

and our goal is to predict DcI = {Ci,j : i + j > I, i ≤ I, j ≤ J}. The
outstanding loss liabilities for accident year i at time I are given by

Ri = Ci,J − Ci,I−i, I − J + 1 ≤ i ≤ I, (2.1)

and the total outstanding loss liabilities are given by R =
∑I

i=I−J+1Ri.

Remark 2.1. The ‘true’ outstanding loss liabilities are given by formula
(2.1) only if Ci,j denote cumulative payments. For incurred losses Ci,j the
outstanding loss liabilities are given by

Ri = Ci,J − Ci,I−i + Ci,I−i − Cpaid
i,I−i, (2.2)
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with Cpaid
i,j denoting the cumulative payments of accident year i up to devel-

opment year j. Note that the additional term Ci,I−i − Cpaid
i,I−i is observable at

time I and has no impact on the claims prediction problem and uncertainty.
Therefore we only consider the outstanding loss liabilities as defined in (2.1).
For incurred losses, (2.1) is often referred to as IBNR.

3 BF Reserving Method

3.1 BF Reserving Method

The BF method goes back to Bornhuetter-Ferguson (1972). There are a priori
estimates of the expected ultimate claim Ci,J given by

µ̂i = νiq̂i, (3.1)

where νi denotes the premium of accident year i and where q̂i is an estimate
of the expected ultimate loss ratio. The BF reserve is then given by

R̂i = µ̂i(1− β̂I−i), (3.2)

where 1− β̂I−i is the estimated still to come factor at the end of development
year I−i. In this paper we assume that the estimates µ̂i are independent of the
observations DI , which is for instance the case, if these estimates represent an
external expert opinion or if they come from a pricing which is mainly based
on common statistics of pooled industry-wide data. Note that µ̂i is identical
to an a priori estimate of the ultimate claim Ci,J , but that it is not its current
predictor, which at time I is given by

Ĉi,J = Ci,I−i + R̂i = Ci,I−i + µ̂i(1− β̂I−i).

3.2 Basic Assumptions Underlying the BF

Method

From the fundamental properties of the BF method we derive some basic as-
sumptions, which an underlying model should satisfy. These assumptions are
motivated in Mack (2008). The independence assumption between the cur-
rent claim amount Ci,I−i and the reserve estimate suggests that incremental
claims within the same accident year i are independent. The independence
between different accident years is a standard assumption which we also adopt
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here. Moreover, from the BF reserve estimate (3.2) it follows that a stochastic
model for the BF method has to be cross-classified of the type

E[Ci,j] = µiβj or equivalently E[Xi,j] = µiγj,

with βj =
∑j

k=0 γk. Since µiγj = (µic)(γj/c) for any constant c > 0, the
parameters µi and γj are only unique up to a constant factor. Without loss
of generality one can therefore assume that γ0 + . . . + γJ = 1. The sequence
(βj)j then denotes the (cumulative) development pattern and (γj)j is the
(incremental) development pattern. Further, we assume that the a priori
estimates µ̂i are unbiased for E[Ci,J ]. Hence we make the following basic
assumptions for a stochastic model underlying the BF method.

Model Assumptions 3.1 (Basic Underlying Assumptions).

BF1 Incremental claims Xi,j are independent and there exist parameters

µ0, . . . , µI , γ0, . . . , γJ , with
∑J

j=0 γj = 1 such that

E[Xi,j] = µiγj, 0 ≤ i ≤ I and 0 ≤ j ≤ J.

BF2 The random variables µ̂i are unbiased estimates for µi = E[Ci,J ].

Mack’s Model: In addition to Model Assumptions 3.1 Mack (2008)
makes the following variance assumption

Var(Xi,j) = µiσ
2
j . (3.3)

Remark 3.2. Note that Mack’s model is a distribution-free model for the
BF method. Since it is a very general model several approximations are used
to estimate the prediction uncertainties.

Alai et al. Model: In addition to Model Assumptions 3.1 Alai et
al. (2010) assume that incremental claims Xi,j are ODP distributed. Predic-
tion uncertainty is then studied within a MLE and generalized linear model
framework, but by using the CL development pattern.

3.3 Estimation of the Development Pattern

In order to estimate the BF reserve and its conditional MSEP we need to
estimate the development pattern γj, 0 ≤ j ≤ J . In practice one often uses
the CL development pattern

γ̂CLj =
J−1∏

k=j

f̂−1k −
J−1∏

k=j−1
f̂−1k , where f̂k =

C[I−k−1],k+1

C[I−k−1],k
. (3.4)
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However, the use of the CL development pattern is not consistent with the
BF philosophy, as it disregards the information in the a priori estimates µ̂i. If
the µi were known then the best linear estimate of γj under Model Assump-
tions 3.1 and under the variance assumption (3.3) would be

γ∗j =
X[I−j],j
µ[I−j]

,

with µ[k] =
∑k

i=0 µi, 0 ≤ k ≤ I. Therefore Mack (2008) suggests initial
estimates

γ̂∗j =
X[I−j],j
µ̂[I−j]

,

and then applies manual smoothing such that the final estimators γ̂j sum up
to 1.

The above estimators are not the only ones consistent with the BF phi-
losophy, and the restriction to linear estimators is possibly not optimal. An
alternative estimator is obtained with the following reasoning: assume first
that we are given a full rectangle. Then an obvious estimator is

γ̂j =
X[I],j

C[I],J

.

Note that the γ̂j automatically sum up to 1. As only the upper trapezoid
DI is given, a natural idea is to replace the unknown Xi,j in the lower right
triangle of DI by the BF predictors µ̂iγ̂j resulting in the following system of
equations

γ̂j =

∑I−j
i=0 Xi,j +

∑I
i=I−j+1 µ̂iγ̂j

∑I−J
i=0 Ci,J +

∑I
i=I−J+1

(
Ci,I−i +

∑J
l=I−i+1 µ̂iγ̂l

) , 0 ≤ j ≤ J. (3.5)

In order to investigate different estimators and the corresponding conditional
MSEPs more precisely we consider explicit BF models with parametric as-
sumptions for incremental claims Xi,j. All the models considered in the fol-
lowing will satisfy Model Assumptions 3.1 and the variance assumption (3.3).
Hence they are all special cases of the model considered in Mack (2008). In
these distributional models we are able to derive estimates (MLEs) of the
development pattern in a stringent mathematical way. Moreover, we find
explicit solutions for the correlation matrices of these estimators, which are
needed to calculate the MSEP of the BF reserves. As we will see, in one of the
models, the above estimator (3.5) turns out to be the estimator corresponding
to the MLE, if we replace the unknown µi by µ̂i.
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4 Stochastic BF Models based on

Parametric Distributions

4.1 Over-dispersed Poisson Model with

Constant Dispersion Parameter

4.1.1 Model

In Model Assumptions 3.1 we have specified the basic assumptions of the
BF model. In the following model we assume that the Xi,j follow an ODP
distribution with constant dispersion parameter.

Model Assumptions 4.1 (Over-dispersed Poisson Model).

P1 Incremental claims Xi,j are independent and there exist positive param-

eters φ, µ0, . . . , µI and γ0, . . . , γJ with
∑J

j=0 γj = 1 such that Xi,j/φ ∼
Poisson(µiγj/φ). In particular, we have

E[Xi,j] = µiγj,

Var(Xi,j) = φµiγj,

where φ is called dispersion parameter.

P2 The a priori estimates µ̂i for µi = E[Ci,J ] are unbiased and independent
from Xl,j for 0 ≤ l ≤ I, 0 ≤ j ≤ J .

Remarks 4.2.

• In the ODP Model the incremental claims Xi,j are required to be posi-
tive.

• Disregarding the µi, that is considering data DI only, the MLEs for
the claims reserves and the development pattern are identical to the
CL reserves and the CL development pattern γ̂CLj , see for instance
Hachemeister-Stanard (1975), Mack (1991) or Schmidt-Wünsche (1998).

• Alai et al. (2010) used a similar model to derive an estimate for the
conditional MSEP in the BF method.

• Note that we have not made any assumption on the dependence struc-
ture between the µ̂i’s.

61



Saluz, Gisler, Wüthrich

4.1.2 Estimation of the Development Pattern

We estimate the development pattern with the MLE method. In order to
calculate the MLEs we first assume that the µi are known and then plug in
the estimates µ̂i. The MLEs are best calculated using Lagrange multipliers.
Note that in the ODP case the log-likelihood function for Xi,j is given by

1

φ
(Xi,j (log µi + log γj)− µiγj)− g(Xi,j, φ),

where g(·, φ) is a normalising function that does not depend on the parameters
µi and γj.

Remark 4.3. Multiplying the log-likelihood function by φ, we observe that
the MLEs for the γj’s do not depend on the dispersion parameter.

Neglecting the normalising function g we obtain the Lagrange function with
Lagrange multiplier κ given by

LDI
(γ0, . . . , γJ , κ) =

∑

i+j≤I
(Xi,j(log µi + log γj)− µiγj) + κ

(
1−

J∑

j=0

γj

)
.

Note that the last term comes from the normalisation requirement
∑J

j=0 γj =
1. For the MLEs γ̃j we obtain the following equations

∂LDI

∂γj
=

I−j∑

i=0

(
Xi,j

γj
− µi

)
− κ = 0,

and therefore we find the solutions

γ̃j =
X[I−j],j
µ[I−j] + κ

. (4.1)

From the side constraint it follows that

∂LDI

∂κ
= 1−

J∑

j=0

γj = 0,

which yields in view of (4.1) an implicit equation for κ

1−
J∑

j=0

X[I−j],j
µ[I−j] + κ

= 0. (4.2)

From equation (4.2) it follows that κ is the root of a polynomial of degree
J . Since the γj need to be positive in the ODP Model and since µ[I−j] is
decreasing in j we have the constraint κ ∈ (−µ[I−J ],∞). In this interval
there is a unique solution κ by monotonicity (cf. Remarks 4.6).
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Remark 4.4. We do not use the partial derivatives with respect to µi. This
is not necessary since we already have the a priori estimates µ̂i and therefore
do not want to use MLEs for the µi.

Then, we replace the true (unknown) µi by the estimates µ̂i and obtain
the estimators

γ̂j =
X[I−j],j
µ̂[I−j] + κ̂

, (4.3)

where κ̂ fulfils the implicit equation

1−
J∑

j=0

γ̂j = 0. (4.4)

Theorem 4.5. The estimates (4.3) satisfy equations (3.5).

Proof. Observe that the estimates γ̂j defined in (3.5) satisfy the constraint∑J
j=0 γ̂j = 1. Therefore it is sufficient to prove that the γ̂j’s defined in (4.3)

satisfy

γ̂0
γ̂j

=
X[I],0

X[I−j],j +
∑I

i=I−j+1 µ̂iγ̂j
, 1 ≤ j ≤ J.

From equation (4.3) we have κ̂ =
X[I−j],j

γ̂j
− µ̂[I−j] for 0 ≤ j ≤ J and conclude

γ̂0
γ̂j

=

(
X[I],0

µ̂[I] + κ̂

)
1

γ̂j
=


 X[I],0

µ̂[I] +
X[I−j],j

γ̂j
− µ̂[I−j]


 1

γ̂j

=
X[I],0

X[I−j],j +
∑I

i=I−j+1 µ̂iγ̂j
.

This proves the claim.

2

Remarks 4.6.

• If instead of µ̂i the data of the fully developed rectangular was given,
then the MLE of γj would be

γ̂MLE
j =

X[I],j

C[I],J

,

and would not depend on the µi at all. This shows that in the ODP
Model the MLEs are not linear in the observations Xi,j. Given DI , the
µi’s appear in the MLEs only to the extent that the entries Xi,j in the
lower right triangle are not known and filled up with the BF predictors
µ̂iγ̂j.
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• From Theorem 4.5 it follows that the estimators γ̂j obtained by re-
placing the unknown µi in the MLEs γ̃j by µ̂i satisfy equations (3.5).
However the easiest way of finding the solution of equations (3.5) is to
calculate the estimators γ̂j by means of equation (4.3). There we only
need to calculate κ̂, which can be done quite easily by starting with
κ̂ = 0, that is with the raw estimators

γ̂
(0)
j =

X[I−j],j
µ̂[I−j]

,

and then by increasing or decreasing κ̂ until the side constraint

f (κ̂) =
J∑

j=0

γ̂j = 1

is fulfilled. Note hereby that in the interval (−µ̂[I−J ],∞) the func-
tion f (κ̂) is strictly decreasing and consequently the side constraint
f(κ̂) = 1 has a unique solution. Of course βj is then estimated by

β̂j =
∑j

k=0 γ̂k, 0 ≤ j ≤ J , and satisfies β̂J = 1.

• From the estimators (4.3) we also see how a mathematically founded

smoothing from the raw estimators γ̂
(0)
j to the adjusted estimators γ̂j

looks like in the ODP Model. If we write

γ̂j = cj γ̂
(0)
j

then the ‘correction factors’ cj are given by

cj =
µ̂[I−j]

µ̂[I−j] + κ̂
.

Since µ̂[I−j] is decreasing in j, cj is decreasing in j for κ̂ > 0 and in-
creasing for κ̂ < 0. For instance, if κ̂ < 0 then the correction factor is
greater for the late development years than for the newer ones.

• Consider the effect of conservative a priori estimation. If we increase
some of the a priori estimates µ̂i then κ̂ is decreasing because of the
side constraint (cf. (4.3)-(4.4)). We denote the new estimates by µ̂ci , γ̂

c
j

and κ̂c. For the change in the denominator of γ̂j we then have

µ̂c[I−k] − µ̂[I−k] + κ̂c − κ̂ ≤ µ̂c[I−j] − µ̂[I−j] + κ̂c − κ̂, 0 ≤ j < k ≤ J,

and because of the side constraint there must be an index 0 ≤ l < J
such that for all j ≤ l < k we have

µ̂c[I−k] − µ̂[I−k] + κ̂c − κ̂ ≤ 0 ≤ µ̂c[I−j] − µ̂[I−j] + κ̂c − κ̂.
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It follows that γ̂ck ≥ γ̂k for all k > l (in the tail) and for j ≤ l we
have γ̂cj ≤ γ̂j. This means that more weight is given to the tail and
the effect of conservative a priori estimation is therefore reinforced by
the estimates of the development pattern. Note that in the case where
we only increase µ̂i with i ≤ I − J the estimates of the development
pattern remain unchanged (cf. (3.5)).

• The quality of the BF estimators strongly depends on the quality of
the a priori estimates µ̂i. If

∑J
j=0γ̂

(0)
j deviates much from 1 and thus

κ̂ deviates much from 0, then this could be an indicator that the a
priori estimates might be biased. As a further check one could estimate
the development pattern and the reserves by disregarding the a priori
estimates µ̂i. In the OPD Model with a full development triangle or
trapezoid the resulting MLEs are then identical to the CL estimates. If
for most accident years the CL predictors for the ultimate claims were
either higher or lower than the BF predictors, this would be a strong
indicator that the a priori estimates µ̂i might be biased and that one
of the basic assumptions of BF is violated. Sometimes one then adjusts
the a priori estimates µ̂i (see e.g. the Cape Cod method in Wüthrich-
Merz, 2008 or Radtke-Schmidt, 2004, which goes back to Bühlmann-
Straub, 1983). There is no problem to calculate the BF reserves with
‘a posteriori’ adjusted µ̂i. But this means that the µ̂i are no longer
independent of the data DI , which should be taken into account for the
estimation of the MSEP and is beyond the scope of this paper.

• A tail development γ̂J+1 can be incorporated by replacing the side con-
straint in the Lagrange function by

∑J
j=0 γj = 1− γ̂J+1. The estimate

γ̂J+1 needs to come from outside together with an estimated covari-

ance structure Ĉov(γ̂J+1, γ̂j), 0 ≤ j ≤ J + 1, because there is no data
available for the tail.

Finally, we need to estimate the dispersion parameter φ. As in Wüthrich-
Merz (2008) we use Pearson residuals to estimate φ. The Pearson residuals
are given by

Ri,j =
Xi,j − µiγj√

µiγj
,

with E[R2
i,j] = φ. To estimate Ri,j we replace µi and γj by estimates, but we

need to be cautious here. We want to estimate the variance of the Xi,j and
therefore we are only interested in the process variance term and not in the
parameter estimation error. The uncertainty of the external estimate µ̂i is
considered in a different step. As a consequence we have to estimate µi and γj
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from the data in order to obtain an estimate for φ. We use the MLE method
to gain data based estimates for µi and γj. As mentioned in Remarks 4.6 in
the case of ODP data in a full triangle or trapezoid the MLEs of µi and γj
coincide with the CL estimates. Therefore we estimate Ri,j with

R̂i,j =
Xi,j − ĈCL

i,J γ̂
CL
j√

ĈCL
i,J γ̂

CL
j

,

where ĈCL
i,J = Ci,I−i

∏J−1
j=I−i f̂j and where the CL development pattern γ̂CLj

was defined in (3.4). An estimate for φ is then given by

φ̂ =

∑
i+j≤I R̂

2
i,j

|DI | − p
, (4.5)

where |DI | is the number of observations in DI and where p = I + J + 1 is
the number of estimated parameters.

In order to quantify the uncertainties in the BF predictors Ĉi,J and∑I
i=I−J+1 Ĉi,J we consider the conditional MSEP. Given information II , the

conditional MSEP of a predictor X̂ of a random variable X is defined by

msepX|II (X̂) = E[(X − X̂)2|II ].

If in addition the predictor X̂ is II-measurable we obtain

msepX|II (X̂) = Var(X|II) + (E[X|II ]− X̂)2.

For the calculation of the conditional MSEP we therefore need to consider
second moments and covariances of the estimates.

4.1.3 Covariance Matrix of the Estimated
Development Pattern

In this section we consider the estimation of the covariance matrix of the γ̂j’s.
A well-known result from statistics is that MLEs are asymptotically unbiased
and multivariate normally distributed. Moreover, the asymptotic covariance
matrix is given by the inverse of the Fisher information matrix. By definition,
the entries of the Fisher information matrix H(γ) are given by

H(γ)j,k = E

[
∂lDI

∂γj

∂lDI

∂γk

]
, 0 ≤ j, k ≤ J − 1,
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where lDI
is the log-likelihood function. In the ODP case the log-likelihood

function is given by

lDI
(γ0, . . . , γJ−1) =

∑

i+j≤I
j≤J−1

1

φ
(Xi,j (log µi + log γj)− µiγj)

+
I−J∑

i=0

1

φ

(
Xi,J

(
log µi + log

(
1−

J−1∑

j=0

γj

))
− µi

(
1−

J−1∑

j=0

γj

))
+ r,

where r contains all remaining terms, which do not depend on the parameters
γ = (γ0, . . . , γJ−1). Note that the last line of the above equality comes from
the normalising condition

∑J
j=0 γj = 1. For 0 ≤ j ≤ J − 1 we obtain the

diagonal elements

H(γ)j,j = E

[(
∂lDI

∂γj

)2
]

= E



(
I−j∑

i=0

1

φ

(
Xi,j

γj
− µi

)
−

I−J∑

i=0

1

φ

(
Xi,J

γJ
− µi

))2



=

I−j∑

i=0

1

φ2
Var

(
Xi,j

γj

)
+

I−J∑

i=0

1

φ2
Var

(
Xi,J

γJ

)

=

I−j∑

i=0

1

φ

µi
γj

+
I−J∑

i=0

1

φ

µi
γJ

=
µ[I−j]
φγj

+
µ[I−J ]
φγJ

. (4.6)

Analogously, for 0 ≤ j < k ≤ J − 1, we have the off-diagonal terms

H(γ)k,j = H(γ)j,k = E

[
∂lDI

∂γj

∂lDI

∂γk

]
=
µ[I−J ]
φγJ

. (4.7)

Hence, we write the Fisher information matrix as follows

H(γ) =
µ[I−J ]
φγJ




µ[I]/γ0
µ[I−J]/γJ

+ 1 1 · · · 1

1
µ[I−1]/γ1
µ[I−J]/γJ

+ 1 · · · 1
...

...
. . .

...

1 1 · · · µ[I−J+1]/γJ−1

µ[I−J]/γJ
+ 1



∈ RJ×J .

For the entries of the inverse of the Fisher information matrix we obtain (see
Appendix A)

(H(γ)−1)j,k =
φγj
µ[I−j]

(
1{j=k} −

γk/µ[I−k]∑J
l=0 γl/µ[I−l]

)
, 0 ≤ j, k ≤ J − 1. (4.8)
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We now assume that the µ̂i are close to the true µi and hence the covariances
Cov(γ̂j, γ̂k) are close to the covariances of the true MLEs γ̃j (cf. (4.1)). With
the asymptotic MLE approximation we then obtain

Cov(γ̂j, γ̂k) ≈ (H(γ)−1)j,k,

and of course the covariances of γ̂J = 1−∑J−1
j=0 γ̂j are obtained by linearity.

Replacing the parameters γj, φ and µ[I−j] by their estimates γ̂j (see (4.3)), φ̂
(see (4.5)) and µ̂[I−j] (see Model Assumptions 4.1) we arrive at the following
estimates for the covariances

Ĉov(γ̂j, γ̂k) =
φ̂γ̂j
µ̂[I−j]

(
1{j=k} −

γ̂k/µ̂[I−k]∑J
l=0 γ̂l/µ̂[I−l]

)
, 0 ≤ j, k ≤ J. (4.9)

This is clear for 0 ≤ j, k ≤ J − 1 and also holds for 0 ≤ j, k ≤ J .
Note that

γ∗j =
X[I−j],j
µ[I−j]

are uncorrelated with variance

Var
(
γ∗j
)

=
φγj
µ[I−j]

.

Hence the off-diagonal elements and the second term in (4.9) come from the
side constraint that the estimators have to sum up to one.

4.1.4 Conditional MSEP

In this section we derive estimates for the conditional MSEP of the BF pre-
dictors Ĉi,J = Ci,I−i + µ̂i(1− β̂I−i) and

∑I
i=I−J+1 Ĉi,J under Model Assump-

tions 4.1. Let µ̂ = (µ̂0, . . . , µ̂I) and let II = σ(DI , µ̂) denote the σ-field
containing the information at time I. Due to the II-measurability of µ̂i and
β̂I−i we have

msepCi,J |II (Ĉi,J) = E



(

J∑

j=I−i+1

Xi,j − µ̂i(1− β̂I−i)
)2
∣∣∣∣∣∣
II




= E



(

J∑

j=I−i+1

Xi,j − µiγj
)2
∣∣∣∣∣∣
II


+

(
J∑

j=I−i+1

µiγj − µ̂i(1− β̂I−i)
)2

.
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With the independence of the Xi,j and the definition
∑J

j=I−i+1 γj = 1− βI−i
we obtain

msepCi,J |II (Ĉi,J) =
J∑

j=I−i+1

Var(Xi,j)

︸ ︷︷ ︸
Process Variance (PVi)

+
(
µ̂i(1− β̂I−i)− µi(1− βI−i)

)2
︸ ︷︷ ︸

Estimation Error (EEi)

.

The process variance reflects the randomness of the Xi,j and the estimation
error describes the uncertainty in the parameter estimates.

Process Variance. For the estimation of the process variance recall
that Var(Xi,j) = φµiγj according to Model Assumptions 4.1. If we plug in
the parameter estimates we obtain the estimator

P̂Vi =
J∑

j=I−i+1

V̂ar(Xi,j) =
J∑

j=I−i+1

φ̂µ̂iγ̂j = φ̂µ̂i(1− β̂I−i).

Estimation Error. Given II , the term
(
µ̂i(1− β̂I−i)− µi(1− βI−i)

)2

is an unknown constant. In order to estimate this constant we rewrite it as
follows
(
µ̂i(1− β̂I−i)− µi(1− βI−i)

)2
=
(

(µ̂i − µi)(1− β̂I−i) + µi(βI−i − β̂I−i)
)2

= (1− β̂I−i)2(µ̂i − µi)2 + µ2
i (βI−i − β̂I−i)2

+ 2(1− β̂I−i)µi(µ̂i − µi)(βI−i − β̂I−i),

and estimate the unknown terms (µ̂i−µi)2, (βI−i− β̂I−i)2 and (µ̂i−µi)(βI−i−
β̂I−i) by taking the mean over all possible II , that is, we study the fluctuation
of µ̂i and β̂I−i around the true values µi and βI−i, respectively. If we neglect
the dependencies of the µ̂i and the β̂j we obtain with the unbiasedness of

the µ̂i and the (approximate) asymptotic unbiasedness of the β̂j the following
estimator for the estimation error

ÊEi = (1− β̂I−i)2V̂ar(µ̂i) + µ̂2
i V̂ar(β̂I−i),

where V̂ar(µ̂i) and V̂ar(β̂I−i) are estimates for the variances Var(µ̂i) and
Var(β̂I−i), respectively. The variance of the β̂I−i is estimated using the Fisher
information matrix

V̂ar(β̂I−i) =
∑

0≤j,k≤I−i
Ĉov(γ̂j, γ̂k), (4.10)

where the covariances Ĉov(γ̂j, γ̂k) are given in (4.9).
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It remains to estimate the variances of the a priori estimates µ̂i. An actuary
being able to deliver a priori estimates µ̂i is often also able to make a statement
about the precision of these estimates. In this case beside the µ̂i’s there are
also given a priori estimates of Var(µ̂i). If this is not the case we show how
Var(µ̂i) can be estimated from the data. To this end we assume that the µ̂i
have a constant coefficient of variation CoVa(µ̂i) ≡ c and that the correlation
Corr(µ̂i, µ̂k) can be estimated by

Ĉorr(µ̂i, µ̂k) =

{
n−|i−k|

n
, 0 ≤ i, k ≤ I and |i− k| < n,

0, else,
(4.11)

where 0 ≤ n ≤ I.

Remark 4.7. In the case where the premiums νi and the variances of the
ultimate loss ratios are constant, we obtain the above formula for the cor-
relation Ĉorr(µ̂i, µ̂k) if the a priori loss ratios are estimated with a moving
average of the ultimate loss ratios over n years (cf. Appendix A). Observe
that we do not assume that the a priori estimates µ̂i are independent.

In the numerical examples we will use formula (4.11) with n = 10, assum-
ing that information more than 10 years ago does not contribute to the new
forecast. We define the aggregated claim amount at time I by

CI =
I−J∑

i=0

Ci,J +
I∑

i=I−J+1

Ci,I−i.

The corresponding pure risk premium is given by

ΠI = E[CI ] =
I−J∑

i=0

µi +
I∑

i=I−J+1

βI−iµi. (4.12)

Moreover, we define the observed loss ratio at time I by

QI =
CI

Π̂I

=
CI
ΠI

ΠI

Π̂I

,

where Π̂I is obtained from (4.12) by replacing all µi by the a priori estimates
µ̂i. With a first order Taylor approximation around ΠI we obtain

E[ΠI/Π̂I ] ≈ 1 and Var(ΠI/Π̂I) ≈ CoVa2(Π̂I),

and therefore with the independence of Π̂I and CI we conclude that E[QI ] ≈
1. For the variance Var(QI) we use the following general decomposition for
the product of independent random variables X and Y

Var(XY ) = E[X]2Var(Y ) + E[Y ]2Var(X) + Var(X)Var(Y ).

70



Paper A

Henceforth we have with the Taylor approximation

Var(QI) ≈ Var(CI)/Π
2
I + CoVa2(Π̂I) + Var(CI/ΠI)Var(ΠI/Π̂I).

