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Abstract

Safety-critical interconnected systems are becoming increasingly important in control
theory, as they can represent many infrastructure systems that underpin our society and
economy. Due to their complex interconnected nature, using centralized controllers with
these systems may lead to various issues and complications. Hence, increasing effort has
been devoted to developing distributed and decentralized controllers for safety critical,
interconnected systems. In particular, distributed and decentralized model predictive
control (MPC) schemes have been proposed to control these systems in the presence
of constraints. In these schemes, interconnected systems are decomposed into several
smaller coupled subsystems, each of which has its own local controller. Due to their
complexity, interconnected systems are also subject to various uncertainties in the model
and the topology as well as external disturbances due to additive noise and reference
trajectories. These uncertainties and disturbances might lead to closed-loop performance
degradation or even feasibility and stability problems. In this thesis, we discuss how
to address these challenges and overcome these problems for uncertain interconnected
systems within the MPC framework.

In the first part of this thesis, we present reconfigurable distributed MPC schemes
which avoid feasibility problems in tracking applications. Various efforts have been de-
voted to developing distributed MPC schemes for reference tracking. In these schemes,
terminal sets are usually computed offline and used in the MPC online phase to guaran-
tee recursive feasibility and asymptotic stability. Maximal invariant terminal sets do not
necessarily respect the distributed structure of the network, hindering the distributed
implementation of the controller. On the other hand, structured terminal sets respect
the distributed structure, but may lead to conservative schemes. We propose here novel
distributed MPC schemes for reference tracking of interconnected systems, where the ter-
minal ingredients are reconfigured online depending on the closed-loop states to alleviate
the aforementioned issues. Although the resulting optimal control problems are noncon-
vex infinite-dimensional problems, we show that they can be approximated by quadratic
programs which are amenable to distributed optimization. To show their efficacy, the
proposed schemes are compared in simulation to standard tracking MPC schemes.

In the second part of this thesis, we introduce a passivity-based plug-and-play MPC
scheme which preserves the stability of networks with varying topology. The proposed
scheme allows subsystems to occasionally join and leave the network while preserving
asymptotic stability and recursive feasibility and comprises two main phases. In the
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redesign phase, passivity-based control is used to ensure that asymptotic stability of
the network is preserved. In the transition phase, reconfigurable terminal ingredients
are used to ensure that the distributed MPC problem is initially feasible after the PnP
operation. The efficacy of the proposed scheme is evaluated in simulation by comparing
it to a benchmark scheme. The developed plug-and-play MPC scheme makes use of
a passivity-based decentralized linear state feedback control scheme for discrete-time
interconnected systems, which is also introduced in the second part of the thesis. This
passivity-based decentralized controller is synthesized by locally solving a semidefinite
program offline for each subsystem in a decentralized fashion. This program comprises
local conditions ensuring that the corresponding subsystem is locally passive. Passivity
is ensured with respect to a local virtual output which is different from the local actual
output. The program also comprises local conditions ensuring that the local passivity of
all subsystems implies the asymptotic stability of the whole system. The performance
of the proposed controller is evaluated on a case study in DC microgrids.

Building on all the aforementioned schemes, we finally conclude in the third part of
this thesis by proposing an adaptive learning-based MPC framework which improves the
performance of interconnected systems online in the presence of model uncertainties and
external disturbances. In particular, we develop a novel adaptive learning-based MPC
scheme for interconnected systems which can be decomposed into several smaller dy-
namically coupled subsystems with uncertain coupling. The proposed scheme is mainly
divided into two online phases; a learning phase and an adaptation phase. Set member-
ship identification is used in the learning phase to learn an uncertainty set that contains
the coupling strength using online data. In the adaptation phase, rigid tube-based robust
MPC is used to compute the optimal predicted states and inputs. Besides computing the
optimal trajectories, the MPC ingredients are adapted in the adaptation phase taking
the learnt uncertainty set into account. These MPC ingredients include the prestabiliz-
ing controller, the rigid tube, the terminal ingredients and the tightened state and input
constraints. The recursive feasibility of the proposed scheme as well as the stability of
the corresponding closed-loop system are discussed. The developed scheme is compared
in simulations to existing schemes including robust, adaptive and learning-based MPC.
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Sommario

I sistemi interconnessi critici per la sicurezza stanno diventando sempre piu importanti
nella teoria del controllo, in quanto possono rappresentare molti sistemi infrastrutturali
che sono alla base della nostra societa ed economia. A causa della loro complessa natura
interconnessa, 'utilizzo di controllori centralizzati con questi sistemi puo portare a vari
problemi e complicazioni. Pertanto, sono stati dedicati sforzi crescenti allo sviluppo di
controllori distribuiti e decentralizzati per sistemi interconnessi critici per la sicurezza.
In particolare, sono stati proposti schemi di Model Predictive Control (MPC) distribuiti
e decentralizzati per controllare questi sistemi in presenza di vincoli. In questi schemi,
i sistemi interconnessi sono scomposti in diversi sottosistemi piu piccoli, accoppiati fra
loro, ognuno dei quali ha il proprio controllore locale. A causa della loro complessita, i
sistemi interconnessi sono inoltre soggetti a varie incertezze nel modello e nella topologia,
nonché a disturbi esterni dovuti a rumore additivo e bruschi cambiamenti nella traiet-
toria di riferimento. Queste incertezze e disturbi potrebbero portare a un degrado delle
prestazioni ad anello chiuso o persino a problemi di fattibilita e stabilita. In questa tesi,
discutiamo come affrontare queste sfide e superare questi problemi per sistemi intercon-
nessi incerti all’interno del framework MPC.

Nella prima parte di questa tesi, presentiamo schemi MPC distribuiti riconfigurabili
e con capacita di inseguimento che evitano problemi di fattibilita nel tracciare le ap-
plicazioni. Vari sforzi sono stati dedicati allo sviluppo di schemi MPC distribuiti per
I'inseguimento di riferimenti. In questi schemi, i terminal set sono solitamente calcolati
offline e utilizzati nella fase online del’MPC per garantire fattibilita ricorsiva e stabilita
asintotica. I terminal set massimi invarianti non rispettano necessariamente la struttura
distribuita della rete, ostacolando I'implementazione distribuita del controllore. D’altra
parte, terminal set strutturati rispettano la struttura distribuita, ma possono portare
a schemi conservativi. Proponiamo qui nuovi schemi MPC distribuiti con capacita di
inseguimento di riferimenti per sistemi interconnessi, in cui gli ingredienti terminali ven-
gono riconfigurati online a seconda dello stato in anello chiuso per alleviare i problemi di
cui sopra. Sebbene il problemi di controllo ottimo risultanti siano problemi a dimensione
infinita non convessi, dimostriamo che puo essere approssimato da programmi quadratici
che sono pronta a schemi di ottimizzazione distribuita. Per dimostrare la loro efficacia,
gli schemi proposti vengono confrontati in simulazione con i comuni schemi MPC di
tracciamento.

Nella seconda parte di questa tesi, introduciamo uno schema MPC plug-and-play



basato sulla teoria della passivita che preserva la stabilita delle reti con topologia vari-
abile. Lo schema proposto consente ai sottosistemi di entrare e uscire occasionalmente
dalla rete preservando la stabilita asintotica e la fattibilita ricorsiva e comprende due
fasi principali. Nella fase di riprogettazione, viene utilizzato il controllo basato sulla
passivita per garantire il mantenimento della stabilita asintotica della rete. Nella fase
di transizione, vengono utilizzati componenti terminali riconfigurabili per garantire che
il problema MPC distribuito sia inizialmente fattibile dopo 'operazione PnP. L’efficacia
dello schema proposto viene valutata in simulazione confrontandolo con uno schema di
riferimento. Lo schema MPC plug-and-play sviluppato fa uso di uno schema di controllo
tramite feedback di stato, lineare, decentralizzato, e basato sulla passivita per sistemi in-
terconnessi a tempo discreto, anch’esso introdotto nella seconda parte della tesi. Questo
controllore decentralizzato basato sulla passivita viene sintetizzato risolvendo localmente
un programma semidefinito offline per ogni sottosistema in modo decentralizzato. Questo
programma comprende le condizioni locali che assicurano che il sottosistema corrispon-
dente sia localmente passivo. La passivita e assicurata rispetto ad un’uscita virtuale
locale diversa dall’uscita effettiva locale. 11 programma garantisce anche che le con-
dizioni locali che assicurano che la passivita locale di tutti i sottosistemi implichino la
stabilita asintotica dell’intero sistema. Le prestazioni del controllore proposto vengono
valutate su un caso di studio in microreti DC.

Basandoci su tutti gli schemi di cui sopra, concludiamo infine nella terza parte di
questa tesi proponendo un framework MPC basato sull’apprendimento adattamento
che migliora le prestazioni dei sistemi interconnessi online in presenza di incertezze sul
modello e disturbi esterni. In particolare, sviluppiamo un nuovo schema MPC basato
sull’apprendimento adattamento per sistemi interconnessi che puo essere scomposto in
diversi sottosistemi piu piccoli accoppiati dinamicamente con accoppiamento incerto. Lo
schema proposto si articola principalmente in due fasi online; una fase di apprendimento
e una fase di adattamento. Uno schema di set membership identification viene utilizzato
nella fase di apprendimento per apprendere un set di incertezze che contiene il peso di
accoppiamento utilizzando dati online. Nella fase di adattamento, viene utilizzato uno
schema MPC robusto basato su tubi rigidi per calcolare gli stati e gli input ottimali
previsti. Oltre a calcolare le traiettorie ottimali, i componenti del’MPC vengono adat-
tati nella fase di adattamento tenendo conto dell’incertezza appresa. Questi componenti
MPC includono il controllore di prestabilizzazione, il tubo rigido, i componenti termi-
nali e i vincoli ristretti di stato e ingresso. Vengono discusse la fattibilita ricorsiva dello
schema proposto e la stabilita del corrispondente sistema ad anello chiuso. Lo schema
sviluppato viene confrontato nelle simulazioni con schemi esistenti, tra cui MPC robusto,
adattamento e basato sull’apprendimento.
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CHAPTER ]. .

Overview

Many infrastructure systems have become nowadays indispensable for the progress of
civilizations since these systems are extensively daily used by the society. Examples of
such systems include, but are not limited to, power, water, and transportation networks.
Hence, there are great motives and tremendous efforts to improve the performance of
these networks. The main challenge behind enhancing the efficiency of such networks is
their complex interconnected nature. However, the massive advancements in the com-
putational and communication technologies have paved the way for further performance
improvements. In particular, more advanced control schemes can be developed for such
systems by making use of the latest technologies.

Model Predictive Control (MPC) is an advanced control strategy which solves a con-
strained optimization problem repeatedly to optimally control a given system [RMD17;
BBM17; KC16]. In particular, a discrete-time open-loop optimal control problem (OCP)
is solved over a finite-time horizon at each time instant taking the current state of the
system into account. The output of this OCP is a control sequence whose first entry
is applied to the system. At the next time instant, the whole procedure is repeated
in a receding horizon fashion. MPC is well known for its ability to control a broad
range of systems, handle the optimization requirements in a systematic manner, take
state and input constraints into consideration and make use of the predicted behavior
of the system. Due to its strong theoretical guarantees and successful industrial ap-
plications, MPC has recently gained huge attention. Furthermore, recent technological
advances (e.g. computing hardware and software) and mathematical developments (e.g.
computational algorithms for optimization) have made the practical implementation of
MPC easier. Therefore, MPC is found to be a promising contender to control complex
interconnected systems.

MPC is typically designed in a centralized fashion, that is, a central online optimal
control problem is solved for the whole system at each time instant to globally compute
the optimal control input. When dealing with complex interconnected systems, using
centralized MPC schemes might be cumbersome and suffers several drawbacks in many
cases. First, such schemes schemes are not scalable. In other words, their complexity



increase enormously as the size of the problem increases. In addition, they are not robust
against failure since the whole network is influenced by any failure in the control unit.
Moreover, they suffer privacy issues since the information of the whole network is shared
and communicated with the same entity. These schemes can also face many problems
due to data collection and time delays. Last but not least, they are not efficient when
it comes to networks whose topology changes from time to time. This is because an
entirely new control design is required if any slight change in the network occurs.

To circumvent the aforementioned drawbacks, other MPC variants are proposed for
controlling complex interconnected systems. These variants include distributed, decen-
tralized and hierarchical MPC [MN14; Sca09; NM14; Chr+13]. The idea behind these
variants is to decompose the overall system into several smaller coupled subsystems and
to design a local controller for each subsystem. In distributed MPC, each local con-
troller can communicate with a set of other local controllers online. Distributed MPC
is characterized by its ability to efficiently control strongly coupled networks. In hier-
archical MPC, the lower level local controller of each subsystem communicates with a
higher level central coordinator. On the contrary, the local controllers of all subsystems
communicate neither with a central coordinator nor with each other in decentralized
MPC. Hence, decentralized MPC is characterized by its reduced communication and
computational demands. Different versions of the aforementioned variants have been
developed over the years. For example, some versions are developed for dynamically
coupled systems, whereas others are developed for systems coupled through the con-
straints. Some versions are cooperative in the sense that the local controllers behave for
the benefit of the overall system, whereas others are noncooperative in the sense that
the local controllers behave selfishly.

Despite the past massive efforts, control design of complex constrained interconnected
systems is still a challenging task and a topic of ongoing research for various reasons.
Due to their complexity, detailed accurate models of such systems can be difficult to
obtain and/or complicated to use. Hence, simplified nominal models are usually used
instead for the control design. In this case, the discrepancy between the accurate and
nominal models should be taken into account to yield satisfactory performance. Hence,
novel MPC schemes should be developed for complex constrained interconnected systems
in the presence of parametric uncertainties and additive disturbances. Moreover, the
topology of complex interconnected systems may vary over time. In other words, various
agents may occasionally join and leave the system. These plug-in and plug-out operations
might destabilize the overall system in some cases. Thus, novel MPC schemes should be
proposed to preserve the asymptotic stability of interconnected systems in the presence
of topology changes. In addition, interconnected systems might be required to track
non-zero target points. Tracking such points might lead to feasibility problems. Even in
the absence of feasibility problems, the system might still not be able to track the target
signal successfully. Therefore, novel MPC schemes with increased flexibility should be



designed.

The goal of this thesis is to address the challenges outlined above as follows.

(a) We attempt to design reconfigurable distributed MPC schemes such that intercon-
nected systems can successfully track reference trajectories while avoiding feasibil-
ity problems.

(b) We aim to develop passivity-based plug-and-play (PnP) MPC schemes which pre-
serve the stability of interconnected systems with varying topology.

(¢) We aspire to propose adaptive learning-based MPC schemes which can improve the
performance of interconnected systems with parametric uncertainties and additive
disturbances online as more data are collected.

1.1 Outline and Contributions

This PhD thesis is divided into three main parts, each of which addresses one of the
aforementioned three points. The summary, outline and contributions of each part is
listed below.

1.1.1 Part I: Reference Tracking Control

In the first part of this thesis, we address the problem of reference tracking for complex
interconnected systems which can be decomposed into several smaller subsystems with
state coupling through the dynamics and constraints. To address this problem for such
systems, we develop novel reconfigurable distributed MPC schemes for reference tracking.
The main feature of the developed schemes is that the terminal ingredients (i.e. set,
controller and cost) can be reconfigured online at each time instant.

Outline. In Chapter 2 we start with a simpler version of the considered problem.
In particular, we consider the regulation problem of interconnected systems to the ori-
gin. The developed schemes in this chapter serve as the building block for the tracking
schemes in Chapter 3. Section 2.1 sheds the light on the advantages and disadvantages
of the MPC terminal ingredients. Section 2.2 discusses the regulation problem of inter-
connected systems. In Section 2.3, we present two distributed MPC schemes where the
terminal sets are reconfigured online at each time instant. In Section 2.4, we validate the
efficiency of the proposed schemes. In Chapter 3, Section 3.1 reviews the existing track-
ing distributed MPC schemes in the literature as well as the existing methods to alleviate
the conservatism imposed by terminal sets. Section 3.2 discusses the tracking problem
of interconnected systems. In Section 3.3, we introduce two tracking distributed MPC

3



schemes with reconfigurable terminal ingredients. We discuss the recursive feasibility of
the proposed schemes and the asymptotic stability of the closed-loop dynamics under the
proposed schemes in Section 3.4. We then discuss the distributed implementation of the
proposed schemes and comment on their feasible regions in Section 3.5 and Section 3.6,
respectively. Finally, we investigate the efficacy of the proposed schemes in Section 3.7.

Contributions. The main contributions of Part [ of the thesis are contained in
Chapter 2 and Chapter 3, and are detailed as follows.

In Chapter 2, we develop two distributed MPC schemes for regulating interconnected
systems to the origin. In the developed schemes, we reconfigure the local terminal set
of each subsystem at each time instant depending on the current state of the system.
In particular, we update the center and size of the terminal set online by considering
them as decision variables in the OCP. We also show in simulations that the developed
schemes outperform other existing schemes which also update the terminal set online.

In Chapter 3, we propose two tracking distributed MPC schemes for interconnected
systems. Besides computing the optimal control inputs, we reconfigure the MPC terminal
ingredients online while preserving the convexity of the OCP of the proposed schemes.
In particular, we update online the center and volume of the terminal set as well as
the terminal control gain and the affine term of the terminal controller by considering
them as decision variables in the OCP. We add extra constraints to the OCP to ensure
the positive invariance of the updated terminal set and the asymptotic stability of the
updated terminal dynamics. We prove that the resulting MPC scheme is recursively
feasible and the corresponding closed-loop dynamics is asymptotically stable. We show
that the proposed schemes are amenable to distributed optimization. We compare the
feasible regions of the proposed schemes to other existing schemes in the literature.
We also show in simulations that the proposed schemes outperform standard tracking
distributed MPC schemes with fixed terminal ingredients.

1.1.2 Part II: Plug-and-play Control

In the second part of this thesis, we address the problem of stabilizing interconnected
systems in the presence of topology changes due to the occasional plug-in and plug-
out operations of various agents. We consider here interconnected systems which can
be decomposed into several smaller dynamically coupled subsystems whose coupling is
described by the Laplacian interconnection. To address this problem for such systems,
we develop novel passivity-based plug-and-play (PnP) MPC schemes for varying topol-
ogy networks. The developed scheme can preserve the stability of the system and the
feasibility of the controller independent of the varying network topology.

Outline. Before introducing the PnP distributed MPC scheme in Chapter 5,
we present a passivity-based decentralized control scheme in Chapter 4 for the same
class of interconnected systems. Section 4.1 sheds the light on the notion of passivity-
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based control and the problem of passivity preservation under discretization. Section 4.2
introduces the class of interconnected systems with the Laplacian interconnection. In
Section 4.3, we synthesize a decentralized controller for the considered systems using
passivity theory. We investigate the efficacy of the proposed scheme using a DC Microgrid
case study in Section 4.4. Section 5.1 reviews the existing PnP MPC schemes in the
literature. Section 5.2 presents the considered PnP problem. In Section 5.3, we propose
a PnP algorthim based on the passivity-based controller introduced in Chapter 4 and the
reconfigurable distributed MPC scheme developed in Part [. We validate the efficiency
of the proposed scheme in Section 5.4.

Contributions. The main contributions of Part Il of the thesis are contained in
Chapter 4 and Chapter 5, and are detailed as follows:

In Chapter 4, we develop a passivity-based decentralized controller for discrete-time
interconnected systems. We synthesize this controller in a decentralized fashion where
each subsystem solves a local convex optimization problem. We ensure the passivity of
each subsystem by making use of a local virtual output. We ensure that the passivity of
all subsystems guarantees the stability of the overall system by imposing constraints on
the local virtual output and the dissipation rate of each subsystem. We show that the
proposed controller can yield a wide range of optimal and robust behaviors.

In Chapter 5, we propose a two-phase PnP MPC algorithm which ensures the asymp-
totic stability of varying-topology networks and the recursive feasibility of the corre-
sponding MPC scheme. We ensure stability by developing a redesign phase which makes
use of the passivity-based control scheme in Chapter 4. We also ensure feasibility by
developing a transition phase which makes use of the reconfigurable distributed MPC
scheme in Part I. We compare the developed algorithm to a standard PnP MPC algo-
rithm existing in the literature using a network of mass-spring-damper systems.

1.1.3 Part III: Adaptive Learning-based Control

In the third part of this thesis, we address the problem of improving the performance
of uncertain interconnected systems online as more data is collected. We consider here
interconnected systems which are subject to additive disturbances and parametric un-
certainties in the coupling terms. To address this problem for such systems, we develop
an adaptive learning-based MPC scheme in which the uncertainty sets are learnt online
and the MPC ingredients are adapted accordingly. The developed schemes improves the
performance (e.g. optimality and reference tracking) of interconnected systems while
ensuring safety (e.g. stability, robustness and constraint satisfaction).

Outline.  Chapter 6 proposes an adaptive learning-based MPC for the class of
interconnected systems with uncertain coupling. Section 6.1 briefly reviews the existing
literature on MPC for uncertain systems. Section 6.2 introduces the considered class
of interconnected systems. In Section 6.3, we develop an adaptive learning-based MPC
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scheme for this class of interconnected systems. In Section 6.4, we discuss the stability of
the closed-loop system under the proposed controller. Finally, we investigate the efficacy
of the proposed scheme in Section 6.5.

Contributions. The main contributions of Part [II of the thesis are contained in
Chapter 6, and are detailed as follows.

In Chapter 6, we develop a two-phase adaptive learning-based MPC scheme for in-
terconnected systems with uncertain couplings. In this scheme, we learn the uncertainty
set of each subsystem online and adapt the MPC ingredients accordingly. We learn the
uncertainty set in the learning phase by making use of SMI. We then adapt the MPC
ingredients in the adaptation phase which also computes the optimal control input. We
show that the proposed controller is recursively feasible and the corresponding closed-
loop system is input-to-state stable. Finally, we compare the developed scheme to other
existing schemes including robust MPC, adaptive MPC and learning-based MPC.

In the last part of this thesis, we give some concluding remarks on each of the three
main parts. We also discuss future directions which can be pursued based on the findings
of this thesis.

1.2 Publications

This thesis contains a selected collection of results obtained during the studies of the
author as a doctoral candidate. The corresponding articles on which this thesis is based
are listed below.

1.2.1 Part I: Reference Tracking Control

The reconfigurable distributed MPC schemes for regulation in Chapter 2 and for tracking
in Chapter 3 were developed in collaboration with A. Eichler, G. Banjac, F. Cordiano
and J. Lygeros. We also acknowledge R. Smith and G. Darivianakis for the fruitful
discussions on the topic.

[AEL20] A. Aboudonia, A. Eichler, and J. Lygeros. “Distributed Model Predictive
Control with Asymmetric Adaptive Terminal Sets for the Regulation of Large-scale Sys-
tems”. In: IFAC-PapersOnLine 53.2 (2020), pp. 6899-6904.

[Abo+22b] A. Aboudonia, A. Eichler, F. Cordiano, G. Banjac, and J. Lygeros.
“Distributed Model Predictive Control with Reconfigurable Terminal Ingredients for
Reference Tracking”. In: IEEE Transactions on Automatic Control 67.11 (2022), pp.
6263-6270.

[Abo+22a] A. Aboudonia, G. Banjac, A. Eichler, and J. Lygeros. “Online Compu-
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tation of Terminal Ingredients in Distributed Model Predictive Control for Reference
Tracking”. In: 2022 European Control Conference (ECC). IEEE. 2022, pp. 847-852.

1.2.2 Part II: Plug-and-play Control

The passivity-based decentralized controller for discrete-time interconnected systems in
Chapter 4 and the PnP MPC scheme for varying topology networks in Chapter 5 were
developed in collaboration with A. Martinelli, N. Hoischen and J. Lygeros.

[AML20] A. Aboudonia, A. Martinelli, and J. Lygeros. “Passivity-Based Decentral-
ized Control for Discrete-Time Large-Scale Systems”. In: IEEE Control Systems Letters
5.6 (2020), pp. 2072-2077. (Also, [AML21] A. Aboudonia, A. Martinelli, and J. Lygeros.
“Passivity-based decentralized control for discrete-time large-scale systems”. In: 2021
American Control Conference (ACC). IEEE. 2021, pp. 2037-2042.)

[Abo+22¢] A. Aboudonia, A. Martinelli, N. Hoischen, and J. Lygeros. “Reconfig-
urable Plug-and-play Distributed Model Predictive Control for Reference Tracking”. In:
2022 IEEE 61st Conference on Decision and Control (CDC). IEEE. 2022, pp. 1130-1135.

1.2.3 Part III: Adaptive Learning-based Control

The adaptive learning-based MPC scheme in Chapter 6 was developed in collaboration
with J. Lygeros. We also acknowledge R. Smith, G. Banjac, A. Parsi and A. Tannelli for
the fruitful discussions on the topic.

[AL23] A. Aboudonia and J. Lygeros. “Adaptive Learning-based Model Predictive
Control for Uncertain Interconnected Systems: A Set Membership Identifi- cation Ap-
proach”. (Submitted to Automatica).

1.2.4 Other publications

The following papers were published by the author during his doctoral studies, but are
not included in this thesis.

[Kho+19] M. Khosravi, A. Eichler, A. Aboudonia, R. Buck, and R. S. Smith. “Data-
driven predictive control of buildings; a regression based approach”. In: 2019 IEEE
Conference on Control Technology and Applications (CCTA). IEEE. 2019, pp. 605-610.

[Biin+20] F. Biinning, B. Huber, P. Heer, A. Aboudonia, and J. Lygeros. “Exper-
imental demonstration of data predictive control for energy optimization and thermal
comfort in buildings”. In: Energy and Buildings 211 (2020), p. 109792.
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virtual Testbed”. In: Book of Abstracts. KU Leuven; Ghent University; Daidalos Peutz;
Boydens engineering. 2021, p. 30346.

[Biin+21b] F. Bilinning, A. Schalbetter, A. Aboudonia, M. H. de Badyn, P. Heer,
and J. Lygeros. “Input convex neural networks for building MPC”. In: Learning for
Dynamics and Control. PMLR. 2021, pp. 251-262.

[Hub+21] B. Huber, F. Biinning, A. Decoussemaeker, P. Heer, A. Aboudonia, and J.
Lygeros. “Benchmarking of data predictive control in a real-life apartment during heat-

ing season”. In: Journal of Physics: Conference Series. Vol. 2042. 1. IOP Publishing.
2021, p. 012024.

[Par+21] A. Parsi*, A. Aboudonia*, A. Tannelli, J. Lygeros, and R. S. Smith. “A
distributed framework for linear adaptive MPC”. In: 2021 60th IEEE Conference on
Decision and Control (CDC). IEEE. 2021, pp. 460-465.
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CHAPTER 2 .

Reconfigurable Distributed MPC for
Regulation

2.1 Introduction

Thanks to its flexibility, versatility and strong theoretical properties, MPC [RMDI17;
BBM17; KC16] has been used over the past years in many practical applications such
as robotics (e.g. see [PGO00; Wie06; ANT12]), energy management (e.g. [PZ14; Sch+14;
ZW15]) and biology (e.g. [Hov+04]). Besides, many MPC variants have been devel-
oped including, but not limited to, robust MPC [BM99], stochastic MPC [Mes16], and
economic MPC [EDC14].

Control of interconnected systems is currently an active area of research due to its
wide variety of applications (e.g. energy and mobility networks) [MN14]. Various control
techniques have been developed to control such systems by regulating their states to the
origin [Sca09]. Among these techniques is Model Predictive Control (MPC), that aims
to optimize performance while ensuring safety [RMD17]. MPC is typically designed in
a centralized fashion with one optimization problem solved for the overall system. For
interconnected systems, centralized MPC may lead to various issues and complications
as mentioned in Chapter 1. To overcome these difficulties, various efforts have been
devoted to developing distributed MPC schemes for interconnected systems [Chr+-13].
In these schemes, the system is decomposed into several smaller coupled subsystems,
each of which has a local controller which can share information with a set of other local
controllers [NM14].

Due to the increasing interest in MPC, various efforts have been devoted to ensuring
the closed loop stability of plants controlled using MPC as well as the satisfaction of the
state and input constraints of these plants at all times [May-+00]. For this purpose, many
MPC schemes use sufficiently long horizons [KC16]. However, this may result in high
computational cost. Alternatively, others are equipped with terminal ingredients (i.e. a
terminal cost and/or a terminal constraint) computed offline for ensuring asymptotic sta-
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bility and recursive feasibility. The latter has been extensively used for centralized MPC
(e.g. see [KG88; RMO93; SD87]) and extended to distributed MPC [Con+12; Fer+13].
However, the computation of the terminal ingredients in the aforementioned distributed
MPC schemes either require offline centralized computations [Fer+13] or lead to small
feasible regions [Con+16] and hence, deteriorate the closed-loop performance.

To circumvent these issues, several studies have considered computing the terminal
set for distributed MPC online (e.g. see [TM17; LKF15]). Recently, a distributed MPC
scheme with adaptive terminal ingredients is proposed in [DEL19]. In addition to the
terminal set, a linear terminal controller is determined at each time instant in this scheme
and updated online based on the current state of the system, yielding a larger domain
of attraction.

In this chapter, we present two reconfigurable distributed MPC schemes for regu-
lating constrained interconnected systems where the terminal set of each subsystem is
reconfigured online at each time instant. The main advantage of these approaches over
the one introduced in [DEL19] is that the reconfigurable terminal set is not necessarily
centered at the origin. Instead, the center of the terminal set, together with its size, are
assumed to be decision variables to be determined online. This, however, hinders the
possibility of considering the terminal control gain as a decision variable. Otherwise, the
convexity of the optimal control problem is not preserved.

The terminal set invariance and constraint satisfaction are guaranteed through im-
posing additional constraints formulated as LMIs in the online optimal control problem.
Similar to [DEL19], the first scheme uses a conservative description of the constraints
while deriving the LMIs by converting the linear constraints to quadratic ones. On the
contrary, the second scheme is more relaxed in the sense that the LMIs are derived using
the actual linear constraints directly without converting them to quadratic constraints
which are more conservative. The effectiveness of these approaches is evaluated by means
of a simulation example. It is found that the online computation of the terminal set cen-
ter results in enlarging the feasible region of the developed schemes when compared to
that of [DEL19] although the terminal control gain is not a decision variable anymore.