Neglecting the last term and asserting positivity we arrive at the following
estimator

ĈoVa
2
(Π̂I) = max{0, V̂ar(QI)− V̂ar(CI)/

̂̂
Π

2

I},

where

̂̂
ΠI =

I−J∑

i=0

µ̂i +
I∑

i=I−J+1

β̂I−iµ̂i,

V̂ar(QI) = (Q̂I − 1)2, with Q̂I = CI/
̂̂
ΠI ,

V̂ar(CI) =
I−J∑

i=0

µ̂i σ̂
2
[J ] +

I∑

i=I−J+1

µ̂i σ̂
2
[I−i],

with σ̂2
[j] = φ̂β̂j in the ODP Model. Note that if the µ̂i were fully corre-

lated then CoVa(µ̂i) = CoVa(Π̂I). In general we obtain with the calculation
provided in Appendix A

c2 = CoVa2(µ̂i) = max
{

0, c̃2
}
, where

c̃2 = CoVa2(Π̂I)


1−

2
∑

0≤i<k≤I βI−iβI−kµiµk (1− Corr(µ̂i, µ̂k))(∑I
i=0 µiβI−i

)2




−1

(4.13)

where we set βj = 1 if j > J . The variance is then estimated by

V̂ar(µ̂i) = ĉ2 · µ̂2
i , (4.14)

where ĉ2 is obtained from (4.13) by replacing the unknown parameters and
CoVa2(Π̂I), Corr(µ̂i, µ̂k) by their estimates.
Thus, we have derived the following estimate for the conditional MSEP of
Ĉi,J :

Estimate 4.8 (MSEP single accident year). Under Model Assumptions 4.1

the conditional MSEP of the BF predictor Ĉi,J is estimated by

m̂sepCi,J |II (Ĉi,J) =
J∑

j=I−i+1

φ̂µ̂iγ̂j + V̂ar(µ̂i)(1− β̂I−i)2 + µ̂2
i V̂ar(β̂I−i),
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where V̂ar(β̂I−i) is given in (4.10) and V̂ar(µ̂i) is given in (4.14). For the
estimates µ̂i, γ̂j and φ̂ see Model Assumptions 4.1, equation (4.3) and (4.5),
respectively.

Our next goal is the derivation of an estimate of the conditional MSEP
for aggregated accident years. We have

msep∑I
i=I−J+1 Ci,J |II

(
I∑

i=I−J+1

Ĉi,J

)
= E



(

I∑

i=I−J+1

(
Ci,J − Ĉi,J

))2
∣∣∣∣∣∣
II




=
I∑

i=I−J+1

msepCi,J |II (Ĉi,J) + 2
∑

i<k

E
[(
Ci,J − Ĉi,J

)(
Ck,J − Ĉk,J

)∣∣∣ II
]
.

As above using the II measurability of β̂j and µ̂i we obtain for i < k

E
[(
Ci,J − Ĉi,J

)(
Ck,J − Ĉk,J

)∣∣∣ II
]

= Cov

(
J∑

j=I−i+1

Xi,j,
J∑

j=I−k+1

Xk,j

)

+
(
µ̂i

(
1− β̂I−i

)
− µi (1− βI−i)

)(
µ̂k

(
1− β̂I−k

)
− µk (1− βI−k)

)
.

With the independence of the incremental claims Xi,j we see that the covari-
ance term is equal to zero and given II the last expression is an unknown
constant. In order to estimate this unknown term we proceed as above and
define

EEi,k =
(
µ̂i

(
1− β̂I−i

)
− µi (1− βI−i)

)(
µ̂k

(
1− β̂I−k

)
− µk (1− βI−k)

)

=
(

(1− β̂I−i)(µ̂i − µi)− µi(β̂I−i − βI−i)
)

×
(

(1− β̂I−k)(µ̂k − µk)− µk(β̂I−k − βI−k)
)
,

which is estimated by

ÊEi,k = (1− β̂I−i)(1− β̂I−k)Ĉov(µ̂i, µ̂k) + µ̂iµ̂kĈov(β̂I−i, β̂I−k),

where

Ĉov(µ̂i, µ̂k) = Ĉorr(µ̂i, µ̂k)

√
V̂ar (µ̂i) V̂ar (µ̂k), (4.15)

and

Ĉov
(
β̂I−i, β̂I−k

)
=

I−i∑

j=0

I−k∑

l=0

Ĉov(γ̂j, γ̂l), I − J + 1 ≤ i, k ≤ I, (4.16)

(see (4.14) and (4.9)).
Putting everything together we obtain the following estimate for the condi-
tional MSEP:
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Estimate 4.9 (MSEP aggregated accident years).
Under Model Assumptions 4.1 the conditional MSEP for aggregated accident
years is estimated by

m̂sep∑I
i=I−J+1 Ci,J |II

(
I∑

i=I−J+1

Ĉi,J

)
=

I∑

i=I−J+1

m̂sepCi,J |II

(
Ĉi,J

)

+ 2
∑

I−J+1≤i<k≤I

(
(1− β̂I−i)(1− β̂I−k)Ĉov(µ̂i, µ̂k) + µ̂iµ̂kĈov(β̂I−i, β̂I−k)

)
.

Remark 4.10. In the literature one often calculates the conditional MSEP
given DI instead of II . This corresponds to a different interpretation. If the
µ̂i are considered as observations one should condition on II otherwise if the
µ̂i are considered as a priori information one should condition on DI . That
is, in the latter case we are in a Bayesian framework, where µi are random
variables with an a priori distribution and µ̂i is the expected value of µi. In
the first case µ̂i is treated as an ‘expert observation’. In the case where we
condition on DI we obtain for single accident years

msepCi,J |DI
(Ĉi,J)

=
J∑

j=I−i+1

Var(Xi,j)

︸ ︷︷ ︸
PVi

+E

[(
µ̂i(1− β̂I−i)− µi(1− βI−i)

)2∣∣∣∣DI
]

︸ ︷︷ ︸
EEi

.

In order to estimate the last term we consider the mean over all possible DI
(we could also use this procedure when we condition on II and the resulting
estimates differ slightly).
With the approximation E[µ̂i(1− β̂I−i)] ≈ µi(1− βI−i) we obtain

E

[(
µ̂i(1− β̂I−i)− µi(1− βI−i)

)2]
≈ Var

(
µ̂i(1− β̂I−i)

)

= E
[
Var(µ̂i(1− β̂I−i)|µ̂i)

]
+ Var

(
E
[
µ̂i(1− β̂I−i)

∣∣∣ µ̂i
])
,

and estimating the last term we obtain the following estimate for the estima-
tion error

ÊEi =
(
µ̂2
i + V̂ar(µ̂i)

)
V̂ar(1− β̂I−i) + (1− β̂I−i)2V̂ar(µ̂i).

We therefore have the additional term V̂ar(µ̂i)V̂ar(1− β̂I−i) in the estimation
error. Similarly we have for aggregated accident years

EEi,k

= E
[(
µ̂i(1− β̂I−i)− µi (1− βI−i)

)(
µ̂k(1− β̂I−k)− µk (1− βI−k)

)∣∣∣DI
]
,
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which is estimated by

ÊEi,k =
(

1− β̂I−i
)(

1− β̂I−k
)

Ĉov(µ̂i, µ̂k)

+
(

Ĉov(µ̂i, µ̂k) + µ̂iµ̂k

)
Ĉov(β̂I−i, β̂I−k).

The resulting formulas for the conditional MSEP have the same form as the
estimates derived in Mack (2008) (but the estimates of the parameters and
covariances are, of course, different).

4.2 General Over-dispersed Poisson Model

4.2.1 Model

In Model Assumptions 4.1 we have assumed that the dispersion parameter φ
is constant over all development years. The assumption of a constant disper-
sion is quite restrictive and often not appropriate in practical applications.
Therefore we consider in this subsection the general case, where the dispersion
parameter varies between development years.

Model Assumptions 4.11 (General Over-dispersed Poisson Model).

GP1 Incremental claims Xi,j are independent and there exist positive param-

eters φ0, . . ., φJ , µ0, . . . , µI and γ0, . . . , γJ with
∑J

j=0 γj = 1 such that
Xi,j/φj ∼ Poisson(µiγj/φj). In particular, we have

E[Xi,j] = µiγj,

Var(Xi,j) = φjµiγj,

where φj is the dispersion parameter for development year j.

GP2 The a priori estimates µ̂i for µi = E[Ci,J ] are unbiased and independent
from Xl,j for 0 ≤ l ≤ I, 0 ≤ j ≤ J .

4.2.2 Estimation of the Development Pattern

As in Section 4.1 we estimate γj with the MLE method using Lagrange mul-
tipliers. The Lagrange function is given by

LDI
(γ0, . . . , γJ , κ) =

∑

i+j≤I

1

φj
(Xi,j (log µi + log γj)− µiγj) + κ

(
1−

J∑

j=0

γj

)
,

(4.17)

74



Paper A

where κ is the Lagrange multiplier. For 0 ≤ j ≤ J the MLE γ̃j is the solution
of

∂LDI

∂γj
=

I−j∑

i=0

1

φj

(
Xi,j

γj
− µi

)
− κ = 0, (4.18)

and hence

γ̃j =

∑I−j
i=0

1
φj
Xi,j

∑I−j
i=0

1
φj
µi + κ

=
X[I−j],j/φj
µ[I−j]/φj + κ

. (4.19)

Remark 4.12. Note that (4.19) has the same structure as (4.1) with respect
to the normalised random variables Zi,j = Xi,j/φj.

With the side constraint we obtain the following implicit equation for κ

∂LDI

∂κ
= 1−

J∑

j=0

X[I−j],j/φj
µ[I−j]/φj + κ

= 0.

It remains to estimate µi and φj.
For µi we use the a priori estimates µ̂i. In order to estimate the dispersion

parameters φj we consider Yi,j = Xi,j/µi with

E[Yi,j] = γj and Var(Yi,j) = φj
γj
µi

=
σ2
j

µi
,

where σ2
j = φjγj. An unbiased estimate for σ2

j is given by

σ̃2
j =

1

I − j

I−j∑

i=0

µi(Yi,j − Ȳj)2, 0 ≤ j ≤ J, j 6= I, (4.20)

with Ȳj =
∑I−j

i=0
µi

µ[I−j]
Yi,j. If J = I we use an extrapolation to obtain an

estimate for σ2
J , see Mack (1993). The dispersion parameter φj can then be

estimated by

φ̂j =
σ̂2
j

γ̂j
, (4.21)

where σ̂2
j is obtained from σ̃2

j by replacing the unknown µi’s by the a priori
estimates µ̂i and where

γ̂j =
X[I−j],j/φ̂j

µ̂[I−j]/φ̂j + κ̂
, (4.22)
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with κ̂ ∈
(
− min

0≤j≤J

{
µ̂[I−j]

φ̂j

}
,∞
)

given by the implicit equation

1−
J∑

j=0

X[I−j],j/φ̂j

µ̂[I−j]/φ̂j + κ̂
= 0.

Note that (4.21) is an implicit equation since φ̂j also appears in the equation

for γ̂j. If we plug in φ̂j = σ̂2
j/γ̂j in (4.22) we obtain

γ̂j =
γ̂jX[I−j],j/σ̂2

j

γ̂jµ̂[I−j]/σ̂2
j + κ̂

,

and solving for γ̂j we get

γ̂j =
X[I−j],j
µ̂[I−j]

− κ̂ σ̂2
j

µ̂[I−j]
.

With the side constraint
∑J

j=0 γ̂j = 1 we arrive at the following explicit
solution

γ̂j =
X[I−j],j
µ̂[I−j]

+
σ̂2
j/µ̂[I−j]∑J

l=0 σ̂
2
l /µ̂[I−l]

(
1−

J∑

l=0

X[I−l],l
µ̂[I−l]

)
. (4.23)

The cumulative development pattern is estimated by β̂j =
∑j

k=0 γ̂k, 0 ≤ j ≤
J .

Remarks 4.13.

• For the case of a constant dispersion parameter φ we cannot use the
above estimation procedure for φ. In that case σ2

j/γj ≡ φ but σ̂2
j/γ̂j

might not be constant over all j. Moreover, if φ is constant over all
development years, it does not make sense to consider the development
years j separately for the estimation of φ.

• The estimators (4.23) do not fulfil equations (3.5) anymore.

• Contrary to the ODP Model, the MLEs based only on the observed
data DI and disregarding the µi, are no longer identical to the CL
forecasts. Instead, the MLEs µ̂MLE

i and the modified ‘development
pattern’ β̂modj =

∑j
k=0 γ̂k/φk are proportional to the CL forecasts and

the CL development pattern obtained from the modified data Xi,j/φj.
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• Denote again by

γ̂
(0)
j =

X[I−j],j
µ̂[I−j]

the raw estimates. Then we again see how the smoothing from these raw
estimates to the adjusted estimates γ̂j looks like. Here the smoothing
corrections are additive.

• A big deviation of
∑J

j=0 γ̂
(0)
j from 1 could be an indicator that the a

priori estimates might be biased.

• A tail development γ̂J+1 can be incorporated in the same way as de-
scribed in Remarks 4.6.

4.2.3 Covariance of the Estimated Development
Pattern

As in Section 4.1 the covariance matrix of the γ̂j’s can be estimated using the
Fisher information matrix. The log-likelihood function lDI

is given by

lDI
(γ0, . . . , γJ−1) =

∑

i+j≤I
j≤J−1

1

φj
(Xi,j (log µi + log γj)− µiγj) (4.24)

+
I−J∑

i=0

1

φJ

(
Xi,J

(
log µi + log

(
1−

J−1∑

j=0

γj

))
− µi

(
1−

J−1∑

j=0

γj

))
+ r,

where r contains all remaining terms, which do not depend on the parameters
γ = (γ0, . . . , γJ−1). Analogously to (4.6) we obtain for 0 ≤ j ≤ J − 1

H(γ)j,j = E

[(
∂lDI

∂γj

)2
]

= E



(
I−j∑

i=0

1

φj

(
Xi,j

γj
− µi

)
−

I−J∑

i=0

1

φJ

(
Xi,J

γJ
− µi

))2



=
µ[I−j]
φjγj

+
µ[I−J ]
φJγJ

,

and for 0 ≤ j < k ≤ J − 1 we get analogously to (4.7)

H(γ)k,j = H(γ)j,k = E

[
∂lDI

∂γj

∂lDI

∂γk

]
=
µ[I−J ]
φJγJ

.
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The inversion of the Fisher information matrix is provided in Appendix A
and we obtain for 0 ≤ j, k ≤ J − 1 the approximation

Cov(γ̂j, γ̂k) ≈ (H(γ)−1)j,k =
φjγj
µ[I−j]

(
1{j=k} −

φkγk/µ[I−k]∑J
l=0 φlγl/µ[I−l]

)
. (4.25)

By linearity we obtain analogous formulas for γ̂J = 1 −∑J−1
j=0 γ̂j. Replacing

the unknown parameters µ[I−j], γj and φj by their estimates µ̂[I−j] (see Model

Assumptions 4.11), γ̂j (see (4.22)) and φ̂j (see (4.21)) we obtain the following
estimates for the covariances

Ĉov(γ̂j, γ̂k) =
φ̂j γ̂j
µ̂[I−j]

(
1{j=k} −

φ̂kγ̂k/µ̂[I−k]∑J
l=0 φ̂lγ̂l/µ̂[I−l]

)
, 0 ≤ j, k ≤ J. (4.26)

For β̂I−i we get

Ĉov(β̂I−i, β̂I−k) =
I−i∑

j=0

I−k∑

l=0

Ĉov(γ̂j, γ̂l), I − J + 1 ≤ i, k ≤ I. (4.27)

In the next section we give estimates for the conditional MSEP of the
BF predictors Ĉi,J = Ci,I−i + µ̂i(1 − β̂I−i) and

∑I
i=I−J+1 Ĉi,J under Model

Assumptions 4.11.

4.2.4 Conditional MSEP

The derivation of an estimate of the conditional MSEP for the BF predictor
Ĉi,J in the General ODP Model is analogous to Section 4.1.4. We obtain the
following estimate for single accident years:

Estimate 4.14 (MSEP single accident year).

Under Model Assumptions 4.11 the conditional MSEP of the BF predictor
Ĉi,J is estimated by

m̂sepCi,J |II (Ĉi,J) =
J∑

j=I−i+1

φ̂jµ̂iγ̂j + V̂ar(µ̂i)(1− β̂I−i)2 + µ̂2
i V̂ar(β̂I−i),

where V̂ar(β̂I−i) is given in (4.27) and V̂ar(µ̂i) is given in (4.14).

Using the same ideas as in the derivation of Estimate 4.9 we obtain the
following estimate for aggregated accident years:
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Estimate 4.15 (MSEP aggregated accident years).

Under Model Assumptions 4.11 the conditional MSEP for aggregated accident
years is estimated by

m̂sep∑I
i=I−J+1 Ci,J |II

(
I∑

i=I−J+1

Ĉi,J

)
=

I∑

i=I−J+1

m̂sepCi,J |II

(
Ĉi,J

)

+ 2
∑

I−J+1≤i<k≤I

(
(1− β̂I−i)(1− β̂I−k)Ĉov(µ̂i, µ̂k) + µ̂iµ̂kĈov(β̂I−i, β̂I−k)

)
,

where Ĉov(β̂I−i, β̂I−k) is given in (4.27) and Ĉov(µ̂i, µ̂k) is given in (4.15).

4.3 Normal Model

4.3.1 Model

As mentioned in Remarks 4.2 the ODP Model can only be used if the in-
cremental claims Xi,j are positive, which is often appropriate for claims pay-
ments. In contrast, incurred losses increments are sometimes negative and
therefore an ODP model is not suitable in this case. The following model
does not have these restrictions.

Model Assumptions 4.16 (Normal Model).

N1 Incremental claims Xi,j are independent and normally distributed and

there exist parameters µ0, . . . , µI , γ0, . . . , γJ with
∑J

j=0 γj = 1 and

σ2
0, . . . , σ

2
J such that

E[Xi,j] = µiγj,

Var(Xi,j) = µiσ
2
j ,

where σ2
j is strictly positive.

N2 The a priori estimates µ̂i of µi = E[Ci,J ] are unbiased and independent
from Xl,j for 0 ≤ l ≤ I, 0 ≤ j ≤ J .

In the following we derive the MLEs and the corresponding conditional
MSEP under Model Assumptions 4.16.

4.3.2 Estimation of the Development Pattern

As in the ODP Model we first assume that the µi are known and calculate
the MLEs for the γj using Lagrange multipliers. In the Normal Model this
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procedure allows us to find explicit solutions for the estimates. The Lagrange
function is given by

LDI
(γ0, . . . , γJ , κ) =

∑

i+j≤I
−(Xi,j − µiγj)2

2µiσ2
j

+ κ

(
1−

J∑

j=0

γj

)
,

where κ is the Lagrange multiplier. For 0 ≤ j ≤ J we have

∂LDI

∂γj
=

I−j∑

i=0

Xi,j − µiγj
σ2
j

− κ = 0,

and therefore

γ̃j =
X[I−j],j − κσ2

j

µ[I−j]
. (4.28)

With the side constraint

1 =
J∑

j=0

γ̃j =
J∑

j=0

X[I−j],j
µ[I−j]

−
J∑

j=0

κ
σ2
j

µ[I−j]
,

it follows that

κ =

∑J
j=0

X[I−j],j

µ[I−j]
− 1

∑J
j=0

σ2
j

µ[I−j]

.

We insert κ in equation (4.28) and obtain the MLE for γj

γ̃j =
X[I−j],j
µ[I−j]

+
σ2
j/µ[I−j]∑J

l=0 σ
2
l /µ[I−l]

(
1−

J∑

l=0

X[I−l],l
µ[I−l]

)
. (4.29)

The µi and σ2
j in formula (4.29) are unknown and have to be replaced by

estimators. For µi we insert µ̂i and σ2
j can be estimated analogously as in the

General ODP Model, that is, by replacing the µi in formula (4.20) by µ̂i.

Remark 4.17. Using MLEs for σ2
j results in a system of equations for γj

and σj that is only iteratively solvable.

We arrive at the final estimate

γ̂j =
X[I−j],j
µ̂[I−j]

+
σ̂2
j/µ̂[I−j]∑J

l=0 σ̂
2
l /µ̂[I−l]

(
1−

J∑

l=0

X[I−l],l
µ̂[I−l]

)
, (4.30)

which is exactly the same estimator as in the General ODP Model (see (4.23)).
The cumulative development pattern is estimated by β̂j =

∑j
k=0 γ̂k, 0 ≤ j ≤

J .

Remark 4.18. A tail development γ̂J+1 can be incorporated as described in
Remarks 4.6.
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4.3.3 Covariance Matrix of the Estimated
Development Pattern

Since the estimated development pattern is the same as in the General ODP
Model we could use the estimated covariance matrix of the γ̂j derived in
Section 4.2.3. However, the γ̂j are estimated with the MLE method and
for consistency with the derivations in the other models we use the Fisher
information matrix to estimate the covariance matrix of the γ̂j. The likelihood
function for the Normal Model is given by

lDI
(γ0, . . . , γJ−1)

=
∑

i+j≤I
j≤J−1

−(Xi,j − µiγj)2
2µiσ2

j

−
I−J∑

i=0

(
Xi,J − µi

(
1−∑J−1

j=0 γj

))2

2µiσ2
j

+ r,

where r contains all remaining terms, which do not depend on the parameters
γ = (γ0, . . . , γJ−1). For the entries of the Fisher information matrix we get
analogously to Section 4.1.2

H(γ)j,k =
µ[I−j]
σ2
j

(
1{j=k} +

µ[I−J ]/σ2
J

µ[I−j]/σ2
j

)
,

where 0 ≤ j, k ≤ J − 1. With the calculation provided in Appendix A we
obtain the entries of the inverse of the Fisher information matrix and for
0 ≤ j, k ≤ J − 1 we get the approximations

Cov(γ̂j, γ̂k) ≈
(
H(γ)−1

)
j,k

=
σ2
j

µ[I−j]

(
1{j=k} −

σ2
k/µ[I−k]∑J

l=0 σ
2
l /µ[I−l]

)
. (4.31)

By linearity we obtain the same formulas for the variance and covariances
of γ̂J . By replacing the unknown parameters µ[I−j] and σ2

j by their estimates
we obtain exactly the same formulas as in the General ODP Model, that is,

Ĉov(γ̂j, γ̂k) =
σ̂2
j

µ̂[I−j]

(
1{j=k} −

σ̂2
k/µ̂[I−k]∑J

l=0 σ̂
2
l /µ̂[I−l]

)
, 0 ≤ j, k ≤ J. (4.32)

The covariances of the β̂I−i are estimated by

Ĉov
(
β̂I−i, β̂I−k

)
=

I−i∑

j=0

I−k∑

l=0

Ĉov (γ̂j, γ̂l) , I − J + 1 ≤ i, k ≤ I. (4.33)

Remark 4.19. The coincidence of the estimated covariance matrices in the
General ODP Model and the Normal Model is of course meaningful, however
not obvious because of the approximations used.

In the next section we give an estimate for the conditional MSEP of the
BF predictor in the Normal Model.

81



Saluz, Gisler, Wüthrich

4.3.4 Conditional MSEP

Since the estimates in the Normal Model coincide with the estimates in the
General ODP Model we also obtain the same estimates for the conditional
MSEP:

Estimate 4.20 (MSEP single accident year).

Under Model Assumptions 4.16 the conditional MSEP of the BF predictor
Ĉi,J is estimated by

m̂sepCi,J |II (Ĉi,J) =
J∑

j=I−i+1

µ̂iσ̂
2
j + V̂ar(µ̂i)(1− β̂I−i)2 + µ̂2

i V̂ar(β̂I−i),

where V̂ar(β̂I−i) is given in (4.33) and V̂ar(µ̂i) is given in (4.14).

For aggregated accident years we obtain in the Normal Model:

Estimate 4.21 (MSEP aggregated accident years).

Under Model Assumptions 4.16 the conditional MSEP for aggregated accident
years is estimated by

m̂sep∑I
i=I−J+1 Ci,J |II

(
I∑

i=I−J+1

Ĉi,J

)
=

I∑

i=I−J+1

m̂sepCi,J |II

(
Ĉi,J

)

+ 2
∑

I−J+1≤i<k≤I

(
(1− β̂I−i)(1− β̂I−k)Ĉov(µ̂i, µ̂k) + µ̂iµ̂kĈov(β̂I−i, β̂I−k)

)
,

where Ĉov(β̂I−i, β̂I−k) is given in (4.33) and Ĉov(µ̂i, µ̂k) is given in (4.15),
I − J + 1 ≤ i < k ≤ I.

Remark 4.22. Analogous estimators can be derived in the more general
Tweedie’s exponential dispersion family models, similar to Alai-Wüthrich
(2009).

5 Conclusions and Remarks

In this paper we have investigated the question how the development pattern
should be estimated in the BF method and we have derived the corresponding
MSEP of the ultimate claim prediction. For this purpose we have considered
three distributional models. For these models we have been able to find
estimators for the development pattern γj which are consistent with the BF
philosophy. Moreover, we have found formulas for smoothing from the raw

82



Paper A

estimates γ̂
(0)
j to the final estimates γ̂j and we have been able to find explicit

formulas for the correlation matrix of these estimates in terms of the inverse
Fisher information matrix.

The ODP Model is presumably not an adequate model for most practical
cases. The General ODP Model is a reasonable model for claims payments
modelling and the Normal Model can be used for incurred claims studies. For
the latter two models we have found the same estimators. But also in the
case where the distributional assumptions are not fully satisfied, we suggest
applying these estimators because currently there are no estimators available
from which we know that they perform better. Therefore we suggest

• to estimate the development pattern by means of formula (4.30)

• to estimate the correlation matrix of these estimates by means of for-
mula (4.32)

• to estimate the conditional MSEP of the ultimate claim by means of
Estimate 4.20 (single accident year) and Estimate 4.21 (aggregated ac-
cident years).

6 Numerical Examples

The data for the numerical examples are from a Swiss insurance company
and for confidentiality purposes the figures are scaled with a constant. The a
priori estimates are obtained from pricing. To be more precise µ̂i corresponds
to the initial forecast of the expected ultimate claim at the end of year i− 1
and there is not done any repricing afterwards. We consider claims payments
data from industrial property insurance and incurred losses data from motor
liability insurance. Industrial property insurance is a short tailed line of
business meaning that the development is usually finished after short time.
On the contrary, motor liability is a long tailed line of business, that is, we
have longer settlement periods.

For comparison we also give the results obtained with the CL method.
The conditional MSEP for the CL method is calculated according to the
distribution-free model by Mack (1993).