2.2 Regulation Problem

We introduce here the regulation problem of constrained interconnected systems con-
sidered in this chapter. We consider an interconnected system which admits a sepa-
rable structure and thus, can be decompsed into M subsystems. For each subsystem
i € {1,.... M}, a set N; of neighbours is defined comprising the i-th subsystem itself
as well as all other subsystems coupled with the i-th subsystem through the dynam-
ics and/or the constraints. The i-th subsystem is described as a discrete-time linear

12



time-invariant system given by,

where ¢t € N is the time index, z; € R™, u; € R™ and zy, € R": are the state vector
of the i-th subsystem, the input vector of the i-th subsystem and the state vector of

*TN; and

the subsystems in the set N, respectively. The system matrices Ay, € R™
B; € R"*™i are assumed to be known. The state and input constraint sets of each

subsystem are given by,

xNi(t) S XN’L = {xNi c R™N; - GNixNi < gNi}, (2 2)
) .

Ui(t cU; = {U, e R™ : Hyu; < hz},

where the matrices G, € R%#*"~: H;, € R"*™ and vectors gy, € R% h; € R" are
assumed to be known. The origin is assumed to be contained in the interior of the
constraint sets. We also assume that the inputs of the different subsystems are cou-
pled neither through the dynamics, nor through the constraints; indeed this assumption
can be imposed without loss of generality, because inputs can always be decoupled by
introducing new auxiliary variables [DEL19].

Our main aim is to regulate the system to the origin. We therefore impose a quadratic
cost function in the states and the inputs. To maintain the distributed structure of the
optimal control problem, the local cost function of the i-th subsystem is assumed to
be a function of the states of the subsystems in the set N; and the inputs of the i-th
subsystem. Let N € N, be the prediction horizon. The local cost function of the i-th
subsystem is designed to be,

N—

,_.

o, (k12 Iy, + s (k1)) + sV DI,
k=0

where x;(k|t) and wu;(k|t) are the k-step ahead predicted state and input vectors of the
i-th subsystem at time instant ¢ and zy, (k|t) comprises the k-step ahead predicted states
of the subsystems in the set N at time instant ¢. The local cost function matrices @ N, €
R"™N: "N and R; € R™*™i are selected offline based on the optimization requirements.
The local terminal cost matrix P; € R™*™ is designed offline in such a way that the cost
function J(t) = S°1, Ji(t) can be used as a Lyapunov function for the plant controlled
by MPC.
T T

Denoting the global state and input vectors of the whole system as x = [z ,...,x},]" €
R" and v = [u],...,ul,]’ € R™ respectively, the mappings U; € {0,1}"*" W; €
{0,1}™:>™ and V; € {0,1}™*™ can be defined to relate the local variables of the i-
th subsystem to the global variables as follows,

v, =Ux, xy, =Wz, wu=Vu. (2.3)
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Note that the matrices Q,, R; and P; are selected such that () = Zf\il W. QN W; € ST,
R=YM VTRV, € ST, and P = M UTPU; € S” .. Note also that the matrices of
the global dynamics can be constructed as follows, A = [(A,W1)T, ..., (AyWy)']T and
B = diag(By, ..., By).

To ensure the asymptotic stability of the closed-loop system and the recursive feasi-
bility of the proposed distributed MPC, the terminal state x;(N|t) of the i-th subsystem
is constrained to lie in an ellipsoidal terminal set as follows,

where «; € R and ¢; € R™ represent the size and center of the terminal set, respectively.
This ellipsoidal terminal set is required to be invariant under the terminal controller
ki(xn,) = Kn,xn,. Assuming that 2%, (P;, Ky,) is the set of ellipsoidal terminal sets X,
which are invariant under the terminal controller x;(xy,), we impose the constraint,

Xfi S %fi(Pi’KNi)‘ (2'5)

We assume that the terminal control gain Ky, and the matrix P, have been designed
offline as shown in the end of this section and we seek ¢; and «; online such that X,
satisfies (2.5).

In conclusion, the global online OCP for regulation is formulated as,

M
min Z Ji(t)
i=1

zi(k 4+ 1)t) = An,xn, (k|t) + Byui(klt), | for all k € {0,..., N — 1},
xn, (k|t) € Xn,, wi(k|t) €U, for all 7 € {1,..., M},
2i(0[t) = wo,, wi(N[t) € X,

for all ¢ € {1, ..., M},

where xy, € R™ is the current state of the ¢-th subsystem. The decision variables of
this optimal control problem at time instant ¢ are the predicted state trajectory z;(k|t)
for all i € {1,...,M} and k € {0,..., N}, the predicted input trajectory u;(k|t) for all
ief{l,...M}and t € {0,...., N — 1}, the terminal set size a; for all i € {1,..., M} and
the terminal set center ¢; for all i € {1,..., M}. Note that the terminal set depends on
the current state of the system because this set is computed by solving the online optimal
control problem whose solution is a function of the current state. The last constraint in
(2.6) is ensured by means of convex optimization tools in the next section.

In the above MPC formulation, the systems matrices Ay,, B;, the constraint matrices
Gn,, H;, the constraint vectors gy, h;, the cost function matrices Qy,, R; are all known
for all ¢ € {1,..., M'}. The terminal cost matrix P; and the stabilizing terminal control
gain Ky, are computed offline by solving a semidefinite program following [Con+12;
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Con+16]. More specifically, these ingredients are computed such that V(z) = ||z||% with
P = diag(Py, ..., Pyy) € R is a Lyapunov function of the dynamics (2.1) under the
controller k;(xy,) = Ky,xy, in the absence of constraints. With this choice, the terminal
controller is stabilizing and the terminal cost upper bounds the infinite horizon cost
[Con+12; Con+16]. The semidefinite program is given by,

Vie{l,..,M}
M
> e K < g,
L max trace(E;) s.t. Ei> e, (28), Hi< S, (2.7)
i ¥is i LT Z WIJS]VVJ <0,
JeEN;

where trace(+) is the trace operator of a matrix, ¢; are arbitrarily small positive constants,
E, = Pi_l, Y, = Ky, En,, H; € R™i*™i and S5; € R":*"N: are decision variables,
En, =) JeN, VVJE]I/VZ S; is assumed to be block diagonal and,

Jo

WU E;U;W," + H, ENiA]Tvi +Y,"Bf Engﬂ Y;TRgm

An,En, + B;Y; E; 0 0
QWE- 0 Iy 0 >0 (2.8)
R!?Y; 0 0 L,

2.3 Control Design

In this section, we develop two reconfigurable distributed MPC schemes for regulating
interconnected systems by modifying the online OCP (2.6) and replacing (2.5) with a set
of LMIs to render the online OCP a semidefinite program. For this purpose, we recall
that (2.5) ensures that the local terminal sets Xy, for all i € {1,..., M} are positively
invariant. As mentioned in Section 2.2, this condition is required for the closed-loop
system to be asymptotically stable. Proposition 2.1 shows the conditions to ensure the
positive invariance of these terminal sets. Hence, (2.5) is satisfied if the conditions in
Proposition 2.1 are satisfied.

Proposition 2.1 ([DEL19]). Define the sets Xy, = xjen; Xy;. Each local terminal set
Xy, is positively invariant if for each i € {1,..., M} and for all xn, € Xy, ,

(ANi + B’LKNZ)J’.N»L € sz., (29&)
TN; € XNN (29b)
KNZJ:NZ' € Z/{z (290)

Consequently, the global terminal set Xy = X1, my Xy is positively invariant.

Condition (2.9a) ensures that the terminal set X, is invariant, whereas conditions
2.9b) and (2.9¢) show that a e state and input constraints are satisfied inside the
2.91 d (2.9¢) show that all the state and t traint tisfied inside th
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terminal set, respectively. In the sequel, we derive LMIs for each of the conditions in
Proposition 2.1 to replace (2.5) in the OCP (2.6). Embedding these LMIs in the online
OCP (2.6) guarantees the positive invariance of the terminal set. While the LMI corre-
sponding to (2.9a) is the same for the two developed schemes, the LMIs corresponding
o (2.9b) and (2.9¢) differ. For both schemes, the derived LMIs depend on the follow-
ing quantities: o = diag(ail,,,...,anln,,), ¢ = [¢f,...,ci]", an, = W;aW," and
cn, = Wic.

Condition (2.9a) can be represented using an LMI as shown in the following propo-
sition.

Proposition 2.2. For each subsystem i € {1, ..., M}, the terminal set invariance condi-
tion (2.9a) holds if there exist A;j > 0 for all j € N; such that,

P[lal/2 (A/\/ioz}f + BiKNia}\éz) [(An;, + BiEKy;)en, — ¢l
(AN‘O[ + B K 1/2> Zjé/\/i )‘ij-Pij O 2 O
1/2
(AM + BZKM)CNZ- - Cz]T 0 O%'/ - ZjeM >\ij

(2.10)

Proof. By making use of the description of the ellipsoidal terminal set in (2.4), condition
(2.9a) is given by,

[(An, + BiEn,)xn, — cillp, < of for all j € Ny, @+ [loy — ¢llp, < o, (2.11)

We now define an auxiliary vector s; € R™ for the state vector z; of each subsystem as
follows,
T; = C; + ©S;. (212)

By concatenation, the following relation also holds,
TN, :CNZ-+O-/NZ-5N2-- (213)

By substituting these auxiliary vectors in (2.11), the invariance condition is written as,

[(An,an, + Biln,an,)sn |7, + 1(An, + BiKn,)en, — cillp,
+ [(14]\[Z + Bz’KNi>CNZ- - CZ']TH(ANiOéNi + BiKNiaNi>5Ni < Oéiz,
for all j € Ni, 5 |[s;l[p, < 1.

Using the mapping equations in (2.3) and multiplying the above equation by ;' gives,

[ (An,an; + BiKn,an;,) ot T I(AN, + BiKy, )en CiH?aO;l
+ (An, + BiKNi)CNi —¢i|" Pioyi(An,an, + B; K, oy 1/2 T)sn, <y

mmmeMﬁwmm@SL@M)
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where P;; = VV,-UjTPjUjWiT. By applying the S-procedure [Boy+94] to (2.14), the in-
variance condition for each subsystem i € {1, ..., M’} holds if there exist \;; > 0,7 € N;

such that,
P 0 M;,, M;
i tJ _ 111 112 >0,
D TR 219

jENi 12

where,

Miu = (ANiaNi + BiKNiaNi)Tpiafl(ANi&Ni + BiKNiaNz‘)7
Milz = (ANz + BiKNi)cNi - Ci]TPiai_l(ANiaNi + BiKNiaNi)7
Mi22 - [(ANz + BiKNi)CNi - ci]TPiOéi_l[(ANi + BiKNi)CNi - Ci] — Q.

Equation (2.15) can be rearranged as follows,

> Aijbi 0
JEN;
0 a; — Z )‘ij
JEN;
.
_ (ANiaNi + BiKNiaNi)T :| P.o L |: (ANiaNi + BiKNiaNi)T >0 (2 16)
[(ANz + BiKNi)CNi - ci}—r o [(ANz + BiKNi)CNi - Ci]T - ‘

Applying the Schur complement [Boy+94] to (2.16) leads to the LMI (2.10). O

Note that the terminal predicted state x;(NN|t) has to satisfy,
lzi(N|t) = cillp, < of. (2.17)

By means of the Schur complement ([Boy+94]), an equivalent form to (2.17) can be
reformulated as,
P-ﬁlOéi xZ(N\t) — C;

)

(zs(Nt) —¢c;)T @

This LMI is derived to be compatible with the LMI (2.10), derived in Proposition 2.2,
which is a function of a; and ¢;. In the sequel, we present the two novel distributed MPC

> (. (2.18)

schemes. Each scheme uses a different set of LMIs which ensures the conditions (2.9h)
and (2.9¢). Both schemes, however, use the LMIs (2.10) and (2.18) derived above.

2.3.1 MPC Variant with Asymmetric Terminal Set

We start with the first scheme which we call “Reconfigurable Distributed MPC with
Asymmetric Terminal Sets”. This scheme is given this name since the terminal set is
not necessarily centered at the origin and hence, is not symmetric about the origin. This
scheme ensures condition (2.9b) using the LMI derived in the following proposition.
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Proposition 2.3. Denote the p-th row of the matriz G, by Gf,?\,i and the p-th element of
the vector gn, by gy, For each subsystem i € {1,..., M}, condition (2.9b) holds if there
exist 7}, > 0 for all j € Ni and p € {1,2, ..., q;} such that,

g ﬁfi G?Vi aN; ng\fi CN;
T
an, G 7P 0
NiN; ]gf it >0, forallped{l,... q}. (2.19)
.
ey 0 gx,— X T
JEN;

Proof. Consider the auxiliary vectors s; and the concatenated auxiliary vectors sy, de-
fined in (2.12) and (2.13) and note that (2.9b) holds if for all p € {1,..., ¢},

Ghan, < gf, foralljeN, z;:|la; — cj||?3j <ajl. (2.20)
By substituting for these auxiliary vectors, (2.20) becomes,
G (e, + an,sy,) < gi,, forall je N, s;: Hsj||fpj <1
Following [DEL19], a sufficient condition for satisfying the above condition can be ob-

tained by squaring the inequality. Using the mapping equations in (2.3), the resulting
implication is given by,

T (0 \"Lop p ) 2
(CNi + aNiSNi) GNZ- (gNZ) GN,-<cNi + aNiSNi> < gn; for all SNy - ||SN1' P;; <1l
By applying the S-procedure [Boy+94] to the above implication, the state constraints of
each subsystem i € {1,..., M} are satisfied inside the terminal set if there exist 7;; > 0
for all j € NV; and p € {1,...,¢} such that,

p" p~tp p’ 7 p
vl -1 T, p T A0 p | =0 VP o G
: Crr . AN, Cyp. gN. CN; — gN;
JEM Nl Nz N’L N’L z NZ NZ NZ N’L ¢ v

This LMI can be rearranged and expressed as,

2 ity 0 .
! gn, |[Ghan, GRen] >0, Vpe{l,... ¢}

By applying the Schur complement [Boy+94] to the above inequality, the LMI in (2.19)
is reached. O

Similarly, condition (2.9¢) can be represented using an LMI as shown in the following
proposition.
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Proposition 2.4. Denote the I-th row of the matriz H; by H! and the I-th element of
the vector h; by ht. For each subsystem i € {1,..., M}, condition (2.9¢) holds if there
exist pﬁj >0 foralljeN; andl € {1,...,r;} such that,

hﬁ HfKNiaNi HfKNZ'CNi
aNiK;,in: > sen: PP 0 >0, foralll € {1,...,r;}.  (2.21)
oy Ky H] 0 hi = Xjen: iy

Proof. Note that condition (2.9¢) holds if for all [ € {1,2,...,r;},

HZ-ZKNZ..’L'NZ. S hi, for all] S ./\/7;, Zj: HSCJ — CjH%gj < ijz.

Thus, the proof follows that of Proposition 2.3 by replacing 77’

L, g%, and G}, with pl;, bl
and H]Ky,, respectively, where pl; for all i € {1,...,M}, j € Njandl € {1,...,7;} are

the S-procedure variables. O

The derived matrix inequalities (2.10), (2.19) and (2.21) are linear with respect to
the decision variables ¢; and «;. Hence, ¢; and «; are considered as decision variables in
this setting without affecting the convexity of the problem. However, it is not possible
to achieve convex conditions, and thus a convex optimization problem, when considering
the terminal control gain Ky, as a decision variable. This fact is due to the existence
of the terms Ky,ay, and Ky, cy, which would result in a nonconvex problem if the gain
Ky, is assumed to be a decision variable.

The LMIs derived in [DEL19] are the same as the LMIs (2.10), (2.19) and (2.21)
evaluated at ¢; = 0 for all i € {1,...,M}. Therefore, Propositions 2.2, 2.3 and 2.4
are generalizations of those found in [DEL19]. Note, however, that the feasible region
obtained using (2.10), (2.19) and (2.21) does not necessarily include that obtained using
the LMIs in [DEL19]. This is because the the control gain Ky, is a decision variable in
[DEL19], but it is not here.

In conclusion, the online OCP of the reconfigurable distributed MPC scheme with
asymmetric terminal sets is given by,

M
min Z Ji(t)
i=1

[0 = w0, (21), (22), (210), (219), (219), (2.2)),
s.t.
forallie {1,...,.M}, t€{0,...,T}, pe{1,....q}, Le{l,...,r}.

(2.22)

The following theorem shows that this MPC scheme is recursively feasible and the
closed-loop system is asymptotically stable whenever the optimization problem is initially
feasible.
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Theorem 2.1. The distributed MPC' problem with asymmetric adaptive terminal sets is
recursively feasible and the closed-loop system under this MPC controller is asymptoti-
cally stable.

Proof. The proof follows from the standard MPC feasibility and stability arguments (e.g.
see [RMD17]). O

In the standard MPC arguments, recursive feasibility is ensured by proving that the
tail sequence at a specific time instant is a feasible solution at the next time instant.
Asymptotic stability is ensured by considering the cost function J(t) = Y20 J;(t) as a
Lyapunov function. Denoting the optimal global cost, state and input at time ¢ by J*(¢),
z*(t) and u*(t), one can verify that J*(t 4+ 1) — J*(t) < J*(t) — J*(t) < —[lz*(V)||5 —
|u*(t)||% where J*(¢) is the cost corresponding to the tail sequence at time t.

2.3.2 Relaxed MPC Variant with Assymetric Terminal Set

We now move to the second scheme which we call “Relaxed Reconfigurable Distributed
MPC with Asymmetric Terminal Sets”. Recall that, in the previous scheme, the LMIs
which correspond to (2.9b) and (2.9¢) are derived after transforming the linear state and
input constraints into quadratic ones. Note, however, that using the linear constraints
directly is less conservative because transforming these constraints into quadratic ones
imposes unnecessary additional constraints. In the considered scheme, the linear con-
straints are used directly and hence, more relaxed matrix inequalities are derived for the
conditions (2.9b) and (2.9¢). The resulting matrix inequalities are linear and hence, a
convex online OCP can still be reached. In the sequel, we derive this set of relaxed LMIs.

We start with condition (2.9b) which is ensured using the LMI derived in the following
proposition.

Proposition 2.5. Denote the p-th row of the matriz G, by G?Vi and the p-th element of
the vector gy, by gi,. For each subsystem i € {1,..., M}, condition (2.9b) holds if there
exist o¥; >0 for all j € Ny and p € {1,...,q;} such that,

1] —

ZN o5 P Lan,GR,
JEN; >0, forallpe{l,...,q}. (2.23)
%G:?\GO‘/N:' gﬁh o GZ;\GCNI' a ZJ\/’ gfj

JeN;

Proof. Consider the auxiliary vectors s; and the concatenated auxiliary vectors sy, de-
fined in (2.12) and (2.13) and note that condition (2.9b) holds if for all p € {1,2, ..., ¢},

GRen, < gh,,  forall j e Nj, @ ||z — ¢jl|h, < of. (2.24)
Substituting for these auxiliary vectors, (2.24) becomes,
G (e, +an,sy,) < gr,, forall je N, s;: Hsj||%,j <1.
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Using the mapping equations in (2.3), the above implication can be expressed as,

2

P P p .
Gly.ansn, + Gy en, < gy, forall sy, ||sy,

By applying the S-procedure [Boy+94] to the above implication, the state constraints of
each subsystem i € {1,..., M} are satisfied inside the terminal set if there exist oj; > 0
for all j € N; and p € {1,..., ¢} such that,

P; 0 0 Loy, GRy
af[l }— 2NN >0, forall pe {1,....q¢;}
]g-/\;i ! O —1 %Gi)ViOéNi Gg)Vz‘CNi - gl’i&
Rearranging the above LMI results in (2.23). O

Similarly, condition (2.9¢) can be ensured using an LMI, as shown in the following
proposition.

Proposition 2.6. Denote the I-th row of the matriz H; by H! and the I-th element of
the vector h; by hi. For each subsystem i € {1,..., M}, condition (2.9¢) holds if there
exist ﬁfj >0 forall j € Ny and 1l € {1,...,r;} such that,

T AP jonKLH!
eN;
fH'lKNaN B — HKyen — 5 8 >0, foralll € {1,...,r;}. (2.25)
2444 iGN f i i CN; ij
JEN;

Proof. Note that condition (2.9¢) holds if for all [ € {1,2,...,r;},
HilKNixNi < h‘é\/ﬂ for allj € M, Zj . ij — CjH?gj < Oé?,

Hence, the proof follows that of Proposition 2.5 by replacing afj, gf\,i and G?Vi with fj,
h; and H{Ky,, respectively, where f}; for all i € {1,...,M}, j € N and [ € {1,...,7}

are the S-procedure variables. O

In summary, the online OCP of the relaxed reconfigurable distributed MPC with
asymmetric terminal sets is given by,

M
min Z Ji(t)
i=1

, Jw0) =20, (21), (22), (210), (218), (223), (2.25),
s.t.
foralli e {1,..., M}, t€{0,...,N}, ke{l,...,q¢}, L €{1,...,r}.

(2.26)

The following theorem shows that this MPC scheme is recursively feasible and the
closed loop system is asymptotically stable whenever the optimization problem is initially
feasible.

21



Theorem 2.2. The relaxed reconfigurbale distributed MPC scheme with asymmetric ter-
minal sets is recursively feasible and the closed-loop system under this MPC controller
15 asymptotically stable.

Proof. The proof follows that of Theorem 2.1. O

Feasible Regions

When LMIs (2.19) and (2.21) are derived based on the quadratic state and input con-
straints in the first scheme, the decision variable ¢; is found to lie in the off-diagonal
terms. When the relaxed LMIs (2.23) and (2.25) are derived directly using the actual
linear constraints in the second scheme, the decision variable ¢; is found to appear in the
diagonal terms. In both cases, the variable ¢; is constrained to move in some directions.
In the former case, the center ¢; is constrained to move along the direction perpendicular
to the hyperplane defining the state/input constraint. In the latter case, the center ¢; is
constrained to move in the direction perpendicular and pointing towards the hyperplane
defining the state/input constraint. Thus, by intuition, the relaxed optimal control prob-
lem may indeed have a larger feasible region. Notice that the LMI (2.10) remains the
same with ¢; appearing in the off-diagonal terms since the invariance condition (2.11) is
quadratic by definition.

Distributed Implementation

Although the OCPs (2.22) and (2.26) are expressed centrally, it is still possible to solve
them in a distributed fashion using a distributed optimization technique such as the
alternating direction method of multipliers (ADMM) (see [Boy+11] for more details).
When using ADMM, each subsystem has its own local controller which performs the
following steps.

1. The local controller of subsystem i € {1,..., M} solves a local optimization prob-
lem to compute a local copy of z;(kl|t), a; and ¢; for all j € N; and k € {0,..., N}
as well as u;(k|t) for all k € {0,..., N — 1}.

2. The local controller of subsystem i € {1,..., M} sends the values of the local
copies of z;(k|t), a; and ¢; for all k € {0,..., N} to the corresponding subsystem

jeN;.

3. The local controller of subsystem i € {1,..., M} computes the average values of
z;(k|t), a; and ¢; for all k € {0,..., N} using the values of the local copies sent by
its neighbours.

4. The local controller of subsystem i € {1,..., M} sends the computed average
values of z;(k|t), o; and ¢; for all k € {0,..., N} to its neighbours.
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5. The local controller of subsystem ¢ € {1,..., M} updates dual variables, each of
which correspond to one of its local copies computed in the first step, using the
average values and the values of its local copies.

The above procedure is repeated until consensus is reached on the local copies of the
same variable. The values of the local copies differ in each iteration because they depend
on the average values and the values of the dual variables computed in the previous
iteration. In the first iteration, the average values and the values of the dual variables
are initialized (e.g. set to zero). Note that consensus is guaranteed asymptotically
given the above steps. Due to limited computational capabilities, the above procedure
is terminated either after a predefined number of iterations or after a predefined time
has passed. These predefined parameters can be determined, for example, based on the
sampling time of the controller.

2.4 Simulation Results

In this section, the effectiveness of the reconfigurable distributed MPC with asymmetric
terminal set (denoted by R-ASM) and the relaxed version (denoted by R-RLX) is illus-
trated by means of a simulation example. To emphasize their efficacy, these two schemes
are compared to the one developed in [DEL19] (denoted by R-SYM).

We consider a discrete-time linear time-invariant system where the dynamics of the
subsystems are given by,

x1(t + 1) = 221(t) + 0.524(1),
l‘z(t + 1) = 05IZ_1(t> + QJ]Z(t) + 0.5[Ei+1(t), for all 7 € {2, ceey M — ]_},

The state and input constraints of the subsystems are as follows,

— 5 <ux(t) <5, forallie{1,.., M},
—0.25 <w(t) <1, forallie{l,.., M}

The system and constraint matrices in (2.1) and (2.2) can be derived in the obvious way.
The cost function matrices are selected such that () = I,, and R = I,,, where I,, and I,
are identity matrices of size n and m, respectively. The prediction horizon is selected to
be N = 2. The terminal cost and controller are computed by solving the SDP (2.7).

Two test scenarios are considered here. In the first one, we consider the case in which
M = 2 to compare R-SYM, R-ASM and R-RLX, whereas we consider the case in which
M =9 in the second one to demonstrate the efficacy of the proposed approach for larger
systems. While the global OCP is solved centrally in the first scenario to compare the
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Figure 2.1: Predicted state trajectories (PT) and terminal sets (TS) of three MPC
schemes; R-SYM (Blue), R-ASM (Green) and R-RLX (Yellow) for four different initial
conditions and a prediction horizon of T" = 2 when solving the online OCP centrally

once.
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Table 2.1: Closed-loop cost for different schemes and initial conditions

Initial Conditions | xg = [_0'1} Ty = [_0'7] To = [_0-8} T = [—06]

—-0.4 0.45 —-0.1 —0.6
R-SYM 0.2531 1.2660 - -
R-ASM 0.2531 1.2033 1.6930 -
R-RLX 0.2531 1.1939 1.4998 1.7140

three MPC schemes, ADMM is used in the second scenario to show that the proposed
schemes are amenable to distributed optimization.

Figure 2.1 shows the optimal predicted state trajectory (refered to as PT) and the
terminal set (refered to as TS) of the three schemes for four different initial conditions
when the online OCP is solved once. The terminal sets are described by rectangles and
not ellipsoids because each of them is the product of two ellipsoidal sets in one dimension.
Note that the terminal set of one scheme is not the same for all the initial conditions.
This emphasizes that the terminal set depends on the current state of the system. In
each case, the terminal set will be updated online at the next time instant based on the
new state of the system.

The online OCP is initially feasible for all the schemes and the predicted state tra-
jectories are the same when the initial condition is zg = [-0.1 — 0.4]". Notice that the
R-SYM terminal set is partially hidden behind that of R-ASM for this initial condition.
The terminal set of R-RLX is clearly not centered at the origin and is found to be larger
than the terminal sets of the other two schemes. This is because the terminal set is not
constrained to be centered at the origin as in R-SYM and the LMIs derived for R-RLX
are relaxed compared to those for R-ASM. Although the terminal set of R-ASM is al-
most centered at the origin, this is not necessarily the case as shown when the initial
condition is 2y = [—0.7 0.45]". For this initial condition, the online OCP is still feasible
for all schemes. However, the predicted state trajectory of R-SYM is different from the
other two schemes and hence, reflects the conservativeness of R-SYM. The terminal set
of R-ASM is smaller than that of R-SYM in this case so that it can include some parts
in the state space which can not be reached using the terminal set of R-SYM.

For the initial condition zy = [-0.8 — 0.1]", R-SYM is not initially feasible due to
the constraint that the center of its terminal set should be the origin. On the other
hand, R-ASM is initially feasible with the center of its terminal set not located at the
origin. Similarly, R-RLX is also initially feasible and its terminal set is larger than that
of R-ASM. When the initial condition is 2y = [-0.6 —0.6]", R-RLX is the only initially
feasible scheme showing that its domain of attraction comprises some parts in the state
space that are not included in the domain of attraction of the other two schemes.

Table 2.1 shows the closed-loop cost for the different schemes and initial conditions
when the online OCP is solved recursively for 10 time steps. The symbol (-) is used
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Figure 2.2: (left) Closed-loop state trajectories of the third and sixth subsystems starting
from xg, = [—0.3 —0.5]" for all i € {1,..., M} when solving the online OCP of R-RLX
recursively using ADMM, (middle) Average values of the local copies of the second ele-
ment of the predicted state trajectories of the third and sixth subsystems corresponding
to the ADMM iterations at the first time step and the corresponding centralized solu-
tions, (right) Values of the local copies of the terminal set size and center of the fifth
subsystem as well as their average values corresponding to the ADMM iterations at the
first time step.

when the corresponding scheme is infeasible for the considered initial condition. When
the initial condition is o = [~0.1 — 0.4]", the cost of all the schemes is the same
because the optimal state and input trajectories are the same independent of the scheme
applied. In the case of o = [—0.7 0.45] ", the cost of R-SYM is higher showing the relative
suboptimality of R-SYM with respect to the other two schemes. For xy = [-0.8 —0.1]T,
the cost of R-ASM is higher than that of R-RLX because R-ASM results in a smaller
terminal set leading to a suboptimal solution. Finally, for o = [-0.6 — 0.6]", R-RLX
is the only feasible scheme as shown in Figure 2.1.

Figure 2.2 shows the result of the second test scenario when M = 9. We focus here
on R-RLX since it outperforms the other schemes in the first test scenario. In the left
figure, the closed-loop state trajectories of the third and sixth subsystems are shown
when R-RLX is implemented recursively for ten time steps using ADMM. As shown, the
system states converge to the origin illustrating the recursive feasibility of R-RLX and the
asymptotic stability of the corresponding closed-loop system. In the middle figure, the
average values of the local copies of the second element of the predicted state trajectories
of the third and sixth subsystems corresponding to each ADMM iteration at the first
time step are shown. Note that these average values converge to the optimal values
obtained by solving the global OCP centrally. In other words, the optimal centralized
solutions are reached using distributed optimization. In the right figure, the values of
the local copies of the terminal set size and center of the fifth subsystem as well as their
average values corresponding to each ADMM iteration at the first time step are shown.
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Despite reaching consensus, more iterations are required so that the values of these local
copies as well as their average values converge to the steady state value.
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oS

Reconfigurable Distributed MPC for
Tracking

3.1 Introduction

Various distributed MPC schemes have been proposed for constrained interconnected sys-
tems (e.g. see [NM14; MN14]). This is because distributed MPC has several advantages,
such as increased privacy, robustness against failure and scalability when controlling such
systems as discussed in Chapter 1. Although many of these schemes are developed for
regulation problems, reference tracking is found to be crucial in many applications. Thus,
several distributed MPC schemes have been developed for reference tracking (see, e.g.
[RP16a; RP16b; FBS13; KF13]).

In [Fer+13], a tracking distributed MPC scheme is developed for linear time-invariant
systems where the maximal invariant terminal set for tracking developed in [Lim+-08] is
used. This polytopic terminal set, however, does not necessarily respect the distributed
structure of the system and might couple all subsystems. Various efforts have been
devoted to synthesizing terminal sets which respect the distributed structure when us-
ing tracking distributed MPC. Polytopic terminal sets are used in [Cha+21] where the
interconnected system is decomposed into several clusters, each comprising a set of sub-
systems. However, the coupling between the clusters is considered as an uncertainty
yielding conservative polytopic terminal sets. A tracking distributed MPC scheme with
ellipsoidal terminal sets is also developed in [Con+13]. Although this scheme respects
the distributed structure of the system, it leads to relatively small feasible regions.

Various methods have been developed to alleviate the conservatism imposed by ter-
minal sets and enlarge the resulting feasible regions. These methods include using a
reference governor [NLK18; Di +18], dynamic terminal set transformation [SLG14], gen-
eralized terminal ingredients [MF16; FT13] and construction of terminal sets using fea-
sible trajectories [BLA15]. Although the aforementioned methods are developed for
centralized MPC schemes, some are extended to distributed MPC schemes as in [TM17;
DEL19; WO16] where the terminal ingredients are computed online. However, these
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schemes are mainly developed for regulation problems.

In this chapter, we introduce two reconfigurable distributed MPC schemes for refer-
ence tracking of interconnected systems with a distributed structure. Unlike [Fer+13],
the terminal ingredients are designed to respect the distributed structure while alle-
viating the conservatism of [Cha+21; Con+13]. Inspired by [DEL19], conservatism is
alleviated by reconfiguring the terminal ingredients online at each time instant based on
the current state of the system.

In the first scheme, the terminal set, controller and cost are updated by considering
them as decision variables in the online OCP. Additional constraints are imposed in
the OCP to ensure the positive invariance of the reconfigured terminal set and the
asymptotic stability of the reconfigured terminal dynamics. Although the resulting OCP
is infinite-dimensional, it can be formulated as a semi-infinite program by restricting the
terminal ingredients to ellipsoidal sets, affine controllers and quadratic costs. Ellipsoidal
terminal sets are used here since they can be easily defined using the level sets of the
Lyapunov function. Using robust optimization tools, the infinite number of constraints
is then transformed into a finite number of matrix inequalities yielding a finite, albeit
non-convex mathematical program. This is in turn shown to be equivalent to an SDP
through a change of variables. To improve computational performance, the resulting
SDP can be further approximated by a QP using an SDP scalability method which is
based on diagonal dominance [AH17].

Unlike the first scheme, the terminal control gain of the affine controller in the sec-
ond scheme is computed offline and no longer considered a decision variable in the online
OCP. The resulting OCP has fewer decision variables in this case, but also fewer con-
straints; in particular, the constraints required to ensure the asymptotic stability of the
terminal dynamics are no longer added in the OCP. Moreover, the terminal set is no
longer required to be centered at an equilibrium point. In addition, constraint satis-
faction inside the terminal set is ensured by a set of linear inequalities instead of LMIs
without using diagonal dominance. The flexibility of the terminal set center maintains a
large MPC feasible region. Moreover, the reduction in the number of decision variables
and constraints (LMIs in particular) compared to the first scheme results in a remark-
able reduction in the online computational cost. Hence, when solving the OCP using
distributed optimization techniques such as ADMM, more iterations can be performed
within the available sampling time, leading to better convergence to the optimal solution.

The recursive feasibility of the proposed schemes and the asymptotic stability of the
corresponding closed-loop system are proven in the presence of reconfigurable terminal
ingredients. The feasible regions of the developed schemes are compared to other existing
schemes in the literature. The proposed schemes are evaluated via simulation and their
efficacy is evaluated using a toy example, a benchmark example and a power network
case study. The toy example is used to illustrate the idea behind reconfiguring the
terminal ingredients online for tracking problems. The benchmark example is used to
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compare the first scheme to other existing schemes in the literature. The power network
case study is used to compare the two proposed schemes.

3.2 Tracking Problem

In this section, we introduce the tracking problem of complex constrained interconnected
systems. We consider here the same class of systems considered in Chapter 2. In partic-
ular, we consider discrete-time linear time-invariant systems subject to polytopic state
and input constraints. We assume that these systems can be decomposed into a set of
M subsystems, each of which has a set of neighbours N; for all i € {1,...,M}. Two
subsystems are considered as neighbours if the states of one appear in the dynamics
and/or state constraints of the other. We assume that i € N for all i = {1,..., M}.
We denote the state and input vectors of the i-th subsystem by x; € R™ and u; € R™,
respectively. We also define zy, € R"V: to be a concatenated state vector comprising
the states of the subsystems in the set A;. Hence, the dynamics of the i-th subsystem
is given by,

zi(t+1) = An,zn, (t) + Biui(t), (3.1)

where ¢t € N, is the time index and the matrices Ay, € R"*"™Ni and B; € R™*™ are
assumed to be known. Similarly, the constraints of the i-th subsystem are also given by,

'rNi(t) < XNi = {xNi € R™i : GNixNi < gNi}7

, (3.2)
’U/,L(t) S Z/ll = {Uz e R™ Hu; < hl},

where Gy, € R%*" H, € R%*™i gy € R% and h; € R" are assumed to be known.
Without loss of generality, input coupling is not considered and the subsystems are as-
sumed to be coupled only through the states; in the presence of coupled inputs, additional
auxiliary variables can be introduced to ensure this assumption is met as in [DEL19].

Assuming that the i-th subsystem is required to track the target point x,,, the local
cost function of this subsystem is chosen to be,

Jit) = (IIJSNi(kIt) — Ty, (OIS, + Nus(klt) — e, (O)]7,) (3.3)

+ [z (N]E) = e, (2)

?Dl- + erz(t) — Ty, ?91-’

where N is the prediction horizon, x;(k[t) and u;(k|t) are the k-step ahead predicted
state and input vectors of the i-th subsystem at time instant ¢ and zy, (k|t) comprises
the k-step ahead predicted states of the subsystems in the set A at time instant ¢. The
local cost function matrices @; € S, , R; € ST and S; € S}, are predefined to satisfy
the optimization requirements and the terminal cost matrix P, € S| is computed by
solving the SDP (2.7). The pair (., (t), u.,(t)) is an artificial equilibrium point to which
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the i-th subsystem aims to converge at time instant t. This artificial equilibrium is
considered as a decision variable in the OCP. The last term in the cost function (3.3)
aims to drive this equilibrium towards the target point. This form of the cost will become
apparent later while proving stability and comparing the feasibility regions. We restrict
attention to admissible equilibrium points that lie in the interior of the corresponding
constraints. In particular, the point (x,(t), u.,(t)) is an admissible equilibrium point
under a stabilizing feedback policy &; : Xy, — U; if,

Te, () = Axezvi (t) + Bue,(t),

Ue, (t) = K(Zey, (1)) (3.4)
xeNi (t) € SXNN

Uei(t) c SUZ,

where € € (0, 1) is chosen arbitrarily close to one. We assume that there exists a feedback
policy &, (+) such that the point (z,,, k., (+)) is an admissible equilibrium point. Note that
this implies that the sets Xy, and U; have non-empty interior. To guarantee that the
proposed MPC is recursively feasible and the corresponding closed-loop dynamics is
asymptotically stable, we require that,

zi(N|t) € Xy, (3.5)

where X, is a positively invariant terminal set under the stabilizing terminal controller
ri(Tn,).

Defining the global state vector z(t) = [x1(t),...,zy(t)]T € R™ x ... x R™™ = R"
and the global input vector u(t) = [uy(t), ..., up(t)]" € R™ x ... x R™™ = R™ at time
instant ¢, the dynamics of the overall system is given by,

z(t+ 1) = Ax(t) + Bu(t). (3.6)

The global matrices A and B can be constructed from the local matrices Ay, and B; for
all i € {1,..., M} in the obvious way. We assume that the pair (A, B) is stabilizable.
The local variables of the i-th subsystem can be extracted from the global variables using
the mappings U; € {0,1}">", W; € {0,1}™:*™ and V; € {0, 1}™*™ where,

xT; = UZ{L‘,
zn, = Wiz, (3.7)
u; = Viu.

Similarly, the states and input constraints of the overall system (3.6) are given by,
z(t) e X ={z e R": Gz < g},
u(t)eUd ={ueR™: Hu < h},
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The global matrices G € R, H € R"™™ and the vectors g € RY, h € R" can be obtained
from the corresponding local matrices and vectors in the obvious way. By defining the
set X; = Xy, x R=€mW™ where M is the set of all subsystems and M\N; is the set
of all subsystems excluding the neighbours of the i-th subsystem, one can verify that,

X=Xn.nX,Nn..NXy,
U=U % .. xU; x..xUy.

The global cost function is given by,

J(t) = ZJz-(t) -y (e (kft) = ze ()G + lu(klt) — ue(t)lI7)

+l2(N]t) = ze ()1 + lwe(t) — 2.3,

where Q € ST, R € S7., P € S}, and S € S%, can be constructed using the
corresponding local matrices in the obvious way. The global artificial equilibrium point
(e, ue) satisfy,

where z.(t) = [z (¢),..., 2. (O)]T, uc(t) = [ul (t),...,ul ()] and k(2) = [&] (zn,), - - -,
ki (zn,,)]". By definition, the target point z, = [z, x] 1" is such that the pair
(2, £r(x,) is a global admissible equilibrium point for the overall system. Finally, note
that the global terminal set is defined as,

L 7 §

Xf:XﬁX...XXfM.

Recall that we aim to determine the terminal set Xy, and the corresponding termi-
nal controller «;(-) online. To ensure that they are positively invariant and asymptot-
ically stabilizing, respectively, additional constraints have to be imposed. The latter
requirement is ensured by the following theorem. In this theorem, a continuous function
f :10,d] — [0,00] belongs to the class I if f(-) is strictly increasing and f(0) = 0.
Furthermore, a continuous function f : [0,d] — [0, 00] belongs to the class K, if f(+)
belongs to the class K, d = co and lim,_, f(a) = oco.

Theorem 3.1 ([JL09]). Consider a distributed controller of the form r;(xy,) : R™i —
R™:i. Assume that, for each subsystem i € {1, ..., M}, there exist functions V;(x;) : R™ —
Ry, vi(zn,) : R™ = R and li(zn,, ki(zy,)) : R™T™ — Ry and functions 61,(-), d2,(+),
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93,(+) € Koo such that for all x; € Xy,

o1, (+) < Vi) < g, (1),
531() < li(wa Ki(‘rNi))’
Vi(An,zn, + Biri(zn,)) — Vi(zi) < —li(zn,, ri(z,)) + iz,

M
=1

Then, the function V (r) = Zf‘il Vi(z;) is a Lyapunov function for the closed-loop system
under the control law rk;(zy,) on the set Xy = Xicqr,.. my Xy,

The positive invariance of the terminal set under the action of the terminal controller
is ensured by means of the conditions in Proposition 2.1. For the sake of completeness,
this proposition is repeated below.

Proposition 3.1 ([DEL19]). Define the sets Xy, = Xjen;Xy;, then, each local terminal
set Xy, is positively invariant under the action of the distributed controller k;(xn;,) if for
each subsystem i € {1,..., M} and for all xy, € Xy »

AN,-J:N,- + BZIQZ(ZL‘Nl) S Xfﬂ (39&)
TN, € XM, (39b)
ki(xn,) € U;. (3.9¢)

Consequently, the global terminal set X is also positively invariant.

Condition (3.9a) ensures that the terminal set X, is invariant, whereas conditions
(3.9b) and (3.9¢) ensure that the state and input constraints are satisfied inside the
terminal set.

To complete the formulation of the online OCP, we simply need to add a constraint
to initialise the first element of the predicted state trajectory to the current state of the
system as follows,

where zy, € R™ is the current state of the i-th subsystem.

In summary, the global online OCP is given by,

M

min Z Ji(t)

i=1
. (3.1), (3.2), (3.4), (3.5), (3.10), foralli e {1,...,M} and k € {0,..., N — 1},
s.t.
(3.8), (3.9) foralli e {1,...,M} and z; € &},.
(3.11)
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The OCP (3.11) is solved at each time instant yielding for all i« € {1,..., M}, the
optimal predicted state trajecotory z}(k|t) for all k € {0, ..., N}, the optimal predicted
input trajectory ul(k|t) for all k € {0,..., N — 1}, the optimal predicted equilibrium

point (x,(t),u;,(t)), the optimal local terminal set X and the optimal local terminal
controller £}(-). Clearly, (3.11) is an intractable optimisation problem; we discuss the

steps we propose to approximate it by a tractable problem in the subsequent sections.

3.3 Control Design

In this section, we present two reconfigurbale distributed MPC schemes for reference
tracking of interconnected systems. These two schemes are developed by approximating
the intractable OCP (3.11) by a tractable one. The developed schemes differ in the set
of assumptions considered to reach a tractable OCP. The different assumptions result in
a different set of decision variables and additional constraints as discussed in the rest of
this section.

The online OCP (3.11) is infinite-dimensional, with an infinite number of decision
variables (the terminal set X, and the terminal controller x;(-) for all i € {1,...,M})
and an infinite number of constraints ((3.8) and (3.9) have to hold for each state inside
the terminal set). To transform the infinite-dimensional problem into a finite-dimensional
one, the terminal set is restricted to the class of ellipsoidal sets and the terminal controller
is restricted to the class of affine controllers. In this case, the local terminal set of the
i-th subsystem for all i € {1,..., M} is defined as,

Xy, = {z; eR" : ||y — ||}, < '}, (3.12)

where a; € R and ¢; € R™ define the size and center of the local terminal set of the
corresponding subsystem, respectively, and are considered as decision variables. On
the other side, the matrix P; is not a decision variable. Indeed, P; is computed offline
by solving the SDP (2.7). Note that this ellipsoidal set is not necessarily centered at
the target point z,,. Likewise, the terminal controller of the i-th subsystem for all
i€ {l,...,M} is restricted to the class of affine controllers,

Iii(CL’NZ.) = KNiINi + dz‘, (313)

where Ky, € R™*"N: is the terminal control gain matrix and d; € R™ is the affine term
of the terminal controller. While Ky, and d; are both considered decision variables in
the first scheme, only d; is considered as a decision variable in the second scheme. In

this scheme, the matrix K, is computed offline together with the matrix P; by solving
the SDP (2.7).
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Given (3.13), the constraints (3.4) become,

xei = ANZ'J;@NZ. + Bi“@n

Ue; = K Len. +dz7
Neen; (3.14)
xeNi € SXNN
Ue, S SUZ
Given (3.12), the terminal constraint (3.5) modifies to,
(N JE) — el < . (3.15)

This constraint can be equivalently represented by means of the Schur complement as,

P~_10éi $Z(N|t) — C;

2

> 0. 3.16

Considering (3.12) and (3.13), the positive invariance constraints (3.9) in Proposition
3.1 modify to,

forallie {1,...,M} and z; € &Y,

(A, + BiKn,)zn, + Bid; — ¢il|}, < of, (3.17a)
Gn,zn, < gn;, (3.17b)

Considering the variables Ax; = z; — x,,, Au; = u; — ue, and Axy, = TN, — T, , We
define the shifted dynamics,

We ensure that the terminal controller (3.13) is stabilizing by applying Theorem 3.1 to
the shifted dynamics. Recall from (3.14) that d; = —Ky,xy, + u., and hence, k;(zy,) =
Ky,xn, +d; = Kn,Azn, + u.,. Consequently, we consider,

Ak;(zy,

Vi(Ax;
l (AZL‘N ,AKZ( N)

K3

)
)
)
Vi(Azy,)
)
)
)

( ) = Ue; = KNiAxNi’

+ || Ky, Az, ||R = ||AxNi||?Qi+K;\;_RiKNi)7

(51 (AiL‘Z
52 (AI’Z
531(A‘TN

AHA%H
AIMMV
A,

)

36



where I'; € Siﬁ and A1, Ag;, A3, are positive scalars. Hence, conditions (3.8) in Theo-

rem 3.1 become,

forall i e {1,..., M} and z; € &Y,

MllAzi|? < [|Azif, < Ao, | Azi?, (3.18a)

/\3i||AxNi ? < HAxNz ?Qi+K1TIiRiKNi)7 (318b)

HANiAwNi + BlAK“Z(wNz) ?31 - HAml‘ ?31 < _HAwNi ?Qi-i_K]—\rfiRiKNi) + HA:UNZ %i7(3'18c>
M

S Az}, <. (3.18d)
=1

While I'; is considered as a decision variable in the online OCP, the scalars A;,, Ao,
and A3, are computed offline. Indeed, conditions (3.18a) and (3.18b) are satisfied with
A, = Amin(B), Ao, = Aaz(F;) and Az, = )\min(Qi‘i‘K]—\l}iRiKNi) where A\in (+) and Aoz (¢)
are the minimum and maximum eigenvalues of the corresponding matrix, respectively.
Note that Ay, ||Az]|?, Mg, [|Az;||* and A3, [|Azy,||* € Ko in this case since P, € S,
Qi€ S and R; € ST

In summary, the global online OCP is given by,
M
min Z Ji(t)
i=1

G0, (32), (3.10), (3.19), (316), forall i € {1,... M} and k € {0,... N 1},
s.t.
(3.17), (3.18), forall i € {1,..., M} and z; € X},.

w

(3.19)
One can see that (3.19) is a finite-dimensional conservative approximation of (3.11), as
the terminal sets and the terminal controllers are no longer optimized over arbitrary
sets and functions. Instead, for ¢ € {1,..., M}, we optimize for the terminal set size
«;, the terminal set center ¢;, the affine term d; of the terminal controller and the
auxiliary matrix I'; together with the predicted state trajectory z;(klt), k € {1,..., N},
the predicted input trajectory w;(klt), k € {1,..., N — 1} and the artificial equilibrium
point (z,(t), ue,(t)). Recall that we also optimize for the terminal control gain matrix
Ky, in one of the developed schemes. On the contrary, this matrix is fixed and computed
offline in the other scheme. Since in the process the feasible set is reduced, (3.19) provides
an upper bound of the cost in (3.11).

The onlince OCP (3.19) still has an infinite number of constraints represented by the
robust constraints (3.17) and (3.18) since these two constraints have to hold for all states
inside the terminal set. In the sequel, these robust constraints are transformed into a
finite number of matrix inequalities. For this purpose, the following matrices and vectors

are used: a = diag(ay Ly, ..., anrlny, ), ¢ = [cf . elf]’, an, = WiaW," and cy, = Wic.
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We start with the robust constraint (3.17a). This constraint can be transformed
into a matrix inequality as shown in the following proposition. The resulting matrix
inequality is used in both schemes. The only difference is that the matrix Ky, existing
in the resulting matrix inequality is a decision variable in one scheme and fixed in the
other.

Proposition 3.2. The terminal set invariance condition (3.17a) of the i-th subsystem
given by,

[(An,+BiKn,)zn, + Bidi — ci||3, < of, for all j € N; and z; : ||z; — cj||§3j < aJQ-,

(3.20)
holds if there exist scalars p;; > 0 for all j € N; such that,
P la; (Ayan, + BiEKyan,) (Anen, + Bi(Ey,cn, +di) = ¢i)
* i Fij 0
P >0, (3.21)
* * = Y Pij
JEN;
Proof. For the i-th subsystem, define the auxiliary vector s; € R™ such that,
T; = ¢ + a;S;, (322)
and sy, € R"¥: such that,
TN, = CN; + aN;SN;- (323)

Notice that s; = U;W," sy.. Substituting these auxiliary vectors in (3.20) yields,

[(An,an, + BiKn,an,)sn |5, + [(An, + BiKy,)en, + Bid; — i),
+ 2 ((ANl + Bz'KNi)CNZ- + BzdZ - Ci)T Pi(ANiOéNZ- + BiKNiOéNi)SNi S Oé?,
for all j € N;, HSjH%j <1

Using the mapping equations (3.7) and multiplying the resulting inequality by a;* leads
to,

H(ANiaNi + B’iKNiaNi)sNi ?Dia;l + HANiCNi + Bi(KNiCNi + dl) - CiH?Jia;l
+ 2 (ANiCNi + Bi(KNiCNi + dz) - Ci>T R;Oé;l(ANiOéNi + Bz'KNiOéNZ-)SNi S (070

for all] GM, HSNz ?jz] S 1

Applying the S-Lemma [Boy+94] results in,

» T
> oy {P” ! ] - {%1 ]\Aﬂ >0,
JEN; 0 —1 2 3
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Mli = (ANiaNi + BiKNiaNi)T]Diai_1<ANiaNi + BiKNiaNi)
= [AN'LCNi + Bi<KN¢CNi + dl) - Ci]TPia;l(ANiaNi + BiKNiaNi)
Mgi = [ANicNi + Bi(KNiCNi + dz) — Ci]TPiOél-_l[ANiCNZ. + Bi(KNiCNi + dz) — Ci] — Q4.

Rearranging the above matrix inequality results in,

> pijbi 0
JEN;
0 ;= D pij
JEN:
-
_ (An,an, + BiEKy,an,)" P! (A, o, + BiKy,an,) >0
[ANiCNi + Bi(KNiCNi + dl) - Ci]T ' [ANiCNi + Bi<KNicNi + dl) - Ci] -
Applying the Schur complement [Boy+94] leads to (3.21). ]

We now move to conditions (3.17b) and (3.17¢) which ensure that all states inside
the terminal set satisfy the state constraints and the terminal control input evaluated
at these states satisfies the input constraints. We also consider the conditions in (3.18)
which ensure that the terminal dynamics is asymptotically stable. We aim to replace
these robust conditions with a finite number of constraints. Since Ky, is a decision
variable in one scheme and fixed in the other, the resulting constraints differ in the two
schemes. It is shown below that these conditions are represented using a set of matrix
inequalities in the first scheme and scalar inequalities in the second scheme.

3.3.1 MPC variant with reconfigurable terminal control gain

We introduce here the first scheme where the terminal control gain Ky, is considered
as a decision variable and reconfigured online at each time instant. First, we show how
the robust conditions (3.17b) and (3.17¢) can be replaced by a set of matrix inequalities.
We start with the robust constraint (3.17b) in the following proposition.

Proposition 3.3. Let G be the p-th row of the matriz Gy, and gy, the p-th element
of the vector gn,. The p-th state constraint of the i-th subsystem given by,

2

Ghen, < gh, for all j € N, @+ [lzy — ¢l[p, < af,

holds if there exist Ufj > 0 for all j € N; such that,

p p
> e by s Gy, >0 (3.24)
1Gh a P —GRen, = Yo ob| T '

2 N; NG In; N;“Ni JEN; T ij



Proof. The proof follows that of Proposition 2.5. O]

We now move to the robust constraint (3.17¢) in the following proposition.

Proposition 3.4. Let H! be the I-th row of the matriz H; and h the l-th element of the
vector h;. The l-th input constraint of the i-th subsystem given by,

H!Ky,xy, + Hld; < B for all j € N; and x; : ||z; — cj||§3j <a? (3.25)

j?
holds if there exist Tl-lj > 0 for all j € N; such that,

> jen;: T Pij %CVNZ-KJQHZ!T > 0. (3.26)
%HilKNz‘O‘Ni hi - Hil(KNz‘cNi + dl) - Zje,/\/’i Tilj B

Proof. Recall the definitions of the auxiliary vectors s; and sy, in (3.22) and (3.23).
Substituting for these vectors, the condition in (3.25) becomes,

H!Ky,(cn, + an,sy,) + Hid; < h¥ for all j € Nj and s; : ||sj||?3j <1.
Using the maps in (3.7), the above condition is given by,
HiKy,ay,sn, + H{Ky,cn, + Hid; < hj for all [|sy, |3, < 1.
Applying the S-procedure [Boy-+94] leads to,
o L B L
U0 - TH!Ky,an, H!Kycen, + Hldy —hl| =
Rearranging the above LMI results in (3.20). H

Finally, we discuss the conditions in (3.18) which ensure the asymptotic stability of
the terminal dynamics.

Proposition 3.5. The terminal dynamics is asymptotically stable (i.e. (3.18) hold) if
forallie{1,..., M},

WU PTIUW,T + an i ay, an, AN, +an, Ky B OfNinw O‘NiK]T/,-Ril/2

ANiaNz‘ + BiKNZ-OéNi Pi_lOéi 0 0
1/2 Z 07

Qz’ an; 0 &iInNi 0

RI?Ky,an, 0 0 ;I
(3.27)
and if there exist block-diagonal matrices T; € R™i*™Ni for all i € {1, ..., M} such that,
ay,Dia; tay, < T; foralli € {1,... M}, (3.28a)
S UW T WU <0 foralli € {1,..., M} (3.28b)
JEN;
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Proof. Recall that conditions (3.18a) and (3.18b) are satisfied for all i € {1,..., M}
with A1, = MNuin(Bh), A2, = Aae(Pr) and A3, = Apin(Q; + K;,iRiKNi) where A\pin(+)
and A, (+) are the minimum and maximum eigenvalues of the corresponding matrix,
respectively. Hence, these conditions can be omitted from the OCP since they are
satisfied by construction.

Recall also that Ar;(zy,) = Kn,Azxy,. Using the maps in (3.7), conditions (3.18¢)
and (3.18d) are given by,

2
||A$N’ WiUiTPiUiWiT_(ANi+BiKNi)TPi(AN,L-+BiKNi)_(Qi+K;\r]iRiKNi)+Fi =0, (3.29&)
2

where Az = x—x, is the global shifted state vector. By following the proof of Proposition
4 in [DEL19], conditions (3.29a) and (3.29b) can be replaced, respectively, by the matrix
inequalities (3.27) and

M

> Wl ay oy ay,W; <0. (3.30)

i=1
Following [Con-+16], we introduce the block-diagonal matrices T; as upper bounds of
an,Tsa; tay, by requiring inequality (3.28a). Thus, condition (3.30) can be ensured by
means of the inequalities (3.28b). O

Finally, to ensure that the S-lemma decision variables 1;;, pfj and Tilj are non-negative,
we require that for alli € {1,...,. M}, je N, pe{l,..., ¢} andl € {1,...,r;},

pi; =0, pby >0, 7, > 0. (3.31)

In summary, the global online OCP becomes

M
min Z Ji(t)
i—1
forall ke {0,...,N—1}andi€e {1,...,M},
forall j e N;, pe{l,...,q;} and l € {1,...,r;},
(3.1), (3.2), (3.10), (3.14), (3.16),
(3.21), (3.24), (3.26), (3.27), (3.28a), (3.28b), (3.31).

(3.32)
s.t.

Unlike (3.19), the online OCP (3.32) has a finite number of constraints since the ro-
bust constraints in (3.19) are replaced by a finite number of matrix inequalities in (3.32).
Note that (3.32) provides an upper bound of the optimal cost in (3.19), as the feasible
set has been restricted once more through the use of the S-procedure in Propositions
3.2, 3.3, 3.4 and 3.5. It is important to mention that the decision variables in (3.32)
are, for all ¢ € {1,..., M}, the predicted state trajectory z;(k|t) for all k& € {0, ..., N},
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the predicted input trajectory w;(k|t) for all k € {0,..., N — 1}, the artificial equilibrium
point (z.,, u., ), the terminal set size «;, the terminal set center ¢;, the terminal control
gain matrix Ky, the affine term d; of the terminal controller, the auxiliary matrices I';
and T; and the S-procedure variables p;;, pf; and 7}; for all j € Nj, p € {1,...,¢;} and
led{l,...,r}

Even though (3.32) is finite-dimensional with a finite number of constraints, it is
non-convex due to the nonlinear combinations of decision variables Ky,ay,, Kn,cn;,
Knxey and ay, oy Yay, in the constraint (3.14) and the matrix inequalities (3.21),
(3.24), (3.26), (3.27) and (3.28). It can, however, be transformed into a convex problem
through the change of variables,

V1; = QN;,

V2, = CN;,

v3, = Ky, an,, (3.33)
vy, = Ky,cn, + d;, .
Vs, = aNiFiai’laNi,

Vg, — T‘z

7

The above map is bijective as long as «; > 0 for all ¢ € {1,..., M}; in this case, the
original variables «;, ¢;, Kn;,, d;, I'; and T; can be retrieved from the newly-defined ones
vj, for all j € {1,...,6} as follows,

apn; = Uy,,
UQ»;?
K _ —1
N; = U3y,
—1
d; = vy, — V3,07, Vo,
-1 -1 T T

ﬂ206i7

where ()17 denotes the top-left element in a matrix. Notice that it is always possible to
find «; > 0 because the equilibrium point is assumed to be in the interior of the state
and input constraint sets as implied by (3.14). To express the constraint (3.11) as a
linear combination of the variables (3.33), the artificial equilibrium point is constrained
to be at the center of the terminal set (i.e. z., = ¢; for all : € {1,..., M}). In this case,
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the constraint (3.14) together with the constraint that «; > 0 and z., = ¢; become,

UW, vy, = An,ve, + B,
Ue; = V4,
vy, € X,
vy, € EU;,
(UWS o, WU, > e,

i
T
Le;, = UZ”/l Vo, .

(3.34)

where ¢ is an arbitrarily small positive scalar. Using the maps (3.7) and (3.33), the
matrix inequalities (3.16), (3.21), (3.24), (3.26), (3.27) and (3.28) are given, respectively,
by,

PRIUW o, WU ai(N[t) — Ui, vy,

> 0, 3.35
(i (NJt) = UWTve,) " (UW o, Wil ) | (3:85)
P;lUZ'WiTUhVVZ'UiT (ANZ'UL' -+ Bﬂ)gi) (ANiUQi + BiU4i — UM/Z-TUQZ.)
(ANivli + Biv3i)T Z :uijpij 0
- JEN; Z 07
(ANiUQi —+ Bﬂ)4i — UZ‘WiTUQi) 0 (UiWiTUhWiUiT)H — Z /vbij
JEN;
(3.36)
T
ZJ\/ pfjpz‘j %ULG]JDVZ-
JEN >0, forall pe {1,...,q}, (3.37)
JEN;
> Tffjpij %U?I-Hf
jEN;
j Ve W Hly - S A >0, forall I € {1,...,r}, (3.38)
277179 7 17 ij
JEN;
WZ‘UZTP;lUZ'WZT —+ ”U5l. (ANi'Uli —+ Bi’Ugi)T ,UliQi% 'U;;RZ%

An,v1, + Bjus, PIUW, v WU 0 0 -
QE’UL: 0 (UiWiTvliWiUZT)lljnNi 0 -
R?U&. 0 0 (Ul'WiTvliWiUlT)uImi

(3.39)
> UWu WU < 0. (3.41)
JEN;
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Note that the matrix inequalities (3.35), (3.36), (3.37), (3.38), (3.39), (3.40) and (3.41)
are linear with respect to the newly-defined decision variables (3.33). Note also that, by
substituting (3.34) in the LMI (3.36), this LMI becomes block diagonal.