6.1 Industrial Property Insurance

Let us first consider data from industrial property, which is given in Table 6
in Appendix B. We apply the estimators suggested in Section 5 and refer
to them as BF in the following tables. In this example we additionally give
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the results obtained in the ODP Model (BF ODP) and the results obtained
using Mack’s model (2008) (BF Mack). With the trapezoid of claims pay-
ments we obtain estimated coefficients of variation of the a priori estimates

of ĈoVa(µ̂i) = 5.25% in the ODP Model and ĈoVa(µ̂i) = 4.56% for BF. The
resulting development patterns and the reserves are given in Tables 1 and 2.
The development patterns are obtained from formulas (4.3) and (4.30) with-
out manual smoothing. Note that all three BF development patterns are
close to the CL development pattern. Moreover, we calculated the ‘usual’ BF
reserves, which are obtained with the BF method using the CL development
pattern. Due to the rather small value on the diagonal in the newest accident
year the BF reserves are higher than the CL reserves. In Table 3 the condi-
tional MSEP and the corresponding coefficient of variation are given. In BF

Mack we applied the coefficient of variation ĈoVa(µ̂i) = 4.56% from the Nor-
mal Model. The process standard deviation and estimation error are given in
Table 4. Note that the difference between the conditional MSEP in the ODP
Model and in BF in the newest accident year comes from the process vari-
ance. More precisely, it is due to the rather small value φ̂γ̂1 = 187 compared
to σ̂2

1 = 323 appearing in the corresponding process variances. Similarly we
have ŝ2j = 347 for the corresponding term in Mack’s model. The assumption
of a constant dispersion parameter seems therefore questionable.

The results of BF are very close to the results of BF Mack, especially
for older accident years. For newer accident years the process variance term
contains more parameter estimates σ̂2

j and ŝ2j , respectively. The differences in
the estimation error are mainly due to the different estimation of the variances
V̂ar(β̂I−i). The additional term V̂ar(µ̂i)V̂ar(β̂I−i) in Mack’s formula for the
estimation error is negligible compared to the other terms.

dev. pattern β̂I−i

i BF ODP BF BF Mack CL
9 99.77% 99.78% 99.77% 99.78%

10 99.55% 99.57% 99.56% 99.59%
11 99.25% 99.29% 99.27% 99.29%
12 98.45% 98.48% 98.47% 98.50%
13 94.08% 94.24% 94.13% 94.14%
14 60.21% 60.59% 60.31% 60.40%

Table 1: Industrial property, claims payments: estimated development pat-
tern.
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estimated reserves
i BF ODP BF BF Mack CL ‘usual’ BF
9 268 257 261 230 246

10 505 481 492 290 467
11 766 731 751 636 725
12 1’501 1’468 1’479 1’313 1’454
13 5’830 5’677 5’786 5’946 5’774
14 38’611 38’240 38’520 34’502 38’426

total 47’481 46’854 47’288 42’916 47’091

Table 2: Industrial property, claims payments: estimated reserves.

msep1/2 CoVa
i BF ODP BF BF Mack CL BF ODP BF BF Mack CL
9 410 373 373 341 152.6% 145.1% 143.3% 148.3%

10 560 435 435 325 110.9% 90.3% 88.4% 112.1%
11 685 508 509 457 89.3% 69.5% 67.8% 72.0%
12 953 1’097 1’099 1’064 63.5% 74.7% 74.3% 81.0%
13 1’886 1’861 1’876 1’946 32.3% 32.8% 32.4% 32.7%
14 5’133 6’257 6’516 6’073 13.3% 16.4% 16.9% 17.6%

total 5’875 6’829 6’988 6’587 12.4% 14.6% 14.8% 15.3%

Table 3: Industrial property, claims payments: estimated conditional
MSEP1/2 and coefficient of variation.

process std. dev. (estimation error)1/2

i BF ODP BF BF Mack CL BF ODP BF BF Mack CL
9 385 351 351 323 139 126 127 111

10 529 410 410 313 185 146 146 86
11 651 483 483 438 211 160 160 133
12 911 1’053 1’053 1’024 279 310 312 286
13 1’796 1’777 1’788 1’869 575 554 567 542
14 4’622 5’874 6’067 5’885 2’232 2’156 2’377 1’501

total 5’126 6’268 6’453 6’291 2’871 2’710 2’682 1’952

Table 4: Industrial property, claims payments: estimated process standard
deviation and square root of the estimation error.

6.2 Motor Liability Insurance

The data from motor liability are given in Table 7 and Table 8 in Appendix B.
Note that the observations C0,0, C1,0 and C0,1 are missing. But Table 8
is not really an incomplete triangle because C0,j, j ≥ 2 and C1,j, j ≥ 1
contain all claims of accident years 0 and 1, respectively, that is, also the
closed one’s. The results obtained with the data from Table 8 are given in
Table 5. We apply the estimators suggested in Section 5 and obtain the

estimate ĈoVa(µ̂i) = 9.47%. The reserves are calculated using formula (2.2)
with the diagonal claims payments given in Table 7. The BF reserves are
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rather high compared to the CL and to the ‘usual’ BF reserves. Interestingly,
the reserves obtained by the ‘usual’ BF method using the CL development
pattern are closer to the CL reserves and even slightly lower. This means that
the reason for the higher reserves obtained with BF cannot be conservative
a priori estimates µ̂i, but is rather the new BF consistent estimate of the
development pattern. This example shows, that the way how the development
pattern is estimated in the BF method can have a big impact on the resulting
reserves. As already pointed out previously, the usual way of simply using
the CL development pattern is not consistent with the BF philosophy.
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Appendix

A Proofs

Inversion of the Fisher Information Matrix. In order to calculate the
inverse of the Fisher information matrix in (4.8), (4.25) and (4.31) we need
to invert a matrix of the form

A =




a0 + 1 1 1 · · · 1
1 a1 + 1 1 · · · 1
1 1 a2 + 1 · · · 1
...

...
...

. . .
...

1 1 1 · · · aJ−1 + 1



,

where a0, a1, . . . , aJ−1 ∈ R \ {0}. We number the rows and columns of A
starting from 0 and denote the entry in row j and column k by Aj,k, 0 ≤
j, k ≤ J − 1, that is, Aj,k = 1 + aj1{j=k}. We claim that

(
A−1

)
j,k

=
1

aj

(
1{j=k} −

a0
dak

)
, 0 ≤ j, k ≤ J − 1,

where d = a0

(
1 +

∑J−1
j=0

1
aj

)
.

Proof. For 0 ≤ j, k ≤ J − 1 we have

(A · A−1)j,k =
J−1∑

l=0

(
1 + aj · 1{j=l}

) 1

al

(
1{l=k} −

a0
dak

)

=
1

ak
−

J−1∑

l=0

a0
aldak

+ 1{j=k} −
a0
dak

= 1{j=k} +
1

ak

(
1− a0

d

(
J−1∑

l=0

1

al
+ 1

))

= 1{j=k},

where we used the definition of d in the last equation.

2

88



Paper A

Proof of Equation (4.13). With βj = 1 for j > J we have

CoVa2(Π̂I) = CoVa2

(
I∑

i=0

µ̂iβI−i

)
=

Var
(∑I

i=0 µ̂iβI−i
)

(∑I
i=0 µiβI−i

)2

=

∑I
i=0 β

2
I−iVar(µ̂i) + 2

∑
i<k βI−iβI−kCorr(µ̂i, µ̂k)µiCoVa(µ̂i)µkCoVa(µ̂k)(∑I

i=0 µiβI−i
)2

=
c2
(∑I

i=0 β
2
I−iµ

2
i + 2

∑
i<k βI−iβI−kµiµkCorr(µ̂i, µ̂k)

)

(∑I
i=0 µiβI−i

)2

= c2

((∑I
i=0 βI−iµi

)2
− 2

∑
i<k βI−iβI−kµiµk (1− Corr(µ̂i, µ̂k))

)

(∑I
i=0 µiβI−i

)2 .

2

Proof of Remark 4.7. Estimating the a priori loss ratios with a moving
average of the ultimate loss ratios over n years and assuming that νi ≡ ν and
Var(Ui/ν) = σ2/ν2 yields the following formulas

µ̂i = νq̂i =

∑n+i−1
l=i Ul
n

, 0 ≤ i ≤ I,

where Ui denotes the ultimate claim amount for accident year i. For i ≤ k it
follows with the independence of accident years

Cov(µ̂i, µ̂k) =
1

n2
Cov

(
n+i−1∑

l=i

Ul,
n+k−1∑

l=k

Ul

)
=

1

n2

n+i−1∑

l=k

σ2 =
n+ i− k

n2
σ2,

and since Var(µ̂i) = σ2/n we obtain

Corr(µ̂i, µ̂k) =
n− |i− k|
n2σ2/n

σ2 =
n− |i− k|

n
.

2
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B Data

i/j 0 1 2 3 4 5 ultimate µ̂i

0 52’572 76’651 80’044 80’524 80’870 81’459 81’587 81’552
1 58’623 89’190 94’040 95’592 95’637 95’765 95’898 87’138
2 71’086 108’235 110’410 110’917 110’883 111’092 111’049 100’276
3 58’236 86’079 91’586 90’303 90’490 90’507 90’372 99’319
4 66’661 108’829 113’347 114’785 115’656 115’756 116’481 102’035
5 56’059 90’688 96’389 96’661 97’015 97’160 97’542 100’963
6 52’443 87’856 91’063 91’846 92’414 92’855 92’920 101’178
7 67’307 102’881 107’783 108’279 108’644 108’844 109’599 102’764
8 67’829 98’815 102’008 102’374 102’775 102’868 102’792 111’570
9 69’259 100’684 104’879 106’717 106’602 106’668 114’284

10 41’714 66’880 69’390 69’697 69’869 113’055
11 54’717 82’924 86’781 89’270 102’519
12 46’429 79’564 86’174 96’879
13 55’001 95’511 98’517
14 52’630 97’041

Table 6: Industrial property, cumulative payments and a priori estimates µ̂i.

i Cpaid
i,I−i µ̂i

0 268’392 242’359
1 286’310 270’229
2 272’781 309’063
3 341’679 337’683
4 337’137 348’026
5 381’388 398’224
6 399’724 439’606
7 424’117 450’296
8 419’528 456’387
9 411’082 463’645

10 410’387 468’488
11 435’980 476’198
12 372’513 445’631
13 411’770 457’050
14 380’622 432’273
15 384’000 447’010
16 364’883 443’103
17 336’143 438’830
18 317’801 435’961
19 300’874 453’019
20 262’034 469’713
21 242’768 461’548
22 206’808 475’731
23 199’872 442’506
24 185’856 438’441
25 132’116 414’974

Table 7: Motor liability, diagonal payments and a priori estimates µ̂i.
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Abstract

The Bornhuetter-Ferguson (BF) reserve of an accident year is the
product of an a priori estimate of the expected ultimate claim and
the estimated ‘still to come percentage’. In practice, these a priori
estimates are often adjusted over time. We call this process ‘repric-
ing’. In this paper we study the incorporation of claims experience for
the repricing process by using credibility theory. We simultaneously
estimate the still to come percentages and we quantify the prediction
uncertainty of the resulting reserves.

In a special case the method can be interpreted as a weighted
average between chain ladder (CL) and BF.

Keywords. Claims Reserving, Bornhuetter-Ferguson Method,
Credibility Theory, Repricing.

1 Introduction

The Bornhuetter-Ferguson (BF) method (Bornhuetter-Ferguson, 1972) is one
of the most frequently used claims reserving methods in practice. In this
method the reserves of accident year i at time I are estimated by

R̂BF
i = µ̂i

(
1− β̂I−i

)
, (1.1)
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where

µ̂i = estimate of the ultimate claim µi = E [Ci,J ] of accident year i,

β̂I−i = estimate of the cumulative claims development pattern βI−i.

The essential questions in the BF method are

i) Where do the estimates µ̂i come from?

ii) How should the development pattern βj be estimated?

Regarding question i):
The basic idea behind the BF method is to incorporate the information con-
tained in the premium for claims reserving. The premium is used to calculate
an a priori estimate µ̂ai of the ultimate claim E [Ci,J ] to be used for µ̂i in (1.1).
If pi denotes the earned premium of accident year i, µi is usually estimated
by µ̂ai = piθ̂i, where θ̂i is an a priori estimate of the expected loss ratio of
accident year i. In practice such a priori estimates mostly come from pricing
and/or a budgeting and planning process that is, µ̂ai is an estimate of the
expected claim amount at the beginning of year i based on all information
available at that time: on internal data such as observed claims from previ-
ous years as well as on external information such as industry-wide data and
expert opinions. Note that the premiums pi can be considered as a volume
measure.

A priori estimates should not change during the claims development in
later years, otherwise they are no longer a priori estimates. However, in
practice the µ̂i’s used in the BF reserving formula (1.1) are often changed
in later years. We call this process ‘repricing’. Usually, such a repricing or
change of the estimates µ̂ai is not done in a systematic way. As a consequence
there is quite a lot of subjective judgement in the resulting BF reserves. In
this paper we show how the repricing can be done, based on a sound actuarial
basis which eliminates the subjective element in the BF reserve estimates.

Indeed, a repricing or an update of the original a priori estimates in later
years makes sense. At the beginning of year i there is given some a priori
estimate of the expected claim amount of accident year i. During the develop-
ment process more claims information becomes available and one can do an a
posteriori update of this estimate in later years. The whole situation perfectly
fits into the framework of Bayesian statistics and credibility. A classical exam-
ple of a method that includes a repricing is the Benktander-Hovinen method
(Benktander 1976; Hovinen 1981). In this method the updated estimate µ̂i
is an average of the chain ladder (CL) ultimate and an a priori estimate µ̂ai .
In a special case our repricing method can be interpreted as a weighted aver-
age between the CL and the BF method. Such additive mixtures of different
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reserving methods are not unusual in practice. Our methodology gives a
mathematical framework for such a mixture.

Papers using credibility for claims reserving include De Vylder (1982),
Mack (1990), Witting (1987), Hesselager-Witting (1988) and Neuhaus (1992).
Witting (1987) used a credibility model for claim numbers. In Hesselager-
Witting (1988) a credibility model with random fluctuations in the devel-
opment pattern is introduced. Neuhaus (1992) studies the efficiency of an
approximate credibility method for loss reserving. A comparison between
the method in Neuhaus (1992) and the Benktander-Hovinen method can be
found in Mack (2000). A more recent paper by Jessen-Rietdorf (2011) con-
siders a credibility model including diagonal effects within an over-dispersed
Poisson framework that is, the variance is assumed to be proportional to the
mean. Mack (1990) reconsidered the model of De Vylder (1982) with a more
general assumption on the variance of incremental claims. The models in
De Vylder (1982) and Mack (1990) are closest to our model, however, the
assumptions with regard to the variance as well as with regard to the depen-
dence structure are much more restrictive in their models (see Remarks 3.3).
Moreover De Vylder (1982) and Mack (1990) do not provide estimates for the
(conditional) mean square error of prediction (MSEP).

Regarding question ii):
In practice the development pattern in the BF method is often estimated by
the CL pattern. However, as shown in Mack (2008) the use of the CL pattern
is not compatible with the assumptions underlying the BF method. As stated
above, the incorporation of the premiums is crucial in the BF method. The
availability of the a priori estimates in the BF method is a fundamental
difference to the CL method. Hence it is argued in Saluz et al. (2011) that
estimators of the development pattern in the BF method should also take this
additional information into account. Estimators for the development pattern
which take the a priori estimates into account are for instance discussed in
Mack (2008) and Saluz et al. (2011). In our case the a priori estimates are a
posteriori updated and hence the estimates for the development pattern have
to be updated, too. This leads to an iterative algorithm for the simultaneous
estimation of the development pattern and the a posteriori adjusted µ̂i’s.
This iterative procedure is an innovation compared to De Vylder (1982) and
Mack (1990). In De Vylder (1982) and Mack (1990) the estimation of the
development pattern is based on the a priori estimates and the development
pattern is therefore not updated over time.

Organisation of the paper. In Section 2 we introduce the notation and
data structure. In Section 3 we introduce a credibility model for a BF method
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with repricing. The credibility estimates are given in Section 4 and the cor-
responding estimates for the development pattern are given in Section 6. In
Section 5 we show how the variance parameters can be estimated. An esti-
mation procedure for the MSEP is provided in Section 7 and an example is
provided in Section 8. Whereas the component of the MSEP deriving from the
uncertainty of the updated µ̂i can be expressed in a closed formula, we need
a simulation step to cope with the uncertainty of the development pattern.

2 Notation and Data Structure

We denote the cumulative claims (cumulative payments or incurred losses)
in accident year i ∈ {0, . . . , I} at the end of development year j ∈ {0, . . . , J}
by Ci,j ≥ 0 and we assume J ≤ I. The earned premium of accident year i
is denoted by pi, 0 ≤ i ≤ I. Let Xi,j = Ci,j − Ci,j−1 denote the incremental
claims, where we set Ci,−1 = 0. The summation over an index starting from
0 is denoted with a square bracket, for example,

X[k],j =
k∑

i=0

Xi,j, 0 ≤ k ≤ I, 0 ≤ j ≤ J.

We assume that all claims are settled after development year J and therefore
the total ultimate claim of accident year i is given by Ci,J . The observations
of accident year i are given by X i = (Xi,0, . . . , Xi,(I−i)∧J)′, where X ′ denotes
the transpose of a vector (or a matrix) X. At time I we have information

DI = {Ci,j : i+ j ≤ I, j ≤ J},

and our goal is to predict DcI = {Ci,j : i + j > I, i ≤ I, j ≤ J}. The
outstanding loss liabilities for accident year i at time I are given by

Ri = Ci,J − Ci,I−i, I − J + 1 ≤ i ≤ I, (2.1)

and the total outstanding loss liabilities are given by R =
∑I

i=I−J+1Ri. In
order to simplify notation we define ι(i) = (I − i)∧ J to be the last observed
development year in accident year i.

Remark 2.1. The ‘true’ outstanding loss liabilities are given by formula
(2.1) only if Ci,j denote cumulative payments. For incurred losses Ci,j the
outstanding loss liabilities are given by

Ri = (Ci,J − Ci,ι(i)) + (Ci,ι(i) − Cpaid
i,ι(i)), (2.2)
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with Cpaid
i,j denoting the cumulative payments of accident year i up to develop-

ment year j. Note that the additional term Ci,ι(i)−Cpaid
i,ι(i) is observable at time

I and has no impact on the uncertainties in the claims prediction problem.
Therefore we only consider the outstanding loss liabilities as defined in (2.1).
For incurred losses, Ri in (2.1) is often referred to as IBNR.

3 Stochastic Models behind the BF Method

3.1 Basic Assumptions Underlying the BF

Method

The basic assumptions underlying the BF method are independent increments
Xi,j, 0 ≤ i ≤ I, 0 ≤ j ≤ J and a cross-classified model

E[Xi,j] = µiγj, 0 ≤ i ≤ I and 0 ≤ j ≤ J,

with
∑J

j=0 γj = 1 and consequently µi = E[Ci,J ]. The cumulative develop-

ment pattern is given by βj =
∑j

k=0 γk. In contrast to the CL method, the
BF method takes the information contained in the earned premiums pi into
account. More precisely, in the BF method, there are a priori estimates µ̂ai
of µi available. Often these a priori estimates µ̂ai are assumed to be unbiased
and given by

µ̂ai = piθ̂i,

where θ̂i is an estimate of the expected loss ratio of accident year i. Addi-
tionally, Mack (2008) assumes that

Var(Xi,j) = µiσ
2
j , 0 ≤ i ≤ I and 0 ≤ j ≤ J.

We formalise these basic assumptions in the following model formulated for
the Yi,j = Xi,j/pi. We denote the modified observations of accident year i
by Y i = (Yi,0, . . . , Yi,ι(i))

′. Moreover, we assume in the following that the
premiums pi are ‘on-level’ premiums that is, earned premiums adjusted for
premium-cycles such that the expected loss ratio is the same for all accident
years.

Model Assumptions 3.1 (Basic BF Model).

BF1 All Yi,j are independent and there exist parameters γ0, . . . , γJ and posi-

tive parameters θ0, σ2 and δ20, . . . , δ
2
J with

∑J
j=0 γj =

∑J
j=0 δ

2
j = 1 such
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that for 0 ≤ i ≤ I and 0 ≤ j ≤ J

E[Yi,j] = θ0γj, Var(Yi,j) = θ0
δ2jσ

2

pi
.

BF2 There are given unbiased a priori estimates µ̂ai of piθ0 and µ̂ai is inde-
pendent of Y l, l ≥ i.

3.2 Stochastic Model for the BF Method

with Repricing

In order to include a repricing we modify the assumptions of the Basic BF
Model and switch to a Bayesian framework. By this we mean that the un-
known loss ratio parameter is modelled as a random variable. More pre-
cisely, we assume that the true expected ultimate claim amount is given by
µi(Θi) = piΘi, where pi are assumed to be known (premiums) and Θi is a
random variable describing the expected loss ratio of accident year i. These
considerations bring us to the following model.

Model Assumptions 3.2 (BF Model with Repricing).
Each accident year i is characterised by its true expected loss ratio Θi.

BF1’ Given Θ = (Θ0, . . . ,ΘI), all Yi,j are conditionally independent and there
exist parameters γ1, . . . , γJ and positive parameters γ0, σ2 and δ20, . . . , δ

2
J

with
∑J

j=0 γj =
∑J

j=0 δ
2
j = 1 such that for 0 ≤ i ≤ I and 0 ≤ j ≤ J

E[Yi,j|Θ] = Θiγj, Var(Yi,j|Θ) = Θi

δ2jσ
2

pi
.

BF2’ We assume

E[Θi] = θ0 and Cov(Θ) = T,

where T is symmetric and positive definite with (T )i,k = τi,k and τi,i = τ 2

for all i.

We distinguish two cases in the sequel:

i) Homogeneous case: θ0 is unknown and to be estimated from the data.

ii) Inhomogeneous case: θ0 is known.
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Remarks 3.3.

• Note that µi (Θi) = piΘi = E [Ci,J |Θi] is the ‘true’ individual expected
ultimate claim amount of accident year i given the specific characteristic
Θi of year i, whereas piθ0 = E [Ci,J ] = E[µi(Θi)] is the a priori expected
ultimate claim amount. If µi (Θi) was known, we would use it in the
BF formula. Since it is not known, we have to estimate it.

• The ‘true’ individual expected ultimate loss ratio Θi is unknown and
can deviate from the a priori expected loss ratio θ0. The distribution of
Θi thus reflects the uncertainty of our a priori knowledge with regard
to the ‘true’ individual expected loss ratio.

• We assume that γ0 > 0 in order to simplify the formulas below. The
case γ0 ≤ 0 is not meaningful for practical situations and therefore this
is not a restriction.

• In the special case δ2j = γj we have Var(Xi,j|Θi) = σ2E[Xi,j|Θi], which
is referred to as the over-dispersed Poisson (ODP) case. Note that the
ODP case is not appropriate if negative incremental claims occur.

• If we assume that Θi ≡ θ0 we distinguish the following cases. In the
inhomogeneous case the expected values E[Ci,J ] are then exactly known
and we are in the situation of the original BF framework (Section 3.1)
with µi(Θi) ≡ piθ0. In this case a repricing makes no sense and one
should use piθ0 in the BF reserving formula. In the homogeneous case
the expected loss ratio θ0 needs to be estimated from the data which is
similar to the Cape Cod method of Bühlmann-Straub (1983).

• The model in De Vylder (1982) is formulated in a regression framework
using the assumption

X i = Γiβ(Θi),

where Γi = (Γi,0, . . . ,Γi,ι(i))
′ is a random vector independent of Θi with

E [Γi] = (γ0, . . . , γι(i))
′, 0 ≤ i ≤ I.

The development pattern γj is not normalised. The variance of the
Xi,j is assumed to be constant over all development years that is, De
Vylder (1982) assumes

Var(Yi,j|Θi) =
r2β2(Θi)

pi
, 0 ≤ j ≤ J.
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Mack (1990) generalised the model of De Vylder and embedded the
model in the Bühlmann-Straub model. However, the latter can only be
done in the case where γj 6= 0 for all 0 ≤ j ≤ J . For the variance of the
Yi,j Mack (1990) assumes

Var(Yi,j|Θi) =
Ψ(Θi)

pi
γ1−αj E[Yi,j|Θi],

where α ∈ R. For α ∈ {0, 1, 2} a micro model illustrates the variance
assumption. Finally, in De Vylder (1982) and Mack (1990) it is assumed
that the Θi’s are independent.

If we make additional assumptions on the dependencies of the Θi’s we
obtain simpler formulas and additional properties for the estimators of µi(Θi).
In order to refer to this special case, we introduce the following model, which
is a special case of Model Assumptions 3.2.

Model Assumptions 3.4 (Independence Model).
Each accident year i is characterised by its true expected loss ratio Θi.

BF1” Assumption BF1’ from Model Assumptions 3.2 is satisfied.

BF2” The pairs {(Y i,Θi) , i = 0, 1, . . . , I} are independent and Θ0,Θ1, ... are
iid with

E[Θi] = θ0 and Var(Θi) = τ 2.

4 Estimation of the µi(Θi)

The µ̂i in the BF reserve formula (1.1) are estimates of the true expected
value of the ultimate claim Ci,J . In our model, this expected value depends
on the risk characteristic Θi of year i, which means that the µ̂i in (1.1) should
be estimates of µi (Θi) = piΘi. We estimate the Θi’s by credibility estimators.

Theorem 4.1. Under Model Assumptions 3.2 the inhomogeneous credibility
estimator of Θ = (Θ0, . . . ,ΘI)

′ based on all observations Yi,j, i + j ≤ I,
0 ≤ j ≤ J , is given by

Θ̂inh = AB + (I − A)1θ0,

where B = (B0, . . . , BI)
′, with

Bi =

ι(i)∑

j=0

γj/δ
2
j

w[ι(i)]

Yi,j, wj =
γ2j
δ2j
,
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and 1 = (1, . . . , 1)′, I is the identity matrix and A = T (T + S)−1 with T =
Cov(Θ) and S = E [Cov (B|Θ)] is the diagonal matrix with entries

(S)i,i = E [Var (Bi|Θ)] =
σ2θ0
piw[ι(i)]

.

The proof of Theorem 4.1 is given in Appendix A.

Note that w[ι(i)] > 0 for all i, because γ0 > 0. However some of the γj can
be zero or even negative, which is often the case for incurred claims and later
development years.

Corollary 4.2. Under Model Assumptions 3.4 (Independence Model) the in-
homogeneous credibility estimator of Θi based on all observations Yi,j, i+ j ≤
I, 0 ≤ j ≤ J , is given by

Θ̂inh
i = αiBi + (1− αi)θ0,

where Bi and wj are given in Theorem 4.1 and

αi =
piw[ι(i)]

piw[ι(i)] + σ2θ0
τ2

.

The proof of Corollary 4.2 is given in Appendix A.

Remarks 4.3.

• In the ODP case (γj = δ2j ) we have, under Model Assumptions 3.4
(Independence Model),

Bi =
Ci,ι(i)
piβι(i)

and αi =
piβι(i)

piβι(i) + σ2θ0
τ2

. (4.1)

• In the general case with dependent Θi the estimator in Corollary 4.2
is the credibility estimator for Θi based only on the observations Y i

of accident year i. This formula follows from the regression credibility
model (see Bühlmann-Gisler, 2005).

If θ0 is unknown we use the following homogeneous credibility estimator.

Theorem 4.4. Under Model Assumptions 3.2 the homogeneous credibility
estimator of Θ = (Θ0, . . . ,ΘI) based on all observations Yi,j, i + j ≤ I,
0 ≤ j ≤ J , is given by

Θ̂hom = AB + (I − A)1θ̂0,
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where B, 1 and A are given in Theorem 4.1 and where

θ̂0 =
(
1′(S + T )−11

)−1
1′(S + T )−1B,

with S and T as in Theorem 4.1.

The proof of Theorem 4.4 is given in Appendix A.