Based on the above arguments, the global online OCP problem can be represented
as a convex finite-dimensional optimization problem with a finite number of constraints
as follows,

M
min Z Ji(t)
i=1

forall k€ {0,...,N—1}andie{1,...,M},
forall j e N, p{1,...,¢}and l € {1,... 1},
(3.1), (3.2), (3.10), (3.31), (3.34), (3.35)
(3.36), (3.37), (3.38), (3.39), (3.40), (3.41).

(3.42)
s.t.

This leads to the MPC scheme in Algorithm 1. Note that the cost of (3.42) is once more
an upper bound on the cost of (3.32), due to the additional constraint that the artificial
equilibrium point lies in the center of the terminal set, imposed by (3.34).

Algorithm 1 Reconfigurable Distributed MPC for Tracking (A1)

Input: For all i € {1,..., M}, system matrices Ay, and B;, cost function matrices Q;,

R; and §;, constraint sets Xy, and U;, maps U;, V; and W, initial condition z,, and
prediction horizon T’

Output: Foralli € {1,..., M}, vectors x;(k|t) for all k € {0,..., N} and u;(k|t) for all
k€ {0,...,N — 1}, variables v;, for all j € {1,...,6} and scalars p;;, p}; and 7}; for
allje N, pe{l,...,q}tand [ € {1,...,7;}.

1: Initialization For all ¢ € {1,..., M}, compute the matrix P, using (2.7).
2: while true do

3:  Solve the online OCP (3.42).

4:  Apply the first control input w(0[¢) to the plant (3.1).

5. Measure the new state zg <— Axo + Bu(0|t).

6: end while

Unlike standard MPC schemes that require the solution of QPs, the online OCP (3.42)
of the developed MPC scheme is an SDP due to the LMIs (3.35)-(3.41). In general, an
SDP is more difficult to solve compared to a QP. To improve computational performance,
SDPs can be approximated using various approaches (e.g. see [MHA20]). Here, we use
an SDP scalability method based on diagonal dominance [AH17] to approximate the
developed SDP by a QP [AH17; AM19]. In particular, we apply diagonal dominance to
the LMIs (3.35)-(3.41) to replace them by a finite number of linear inequalities. In the
sequel, we use [-|g to refer to the element in the s-th row and k-th column of a matrix
and | - | to refer to a matrix with the absolute values of the elements in the original
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matrix. By defining the bounds by, € R"™, by, € R™*"N:i b3 € S"Vi and by, € S"Vi such
that,

—by, < x;(N|t) — UW vg, < by,,
[b2 ]sk < [Usb] [bzl]sk, (343)
—[b3,)sk < [v5,]sk < [b3,]sk,
[b4z] < [UGZ] < [b4l]sk7

applying diagonal dominance to the LMIs (3.35)-(3.41) yields the linear inequalities,

2P UW, 0, WU o 2> (1P UW, 0, Wil g + [y, ]t for all s € {1, n,},

i
k=1

EAUARRIAIANSS Z Jiks

(3.44)
n,
Q[Pi_lUiVViTvlz‘WiUiT]ss HP 1’U WTU1 WUT
k= k=1 k=1
for all s € {1,...,n;},
nN,
> kP ZZZM Isk+Z waT B/ [t
JEN; JEN; k=

for all s € {1,...,nn,},
[Uz”z Uli”zUi ]11 Z E /’L’Lj7

JEN;
(3.45)
— 1 pefl,...,q}
T yre s i
Z /)%Pij > Z Z[pfj|Pl]HSk + §[U1i N¢|]81 for all {3 c {1 n },
. : . i y ooy N,
JEN s IS (3.46)
N
— Gy vy, — Z ph; > Z Nlv e forall p e {1,..., ¢},
JEN: k=
il le{l ri}
ZTZP > Z Z[TZA illsk + 3 [bT|HlT|]sl for all { . {1’“'7 ' y
o S y oo UG
JEN; JEN; k=1 (347)
ny;
hi— Hlvg, — Y 7l > Z [|[H!|bo, )1y for all 1€ {1,..., 7},
JEN; =
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nN,

2AW,U PTIUW, + s ]os > > WU [PTHUW,T + b o

k=1
nn; nN;
+ o AN sk + Y _[bs, 1B [l
k=1 k=1
nN;
+3 o, lQ? sk+ZbT|R2 ok
k=1
for all s € {1 o N b
n; TN
Z[F’[lUiWiTvliWiUiT]ss HP 1|U WTl)l VVUV—r
k=
for all s € {1, N
NN,
[UiWiT?)liWiUiT]n ZHQ ’Ul ]sk for all s € {1 c. 7nNi}7
k=1
n;

[UiWiTUhWZ'UlT]H Z HR ‘bz ]sk for all s € {1 Ce ,mi},

k=
(3.48)
nN; nN;
2 ]ss = > [baJek + Y _[bsJex for all s € {1,... ny}, (3.49)
k=1 k=1
nN;
=2 [UiW g WU e = D [UW, by, WU g for all s € {1, ny,}, (3.50)
JEN; JEN; k=1
In this case, the online OCP can be cast as a QP as follows,
M
min Z Ji(t)
i=1
for all ., N—1 e {l,....M
orall k €{0,..., }andie{1,..., M}, (3.51)

forall j e N, p{1,...,¢}and l € {1,... 7},
(3.1), (3.2), (3.10), (3.31), (3.34),
(3.43), (3.44), (3.45), (3.46), (3.47), (3.48), (3.49), (3.50).

s.t.

This leads to the MPC scheme in Algorithm 2. Notice that the cost of (3.42) is upper
bounded by the cost of (3.51), due to the application of the SDP scalability method
that is based on diagonal dominance. In summary, the costs of the various programs
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considered satisfy,

(3.11) <(3.19

{ellipsoidal sets, affine controllers}

w
w
DO

{S-procedure}

{centered equilibrium}

AR A A

\_7(

N
)
N— SN— SN— SN—

51) {diagonal dominance}.

Algorithm 2 Reconfigurable Distributed MPC for Tracking (A2)

Input: For all i € {1,..., M}, system matrices Ay, and B;, cost function matrices @,
R; and S;, constraint sets X, and U;, maps U;, V; and W;, initial condition z,, and

prediction horizon T’

Output: For alli e {1,..., M}, vectors z;(k|t) for all k € {0,..., N} and u;(k|t) for all
k€ {0,...,N—1}, variables vj, for all j € {1,...,6}, bounds b;, for all j € {1,...,4}
and scalars 15, pf; and 7' forall j e Ni,pe{l,...q}and I € {1,...,7;}.

1: Initialization For all i € {1 ., M}, compute the matrix P; using (2.7).
2: while true do

3:  Solve the online OCP (3.51).

4:  Apply the first control input u(0[t) to the plant (3.1).

5. Measure the new state zo < Axg + Bu(0]t).

6: end while

Although the MPC problems (3.42) and (3.51) are written centrally, they can be
solved online using distributed optimization algorithms (e.g. see [NL18]) thanks to their
distributed structure. Some of these algorithms can be used without requiring a central
coordinator such as the distributed primal-dual algorithm [AH16] and some variants
of ADMM [Boy+11]. ADMM is used here due to its better convergence properties
[Ban+19]. In this case, each subsystem solves a local optimization problem iteratively
at each time instant while communicating only with its neighbours until consensus among
shared variables is reached. The shared variables between the two neighbours ¢ and j
are o, o, ¢;, ¢, UWTW,U, UW]TW,U]T, e, e, zi(k|t) and x;(k|t) for all k €
{0,..., N — 1}. For more detalls see S( ction 3.5 where the distributed impelementation
of the developed schemes using ADMM is discussed in detail.

3.3.2 MPC variant with off-centered terminal set

We now move to the second scheme where the stabilizing terminal control gain matrix
Ky, is synthesized offline and considered as a fixed parameter in the online OCP. To
derive this scheme, we start with the semi-infinite program (3.19) which has a finite
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number of decision variables, but an infinite number of constraints represented by the
robust constraints (3.17) and (3.18).

Recall that the conditions in (3.18) aim to ensure that the terminal controller x;(zy,) =
Ky,xn,+d; for all i € {1,..., M} is stabilizing. Since the stabilizing control gain matrix
Ky, is already computed offline and d; does not affect the stability of the terminal dy-
namics (i.e. d; does not appear in (3.18)), the conditions in (3.18) are no longer required
in the online OCP in this case. On the other side, the invariance conditions (3.17) are
still required. Condition (3.17a) can still be replaced by the matrix inequality (3.21)
as in the first scheme. The only difference now is that K, is not a decision variable
anymore in this matrix inequality. Instead of replacing (3.17b) and (3.17¢) by the ma-
trix inequalities (3.24) and (3.26), we show here that these robust constraints can be
replaced by a finite number of scalar inequalities. We start with (3.17b) in the following
proposition.

Proposition 3.6. Let the p-th row of the matrix G, be denoted by G]]”VZ, and the p-th
element of the vector gn, by gfvi. For the i-th subsystem, condition (3.17b) given by,

GRxn, < gi, forall j € NG, xj ||z — cj||f>j <ajandpe{l,... q}, (3.52)
holds if and only if,

Gly.en, + Z ||G1]0VZ_I/VZ~U]TPJ-_1/2||2043~ < gy, forallp € {1,..., q}. (3.53)
JEN

Proof. For all j € N;, we define the auxiliary vector s; € R™ such that,
=i+ Py %),
and hence,
~1/2
IN; = CN; + PNi SN

where Py, = 37 WU/ P;U;W,;" and sy, = 3.\ WiU[ s;. Using the aforementioned
auxiliary vectors, condition (3.52) can be written as,

G\.cn, + G?ViP];il/zsNi < gi, for all j € N, szsj < ajz and p € {1,...,¢}.
By making use of the definitions of Py, and sy,, we reach that,

G\.cn, + Z G%iMU;%71/2sj < g7 for all j € N;, s;-rsj < 04]2 and p € {1, ..., ¢}
JEN:
Following [Ban+20; BBV04], this robust constraint is satisfied if and only if (3.53)
holds. O]

We now move to condition (3.17¢) in the following proposition.
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Proposition 3.7. Let the [-th row of the matriz H; be denoted by H! and the I-th element
of the vector h; by hl. For the i-th subsystem, condition (3.17¢) given by,

H{(Kyan, +d;) < bl forall j € Ny, x| — ch?Dj <afandle{l,... r},
holds if and only if,

HKy,en, + Hid; + Y | HIKy WU P a0y < B foralll € {1,...,r;}. (3.54)
JEN;
Proof. The proof follows that of Proposition 3.0 by replacing Gy, with H; Ky, and gy,

Note that the S-lemma is neither used with condition (3.17b) nor with condition
(3.17¢). Indeed, it is only used with condition (3.17a) and hence, an additional constraint
is required to ensure that for alli € {1,..., M} and j € N,

Based on the above arguments, the online OCP of this MPC scheme is given by,

M
min Z Ji(t)
i=1

forall k€ {0,...,N—1}andie {1,...,M},
forall j e N;, p{1,...,¢} and l € {1,...,r;},
(3.1), (3.2), (3.10), (3.14) , (3.15),

(3.21), (3.53), (3.54), (3.55),

(3.56)
s.t.

In this online OCP, the decision variables are, for all i € {1,..., M}, the predicted state
trajectory z;(k[t) for all k& € {0,..., N}, the predicted input trajectory w;(k|t) for all
k € {0, ..., N — 1}, the artificial equilibrium point (z.,, u.,), the terminal set size «;, the
terminal set center ¢;, the affine term d; of the terminal controller and the S-procedure
variables y;; for all j € N;.

It is important to mention that the constraints in (3.14) are all linear since K, is no
longer a decision variable and hence, no bilinear terms exist due to the multipilication
of Ky, and z., . In this case, there is no need to constrain the artificial equilibrium
point to be at the center of the terminal set (i.e. ¢; # x, for all i € {1,..., M}). Unlike
(3.19) which uses the LMI (3.16) as the terminal constraint, we use here (3.15) which
can be formulated as a second-order cone constraint. The scalar and matrix inequalities
(3.21), (3.53) and(3.54) are all linear with respect to the decision variables and hence,
the resulting online OCP (3.56) is an SDP and hence, convex. Note that since ¢; # ey,
for all i € NV;, the matrix in (3.21) is not necessarily block-diagonal anymore. The online
OCP (3.56) leads to the MPC scheme in Algorithm 3.
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Algorithm 3 Reconfigurable Distributed MPC for Tracking (B1)

Input: For all i € {1,..., M}, system matrices Ay, and B;, cost function matrices Q;,
R; and S;, constraint sets Xy, and U;, maps U;, V; and W, initial condition z(, and
prediction horizon T’

Output: For all i € {1,..., M}, vectors x;(k|t) for all k € {0,..., N}, u;(k|t) for all
ke{0,...,N —1}, x,, u,, ¢, d; and scalars o, u;; for all j € N;.

1: Initialization For all ¢ € {1,..., M}, compute P; and Ky, using (2.7).
2: while true do

3:  Solve the online OCP (3.56).

4:  Apply the first control input «(0|t) to the plant (3.1).

5. Measure the new state xo < Axg + Bu(0]t).

6: end while

To reduce the computational effort of Algorithm 3, LMI (3.21) can be approximated
using diagonal dominance [MHA20; AM19] by a set of linear inequalities given by,

nn;
2 [Pl > Z 1P o], + D Jue + [bil,, forall s € {1,...,n,},
k=1
> NPyl = Z SNl D [(AN+ BiKNJOéi)T] .
JEN; W k=1 EN g k=l s

for all s € {1,...,np,},
ai— > A=) b,
JEN; k=1
—b; < (An, + BiKn,)en, + Bid; — ¢; < by,
(3.57)
where b; € R™ is an additional decision variable, [-]s is the element in the s-th row and

k-th column of a matrix and | - | is a matrix with the absolute values of the elements in
the original matrix. In this case, the online OCP is given by the SOCP,

M

min ZJi(t)
i—1
forall k€ {0,...,N—1}andie{1,...,M},
forall j e N, p{1,...,¢;}and l € {1,... 1},
(3.1), (3.2), (3.10), (3.14), (3.15),
(3.53), (3.54), (3.55), (3.57).

The resulting online OCP is an SOCP and not a QP due to constraint (3.15) which is
formulated as a second-order cone constraint. The online OCP yields the MPC scheme

20

(3.58)
s.t.



in Algorithm 4. In summary, the costs of the various programs considered satisfy,

(
(

(3.58) {diagonal dominance}.

(3.11) <(3.19) {ellipsoidal sets, affine controllers}

I
e

<(3.
<(3.56) {S-procedure, fixed terminal control gain}
< ]

Algorithm 4 Reconfigurable Distributed MPC for Tracking (B1)

Input: For all i € {1,..., M}, system matrices Ay, and B;, cost function matrices @,

R; and S;, constraint sets Xy, and U;, maps U;, V; and W, initial condition zy, and
prediction horizon T’
Output: For all i € {1,..., M}, vectors z;(k|t) for all & € {0,..., N}, u;(k|t) for all

ke{0,...,N —1}, x,, ., ¢, d;, b; and scalars o, p;; for all j € M.

1: Initialization For all ¢ € {1,..., M}, compute P; and Ky, using (2.7).

2: while true do

3:  Solve the online OCP (3.58).

4:  Apply the first control input u(0[¢t) to the plant (3.1).

5. Measure the new state xo < Axy + Bu(0]t).

6: end while

Note that the feasible region of either the MPC scheme in Algorithm 1 or the one
in Algorithm 3 does not coincide in that of the other. This is because the scheme
in Algorithm 3 does not constrain the center of the terminal set to the equilibrium
point defined by z.,, but uses a predefined terminal controller computed offline. On
the contrary, the scheme in Algorithm 1 computes the terminal controller online, but
constrains the center of the terminal set to the equilibrium point. Both schemes, however,
have larger feasible sets than other schemes proposed in the literature (see Section 3.6 for
more details). The same discussion above applies to the MPC schemes in Algorithm 2
and Algorithm 4.

It is worth mentioning that an attempt to use the simplified S-lemma [Ban+20]
instead of the approximate S-lemma is made to derive Algorithm 3. In particular, the
simplified S-lemma is intended to replace the robust constraint (3.17a) by a second-order
cone constraint instead of the LMI (3.21) derived using the approximate S-lemma. This
idea is inspired from [Ban+20] in which a reconfigurable centralized MPC is developed.
In this case, the online OCP of the MPC scheme in Algorithm 3 would have been an
SOCP instead of the SDP (3.56). Consequently, diagonal dominance would not have
been used to approximate the SDP (3.56) by the SOCP (3.58) and derive the MPC
scheme in Algorithm 4. The main advantage of this approach is that conservatism is
alleviated when compared to the proposed approach. This is because that the simplified
S-lemma provides necessary and sufficient conditions unlike the approximate S-lemma
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and diagonal dominance which provide only sufficient conditions. Unlike the centralized
case [Ban+20], the simplified S-lemma cannot be used in the distributed case for two
reasons. First, the assumption on the simultaneous diagonalizability [Ban+20] is not
necessarily satisfied. Even if this assumption is satisfied, the simplified S-lemma does
not yield a second-order cone constraint in the distributed case. Instead, a non-convex
constraint is reached hindering the possibility of deriving a convex online OCP.

3.4 Feasibility and Stability

In the previous section, we developed two reconfigurable distributed MPC schemes for
reference tracking. The first one is the distributed MPC scheme with reconfigurable
terminal control gain matrix and can be implemented in two different ways as in Algo-
rithm 1 where the online OCP is an SDP or Algorithm 2 where the online OCP is a
QP. The second one is the distributed MPC scheme with off-centered terminal sets and
can be implemented in two different ways as in Algorithm 3 where the online OCP is
an SDP or Algorithm 4 where the online OCP is an SOCP. In this section, we establish
the recursive feasibility of all the developed MPC problems and the asymptotic stability
of the corresponding closed-loop dynamics. First, we consider the first MPC scheme
with the online OCP (3.42). We then show that the same arguments apply to the other
schemes with the online OCPs (3.51), (3.56) and (3.58).

3.4.1 Recursive Feasibility

We start with showing that the MPC problem (3.42) is recursively feasible, that is, if
it is initially feasible at time instant ¢ = 0, then it is feasible at all future time instants

t > 0. The following theorem elaborates the recursive feasibility of this scheme using
standard MPC arguments (e.g. see [RMD17]).

Theorem 3.2. The MPC scheme (3.12) is recursively feasible.

Proof. Assume that the MPC problem (3.42) is initially feasible at time instant ¢t = 0
and the values corresponding to the optimal solution for all i € {1,..., M} are given
by ;(k|t) for all k € {0,..., N}, uj(k[t) for all k € {0,..., N — 1}, x} (1), u (t), a;(t),
ci(t), Ky (t), di(t), Ti(t), T (t), uj, pfj and 7/; forall j € Nj,pe{l,...,¢}and ] €
{1,...,r;}. Since the terminal set represented by «;(t) and ¢} (t) foralli € {1,..., M} is
positively invariant, the state trajectory {7 (1[t), ..., 2] (N|t), (An, +BiKy, (t))z; (N|t)+
Bid;(t)} and the input trajectory {uj(1[t),...,uj(N —1[t), Ky, (t)z;(N|t) + di(t)} are
feasible at the next time instant assuming that the other optimal values remain the same.
In other words, the distributed MPC problem is feasible at the next time instant ¢t = 1.
By induction, the distributed MPC problem is feasible for all ¢ > 1, or equivalently,

recursively feasible. m
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The recursive feasibility of the other MPC schemes (3.51), (3.56) and (3.58) can be
established using the same arguments as shown below.

Theorem 3.3. The MPC schemes (3.51), (3.56) and (3.58) are recursively feasible.

Proof. The proof follows the lines of the proof of Theorem 3.2, In addition to the values
corresponding to the optimal solution of the OCP (3.42) at time instant ¢, we also
consider the optimal values b5 (t) for all j € {1,2,3,4} to show the recursive feasibility
of the OCP (3.51). Regarding the OCP (3.56), we consider for all i € {1,..., M} the
optimal values xj(k[t) for all k € {0,..., N}, uj(k[t) for all k € {0,..., N — 1}, x} (t),
ug (t), aj(t), ci(t), di(t), pi; for all j € N;. In addition to the optimal values of the OCP
(3.56) at time instant ¢, we also consider the optimal value b}(¢) to show the recursive
feasibility of the OCP (3.58). O

3.4.2 Asymptotic Stability

We now discuss the stability of the closed-loop system under the MPC scheme (3.42).
To prove that the target point is asymptotically stable, we first show that this point is
stable using Lyapunov stability theory. We then show that this point is attractive by
contradiction. The proof is inspired from [KC16; Lim-+08].

Stability

To prove stability, we consider the augmented dynamics whose state vector is given by
(2" (), 22" (t),ut ()] where z*(t) = 2*(0[t) and w*(t) = u*(0|t). Note that z*(1|t) =

x2*(0[t + 1) in this case. In the following lemma, we show that the equilibrium point
T T

of this system given by the target point [z, ,z,,u,]" is stable where u, is such that

x, = Az, + Bu,. The proof follows from the standard MPC arguments (e.g. see [KC16]).

Lemma 3.1. Consider the augmented closed-loop system with the state vector [I*T(t),
* x T T .7 ,,T

=" (), u (8)]T. The equilibrium point [x] 2] ul]T of this system is stable.
Proof. Let z*(k|t) for all k € {0,..., N}, u*(k|t) for all k € {0,..., N — 1}, xX(t), ui(t)
be the optimal values corresponding to the optimal solution of (3.42) at time instant ¢.
Hence, the optimal cost at this time instant is given by,

F

()= (" (klt) — 22 ()]G + [l (k]t) — wz (1))

0

b
Il

+ [l (N1t) = 22O + 22 (1) — 2. [l

23



Furthermore, define the tail sequence to be z*(k|t) for all k € {1,..., N} and u*(k|t) for
all k € {1,..., N — 1}. Thus, the cost of the tail sequence is given by,

=

-1

(Il (k[t) — 22 (O)1IG + llu* (k[t) — uz (t)][7)

J'(t)

B
Il

+ 2" (N[t) — 2z (0 + 22 (t) — 23
Subtracting J*(t) from J'(t) leads to,
JH(t) = () = —[lz" (0[t) — 2z (1) 1§ — [lu™(0]t) — i (t)]1%-

Next, we define the function

N
J(t) =) (lla" (k[t) = 22Ol + [l (k]) — uz (1)I[%)
k=1
+lla* (N + 1]t) = 22017 + [|22(8) — 2|7,
where
u*(N|t) = K*(t)x"(N|t) + d"(t)
= u(t) + K7 (8) (2" (N]t) — 22(1),
(N +1|t) = 27(t) + (A+ BK*(t))(x(N|t) — z5(t)).

Recall in the above equation that one of the constraints in (3.42) is d = —Kz. + u,.

Note that the state and input sequences resulting in J(t) yield a feasible solution at
time instant ¢ + 1. This is because z*(k|t) for all £k € {1,..., N} and u*(k|t) for all
ke {l,...,N — 1} represent the tail sequence of the optimal solution at time instant ¢
and x*(1|t) = 2*(0]t+1). In addition, the terminal state *(N|t) belongs to the terminal
set corresponding to the optimal solution at time instant ¢. Hence, the terminal control
input u*(N|t) = K*(t)z*(N|t) +d*(t) evaluated at the terminal state z*(N|t) is feasible.
Moreover, the resulting state 2*(IN + 1|t) lies inside the terminal set corresponding to
the optimal solution at time instant ¢ and hence, is also feasible. From (3.39), (3.40) and
(3.41), one can verify that the matrix P satisfies,

P> (A+BK*(t))"P(A+ BK*(t)) + Q + K*(t) RK*(t),
or equivalently,
l2*(N1t) = 2z ()1 > (A + BE*(t))(«"(N|t) — 22(t) I3
+ [l (Nt) = 2Z(ONIG + | K () (@ (N|t) — 22(1) |7
= I (¥ + 118) — 220 3

+ [l (Nt) = 22 (OIG + (" (N]t) — wi(t)) |7

and thus, J(t) < J'(t).
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Let a*(k|t + 1) for all k € {0,..., N}, u*(k[t+ 1) for all k € {0,...,N — 1}, zi(¢),
u(t) be the values corresponding to the optimal solution of (3.42) at time instant ¢ + 1
and denote the corresponding optimal cost by J*(t + 1). Clearly, J*(t + 1) < J(¢) since
J(t) is the cost of a feasible solution at time instant ¢ + 1 and J*(t) is the cost of the
optimal solution at the same time instant. Since x*(t) = 2*(0]t) and u*(¢t) = u*(0|¢),
then,

J(t41) = T () < T(t) = J*(6) < T = T () = —|la* () =L — " () — w2 e (3.59)

Note that the optimal cost function evaluated at the equilibrium point [z, z, u]"

is zero. Moroever, this function evaluated at any other point is positive since ) € S},
ReST,PcS, and S € ST . In addition, J*(t + 1) — J*(t) is zero if z*(t) = z
and u*(t) = u} and otherwise negative. Therefore, J*(¢) is a Lyapunov function for the
augmented system and the equilibrium point [z, z,, 4] is stable. O

Attractivity

We now move to the second part where we prove that the target point defined by z,
is attractive. For this purpose, we show that the optimal state and input trajectories
converge asymptotically to the optimal artificial equilibrium trajectory along the lines of
[KC16]. Inspired by [Lim+08], we then show by contradiction that if the optimal state
and input trajectories converge to the optimal artificial equilibrium trajectory, then the
optimal artificial equilibrium trajectory converges to the target point. In other words,
the optimal state trajectory converges to the target point.

We start by showing that the optimal state and input trajectories converge to the
optimal artificial equilibrium in the following lemma.

Lemma 3.2. The optimal closed-loop state trajectory x*(t) and the corresponding op-
timal closed-loop input trajectory u*(t) converge asymptotically to the optimal artificial
equilibrium trajectory represented by x%(t) and w}(t), respectively.

Proof. Compute J*(t + 1) — J*(t) for all the time instants t > 0 as shown in (3.59).
Taking the telescopic sum leads to,

JH(0) = lim J*(t) > Y (la*(t) = 22 (@)1 + [l (t) = uZ[7) -

t—o00
t=0

If the MPC problem (3.42) is initially feasible, then J*(0) is finite and non-negative.
Furthermore, since the MPC problem (3.42) is recursively feasible, then J*(¢) is finite
and non-negative for all ¢ > 0. We therefore must have,

lim (fl2"(t) — 22 (®)llg + u(t) — ui(®)]R) = 0.

t—00
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Since () € S| and R € ST, then,

lim (z*(¢) — z3(t)) = 0,

t—o00

lim (u*(t) — u’(t)) = 0.

t—o00

]

We now move to showing that the optimal artificial equilibrium trajectory converges
to the target point in the following lemmas where E(a,b) = {x € R" : ||z — a||% < b}.
The following proofs are inspired from [Lim+08], however (see lemma statements for the
precise definitions):

e we prove in Lemma 3.3 that,

and not just that,
z:(t) € E(ze, B).

Furthermore, additional steps are needed to establish the invariance of E(Z., ().
e we prove in Lemma 3.4 that,
lo = Zellp + 1Ze — 2ll§ < [l22(t) — 22 ][$ for all = € E(27(t), da),
instead of just proving that,

l22(t) = Zellp + 17e — 221§ < llog — 2[5

e we prove in Lemma 3.5 that,

lim (z*(t) — 2(t)) = 0 implies tlim (xi(t) — x,) =0,
—00

t—o0

instead of just proving that,

x*(t) — x2(t) = 0 implies z}(t) — z, = 0.

Although the proof of Lemma 3.3 is similar to the one in [Lim+408], Lemma 3.4 and
Lemma 3.5 require a new approach to the proof.

Lemma 3.3. There exist A < 1, A > 1, A € [\,A\], 0 > 0 and 3 > 0 such that the
equilibrium point (Te,te) = (z, + A2 (t) —x,), up + AN(ui(t) —u,)) satisfies E(x%(t), da) C
E(Z., B) where E(Z,, ) is a positively invariant set under the controller K*(t)x +d and
d satisfies the equation d = —K*(t)T, + .
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Proof. This proof is similar to that of Lemma 1 in [Lim~+08]. Since (z3(t),u’(t)) is the

» e

artificial equilibrium corresponding to the optimal solution of (3.42) at time instant ¢,
then,
(2(t),us(t)) € int(X x U).

e

Define d,i, € [0,1) as the smallest scalar such that,

(‘T*<t)7uz(t>) € dman X dmznuy

€

and let v € (din, 1). Recall from the constraint (3.34) that u*(t) = K*(t)z*(t) + d*(t).
Hence, there exists d, > 0 such that,

(x, K*(t)x + d*(t)) € vX x U for all x € E(x.(t),d).

Since d*(t) = —K*(t)x*(t) +u(t) from (3.34) and d = —K*(t), + 1, by assumption,
then,
d—d'(t) = —K*(t)(Tc — x(t)) + (@ — ul(t)).

Furthermore, since 7, = x, + A(z%(t) — z,) and @, = u, + AN(u’(t) — u,) by definition,
then,
d—d(t) = —(1 = N(d*(t) — dy).

where d, = —K*(t)x, + u,. Choose A € [A, 5\] such that,
Te =, + Nai(t) — x,) € int(E(x5(t),0.250))

and

(0,—(1 = \)(d"(t) = d,)) € (1= ) x (L= U

where A and ) are the minimum and maximum values satisfying the above two conditions.
One can verify, through these conditions, that A < 1 and A > 1. Hence, there exists
[ > 0 such that,

xi(t) € int(E(ze, B)) and E(Z., ) C E(xi(t), ).
Consequently, there exists d, > 0 such that,
E(z3(t),d.) C E(z., B).

e

It remains to prove that E(Z.,[) is a positively invariant set under the controller
K*(t)x + d. By definition, it is true that,

|z — Z.||3% < B for all x € E(Z,, B).
Since () € S| and R € ST, it is also true that,

||:)3 - j6||2P - ||:L‘ - J_:e||?Q+K*(t)TRK*(t)) < 57
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or equivalently,
.
Hx - er(P—Q—K*(t)TRK*(t)) S ﬁ?
From (3.39), (3.40) and (3.41), one can verify that the matrix P satisfies,

P> (A+BK*(t))"P(A+ BK*()) + Q + K*(t) RK*(t),

and hence,
[ 536H(2A+BK*(t))TP(A+BK*(t)) <5,
or equivalently,
o =z |5 < B,

where 27 =z, + (A + BK*(t))(x — Z.). Furthermore, for all z € F(Z., ),

(z, K*(O)x 4+ d) = (x, K*(t)x + d*(t)) + (0,d — d*(t))
xz, K*(t)l’ + d*(t)) + (07 _(1 - /\)<d*<t> - dr))
€ (YX xU)+ (1 =7)X x (1 —y)U)

=X xU.