Corollary 4.5. Under Model Assumptions 3.4 (Independence Model) the ho-
mogeneous credibility estimator based on all observations Yi,j, i + j ≤ I,
0 ≤ j ≤ J , is given by

Θ̂hom
i = αiBi + (1− αi)θ̂0,

where Bi and αi are as in Corollary 4.2 and

θ̂0 =
I∑

i=0

αi
α[I]

Bi.

The proof of Corollary 4.5 is given in Appendix A.

Remark 4.6. If τ 2 → 0 then αi = 0 and we get

lim
τ2→0

αi
α[I]

= lim
τ2→0

piw[ι(i)](
τ 2piw[ι(i)] + σ2θ0

)∑I
l=0

plw[ι(l)]

τ2plw[ι(l)]+σ
2θ0

=
piw[ι(i)]∑I
l=0 plw[ι(l)]

,

and therefore

θ̂0 =
I∑

i=0

piw[ι(i)]Bi∑I
l=0 plw[ι(l)]

.

In the ODP case θ̂0 is then the Cape Cod estimate of the expected loss ratio
(see Bühlmann-Straub, 1983, or Wüthrich-Merz, 2008)

θ̂0 =

∑I
i=0Ci,ι(i)∑I
l=0 plβι(l)

.

In the case of independence we have the following ‘balance property’ for
the homogeneous credibility estimator (see Bühlmann-Gisler, 2005).

Theorem 4.7 (Balance Property). Under Model Assumptions 3.4 (Indepen-
dence Model) the homogeneous credibility estimator of Θi satisfies the ‘balance
property’ ∑

i+j≤I

γj
δ2j
X̂hom
i,j =

∑

i+j≤I

γj
δ2j
Xi,j,

where X̂hom
i,j = piΘ̂

hom
i γj with Θ̂hom

i given in Corollary 4.5.
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Remarks 4.8.

• In the ODP case, we obtain the balance property
∑

i+j≤I
X̂hom
i,j =

∑

i+j≤I
Xi,j,

which means that the sum of the predicted past increments is equal to
the sum of the observed claims.

• In the case τ 2 → ∞ we have the credibility weights αi = 1 and we
additionally get the following ‘balance property’ in each row

ι(i)∑

j=0

γj
δ2j
X̂hom
i,j =

ι(i)∑

j=0

γj
δ2j
Xi,j.

In the ODP case we then get

piΘ̂
hom
i =

Ci,ι(i)
βι(i)

.

4.1 Different Interpretations

So far we derived the formulas under the idea of introducing a repricing in the
BF method. However, a closer look at the formulas allows for different inter-
pretations. In the ODP case, under Model Assumptions 3.4 (Independence
Model) and assuming that θ0 is known (inhomogeneous case), we obtain the
following formula for the reserve (see Remarks 4.3) which is also given in
Wüthrich-Merz (2008)

R̂i = (1− βι(i))
(
αi
Ci,ι(i)
βι(i)

+ (1− αi)piθ0
)
.

We therefore have a mixture between a data based projection method (CL
type), where

Ĉd
i,J = Ci,ι(i) + (1− βι(i))

Ci,ι(i)
βι(i)

=
Ci,ι(i)
βι(i)

,

and a method based on external information (BF type), where

Ĉe
i,J = Ci,ι(i) + (1− βι(i))piθ0.

In these formulas the pattern is still assumed to be known. If the pattern
is estimated by the CL pattern, we have Ĉd

i,J = ĈCL
i,J . In practice it is not
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unusual to combine different reserving methods in such an additive way. Our
methodology gives a mathematical framework for such mixtures.

If γj 6= δ2j we have an analogous expression

R̂i = (1− βι(i))
(
αi
C∗i,ι(i)
βι(i)

+ (1− αi)piθ0
)
,

where

C∗i,ι(i) = Bi =

ι(i)∑

j=0

wjβι(i)
γjw[ι(i)]

Xi,j

is interpreted as an ‘adjusted diagonal’ of accident year i.

5 Estimation of the Variance Components

Before we study the estimation of the development pattern we also need the
estimates for the variance components σ2θ0, δ

2
j and τ 2.

We suggest to estimate δ2j by

δ̃2j =
δ̂2

raw

j

δ̂2
raw

[J ]

, (5.1)

where

δ̂2
raw

j =
1

I − j

I−j∑

i=0

pi

(
Yi,j −

I−j∑

k=0

pk
p[I−j]

Yk,j

)2

, j < I, (5.2)

and where we use the extrapolation δ̂2
raw

J = min(δ̂4
raw

J−1 /δ̂
2raw

J−2 , δ̂
2raw

J−2 ) if J = I,

see Mack (1993). The estimate δ̂2
raw

j for δ2jσ
2θ0 is not unbiased, but the bias

should be comparatively small. More precisely, we have for j < I

E
[
δ̂2

raw

j

]

= δ2jσ
2θ0 +

p[I−j]
I − j τ

2γ2j

(
I−j∑

i=0

pi
p[I−j]

(
1− pi

p[I−j]

))
− 2γ2j
p[I−j](I − j)

∑

i<k

pipkτi,k.

For estimating σ2θ0 and τ 2 we adjust the standard estimators of the
Bühlmann-Straub model (see Bühlmann-Gisler, 2005) to our model with cor-
related Θi.

For σ2θ0 we use the standard estimator, where the number of observations
differs between years,

σ̂2θ0 =
1

N

I−1∑

i=0

ι(i)∑

j=0

pi

δ̃2j
(Yi,j − γ̂jBi)

2 ,
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and

N =
I−1∑

i=0

ι(i) = IJ − 1

2
J(J − 1);

here γ̂j is an estimate for γj.
For τ 2 we distinguish the inhomogeneous and the homogeneous case. If

θ0 is known we consider the following estimate for τ 2

̂̂τ 2 =
I∑

i=0

piŵ[ι(i)]∑I
l=0 plŵ[ι(l)]

(Bi − θ0)2 −
(I + 1)σ̂2θ0∑I
i=0 piŵ[ι(i)]

, (5.3)

where ŵj is an estimate for wj. Since ̂̂τ 2 in (5.3) can become negative we use

τ̂ 2 = max
(
̂̂τ 2, 0

)
. (5.4)

Moreover, due to the uncertainties in the loss ratios Θi, an estimate τ̂ 2 = 0 is
not realistic, since it would mean that the expected values E[Ci,J ] are exactly
specified by the experts. Therefore a lower bound Var(Θi) = θ20CoVa(Θi)

2 > 0
for τ̂ 2 could be meaningful. The standard values for the parameter risk de-
livered by the Swiss supervising authority FINMA range between 3.5% and
5.75% (see the Technical Document on the Swiss Solvency Test, FINMA, 2006).

In the case where θ0 is unknown we use

τ̂ 2 = max
(
̂̂τ 2, 0

)
, where (5.5)

̂̂τ 2 =
1

c

(
t− Iσ̂2θ0∑I

i=0 piŵ[ι(i)]

)
,with

c =
I∑

i=0

piŵ[ι(i)]∑I
l=0 plŵ[ι(l)]

(
1−

I∑

k=0

ρi,k
pkŵ[ι(k)]∑I
l=0 plŵ[ι(l)]

)
,

t =
I∑

i=0

piŵ[ι(i)]∑I
l=0 plŵ[ι(l)]

(
Bi − B̄

)2
,

B̄ =
I∑

i=0

piŵ[ι(i)]∑I
l=0 plŵ[ι(l)]

Bi,

and where the correlations ρl,k = τl,k/τ
2 are externally given. An example

how these correlations can be specified is given in Saluz et al. (2011), where
it is assumed that the correlation is linearly decreasing in the difference of
the accident years and it is zero after m years, that is,

ρ̂i,k = max

(
0,
m− |i− k|

m

)
, (5.6)
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with e.g. m = 10. Of course, a lower bound Var(Θi) = θ20CoVa(Θi)
2 > 0 can

be used for τ̂ 2 also in this case.

6 Estimation of the Development Pattern

and Iterative Algorithm

For the credibility estimators in Section 4 the development pattern γ =
(γ0, . . . , γJ) was assumed to be known. However the second main question
in the BF method is how this development pattern should be estimated. If
the ‘true’ expected ultimate claims µi(Θi) were known then the best linear
unbiased estimate of γj given Θ = (Θ0, . . . ,ΘI) would be

γrawj =
X[I−j],j∑I−j
i=0 µi(Θi)

. (6.1)

Since the µi(Θi) are not exactly known they are replaced by estimates µ̂i of
µi(Θi). However these raw estimates do not sum up to one and are therefore
not a claims development pattern. To get a claims development pattern one
has to normalise them. The simplest normalisation is given by

γ̂sj = γ̂rawj

(
J∑

j=0

γ̂rawj

)−1
, (6.2)

where γ̂rawj is obtained from (6.1) by replacing the µi(Θi) by some estimates
µ̂i.

Remark 6.1. Examples for different normalisations are given in Saluz et al.
(2011). Based on maximum likelihood (ML) considerations Saluz et al. (2011)
suggest to use the following additive normalisation

γ̂Nj =
X[I−j],j
µ̂[I−j]

+
δ̂2j /µ̂[I−j]∑J
l=0 δ̂

2
l /µ̂[I−l]

(
1−

J∑

l=0

X[I−l],l
µ̂[I−l]

)
= γ̂rawj + κj. (6.3)

In the ODP case (δ2j = γj) Saluz et al. (2011) suggest to use the normalisation

γ̂ODPj =
X[I−j],j
µ̂[I−j] + κ

, (6.4)

instead of (6.3), where κ fulfils the implicit equation

J∑

j=0

γ̂ODPj = 1,
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under the constraints γ̂ODPj > 0, 0 ≤ j ≤ J , that is, κ > −µ̂[I−J ]. Al-
though (6.3) and (6.4) were derived under distributional assumptions, one
can use these normalisations also in a distribution-free framework.

In any case the estimate of the pattern will depend on µ̂ that is, γ̂j =

γ̂j(µ̂). In our case we use as estimators µ̂i either µ̂homi = piΘ̂
hom
i or µ̂inhi =

piΘ̂
inh
i . The point is that µ̂homi as well as µ̂inhi depend themselves on γ that

is, µ̂i = µ̂i(γ).

Definition 6.2. For any estimators µ̂i (γ) and γ̂j (µ) we call (µ̃, γ̃) a com-
patible pair if µ̂i (γ̃) = µ̃i and γ̂j (µ̃) = γ̃j for all i and j.

In order to calculate such a compatible pair, an iterative procedure will be
necessary. We will start with a pattern γ̂(0), then calculate the corresponding
credibility estimates µ̂(1), which are then used to calculate a new pattern γ̂(1)

and so on. If this iterative procedure converges we have a compatible pair
that is, the equations for the credibility estimates and for the pattern are all
simultaneously fulfilled.

6.1 Iterative Algorithm

We state the formulas for the homogeneous case (unknown θ0). In the inho-

mogeneous case (known θ0), the formulas for µ̂
(n)
i and τ̂ 2

(n)
need to be adjusted

accordingly. The correlations ρl,k are assumed as in (5.6). If information on
the correlation structure is available this should be used and the covariance
matrix T can be estimated differently.

Iterative Algorithm 6.3.

i) We start with µ̂(0) = p = (p0, . . . , pI)
′ and the corresponding estimate

of the development pattern that is,

µ̂
(0)
i = pi,

γ̂
(0)
j =

X[I−j],j
p[I−j]

(
J∑

l=0

X[I−l],l
p[I−l]

)−1
,

β̂
(0)
j =

j∑

k=0

γ̂
(0)
k ,

ŵ
(0)
j =

(
γ̂
(0)
j

)2

δ̃2j
.
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ii) Iteration step from n− 1 to n

B
(n)
i =

ι(i)∑

j=0

γ̂
(n−1)
j /δ̃2j

ŵ
(n−1)
[ι(i)]

Yi,j,

σ̂2θ0
(n)

=
1

N

I−1∑

i=0

ι(i)∑

j=0

pi

δ̃2j

(
Yi,j − γ̂(n−1)j B

(n)
i

)2
, N = IJ − 1

2
J(J − 1),

S
(n)
i,i =

σ̂2θ0
(n)

piw
(n−1)
[ι(i)]

, S
(n)
i,k = 0, i 6= k,

c(n) =
I∑

i=0

piŵ
(n−1)
[ι(i)]∑I

l=0 plŵ
(n−1)
[ι(l)]

(
1−

I∑

k=0

ρ̂i,k
pkŵ

(n−1)
[ι(k)]∑I

l=0 plŵ
(n−1)
[ι(l)]

)
,

B̄(n) =
I∑

i=0

piŵ
(n−1)
[ι(i)]∑I

l=0 plŵ
(n−1)
[ι(l)]

B
(n)
i ,

t(n) =
I∑

i=0

piŵ
(n−1)
[ι(i)]∑I

l=0 plŵ
(n−1)
[ι(l)]

(
B

(n)
i − B̄(n)

)2
,

T
(n)
i,i = τ̂ 2

(n)

= max


0,

1

c(n)


t(n) − Iσ̂2θ0

(n)

∑I
i=0 piŵ

(n−1)
[ι(i)]




 ,

T
(n)
i,k = τ̂

(n)
i,k = τ̂ 2

(n)

ρ̂i,k, i 6= k,

A(n) = T (n)
(
S(n) + T (n)

)−1
,

θ̂
(n)
0 =

(
1′
(
S(n) + T (n)

)−1
1
)−1

1′
(
S(n) + T (n)

)−1
B(n)

Θ̂
(n)

= A(n)B(n) +
(
I − A(n)

)
1θ̂

(n)
0 ,

µ̂
(n)
i = piΘ̂

(n)
i ,

γ̂
(n)
j =

X[I−j],j

µ̂
(n)
[I−j]

(
J∑

l=0

X[I−l],l

µ̂
(n)
[I−l]

)−1
,

β̂
(n)
j =

j∑

k=0

γ̂
(n)
k ,

ŵ
(n)
j =

(
γ̂
(n)
j

)2

δ̃2j
.
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iii) If a predefined convergence criterion is fulfilled then the iteration is
stopped and the resulting (approximately) compatible pair is denoted by(
µ̃hom, γ̃hom

)
.

iv) Resulting reserves:

R̃hom
i = µ̃homi

(
1− β̃homι(i)

)
, i = I − J + 1, . . . , I.

Remark 6.4. In our examples we used the following convergence criterion:
The iteration is stopped after n iterations if for some given values εγ and εµ
we have

√√√√
J∑

j=0

(
γ̂
(n)
j − γ̂(n−1)j

)2
< εγ or

√√√√
I∑

i=0

(
µ̂
(n)
i − µ̂(n−1)

i

)2
< εµ. (6.5)

6.2 Compatible Parameter Pairs

The iterative estimation procedure raises the question of existence and unique-
ness of the compatible pair. In the special case τ 2 → 0 no iteration is neces-
sary and we have a unique solution. In the inhomogeneous case we then have
µ̃i = piθ0 and

γ̃j = γ̂
(0)
j =

X[I−j],j
p[I−j]

(
J∑

l=0

X[I−l],l
p[I−l]

)−1
.

In the homogeneous case we obtain (cf. Remark 4.6)

µ̃i = piθ̃0 = piθ̂
(1)
0 = pi

∑I
i=0

∑ι(i)
j=0

X[I−j],j
p[I−j]

(∑J
l=0

X[I−l],l
p[I−l]

)−1
Xi,j

δ̃2j

∑I
i=0 pi

∑ι(i)
j=0

(X[I−j],j)2

(p[I−j])2δ̃2j

(∑J
l=0

X[I−l],l
p[I−l]

)−2

= pi

(
J∑

l=0

X[I−l],l
p[I−l]

) ∑J
j=0

∑I−j
i=0

X[I−j],j
p[I−j]

Xi,j

δ̃2j∑J
j=0

∑I−j
i=0 pi

(X[I−j],j)2

(p[I−j])2δ̃2j

= pi

J∑

l=0

X[I−l],l
p[I−l]

,

and γ̃j = γ̂
(0)
j as above. The same formulas are obtained in the ODP case. In

general the convergence of the algorithm is not as simple to show.
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However in our numerical examples the algorithm always converged if we
used the simple normalisation (6.2). Moreover, the solutions did not depend
on the starting values of the pattern that is, we received the same results, if we
started with some arbitrary initial pattern γ̂(0). In our numerical calculations
we have also tried the normalisation given in (6.3), but then we did not always
obtain convergence.

Under Model Assumptions 3.4 (Independence Model) the compatible pair
in the homogeneous case is automatically normalised. In other words, the
raw estimates coincide with the pattern obtained as the solution from the
compatible pair (µ̃hom, γ̃hom) that is,

γ̃homj µ̃hom[I−j] = X[I−j],j.

Consequently we have the balance property in each column j. This is shown
by the following theorem.

Theorem 6.5. Let γ̂j denote an estimate for the claims development pattern,
which is normalised using (6.2), (6.3) or (6.4). Under Model Assumptions 3.4
(Independence Model) the compatible pair (µ̃hom, γ̃hom) satisfies for 0 ≤ j ≤ J

γ̃homj =
X[I−j],j
µ̃hom[I−j]

.

The proof of Theorem 6.5 is given in Appendix C.

Theorem 6.5 states that if there are compatible estimates γ̃homj and µ̃homi ,
where γ̃j are normalised using (6.2), (6.3) or (6.4), then

γ̃homj =
X[I−j],j
µ̃hom[I−j]

, (6.6)

and hence no normalisation is necessary. Moreover, presupposed that for
each normalisation there is a unique solution for the compatible pair, these
solutions coincide for all the three normalisations. In all our numerical cal-
culations the algorithm converged to the same values independent of the
normalisations used. Moreover there are as many variables as equations for
the compatible pair. Hence there is some plausibility for the uniqueness of
the solution (however the system of equations is not linear).

Let us have a closer look at the ODP case under Model Assumptions 3.4
(Independence Model). In this case we have

B
(n)
i =

Ci,ι(i)

piβ̂
(n−1)
ι(i)

, ŵ
(n)
j = γ̂

(n)
j and α

(n)
i =

piβ̂
(n−1)
ι(i)

piβ̂
(n−1)
ι(i) + σ̂2θ0

(n)

τ̂2
(n)

.
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Moreover, if pi = ĈCL
i,J , then the algorithm delivers the CL pattern and re-

serves (see Appendix B).
In the case τ 2 →∞ the algorithm yields the CL reserve and the CL pattern,
which is in line with the well-known result of the BF reserve in the ODP case,
where the µ̂i and γ̂j are the ML estimators (see Hachemeister-Stanard, 1975,
Mack, 1991 and Renshaw-Verrall, 1998). An alternative proof, which also
shows that the CL reserve is the unique solution, is given in Appendix B.
Hence in this special case we have a unique solution for the compatible pair.

7 Mean Square Error of Prediction (MSEP)

7.1 Introductory Remarks

There are different ways to look at the MSEP: the conditional view and the
unconditional view. The conditional MSEP for all accident years is the MSEP
given the data DI at time I and it is denoted by

msep∑I
i=I−J+1Ri|DI

(
I∑

i=I−J+1

R̃i

)
= E



(

I∑

i=I−J+1

(
Ri − R̃i

))2
∣∣∣∣∣∣
DI


 ,

whereas the unconditional MSEP is given by

msep∑I
i=I−J+1Ri

(
I∑

i=I−J+1

R̃i

)
= E



(

I∑

i=I−J+1

(
Ri − R̃i

))2

 .

In claims reserving we are interested in the prediction of outstanding
liabilities given the specific data DI and in assessing the accuracy of this pre-
diction. Hence it is the conditional MSEP we are interested in and which
we want to estimate. However the conditional MSEP depends on the condi-
tional distribution which is usually unknown. In the following we split the
conditional MSEP into different additive terms. If we approximate some of
these terms by the unconditional means we are able to derive distribution-
free estimators for these terms. There will remain only one term which we
have to estimate by parametric simulation and where we have to specify some
underlying distributional assumptions.

7.2 Decomposition and Closed Formula

For any estimator µ̂i = piΘ̂
hom
i or µ̂i = piΘ̂

inh
i we denote the final estimates

resulting from the iteration by µ̃i, Θ̃i, β̃ι(i), τ̃
2, σ̃2θ0 and θ̃0. The corresponding
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reserve is denoted by R̃i and we recall that Ri =
∑J

j=I−i+1Xi,j. We define

Ri(Θi) = piΘi(1− βι(i)) = E[Ri|Θi], RBayes
i = piE[Θi|DI ](1− βι(i)),

Rcred
i = piΘ

inh
i (1− βι(i)),

where Θinh
i is the inhomogeneous credibility estimator as given in Theo-

rem 4.1. The conditional MSEP, given all available data DI , is given by

msep∑I
i=I−J+1Ri|DI

(
I∑

i=I−J+1

R̃i

)
= E



(

I∑

i=I−J+1

(
Ri − R̃i

))2
∣∣∣∣∣∣
DI




= E



(

I∑

i=I−J+1

(
Ri −Rcred

i

)
)2
∣∣∣∣∣∣
DI


+

(
I∑

i=I−J+1

(
Rcred
i − R̃i

))2

+ 2

(
I∑

i=I−J+1

(
Rcred
i − R̃i

))( I∑

i=I−J+1

(
RBayes
i −Rcred

i

))
.

Since incremental claims from different accident years are conditionally inde-
pendent, given Θ, we obtain

E



(

I∑

i=I−J+1

(
Ri −Rcred

i

)
)2
∣∣∣∣∣∣
DI




=
I∑

i=I−J+1

E [Var (Ri|Θi)| DI ] + E



(

I∑

i=I−J+1

(
Ri(Θi)−Rcred

i

)
)2
∣∣∣∣∣∣
DI




=
I∑

i=I−J+1

J∑

j=I−i+1

piσ
2δ2jE [Θi|DI ] + E



(

I∑

i=I−J+1

(
Ri(Θi)−Rcred

i

)
)2
∣∣∣∣∣∣
DI


 ,

and therefore

msep∑I
i=I−J+1Ri|DI

(
I∑

i=I−J+1

R̃i

)
=

I∑

i=I−J+1

J∑

j=I−i+1

piσ
2δ2jE [Θi|DI ]

︸ ︷︷ ︸
∑I
i=I−J+1 PVi

+ E



(

I∑

i=I−J+1

(
Ri(Θi)−Rcred

i

)
)2
∣∣∣∣∣∣
DI




︸ ︷︷ ︸
EEI

+

(
I∑

i=I−J+1

(
Rcred
i − R̃i

))2

︸ ︷︷ ︸
EEII

+ 2

(
I∑

i=I−J+1

(
Rcred
i − R̃i

))( I∑

i=I−J+1

(
RBayes
i −Rcred

i

))

︸ ︷︷ ︸
IV

. (7.1)
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In the first term
∑I

i=I−J+1 PVi, which describes the process variance, we ap-

proximate E[Θi|DI ] by Θ̃i. Defining a matrix Q and a vector v = (v0, . . . , vI)
′

by

(Q)i,k =
(
Θi −Θinh

i

) (
Θk −Θinh

k

)
, 0 ≤ i, k ≤ I,

vi = pi(1− βι(i)),

the term EEI in (7.1) can be written as

EEI = E



(

I∑

i=I−J+1

(
Ri(Θi)−Rcred

i

)
)2
∣∣∣∣∣∣
DI


 = v′E[Q|DI ]v.

In general there is no explicit formula for E[Q|DI ] and if there is any, it will
heavily depend on the distributional assumptions with regard to the Θi’s as
well as with regard to the conditional distributions of the Xi,j given Θi. These
distributions are usually not known in practice. Therefore we approximate
E[Q|DI ] by the unconditional expected value which is given by the quadratic
loss matrix

E
[(

Θ−Θinh
) (

Θ−Θinh
)′]

= E[(A(Θ−B) + (I − A)(Θ− 1θ0))(A(Θ−B) + (I − A)(Θ− 1θ0))
′]

= ASA′ + (I − A)T (I − A)′

= T (T + S)−1S(T + S)−1T ′ + S(T + S)−1T (T + S)−1S

= S(T + S)−1T

= (I − A)T,

where we used that T (T+S)−1S = S−1+T−1 and hence we have the symmetry
T (T +S)−1S = S(T +S)−1T . Given DI the term EEII in (7.1) is a constant,
but since Rcred

i is not known, we have to estimate it. This has to be done
by simulation. Finally, we assume that Rcred

i is close to RBayes
i so that the

last mixed term IV in (7.1) is negligible. We then arrive at the following
approximation for the conditional MSEP of accident year i:

msepRi|DI

(
R̃i

)
≈ PVi + EEIi + EEIIi,

where

PVi = Process Variance = E[Var(Ri|Θi)|DI ],

which we approximate by piΘ̃iσ
2
∑J

j=I−i+1 δ
2
j ,

EEIi = estimation error I = E
[(
Ri(Θi)−Rcred

i

)2∣∣∣DI
]
,
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which we approximate by p2i (1− βι(i))2((I − A)T )i,i and

EEIIi = estimation error II =
(
Rcred
i − R̃i

)2
.

Similarly, we approximate msep∑I
i=I−J+1Ri|DI

(∑I
i=I−J+1 R̃i

)
by

I∑

i=I−J+1

PVi + EEI + EEII,

where we approximate EEI by

v′(I − A)Tv. (7.2)

Inserting the parameter estimates we obtain the estimates

P̂Vi = piΘ̃iσ̃2θ0/θ̃0

J∑

j=I−i+1

δ̃2j , (7.3)

ÊEIi = p2i

(
1− β̃ι(i)

)2 ((
I − Ã

)
T̃
)
i,i
. (7.4)

Observe that the closed formula for PVi+EEIi is a lower bound for the condi-
tional MSEP of accident year i, which is obtained without any distributional
assumptions.

7.3 Parametric Bootstrap Simulation

The terms EEIIi and EEII have to be estimated by a parametric bootstrap
simulation. For this purpose we make the following distributional assump-
tions

Θ̄ ∼ NI+1(1θ̄0, T̄ ), Θi = |Θ̄i|,
Xi,j|Θi ∼ N(piΘiγj, piΘiσ

2δ2j ),

where θ̄0 and T̄ are chosen such that E[Θ] = 1θ0 and Cov(Θ) = T . We
introduce Θ̄ = (Θ̄0, . . . , Θ̄I) to ensure positivity of the Θi. For the values
we consider in applications, the differences θ̄0 − θ0 and T̄ − T are negligible
and will be set to zero. The covariance matrix T is estimated using the
correlations in (5.6) and the variance estimate τ̃ 2 resulting from the chosen
iterative algorithm.

Simulation Steps:
With the compatible estimates (µ̃, γ̃) we have the following steps in the s-th
simulation (s = 1, . . . , S):
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1. For 0 ≤ i ≤ I and 0 ≤ j ≤ I generate

Θ̄
(s) ∼ NI+1

(
1θ̃0, T̃

)
, Θ

(s)
i =

∣∣∣Θ̄(s)
i

∣∣∣

X
(s)
i,j ∼ N

(
piΘ

(s)
i γ̃j, piΘ

(s)
i

σ̃2θ0

θ̃0
δ̃2j

)
, i+ j ≤ I.

2. For 0 ≤ i ≤ I and 0 ≤ j ≤ J calculate the compatible pair µ̃
(s)
i , γ̃

(s)
j

with Iterative Algorithm 6.3 (adjusted to the chosen framework) using

the new data D(s)
I = {X(s)

i,j , i+ j ≤ I, j ≤ J}.
3. For 0 ≤ i ≤ I calculate

Θinh(s) = ÃB +
(
I − Ã

)
1θ̃0,

where Ã is obtained from A in Theorem 4.1 by replacing the parameters
by the estimates from the original data DI . These parameters are the
true parameters for the simulated data D(s)

I .

4. Calculate for I − J + 1 ≤ i ≤ I

∆
(s)
i =

(
piΘ

inh(s)
i

(
1− β̃ι(i)

)
− µ̃(s)

i

(
1− β̃(s)

ι(i)

))2
,

and calculate

∆(s) =

(
I∑

i=I−J+1

(
piΘ

inh(s)
i

(
1− β̃ι(i)

)
− µ̃(s)

i

(
1− β̃(s)

ι(i)

)))2

.

With S simulations the estimation errors EEIIi and EEII are estimated
as

ÊEIIi =
1

S

S∑

s=1

∆
(s)
i and ÊEII =

1

S

S∑

s=1

∆(s).

The total conditional MSEP is estimated by

m̂sep∑I
i=I−J+1Ri|DI

(
I∑

i=I−J+1

R̃i

)
=

I∑

i=I−J+1

P̂Vi + ÊEI + ÊEII,

where P̂Vi is given in (7.3) and ÊEI is obtained from (7.2) by inserting the
parameter estimates. Similarly, the conditional MSEP of a single accident
year I − J + 1 ≤ i ≤ I is estimated by

m̂sepRi|DI

(
R̃i

)
= P̂Vi + ÊEIi + ÊEIIi,

with P̂Vi and ÊEIi given in (7.3) and (7.4).
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Remark 7.1. In a full Bayesian model with distributional assumptions, one
could also calculate the total conditional MSEP by simulation. However, the
results will then heavily depend on the distributional assumptions. With our
approach a distributional assumption is only needed for EEIIi and EEII.

8 Example

We consider a data set of payments from liability insurance, which is given
in Table 6. For the iterative algorithm we use in all cases the convergence
criterion (6.5) with εγ = εµ = 10−10 and additionally set an upper bound of
1000 iterations to find the compatible pairs in each step. The premiums are
given in Table 1 together with the initial pattern γ̂

(0)
j , the ‘initial reserves’

R̂i = pi(1− β̂(0)
ι(i)) and the estimates for the δ2j ’s. For reasons of confidentiality

the figures are multiplied by a constant.

i, j δ̃2j pi γ̂
(0)
j pi(1− β̂

(0)

ι(i))

0 69.58% 21’472 60.03% 0
1 19.74% 22’219 29.14% 301
2 1.73% 22’873 3.85% 406
3 2.96% 23’833 2.30% 578
4 1.58% 22’794 1.23% 786
5 2.37% 23’265 1.02% 1’088
6 1.56% 23’518 0.65% 1’642
7 0.38% 28’128 0.42% 3’047
8 0.09% 25’628 1.35% 10’244

total 18’093

Table 1: estimated parameters and reserves without iteration

Independent Θi

Homogeneous Case (Unknown θ0)

We first consider the case where θ0 is unknown and where the Θi’s are inde-
pendent. Under Model Assumptions 3.4 (Independence Model) we obtain the
following results with Iterative Algorithm 6.3. The compatible pair is found
after 6 iterations and we have the following estimates

θ̃0 = 0.884, τ̃ = 1.62% and σ̃
√
θ0 = 6.05.

The δ̃2j and the starting pattern γ̂
(0)
j are as in Table 1. The compatible

estimates µ̃homi and γ̃homj and the corresponding reserves R̃hom
i are given in

Table 2. The MSEP results are also given in Table 2.
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i, j µ̃homi γ̃homj R̃homi

√
m̂sep ĈoVa

√
P̂Vi

√
ÊEIi

√
ÊEIIi

0 18’932 60.03% 0 0 0 0 0
1 19’567 29.14% 266 40 15% 28 5 29
2 20’228 3.85% 360 82 23% 63 6 51
3 21’126 2.30% 514 160 31% 133 9 88
4 20’357 1.23% 704 222 32% 193 12 110
5 20’806 1.03% 974 260 27% 227 16 125
6 20’665 0.65% 1’442 312 22% 276 25 142
7 24’618 0.42% 2’665 380 14% 330 45 182
8 22’661 1.36% 9’058 614 7% 534 158 259

total 15’983 1’120 7.0% 762 168 803

Table 2: Unknown θ0: compatible pair (µ̃hom, γ̃hom) with corresponding re-
serves, MSEP, coefficient of variation, process standard deviation and root of
the estimation error terms.

Note that θ̃0 = 0.884 < 1 indicates that the losses are systematically
lower than the premiums. Consequently, the ‘initial reserves’ in Table 1 are
larger than the reserves in Table 2. The effect of the iterative algorithm on
the pattern is negligible in this example.

Inhomogeneous Case (Assuming θ0 = 1)

Assuming θ0 = 1 that is, assuming that the pi’s are the pure risk premiums,
we have θ̂

(n)
0 ≡ θ0 = 1. The estimation of τ 2 in Iterative Algorithm 6.3 is

replaced by the formulas resulting from (5.4). We need 10 iterations to find
the compatible pair. For the structural parameters we obtain τ̃ = 11.62% and
σ̃ = 6.04. The results are summarised in Table 3. The compatible estimates
are denoted by µ̃inhi , γ̃inhj and let R̃inh

i be the corresponding reserves.

i, j µ̃inhi γ̃inhj R̃inhi
√

m̂sep ĈoVa

√
P̂Vi

√
ÊEIi

√
ÊEIIi

0 18’864 60.02% 0 0 0 0 0
1 19’423 29.17% 268 50 18% 26 11 41
2 20’507 3.82% 372 87 23% 60 15 61
3 21’648 2.26% 535 161 30% 127 21 96
4 21’648 1.22% 758 223 29% 187 29 119
5 22’256 1.03% 1’051 264 25% 221 40 139
6 20’268 0.66% 1’416 310 22% 257 60 163
7 23’720 0.43% 2’563 396 15% 304 107 231
8 23’153 1.38% 9’256 946 10% 507 490 630

total 16’218 1’363 8.4% 721 508 1’039

Table 3: Assumption θ0 = 1: compatible (µ̃inh, γ̃inh) and corresponding re-
serves, MSEP, coefficient of variation, process standard deviation and root of
the estimation error terms.
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Despite the difference of the assumption θ0 = 1 to the estimate θ̃0 = 0.884
from the homogeneous case, the difference between the reserves in Table 2
and Table 3 is surprisingly small. This is due to the estimates for τ̃ : in the
inhomogeneous case τ̃ is much larger than in the homogeneous case and hence
the data get more weight in the inhomogeneous case. The differences in the
pattern are negligible.

In the case of independent Θi, the first estimation error terms are given
by

EEIi =
(
pi(1− βι(i))

)2
(1− αi)τ 2

=
(
pi(1− βι(i))

)2 σ2θ0

piw[ι(i)] + σ2θ0
τ2

,

EEI =
I∑

i=I−J+1

EEIi.

Since in the case of unknown θ0 the estimate for τ 2 is much smaller than in
the case where we assume θ0 = 1, we have larger values for EEIi and EEI in
Table 3 compared to the numbers in Table 2.

Dependent Θi

In the case of dependent Θi, the covariance matrix T is estimated as in
Iterative Algorithm 6.3 with m = 10 in the estimates ρ̂i,k.

Homogeneous Case (Unknown θ0)

Using Iterative Algorithm 6.3, the compatible pair is found after 7 iterations
and for the structural parameters we obtain

θ̃0 = 0.879, τ̃ = 2.86% and σ̃
√
θ0 = 6.04.

The results are summarised in Table 4. Comparing the results for the con-
ditional MSEP with the results in Table 2, we see that in this example, the
dependencies of the Θi’s have hardly an impact on the conditional MSEP.

Inhomogeneous Case (Assuming θ0 = 1)

In the case where θ0 is known, we replace the estimate for µ̂
(n)
i in Iterative

Algorithm 6.3 by the corresponding formula from Theorem 4.1. The estimate
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i, j µ̃homi γ̃homj R̃homi

√
m̂sep ĈoVa

√
P̂Vi

√
ÊEIi

√
ÊEIIi

0 18’908 60.06% 0 0 0 0 0
1 19’598 29.12% 266 40 15% 28 5 28
2 20’264 3.84% 361 82 23% 63 7 51
3 21’209 2.30% 516 160 31% 134 9 87
4 20’354 1.22% 704 223 32% 193 13 110
5 20’717 1.02% 970 260 27% 227 17 125
6 20’728 0.65% 1’446 313 22% 278 27 143
7 24’641 0.42% 2’666 382 14% 331 53 183
8 22’461 1.36% 8’972 627 7% 533 200 262

total 15’901 1’152 7.2% 763 281 816

Table 4: Unknown θ0: compatible pair (µ̃hom, γ̃hom) with corresponding re-
serves, MSEP, coefficient of variation, process standard deviation and root of
the estimation error terms.

of τ̂ 2
(n)

is adjusted according to formula (5.4). The compatible pair is found
after 9 iterations and for the structural parameters we obtain

τ̃ = 11.60% and σ̃ = 6.04.

The results are summarised in Table 5.

i, j µ̃inhi γ̃inhj R̃inhi
√

m̂sep ĈoVa

√
P̂Vi

√
ÊEIi

√
ÊEIIi

0 18’788 60.09% 0 0 0 0 0
1 19’359 29.11% 265 41 15% 26 9 30
2 20’280 3.82% 365 81 22% 59 12 53
3 21’561 2.27% 529 157 30% 127 17 90
4 21’111 1.22% 735 218 30% 184 23 115
5 21’435 1.03% 1’007 255 25% 217 32 131
6 20’263 0.66% 1’413 303 21% 257 47 154
7 24’077 0.43% 2’600 384 15% 306 88 215
8 22’347 1.37% 8’918 771 9% 498 397 435

total 15’833 1’286 8.1% 714 452 969

Table 5: Assumption θ0 = 1: compatible (µ̃inh, γ̃inh) and corresponding re-
serves, MSEP, coefficient of variation, process standard deviation and root of
the estimation error terms.

Note that the reserves in this example are even slightly smaller than the
reserves in Table 4, which is again due to a smaller value of the estimate for
τ̃ in the homogeneous case.
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Appendices

A Proof of the Credibility Formulas

Proof of Theorem 4.1: We first derive the inhomogeneous credibility esti-
mators of the Θi’s based on the Bl’s. We denote these credibility estimators
by the vector Θ̂inh = AB + a, where a is a constant vector of dimension
I + 1. The normal equations (see Bühlmann-Gisler, 2005) are given by

E
[
Θ̂inh

]
= AE [B] + a = θ01,

Cov (Θ,B) = ACov (B) .

From the first equation we obtain a = (I−A)θ01 and for the second equation
we have

T = A(T + S),

which is satisfied by the credibility matrix A = T (T + S)−1. It remains to
prove that the credibility estimator based on all Yi,j depends on the observa-
tions only through the Bi’s. Let

Θ̂i = biθ0 +
I∑

l=0

ι(l)∑

k=0

a
(i)
l,kYl,k

denote the credibility estimator of Θi based on all Yi,j. From the correspond-
ing normal equations we obtain for all 0 ≤ r ≤ I and 0 ≤ j ≤ J

bi +
I∑

l=0

ι(l)∑

k=0

a
(i)
l,kγk = 1, (A.1)

I∑

l=0

ι(l)∑

k=0

a
(i)
l,kγkγjτl,r + a

(i)
r,j

σ2θ0δ
2
j

pr
= γjτi,r. (A.2)

We show that the coefficients of the Yl,k’s in

Θ̂inh
i =

I∑

l=0

(A)i,lBl +

(
1−

I∑

l=0

(A)i,l

)
θ0

=
I∑

l=0

(A)i,l

ι(l)∑

k=0

γk/δ
2
k

w[ι(l)]

Yl,k +

(
1−

I∑

l=0

(A)i,l

)
θ0,
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satisfy the normal equations (A.1) and (A.2). Inserting the coefficients a
(i)
l,k =

(A)i,l
γk/δ

2
k

w[ι(l)]
and bi =

(
1−∑I

l=0(A)i,l

)
we obtain (A.1), for (A.2) we have

γj

I∑

l=0

ι(l)∑

k=0

(A)i,l
γ2k/δ

2
k

w[ι(l)]

τl,r + γj(A)i,r
σ2θ0

prw[I−r]

= γj

I∑

l=0

(A)i,l(T )l,r + γj(A)i,r(S)r,r

= γj(AT )i,r + γj

I∑

k=0

(A)i,k(S)k,r

= γj(A(T + S))i,r

= γj
(
T (T + S)−1(T + S)

)
i,r

= γjτi,r.

2

Proof of Corollary 4.2: If the Θi are iid the covariance matrix T is diagonal
with T = τ 2I and therefore the credibility matrix A is diagonal with

(A)i,i =
τ 2

τ 2 + σ2θ0
piw[ι(i)]

= αi.

Hence the claim follows from Theorem 4.1.

2

Proof of Theorem 4.4: Due to Theorem 4.1 the homogeneous credibility
estimator of Θ is of the form

Θ̂hom = AB + (I − A)1Pro(θ0|Linde (Y0, . . . ,YI)),

where

Linde (Y0, . . . ,YI)

= {θ̂0 : θ̂0 =
I∑

i=0

ι(i)∑

j=0

ai,jYi,j, ai,j ∈ R, 0 ≤ i ≤ I, 0 ≤ j ≤ ι(i), E[θ̂0] = θ0}.

Here Pro(θ0|Linde (Y0, . . . ,YI)) is the orthogonal projection of θ0 on the affine
subspace Linde (Y0, . . . ,YI). The normal equations for

θ̂0 = Pro(θ0|Linde (Y0, . . . ,YI))
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are given by

E
[
θ̂0

]
= θ0, Cov

(
θ̂0,

ˆ̂
θ0

)
= Var

(
θ̂0

)
,

for all
ˆ̂
θ0 ∈ Linde (Y0, . . . ,YI). If θ̂0 =

∑I
i=0

∑ι(i)
j=0 ai,jYi,j it follows that

I∑

i=0

ι(i)∑

j=0

ai,jγj = 1,

I∑

i=0

ι(i)∑

j=0

(ai,j − bi,j)γj




I∑

l=0

ι(l)∑

k=0

al,kτi,lγk + ai,j
σ2θ0
piγj/δ2j


 = 0, (A.3)

for all bi,j ∈ R with
∑I

i=0

∑ι(i)
j=0 bi,jγj = 1. We show that the normal equations

are satisfied by the coefficients of Yi,j in (1′(S + T )−11)
−1

1′(S+T )−1B, which
are given by

ai,j =
(
1′(S + T )−11

)−1
1′(S + T )−1ei

γj/δ
2
j

w[ι(i)]

,

with ei = (0, . . . , 0, 1, 0 . . . , 0)′, where the 1 is at position i + 1. With these
coefficients we obtain

I∑

i=0

ι(i)∑

j=0

ai,jγj =
(
1′(S + T )−11

)−1
1′(S + T )−1

I∑

i=0

ei

ι(i)∑

j=0

γ2j /δ
2
j

w[ι(i)]

= 1.

Moreover, we get

∑

l,k

al,kτi,lγk + ai,j
σ2θ0
piγj/δ2j

=
(
1′(S + T )−11

)−1
1′(S + T )−1




I∑

l=0

elτi,l

ι(i)∑

k=0

γ2k/δ
2
k

w[ι(k)]

+ ei
σ2θ0
piw[ι(i)]




=
(
1′(S + T )−11

)−1
1′(S + T )−1

(
I∑

l=0

el ((T )i,l + (S)i,l)

)

=
(
1′(S + T )−11

)−1
1′(S + T )−1 (T + S) ei

=
(
1′(S + T )−11

)−1
.
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Since the last expression does not depend on i and j, the normal equa-
tion (A.3) is satisfied. This proves the claim.

2

Proof of Corollary 4.5: As in the proof of Corollary 4.2 the credibility
matrix A is diagonal with

(A)i,i = αi.

Similarly (T + S)−1 is diagonal with

(
(T + S)−1

)
i,i

=
αi
τ 2
,

and therefore

θ̂0 =
(
1′(S + T )−11

)−1
1′(S + T )−1B =

I∑

i=0

αi
α[I]

Bi.

Hence the claim follows from Theorem 4.4.

2

B Results in the ODP Case under Model

Assumptions 3.4 (Independence Model)

In the following section we assume that Model Assumptions 3.4 (Indepen-
dence Model) are satisfied and we consider the ODP case, that is we assume
that γj = δ2j .

If τ 2 →∞ we obtain in the ODP case

µ̃homi =
Ci,ι(i)

β̃homι(i)

, (B.1)

γ̃homj =
X[I−j],j
µ̃hom[I−j]

.

The first equality holds because αi = 1 in this case and the second equality
is due to Theorem 6.5.

Theorem B.1. In the case of a non-informative prior (τ 2 → ∞) we obtain
for the compatible pair in the ODP case the CL results

µ̃homi = ĈCL
i,J and γ̃homj = γ̂CLj .
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Proof of Theorem B.1: First note that from the CL algorithm it follows
that

C[I−j],j

J−1∏

l=j

f̂l = ĈCL
[I−j],J , (B.2)

C[I−j],j−1

J−1∏

l=j−1
f̂l = ĈCL

[I−j],J , (B.3)

where f̂j = C[I−j−1],j+1/C[I−j−1],j are the CL factors. Moreover we have from

(B.1) that µ̃homi = Ci,J = ĈCL
i,J for 0 ≤ i ≤ I − J . Therefore

γ̃homJ =
X[I−J ],J
µ̃hom[I−J ]

=
C[I−J ],J − C[I−J ],J−1

C[I−J ],J

= 1− f̂−1J−1 = γ̂CLJ .

It follows that

β̃homJ−1 = 1− γ̃homJ = 1− γ̂CLJ = β̂CLJ−1 =
1

f̂J−1
.

From (B.1) we then obtain

µ̃homI−J+1 =
CI−J+1,J−1

β̃J−1
= CI−J+1,J−1f̂J−1 = ĈCL

I−J+1,J ,

and therefore µ̃hom[I−J+1] = ĈCL
[I−J+1],J . With (B.2) and (B.3) we get

γ̃homJ−1 =
X[I−J+1],J−1
µ̃hom[I−J+1]

=
C[I−J+1],J−1 − C[I−J+1],J−2

µ̃hom[I−J+1]

=

(
f̂−1J−1 −

J−1∏

l=J−2
f̂−1l

)
ĈCL

[I−J+1],J

ĈCL
[I−J+1],J

= γ̂CLJ−1.

Iteratively we conclude µ̃homi = ĈCL
i,J for 0 ≤ i ≤ I and γ̃homj = γ̂CLj for

0 ≤ j ≤ J .

2

Iteration with pi = ĈCL
i,J :

If pi = ĈCL
i,J we derive, as in the proof of Theorem B.1, that

γ̂
(0)
j =

X[I−j],j
p[I−j]

= γ̂CLj ,
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and hence we obtain in the first iteration

B
(1)
i = 1 and

(
θ̂0

)(1)
= 1.

It follows that for any estimator µ̂i = µ̂inhi or µ̂i = µ̂homi that µ̂
(1)
i = µ̂

(0)
i =

ĈCL
i,J . We therefore have immediate convergence and obtain the CL algorithm.

C Proof of Theorem 6.5

We first consider the simple normalisation (6.2). It follows from the definition
of γ̃homj = γ̂rawj /c with c =

∑J
j=0 γ̂

raw
j that

µ̃hom[I−j]γ̃
hom
j c = X[I−j],j.

Multiplying by γ̃homj /δ2j and taking the sum over all j we obtain

J∑

j=0

cµ̃hom[I−j]

(
γ̃homj

)2

δ2j
=

J∑

j=0

X[I−j],j
γ̃homj

δ2j
=

J∑

j=0

µ̃hom[I−j]

(
γ̃homj

)2

δ2j
,

where the last equality is due to the balance property given in Theorem 4.7.
It follows that c = 1 that is,

c =
J∑

j=0

γ̂rawj = 1,

and hence γ̃homj = γ̂rawj as claimed.
For the normalisation (6.3) it follows from the definition of γ̃homj = γ̂rawj +

κj that
µ̃hom[I−j]γ̃

hom
j − µ̃hom[I−j]κj = X[I−j],j.

As above we multiply by γ̃homj /δ2j and take the sum over all j to obtain

J∑

j=0

µ̃hom[I−j]

(
γ̃homj

)2

δ2j
− µ̃hom[I−j]κj

γ̃homj

δ2j
=

J∑

j=0

X[I−j],j
γ̃homj

δ2j
=

J∑

j=0

µ̃hom[I−j]

(
γ̃homj

)2

δ2j
.

Therefore
J∑

j=0

κj
µ̃hom[I−j]γ̃

hom
j

δ2j
= 0,

and with

κj =
δ2j /µ̃

hom
[I−j]∑J

l=0 δ
2
l /µ̃

hom
[I−l]

(
1−

J∑

j=0

γ̂rawj

)
,
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we obtain

1∑J
l=0 δ

2
l /µ̃

hom
[I−l]

(
1−

J∑

j=0

γ̂rawj

)
J∑

j=0

γ̃homj =
1∑J

l=0 δ
2
l /µ̃

hom
[I−l]

(
1−

J∑

j=0

γ̂rawj

)

= 0.

We conclude
J∑

j=0

γ̂rawj = 1,

and hence γ̃homj = γ̂rawj as claimed.
In case of the ODP normalisation (6.4) we obtain

J∑

j=0

µ̃hom[I−j]

(
γ̃homj

)2

δ2j
+ κ

(
γ̃homj

)2

δ2j
=

J∑

j=0

X[I−j],j
γ̃homj

δ2j
=

J∑

j=0

µ̃hom[I−j]

(
γ̃homj

)2

δ2j
,

and therefore κ = 0, as claimed.
In the ODP case we set γ̃homj = δ2j and the proof is as above.

2

D Data

i pi Xi,0 Xi,1 Xi,2 Xi,3 Xi,4 Xi,5 Xi,6 Xi,7 Xi,8
0 21’472 10’236 5’695 776 571 277 197 261 124 257
1 22’219 11’599 6’047 483 376 96 58 98 39
2 22’873 13’079 5’369 872 232 119 426 23
3 23’833 12’845 6’303 773 456 368 138
4 22’794 13’549 5’819 760 731 369
5 23’265 12’742 6’813 855 413
6 23’518 11’896 5’585 930
7 28’128 13’894 6’834
8 25’628 13’595

Table 6: Incremental payments and premiums pi from liability insurance.
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Abstract

The claims development result (CDR) is the difference between
the best estimate predictions of the ultimate claim in two successive
years. With best estimate reserves it is often argued that CDRs in
consecutive years should fluctuate randomly around zero. However, in
practice one frequently observes that CDRs in a given line of business
have the same sign over several consecutive years. We show that this is
a phenomenon which is not unusual and to be expected in situations of
change. Moreover, we show how situations of change can adequately
be described by a model taking into account the evolving external
information.

Keywords. Claims Reserving, Best Estimate Reserves, Claims
Development Result, Diagonal Effects.

1 Introduction

1.1 A Fundamental Question

Accurate claims reserves are essential for an insurance company. If the re-
serves are wrong, the premiums will be wrong, which would have serious
consequences on the profitability. Claims reserves are by far the most impor-
tant item on the liability side of the balance sheet. They have a big impact
on the profit & loss account of a given calendar year and a change of the
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reserves by a small percentage of say 3% might well change the yearly result
from positive to negative and vice versa.

For these reasons the management wants to be confident that the actuarial
reserves are best estimates that is, reserves, which are neither optimistic nor
pessimistic, neither on the prudent nor on the aggressive side. In order to
calculate best estimate reserves at time I the available information needs
to be taken into account. One year later more information is available and
the best estimate reserves need to be updated accordingly. The difference
between two successive best estimate predictions is the claims development
result (CDR). An easy and obvious first check for management is to look at
the CDRs over several consecutive years: As long as the CDRs in different
years fluctuate around zero, there is no reason to question that the reserves
are best estimates. But as soon as the CDR in a certain line of business (lob)
has the same sign over several consecutive years, be it negative or positive, the
management and/or the executive directors responsible for the profitability
of the lob might become suspicious. If the CDRs are negative, the actuaries
will be blamed to be responsible for the resulting losses in the profit & loss
account. If the CDRs are positive they will be blamed that the company
has missed profitable opportunities because of too high and not competitive
premiums due to pessimistic reserves.

However, do CDRs with the same sign over several consecutive calendar
years necessarily mean that the reserves are not best estimates? Are CDRs
with the same sign over several consecutive calendar years a contradiction
to best estimate reserves? This is the fundamental question we are going to
discuss in this paper.

In order to answer this question we have to model situations of change
in a mathematical way. A suitable modelling of realistic situations of change
is a second aim of the paper. For this purpose we will consider Bayesian
models with calendar year effects. For related structural ideas on the be-
haviour of best estimates and the updating process we refer to Arjas (1989).
In a recent paper on dependence modelling in claims run-off triangles Merz
et al. (2013) define a lognormal model that allows to model calendar year
effects. Moreover their paper gives a summary on existing literature on cal-
endar year effects modelling. An example for a Bayesian claims reserving
model is the Bayesian model for the chain ladder (CL) method introduced by
Gisler-Wüthrich (2008). Bühlmann et al. (2009) derive a recursive formula
for the estimation of the CL factors in the model of Gisler-Wüthrich (2008).
The updating of the CL factors in this recursive procedure is based on new
data. This is the usual way of Bayesian modelling: One has one prior dis-
tribution and one considers the posterior distribution, given the data. More
literature on Bayesian claims reserving is for instance given in de Alba (2002)
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or Wüthrich-Merz (2008).
In contrast to many other reserving models we suggest a model that allows

to update a priori assumptions due to new external information. We provide a
recursive procedure with explicit formulas for the updating of the parameters.
In our recursive procedure the parameter updates are not only based on new
data, but also based on new external information. In other words, we consider
models, in which the prior distribution can be modified dynamically. As
stated in De Jong-Zehnwirth (1983) external (or subjective) information is
of crucial importance in times of rapid change. De Jong-Zehnwirth (1983)
use a state-space model where the updating process is done via Kalman filter
equations.

Organisation of the paper. In the remainder of this section we intro-
duce the problem from a mathematical point of view. In Section 2 we look
at an example from pricing, where the basic properties to be discussed can
most simply be explained. Then we will introduce in Section 3.2 a simple
model for reserving, where we can explicitly calculate the best estimate re-
serves. We provide a numerical example to illustrate the results. In the model
for reserving the a priori assumptions can be updated due to new external
information.

1.2 Best Estimate Reserves

In claims reserving one usually considers a claims development triangle or
trapezoid

Dt = {Xi,j : i = 0, . . . , t; j = 0, . . . , J ; i+ j ≤ t} , (1.1)

where Xi,j denotes the incremental claim (incurred or paid claims) of acci-
dent year i at the end of development year j. Let Ci,j be the corresponding
cumulative claim and denote by Ui the ultimate claim amount of accident
year i. If all claims are settled at the end of development year J ≤ t then
Ui = Ci,J .