=
=

O

Lemma 3.4. Define 0 > 0 such that S > 0P, 04 = min <a , 01 €

_ 2__ 2 2__ 2
(0, dpnaz) and assume that A € (1+61 VOoi—(1t30)01to , LHort /o - (LH3e)01om ) Then, there

140 140

(1430) —/1+60+502 )
) 2

exist 0, > 0 such that ||z — ZT.||% + ||Z||2 < ||zF — z.||3 for all x € E(x%,48,). Moreover,
the range in which A can be selected intersects the open set (0,1).

Proof. Since T, = z, + A(z}(t) — z,), then x¥(t) — T, = (1 — X\)(z}(t) — z,) and,

25 (t) = Zellp = (1= N[ (t) — 213
Furthermore,
T — T = (v —z () + (22(t) — Ze)
= (z — (1) + (1 = A)(ze(t) — ),
and hence,
2 = Zelp = |z — 22|17 + 21 = A (@} (t) — 2) Pla — 2} (t) + (1= N2k (t) — 2|3
Consider a constant 9; > 0 and the set X} defined as,

T {w ER": |lo = 27(t)|lp < dullxZ(t) — . 1B, }

o [(22(t) =) Pla — 22(8))] < &1l (t) — a0 |I?

e

For every d;, we can select a small enough §, such that F(z%(t),d,) C X; and hence,

lo = Ze|[p < [loi(t) — ‘TT‘|?61P+261(1—)\)P+(1—)\)2P) for all 2 € E(x((t), da).
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Since T, — x, = Az} (t) — x,), then,
1Ze — @0 ll5 = A2z (t) — 215,
and hence,

o= &2+ 117, — 213 < 1o(0) = 202 prass sy prasepess) for all @ € B(@(2), 8,)

To prove that ||z — Z.||% + ||Z. — z.|% < ||22(t) — z,||% for all x € E(z}(t),,), it is
required to find conditions on d; and A so that,

|2 (t) — x?‘||%51P+261(17)\)P+(17)\)2P+)\QS) < |lzg(t) — xr”?q
or equivalently,
(1—=XA)S — (1 =A)2P —20,(1 = NP —5,P>0.
Since S > o P by assumption, it suffices to ensure that,
(1—=X)o — (1 —=A)?*=25(1—X\) =6 >0,

or, equivalently,
—(1+ )X +2(1 + )N+ (0 —1—36;) > 0.

Since the quadartic is concave in A, its roots are required to be real and distinct so that
there exists A which satisfies the strict inequality. The roots are,

L4601, VI+6)2+(1+0)(oc—1-35)
140 140

, (3.60)

and are real and distinct as long as,
(14+6)*+ (1+0)(oc—1-36)>0,

or, equivalently,
62 — (14 30)6, + 0% > 0.

This in turn is a convex quadratic in d; whose roots,

(1+30) £ /(1 +30)%— 402
2 )

are real, distinct and positive since ¢ > 0 and hence,

(1+30)* —40* =1+ 60+ 50° > 0.

If we then pick §; € <0, (1+30)= ‘21+60+502 ), the roots of (3.60) are real and distinct. Thus,
for any o > 0, there exists a small enough d; such that there exists A which satisfies the
desired condition.
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It remains to show that A can be selected in the interval (0, 1). For this, it suffices to
prove that it is always possible to choose at least one of the roots in (3.60) to be between
zero and one. Consider the larger root in (3.60) given by,

(1+51 VA0 2+ (1 ro)o—1 —351)) /(1 +0),
This root is always positive since,
(14+6)2+(1+0)(oc—1-36)>0.

For this root to be smaller than 1, it is required that,

l+0>14+6+/1+0)2+(1+0)(c—1-365).

Since §; < o, simplifying and squaring the above inequality reduces to d;(c + 1) > 0,
which is always the case since ¢ and ; are positive constants. In conclusion, for any
positive ¢ and ¢; such that cP < S and 0; < min <0, (1+3U)_‘21+60+502>
A € (0,1) such that,

, there exists

(1—=M)o — (1= X)?—=201(1—A\) =68 >0,
and consequently,
o= el + 17 — 2,3 < ll72(t) — 23 for all @ € E(i(t), ) € Xa.
O

Remark 3.1. Both Lemma 5.5 and Lemma 5. impose constraints on X. These con-
straints can, however, be made compatible with each other. In particular, Lemma 5.5
requires A to be in a set containing one in its interior. On the other side, Lemma 5.
requires A to be in a range whose upper bound is between zero and one. Note that this
upper bound tends to one as 6; tends to zero, that is,

. <1+51 VIR o)(o 1 —351)> .

-0\ 1+0 1+o0

Thus, if 61 is chosen sufficiently small, the upper bound in Lemma 3. (which tends to
one) can be made higher than the lower bound in Lemma 5.3 (which is lower than one).
The positive parameter 6, is only upper bounded in Lemma 5./ and hence, can be chosen
arbitrarily close to zero.

Remark 3.2. Both Lemma 5.5 and Lemma 5.4 impose constraints on the value of the
parameter 0,. In particular, Lemma 3.3 requires that E(x:(t),0,) C E(Ze, B), whereas
Lemma 3.4 requires that E(x%(t),0,) € Xi. Note that these conditions can be made
compatible with each other by choosing a small enough d,. One can also verify that, if 0,
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satisfies both conditions, the set E(x%(t),d,) is positively invariant under the controller
K*(t)x + d*(t). The invariance condition can be shown in the same way as the invari-
ance condition of the set E(Z., ) in Lemma 3.3. Moreover, the constraint satisfaction
condition holds since E(z%(t),0,) C E(Z., B) C E(xi(t),0,) and for all x € E(z5(t), ),
(x, K*(t)x + d*(t)) € v&X X YU according to Lemma 3.5.

Lemma 3.5. If for a given initial state xq, the sequence of optimal solutions to (3.12)
is such that limy_,oo (2 () — x%(t)) = 0, then limy_,o0(23(t) — x,) = 0.

Proof. Assume, for the sake of contradiction, that lim; . (z*(t) — xi(t)) = 0 but the
sequence of optimal artificial equilibrium points {z}(¢)}$2, either does not converge, or
does but its limit is not the target point x,. In both cases, there exists J. > 0 such that

for infinitely many ¢,

2 (t) = 2] > e
Since limy_,oo (z*(t) — x(t)) = 0, it is always possible to pick an arbitrarily large ¢ such
that,

x*(t) € E(xL(t),da),
where [|z}(t) — x.||* > 6. and ¢, satisfies the condition E(z}(t),d,) C FE(Z, ) in
Lemma 3.3 and the condition E(z%(t),d,) C A&} in Lemma 3.4, According to Remark 3.2,
it is always the case that the selected 0, > 0 makes the set E(z%(t),d,) positively invari-
ant under the controller K*(t)x + d*(¢).

Since x*(t) € E(x%(t),d,), the optimal cost J*(t) is given by,

=

JH(t) = (Hw*(k!t) — 2z ()l + 2" (klt) — 22(2)]

2
K*(t)TRK*(t)>

>
Il

+ [l (N1t) — 227 + 22 (t) — 215

According to Lemma 3.3, E(z%(t),0,) C E(Z., #) which is a positively invariant set under
the controller K*(t)x 4 d. Thus, there exists a feasible solution starting from the initial
condition z(t) = x*(t) € E(x(t),d,) aiming to converge to the non-optimal equilibrium
point Z.. Denote the cost of this feasible solution as,

N-1

Ty = 37 (18(k1e) = Zelly + 130K — Zello e ) + 1ENTE) = Felld + 17— 3
k=0

Note that J*(t) < J(t) since J*(t) is the optimal cost. One can also verify from (3.39),
(3.40) and (3.41) that the matrix P satisfies the Lyapunov inequality,
P> (A+ BK*(t))"P(A+ BK*(1)) + Q + K*(t)  RK*(t)
and hence that,
J(t) < [la*(t) = Zellp + |7 — . 5.
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According to Lemma 3.4, for all z € E(x}(t),d,) C X,
lz = Zel + 1Ze — olls < l22(t) — 2[5
Since z*(t) € E(2%(t),0,), then,
() = Zellp + 1Ze — 2§ < 22 (t) — 215

Note that |z (t) — =, || < J*(t) which contradicts the optimality of J*(¢). Indeed,

J(t) < J*(t) and there exists T, = x, + A(z3(t) — z,) with A € (0,1) which corresponds
to the optimal solution where the condition ||Z, — x,||% > d. is no longer valid. O

Finally, we conclude the asymptotic stability of the closed-loop system under the
MPC problem (3.42) in the following theorem where we use Lemma 3.1, Lemma 3.2 and

Lemma 3.5.

Theorem 3.4. The closed-loop system under the proposed MPC' scheme (3.42) is asymp-
totically stable.

Proof. For proving asymptotic stability, we prove that the closed-loop system is stable
and that the closed-loop state trajectory asymptotically converges to the target point.
Lemma 3.1 shows that the closed-loop system is stable using the optimal cost J*(¢) as a
Lyapunov function where,

JH(t+1) — J*(t) < 0.

Furthermore, Lemma 3.2 and Lemma 3.5 shows by contradiction that the closed-loop

state trajectory asymptotically converges to the target point. In particular, Lemma 3.2
implies that,
lim (z*(t) — 22(t)) =0

t—o00

and Lemma 3.5 further implies that if limy o (2*(t) — 2%(¢)) = 0, then,

lim (z}(t) — x,) = 0.

e
t—o00

and hence,
lim (2*(¢t) —x,) = 0.

t—o00

]

We also extend the previous result to the MPC schemes (3.51), (3.56) and (3.58) in
the following theorem.

Theorem 3.5. The closed-loop system under the proposed MPC' schemes (3.51), (3.56)
and (3.58) is asymptotically stable.
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Proof. Regarding the MPC problem (3.51), the proof follows that of Theorem 3.5. Con-
cerning the MPC problems (3.56) and (3.58), the proof follows that of Theorem 3.5
expect that the terminal control gain matrix K computed offline replaces the reconfig-
urable terminal control gain matrix K*(t). O

3.5 Distributed Implementation

The global online OCPs (3.42), (3.51), (3.56) and (3.58) in Algorithm 1, Algorithm 2, Al-
gorithm 3 and Algorithm 4, respectively, can be solved using one of the many distributed
optimization techniques proposed in the literature [NL18]. Some of these techniques do
not require a central coordinator such as the distributed primal-dual algorithm (DPDA)
[AH19] and some variants of ADMM [Boy+11]; the numerical comparison in [Ban+19]
suggests that ADMM outperforms DPDA for certain classes of problems. Motivated
by this, we show how to implement the aforementioned OCPs using ADMM [Boy+11,
Section 7], where each subsystem solves a local optimization problem iteratively at each
time instant while sharing information with its neighbours until the optimal solution of
the corresponding global online OCP is reached.

Although ADMM can be implemented in the same way for all the aforementioned
schemes, these schemes differ in the information shared among the subsystems. In the
sequel, we show the shared and non-shared variables for each scheme. For this purpose,
recall the bijective map (3.33) and define the operator ‘diag-vec’ which arranges the
diagonal elements of a matrix into a vector and the operator ‘vec’ which converts a matrix
into a vector. Starting with (3.42), two neighbours i and j share the variables z;(k|t),
x;(klt), e,y Te;y iy, iy €5, U]-I/VZTTJ/VinT and UM/J-TEI/VjUiT for all k € {1,..., N}.
Thus, the shared vector of the i-th subsystem is,

WyN., =

K3

zn, (k[t)|k=10,...N} Te s diag-vec(vy,), vo,,
vec (UJWZTUGJ/VZU]T) |jEM\iaveC (UZWTU(;JW]U;I—) ’]6/\/;\1 ’

J

whereas its non-shared vector is,
v; = (ui(k|t)|t:{0,...,N—1}>ue“ U3, U4i7v5i7,uij|j6/\/p ﬂ%bex\@-, pe{l,....qi }> Tilj|j€/\/i, le{l,...,ri}) ;
to simplify notation we also define,
w; = (xi(k:|t)]k:{0,._.,N},xei,ozi,ci,vec(vﬁi)) )

Since two neighbours share the same variables in (3.51), the shared vector wy, and the
vector w; remain the same. We add the variables b;, for all j € {1,2,3,4} introduced
due to using diagonal dominance to the non-shared vector v;.
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On the other side, two neighbours 7 and j share the variables x;(k|t), z;(kl|t), 2, zc;,
a;, aj, ¢; and ¢; for all k € {1,..., N} in (3.56). Hence, we define the vectors,

WN,; = (xNi (k|t)|k:{0,---,N}’ IeNi ) diag—vec(aNi), CNi)’
v; = (ui(K[t)|t=g0,...N=1}, Ue;» dis Nij|jens) s

w; = (x;(k|t)|k=10,...N}, ey, 4, Ci).

Since two neighbours share the same variables in (3.58), the shared vector wy, and the
vector w; remain the same. We add the variables b; introduced due to using diagonal
dominance to the non-shared vector v;. After defining the shared and non-shared vectors
for the i-th subsystem in each scheme, we show briefly how to solve these schemes using
ADMM; see [Boy+11, Section 7] for more details.

First, we define for each subsystem the local augmented cost function j,-(wNi,vi),
which encodes both its local cost function J;(t) and its constraints through indicator
functions. Hence, the online OCP is given by,

M
ﬁlgztz(w]v,vz) (3.61)
=1
We then define a local copy for the shared vector of the i-th subsystem and denote it
by w! N We use this local copy in the augmented cost function of the i-th subsystem.
To obtain a feasible solution, the local copies of the same decision variable existing in
different local augmented cost functions should be equal. Hence, we define a global copy
z comprising all shared decision variables. We refer to the subvector of z corresponding
to wy, as zy, and to the subvector of z corresponding to w; as z;. For two neighbours
i and j, the vectors zy, and zy, overlap. The vectors z; (a subvector of zy,) and z; (a
subvector of zy;) do not overlap however. In this case, the online OCP (3.61) becomes,
M
min J; (wN),vl) s.t. wj(v)

wg\? Vi =1

=zy, forallie {1,..., M},
and its augmented Lagrangian is given by,

M
L= Z LZ(’LU%E, Viy ZN;» yNi)’

=1

where yy, is the Lagrange multiplier vector computed by the i-th subsystem, p is an
ADMM parameter and,

Li(ws) vi, 2n, yw,) = J(w) o) + 2wl —

Using the augmented Lagrangian, an iterative ADMM algorithm is developed where
each subsystem performs three steps in each iteration. First, each subsystem solves a
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Algorithm 5 ADMM Implementation of Reconfigurable Distributed MPC for tracking

Input: System matrices Ay, and B;, constraint sets X', and U;, cost function matrices
Qi, R; and S;, map U;, V; and W;, initial condition zy,, prediction horizon 7', ADMM
step size p, ADMM maximum time 7T},,4;.

Output: Shared vector wy, and non-shared vector v;.
1: Using (2.7), compute P; for (3.42) & (3.51) or P; & Ky, for (3.560) & (3.58).
2: Set zp,[0] = 0 and yu,[0] = 0.
3: while true do

4:  Set k= 1.
5 do
6: Set 2y = zn,[k — 1] and y3 ™ = yn, [k — 1].
7 (w%) [k], v;[k]) = argmin L; <w§f,), Vi, 23, s y}o\,iev).
Q)
Wi
8: Share w](-i) and ng) with j € V.
0zl = g e, wl K.
10: Share z;[k] with all j € V.
gl = ywlk =10+ p (Wl [K = 201K).

12: Set k =k + 1.

13:  until time limit 7,,,, is reached.

14:  Set zn,[0] = zn,[k] and yn,[0] = yn, K]

15:  Apply the control input w;(0[t) to the plant (3.1).
16:  Measure the new state xo, <= An,xoy, + Biui(0[t).
17: end while

local optimization problem to update its local variables w%) and v;. Then, each subsystem

updates the subvector z; of the global copy z using local information only. Finally, each
subsystem updates its Lagrange multiplier vector yy, locally. At each timestep, the
ADMM algorithm terminates after a predefined time determined by the sampling time
available for computations. Algorithm 5 shows how the i-th subsystem uses ADMM
to implement the proposed scheme. At each time instant, we denote the value of the
variable x at the k-th iteration by z[k] in this algorithm.

3.6 Feasible Regions

In this section, we compare the feasible regions of the proposed schemes to those of
existing ones in the literature. In particular, the feasible region of the MPC scheme
(3.42) is compared to that of the one developed in [DEL19]. Furthermore, the feasible
regions of the proposed MPC scheme (3.56) and the MPC scheme (2.26) in Chapter 2
are compared.
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For the sake of completeness, we mention the online OCP of the MPC scheme devel-
oped in [DEL19] which is given by,

M
minZJi(t)
i=1
subject to,
forall k€ {0,...,.N =1}, i e {1,..., M},
forall j e N;, pe{l,...,q}, 1€{1,...,7},

z;(0ft) = mo,, x;(k+ 1]t) = An,zn, (k|t) + Biui(k|t), (3.62a)
Gran (k1) < gniy howi(k|t) < hi, (3.62b)
P»_lOéZ' l‘l( )-
! >0 3.62
B EL (362
[ Py (An, o, + BiKy,on,)
B Z 0i; 2 0, (An,an, + BiKy,an,)" > 0y P >0, (3.62d)
JEN: | JEN
gf Gp OZN
_ D T
Z ¢ 2 0, an, G, Z ¢ > 0, (3.62¢)
]EN L je 7
]’Li HlKN an;
- U > an Ky H Z YLp;| 20, (3.62f)
]EN L ]E i
WZU:PlflUZWZT + aNiFiajlaNi aNz‘ANiaNiKNiBiT CkNiQ;/Q aN KN R1/2
ANiaNi + BiKNiaNi f);lai 0 0
Q. %an, 0 @ilny, 0 > 0(3.62g)
Ril/QKNiaNi 0 0 Oéijmi
axTio;tay, < T, ) UWT,W;U] <0, (3.62h)
JEN;
a;>e€, 0;;>0, ¢ >0, ¢ >0. (3.62i)
where
N-1

(e ns (RN, + llus(k[O1IF,) + llaa(N )5,
k=0
The decision variables in this convex OCP are for all i € {1,..., M}, x;(k|t) for all
ke{0,...,N}, u(klt) for all k € {0,..., N — 1}, oy, K, Ty, Ti, 035, ¢y; and wfj for all
jeN,pe{l,...,q;}andl € {1,...,r;}. This OCP is written according to the notation
used in this thesis and will be used in Theorem 3.6. For the fairness of comparison, we
replace the constraint 327, W, an,[io; tay,W; < 0 in [DEL19] with (3.62h). This idea
is introduced in [Con+16] to make the resulting MPC schemes amenable to distributed
optimization and is used while deriving the MPC problem (3.42) in Proposition 3.5. We
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also add the constraint a; > € to (3.62), otherwise the decision variable ay,[;o; 1aNi in
(3.62g) is undefined.

We start by showing that the feasible region of the MPC scheme (3.42) contains that
of the MPC scheme (3.62) developed in [DEL19] in the following theorem.

Theorem 3.6. For a given initial condition, the proposed MPC problem (3.42) is feasible
if the MPC problem (3.62) developed in [DEL19] is feasible.

Proof. For a given initial condition zg = [zg,,. .., a:gM]T, assume that for alli € {1, ..., M},
z;(k[t) for all k € {0,..., N}, u;(klt) for all & € {0,....N =1}, oy, Kn,, Iy, T3, 035, ¢%;
and wﬁj for all j € NV, p € {1,....,¢;} and | € {1,...,r;} represent a feasible solution of
the MPC problem (3.62) in [DEL19]. This solution satisfies the constraints (3.1), (3.2),
(3.10), (3.39), (3.40) and (3.41) in the MPC problem (3.42) since the same set of con-
straints (i.e. (3.62a), (3.62b), (3.62g) and (3.62h)) occurs in the MPC problem in (3.62).
Assuming that z., = 0, u,, = 0, ¢; = 0 and d; = 0 and since o; > e for alli € {1,..., M},
constraint (3.34) in (3.42) is satisfied since X', and U; contain the origin in their interior
by assumption. Furthermore, assuming that p;; = 6;; for all i € {1,..., M} and j € N,
the aforementioned feasible solution also satisfies (3.35) and (3.36) in (3.42) since these
constraints become the same as (3.62¢) and (3.62d) in (3.62).

Let p}; = 0.5¢}; for all i € {1,..., M}, j € Ny and p € {1,...,¢}. Hence, the LMI
in (3.62¢) becomes,

> 0.
anGl. 2 >0 piPy | = 0
JEN;

In addition, the scalar inequality in (3.62¢) implies,

9n, =2 2 Py 0
JEN; > 0.
0 0

Adding the LMIs above yields,
295, =2 2y Ghaw,

je_/r\/'i > 0.
/4 P
aNiGNi 2 ZjeM pz‘jpij’

Multiplying the resulting LMI by 0.5 confirms the satisfaction of LMI (3.37) in (3.42).
The same procedures can be followed to prove that (3.62f) in (3.62) implies (3.38) in
(3.42) when 7/, = 0.5¢}; for all i € {1,...,M}, j € N; and | € {1,...,r;}. Since

pij = O35, pb; = 0.5¢%; and 7/, = 0.5¢}; for all i € {1,..., M}, j e Ny, pe {1,...,¢} and
[ €{1,...,r;}, constraint (3.31) in (3.42) holds from (3.62i) in (3.62). O

Next, we show in the following theorem that the feasible region of the MPC scheme
(3.56) contains that of the MPC scheme (2.26) proposed in Chapter 2.
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Theorem 3.7. For a given initial condition, the proposed MPC problem (3.50) is feasible
if the MPC problem in (2.206) is feasible.

Proof. For a given initial condition xq = [xgl, o ,xJM]T, assume that foralli € {1,..., M},
i(k|t) for all k € {0,..., N}, uy(k|t) for all k € {0, ..., N — 1}, ay, ¢;, Ayj, of; and v}, for
all j € N, p e {1,...,¢} and [ € {1,...,7;} represent a feasible solution of the MPC
problem (2.26). This feasible solution satisfies constraints (3.1), (3.2) and (3.10) in
(3.50) since the same constraints (i.e. (2.1), (2.2) and the constraint that z;(0[t) = x,
for all i € {1,...,M}) occur in (2.26). Assuming that z., = 0 and u,, = 0 for all
i€ {l,..., M}, constraint (3.14) in (3.56) is also satisfied since Xy, and U; contain
the origin in their interior by assumption. Using the Schur complement, one can ver-
ify that constraint (3.15) in (3.56) and (2.18) in (2.26) are equivalent and hence, the
aforementioned feasible solution satisfies (3.15) is (3.56).

Assuming for all ¢ € {1,..., M} that d; = 0 and p; = Ny for all j € N, the
feasible solution also satisfies (3.21) in (3.56) since this constraint becomes the same
as (2.10) in (2.26). Furthermore, note that constraints (3.53) and (3.54) in (3.56) are
equivalent to conditions (3.9b) and (3.9¢) assuming polytopic constraints, affine functions
and ellipsoidal sets. On the other side, constraints (2.23) and (2.25) in (2.26) are sufficient
conditions for (2.9b) and (2.9¢) assuming polytopic constraints, affine functions and
ellipsoidal sets. Since (3.9b) and (3.9b) are the same conditions as (2.9b) and (2.9¢)
(Proposition 2.1 in Chapter 2 and Proposition 3.1 in Chapter 3 are the same), then
constraints (2.23) and (2.25) in (2.26) imply (3.53) and (3.53) in (3.56). Finally, since
pij = Nij and A;; > 0 for alli € {1,..., M} and j € N, then constraint (3.55) in (3.50)
holds. [

3.7 Simulation Results

In this section, we investigate the efficacy of the novel schemes proposed in this chapter
and compare them to other existing schemes in the literature. For this purpose, we
make use of three different simulation examples; a toy example, a benchmark example
and a power network case study. In the toy example, we visualize the behaviour of the
closed-loop systems under the proposed controllers. Then, we explore the performance
and computational complexity of the proposed approaches in the benchmark example.
Finally, we compare the proposed approaches using the power network case study. For
ease of notation, we refer in this section to the developed schemes in Algorithm 1,
Algorithm 2, Algorithm 3 and Algorithm 4 by T-A1, T-A2, T-B1, T-B2, respectively.
For comparison, we consider the centralized MPC scheme in [Lim-+08] where the maximal
invariant terminal set is computed offline (denoted here by T-CNT) and the distributed
MPC scheme in [Con+13] where ellipsoidal terminal sets are computed offline (denoted
here by T-DST). We perform the following simulations using MATLAB [MAT18] with
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YALMIP [Lof04], MOSEK [ApS19] and GUROBI [Gur22] on a computer equipped with
16-GB RAM and a 1.9-GHz Intel core i7-8550U processor. Unless otherwise stated, all
distributed MPC schemes are solved using ADMM [Boy+11].

3.7.1 Toy Example

The main aim of this example is to visualize the performance of T-A1 and T-A2 and
compare them to T-CNT and T-DST. The dynamics of the toy example is given by,

7 =211 + 0.529 — uy,

ry = 0.5z1 + 279 — Uy,
with state and input constraints,

—5 <a; <5 forie{l,2},
—0.25 <w; <1 forie{l,2}.

The system is divided into two neighbouring subsystems with states x; and x5 and
inputs u; and ws, respectively. The matrices of the cost function are chosen to be
Q1 =Qy =050, B = Ry =0.1 and S; = S, = 1, the target point 2, = [0 0]" and the
prediction horizon 7" = 2. The matrix P is computed by solving (2.7).

Figure 3.1 shows the evolution of the predicted state trajectories and terminal sets of
T-A1 when implemented recursively for 10 time steps starting from [z; 5] = [1.1 0.1].
This initial state is outside the maximal invariant terminal set (shown in dotted black)
used with T-CNT. Note that the closed-loop state trajectories (shown in solid lines)
converge to the target point (i.e. the origin) and the terminal sets converge to a set
containing this target point. Although T-CNT and T-A2 yield similar closed-loop tra-
jectories, T-DST is found to be initially infeasible starting from this initial condition.
This indicates that the feasible region of T-DST is possibly smaller than those of the
other three approaches. Although ellipsoidal terminal sets are utilized, the terminal
sets appear as rectangles in Figure 3.1 since they are the Cartesian products of two
one-dimensional ellipsoids.

Figure 3.2 compares the predicted state trajectories and terminal sets of T-A1, T-A2,
T-CNT and T-DST when their optimal control problems are solved once starting from
an initial condition x; = 0.7 and x5 = 0.3, that is chosen such that all schemes are
initially feasible. Although T-A1 and T-A2 lead to very similar predicted trajectories to
that of T-CNT, T-DST results in a predicted trajectory with higher open-loop cost. This
is mainly because the terminal set of T-DST is found to be relatively conservative, i.e.
closer to the origin compared to those of T-A1l and T-A2. Notice that the terminal set of
T-CNT is the maximal invariant terminal set shown in Figure 3.1 in dotted black. Note
also that the terminal set of T-A1l and that of T-A2 (which is very small in Figure 3.2)
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are different since the cost functions of these MPC problems are not strongly convex
with respect to the size and center of the terminal set.

3.7.2 Benchmark Example

In this example, we aim to compare the performance and computational complexity of
T-A1, T-A2, T-CNT and T-DST using a benchmark example. We consider here a 7-
subsystem interconnected system whose topology is shown in Figure 3.3. The dynamics
of the i-th subsystem (partially adopted from Chapter 2 in [KC16]) is given by,

it + 1) = Aiwi(t) + Bawi(t) + Y Ayay(t),

JENi\i

A = 1.3 2 B 0 Ay = 0 0.5 .
0 1.15 0.0787 0 O

Notice that these dynamics can be represented as in (3.1) in the obvious way. The i-th

where,

subsystem is subject to the constraints,

-8 8
<z <
RS

The cost function weights are given by Q = 14, R = 10I; and S = 10/;4 where I, is an
identity matrix of size e. The matrix P is computed offline by solving (2.7). The target
point x, is chosen to be the origin.

First, we solve the OCP of each scheme s € { T-CNT, T-DST, T-A1, T-A2} centrally
for one time step to compare the open-loop cost J° obtained by each scheme when solved
to optimality. We use a prediction horizon T" = 5 for all schemes. Figure 3.4 shows the
suboptimality index between the centralized scheme T-CNT and the distributed schemes
s € {T-DST, T-Al, T-A2}, defined as,

N
Jenr

for the initial conditions xg, = [—0.2r 0.015r]" for all r € {1, ...,14}. The index of T-DST

is shown only for r € {1,...,5} because this scheme is not feasible for the other initial

conditions. As the initial condition moves further from the target point, the open-loop

cost of T-DST becomes higher than those of T-A1 and T-A2. This demonstrates the

conservatism imposed by T-DST compared to T-A1 and T-A2. Notice also that T-A2

is more conservative than T-A1 due to using diagonal dominance.

Second, we solve the MPC problems of T-DST, T-A1 and T-A2 using ADMM (see
Section 3.5 for more details) to compare the performance and computational complexity
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Figure 3.2: Comparison of the predicted state trajectories and terminal sets of T-Al,
T-A2, T-CNT and T-DST.
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Table 3.1: Comparison of the four considered distributed MPC schemes in terms of the
number of feasible initial conditions r,, the mean p. and standard deviation o, of Jsdif

and the mean p, and standard deviation o; of T%m™

Tfs He Oc Mt Oy
DST5-[Con+13] | 5 | 0.0047 | 0.0031 | 0.2539 | 0.0063
DSTyo-[Con+13] | 12 | 0.0385 | 0.0087 | 0.5003 | 0.0258
RTI 14 | 0.0089 | 0.0058 | 2.8309 | 0.0962
RTI+DD 14 | 0.0050 | 0.0029 | 0.4455 | 0.0132

of the distributed schemes. We run the ADMM algorithm for Ty;,, = 10 simulation time
steps with the ADMM parameter p = 1000 for 100 iterations and denote the closed-loop
cost of the distributed scheme s obtained using ADMM by J™™: note that Je4mm
converges only asymptotically to the closed-loop cost,

Tsim
T =3 [l (t) = 2l1g + e (8) — w 7] -

t=1
We denote the time required by the 5-th subsystem per time step to implement ADMM
for scheme s by 729%™ We choose the 5-th subsystem as it has the largest number of
neigbhours. Since using longer prediciton horizons is one way of reducing the conser-
vatism imposed by T-DST, we consider two versions of T-DST; T-DST5 with N = 5 and
T-DSTyy with N = 20.