The outstanding liabilities of accident year i ≥ t−J at the end of calendar
year t are defined by

R
(t)
i :=

J∑

j=t−i+1

Xpaid
i,j = Ui − Cpaid

i,t−i,

where Xpaid
i,j are the incremental claim payments of accident year i in develop-

ment year j and where Cpaid
i,t−i are the cumulative claim payments of accident

year i until the end of calendar year t.
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For claims reserving one has to predict these outstanding liabilities, which
is equivalent to predicting the ultimate claim, that is

R̂
(t)
i = Û

(t)
i − Cpaid

i,t−i,

where Û
(t)
i is a predictor of the ultimate claim Ui at the end of calendar year

t.
Best estimate reserves are reserves where the expected value of the CDR is

zero and which are as accurate as possible. In mathematical terms one has to
be a bit more precise. Denote by At the σ-algebra containing all information
available at time t. Best estimate reserves of accident year i at time t are
then defined as the reserves minimizing the conditional mean square error of
prediction (MSEP)

msep
R

(t)
i

∣∣∣At

(
R̂

(t)
i

)
= E

[(
R̂

(t)
i −R(t)

i

)2
∣∣∣∣At

]

and are given by

R̂
(t)
i = E

[
R

(t)
i

∣∣∣At
]

= E [Ui| At]− Cpaid
i,t−i. (1.2)

The best estimate reserve at the end of calendar year t is then the sum over
all accident years

R̂(t) =
t∑

i=t−J+1

R̂
(t)
i .

Remarks:

• The available information At might consist of two components At =
σ (Dt, It), where Dt are the observed data until time t and where It de-
notes some additional external information independent of the data such
as observations and expert opinions with regard to legal and economic
developments. In the actuarial literature often only the information con-
tained in the data Dt is considered. However we believe that additional
available information should also be taken into account. In mathemati-
cal terms the sequences {At : t = 0, 1, . . .} as well as {Dt : t = 0, 1, . . .}
and {It : t = 0, 1, . . .} are filtrations.

• E [Ui| At] is not exactly known at time t, as it depends itself on unknown
parameters. For instance in the CL model of Mack (1993) E [Ui| At]
depends on the unknown CL factors fj, which have to be estimated
from the data. Thus, to be strict, the best estimate reserve is only an
estimate of the conditional expected value of the outstanding liabilities.
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However, we would like to study a model where best estimate reserves
can explicitly be calculated in order to show that CDRs with the same
sign over several consecutive calendar years are not a contradiction to
best estimate reserves. This means that even if we know the parameters
exactly, CDRs with the same sign over several consecutive calendar
years are a phenomenon which is to be expected in certain situations.
Therefore it will be assumed that the best estimate reserves as defined
in (1.2) are exactly known.

1.3 The Martingale Argument

The CDR of accident year t − J ≤ i ≤ t − 1 in the financial statement of
calendar year t is defined by

CDR
(t)
i := R̂

(t−1)
i −Xpaid

i,t−i − R̂(t)
i , (1.3)

where Xpaid
i,t−i denotes the incremental claim payments of accident year i in

calendar year t. This can also be written as

CDR
(t)
i = Û

(t−1)
i − Û (t)

i .

Since
Û

(t)
i = E [Ui| At] ,

the sequence {
Û

(t)
i : t = i, i+ 1, . . .

}
(1.4)

is a martingale with respect to the filtration (At)t∈N. Hence the sequence

{
CDR

(t)
i : t = i+ 1, i+ 2, . . .

}
,

representing CDRs in consecutive years, consists of increments of a martin-
gale. Therefore these CDRs are uncorrelated and have expected value zero.
From this fact it is often concluded that CDRs having the same sign over
several consecutive calendar years are a strong indication that the reserves
are not best estimates.

Remark:
Also with a martingale it is not necessarily unlikely that the increments have
the same sign over several consecutive years. This is in particular the case if
the distribution of the CDRs is strongly skewed to the left and if the probabil-
ity of a positive CDR is much higher than 0.5. This can be the case in special
lob such as product liability with potential large IBNR claims occurring with
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a small probability. But even if the distribution is symmetric around zero and
if we assume that CDRs of different calendar years are independent, within a
long time horizon of say 50 years there is for instance a probability of 54.4%
to have a consecutive period of 6 or more years with the same sign of the
CDR. However such long time horizons are not considered in insurance, and
for a reasonable time horizon of say 10 years this probability reduces to 9.4%.
Thus the martingale argument is not a very strict argument from a mathe-
matical point of view but it reinforces the general belief, that CDRs with the
same sign over several consecutive years are a contradiction to best estimate
reserves.

1.4 Observations in Practice

In practice however, one often observes the same sign of the CDR over several
consecutive years. A striking example was the claims development after the
mid-nineties in the line motor liability in Switzerland. Most of the Swiss in-
surance companies experienced a negative CDR over a longer period of about
eight consecutive years. The reason was the emergence of a new phenomenon
called ‘whiplash’. It is mainly observed after rear-end collisions. The victims
complain about permanent pain, chronic fatigue, loss of concentration and
inability to work. However, as a peculiarity of this phenomenon, there is no
objective medical injury which could be diagnosed by a medical doctor and
which would explain these symptoms. Because of this lack of an observable
medical indication the courts did not acknowledge a disability for such cases
for a long time. But after a decision at the Swiss Federal court, the court
practice began gradually to change. This was the beginning of a long process
leading to a permanently increasing claims load, which was impossible to pre-
dict and which manifested itself only with time. For instance, there are many
rear-end collisions, but fortunately most of them turned out to be harmless
and only a small percentage developed to a case with long-term injury. How-
ever, at the beginning, there was no claims experience allowing to estimate
neither this percentage nor the expected claim amount of the corresponding
claims. There was also a change in the whole environment. For instance more
and more lawyers and law offices began to specialise on whiplash cases which
itself increased the number of persons claiming for a disability. Or the advo-
cates of the victims were not prepared to settle a claim in the hope that time
works in favour of the victims and that they can get a higher amount at a later
settlement date. It was also a cultural issue, as the whiplash phenomenon
was mainly observed in the German speaking part of Switzerland and was
practically non-existent in the French and Italian speaking part. The ques-
tion was whether and when it would spill over to these parts of Switzerland,
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too. Fortunately it did not.
What are best reserve estimates in such periods of change and what should

a reserving actuary do? We claim that it is not sufficient just to look at
the claims triangle. In the paid claims triangle there is usually hardly seen
any change at the early years of such a period and the new situation is
reflected in the claims data only gradually and with a delay. In the incurred
triangles one might observe an increase in the newer diagonals. However such
a new situation is also a challenge for the claims adjusters and there is a big
uncertainty in their case estimates and as a consequence in the information
observed in the newer diagonals of the incurred triangle. One of the authors
has experienced other situations where the claims adjusters overreacted at
the beginning. We claim that best practice is to communicate closely with
the claims department, to take their judgement and evaluation as an expert
opinion, which is permanently updated based on the development at the
claims front (verdicts, court-practice, etc.) and on the observed data in the
claims triangles. In the motor liability example of the mid-nineties it took
several years until the situation stabilized and the new court practice was
reflected in the claims data, and hence the resulting CDRs were negative over
several years. In 2008 there was another decision at the Swiss Federal court
with the effect that courts have become much more reluctant to attribute
a permanent disability after an accident with whiplash indications. After
that there was observed a similar development of the CDRs in the opposite
direction.

The Swiss motor liability example shows that also with best reserving
practice the CDRs can have the same sign over a longer period. The question
arises whether we have overseen something in the martingale argument? The
answer is yes, we have overseen something.

There is nothing wrong in the mathematics and the sequence {Û (t)
i : t =

i, i+ 1, . . .} as defined in (1.4) is a martingale. However one has to be careful
in the interpretation what this martingale property exactly means and what
conclusions one can draw from the martingale argument. The point is that the
claim payments and the claims development depend on ‘hidden’ not directly
observable characteristics describing the ‘state space’ at different times such
as legal and economic environment. These ‘hidden’ characteristics are best
modelled in a Bayesian way as random variables. The martingale argument
only holds in the average over these state space characteristics. But what we
observe in a claims development triangle are conditional observations that is,
claims data generated on the condition that a specific but unknown realisation
of the state space variables is given. The observed CDRs resulting from best
estimates based on such conditional observations are no longer increments
of a martingale with expected value zero. This fact will become more clear,
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when looking at some concrete examples.

2 An Example from Pricing

The Poisson-Gamma model is a well-known model for experience rating based
on observed claim frequencies and was for instance the basis for constructing
the Bonus-Malus scheme in motor liability in Switzerland (see Bichsel, 1964).

Assume we have a portfolio of risks numbered i = 1, 2, . . . , I and denote
by Ni,j the claim number of risk i in year j. Each risk is characterised by its
risk characteristic ϑi which is a realisation of a random variable Θi.

Model Assumptions 2.1 (Poisson-Gamma).

PG1: Conditionally, given Θi = ϑi, the random variables Ni,j (j = 1, 2, . . . )
are independent and Poisson distributed with Poisson parameter ϑiλ0.

PG2: The random variables Θi are independent and Gamma distributed with
E [Θi] = 1 and Var (Θi) = γ−1.

PG3: Ni,j and Nk,l are independent for i 6= k.

Denote by Dt = {Ni,j : j = 1, 2, . . . , t; i = 1, 2, . . . , I} the observations
up to year t. Based on these observed data we want to predict for each
risk i next years claim number. The following theorem is well-known from
credibility literature (see for instance Bühlmann-Gisler (2005), Chapter 2).

Theorem 2.2. The best prediction of Ni,t+1 given Dt under Model Assump-
tions 2.1 is given by

N̂i,t+1 = αtN̄i,t + (1− αt)λ0,

where

N̄i,t =
1

t

t∑

j=1

Ni,j and αt =
tλ0

tλ0 + γ
.
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Remarks:

• The individual risk characteristics ϑi are drawn at the very beginning
from a first ‘urn’ as realisations of independent and identically dis-
tributed Gamma random variables.

• The sequence {N̂i,t : t = 1, 2, . . .} is a martingale with respect to
(Dt)t∈N and it holds that

E
[
N̂i,t+1 −Ni,t+1

∣∣∣Ni,1, . . . , Ni,t

]
= 0. (2.1)

This means that for an infinitely large portfolio there is a balance
between forecasted and future claim frequency in all subportfolios of
drivers having the same claim experience Ni,1, . . . , Ni,t. This is the best
we can achieve for a risk adjusted pricing. However the left hand side
of (2.1) is an expected value over the whole Θ-space.

• But the martingale property does not hold for the observations of a
specific driver i. A specific driver i has its specific risk characteristic
Θi = ϑi drawn from a first urn, and the observed claim numbers Ni,j

of this particular driver are independent and Poisson distributed with
Poisson parameter ϑiλ0. We then have

E
[
N̂i,t+1 −Ni,t+1

∣∣∣Ni,1, . . . , Ni,t,Θi

]
= N̂i,t+1 − E [Ni,t+1|Θi]

= αt
(
N̄i,t − λ0

)
+ λ0 (1−Θi) ,

which is in general different from zero. Moreover,

E
[
N̂i,t+1 −Ni,t+1

∣∣∣Θi

]
= αt (λ0Θi − λ0) + λ0 (1−Θi)

= λ0 (1− αt) (1−Θi) .

Thus our best estimate predictor has conditional on Θi an upward (Θi <
1) or downward (Θi > 1) bias for all years t. This bias decreases when
the observed number t of years increases.

In reserving we do not have a portfolio of different similar claims triangles
and we are not interested in the mean over these triangles. We are rather
looking at one specific triangle with given hidden state space characteristics
comparable to a specific driver in the pricing example. Conditional on this
hidden risk characteristics the best estimate reserves are no longer unbiased,
and this bias can have the same sign over several consecutive calendar years.
If the one-year process variance is small compared to this bias, we will observe
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a CDR with the same sign over several consecutive years. In Section 3 we
will consider examples from reserving.

3 Examples from Reserving

3.1 Basic Bayesian Framework

It is our personal belief, based on many years of practical experience of one
of the authors, that reserving is as much art as science. By this we mean
that a good reserving actuary in practice should not only analyse claims data
from a claims triangle. There is much more information available which one
could and should take into account. The lawyers and claims adjusters in the
company will have some knowledge about changes in legislation, about claims
handling, claims processes and the assessment of case estimates by the claims
adjusters. Economists will have some opinion about the future development
of economic factors. In short, there is a lot of expert knowledge available in
a company from which one can learn something about the expected future
claim payments. Beside the data in the triangle this expert knowledge should
also be taken into account when calculating best estimate claims reserves.

In mathematical terms such a situation can best be modelled in a Bayesian
framework, which is predestinated to deal with a priori knowledge on the one
hand and observed claims data on the other hand. In such a framework the
best estimate reserve is given by formula (1.2). Often there is no explicit
formula for (1.2) and in this case a good approximation could be to use
credibility theory instead. There is one difference to the credibility models
usually considered in the literature: the a priori information does also change
in time. In suitable models this can still be handled by recursive estimators.

The basic Bayesian framework considered in this paper is a multiplicative
model with the Bayesian structure given below in Model Assumptions 3.1.
Recall that It denotes the external information at time t and Dt is defined as
in (1.1). By calendar year effect we mean that

E [Xi,j|Ψ, It] = E [Xi,j|Ψi+j] = µiγjΨi+j, t ∈ N.

Since the Ψt are multiplicative factors to be applied on the conditional ex-
pected value of all elements of a diagonal, they are also called diagonal effects
or accounting year effects. We denote by Ψ = {Ψ0,Ψ1, . . .} the set of diagonal
effects in all calendar years t ∈ N.

Model Assumptions 3.1 (Bayes Model with Diagonal Effects).
Conditionally, given Ψ and It for any t ∈ N, the increments (Xi,j)i,j are
independent and there exist positive parameters µ0, . . . , µt, and parameters
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γ0, . . . , γJ , with
∑

j γj = 1 such that

E [Xi,j|Ψ, It] = E [Xi,j|Ψi+j] = µiγjΨi+j.

Further we assume that Var(Ψt) <∞ and Var(Xi,j|Ψ, It) <∞ for all t ∈ N.

Here (γj)0≤j≤J is the incremental payment pattern and (βj)0≤j≤J with
βj =

∑j
k=0 γk is the cumulative payment pattern.

Remark:
If Ψt = 1 for all t ≥ 0, then there are no diagonal effects and if we omit
the external information It in Model Assumptions 3.1 we obtain the ba-
sic assumptions of the Bornhuetter-Ferguson (BF) model (see for instance
Wüthrich-Merz, 2008). The best estimate reserve for accident year i at time
t is then given by

R̂i = (1− βt−i)µi,
which is the BF reserve formula.

Under Model Assumptions 3.1 the best estimate reserve of accident year
i at the end of calendar year t is given by

R̂
(t)
i = E [Ri| It,Dt] = E [E [Ri| It,Dt,Ψ]| It,Dt]

= µi

J∑

j=t−i+1

γjE [Ψi+j| It,Dt] , (3.1)

and the best estimate of the total reserve at the end of calendar year t is

R̂(t) =
t∑

i=t−J+1

R̂
(t)
i

=
t∑

i=t−J+1

µi

J∑

j=t−i+1

γjE [Ψi+j| It,Dt]

=
J∑

k=1

(
E [Ψt+k| It,Dt]

J∑

j=k

γjµt+k−j

)
. (3.2)

Hence to find the best estimate reserve R̂(t) we have to determine

Ψ
(t)
t+k = E [Ψt+k| It,Dt] ,

for k = 1, . . . , J. Note that Ψ
(t)
t+k is the best k-year prediction of Ψt+k at time

t.
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One year later there are the observations of the diagonal of the next
calendar year t+ 1 and possibly updated external information It+1 available.

With these new informations we get the updated forecasts of Ψ
(t+1)
t+k .

From (3.2) it follows that the total CDR in calendar year t+ 1 is given by

CDRt+1 = E

[
t∑

i=0

Ui

∣∣∣∣∣ It,Dt
]
− E

[
t∑

i=0

Ui

∣∣∣∣∣ It+1,Dt+1

]

=
t∑

i=t−J+1

µi

J∑

j=t−i+1

γjΨ
(t)
i+j −

t∑

i=t−J+1

Xi,t−i+1 −
t∑

i=t−J+2

µi

J∑

j=t−i+2

γjΨ
(t+1)
i+j

=
t+J∑

k=t+1

Ψ
(t)
k

J∑

j=k−t
µk−jγj −

J∑

j=1

Xt+1−j,j −
t+J∑

k=t+2

Ψ
(t+1)
k

J∑

j=k−t
µk−jγj

=
J∑

l=1

Ψ
(t)
t+l

J∑

j=l

µt+l−jγj −
J∑

j=1

Xt+1−j,j −
J∑

l=2

Ψ
(t+1)
t+l

J∑

j=l

µt+l−jγj. (3.3)

In the special case where µi = µ for all i, formulas (3.2) and (3.3) simplify to

R̂(t) = µ
J∑

k=1

Ψ
(t)
t+k(1− βk−1),

CDRt+1

= Ψ
(t+1)
t+1 µ(1− β0)−

J∑

j=1

Xt+1−j,j

︸ ︷︷ ︸
difference between updated forecast and observations

+
J∑

k=1

(
Ψ

(t)
t+k −Ψ

(t+1)
t+k

)
µ(1− βk−1)

︸ ︷︷ ︸
change in update

(3.4)

= Ψ
(t)
t+1µ(1− β0)−

J∑

j=1

Xt+1−j,j

︸ ︷︷ ︸
difference between forecast and observations

+
J∑

k=2

(
Ψ

(t)
t+k −Ψ

(t+1)
t+k

)
µ(1− βk−1)

︸ ︷︷ ︸
change future

.

(3.5)

In the following we consider two specific models within this basic Bayesian
framework in which we can explicitly calculate best estimate reserves.

3.2 Jump Model

We consider the situation where in each accounting year a change in the
environment (e.g. legislation) can occur which leads to a ‘jump’ in the claim
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size. Based on the external information It it is known whether a change occurs
in accounting year t. The size of the possible jump at time t is modelled with
a random variable whose distribution depends on the information It,Dt−1.
This situation is reflected by the following model.

Model Assumptions 3.2 (Jump Model).

i) Conditionally, given Ψ and It for any t ∈ N, the (Xi,j)i,j are indepen-
dent and normally distributed with

E[Xi,j|Ψ, It] = E[Xi,j|Ψ] = µiγjΨi+j,

Var(Xi,j|Ψ, It) = Var(Xi,j|Ψ) = µiη
2
jσ

2,

where
∑J

j=0 γj =
∑J

j=0 η
2
j = 1, and µ0, . . . , µt, are positive parameters.

ii) The diagonal effects are given by

Ψ0 = 1, Ψt = Ψt−1 + CtJt, t ≥ 1,

where Jt, t ≥ 1, are It-measurable Bernoulli random variables which ex-
plain whether a change (jump) occurs in calendar year t, and where Ct,
t ≥ 1, describe the jump size. We assume that Ct|It,Dt−1 ∼ N(mt, τ

2
t )

and conditionally on It,Dt−1, Ct is independent of Ψ0, . . . ,Ψt−1.

iii) For each t ≥ 1 and l ≥ 0

Ψt|(It+l,Dt) d
= Ψt|(It,Dt),

E[Ψt+l|It,Dt] = E[Ψt|It,Dt] =: Ψ
(t)
t .

From Model Assumptions 3.2 we conclude inductively that for each t ≥ 1,
Ψt|It,Dt−1 is either normally distributed or equal to 1 and we have

Ψ
(t,t−1)
t := E[Ψt|It,Dt−1]

= E[Ψt−1|It,Dt−1] +mtJt

=

{
Ψ

(t−1)
t−1 , Jt = 0,

Ψ
(t−1)
t−1 +mt, Jt = 1,

where Ψ
(t)
t = E[Ψt|It,Dt]. Moreover,

q
(t,t−1)
t := Var(Ψt|It,Dt−1)

= Var(Ψt−1|It,Dt−1) + Var(Ct|It,Dt−1)Jt

= q
(t−1)
t−1 + τ 2

t Jt

=

{
q

(t−1)
t−1 , Jt = 0,

q
(t−1)
t−1 + τ 2

t , Jt = 1,
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where q
(t)
t = Var(Ψt|It,Dt).

Conditional on It, Dt we can calculate the posterior density of Ψt. If
Jl = 0 for all l ≤ t, then Ψt = 1. Otherwise Ψt is normally distributed with
density

fΨt|It,Dt ∝ exp


−1

2

∑

i+j=t

(Xi,j − µiγjΨt)
2

µiη2
jσ

2
−

(
Ψt −Ψ

(t,t−1)
t

)2

2q
(t,t−1)
t




∝ exp

(
− 1

2

(
Ψ2
t

(
J∧t∑

j=0

µt−jγ2
j

η2
jσ

2
+

1

q
(t,t−1)
t

)

− 2Ψt

(
J∧t∑

j=0

Xt−j,jγj
η2
jσ

2
+

Ψ
(t,t−1)
t

q
(t,t−1)
t

)))
, if ∃l ≤ t : Jl = 1.

Hence

Ψ
(t)
t =





1, if Jl = 0, ∀l ≤ t,

α̃t

∑J∧t
j=0Xt−j,j

γj

η2
j

wt
+ (1− α̃t)Ψ(t,t−1)

t , if ∃l ≤ t such that Jl = 1,

where

α̃t =
wt

wt + σ2

q
(t,t−1)
t

and wt =
J∧t∑

j=0

µt−j
γ2
j

η2
j

,

and

q
(t)
t =

{
0, if Jl = 0, ∀l ≤ t,

(1− α̃t)q(t,t−1)
t , if ∃l ≤ t such that Jl = 1.

In the following we consider the situation where only one jump can occur.
This situation can be modelled if in the Jump Model 3.2 we additionally
assume that

Jt = Bt1{J1 = 0, . . . , Jt−1 = 0}, t > 1,

where Bt are It-measurable Bernoulli random variables. Note that if the jump
occurs in calendar year s0, then we have the realisation js0 = 1 and at time
s0 we also know that jt = 0 for all t > s0. At times t ≤ s0 − 1 we then have
the realisations ψl = 1 for all l ≤ t and the predictions Ψ

(t)
t+k = 1 for all k ≥ 0.

Therefore the model is only interesting for times t ≥ s0. Conditionally on Is0
we know in this case that Ψt = Ψs0 , t ≥ s0. Hence, after time t = s0, only
the variable Ψs0 needs to be considered. If we insert the realised information
available at time s0, Model Assumptions 3.2 can be simplified. We assume
that the realised values for Ψ

(s0,s0−1)
s0−1 and q

(s0,s0−1)
s0−1 are given by m and τ > 0,

respectively. At time t ≥ s0 we then have the following model:
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Model Assumptions 3.3 (One Jump Model).

• Conditionally, given Ψs0, the (Xi,j)i,j are independent and normally
distributed with

E[Xi,j|Ψs0 ] =

{
µiγj, i+ j ≤ s0 − 1,

µiγjΨs0 , i+ j ≥ s0,

Var(Xi,j|Ψs0) = µiη
2
jσ

2,

where
∑J

j=0 γj =
∑J

j=0 η
2
j = 1, and (µi)i are positive parameters.

• Ψs0 ∼ N(m, τ 2) for some constants m ∈ R and τ 2 > 0.

The predictions for Ψs0 under Model Assumptions 3.3 can be obtained
from the derivations in the Jump Model 3.2 above by inserting the realised
values jt = 1t=s0 , m and τ 2. We summarise these results in the following
proposition (see also Theorem 9.6 in Bühlmann-Gisler, 2005):

Proposition 3.4. Under Model Assumptions 3.3 we have the following re-
cursive formulas for the prediction of Ψs0:

i) For t = s0

Ψ(s0)
s0

= E[Ψs0|Ds0 ] = α̃s0

∑J
j=0Xs0−j,j

γj
η2j

ws0
+ (1− α̃s0)m,

q(s0)
s0

= Var (Ψs0|Ds0) = (1− α̃s0)τ 2,

where

α̃s0 =
ws0

ws0 + σ2

τ2

and ws0 =
J∑

j=0

µs0−j
γ2
j

η2
j

.

ii) For t > s0

Ψ(t)
s0

= E[Ψs0|Dt] = α̃t

∑J
j=0Xt−j,j

γj
η2j

wt
+ (1− α̃t)Ψ(t−1)

s0
,

q(t)
s0

= Var(Ψs0|Dt) = (1− α̃t)q(t−1)
s0

,

where

α̃t =
wt

wt + σ2

q
(t−1)
s0

and wt =
J∑

j=0

µt−j
γ2
j

η2
j

.
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The predictions given in Proposition 3.4 can also be calculated directly
instead of using a recursion:

Proposition 3.5. Under Model Assumptions 3.3, for each l ≥ 0, Ψs0 is
conditioned on Ds0+l normally distributed with

Ψ(s0+l)
s0

= E[Ψs0|Ds0+l] = αs0+lD̄s0+l + (1− αs0+l)m,

q(s0+l)
s0

= Var(Ψs0|Ds0+l) = (1− αs0+l)τ
2,

where

D̄s0+l =

∑s0+l
t=s0

∑J
j=0Xt−j,j

γj
η2j

∑s0+l
t=s0

∑J
j=0

µt−jγ2j
η2j

and αs0+l =

∑s0+l
t=s0

∑J
j=0

µt−jγ2j
η2j

∑s0+l
t=s0

∑J
j=0

µt−jγ2j
η2j

+ σ2

τ2

.

Remark:
Proposition 3.5 still yields the credibility estimator if we drop the normality
assumption for Ψs0 and the Xi,j. In a distribution-free approach, it is the
best linear approximation to the Bayes estimator and in this sense still a best
estimate. However it is then no longer exact Bayesian and a best estimate as
defined in (1.2).

Proof of Proposition 3.5:
In the One Jump Model 3.3 we have exact credibility that is, the credibil-
ity estimator is exact Bayesian (see for example Jewell (1974a; 1974b) or
Bühlmann-Gisler (2005), Chapter 2). If γj 6= 0 for j = 0, . . . , J , then the
random variables

Yi,j =
Xi,j

µiγj
, i+ j ≥ s0,

fulfil the assumptions of the Bühlmann-Straub model with weights wi,j =
µiγ

2
j /(σ

2η2
j ). The formula then follows from the Bühlmann-Straub credibility

formula. For incurred claims some of the γj might be zero. The formula
can then be derived with the regression credibility model (see Theorem 8.4
in Bühlmann-Gisler, 2005) by using the observation vector X(s0+l) with all
observations from calendar year s0 to calendar year s0 + l as elements, where
the regression equation is given by E[Xi,j|Ψs0 ] = µiγjΨs0 and where the
conditional covariance matrix of X(s0+l) given Ψs0 is diagonal with diagonal
elements Var(Xi,j|Ψs0) = µiη

2
jσ

2.
2

With Proposition 3.4 we can also find an explicit formula for the CDR. For
simplicity we consider the case with µi ≡ µ. In order to calculate CDRs0 we
recall that Model Assumptions 3.3 are only obtained after inserting realised
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values from the available information at time s0 and we have Ψ
(s0−1)
t = 1 for

all t ≥ s0 − 1. By using (3.4) and (3.5) we obtain:

• for t+ 1 = s0

CDRs0

= Ψ(s0)
s0
µ(1− β0)−

J∑

j=1

Xs0−j,j

︸ ︷︷ ︸
difference between updated forecast and observations

+
(
1−Ψ(s0)

s0

)
µ

J∑

k=1

(1− βk−1)

︸ ︷︷ ︸
change in update

= µ(1− β0)−
J∑

j=1

Xs0−j,j

︸ ︷︷ ︸
difference between forecast and observations

+
(
1−Ψ(s0)

s0

)
µ

J∑

k=2

(1− βk−1)

︸ ︷︷ ︸
change future

,

and

1−Ψ(s0)
s0

= 1−m+ α̃s0


m−

∑J
j=0 Xs0−j,j

γj
η2j

ws0


 ,

• for t+ 1 > s0

CDRt+1

= Ψ(t+1)
s0

µ(1− β0)−
J∑

j=1

Xt+1−j,j

︸ ︷︷ ︸
difference between updated forecast and observations

+
(
Ψ(t)
s0
−Ψ(t+1)

s0

)
µ

J∑

k=1

(1− βk−1)

︸ ︷︷ ︸
change in update

= Ψ(t)
s0
µ(1− β0)−

J∑

j=1

Xt+1−j,j

︸ ︷︷ ︸
difference between forecast and observations

+
(
Ψ(t)
s0
−Ψ(t+1)

s0

)
µ

J∑

k=2

(1− βk−1)

︸ ︷︷ ︸
change future

,

and

Ψ(t)
s0
−Ψ(t+1)

s0
= α̃t+1


Ψ(t)

s0
−
∑J

j=0 Xt+1−j,j
γj
η2j

wt+1


 .