Table 3.1 compares the distributed MPC schemes in terms of J™™ and Te%m™ by
computing the mean and standard deviation of J#/ = |jedmm _ jelc|/ jele anq Tadmm
over all initial conditions for which scheme s is feasible. Despite using longer prediction
horizons, T-DSTy is still only feasible for r € {1,...,12}. The scheme T-A2 has better
convergence properties and smaller computational cost compared to T-A1, but the latter
comes at a fraction of the open-loop cost (see Figure 3.4). Although the convergence
properties of T-DSTj5 are better than those of T-A1, they are similar to those of T-A2.
All schemes, however, converge faster than T-DSTy possibly due to the larger number of
shared variables in T-DSTyy. The convergence properties of T-DST5, could potentially
be improved by tuning the ADMM parameters, however T-DST5 and T-DSTy still yield
smaller feasible regions and possibly higher closed-loop costs. While the feasible region of
T-DSTy can be enlarged by further increasing the prediction horizon, this would come
at an additional computational cost, which is already higher than T-A2 (though not T-
Al). We note that T-CNT requires less time (< 0.1s per time step) than all distributed
schemes (3.1) due to the ADMM iterations; the distributed schemes, however, generally
have other advantages (e.g. robustness against failure).

We conclude this benchmark example by comparing the closed-loop performance
when using the schemes; T-CNT, T-DST5, T-DST5, T-A1 and T-A2 in the case of non-
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Figure 3.5: Closed-loop trajectories of the 5-th subsystem when using T-CNT, T-DSTj5,
T-DSTyy, T-A1 and T-A2.

zero reference tracking. We have so far performed the comparison when the target point is
the origin. In this last scenario, we require the system to track the target point x, = (1, —
A)~!Bu, where I, is an identity matrix of size n and u, = [0.5 0.5 0.5 0.5 0.5 0.5 0.5]".
Figure 3.5 shows the closed-loop state and input trajectories of the 5-th subsystem when
using all the considered tracking MPC schemes. Note that the closed-loop trajectories
of T-CNT is hidden behind those of T-A1. While the system is able to reach the desired
target point when using T-CNT, T-Al and T-A2, the system fails to reach the desired
point when using T-DST5 and T-DSTyy. This is because the terminal ingredients of
T-DST5 and T-DSTy are computed offline and hence, do not depend on the current
state and the target point. This results in a terminal set which do not include the
desired target point even when using a longer prediction horizon since the terminal set
is not a function of the prediction horizon. On the other hand, T-A1 results in identical
closed-loop trajectories to T-CNT and hence, no conservatism is imposed compared
to T-CNT when using T-A1l. This shows the effectiveness of computing the terminal
ingredients online. While T-A2 is able to reach the desired target point, its trajectories
are different from T-CNT and T-A1l and hence, it is more conservative due to using
diagonal dominance.

3.7.3 Power Network Case Study

Finally, we evaluate the efficacy of the proposed schemes T-B1 and T-B2 by comparing
them to T-Al in terms of performance and computational cost; the above numerical
results already suggest that these novel schemes have a larger feasible region and tends
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Figure 3.6: Power network topology

to show better performance compared to existing schemes in the literature.

We use a power network case study comprising a set of power generation areas (PGAs)
[REF13b]. Each PGA represents one subsystem in the network whose topology is shown
in Figure 3.6. The state and input vectors of the i-th PGA are,

Ab;,

Aw;,
APMl — APL,-, ’
APy, — APy,

€T; =

U; = APRl _APL“

where Af; represents the angular displacement deviation, Aw; the angular velocity de-
viation, APy, the mechanical power deviation, APy, the steam valve position deviation,
APy, the load change deviation and APg, the reference set power deviation. Following
[REF13al, the dynamics of the i-th PGA is given by,

FEN;\i
where,
0 1 0 0 0 0O 0 00
vt T a0 |0 20 00
A = -1 1|, Bi= ) Az] = ¢
0 0 T., T, 0 0 000
0 o 0 & Tl 0 00 0

The PGA parameters H;, D;, R,,, T;, and T}, are listed in Table 3.1 for each PGA. The
parameter F;; describes the coupling between the two neighbours ¢ and j where P;; = Pj;,
Pio=4, Py3 =2 Pys =1, P3y, =2 P;5 =2 Psg = 3 P56 = 3. For more information about
the definitions of the aforementioned variables and parameters, we refer the reader to

[REFF13a].

It is easy to verify that the continuous-time dynamics of each PGA has the same struc-
ture of the discrete-time dynamics (3.1). To preserve this structure after discretization,
we use the Frobenius-norm-based discretization method [Sou+15] with a sampling time
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Table 3.2: Power network parameters

T, Ty pi™™

7

PGA H; D, R,

7

12 0.05 0.7 065 01 0.5
10 0.0625 0.9 04 0.1 0.65
8 0.8 09 03 01 0.65
8 0.8 0.7 06 0.1 0.55
8 0.8 09 03 0.1 0.65
10 0.0625 0.9 04 0.1 0.65
12 0.05 0.7 065 0.1 0.5

N O Tt =W N

of one second. Each PGA is subject to the constraints, |[A6;| < 0.1 and |APg,| < p/***
where p"® of all PGAs are listed in Table 3.1. The weights of the cost function are
given by R; = 0.1, S; = diag(1000, 1000, 10, 10), Wi;Qn,W;; = 0.99S, if i = j and 0.015,
if i # j. The matrix P; and the controller K, are computed offline for T-B1 and T-B2
by solving (2.7). The prediction horizon is given by 7" = 5.

First, we compare the closed-loop cost J< for all s € {T-A1, T-B1, T-B2} for 25
randomly-generated target points z,, where,

M Tsim

I =303 (e (1) = |

i=1 t=0

2+ Il (1) = wnl3,)

We solve the OCP of all considered schemes recursively for Ty;,, = 10 time steps and
centrally to compare the costs when solved to optimality. It is found that all schemes
yield almost the same closed-loop cost. Next, we solve the OCP of all schemes in a
distributed fashion as described in Section 3.5. We denote the resulting closed-loop cost
obtained by scheme s by J2™™  Note that J2™™ converges to J&¢ only asymptotically
in the number of ADMM iterations. Hence, we choose a termination condition based on
a pre-defined maximum time 7,,,, to imitate the amount of computation time available
for each sampling time.

Figure 3.7 shows a boxplot for the suboptimality |J; — J24m™|/J, of each scheme s
over the 25 randomly generated scenarios where Th,ax = 0.27 seconds and r € {1,...,10}
(Equivalently 20% to 200% of the sampling time of 1 second). Note that T-B2 has
better convergence properties than T-B1 which, in turn, outperforms T-Al. This is
mainly because ADMM can perform the highest number of iterations with T-B2 and
the lowest number of iterations with T-A1. This is obvious in Figure 3.8 which shows
a boxplot for the number of ADMM iterations performed within 7},., at each time step
for each initial condition. The number of iterations of T-Al is the lowest possibly due
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Figure 3.7: Median, interquartile range (25% — 75%), minimum, maximum and outliers
of the suboptimality |J2™™ — J|/J, vs the maximum computation time per timestep
for the three schemes; the dotted black line refers to the used sampling time of 1 second.

to the larger number of constraints (in particular, LMIs) and decision variables. On the
other hand, the number of iterations of T-B2 is the highest possibly because the resulting
OCP is SOCP-representable. Notice that the communication and actuation time is not
considered here since all computations are performed in simulations on a single processor.
Note, however, that all schemes are using the same ADMM algorithm and communicating
the same information. Hence, their communication demand is expected to be almost the

same.
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Part 11

Plug-and-play Control
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CHAPTER 4 .

Passivity-based Decentralized Control of
Discrete-time Systems

4.1 Introduction

Passivity theory has proven to be useful for complex systems analysis and is found to be
closely related to Lyapunov stability theory [Kha96; Kot+14; ERA09]. Hence, passivity-
based control theory has been extensively used to design feedback controllers for linear
and nonlinear systems [OJH97]. Such controllers have been used in many applications
such as robotics [AOHO07] and energy systems [MMW12]. Various efforts have been also
devoted to developing robust [Bao+03] and adaptive [WL12| passivity-based controllers.
Passivity theory has recently also contributed to developing distributed/decentralized
control schemes for large-scale systems [Hat+15; Nah+20; DH20; KA17].

Many passivity-based control schemes are designed in continuous-time [Cho12; AMP16].

It is well-known, however, that the passivity properties of continuous-time systems
are lost under discretization due to the resulting energy leakage of the zero-order-hold
[Str+-02]. Hence, various methods are developed in which passivity is preserved under
discretization [De 02]. For example, passivity is preserved using relatively small sampling
times in [Ois10]. Passivity is maintained in [KA07] by using the so-called inner-product
equivalent sample and hold method. In [CF06], passivity is preserved by introducing a
virtual output which is different from the actual output of the system. The aforemen-
tioned methods are developed for monolithic systems with a centralized controller.

In this chapter, we propose a passivity-based decentralized control scheme for a class
of interconnected systems which can be decomposed into smaller dynamically-coupled
subsystems. For each susbsystem, we synthesize a local state-feedback controller which
depends on the states of the corresponding subsystem only, resulting in a decentral-
ized architecture. We use passivity theory to synthesize these local controllers directly
in discrete-time, unlike the aforementioned literature which considers passivating the
continuous-time system and then discretizing it while maintaining passivity. The lo-
cal controller of each subsystem is synthesized locally by solving a convex optimization
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problem independently without the need to communicate with the other local controllers.

The optimization problem of each subsystem comprises conditions to ensure passivity
of the corresponding subsystem. Passivity is ensured with respect to a virtual output
which is different from the actual output of the subsystem. This virtual output is a
combination of the actual outputs of the corresponding subsystem and its neighbours.
Besides the passivizing control gains, the optimization problem is also solved for the stor-
age function, the dissipation rate and the virtual output of the corresponding subsystem.
Additional local constraints on the virtual output and the dissipation rate are imposed
in the optimization problem of each subsystem to ensure that the local passivity of all
subsystems guarantees the asymptotic stability of the overall system. The efficacy of the
proposed controller is demonstrated by implementing it on a DC microgrid model.

One could also consider synthesising decentralised controllers in a centralised way.
This would require the information about the global dynamics of the overall subsystem
to be available centrally. Our approach obviates this need by also performing the synthe-
sis of the decentralised controller in a decentralised manner. Furthermore, the proposed
method does not suffer from the conservative performance associated with decentral-
ized control approaches that treat the coupling terms as bounded disturbances (e.g. see
[REF13b]). Moreover, unlike methods that rely on communication and distributed op-
timisation (e.g. see [Con+16]), the proposed method requires minimal communication
and safeguards the privacy of subsystems.

4.2 Networks with Laplacian Interconnection

We consider here the class of discrete-time interconnected systems which can be de-
composed into a set of M subsystems described using the linear time-invariant (LTT)
dynamics,

xi(t+ 1) = Ay (t) + Biui(t) + Fyui(t),

yi(t) = Cixy(t),
ult) = > by (y;(0) = wilt)),

JEN

(4.1)

where t is the time index, x;(t) € R™, w;(t) € R™ and y;(t) € R™ are the state, input
and output vectors of the i-th subsystem, respectively. For a given subsystem, the set
N, is the in-neighbour set, defined as the set of subsystems whose outputs affect the
dynamics of this subsystem. The matrices A; € R"*™  B; € R">*™i [, € R™*™ and
C; € R™>" as well as the scalars [;; are assumed to be known. We also assume that the
pair (A4;, B;) is controllable for all i € {1,..., M}. Note that we consider here the case in
which the dimension of the output vectors of all subsystems is the same (i.e. m; = my for
all i € {1,...,M}). Note also that this class of interconnected LTI systems is a special

class of the general one considered in Part II. For the rest of this chapter, we ignore the
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dependence of all variables on time ¢ for simplicity and we refer to the dependence on time
t+1 by (-)*. Defining the global state vector z = [z ,...,z},]" € R", the global input
vector u = [u],...,u};]’ € R™ and the global output vector y = [y/,...,yl,]" € R™,

the overall system dynamics is given by,

xt = Az + Bu,

4.2
y—Co. (4.2)

where the matrices A € R™", B € R"™™ and C' € R™*" are obtained from the matrices

and scalars in (4.1) in the obvious way.
The interconnection between subsystems can be represented by the weighted directed
graph G(V,E, W) where,
V=A{1,...,M},
EC(VxV),
W={li; eR,(i,j) €&},

are the set of nodes, edges and weights of the graph G, respectively. Each node in the
graph represents a subsystem. An edge exists from the i-th node to the j-th node if the
outputs of the i-th subsystem affect the dynamics of the j-th subsystem. The weight [;;
of this edge depends on the system parameters and indicates the strength of the coupling.
For each node, the sets,

N ={jieV:(ij) e},

N ={jeV:(ieé}

Ni=N"UN,

define the out-neighbour, in-neighbour and neighbour sets, respectively. The out-neighour
set of a subsystem includes the subsystems whose dynamics are affected by the outputs of
this subsystem. The Laplacian matrix L € RM™*M of the graph G describes the coupling

structure between the subsystems and its entries are defined as,

> jen ligs i =7,
L = —lyj, i# 7, jeNT,
0, i#34, j¢ N

The aim of this chapter is to synthesize for each i € {1,..., M} a decentralized
passivity-based control law,

where the control inputs of a given subsystem depend on the states of this subsystem
only to ensure the asymptotic stability of the whole system. We also aim to synthesize
these local controllers in a decentralized fashion. To this end, we recall the following
definition.
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Definition 4.1 ([Alil7]). The discrete-time system (1.2) is strictly passive with respect
to the input-output pair (u,y) if there exist a continuous storage function V : R™ — Rsq
with V(0) = 0 and a dissipation rate v : R™ — Ry with v(0) = 0 such that,

V(et) = V(z) <ylu—(2),

It is known that discrete time passivity generally requires feed-forward directly linking
the input to the output of the system (a non-zero “D” matrix in linear systems [Alil17],
or more generally zero relative degree [Nav05]). We note that such terms are not present
in (4.1). We address this difficulty below through the introduction of virtual output
variables.

4.3 Control Design

In this section, we synthesize the local control law (4.3) for all i € {1,..., M} to asymp-
totically stabilize the overall system (4.2) in a decentralized fashion. For this purpose,
we define for each subsystem the local virtual output,

2 = yi + Dyv; = Cjzy + Djv;,

where D; € D" is a decision variable. The control synthesis is carried out by solving
for each subsystem a local semidefinite program which guarantees that,

(I) The local controller (4.3) of a given subsystem strictly passivizes the dynamics
(4.1) of this subsystem with respect to the local input-output pair (v;, 2;).

(IT) The strict passivity of all subsystems implies the asymptotic stability of the overall
system, that is, asymptotic stability is achieved if the control input u; of each
subsystem passivizes this subsystem.

Note that the asymptotic stability of the overall system (4.2) (and not the asymptotic
stability of the individual subsystems (4.1)) is considered in (II). This is because the
coupling terms might destabilize the overall network even if each subsystem is asymp-
totically stable in the absence of coupling.

4.3.1 Passivity of Local Agents

First, we derive a matrix inequality for each subsystem which ensures (I) in the following
lemma.
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Lemma 4.1. The i-th subsystem (1.1) is strictly passive with respect to the input-output
pair (v;, z;) under the control law (4.3) if there exist E; € ST, H; € DY, G, € R™>™
and L; € DV such that,

1o p. L. o 0
2mr ! ! > 0. 4.4
(A E; + B,G;) F; E; 0]~ 0 (44)

Proof. According to Definition 4.1, the closed-loop i-th subsystem under the controller
u; = K;x; is strictly passive with respect to the input-output pair (v;, 2;) if and only if
there exist a positive semidefinite storage function V;(z;) and a positive definite dissipa-
tion function ~;(x;) such that,

Vi(ai) = Vi(w:) < v 2z — i) (4.5)

The closed-loop dynamics of the i-th subsystem under the controller u; = K;x; is given

by,
z = (A + BiK;)xz; + Fy;,

(4.6)
Zi = Clxl -+ DZUz
Considering the positive definite quadratic functions V;(z;) = ||z;]|3, and v;(z;) = [|a]|E,
with P, € S, and I'; € D'}, and substituting (4.6) in (4.5) yield,

1
+ 2viT (5(7Z — FiTPi(Ai + BiKi)> T; + viT (Di _ FiTPz'Fi) v > 0.

To satisfy the above inequality for all x; € R™ and v; € R™, we require that,
P, — (Ai+ BiK;)" P{(A; + B K;) = Ty 3C' — (A + B,K;)" P,F;
i . : >0, (47)
;G — I P,(A; + B,K;) D; — F; PF;
Pre- and post-multiplying (4.7) by diag(P; !, I,,,) where I,,, is an identity matrix of size
m; and rearranging the resulting matrix inequality result in,
~1 —1p p-1 1p-1
P =PI P PTG
%Cipi_l D;
(Aipi—l + BiKiIDZ-_l)T
T

P; [(Aipfl + BiKinl) FJ > 0.

Note that multiplying by diag(P;", I,,,,) is valid since P, € S,. Applying the Schur
complement and rearranging the resulting matrix inequality yield,

P \poCl (AP BEPTYTY (R R
iept D; ET -l o ||l o | >o.
(AP + BK P FT P 0 0
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Applying the Schur complement once more and defining the map,

Ei = Piilu
S (4.9)
H;=T7", '
Li = Di?

leads to (1.1). O

Although the matrix inequality (4.4) is not linear with respect to the variables P;, K;,
I'; and D;, it becomes linear with respect to the newly-defined variables E;, G;, H; and
L; in the map (4.9). This map is bijective as long as P; and I'; are nonsingular. These
two conditions are satisfied by assumption in Lemma 4.1 since P; € S, and I'; € D%

Although Definition 4.1 requires a positive semidefinite storage function Vj(z;) =
x} Pz, a positive definite matrix P, is used for three reasons; to be able to multiply
(4.7) by diag(P; !, I,,,,), to define the bijective map (4.9) and because the matrices P; are
used later to define the Lyapunov function of the system. Furthermore, Definition 4.1
does not require a diagonal dissipation matrix I';. However, it will become clear later
that this additional constraint is required to reach a convex optimization problem.

Note that, under some assumptions, (4.7) is equivalent to the matrix inequality men-
tioned in [KKot+14] which ensures passivity of discrete-time systems. Note also that (4.7)
demonstrates why strict passivity of the i-th subsystem with respect to the actual output
y; is not possible. If D; = 0, the matrix inequality can only be satisfied if F; = 0 and
C; = 0, that is only if the subsystems are decoupled and their outputs are always equal
to zero. This motivates the introduction of the virtual output z; above.

4.3.2 Stability of Overall Network

To ensure the asymptotic stability of the overall interconnected system under the strict
passivity of all subsystems with respect to their virtual outputs, we introduce the fol-
lowing lemma. In the sequel, we use P = diag(Py,...,Py), I' = diag(I'y,...,['y),
C = diag(Cy,...,Cy) and D = diag(D, ..., Dy).

Lemma 4.2. Assume that for all i € {1,..., M}, the i-th subsystem (1.1) under the
controller K;x; is strictly passive with respect to the input-output pair (v;, z;). The closed-
loop dynamics of the overall system (4.2) is asymptotically stable if there exists D € D7

such that,
I —el,+CTLC CTLT
ol + “ >0 (4.10)

LC D

where L € RMM>xmM cop ists of the submatrices f}ij = l;j I, € R™>™i I, is an identity

matriz of size n and €y is a positive scalar.
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Proof. The strict passivity of the i-th subsystem (4.1) under the controller K;z; with
respect to the input-output pair (v;, z;) implies that,

Vi(zh) — Vi(z:) < 2l v — 3i(2). (4.11)

)

By defining the Lyapunov function,

one can verify that V(z) = ||z||%. Note that V(0) = 0 and V(x) > 0 for all = # 0 since
P e St,. Summing up (4.11) for all i € {1,..., M} leads to,

M M

V(@) = V() = 3 Vi) = 3 Vilw) £ 3 zlvi= )il

i=1 =1

By defining the global function,
M
V(z) = Z%(%’)a
i=1

one can verify that v(z) = ||z||?, and hence,

V(") - V(r)<z'v—2Tu,

where z = [z] , ..., 23] " and v = [v], ..., 03] "
Recall that z; = Ciz; + Dyv; and v; = ) 1;;(Cjz; — Ciz;) and hence,
JEN;
z=Cx+ Dv,
v=—LCxz.

In this case, we reach,
V(zt) = V(z) < —2z"(T+C"LC - C"L"DLC)z.

To guarantee the asymptotic stability of the closed loop dynamics of the overall system,
it suffices to ensure that,

I'+CTLC —CTL'DLC > el,. (4.12)

Since D € D7, by assumption, the Schur Complement is applicable to (4.12) and yields
(4.10). O]
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The matrix D; appears in the diagonal terms in (4.4). Thus, the larger the eigenvalues
of D; are, the more likely the i-th subsystem is strictly passive. On the other side,
D~! = diag(D;', ..., D;;) appears in the diagonal terms in (4.10). Thus, the larger the
eigenvalues of D; are, the less likely that the strict passivity of all subsystems implies
the asymptotic stability of the overall system. In conclusion, the feed-forward decision
variables D; for all i € {1,..., M} encode a trade-off between the strict passivity of the
subsystems and the asymptotic stability of the overall system and can be chosen neither
arbitrarily large nor arbitrarily small.

4.3.3 Computation of Stabilizing Controller

Next, we note that the matrix inequality (4.10) is nonlinear in the actual decision vari-
ables I" and D as well as the newly-defined variables in (4.9), leading to a nonconvex
optimization problem. Moreover, (4.10) couples all the subsystems because of the pres-
ence of the Laplacian matrix L in the off-diagonal terms. Thus, if this inequality is
utilized, it has to be incorporated in the optimization problems of all subsystems imply-
ing that the synthesis is no longer decentralised.

To address these difficulties, we define the matrices U = LC € R™" W = CTLT e
R™ ™ U, € R™*™ and W; € R™*™ such that,
Uu=1[u/,...,Uy",
W=[Ww/, .. Wi

In the sequel, we denote the diagonal element in the j-th row of a matrix 7; by [7;]; and
the 1-norm of the j-th row by |7;|;.

Theorem 4.1. The local control laws (4.3) for alli € {1,..., M} asymptotically stabilize
the global dynamics of the overall system (41.2) if for all i € {1,..., M},

E; €S}, (4.13a)

H,eD",, (4.13D)

LieD™, (4.13¢)

LMI (4.4) holds, (4.13d)

[H;]; < Wi’j——i-ﬁo’ forall j € {1,...,n;}, (4.13e)
[Lilx < AR for all k € {1,...,m;} s.t. |Us|y > 0. (4.13f)

Proof. Considering the map (4.9), the conditions P, € S, , I'; € D', and D; € DT
are guaranteed because of the constraints (4.13a), (4.13b) and (4.13¢). Thus, the strict
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passivity of the i-th subsystem is ensured under the controller K;z; using (4.13d) as
indicated by Lemma 4.1.

Since I'; € DY, and D; € DT, then [I]; for all j € {1,...,n;} and [D;]; for all
k € {1,...,m;} are invertible. Consequently, constraint (4.13f) implies that for all k£ €

{1,...,mi},
[D; e = [L; Tk = |Uilg.

)

Similarly, constraint (4.13¢) implies that for all j € {1,...,n;},
il — €0 = [H1]; — €0 > [Wil;.

Considering the definitions of U; and W; in the above two inequalities and using diagonal
dominance, one can verify that,

I'—el, CTLT

- > 0. 4.14
[ LC D7t |~ ( )
Since L is a Laplacian matrix, then L € S¥ by definition and hence, L € ST™. Therefore,
(4.14) implies (4.10). Hence, the strict passivity of all subsystems ensured by (4.13d) for
all i € {1,..., M} implies the asymptotic stability of the overall system using (1.13¢)
and (4.13f). O

Notice that the constraints in (4.13) are convex with respect to the decision variables
E;, G;, H; and L;. Moreover, there are no common variables between the constraints
of any two subsystems. In other words, each subsystem has its own variables which are
not shared with other subsystems. Thus, adding any local convex function f;(-) as a
cost leads to a convex optimisation problem that can be solved independently by each
subsystem. Indeed the cost function can be different for each subsystem, to reflect local
preferences. It is also worth mentioning that other alternatives which ensure passivity
of discrete-time systems, such as the KYB conditions in [Alil7], the matrix inequality in
[Kot+14] and the matrix inequality (4.8) do not yield a convex program when replacing
(4.4) in Theorem 4.1.

To solve the semidefinite program of one subsystem, the corresponding matrices U;
and W; are required. These matrices only depend on the weights [;; (which describe
how this subsystem is affected by its in-neighbours) and [/;; (which describe how this
subsystem affects its out-neighbours) as well as the matrices C; of this subsystem and its
neighbours. Thus, the semidefinite program of each subsystem requires limited informa-
tion from its neighbouring subsystems. For many systems the physics of the underlying
process imply that connections between subsystems are naturally symmetric (1;; = 1};);
this is the case for DC microgirds considered below, but also for, e.g. thermal dynamics
in buildings, action-reaction forces in mechanical systems, etc. In this case the Laplacian
is symmetric and the information necessary for performing the decentralised synthesis is
automatically almost available to each subsystem.
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i-th DGU

()T dzvfmz Ci — VLCD Ilq; Microgrid

Figure 4.1: Electric circuit representing the averaged model of a DC/DC buck converter
connected to the microgrid.

4.4 Simulation Results

We evaluate the proposed control scheme by applying it to a DC microgrid network
comprising a number of dynamically-coupled distributed generation units (DGUs).

4.4.1 DC Microgrid Model

Each DGU consists of a DC voltage source and a buck converter as shown in Figure 4.1.
The voltage source of the i-th DGU represents a renewable energy source which provides
a constant voltage V;,,. The buck converter of the i-th DGU is represented by an RLC
circuit with a resistance R;, an inductance L; and a capacitance C;. A switch is used
to regulate the output voltage of the DGU by appropriately selecting the duty cycle d;.
The i-th DGU is assumed to support a constant current load which requires a current I;,.
Two neighbouring DGUs ¢ and j are connected through a resistive line with a resistance
of R;;.

For every DGU, let V; and I; be the output voltage and the converter current, respec-
tively. To avoid any steady state error in the output voltages, each DGU is augmented

with an integrator whose state is s;. Considering the state vector z; = [V;, I; — I;,, s;] T
and the input u; = d; — }3]{" , the averaged dynamics of the i-th DGU is given by,

t; = A, w;i + Be,u + Fpv;,

y; = Ciz, (4'15)
Vi = Z Lij (Y — vi),
JEN;
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Figure 4.2: Microgrid structure.

where «; is the integrator coefficient,

0 c%- 0
A, = |- - 0],
a; 0 0
0 o
B,= ||, F,=|0],
0 0

As mentioned above, DC Microgrids are represented using undirected graphs where
lij = l;; and N7 = N;*. We consider here the six-DGU network given in [BN18] whose
structure is shown in Figure 4.2.

4.4.2 Discretization Methods

The first difficulty to be addressed is time discretisation. Although the considered model
(4.1) and the microgrid model (4.15) have the same structure, (4.1) is in discrete time and
(4.15) is in continuous time. When applying exact discretization to (4.15), the matrices
of the resulting discrete-time model are dense, compromising the distributed structure.
When using the Euler discretization method, the model structure is maintained, however
the model accuracy can be poor. Recently, considerable effort has been devoted to finding
discrete-time models of good accuracy that preserve the continuous-time model structure
[Sou+15; FCS13]. Here we compare four methods which preserve the model structure by
computing the root mean squared error between the voltages and currents of all DGUs
obtained by these methods and those obtained by exact discretization for impulsive, step
and random inputs. We use a sampling time T, = 10~° seconds and select the parameter

o = Ti for all DGUs.
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Table 4.1: The root mean squared error between the output voltages V; and converter
currents I; of each model and those of the exact model in the case of an impulsive input,
a step input and a random input.

SN FN | AM | LM
Impulse | 8.45 | 3.83 | 5.06 | 0.06

Step 69.31 | 30.46 | 39.68 | 0.48
Random | 34.81 | 19.2 | 21.46 | 0.33

We denote the first two methods by SN and FN. The methods SN and FN compute
approximate discrete-time models by solving an optimization problem which minimizes,
respectively, the spectral norm and the Frobenius norm of the error between the ma-
trices of the exact discrete-time model and those of the approximate model [Sou+15].
The approximate model is constrained to respect the sparsity pattern and maintain the
stability properties of the continuous-time model. We denote the other two methods by
AM and LM. Besides sampling and holding the control inputs, the methods AM and

LM sample and hold, respectively, the coupling terms > %yj [FCS13] and the vector
jeN;

v; in (4.1). Table 4.1 shows that this last method leads to the highest accuracy while

maintaining the desired structure; this method is therefore selected for our controller

design.

4.4.3 Controller Implementation

To compute the corresponding local controller, each DGU solves its local optimization
problem. We solve these local problems using MATLAB [MAT18] with YALMIP [Lof04]
and MOSEK [ApS19] on a computer equipped with 16-GB RAM and a 1.9-GHz Intel
core i7-8550U processor. Although the LM model is used in the optimization problem,
the resulting controller is applied to the exact discrete-time model to evaluate the closed-
loop performance in simulation. We compare the proposed decentralized controller to
the centralized discrete-time linear quadratic regulator (LQR). The LQR control gain
matrix is given by,

K.,=—(B"P.B+ R)"'B"P.A,

where the matrix P, is the unique positive-definite solution of the Riccati equation,
P.=A"P.A+Q—-A"PB(B'P.B+ R)"'B'PA.

The matrices () and R are chosen to be the identity matrices I,, and [, of size n and m,
respectively.

While computing the local controller of each subsystem, we evaluate three different
cost functions in the local optimization problems which include the constraints in (4.13).
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The first one is,
fe=0foralliec{1,..., M},

2

which is just used to find a feasible solution. The second function is,
f? = trace(H;) for alli € {1,..., M},

which aims to maximize the dissipation rate which is an indication of maximizing the
passivity margin. Finally, the third cost function is,

fe=||E; — E,,||p forallic{1,...,M},

which tries to mimic the behaviour of the LQR by minimizing the Frobenius norm
between the matrices E; and E,., = TZ»PC*lTZ»T where T; € {0,1}?*2 selects the diagonal
submatrix corresponding to the i-th subsystem.

We perform 100 Monte Carlo simulations with the reference voltages changing ini-
tially from 50V to a random value between 49.95V and 50.05V" and the load currents
changing initially from 5A to a random value between 2.5A and 7.5A. The goal is to reg-
ulate the output voltage of each DGU to the corresponding reference V, in the presence

of these loads.

To converge to the desired reference, the feedforward terms,

V..
Vi, "
Uyg = _V =+ Kl 0 y
my O
sf, =~V

are added to the control input u; and the dynamics of the integrator state s;, respec-
tively. Although these terms lead to shifted coordinates, they change neither the system
matrices nor the Laplacian matrix. Hence, neither passivity nor stability are affected
since the constraints in (4.13) remain the same and hence, still hold. This matches the
fact mentioned in [Jay+07] that an LTI system with shifted coordinates is passive if its
associated system with non-shifted coordinates is passive. Note that the control input
of one DGU is a function of its local variables and parameters only (i.e. gains, states
and references).