We observe that in the case t+1 > s0 the second terms ‘change in update’
and ‘change future’ respectively, converge to zero as t→∞ since the weights
α̃t+1 → 0. On the other hand, the difference between (updated) forecast and
observations depends more on the volatility of the data.

147



Saluz, Gisler

Next we want to consider the sign of the CDR over several consecutive
calendar years in the period starting at year s0 + 1. What we will observe
are conditional data generated by the model, given a specific realisation of
Ψs0 . More precisely, in one triangle we have one fixed Ψs0 which has an
impact on the data. The actuary cannot observe Ψs0 and hence needs to base
his prediction on the available information Dt. However, although Ψs0 is not
observable, if we consider a specific triangle, then Ψs0 is fixed. For this reason
we do not average over different values of Ψs0 but we rather condition on the
unknown variable Ψs0 in the following. First, we investigate the behaviour of
the conditional expected value

E
[
Ψ(t)
s0
|Ds0−1,Ψs0

]
.

With the estimator Ψ
(t)
s0 in Proposition 3.5 and from E[D̄t|Ds0−1,Ψs0 ] = Ψs0 ,

t ≥ s0, it follows that

E
[
Ψ(t)
s0
−Ψ(t+1)

s0

∣∣Ds0−1,Ψs0

]
= (αt − αt+1)(Ψs0 −m).

We then obtain for the conditional expectation of the CDR for t+ 1 > s0

E [CDRt+1|Ds0−1,Ψs0 ]

= µ(1− β0)(1− αt)(m−Ψs0) (3.6)

+ E
[
Ψ(t)
s0
−Ψ(t+1)

s0

∣∣Ds0−1,Ψs0

]
µ

J∑

k=2

(1− βk−1)

= µ(1− β0)(1− αt)(m−Ψs0) + (αt+1 − αt) (m−Ψs0)µ
J∑

k=2

(1− βk−1)

= (m−Ψs0)µ

(
(1− β0)(1− αt) + (αt+1 − αt)

J∑

k=2

(1− βk−1)

)
. (3.7)

If βj ≤ 1 for all j, or γj ≥ 0 for all j respectively, then the second factor
in (3.7) is positive since αt is increasing in t. Moreover this second factor
decreases in t since 1 − αt and αt+1 − αt are decreasing. In the limit for
t → ∞, it vanishes. Additionally, we can see from (3.7) that the absolute
value of the conditional expectation of the CDR is larger if more weight is
given to the tail that is, for long tailed lob the bias is higher.

Hence we have found the following result with regard to the behaviour of
the conditional expected value of the CDR in the case where γj ≥ 0 for all j:

• The sign of E [CDRt+1|Ds0−1,Ψs0 ] is the same for all t+ 1 ≥ s0 + 1.

• The absolute value of E [CDRt+1|Ds0−1,Ψs0 ] is the bigger, the bigger
|m−Ψs0 | is.
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• The absolute value of E [CDRt+1|Ds0−1,Ψs0 ] is the bigger, the longer
the development is. In other words, |E [CDRt+1|Ds0−1,Ψs0 ] | is bigger,
if the development pattern (βj)0≤j≤J increases slower to βJ = 1.

• The absolute value of E [CDRt+1|Ds0−1,Ψs0 ] is decreasing in t.

• In the limit for t→∞ the CDR is conditionally unbiased.

3.2.1 Numerical Example

For the example we choose a special case of Model Assumptions 3.3 in which
µi ≡ µ and η2

j = γj. Moreover, we assume that m = 1.02 and τ = 0.02. In

this case the formula for Ψ
(t)
s0 simplifies to

Ψ(t)
s0

= αt
1

µ(t− s0 + 1)

t∑

l=s0

J∑

j=0

Xl−j,j + (1− αt)m, t ≥ s0,

where

αt =
µ(t− s0 + 1)

µ(t− s0 + 1) + σ2

τ2

.

We choose the following parameters

µ = 10′000, σ = 4,

and the development pattern γj given in Table 1.

j 0 1 2 3 4 5 6 7 8 9
γj 0.2 0.23 0.12 0.11 0.09 0.07 0.058 0.05 0.043 0.029

Table 1: Development pattern γj.

In our simulation of the specific observed triangle we start with a 10 by
10 triangle and we assume the jump occurs in calendar year s0 = 10. We then
add calendar years and calculate the CDR for time s0 = 10 to time t = 21.
The true diagonal effect to be considered as a specific realisation of Ψs0 is
given by ψs0 = 1.05. Hence we consider a rather extreme situation where Ψs0

deviates substantially from the a priori expert’s expectation of m = 1.02. Of
course if the realisation ψs0 coincides with m, then there is no systematic bias
in the CDRt for t ≥ s0 + 1, and the bigger the deviation of ψs0 from m, the
bigger is this bias. The simulated incremental claims data is given in Table 2.
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0 1 2 3 4 5 6 7 8 9
0 1930 2426 1208 1266 903 946 636 480 389 169
1 2185 2372 1099 1110 932 793 516 452 462 362
2 2406 2334 1304 959 819 696 525 466 550 294
3 2035 2548 1272 1159 1149 871 459 324 473 375
4 2199 2559 1437 1152 1038 657 681 575 290 283
5 2169 2486 1237 951 1052 660 692 537 496 307
6 2164 2277 1564 1035 1098 822 459 462 597 322
7 1918 2495 958 1289 862 825 663 648 484 332
8 2347 2186 1267 1123 954 892 526 492 534 281
9 2366 2614 1251 1052 961 952 597 596 607 384

10 2138 2581 1408 1291 990 758 541 581 532 308
11 1958 2564 1182 1119 739 762 609 503 347 412
12 2068 2540 1389 1181 989 895 605 552 527 343
13 1752 2627 1267 1378 788 847 517 560 337
14 1674 2355 1326 1142 1064 497 543 420
15 2245 2176 1172 994 1143 770 456
16 1980 2425 1285 1067 854 880
17 1992 2420 1420 1020 1010
18 2024 2387 1229 1521
19 2488 2687 1361
20 1979 2498
21 1816

Table 2: Incremental claims

In Table 3 the CDR’s are given with the splits in the terms ‘change fu-
ture’, ‘difference between forecast and observations’, ‘difference between up-
dated forecast and observations’ and ‘change in update’. Moreover we give
the conditional expected value of the CDR, which is always negative in this
example. In the CDR we observe negative values in five consecutive years.
More precisely, we have 10 times a loss in the 12 years from calendar year 10
to 21. This is also illustrated in the plots in Figure 1 and Figure 2. From the
table and from the figures one can see that in this specific example the devia-
tion of the forecasts from the observations in the newest diagonal contributes
much more to the observed CDR than the effect of the parameter update for
future years.

The predictions Ψ
(t)
s0 are given in Table 3 and a corresponding plot is given

in Figure 3.
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t CDRt Future Forecast Up Forecast Update E[CDRt|Ds0−1,Ψs0 ] Ψ
(t)
s0

10 -1563 -718 -845 -560 -1003 -923 1.036
11 -479 -92 -387 -351 -128 -273 1.040
12 -181 -38 -143 -128 -53 -218 1.042
13 -459 -26 -433 -423 -36 -180 1.043
14 -897 -88 -808 -773 -124 -154 1.048
15 194 8 187 184 11 -134 1.047
16 -281 -26 -256 -245 -36 -118 1.049
17 -112 -1 -111 -111 -1 -106 1.049
18 -270 -26 -244 -233 -37 -95 1.050
19 129 -32 162 175 -45 -87 1.052
20 -198 -9 -189 -186 -12 -80 1.052
21 -425 -15 -410 -404 -21 -74 1.053

Table 3: CDRs, change future (Future), difference between forecast and ob-
servations (Forecast), difference between updated forecast and observations
(Up forecast), change in update (Update), conditional expected value of the

CDR and predictions Ψ
(t)
s0
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Figure 1: CDR, split in ‘difference between updated forecast and observations’
plus ‘change in update’ and E[CDRt|Ds0−1,Ψs0 ].

151



Saluz, Gisler

12 14 16 18 20

−1,400

−1,200

−1,000

−800

−600

−400

−200

200

400

t

CDRt

change future

difference between forecast and observations

Figure 2: CDR and split in ‘difference between forecast and observations’
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For illustrative purposes we have only considered one realisation of a
claims triangle with the given diagonal effect ψs0 in the above example. We
additionally simulate 10’000 triangles with this diagonal effect and consider
the conditional distribution of the CDR. It is important to keep the diagonal
effect fixed, because in the situation considered we have exactly one effect
and therefore we should not average over different effects.

We give boxplots of the realised values of the CDR in the simulations in
Figure 4. The conditional expected value is negative and we observe that it
gets closer to zero in later calendar years. In the first few calendar years after
the jump, it is likely to observe negative CDRs.
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Figure 4: Boxplot of CDRt, with 10’000 simulations, ψs0 = 1.05.

In practice, there are usually several consecutive jumps, often going into
the same direction over a period of years. For such cases the more general
Jump Model 3.2 can be used. Moreover, in the real world there can be several
sources and events (change of legislation, economic factors and so on) which
lead to a diagonal effect. Some of them lead to an additive change (jump) in
the diagonal effects, others to a multiplicative one or to a combination of both.
For instance, the impact of economic factors such as consumer price inflation
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on Ψt could possibly be modelled by an autoregressive process meaning that

Ψt = ρΨt−1 + (1− ρ) + ∆t,

where the ∆t are iid with E[∆t] = 0. Such an autoregressive process is for
instance considered in Shi et al., 2012).

4 Concluding Remarks

The primary aim of this paper was to show that the same sign of the CDR
over several consecutive calendar years is not a contradiction to best esti-
mate reserves. This has already been achieved by considering the One Jump
Model 3.3.

More realistic situations can be mathematically well described by the
Jump Model 3.2 introduced in Section 3.2. This model covers a variety of
real life situations.

In our models we have assumed that there is the same diagonal factor
for all elements of a diagonal. There can be situations, where this not the
case, for instance, if a change of legislation only has an impact on bodily
injury claims. Our modelling framework can be extended to such situations
by assuming that the diagonal effects are random vectors rather than random
variables. But this is beyond the aim and the scope of this paper.

In this paper we have considered full Bayesian models in order to be
able to explicitly calculate best estimate reserves defined as the posterior
expected values of future claim payments. One might object that a normal
distribution is not a realistic assumption for claims data but one can easily
drop the distributional assumptions and switch to a corresponding credibility
model and credibility estimators. But this is again out of the primary goal
and scope of this paper. The same holds for µi and γj, which were assumed
to be known. Of course, in practice one will have to estimate them.

We want to emphasize once more that in our model the expert opinion
changes over time. This idea can also be found in De Jong-Zehnwirth (1983).
However, in most of the actuarial literature on Bayes- and credibility models
there is only one a priori distribution not changing over time. We believe
that models that allow for changing expert opinions over time have a big
potential to bring models nearer to the processes in the real world and to
solve problems in practice, not only for reserving, but also for pricing and
other applications.
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Abstract

The Cape Cod method was designed by Bühlmann-Straub (1983)
in order to overcome some shortcomings of the chain ladder (CL)
method. Due to its simplicity and due to the advantages over the CL
method, the Cape Cod method has become a well-established method
in practice. In this paper we consider a distribution-free stochastic
model for the Cape Cod method. Within this model we give the pa-
rameter estimates and we derive estimates for the conditional mean
square error of prediction for the Cape Cod method. Additionally, we
derive an estimate for the uncertainty in the claims development result
(CDR).

Keywords. Cape Cod Method, Claims Reserving, Mean Square
Error of Prediction, Claims Development Result.

1 Introduction

The chain ladder (CL) and the Bornhuetter-Ferguson (1972) (BF) method are
probably the two most popular claims reserving methods. The CL predictor
of the ultimate claim is obtained by multiplying the current claims amount by
a product of development factors. Hence, the CL predictors of the ultimate
claims are directly proportional to the current claims amounts and therefore,
if the current claims amount is zero or an outlier, the CL prediction gives
unsatisfactory results. This is in particular the case for long tailed lines of
business in recent accident years. Moreover, the CL method is very sensitive
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to changes in individual claim numbers. Finally, the CL method is purely
based on the claims data and it disregards the information in the premiums.

The BF reserve of an accident year is the product of an estimate of the
expected ultimate claim and the estimated ‘still to come percentage’ of the
corresponding accident year. For the estimation of the latter one assumes
that there is a development pattern, which is the same for all accident years.
The a priori estimate of the ultimate claim incorporates the information
from the earned premiums. In the past, the development pattern for the BF
method was often estimated by the development pattern resulting from the
CL method. However, Mack (2006) criticises the use of the CL development
pattern in the BF method, because the CL method assumes a multiplicative
connection between past and future loss amounts, whereas the BF method
establishes an additive connection (independence). Moreover, the incorpora-
tion of the premiums in the BF method is a fundamental difference to the
CL method. Hence, Saluz et al. (2011) argue that this additional informa-
tion should also be incorporated in the estimates of the development pattern
and that the use of the CL development pattern is inconsistent with the BF
philosophy.

Bühlmann-Straub (1983) developed the Cape Cod method in order to
overcome the above mentioned shortcomings of the CL method. A deriva-
tion of the Cape Cod method is published in Straub (1988). In a numerical
example Bühlmann-Straub (1983) use the CL development pattern for the
Cape Cod method, however, they remark that the estimation of the develop-
ment pattern is still unsolved. The Cape Cod method is more robust than
the CL method and, in contrast to the CL method, the Cape Cod method
incorporates the information contained in the premiums. Hence, as in the BF
method, we think that an estimate of the development pattern for the Cape
Cod method should incorporate this information, too.

Due to its simplicity, the Cape Cod method is a well-established method
in practice. However, in current literature there seems to be no formula for
the estimation of the prediction uncertainty in the Cape Cod method. In
this paper we consider a stochastic model for the Cape Cod method and
we derive estimates for the development pattern within this model. The
incorporation of the information from the premiums in the estimation of the
development pattern is consistent with our model assumptions. In order
to quantify prediction uncertainty we derive an estimate for the conditional
mean square error of prediction (MSEP) of the Cape Cod reserve and we give
an estimate for the uncertainty in the one-year claims development result
(CDR).

Organisation of the paper. In the remainder of this section we intro-
duce the notation and we review the Cape Cod and the CL method. In Sec-
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tion 2 we consider a distribution-free model for the Cape Cod method. In this
model we calculate a development pattern that incorporates the information
from the premiums and we derive estimates for the prediction uncertainty of
the ultimate claim and for the uncertainty in the CDR. In Section 2.2 we con-
sider a distributional model and show that in this special case the parameter
estimates given in the distribution-free model can be derived with maximum
likelihood (ML) estimation. A numerical example is given in Section 3.

1.1 Notation and Data Structure

We denote the cumulative claims (cumulative payments or incurred losses) in
accident year i ∈ {0, . . . , I} at the end of development year j ∈ {0, . . . , J} by
Ci,j > 0 and we assume J ≤ I. Let Xi,j = Ci,j−Ci,j−1 denote the incremental
claims, where we set Ci,−1 = 0. The summation over an index starting from
0 is denoted with a square bracket, for example

C[k],j =
k∑

i=0

Ci,j, 0 ≤ k ≤ I, 0 ≤ j ≤ J.

We assume that all claims are settled after development year J and therefore
the total ultimate claim of accident year i is given by Ci,J . At time I we have
information in the upper left trapezoid/triangle

DI = {Ci,j : i+ j ≤ I, j ≤ J},
and our goal is to predict the lower right triangle DcI = {Ci,j : i + j > I, i ≤
I, j ≤ J}. An illustration of the data is given in Table 1.

accident development year j
year i 0 1 . . . j . . . J

0
1 observations DI

...

i
... Dc

I

I

Table 1: Claims development triangle: The observations are given in the
upper left trapezoid DI . The lower right triangle DcI needs to be predicted.

The outstanding loss liabilities for accident year i at time I are given by

Ri = Ci,J − Ci,I−i, I − J + 1 ≤ i ≤ I, (1.1)
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and the total outstanding loss liabilities are given by R =
∑I

i=I−J+1Ri. The
earned premium for accident year i is denoted by νi.

Remark 1.1. The ‘true’ outstanding loss liabilities are given by formula
(1.1) only if Ci,j denote cumulative payments. For incurred losses Ci,j the
outstanding loss liabilities are given by

Ri = Ci,J − Ci,I−i + Ci,I−i − Cpaid
i,I−i, (1.2)

with Cpaid
i,j denoting the cumulative payments of accident year i up to devel-

opment year j. Note that the additional term Ci,I−i − Cpaid
i,I−i is observable at

time I and has no impact on the claims prediction problem. Therefore we
only consider the outstanding loss liabilities as defined in (1.1). For incurred
losses, (1.1) is often referred to as IBNR.

In order to simplify notation we denote the index of the last observed
development year in accident year i by ι(i) = (I − i) ∧ J .

1.2 Chain Ladder Method

The CL prediction of the ultimate claim Ci,J of accident year i > I − J is
given by

ĈCL
i,J = Ci,ι(i)

J−1∏

j=ι(i)

f̂j, where f̂j =
C[I−j−1],j+1

C[I−j−1],j
. (1.3)

The CL reserve is given by (i > I − J)

R̂CL
i = Ci,ι(i)




J−1∏

j=ι(i)

f̂j − 1


 = Ci,ι(i)

J−1∏

j=ι(i)

f̂j


1−

J−1∏

j=ι(i)

f̂−1j




= ĈCL
i,J

(
1− β̂CLι(i)

)
,

where the CL development pattern

β̂CLj =
J−1∏

k=j

f̂−1k , 0 ≤ j ≤ J − 1, β̂CLJ = 1, (1.4)

is an estimate of the development pattern βj, 0 ≤ j ≤ J , which describes the
percentage of claims which emerge up to development year j.

There are different stochastic models that justify the use of the CL algo-
rithm. A distribution-free model was suggested by Mack (1993).
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As mentioned above, the proportionality of the CL predictor to the current
claims amount Ci,ι(i) is sometimes problematic in long tailed lines of business

for recent accident years. Note that the f̂j for late development years are
based on few observations. A change of C0,J has a multiplicative impact on
the prediction of the ultimate claims of all accident years. Therefore the CL
method is very sensitive to changes of individual numbers.

1.3 Cape Cod Method

The Cape Cod predictor (see Bühlmann-Straub, 1983) for the ultimate claim
is given by

ĈCC
i,J = Ci,ι(i) + νiq̂

(
1− β̂ι(i)

)
, (1.5)

where

q̂ =

∑I
i=0Ci,ι(i)∑I
i=0 νiβ̂ι(i)

, (1.6)

and where β̂ι(i) is an estimate of βι(i), which describes the percentage of claims
emerging up to development year ι(i). The incremental development pattern
γj = βj − βj−1 is estimated by

γ̂0 = β̂0 and γ̂j+1 = β̂j+1 − β̂j, 0 ≤ j ≤ J − 1.

In the original article of Bühlmann-Straub (1983) it is mentioned that the
estimation of the development pattern β̂j is an unsolved problem. In practice
the development pattern is often estimated by the chain ladder (CL) devel-
opment pattern given in (1.4). In this case the Cape Cod predictor of the
ultimate claim can be written as

ĈCC
i,J = Ci,ι(i) + νiq̂β̂

CL
ι(i)




J−1∏

j=ι(i)

f̂j − 1


 ,

that is, we replace the diagonal element Ci,ι(i) in the CL prediction

ĈCL
i,J = Ci,ι(i)

J−1∏

j=ι(i)

f̂j = Ci,ι(i) + Ci,ι(i)




J−1∏

j=ι(i)

f̂j − 1


 , (1.7)

by the more robust value

νiq̂β̂
CL
ι(i) = νiβ̂

CL
ι(i)

∑I
i=0Ci,ι(i)∑I
i=0 νiβ̂

CL
ι(i)

.
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Therefore one can interpret the Cape Cod method as an application of the CL
algorithm to these more robust diagonal values (see Wüthrich-Merz, 2008).
On the other hand, if we take formula (1.5), the Cape Cod method is close
to the Bornhuetter-Ferguson (1972) (BF) method in which the predictor of
the ultimate claim is given by

ĈBF
i,J = Ci,ι(i) + µ̂i

(
1− β̂ι(i)

)
,

where µ̂i is an a priori estimate of the expected ultimate claim E[Ci,J ]. In
the BF method µ̂i is usually an estimate that incorporates the premiums νi.
Mack (2006) criticises the use of the CL pattern in the BF method and sug-
gests different estimates. Saluz et al. (2011) argue that the information from
the premiums should be incorporated in the estimation of the development
pattern in the BF method and derive corresponding ML estimators. For the
Cape Cod method we suggest similar estimators that incorporate the pre-
miums. The suggested estimators are derived from the best linear unbiased
estimators. In Section 2.2 we will see that under the assumption that incre-
mental claims are over-dispersed Poisson (ODP) distributed, these estimators
coincide with the maximum likelihood (ML) estimators.

In order to quantify the uncertainties in the Cape Cod predictions we will
consider second moments. The conditional MSEP for accident year i > I−J ,
given DI , is given by

msepCi,J |DI
(ĈCC

i,J ) = E

[(
Ci,J − ĈCC

i,J

)2∣∣∣∣DI
]

= E



(

J∑

j=I−i+1

Xi,j − νiq̂
(

1− β̂I−i
))2

∣∣∣∣∣∣
DI




=
J∑

j=I−i+1

Var(Xi,j)

︸ ︷︷ ︸
PVi

+ ν2i

(
q(1− βI−i)− q̂

(
1− β̂I−i

))2
︸ ︷︷ ︸

=PEEi

,

(1.8)

where PVi is the process variance of accident year i, which describes the
randomness of the Xi,j, and PEEi is the parameter estimation error, which
describes the uncertainties in the parameter estimates.

Similarly, for aggregated accident years we want to estimate

msep∑I
i=I−J+1 Ci,J |DI

(
I∑

i=I−J+1

ĈCC
i,J

)
= E



(

I∑

i=I−J+1

(
Ci,J − ĈCC

i,J

))2
∣∣∣∣∣∣
DI


 .
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In order to estimate the conditional MSEP we need to introduce a stochastic
model.

2 Stochastic Model for the Cape Cod

Method

2.1 Cape Cod Method in a Distribution-free

Model

For the estimation of the prediction uncertainty in the Cape Cod method we
assume the following underlying distribution-free model.

Model Assumptions 2.1 (Cape Cod Model).
Incremental claims Xi,j are independent and there exist positive parameters

q, σ2
j , 0 ≤ j ≤ J , and a development pattern γ0, . . . , γJ , with

∑J
j=0 γj = 1

such that

E[Xi,j] = νiqγj and Var(Xi,j) = νiqσ
2
j ,

for 0 ≤ i ≤ I and 0 ≤ j ≤ J .

Note that the premiums νi are ‘on-level’ premiums, that is, premiums
adjusted for business cycles such that the expected loss ratio q is the same
for all accident years.

Parameter Estimation

Under Model Assumptions 2.1 the best linear unbiased estimate for γj is given
by

γ̃rawj =
X[I−j],j
qν[I−j]

.

In general the γ̃rawj ’s do not sum up to 1 and hence we consider the normalised
development pattern

γ̂j =
γ̃rawj∑J
j=0 γ̃

raw
j

.

Note that the normalised development pattern γ̂j does not depend on the
unknown loss ratio q. Hence we can replace the raw development pattern by

γ̂rawj =
X[I−j],j
ν[I−j]

, (2.1)
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which will be used in the sequel. The cumulative development pattern is
estimated by

β̂j =

j∑

k=0

γ̂k =
β̂rawj

β̂rawJ

, (2.2)

where β̂rawj =
∑j

k=0 γ̂
raw
k and γ̂rawj is given in (2.1).

The best linear unbiased estimator for q based on the observations Xi,j,
i+ j ≤ I, j ≤ J , is given by

q̃ =

∑J
j=0

∑I−j
i=0 Xi,j

γj
σ2
j

∑J
j=0

∑I−j
i=0 νi

γ2j
σ2
j

.

If we insert the estimate

γ̂j =
X[I−j],j/ν[I−j]∑J
l=0X[I−l],l/ν[I−l]

= γ̂rawj /β̂rawJ (2.3)

for γj, we obtain

̂̂q =

∑J
j=0

∑I−j
i=0 Xi,j

X[I−j],j/ν[I−j]

β̂raw
J σ2

j

∑J
j=0 ν[I−j]

X2
[I−j],j

/(ν[I−j])
2

(β̂raw
J )

2
σ2
j

= β̂rawJ = q̂.

The third equation is derived as follows

q̂ =

∑I
i=0Ci,ι(i)∑I
i=0 νiβ̂ι(i)

=

∑I
i=0Ci,ι(i)∑

i+j≤I,
j≤J

νi
X[I−j],j/ν[I−j]

β̂raw
J

=
β̂rawJ

∑J
j=0X[I−j],j

∑J
j=0 ν[I−j]

X[I−j],j

ν[I−j]

= β̂rawJ = ̂̂q.

(2.4)

Hence, in the Cape Cod Model 2.1 the use of the Cape Cod loss ratio es-
timate (1.6) can be justified by a derivation from the best linear unbiased
estimate of q. Under Model Assumptions 2.1 we therefore use the following
estimates

γ̂j =

X[I−j],j

ν[I−j]∑J
l=0

X[I−l],l

ν[I−l]

, q̂ =

∑I
i=0Ci,ι(i)∑I
i=0 νiβ̂ι(i)

=
J∑

l=0

X[I−l],l
ν[I−l]

. (2.5)

Note that the loss ratio q̂ corresponds to the multiplicative normalisation
factor β̂rawJ of the non-normalised development pattern given in (2.1). We
could therefore omit the loss ratio estimate if the development pattern is not
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normalised: For the Cape Cod reserve and ultimate prediction for accident
years i ≥ I − J + 1 we have

R̂CC
i = νiq̂

(
1− β̂I−i

)
= νiβ̂

raw
J

(
1− β̂rawI−i

β̂rawJ

)
= νi

(
β̂rawJ − β̂rawI−i

)
, (2.6)

ĈCC
i,J = Ci,I−i + R̂CC

i . (2.7)

For the estimation of the conditional MSEP we further need estimates for
qσ2

j . Note that

q̂σ2
j =

1

I − j

I−j∑

i=0

1

νi

(
Xi,j − νiγ̂rawj

)2
, 0 ≤ j ≤ J, j 6= I, (2.8)

is an unbiased estimator for qσ2
j , j 6= I. If I = J we use the extrapolation

from Mack (1993)

q̂σ2
J = min

(
q̂σ2

J−1, q̂σ
2
J−2,

q̂σ2
2

J−1

q̂σ2
J−2

)
= min

(
q̂σ2

J−2,
q̂σ2

2

J−1

q̂σ2
J−2

)
.