For each simulation, the magnitude of the tracking error,

T 6
=y DD (AVE + AL + AsF 4 Aul),

k=0 i=1
is computed where,
A[zk = Izk - [T‘i7
Ast = sV — s,
Auf =l —u,,,
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Figure 4.3: Output voltages (left), converter currents (middle) and duty cycles (right)
of all DGUs when the cost f£(+) is used for all i € {1,...,6}.

T is the simulation time, I,,, s,, and u,, are the steady state values of the corresponding
variables. We denote the magnitudes of the proposed controller with the cost functions

o, fhand ff by efy, eb,. and €5, respectively, and that of the LQR controller by e;q,.

The closed-loop performance of one test scenario which uses the function ff(-) is
shown in Figure 4.3 that shows the output voltage V;, converter current I; and duty
cycle d; of all DGUs. In this scenario, the reference voltages are chosen to be V. = 50 +
0.01(i — 1)(—1)* where i € {1, ...,6}. Despite the uncertainties due to the discretization
errors, the output voltages converge to the desired reference value. This shows the
inherent robustness of our approach against discretization errors. Note that the other
cost functions result in similar behaviours.

The mean ;% and standard deviation o% of the suboptimality index,

k e];bc — Clgr
J¥ = ———forall k € {a,b,c},
€lgr
are given in Table 4.2, It is found that ff results in a relatively good performance (i.e.
small 115 and ¢9). This could be because ff tries to mimic the behavior of the LQR. We
conjecture that suboptimality occurs because the control gains are not exactly the same
since the proposed controller is decentralized whereas LQR is centralized. On the other
hand, we also conjecture that f? results in poor performance (i.e. large % and ¢%) since
it only maximizes the passivity margin.

Table 4.2 also shows the minimum eigenvalue \* of the dissipation rate matrix T
which indicates how strict passivity is for each cost function. This eigenvalue can be
considered as a measure of robustness, for example against uncertainties due to dis-
cretization errors that may lead to loss of passivity and stability. The function f? results
in a large eigenvalue, as opposed to ff. Thus, we conjecture that f7 leads to a more
robust controller compared to ff.

When exploring the effect of the parameter €y, it is found that the system is under-
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Table 4.2: Suboptimality mean J* | suboptimality standard deviation J*¥ and minimum
eigenvalue A of the matrix I' of the proposed controller for different cost functions.

ol F
fy | 0.05 | 0.13]0.02
oy | 0.02 0.02]0.01
A | 0.014 | 0.02 | 0.01

damped for small ¢y and overdamped for large €y when using f#(-). In addition, larger g
leads to slower convergence with larger overshoot. On the other hand, the performance
is almost the same when using f?(-) and f¢(+). For all cost functions, the optimization
problems become infeasible for very large €.
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.

Plug-and-play Distributed Model Predictive
Control

5.1 Introduction

Plug-and-play (PnP) control schemes have received considerable attention for the con-
trol of varying-topology networks, where agents occasionally join and leave the network
[Sto09; BTS11; Gol+18; Yua+19]. The need to integrate state and input constraints
has also motivated research into combining MPC schemes and PnP algorithms for en-
suring asymptotic stability and constraint satisfaction of such networks. Decentralized
PnP MPC schemes were developed applicable mainly to weakly coupled networks, as
they consider all the dynamic coupling terms as disturbances (e.g. see [RFF13b; RFF14;
RE15]).

For the regulation of strongly coupled networks, distributed PnP MPC schemes were
developed based on a two-phase PnP algorithm (e.g. see [Zei+13; Hu+18; Le +17]).
Once a PnP request is received, the redesign phase computes offline the MPC terminal
ingredients for a specific set of subsystems to ensure the asymptotic stability of the new
network. Then, the transition phase computes online for the old network a steady state
at which the PnP operation can take place and from which the MPC problem is initially
feasible for the new network. If the optimization problems of both phases are feasible,
the PnP request is approved and the system is steered to the computed steady state for
the PnP operation to take place. Distributed MPC is then applied to the new network
to compute the optimal control inputs of the new network in a distributed fashion.

We propose here a novel PnP algorithm for a class of interconnected systems with
Laplacian interconnections. Our scheme is inspired by [Zei+13], but addresses reference
tracking problems, instead of regulation problems. Unlike [Zei+13], the proposed PnP
algorithm updates the local terminal sets online in the transition phase as discussed
in Part [. This yields larger feasible regions in the transition phase where more PnP
requests can be accommodated and also avoids the computation of a global terminal set
which might require a central coordinator.
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Furthermore, the redesign phase makes use of passivity theory to update the local
terminal costs and controllers as discussed in Chapter 4. Hence, each subsystem whose
terminal ingredients are updated solves only two optimization problems. This accelerates
the PnP operation compared to [Zei+13], where an iterative procedure is used in the
redesign phase. Unlike Chapter 4, we consider here a more general class of interconnected
systems whose coupling can be described with more than one Laplacian.

5.2 Varying Topology Networks

We consider here interconnected systems with a distributed structure which can be
decomposed into a set of M subsystems. Two subsystems are assumed to be neighbours
if they are dynamically coupled through the states. The set of neighbours of the -
th subsystem is denoted by N; and is always assumed to include the i-th subsystem.
The notation N;\i refers to the set of neighbours of the i-th subsystem excluding the
i-th subsystem itself. The i-th subsystem is described using the linear time-invariant
dynamics,

23
s=1

vis®) = D Lipaia(t) = is(®)), (5.1
JEN\i
Yi,s(t) = Cisxi(t),
where ¢t € Z, is the time index, z; € R", u; € R™ and y; € RP are the state, input
and output vectors of the i-th subsystem and y; s refers to the s-th output of the i-th
subsystem. The matrices A;, B;, vectors F;;, C; s and scalars [;; ; are known and have
appropriate dimensions. We assume that all subsystems have the same output dimension
po (i.e. p; =po for all i € {1,...,M}). We also assume that the interconnection due to
the s-th input-output pair (v; s, y;s) is described using the graph G, with the Laplacian
L, € RMXM whose entries are given by,

> lijs, L= 7,

JEN\I
Lij,s - _lij,57 i ;é j7 ] € M7
0, i# 35, J ¢ N

Note that if j € N, but the s-th output of the j-th subsystem does not affect the
dynamics of the i-th subsystem, then [;; ; is set to zero.

The dynamics of the i-th subsystem in (5.1) can be also given by,

yi(t) = Cimy(1),
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where zy, € R™: is a state vector comprising the states of the subsystems in the set N;
and Ay, can be constructed using A;, C; 5, Fi s and [;; s in the obvious way. Hence, the
considered class of interconnected systems is a special case of that considered in Part [.
However, it is still more general than that considered in Chapter 4 where the graphs G,
for all s € {1,...,po} are the same and have the same Laplacian. The states and inputs
of the i-th subsystem are constrained to polytopic sets as follows,

| (5.3)
Uz(t) eU; = {uz e R™ : Hyu; < hz},

where the matrices G; € R%*"™ H; € R">*™ and the vectors g; € R%, h; € R" are known.
Note that there are no constraints coupling the states and inputs of different subsystems.
Therefore, the considered constraints are again a special case of those considered in Part [
which also considers coupling constraints through the states. However, this case is also
more general than that in Chapter 4 where no constraints are considered.

Assuming that the i-th subsystem is required to track the target point z,, € X; whose
corresponding input is u,, € U;, we choose the cost function,

N-1

() =3 (liklt) - .,

k=0

%’i + erz - xri %1‘7

0. + lui(k[t) — ue,

r) T lzi(N|t) — e,

where z;(k|t) and u;(k|t) are, respectively, the k-step ahead predicted state and input
vectors of the i-th subsystem at time ¢, N is the prediction horizon and (z.,, u,.,) is an
artificial equilibrium of the ¢-th subsystem. Similar to Part I, the cost function matrices
are chosen to satisfy Q; € S}, R, € S}, P, € S}’ and S; € ST, and the artificial
equilibrium of the i-th subsystem is required to satisfy,

Te, = ANixeNi + Biuei S 5‘)(17

(5.4)
Ue, = Kixei + dz S guﬂ

where £ € (0,1), K; € R™*" and d; € R™ define the terminal controller x;(z;) =
K;z; 4+ d; and Tey, 1S @ vector comprising the equilibrium points of the subsystems in
the set NV;. Note that P, and K; are computed offline such that V(z) = ||z||% with z =

[],...,2},]" and P = diag(Py, ..., Py) is a Lyapunov function for the overall system
under the controller k;(z;) = K;z; in the absence of constraints. The local variables
z;, u; and xy, can be extracted from the global variables x = [z],...,z],]T € R" and
u=[u],...,u};]" € R™ through the projections,
r; = Ux,
zn, = Wiz, (5.5)
u; = Viu,

where U; € {0,1}">*" W; € {0,1}™:*" and V; € {0,1}™*™ are appropriately con-
structed.
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To ensure the recursive feasibility of the MPC scheme and the asymptotic stability
of the corresponding closed-loop system, the state x;(NN|t) is constrained to lie in the
terminal set X, as follows,

where «; and ¢; refer to the size and center of the local terminal set of the i-th subsystem,
respectively, and are considered as decision variables in the online OCP. As shown in
Part I, this constraint can be approximated using the Schur Complement and diagonal
dominance as,

204[P]ss > [bilsi + > _[|Pilasr. for all s € {1,...,n;},
k=1

o = i[bi]kly <5'6)

where b; € R™ is a decision variable, [-]sk refers to the element in the s-th row and k-th
column of a matrix and | - | refers to a matrix with the absolute values of the elements
in the original matrix. We ensure the positive invariance of the local terminal sets by
satisfying for all i € {1,..., M}, j e N, pe {l,...,q;} and | € {1,..., 7},

n;

2q [Pfl]ss > Z[|Pi_1|ai]sk + ZHAN@' + B K;UW, an,]ok + [bils1

k=1 k=1
for all s € {1,...,n;},

nn,

2> [N Pyles = DY Nl Pyllas + )l | (Ax, + BIGUW) |

JjEN; JEN; k=1 k=1
for all s € {1,...,nn,},
—b; < (Ap, + BiKiUiWiT)CNi + Bid; — ¢; < by,

o — Z Aij > i[bi]kly
k=1

JEN;
Gre+ | GEPT P |aoi < gf,
H!Kic; + Hld; + | H K, P, | ya; < B,
(5.7)
where b; € R™ and )\;; € R are additional decision variables, F;; = VVinTPjUjW/iT, G
and H! are the p-th and I-th rows of the matrices G; and H; respectively, g7 and h! are

the p-th and [-th entries of the vectors g; and h;. For the derivation of the constraints
(5.7), we refer the reader to Part .
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In summary, the global online OCP is given by,

M
min ZJi(t)

i=1

for all k€ {0,...,N—1}andie€ {1,..., M}, (5.8)
st.oforalljeN;, pe{l,...,¢}and l € {1,...,r;},

z;(0]t) = xg,, (5.2), (5.3), (5.4), (5.6), (5.7).

where xy, is the measured state of the i-th subsystem and the decision variables are for
all i € {1,..., M}, z;(k|t) for all k € {0,..., N}, w;(k|t) for all £ € {0,...,N — 1},
Ty, Uey, Oy Ciy diy by, by and Ny for all j € N;. Although the OCP (5.16) requires
global information, it is still amenable to distributed optimization techniques such as
consensus alternating direction method of multipliers (ADMM) and hence, can be solved
in a distributed fashion [Boy+11].

If subsystems leave or join, the network topology changes and hence the cost and
constraints in (5.16) also change. Thus, the asymptotic stability of the closed-loop
system and the recursive feasibility of the MPC problem are no longer guaranteed. To
address this difficulty, we develop below a PnP algorithm which allows changes in the
network topology while ensuring asymptotic stability and recursive feasibility.

5.3 Control Design

We now discuss the PnP algorithm to be run whenever a set J of new subsystems and/or
a set L of existing subsystems send PnP requests to the network. If the r-th PnP request
is to be accepted, the subsystems of the r-th network after the PnP operation can be
partitioned into three non-overlapping sets. These sets are,

e the plugged-in set J comprising the new subsystems joining the network,

e the neighbour set Z including the subsystems belonging to neither 7 nor £ and
whose set of neighbours contains at least one subsystem in J or L,

e the non-neighbour set @ comprising the subsystems belonging to neither J nor

Z.

Similar to [Zei+13], the proposed PnP algorithm comprises two phases: the redesign
phase ensuring the asymptotic stability of the r-th network and the transition phase
ensuring the recursive feasibility of the MPC problem. In the sequel, these two phases
are discussed in detail.
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5.3.1 Redesign Phase

In the redesign phase, the local terminal controllers of the plugged-in set [J are de-
signed. The controllers of the neighbour set Z are also modified to take into account
the plugged-in set J and the plugged-out set £. The newly-designed and modified ter-
minal controllers are designed to ensure the asymptotic stability of the r-th network
in the absence of constraints. The weights of the local stage costs of a specific set of
subsystems are then updated to ensure the asymptotic stability of the r-th network in
the presence of constraints. All parameters and variables mentioned in this section are
those of the r-th network unless otherwise stated. For the rest of this section, we ignore
the dependence of all variables on time t for simplicity and we refer to the dependence
on time t + 1 by ().

First, we start with updating the terminal controllers of the subsystems in J and Z
to asymptotically stabilize the r-th network in the absence of constraints. The terminal
dynamics of the subsystems in J and Z under the control law u; = K;x; + d; is given
by,

pi
zi = (A + BiK;)z; + Z Fi svi s + Bid,,
s=1
By appropriately shifting the equilibrium point, the dynamics becomes,
Pi

Auf = (A + BiK)Az, + Y Fy Avg, (5.9)

s=1

where,

AUz"s - Z lij,s<ij,s - Ayi,s)a
JEN:\i

Ayi,s = C’i,SAmi'

In addition to the subsystem outputs Ay;,, to exploit passivity we define the virtual
outputs of each subsystem in J and Z as,

Azi’s = Ci,sAxi —+ Di,sAUi,s for all s € {1, ...,pi}7 (510)

where D; = diag(D;1, ..., D; p,) is computed below. We also define,

Az = [AZL,. ,Azgpi]T,

Av; = [AUL, ,Avgpi]T,
Fi=[Fi, ..., Fpl,
Ci=[Cf,....cL ]

Definition 5.1 ([Alil7]). The dynamics in (5.9) is strictly passive with respect to the
pair (Av;, Az;) if and only if there ezist a storage function Vi(Az;) : R™ — Rsq with
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V(0) =0 and a dissipation function v;(Ax;) : R™ — Rog with v(0) = 0 such that,

Ppi
Vi(Az)) = Vi(Ax;) <> Avi Az — 7i(Aw;). (5.11)

s=1

Note that we use virtual outputs because the dynamics in (5.1) can not be passivized
using the actual outputs as discussed in Chapter 4.

Furthermore, we define,
Po
L= Z L. ® esej,
s=1

where ® refers to the Kronecker product and e, € RP is a unit vector whose s-th
element is equal to one. One can show that the matrix L is positive semidefinite since
both L, and ege] are positive semidefinite for all s € {1,...,po}. Note that L, is positive
semidefinite by definition since L, is a Laplacian matrix and e e, is positive semidefinite
by construction. Considering C' = diag(C1, ..., Cyy), we define Lc = LC and Cp, = CTLT
which can be decomposed as follows,

T T 1T
LC — [L01""7LC]\{:| 5

C,=I[C},,..C. 1",

where Lg, € RP*™ and O, € R"*MP_ Finally, we define the scalars n;; for all 4,j €
{1, ..., M} such that,

ni; > 0if i € N and n;; = 0 otherwise,

M
Znij <1forallie{l,.. M}

J=1

In the sequel, we denote the diagonal element in the s-th row of a matrix by [-|s and
the 1-norm of the s-th row by |- |s. We now make the following assumptions on the
parameters and variables of the zeroth network before receiving any PnP request. Recall
that all parameters and variables mentioned in this section are those of the r-th network
unless otherwise stated as in the following assumptions.

Assumption 5.1. The dynamics of the i-th subsystem under the control law u; = K;x;+
d; is strictly passive with respect to the input-output pair (Av;, Az;) with quadratic storage
function Vi(Ax;) = || Az;||3, and dissipation function v;(Az;) = ||Az;||2.. The matrices
P, eSY, , Ty €D} and D; € DY, satisfy,

< —— nje{l,..,n;
[Z]J_|Lcij+€iforaje{7 ,TL},
1
[D;]; < ol for all j € {1,...,p;} such that |Cy,|; > 0,
Lilj
where €; > 0 can be chosen arbitrarily small for alli € {1,..., M}.
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Assumption 5.2. The stage cost weights Q; € Si', and R; € S'", of the i-th subsystem
satisfy,

Z ng WU PUW, = WU (Qi + K[ RiK;)U; W,
JEN;
— (An, + BiK;UW) T Py(An, + B,K;U;W,") > 0.

Note that Assumption 5.1 and Assumption 5.2 can be ensured during the offline
synthesis of the MPC scheme (5.16) for the zeroth network before any PnP operation.
Assumption 5.1 ensures that the zeroth network under the controller u; = K;x; 4+ d; for
all i € {1,..., M} is asymptotically stable in the absence of constraints (see Chapter 4
for more details). Furthermore, Assumption 5.2 ensures that the zeroth network under
the MPC scheme (5.16) is asymptotically stable in the presence of constraints. This is
because adding the condition in Assumption 5.2 for all subsystems leads to the Lyapunov
inequality for the overall network. This inequality is used to ensure the asymptotic
stability of the overall network under the MPC scheme (5.16) (see Chapter 3 for more
details).

The following theorem shows the conditions under which the r-th network under the
controller u; = Kyx; + d; for all i € {1,..., M} is asymptotically stable in the absence of
constraints assuming that the (r — 1)-th network is already asymptotically stable. Note
that this assumption is valid for » = 1 as indicated in Assumption 5.1 and for r > 1
by induction as follows. If the conditions in the following theorem are not satisfied for
one or more subsystems, the PnP request is rejected. The network remains the same
and hence, asymptotic stability is preserved and the conditions in Assumption 5.1 hold
until the next PnP request. If these conditions are satisfied for all subsystems, the PnP
request can be accepted depending on the next steps in the PnP algorithm. If it is,
the controllers are redesigned based on the conditions in Theorem 5.1 which imply the
conditions in Assumption 5.1 for the r-th network after the PnP operation is completed,
hence until the next PnP request.

Theorem 5.1. Assume that the (r—1)-th network under the controller u; = K;x;+d; for
alli € {1, ..., M} is asymptotically stable in the absence constraints (i.e. Assumption 5.1
holds for the (r — 1)-th network). Then, the r-th network under the controller u; =
Kix;+d; for alli € {1,..., M} is asymptotically stable in the absence of constraints (i.e.
Assumption 5.1 holds for the r-th network) if for each subsystem in J and Z of this
network, there exist E; € SV, X; e DV, | Y, € R"*™ and D; € D', such that,

E; IECT (AE +BY) E

LCLE; D; ol 0

2 ! ¢ >0 5.12
(AE,+ BY,) F E, 0 =" (5.12a)
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Xl < ——— e {l,...,n; 12
[ Z]]_‘LC”_’_Q forall j € {1,...,n;}, (5.12b)
1
[D;]; < il for all j € {1,...,p;} such that |Cy,|; > 0, (5.12¢)
Lilj
where €; > 0 can be chosen arbitrarily small for all i € {1,...,M}.

Proof. First, we derive conditions which ensure that all subsystems of the r-th network
are strictly passive, or equivalently that (5.11) holds for all ¢ € {1,..., M}. Note that
this condition is satisfied for O since the dynamics of such subsystems in the r-th network
remain the same as in the (r — 1)-th network which satisfies Assumption 5.1. Hence,
it suffices to ensure that (5.11) holds for J and Z. Following Chapter 4, we take
Vi(Az;) = ||Az;||3, and ~;(Az;) = || Az;||r,, substitute (5.9) and (5.10) in (5.11), use the
Schur Complement twice to reach (5.12a) where,

Ez' = ]D@'_17
YZ = Ki-Pi_lu

The conditions E; € S, and X; € D", ensure that V;(z;) > 0 and ~;(x;) > 0.

Second, we derive conditions which ensure that the strict passivity of all subsystems
in the r-th network implies the asymptotic stability of this network. For this, we define,

We also define the Lyapunov function,

M
V(Az) =) " Vi(Azy),
i=1
and the auxiliary function,
M
v(Az) = Z%(Aazz)
i=1

One can verify that V(Az) = ||Az||% and y(Az) = ||Az||3. Under Assumption 5.1,
(5.11) holds for all subsystems in O with quadratic storage and dissipation functions.
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Moreover, (5.12a) implies that (5.11) holds for all subsystems in J and Z with quadratic
storage and dissipation functions. By summing up (5.11) foralli € {1,..., M}, we reach,

V(Azt) — V(Az) < AvT Az — y(Az),

where,

Az = CAx + DAw,
Av=—LCAz.

To prove asymptotic stability of the r-th network under the controller u; = K;x;+d; for all
i € {1,..., M} in the absence of constraints, it suffices to ensure that Av" Az —y(Ax) <
0. or equivalently,

I'+C'LC - CTLT"DLC > diag(e11,,, ...exr1n,,),

where ¢; > 0 can be selected arbitrarily small for all i € {1,..., M} and I, is an identity
matrix of size n;. Following Chapter 4, we exploit the Schur Complement, diagonal
dominance and the fact that L > 0, X; € D', and D; € D' to reach (5.12b) and
(5.12¢) for all subsystems in J, Z and O. Under Assumption 5.'17 (5.12b) and (5.12¢)
are satisfied for all subsystems in O since the neighbours of these subsystems remain the
same and hence, the corresponding matrices C, and L¢, do not change for all i € O,.
Hence, it suffices to ensure that (5.12b) and (5.12¢) are satisfied for all subsystems in J
and Z. O

Based on Theorem 5.1, each subsystem in J and Z computes its own P; and K;
by solving a local optimization problem comprising an appropriately-chosen convex cost
function and the local constraints in Theorem 5.1. The cost function can be selected, for
example, to mimic the LQR behavior or to maximize the passivity margin (see Chapter 4
for more details). Furthermore, each subsystem in £ computes its own P; and K; by
solving the associated algebraic Riccati equation. If any of these problems is not feasible,
the PnP request is rejected.

We now move to the second step of the redesign phase in which we update the cost

functions of a specific set of subsystems to asymptotically stabilize the " network in
the presence of constraints. For this purpose, we define the matrices,

P = diag(P, ..., Py),
K:diag(Kh 7KM)7
Q = diag(le 7QM)7
R= diag(Rla >RM)

To ensure the asymptotic stability of the *® network in the presence of constraints under
the MPC controller (5.16), the Lyapunov condition,

V(@) = V(z) < =l(z),



should hold where,

V(z) = |p,
l(2) = l2ll{gsxmrE)

This, in turn, is satisfied if,
P—(A+BK)'P(A+BK)—-Q - K'RK >0.

This condition can be ensured by appropriately tuning the the cost function matrices
@ and R. Although this inequality requires global information, it can be used to derive
local conditions for each subsystem as shown in the following theorem.

The following theorem shows the conditions under which the r-th network under the
MPC scheme (5.16) is asymptotically stable in the presence of constraints assuming that
the (r — 1)-th network is already asymptotically stable. Similar to Theorem 5.1, if the
conditions in Theorem 5.2 are not satisfied for one or more subsystems, the PnP request
is rejected. The network remains the same and, hence asymptotic stability is preserved
and the conditions in Assumption 5.2 hold until the next PnP request. On the contrary,
if the conditions in Theorem 5.2 are satisfied for all subsystems, the PnP request can
be accepted depending on the next steps in the PnP algorithm. If it is, the stage cost
weights are redesigned according to the conditions in Theorem 5.2 which imply that the
conditions in Assumption 5.2 hold after the PnP operation is completed, hence until the
next PnP request.

Theorem 5.2. Assume that the (r — 1)-th network under the MPC scheme (5.16) is
asymptotically stable in the presence constraints (i.e. Assumption 5.2 holds for the (r—1)-
th network). Then, the r-th network under the MPC scheme (5.16) is asymptotically
stable in the presence of constraints (i.e. Assumption 5.2 holds for the r-th network) if
for each subsystem in J and Z as well as their neighbours, there exist Q); € S, and
R, € ST such that,

Z nijWinTPjUjWiT — WU (Qi + K RiK,)U;W,|
JEN;
— (An, + BiIK;UW,) T Py(An, + BiK,UW,') > 0. (5.13)

Proof. According to Chapter 3, the r-th network under the MPC scheme (5.16) is asymp-
totically stable if,

P—(A+BK)'P(A+BK)—-Q— K'"RK >0.
This inequality holds if and only if for all x € R™,

2" (P—(A+BK)'P(A+ BK)—Q—K'RK)z >0
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Due to the imposed structure on the matrices P;, K;, Q; and R;, this inequality is given
by,

M M
Z x] Py — Z%T(Qz + K RiK;)z;
i=1 i=1

M
— Z(ANZxNi + BiK;x;) ' Pi(An, N, + BiK;z;) > 0,

=1

or equivalently,

M
Jj=

M M /M
Z (1 — nij> x:BZBZ + Z (Z nij) ZBIPZ%
i=1 i=1 \j=1

1

M
- Z (Anon, + BiKw) | Pi(An,on, + BiKx;)
i=1
M
i=1
Recall that by design,
M
j=1

Hence, it suffices to ensure that,

M /M M

Z (Z nij) szzxz - Z$:(QZ + K:Rsz)xz

i=1 \j=1 i=1

M
— Z(ANi‘rNi + BJ(ZJ,‘z)—l—Pz(ANl.I‘N2 + BzKZ:EZ) Z 0.
i=1

Using the map (5.5), the resulting inequality becomes,

M /M

> (Z n]) 23 Wi, BUW, xy,

i=1 \j=1

M
i=1

M
= 2 WU (Qi + K] REK)UW, zy, > 0.

i=1
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One can show that this global inequality can be decomposed for all i € {1,..., M} into,

M
T T T
> " nyak, WU PU;W

j=1
—ax, (An, + BiK,UW,) T P(Ay, + B{K,U;W, )y,
— 2y WU (Qi + K RiK)U;W, 2, > 0.
Since n;; = 0 if 4 and j are not neighbours, the above local inequalities hold if and

only if the local LMIs (5.13) are satisfied for all ¢ € {1,...,M}. Since the (r — 1)-th
network satisfies Assumption 5.2, these LMIs are satisfied for all subsystems excluding
those in J and Z as well as their neighbours. Hence, it suffices to ensure them for these
subsystems. O]

Following Chapter 3, one can ensure that the target point z,, for alli € {1,..., M}
in the r-th network is asymptotically stable if (5.13) holds. We highlight here that the
neighbours of Z which are in neither J nor Z should also recompute their matrices @);
and R; to satify the condition (5.13). This is because the first term in the condition
(5.13) of each of these subsystems depends on the matrices P; of its neighbours. By
definition, at least one of these neighbours is in the set Z whose matrices P; are modified

as discussed in Theorem 5.1.

Since the subsystems in £ leave the network and no longer have neighbours, their
decoupled inequalities corresponding to (5.13) are given by,

P, — (A; + BiK;) " Pi(A; + BiK;) — Qi — K R;K; > 0. (5.14)

Note that (5.14) is the standard Lyapunov matrix inequaltiy for discrete-time systems.
Notice also that each subsystem in 7 and Z as well as their neighbours can satisfy (5.13)
and each subsystem in £ can satisfy (5.14) by solving a constrained optimization problem
whose cost function is selected so that the desired performance specifications can be met.
For example, one potential cost function is that which minimizes the Frobenius norm
between the actual matrices @); and R; (to be used in the online OCP) on one side and
the desired matrices @4, and Ry, (determined based on the performance specifications)
on the other side. In this case, each subsystem in [J and Z as well as their neighbours
solves the optimization problem,

g_llél_ HQ@ - Qdi

1yt

% + ||RZ - Rdi

2st (5.13), Q; €SV, R €S,

where || - || refers to the Frobenius norm of a matrix. Similarly, each subsystem in £
solves the optimization problem,
min @~ Qul + IR~ Bally st (514), Qe Sy, R €8T,
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The PnP request is rejected if any of these optimization problems is infeasible.

Finally, we highlight that the scalars n;; for all i € J, j € N; and for all i € Z,
j € N;NJ can be considered as decision variables in these optimization problems. While
the local optimization problems of £ and the neighbours of Z that are in neither 7 nor
Z remain the same in this case, the local optimization problems of 7 and Z become,

min(1Qi = QullF + 1B = Rallf+ D i,
Qi, 'Lanljl,7€/\/i ]eM (515)
st. (5.13), Q; € ST, R; € ST, ny; >0 for all j € N,

and,
min 1Q: — Qa7 + |Ri — Ra, |7 + Z n?j?
QiRinijlien;ng JENINT (5.16)
s.t. (5.13), Qi eSY,, R,eSY, nj;>0forall j e N;NJ,

respectively. Consequently, the PnP request is rejected if any of the optimization prob-
lems of £ or the neighbours of Z that are in neither J nor Z is infeasible or if for any

Znij > 1.

JEN;

subsystem in J or Z,

5.3.2 Transition Phase

In the transition phase, we compute for the old network and the new subsystems before
joining the network a steady state x5, at which the PnP operation can take place. This
steady state leads to safe PnP operations during which x;(t+1) = x;(¢) for all subsystems.
To compute this steady state, an optimization problem is solved in a distributed manner.

In this problem, we ensure that the old network and the new subsystems before
joining the network can reach their steady states starting from the current state. We
also ensure that the terminal sets of the new network and the plugged-out subsystems
after leaving the network are reachable from the steady state. Unlike [Zei+13], the
terminal sets are considered as decision variables in this optimization problem.

It is important to mention that the steady state is an equilibrium point for the
old network and the new subsystems before joining the network, but is no longer an
equilibrium point for the new network and the plugged-out subsystems after leaving the
network. In other words, the steady state is no longer an equilibrium point once the
PnP operation takes place. In the sequel, the superscript (-)° refers to the parameters of
the old network before the PnP operations, whereas the superscript ()" refers to those
of the new network after the PnP operations.