Prediction Uncertainty

The conditional MSEP can be estimated as follows:

Estimate 2.2 (MSEP, Cape Cod Model). Under Model Assumptions 2.1 the
conditional MSEP of the Cape Cod predictor ĈCC

i,J given in (2.7) is estimated
by

m̂sepCi,J |DI

(
ĈCC
i,J

)
= P̂Vi + P̂EEi,

where P̂Vi and P̂EEi are given by

P̂Vi =
J∑

j=I−i+1

νiq̂σ2
j , P̂EEi = ν2i

J∑

j=I−i+1

q̂σ2
j

ν[I−j]
, (2.9)

and where q̂σ2
j is given in (2.8). For aggregated accident years the correspond-

ing conditional MSEP is estimated by

m̂sep∑I
i=I−J+1 Ci,J |DI

(
I∑

i=I−J+1

ĈCC
i,J

)

=
I∑

i=I−J+1

m̂sepCi,J |DI

(
ĈCC
i,J

)
+ 2

∑

I−J+1≤i<k≤I
P̂EEi,k,
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where P̂EEi,k is given by

P̂EEi,k = νiνk

J∑

j=I−i+1

q̂σ2
j

ν[I−j]
, i < k.

Derivation of Estimate 2.2:
For the conditional MSEP of accident year i ≥ I − J we have

msepCi,J |DI

(
ĈCC
i,J

)
= E

[(
Ci,J − ĈCC

i,J

)2∣∣∣∣DI
]

= E



(

J∑

j=I−i+1

Xi,j − νi
(
β̂rawJ − β̂rawI−i

))2
∣∣∣∣∣∣
DI




=
J∑

j=I−i+1

Var(Xi,j) + ν2i

(
β̂rawJ − β̂rawI−i − q(1− βI−i)

)2

=
J∑

j=I−i+1

νiqσ
2
j

︸ ︷︷ ︸
PVi

+ ν2i

(
J∑

j=I−i+1

(
γ̂rawj − qγj

)
)2

︸ ︷︷ ︸
PEEi

.

We estimate the process variance PVi by inserting the parameter estimates
given in (2.8)

P̂Vi =
J∑

j=I−i+1

νiq̂σ2
j .

For the estimation of the parameter estimation error of accident year i we
observe that γ̂rawj is an unbiased estimator for qγj. We approximate PEEi by
taking the average over all possible observations DI that is, we consider the
expected value

E[PEEi] = ν2i Var

(
J∑

j=I−i+1

γ̂rawj

)
= ν2i

J∑

j=I−i+1

1
(
ν[I−j]

)2
I−j∑

l=0

Var(Xl,j)

= ν2i

J∑

j=I−i+1

1
(
ν[I−j]

)2
I−j∑

l=0

νlqσ
2
j = ν2i

J∑

j=I−i+1

qσ2
j

ν[I−j]
.

Hence we estimate the parameter estimation error by

P̂EEi = ν2i

J∑

j=I−i+1

q̂σ2
j

ν[I−j]
,
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which yields the estimator m̂sepCi,J |DI

(
ĈCC
i,J

)
given in Estimate 2.2.

Next we consider the conditional MSEP of aggregated accident years given
by

msep∑I
i=I−J+1 Ci,J |DI

(
I∑

i=I−J+1

ĈCC
i,J

)
= E



(

I∑

i=I−J+1

(
Ci,J − ĈCC

i,J

))2
∣∣∣∣∣∣
DI




=
I∑

i=I−J+1

msepCi,J |DI
(ĈCC

i,J ) + 2
∑

i<k

E

[(
J∑

j=I−i+1

Xi,j − νi
(
β̂rawJ − β̂rawI−i

))

×
(

J∑

j=I−k+1

Xk,j − νk
(
β̂rawJ − β̂rawI−k

)) ∣∣∣∣∣DI
]

=
I∑

i=I−J+1

msepCi,J |DI
(ĈCC

i,J )

+ 2
∑

i<k

νiνk

(
q(1− βI−i)−

(
β̂rawJ − β̂rawI−i

))(
q(1− βI−k)−

(
β̂rawJ − β̂rawI−k

))

︸ ︷︷ ︸
PEEi,k

.

Therefore, we need to estimate for i < k

PEEi,k = νiνk

(
β̂rawJ − β̂rawI−i − q(1− βI−i)

)(
β̂rawJ − β̂rawI−k − q(1− βI−k)

)
.

We approximate PEEi,k by its expected value

E[PEEi,k] = νiνkCov

(
J∑

j=I−i+1

γ̂rawj ,
J∑

l=I−k+1

γ̂rawl

)

= νiνk

J∑

j=I−i+1

Var
(
γ̂rawj

)
= νiνk

J∑

j=I−i+1

qσ2
j

ν[I−j]
, i < k,

and estimate PEEi,k by

P̂EEi,k = νiνk

J∑

j=I−i+1

q̂σ2
j

ν[I−j]
, i < k.

Therefore we derived the formulas given in Estimate 2.2.

2

169



Saluz

Conditional MSEP of the One-year Claims
Development Result

So far we have considered the prediction of the outstanding liabilities at time
I. At the end of accounting year I we have an additional diagonal of obser-
vations in the claims triangle/trapezoid and the predictions of the ultimate
claims are updated according to this new information. The one-year CDR
is the difference between two successive predictors of the ultimate claim (see
for instance Merz-Wüthrich, 2008). More precisely, we define the CDR for
accounting year I + 1 and for accident year i by

CDR
(I+1)
i = Ĉ

(I)
i,J − Ĉ

(I+1)
i,J , (2.10)

where Ĉ
(k)
i,J , k = I, I + 1, denotes the prediction of Ci,J at time k. Under the

Cape Cod Model 2.1 we have for I − J + 1 ≤ i ≤ I and k = I, I + 1,

Ĉ
(k)
i,J = Ci,k−i + νiq̂

(k)
(

1− β̂(k)
k−i

)
= Ci,k−i + νi

(
β̂
(k)raw
J − β̂(k)raw

k−i

)
,

where q̂(k) = β̂
(k)raw
J and

β̂
(k)raw
j =

j∑

l=0

γ̂
(k)raw
l , with γ̂

(k)raw
j =

X[k−j],j
ν[k−j]

.

Similarly, we define the CDR for aggregated accident years at time I + 1 by

CDR(I+1) =
I∑

i=I−J+1

CDR
(I+1)
i .

At time I we predict CDR
(I+1)
i by 0 since we consider Ĉ

(I)
i,J as best estimate

based on the available information at time I. New solvency regulations such
as the Swiss Solvency Test, FINMA (2006), require additional risk capital
for protection against possible shortfalls in this one-year CDR. In order to
quantify uncertainties in the CDRs we consider second moments given by

msep
CDR

(I+1)
i |DI

(0) = E

[(
CDR

(I+1)
i

)2∣∣∣∣DI
]
,

msepCDR(I+1)|DI
(0) = E

[(
CDR(I+1)

)2∣∣∣∣DI
]
.

These conditional MSEPs are estimated as follows:
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Estimate 2.3 (MSEP CDR, Cape Cod Model).
Under Model Assumptions 2.1 the conditional MSEP of the CDR of accident
year i given in (2.10) is estimated by

m̂sep
CDR

(I+1)
i |DI

(0) = νiq̂σ2
I+1−i

ν[i]
ν[i−1]

+ ν2i

J∑

j=I+2−i
q̂σ2

j

νI+1−j
ν[I−j]ν[I+1−j]

,

where the q̂σ2
j’s are given in (2.8). For aggregated accident years the corre-

sponding conditional MSEP is estimated by

m̂sepCDR(I+1)|DI
(0) =

I∑

i=I−J+1

m̂sep
CDR

(I+1)
i |DI

(0)

+ 2
∑

i<k

νiνk

(
q̂σ2

I+1−i
ν[i−1]

+
J∑

j=I+2−i

q̂σ2
jνI+1−j

ν[I−j]ν[I+1−j]

)
.

Derivation of Estimate 2.3:
We have for I + 1− i ≤ J

CDR
(I+1)
i = −Xi,I+1−i + νi

(
β̂
(I)raw
J − β̂(I)raw

I−i − β̂(I+1)raw
J + β̂

(I+1)raw
I+1−i

)

= −Xi,I+1−i + νi

(
J∑

j=I+1−i
γ̂
(I)raw
j −

J∑

j=I+2−i
γ̂
(I+1)raw
j

)

= −Xi,I+1−i + νi

(
J∑

j=I+2−i

(
γ̂
(I)raw
j

(
1− ν[I−j]

ν[I+1−j]

)
− XI+1−j,j

ν[I+1−j]

)
+ γ̂

(I)raw
I+1−i

)

= νiqγI+1−i −Xi,I+1−i

+ νi

(
J∑

j=I+2−i

(
γ̂
(I)raw
j

νI+1−j
ν[I+1−j]

− XI+1−j,j
ν[I+1−j]

)
+ γ̂

(I)raw
I+1−i − qγI+1−i

)
, (2.11)

and therefore

msep
CDR

(I+1)
i |DI

(0) = νiqσ
2
I+1−i + ν2i

(
γ̂
(I)raw
I+1−i − qγI+1−i

)2

+ 2ν2i

(
γ̂
(I)raw
I+1−i − qγI+1−i

)( J∑

j=I+2−i

(
γ̂
(I)raw
j − qγj

) νI+1−j
ν[I+1−j]

)
+ ν2i

× E



(

J∑

j=I+2−i

((
γ̂
(I)raw
j − qγj

) νI+1−j
ν[I+1−j]

− XI+1−j,j − νI+1−jqγj
ν[I+1−j]

))2
∣∣∣∣∣∣
DI


 .
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For the last term we have

E



(

J∑

j=I+2−i

((
γ̂
(I)raw
j − qγj

) νI+1−j
ν[I+1−j]

− XI+1−j,j − νI+1−jqγj
ν[I+1−j]

))2
∣∣∣∣∣∣
DI




=
J∑

j=I+2−i

{(
γ̂
(I)raw
j − qγj

)2 ν2I+1−j(
ν[I+1−j]

)2 + E

[(
XI+1−j,j − νI+1−jqγj

ν[I+1−j]

)2
]}

+ 2
∑

j<k

(
γ̂
(I)raw
j − qγj

)(
γ̂
(I)raw
k − qγk

) νI+1−jνI+1−k
ν[I+1−j]ν[I+1−k]

.

As in the case of the conditional MSEP of the ultimate claim, we approximate
the unknown terms by their expected values. After replacing the unknown
parameters by their estimates we arrive at the following estimator

m̂sep
CDR

(I+1)
i |DI

(0)

= νiq̂σ2
I+1−i + ν2i V̂ar

(
γ̂
(I)raw
I+1−i

)

+ ν2i

J∑

j=I+2−i

(
V̂ar

(
γ̂
(I)raw
j

) ν2I+1−j(
ν[I+1−j]

)2 +
V̂ar(XI+1−j,j)(
ν[I+1−j]

)2

)

= νiq̂σ2
I+1−i + ν2i

q̂σ2
I+1−i

ν[i−1]
+ ν2i

J∑

j=I+2−i

(
q̂σ2

j

ν[I−j]

ν2I+1−j(
ν[I+1−j]

)2 +
νI+1−j q̂σ2

j(
ν[I+1−j]

)2

)

= νiq̂σ2
I+1−i

ν[i]
ν[i−1]

+ ν2i

J∑

j=I+2−i
q̂σ2

j

νI+1−j
ν[I−j]ν[I+1−j]

,

where the variances Var
(
γ̂
(I)raw
j

)
and Var(XI+1−j,j) are estimated by insert-

ing the parameter estimates for qσ2
j , that is,

V̂ar
(
γ̂
(I)raw
j

)
=

q̂σ2
j

ν[I−j]
and V̂ar(XI+1−j,j) = νI+1−j q̂σ2

j.

Similarly, we obtain for aggregated accident years

msepCDR(I+1)|DI
(0)

=
I∑

i=I−J+1

msep
CDR

(I+1)
i |DI

+ 2
∑

i<k

E
[

CDR
(I+1)
i CDR

(I+1)
k

∣∣∣DI
]
.
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With (2.11) we obtain

E
[

CDR
(I+1)
i CDR

(I+1)
k

∣∣∣DI
]

= νk
νi
ν[i]
qσ2

I+1−i

+ νiνk

J∑

j=I+2−i

J∑

l=I+2−k

(
γ̂
(I)raw
j − qγj

)(
γ̂
(I)raw
l − qγl

) νI+1−jνI+1−l
ν[I+1−j]ν[I+1−l]

+ νiνk

J∑

j=I+2−i

νI+1−j(
ν[I+1−j]

)2 qσ2
j

+ νiνk

(
γ̂
(I)raw
I+1−i − qγI+1−i

) J∑

j=I+2−k

(
γ̂
(I)raw
j − qγj

) νI+1−j
ν[I+1−j]

+ νiνk

(
γ̂
(I)raw
I+1−i − qγI+1−i

)(
γ̂
(I)raw
I+1−k − qγI+1−k

)
.

This term is approximated by its unconditional expected value

νk
νi
ν[i]
qσ2

I+1−i + νiνk

J∑

j=I+2−i

νI+1−jqσ2
j

(ν[I+1−j])2

(
νI+1−j
ν[I−j]

+ 1

)
+ νiνk

νiqσ
2
I+1−i

ν[i]ν[i−1]

= νiνk

(
qσ2

I+1−i
ν[i−1]

+
J∑

j=I+2−i

qσ2
j νI+1−j

ν[I−j]ν[I+1−j]

)
.

After inserting the parameter estimates we arrive at the formulas given in
Estimate 2.3.

2

In order to compare the formula given in Estimate 2.3 with the formula
for the conditional MSEP of the predictor for the ultimate claim given in
Estimate 2.2, we rewrite Estimate 2.3 as follows

m̂sep
CDR

(I+1)
i |DI

(0) = νiq̂σ2
I+1−i + ν2i

q̂σ2
I+1−i

ν[i−1]
+ ν2i

J∑

j=I+2−i

q̂σ2
j

ν[I−j]

νI+1−j
ν[I+1−j]

.

Note that the conditional MSEP of the CDR considers only the first term of
P̂Vi, which corresponds to the variance in the next diagonal. For the param-
eter estimation error the first term is fully incorporated and all other terms

in P̂EEi are scaled down by the factors νI+1−j/ν[I+1−j] < 1. Similar relations
are observed in the case of the CL method, see Merz-Wüthrich (2008) and
Bühlmann et al. (2009).
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2.2 Over-dispersed Poisson (ODP) Model

A special case of Model Assumptions 2.1 is obtained by assuming that the
incremental claims are ODP distributed with constant dispersion parameter
φ that is, Xi,j/φ ∼ Poisson(νiqγj/φ). Note that incremental claims are in
this case assumed to be positive.

Model Assumptions 2.4 (ODP Model).
Incremental claims Xi,j are independent and ODP distributed with

E[Xi,j] = νiqγj and Var(Xi,j) = φνiqγj = φE[Xi,j],

for 0 ≤ i ≤ I and 0 ≤ j ≤ J , where γ0, . . . , γJ , φ and q are positive parameters
and

∑J
j=0 γj = 1.

The ODP model is well-known in claims reserving and was for instance
used in England-Verrall (2002).

Theorem 2.5. Under Model Assumptions 2.4 the ML estimates for q and γj
coincide with the estimates given in (2.5).

Proof: The log-likelihood function is given by

lDI
=

∑

i+j≤I,j<J

1

φ
(Xi,j (log νi + log(qγj))− νiqγj) + r

+
I−J∑

i=0

1

φ

(
Xi,J

(
log νi + log

(
q −

J−1∑

j=0

qγj

))
− νi

(
q −

J−1∑

j=0

qγj

))
,

where r is a term that does not depend on the parameters q and γ0, γ1, . . . , γJ .
Note that the ML estimate for q yields

q̂ =

∑I
i=0Ci,ι(i)∑I
i=0 νiβ̂ι(i)

, (2.12)

which is the formula for the Cape Cod loss ratio estimate. The ML estimate
for γj, 0 ≤ j ≤ J , is given by the equation

γ̂j =
X[I−j],j

ν[I−j]q̂ +
X[I−J],J

γ̂J
− ν[I−J ]q̂

,

where γ̂J = 1−∑J−1
j=0 γ̂j. The equation for γ̂j can be rewritten as

γ̂j =
X[I−j],j

ν[I−j]q̂ + κ
, (2.13)
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where κ =
X[I−J],J

γ̂J
− ν[I−J ]q̂ > −ν[I−J ]q̂ ensures that

∑J
j=0 γ̂j = 1. We insert

the estimates γ̂j in the ML equation for q and obtain

q̂ =

∑I
i=0Ci,ι(i)∑I

i=0 νi
∑ι(i)

j=0

X[I−j],j

ν[I−j]q̂+κ

.

It follows that

I∑

i=0

Ci,ι(i) =
∑

i+j≤I,
j≤J

Xi,j = q̂
∑

i+j≤I,
j≤J

νi
X[I−j],j

ν[I−j]q̂ + κ
= q̂

J∑

j=0

ν[I−j]
X[I−j],j

ν[I−j]q̂ + κ
,

and hence

0 =
J∑

j=0

X[I−j],j

(
1− q̂ν[I−j]

ν[I−j]q̂ + κ

)
=

J∑

j=0

X[I−j],j
κ

ν[I−j]q̂ + κ
= κ

J∑

j=0

γ̂j = κ.

From κ = 0 and the constraint
∑J

j=0 γ̂j = 1 it follows with (2.13) that

q̂ =
J∑

j=0

X[I−j],j
ν[I−j]

,

and from (2.4) we know that q̂ also satisfies the ML equation (2.12). We
conclude that the ML estimates for q and for the γj’s under Model Assump-
tions 2.4 are given by

γ̂j =

X[I−j],j

ν[I−j]∑J
l=0

X[I−l],l

ν[I−l]

=
γ̂rawj

β̂rawJ

, q̂ =

∑I
i=0Ci,ι(i)∑I
i=0 νiβ̂ι(i)

=
J∑

l=0

X[I−l],l
ν[I−l]

= β̂rawJ ,

as in (2.5), which proves the claim.

2

Since the parameter estimates are as in (2.5), we can use Estimate 2.2 for
the estimation of the conditional MSEP, we just need to replace the estimates
for qσ2

j , 0 ≤ j ≤ J , by some estimates for φqγj. As in Wüthrich-Merz (2008)
we suggest to estimate φ with the help of Pearson residuals

φ̂ =
1

|DI | − (J + 1)

∑

i+j≤I
j≤J

(Xi,j − νiγ̂rawj )2

νiγ̂rawj

. (2.14)

Replacing the estimates σ̂2
j by φ̂γ̂rawj in Estimate 2.2 we obtain the following

estimators:
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Estimate 2.6 (MSEP, ODP Model). Under Model Assumptions 2.4 the con-
ditional MSEP of the Cape Cod predictor ĈCC

i,J given in (2.7) is estimated
by

m̂sepCi,J |DI

(
ĈCC
i,J

)
= P̂Vi + P̂EEi = φ̂R̂CC

i + ν2i φ̂
J∑

j=I−i+1

X[I−j],j(
ν[I−j]

)2 ,

where φ̂ and R̂CC
i are given in (2.14) and (2.6). For aggregated accident years

the corresponding conditional MSEP is estimated by

m̂sep∑I
i=I−J+1 Ci,J |DI

(
I∑

i=I−J+1

ĈCC
i,J

)

=
I∑

i=I−J+1

m̂sepCi,J |DI

(
ĈCC
i,J

)
+ 2

∑

I−J+1≤i<k≤I
νiνkφ̂

J∑

j=I−i+1

X[I−j],j(
ν[I−j]

)2 .

Analogously an estimator for the uncertainty in the one-year CDR is

obtained from Estimate 2.3 by replacing q̂σ2
j by φ̂γ̂rawj , with φ̂ given in (2.14).

Remark 2.7. Under Model Assumptions 2.4, if µi = νiq, 0 ≤ i ≤ I, are con-
sidered as unknown parameters and if the µi’s and γj’s are both estimated by
ML estimation then it is well-known that the resulting development pattern is
the CL development pattern (see e.g. Mack, 1991 or Renshaw-Verrall, 1998).
The result goes back to Hachemeister-Stanard (1975). For the estimation
of the correlations in the CL development pattern one can therefore use the
Fisher information matrix. This approach is also used by Alai et al. (2010).
Alai et al. (2010) derive an estimate for the conditional MSEP in the BF
method in the case where the CL development pattern is used. However,
in the Cape Cod method the premiums are assumed to be known and hence
ignoring this information for the estimation of the development pattern is not
consistent with the Cape Cod assumptions and thus we do not consider this
case in more detail.

3 Example

We use data from Wüthrich-Merz (2008), which is given in Table 9. We calcu-
late the reserves, process standard deviation, parameter estimation error and
conditional MSEP for the Cape Cod Model 2.1 and for the ODP Model 2.4.
Results from the Cape Cod Model 2.1 are given in Table 2. The correspond-
ing parameter estimates are given in Table 3. The loss ratio estimates are
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given by q̂ = β̂rawJ = 0.674 for the Cape Cod Model 2.1. The coefficient of
variation of a reserve estimate R̂i is estimated as

ĈoVa
(
R̂i

)
=

√
m̂sepRi|DI

(
R̂i

)

R̂i

=

√
m̂sepCi,J |DI

(
Ĉi,J

)

R̂i

.

i Reserves PV1/2 PEE1/2 MSEP1/2 CoVa
1 15’209 175 172 245 1.6%
2 25’619 684 486 840 3.3%
3 35’874 2’596 1’481 2’989 8.3%
4 90’234 7’556 3’836 8’474 9.4%
5 166’584 29’088 13’300 31’984 19.2%
6 314’665 67’560 28’248 73’227 23.3%
7 528’055 80’011 32’234 86’260 16.3%
8 1’200’820 152’676 55’740 162’533 13.5%
9 4’240’562 393’823 135’844 416’594 9.8%

total 6’617’622 436’215 201’730 480’610 7.3%

Table 2: Results Cape Cod Model 2.1: Reserves, Process Standard Deviation,
Parameter Estimation Error, conditional MSEP and Coefficient of Variation
according to Estimate 2.2.

j γ̂raw
j q̂σ2

j

0 39.49% 9’760
1 19.58% 8’585
2 4.67% 1’172
3 1.51% 132
4 1.01% 251
5 0.49% 52
6 0.37% 3.5
7 0.08% 0.45
8 0.08% 0.03
9 0.10% 0.002

Table 3: Cape Cod Model 2.1: Parameter estimates (2.1) and (2.8).

For the Cape Cod Model 2.1 we also calculate the uncertainty in the
CDR given by Estimate 2.3 and we compare these numbers with the con-
ditional MSEP of the ultimate claim (see Estimate 2.2). Note that most
of the uncertainty is contained in the next accounting year. As stated in
Merz-Wüthrich (2008), this is to be expected for a triangle with short tailed
development.

The results obtained from the ODP Model 2.4 are given in Table 5. In the
ODP Model 2.4 we have a constant dispersion parameter φ for all development

years. Since φ̂γ̂rawj >> q̂σ2
j for late development years (see Tables 3 and 6),
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i m̂sep
1/2

CDR
(I+1)
i |DI

(0) % of total uncertainty

1 245 100%
2 813 97%
3 2’886 97%
4 7’943 94%
5 30’845 96%
6 66’215 90%
7 48’072 56%
8 138’472 85%
9 382’114 92%

total 429’567 89.4%

Table 4: Cape Cod Model 2.1: Uncertainty in the CDR according to Esti-

mate 2.3 and m̂sep
1/2

CDR
(I+1)
i |DI

(0)/m̂sep
1/2
Ci,J |DI

(
Ĉi,J

)
for comparison with Es-

timate 2.2.

the process standard deviation in early accident years is much higher in this
model compared to the Cape Cod Model 2.1 (see Table 2 and Table 5).
However, for the total over all accident years the process standard deviations
in the Cape Cod Model 2.1 (Table 2) are higher than in the ODP Model 2.4
(Table 5).

i Reserves PV1/2 PEE1/2 MSEP1/2 CoVa
1 15’209 18’129 17’780 25’393 167.0%
2 25’619 23’530 20’246 31’041 121.2%
3 35’874 27’843 21’489 35’172 98.0%
4 90’234 44’159 27’869 52’218 57.9%
5 166’584 60’000 33’988 68’958 41.4%
6 314’665 82’463 40’870 92’035 29.2%
7 528’055 106’826 47’701 116’992 22.2%
8 1’200’820 161’092 63’570 173’182 14.4%
9 4’240’562 302’725 108’952 321’734 7.6%

total 6’617’622 378’170 290’414 476’815 7.2%

Table 5: Results ODP Model 2.4: Reserves, Process Standard Deviation,
Parameter Estimation Error, conditional MSEP and Coefficient of Variation
according to Estimate 2.6.
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j γ̂raw
j φ̂γ̂raw

j

0 39.49% 8’535
1 19.58% 4’231
2 4.67% 1’010
3 1.51% 326
4 1.01% 219
5 0.49% 105
6 0.37% 79
7 0.08% 17
8 0.08% 16
9 0.10% 22

Table 6: ODP Model 2.4: Parameter estimates (2.1) and φ̂ as in (2.14).

In Table 7 we compare the CL development pattern to the development
pattern given in (2.5). In this example the development patterns are very
similar.

j γ̂j γ̂CL
j

0 58.62% 58.96%
1 29.06% 29.04%
2 6.94% 6.84%
3 2.24% 2.17%
4 1.50% 1.44%
5 0.72% 0.69%
6 0.54% 0.51%
7 0.12% 0.11%
8 0.11% 0.10%
9 0.15% 0.14%

Table 7: Normalised development pattern (2.3) and CL development pattern
calculated from (1.4) with γ̂CL0 = β̂CL0 and γ̂CLj = β̂CLj − β̂CLj−1, j > 0.

For comparison we give the results obtained with the CL method accord-
ing to Mack (1993). However, due to different model assumptions underlying
the CL and the Cape Cod method it is difficult to compare these results.
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i Reserves PV1/2 PEE1/2 MSEP1/2 CoVa
1 15’126 191 187 267 1.8%
2 26’257 742 535 914 3.5%
3 34’538 2’669 1’493 3’058 8.9%
4 85’302 6’832 3’392 7’628 8.9%
5 156’494 30’478 13’517 33’341 21.3%
6 286’121 68’212 27’286 73’467 25.7%
7 449’167 80’077 29’675 85’398 19.0%
8 1’043’242 126’960 43’903 134’337 12.9%
9 3’950’815 389’783 129’769 410’817 10.4%

total 6’047’061 424’379 185’024 462’960 7.7%

Table 8: Results CL according to Mack (1993).
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