The prediction horizon in the transition phase is divided into two periods at N, €

{0,..., N}. In the first period, we drive the current state of the old network and the new
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subsystems to their steady state while satisfying their dynamics and constraints before
the PnP operation. For this purpose, we consider the dynamics and constraints of the
old network and the new subsystems before joining the network as follows,

(2(0[t) = ,,

2k + 118) = A%, (kIt) + Bous(kle),

x;i(klt) € X7, (5.17)
u;(klt) e U7

\xi(Nppm = Ls;-

foralli e M°UJ
for all k € {0,..., N, — 1}

In the second period, we drive the states of the new network and the plugged-out sub-
systems to their terminal sets while satisfying their dynamics and constraints after the
PnP operation. For this purpose, we consider the dynamics and constraints of the new
network and the plugged-out subsystems after leaving the network as follows,
(xi(Npp’t) = Ts;5

zi(k + 1|t) = AY xn, (k[t) + Bju (k[t),

forallie M"UL (

(k[t) € &7, (5.18)
(k|t

(

T
forall k € {N,,,.... N —1
{Now ¥ wi(klt) € U,

To guarantee that the steady state z,, is a feasible equilibrium point for the old
network and the new subsystems before joining the network, we consider for all i €
M°U J the constraints,

Tsy = A?xszvi + Biousiv

xs, € X7, (5.19)

us, € U7,
where uy, is the input corresponding to the steady state x,, and x; N, is a concatenated
vector which includes the steady states of the subsytems in the set N?. Finally, we also
consider the artificial equilibrium constraints (5.4) and the terminal set constraints (5.7)
for the new network and the plugged-out subsystems after leaving the network.

In summary, the transition phase is performed by solving the optimization problem,

min 3 flan, .,
ieMeuTJ
(5.17), (5.18), (5.20)

s.t. ¢ (5.19), foralli e M°U T,
(5.4), (5.7) forallie M"UL, jeN;, pe{l,....q}, L €{1,...,r}.
Note that (5.6) is used to represent the last constraint in (5.18) for all i € M" U J. In

(5.20), the decision variables of each subsystem are z,, us,, z;(k[t) for all k € {0,..., N},
ui(k|t) for all k € {0,..., N — 1}, x.,, u,, i, ci, di, by, by and Ny for all j € N,
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If the optimization problem (5.20) is feasible, the PnP request is accepted and the
control sequence w;(k|t) for all £ € {0,...,N,,} is applied to all subsystems before the
PnP operation to drive the whole network to steady state. Once the steady state is
reached, the distributed MPC problem (5.16) is solved recursively for the new network.
Similar to the distributed MPC problem (5.16), the transition phase can be solved in a
distributed manner using ADMM [Boy+11].

Theorem 5.3. The MPC problem (5.16) is recursively feasible with the new network
starting from the steady state xs, if the optimization problem (5.20) is feasible.

Proof. Let x;(k|t) for all k € {0,..., N} and u;(k|t) for all k € {0,..., N —1} be feasible
trajectories of the i-th subsystem in the optimization problem (5.20). Therefore, the
i-th subsystem can be steered to its steady state x,, in finite time since x;(N,|t) = ;.
Moreover, let «; and ¢; refer to feasible size and center of the terminal set of the i-th
subsystem in the optimization problem (5.20). In addition, let d; be a feasible affine term
of the terminal controller of the i-th subsystem in the optimization problem (5.20). Define
the sequences z!* = (z;(N + 1|t),...,2;(N + Nplt)) and ul® = (w;(N|t),...,u;(N +

N,, — 1]t)) such that for all k € {N +1,...,N + N, },

k—N
zi(k|t) = (A%, + BPKIUMW ) Nay (NJE) + Y (AR, + By KFUPW )F' Bl d;,
k=1

ui(k —1|t) = Kz (k — 1|t) + d;,

where x;(N|t) is the terminal state which is assumed to be feasible. Note that the

sequence /% represents the evolution of the terminal dynamics and hence lies inside

the terminal set described by a; and ¢;. Furthermore, the sequence ul® refers to the
corresponding control inputs. Thus, the state sequence x;(k|t) for all k € {Np,..., N+
N,,} and the input sequence u;(k[t) for all k € {N,,,..., N + N,, — 1} together with
a;, ¢; and d; represent a feasible solution for the MPC problem (5.16) applied to the
new network starting from the steady state. In other words, the MPC scheme (5.16) is
initially feasible for the new network starting from the steady state. Recursive feasibility
can thus be ensured using standard MPC arguments [KC16] (also refer to Chapter 3 for

more details). O

5.4 Mass-Spring-Damper Network Case Study

In this section, the efficacy of the proposed PnP algorithm is illustrated using a network
of mass-spring-damper (MSD) systems. The dynamics of each mass is given in continuous
time by,

&y = Ayxi + Biug + F 3 Z lija(Cjiw; — Ciiwy) + Fio Z lij2(Cjax; — Cigxi),
JEN:\i JEN;\i
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where for all i € {1,..., M} and j € N;\i, z; comprises the position and velocity, u; is
the applied force,

Bi=F,=Fy= g] ,
Cii=1[1 0],
Ciz =10 1],
lija = ki,
lij2 = cij.

The parameters m;, k; and ¢; represent the mass, stiffness coefficient and damping coeffi-
cient of the i-th mass where m; = 1kg, k; = 1kg/s* and ¢; = 2kg/s for alli € {1,..., M}.
Similarly, the parameters k;; and ¢;; represent the stiffness and damping coefficients
connecting the i-th and j-th mass where k;; = 0.4kg/s* and ¢;; = 0.8kg/s for all
i€ {l,...,M} and j € N;\i. The position, velocity and input force of all masses
are constrained between —1m and 1m, —1m/s and 1m/s, —1N and 1N, respectively.
The system is discretized using the method in [RFF13b] to have an accurate discrete-
time model while preserving the distributed structure of the system. The sampling time
and prediction horizon are given by 0.1 seconds and 8 time steps, respectively. All opti-
mization problems are solved using MATLAB [MAT18] with Yalmip [L6f04] and Mosek
[ApS19] on a computer equipped with 16-GB RAM and a 1.9-GHz Intel core i7-8550U
processor.

Our simulation considers a network of eight MSD systems with the topology shown
in Figure 5.1. The simulation starts without the eighth mass. The seventh mass sends a
plug-out request at ¢ = 0.6 seconds followed by a plug-in request by the eighth mass at
t = 1.6 seconds. Figure 5.2 shows the state trajectories of all masses starting from the
initial condition zp, = [0.125 0]" for all i € {1,...,8} towards the target x,, = [0 0]
for all i € {1,...,8}. Note that the network is converging to the target despite the PnP
operations. From ¢ = 0.6 till £ = 1 and from ¢ = 1.6 till £ = 2, all subsystems run
the transition phase and move to their steady states at which their velocities are zero
so that subsystem 7 is plugged out and subsystem 8 is plugged in, respectively. Apart
from these two periods, all subsystems run the MPC scheme to converge to the target
point. The redesign phase is run offline in parallel to the MPC scheme before running
the transition phase.

Next, we compare our algorithm to the one in [Zei+13]. First, we compare the
redesign phase by running 100 simulations with different coupling strength ks = 2.5r
and c¢;3 = br for all r € {0.01,...,1}. We report the number of times ng the redesign
phase is feasible as well as the mean ug and standard deviation og of the time taken
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Table 5.1: The novel algorithm vs benchmark algorithm [Zei+13]

Redesign Existing | New Transition | Existing | New
nr 100 82 nr 15 100

pr (seconds) | 29.73 | 0.008 pr (seconds) | 0.0024 | 0.003

or (seconds) 3.07 | 0.0006 or (seconds) | 0.0004 | 0.0004

in seconds by the redesign phase in Table 5.1. Unlike the algorithm of [Zei+13], our
algorithm fails for strong couplings, but is much faster. This is because the optimization
problem of our algorithm is conservative, but completely decentralized, unlike that of
[Zei+13] that is distributed and solved using ADMM, requiring hundreds of iterations and
hence, is computationally demanding. We also compare the transition phase by running
100 simulations with different initial conditions z¢, = 0.5r for all » € {0.01,...,1}. Both
algorithms use ADMM to solve the optimization problem of the transition phase. We
report the number of times ny the transition phase is feasible as well as the mean uyp
and standard deviation o7 of the time required in seconds per ADMM step. As shown
in Table 5.1, our algorithm requires slightly more time as it has more constraints to
ensure the terminal set invariance. But, it is feasible for all initial conditions due to the
additional flexibility of computing the terminal sets online.
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Adaptive Learning-based Control
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Adaptive Learning-based Model Predictive
Control

6.1 Introduction

Model Predictive Control (MPC) is an advanced control strategy which can optimally
control a given system by solving an online optimal control problem (OCP) repeatedly at
each time instant [RMD17; BBM17; KC16]. MPC heavily relies on the availability of an
accurate model of the system, however in many cases, accurate models are either difficult
to find (e.g. time varying systems) or complex to use (e.g. highly nonlinear systems). To
mitigate this issue, various efforts have been devoted to finding MPC variants which do
not require an accurate model. These variants include robust, stochastic and learning-
based MPC schemes.

Robust MPC schemes make use of a simplified nominal model. The discrepancy be-
tween the accurate and nominal models is then considered as a source of uncertainty
typically assumed to lie within a compact set. Based on this assumption, robust MPC
schemes with constraint tightening were developed in [CRZ01], tube-based robust MPC
schemes with rigid and homothetic tubes were proposed in [MSR05; Rak-+12], whereas
schemes for parametric uncertainties were developed in [KBM96]. Various robust MPC
schemes were also developed with affine disturbance feedback policies instead of state
feedback ones to alleviate conservatism [GKMO6]. Robust MPC schemes were also ex-
tended to nonlinear systems [May+11], networked dynamical systems [RHO7] and track-
ing applications [Lim+10].

Unlike robust MPC, stochastic MPC relies on a statistical description of the uncer-
tainty. Inspired by the robust MPC ideas, stochastic MPC schemes with affine distur-
bance feedback policy [OJMO08] and tube-based stochastic MPC schemes [Can+10] were
developed. Stochastic programming-based approaches were also extensively utilized to
develop sample-based stochastic MPC schemes where the stochastic dynamics are char-
acterized by a finite set of random realizations of the uncertainty [BB09]. Stochastic
MPC was also extended to systems with parametric uncertainty [Dai+ 18] and large-
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scale systems [Dai+16].

Learning-based MPC schemes were proposed such that machine learning techniques
could replace first-principles modelling to obtain an approximate system model using the
available data. Such models were then used within the OCP. These machine learning
algorithms include neural networks [PW11] and random forests [Sma+18]. Data predic-
tive control schemes were also proposed in [CLD21; Ber+20] where the system model
was derived using a finite number of data samples collected offline. The construction of
this non-parametric model relies on a behavioural systems theory approach.

One drawback of these schemes is that the model is usually not updated online us-
ing collected data leading to potentially conservative performance. Recently, various
adaptive and safe learning-based MPC schemes have been proposed to ensure safety
(e.g. stability, robustness, constraint satisfaction) while improving closed-loop perfor-
mance using data collected online. This goal is achieved by combining physics-based
knowledge with machine learning algorithms and system identification techniques. In
[Asw+13; Asw+12; BAT12|, a provably safe and robust learning-based MPC scheme
was proposed considering additive uncertainty. In this scheme, safety and performance
were decoupled by considering two system models; a nominal model for ensuring safety
and a learnt one for improving performance. The additive uncertainty in the latter was
learnt by means of an oracle which can be either parametric (e.g. Kalman filters) or
non-parametric (e.g. neural networks). In [LCA19; Koh+19], an adaptive MPC scheme
was developed considering parametric uncertainty. This scheme combined robust MPC
ideas with set membership identification to update the parametric uncertainty sets us-
ing online data. While these schemes were formulated in robust settings, others were
formulated in stochastic settings. In such schemes, MPC was integrated with Gaussian
process regression techniques to develop cautious MPC schemes for systems with additive
disturbances [HKZ19; Kol+18].

In this chapter, we propose a novel adaptive learning-based MPC scheme for in-
terconnected systems which can be decomposed into several smaller subsystems. Each
subsystem is dynamically coupled with a set of other subsystems called the set of neigh-
bours. The source of uncertainty in each subsystem is the strength of the coupling with
its neighbours. This source of uncertainty exists in various classes of interconnected sys-
tems, such as varying-topology networks. The proposed scheme learns the uncertainty
set online by applying distributed set membership identification on collected data and
adapts the MPC ingredients accordingly. In particular, the developed control scheme
adapts the rigid tube, the prestabilizing controller, the terminal set and the tightened
state and input constraint sets by considering them as decision variables in the OCP. The
developed scheme is compared in simulation to existing schemes including robust MPC,
adaptive MPC and learning-based MPC using a network of dynamically coupled double
integrators and found to lead to a better trade-off between closed-loop performance and
computation cost.
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6.2 Problem Formulation

6.2.1 Robust MPC

We review briefly the rigid tube-based robust MPC scheme [MSR05] that forms the basis
for our scheme. The subscript (-). is used in this subsection to differentiate between the
variables of the monolithic system used here and those of the interconnected system
in the rest of the paper. Rigid tube-based robust MPC considers discrete-time linear
time-invariant system whose dynamics is given by,

zo(t+1) = Acze(t) + Beve(t) + Eewe(t), (6.1)

where z. € R", v, € R™ and w. € RP are the state, input and disturbance vectors,
respectively, A. € R"™" B, € R"™™ and E. € R"*? are the system matrices. The
system is subject to the state and input constraints z.(t) € Z. and v.(t) € V, where Z,
and V, are polytopic sets with the origin in their interior. The disturbance w,(t) lies in
the polytopic set W, which also includes the origin in its interior.

Following [MSRO05], we define the nominal dynamics,
ze(t+1) = Acxo(t) + Beue(t), (6.2)

where x. € R™ and u. € R™ are the nominal state and input vectors, respectively. Note
that unlike the previous chapters, we use z and v to refer to the state and input vectors
of the actual system, whereas = and u denote the state and input vectors of the nominal
system. By introducing the controller,

Uc(t) = uc(t) + Kc(zc<t) - Ic(t))a

with the control gain K. € R™*" which stabilizes the nominal system (6.2), we define
the error dynamics between the actual system (6.1) and the nominal system (6.2) which
is given by,

et +1) = (A, + B.K. e (t) + Eaw,(t), (6.3)

where e.(t) = z.(t) — z.(t). We compute a robust positive invariant (RPI) set Z,
for the error dynamics (6.3) under the disturbance w.(t) € W.. We also define the
tightened state and input constraint sets X, C Z. 6 Zx, and U, C V. & K. Zk, and
consider the tightened constraints z. € X, and u. € U.. Note that the aforementioned
set inclusion properties ensure that if z.(t) € X, and u.(t) € U, for all ¢, then z.(t) € 2.
and v.(t) = ue(t) + Ko(ze(t) — z(t)) € V. for any w.(t) € W,. Finally, we compute a
terminal set Xy, for the nominal dynamics with the tightened constraint sets.

A robust MPC scheme can now be developed by solving at each time instant ¢ the
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optimal control problem,

=2

min S o ((k]e), u (k1) + Vi, (2o(N]8))

v (k[t) ‘kE{O,...,N}u

b
Il

ue(K|t)|kefo,...N—1}

( for all k € {0,...,N — 1},

ze(t) — z.(0]t) € 2k,

zo(k + 1[t) = Acxo(k|t) + Bouc(klt),
zo(klt) € A,

uc(k|t) € U,

(Z(Nt) € Xy,

(6.4)

s.t.

where N is the prediction horizon, z.(t) is the measured state, z.(k|t) and u.(k|t) are the
k-step ahead predicted state and input vectors at time instant ¢, [.(+,-) is the stage cost
and V},(-) is the terminal cost. To guarantee robust constraint satisfaction, the control
input v.(t) = u(0[t) + K.(2.(t) — z.(0]t)) is applied to (6.1) at each time instant.

6.2.2 Control of Interconnected Systems

We consider here the class of interconnected systems with discrete-time linear time-
invariant dynamics. We assume that this system can be decomposed into M dynamically-
coupled subsystems and that the i-th subsystem has a set of neighbours N including
itself and all other subsystems with which it is dynamically coupled. We assume that
the dynamics of the i-th subsystem is given by,

g(t+1) = Azi(t) + Bui(t) + B > a;;Cz(t) + di(t), (6.5)
JEN\i

where z; € R™, v; € R™ and d; € R™ are the state, input and noise vectors of the
i-th subsystem, A; € R" " B, € R"*™i_ (; € R™*™ and E; € R"*™ are known
subsystem matrices and a;; € R are unknown constant parameters which represent the
coupling strengths. We assume that the scalars a;; satisfy 0 < a?}m < aj; < a}"* where
the bounds ¢ and a;;** are known. We also assume that the i-th subsystem is subject
to the state and input constraints,

Ui(t) ey = {Ui cHyv < 1},
where G; € R%*™  H,;, € R"*™  Z. and V; are compact and include the origin in their

interior. Finally, the noise vector d;(t) is assumed to lie in a known compact polytopic
set D; = {d; : Z;d; < 1} which includes the origin in its interior.
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The idea behind the rigid tube-based robust MPC scheme (6.4) can be used here to
develop an MPC scheme for controlling the considered class of interconnected systems
[REF13Db]. This can be done by considering the coupling terms in the dynamics (6.5) of
each subsystem as disturbances. In this case, the dynamics of the i-th subsystem can be
written as,

zi(t+ 1) = A;zi(t) + Bivi(t) + Eyw;(t) + d;(t),

wilt) = 3 4yt e Wi = @) apc,z, (6.6)
JjeEN;\i JeEN;\i

with the nominal dynamics given by,

where x; € R™ and u; € R™ are the nominal state and input vectors of the i-th
subsystem, respectively.

We consider here a tracking problem where the state is required to follow the target
point z,, which is an equilibrium point of the nominal system. The target point z,,
and the corresponding input u,, are assumed to satisfy the state and input constraints.
For this purpose, we define the artificial equilibrium point (x.,, u.,) which satisfies the

constraint,

Te, = Aite, + Biue,.

We also select the cost function,

MZ

€ Qt € lzz € @
]{?—0

where x;(k|t) and u;(k|t) are the k-step ahead predicted nominal state and input vectors
of the i-th subsystem at time instant ¢.

Following the same concept of the rigid tube-based robust MPC scheme (6.1) and
considering,

vi(t) = ui(t) + Ki(z(t) — 2i(1)),
we define for the i-th subsystem the error dynamics,

where e;(t) = z;(t) — z;(t) and K; is a stabilizing control gain. We consider a local
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optimal control problem for the i-th subsystem,

€T; k|t ) T,
min Ji( (k1) |kefo,...n )

for all k € {0,..., N — 1},

zi(t) — z;(0|t) € Zg,,

zi(k + 1)t) = Az (k|t) + Biu;(k|t),
sit.q xi(k|t) € X;,  wi(klt) € U,

Te, = AiZe, + Bite,,

Te, € EXG,  ue, € U,

L zi(N[t) = ze,,

(6.8)

where z;(t) is the measured state of the i-th subsystem, Z, is an RPI set for its error
dynamics (6.7) under the disturbances w;(t) and d;(¢t), £ € (0,1), &; = {z; : Gix; < g;}
and U; = {w; : Hyx; < h;} are its tightened constraint sets where g; and h; are positive
scalars. Notice that the last four constraints in (6.8) indicate that x;(IN|t) reaches an
invariant terminal set which satisfies the state and input constraints. Note also that the
global prestabilzing control gain is denoted by K = diag(K, ..., Kjy). Similar to the
MPC scheme (6.4), the control input v;(¢t) = w;(0[t) + K;(2;(t) — z;(0[t)) is applied to
(6.5) to guarantee robust constraint satisfaction.

The interconnected system can be described using a graph G(N, &, A) where N =
{1,..., M} represents the set of nodes, &€ C (N x N) the set of edges and A = {a;; €
R, (i,7) € £} the set of weights of the graph G. Each subsystem is represented by a
node. An edge exists between the i-th and j-th nodes if the i-th and j-th subsystems
are neighbours. We define the Adjacency matrix A, € R™*M of the graph G such that
the element in its ¢-th row and j-th column is given by,

e
gij — a;j, 17 j and (iGMOFjGM).

The degree matrix D, € DY of the graph G is defined such that the diagonal element
in the i-th row is given by Zje/\fi\i a;j. The Laplacian matrix L, € RM*M of the graph
G is given by D, — A, and is positive semidefinite by definition. The considered system
can be viewed as a graph with an uncertain adjacency matrix whose non zero entries are

unknown but lie within known compact sets. The global dynamics is then given by,
z(t+1) = Az(t) + Bo(t) + d(t), (6.9)

where 2(t) = (7 (t),.... 25O, v(t) = LT (1), ..., of O, d(t) = [d] (1) ... dL, ()],
A=Ay +FEA,C, B=diag(By,...,By), C =diag(Cy,...,Cuy), £ =diag(Es, ..., Ey)
and Adg = dlag (AH, ce 714]\/”\/1)
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6.2.3 Problem Formulation

At each time instant, the proposed scheme performs two phases: a learning phase to
learn the model uncertainty and an adaptation phase to compute the optimal control
action. We assume that every subsystem can communicate with its neighbours at each
time instant. Although distributed MPC schemes can be developed in this case, such
schemes require extensive computation and communication. Hence, decentralized MPC
schemes are developed in this work where the different subsystems do not communicate
in the adaptation phase. Communication is only limited to the learning phase to learn
the model uncertainty which relies on the states of the neighbours.

In the learning phase, we aim to reduce the volume of the uncertainty set WW; in

(6.6) by learning the bounds a3 and aj}** of the uncertain parameter a;; as more
data is collected online. For this purpose, we develop a distributed set membership
identification approach which learns these bounds by sharing information among the
neighbours only once at each time instant. In the adaptation phase, we aim to adapt
all the MPC ingredients which depend on the learnt uncertainty set and compute the
local optimal control inputs taking the updated uncertainty set into consideration. The
adapted MPC ingredients include the rigid tube represented by Zy,, the prestabilizing
controller K;, the tightened state constraint set Xj;, the tightened input constraint set

U; and the terminal set z,.

In the sequel, we use the ellipsoidal rigid tube,
Zg, = {ei e} Zie; < a2},
and the linear prestabilizing controller,
ki(z;) = K.

We assume that K; = K, T; where K, is a full-rank stabilizing control gain and 7; is
a positive definite square matrix. Recall also that the tightened polytopic state and
control constraint sets are given, respectively, by X; = {z; : Giz; < ¢;} and U; = {u; :
H;x; < h;}. In addition to the decision variables in (6.8), «;, T;, g; and h; are also
considered as decision variables in the developed scheme in order to update the MPC
ingredients online; K,,, on the other hand, is assumed to be known in advance, computed,
for example, with methods such as the one introduced in Chapter 4. When updating
these ingredients, one should ensure satisfying the following conditions,

I[. The set Z, is a robust positive invariant set of the error dynamics (6.7).
II. The local matrices A; + B;K; for all i € {1,..., M} is Schur.

IIT. The global matrix A + BK is Schur.
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IV. The Minkowski sum of the tightened state constraint set and the RPI set Z, is
contained in the actual state constraint set (i.e. X; @ Zx, C Z;).

V. The Minkowski sum of the tightened input constraint set and the set K;Zj, is
contained in the actual input constraint set (i.e. U; P K;Zk, C V).

6.3 Control Design

First, we discuss the distributed set membership identification approach used to learn
the uncertainty set online. We then derive the additional constraints added to the local
online optimal control problem of each subsystem.

6.3.1 Learning Phase

We aim to learn the uncertainty set W, in real time, as more data is collected online. Ac-
cording to (6.6), this set is a function of the bounds of the uncertain parameters. Hence,
a better estimation of these bounds leads to a better description of the uncertainty set.
Thus, we develop here a distributed identification technique based on set membership
identification in order to improve the estimates of these bounds.

Assume that the bounds of the uncertain parameter a;; at the previous time instant
t — 1 are af}*(t — 1) and a}**(t — 1). Our goal is to improve the estimates of these
bounds at the current time instant ¢. For this purpose, we construct for every a;; the
feasible parameter set defined by the inequality,

Fijaij < fij(t - 1)7
where,

n=[1]. aev= ()

We then define the vector 6; which comprises all the uncertain parameters to be identified
by the i-th subsystem (i.e. a;;, j € N;\ i). In this case, the feasible parameter set for

the i-th subsystem is given by,

where F} is a block diagonal matrix with the matrices Fj; for all j € N;\i on the diagonal
and f; is a vector vertically concatenating the subvectors f;; for all j € N; \ 4.

Recall that each subsystem can communicate with its neighbours in the learning
phase. Hence, the states of the neighbours of the i-th subsystem at the previous time
instant ¢ — 1 are available for the ¢-th subsystem at the current time instant ¢. Further-
more, the states and inputs of the i-th subsystem at the previous time instant ¢t — 1 are
available. Finally, the states of the i-th subsystem at the current time instant ¢ can be
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measured. Recall also that D; = {d; : E;d; < 1}. Defining x;(f — 1) to be a matrix
horizontally concatenating the vectors C;z;(t — 1) for all j € N; \ ¢ and,
Qi(t = 1) = —EEx(t — 1),
we can construct for the i-th subsystem the non-falsified parameter set,
A, ={ay; VjeN;\i:z(t)— Aizi(t —1) — Bii(t — 1) — E; ZaZjCz] 1) € D;}
JjeN;\i

In order to update the bounds of its uncertain parameters, the i-th subsystem should

solve 2(|\V;| —1) optimization problems at time instant ¢ where |-| denotes set cardinality.

Each optimization problem updates one of its bounds. For each j € N\ i, the lower
bound of the parameter a;; is given by,

- F filt=1)
aji™"(t) = min eTH s.t. 0; < ,
i (¢) = mi {Qi(t _ 1)] = [wi(t _ )
whereas the upper bound of the parameter a;; is given by,
E; filt =1)
(¢ 9 t. 0, < ,
aij " (t) = max e,;6 . [Qi(t - 1)] = Lui(t —1)
where e;; is a unit vector which selects the parameter a;; in the vector ;. Using asym-
metric duality of linear programs, the lower bound becomes,

T T

: | filt = 1) : i '
min —_ _ mn o+ min _— min > 1
)= Li(t _n) TS o] 0= e eit 20 (610)

whereas the upper bound becomes,

T T
mazx . fl t—1 max E max max
a;; " (t) = g?}%lar; L)‘((t B 1>) Gi " st at—1)| % =ey & ¢ >0,  (6.11)

where and are dual variables of appropriate dimensions.

Deﬁne the matrlx e; which vertically concatenates the matrices [—e;; eu]T for all
J € N;\i and the matrix ¢; which horizontally concatenates the matrices [gbmm ] for
all j € N\ i. Define also the optimization variables mm and ¢;7*" as well as the vector
; which vertically concatenates the vectors [ m‘“”] . The optimization problems

i iJ
(6.10)-(6.11) can then be compactly written as,
min 174,
¢mzn > 0, ¢ma$ >0, VJ c M \ 7, (612)
s.t. fl(t 1) F.
T 7 T 7 _ )
¢i Lul(t . 1>:| 1% ¢2 |:Qz(t o 1>:| = €;.
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where 1 is a vector of ones of appropriate dimensions. Note that azf;”'” = Z“" and
af®® = . In conclusion, the i-th subsystem learns the uncertainty set W; in (6.6)
by solving at each time instant ¢ the optimization problem (6.12) which identifies the
uncertain parameter bounds. Notice that a7 (t) > aj?(t—1) and a}**(t) < af;**(t—1)

ij ij
and hence, W;(t) C W;(t — 1) for all ¢.

6.3.2 Adaptation Phase

As mentioned in Section 6.2.3, the online OCP is solved in the adaptation phase to
adapt the MPC ingredients based on the learnt uncertainty set and compute the optimal
control inputs. To adapt the MPC ingredients online while ensuring robust constraint
satisfaction, the five conditions mentioned in Section 6.2.3 should be satisfied. In this
section, we derive additional constraints which ensure the satisfaction of these conditions
while maintaining the convexity of the online OCP (6.8).

We start with the condition which ensures the robust positive invariance of the set
Zr,. First, we define for the i-th subsystem the output vector y; = C;z; and the con-
straint set );, obtained from Z; in the obvious way, such that y; € );. We then compute
3, < 1} that contains the set Y.
For this purpose, the vertex description of )); is needed. Note that this is in general

a minimum volume ellipsoidal set Y; = {; : |ly; — ¢y,

combinatorial in the linear inequalities needed to define );. However, the sets ); of
all subsystems do not change over time and hence, their minimum volume ellipsoidal
sets ); can be computed once offline by solving a convex optimization problem for each.
Finally, we construct the outer approximation W;(t) = @ a{3**(t)); of the uncertainty
set Wi(t) = @ aj}*"(t));. Note that Wi(t) is not necessarily an ellipsoidal set, but it is
the Minkowski sum of the ellipsoidal sets,
max " max ma22
Wij = Q5 ()Y = {wi; : lwij — Q5 (t)cyjH%/} < ay; ()}

Similarly, we also compute a minimum volume ellipsoidal set D; = {d; : ||d||2 < 1}
offline for the set D; of the i-th subsystem. /

)

In Proposition 6.1, we consider Condition I in Section 6.2.3 and derive constraints
which ensure the robust positive invariance of the set Zk, for the error dynamics (6.7)
under the disturbances w; € Wz(t) and d; € 751 Although this might be more conser-
vative than considering the disturbances w; € W;(t) and d; € D;, the convexity of the
resulting OCP is preserved in this case. Another source of conservatism in Proposition
6.1 is using the approximate S-lemma to reach local convex constraints. Recall here that
K, =K,1T,.

Proposition 6.1. The set Zk, is robustly positively invariant under the error dynamics
(6.7) and the uncertainty sets W; and D; if there exist non-negative scalars \;, Ag, and
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Nij for all j € N;\ i such that,

NiZ; * * * *
0 Yy, * * *
0 Y 0 e = A=A = 5 A= ley (I3 )a e (1) x
JEN;\i
AiOéi + BiKo,iTiai gi InL 0 CKiZi_l
(6.13)

Proof. The set Zk, is robustly positively invariant under the considered dynamics and
uncertainty sets if and only if,

e ¢ leill, < o, )
lef 117, < af for all § wi; : [lwy; — aff*(t)ey, ||, < afi*™ (1), j € Ni\d,

By defining s; = a;e;, the invariance condition becomes,

[(Aje; + BiK,, Tyoy)s; + Byw; + di| 3, < of,
silsillZ, < 1,
for all ¢ wy; @ [wiy — af}*(t)ey, |3, < e (t), j € Ni\ i,

d;:||diflZ < 1.

We now define the block diagonal matrix Y), with the submatrices \;;Y; for all j €

N; \ i on the diagonal and the vector 7; which vertically concatenates the subvectors
max

a1 (t)cy,. Using the S-lemma, the invariance condition is given by,
ﬂ — 5’104;1215’: Z 0,
where,
NiZ; 0 0 0
B 0 Y)\i 0 _Y)\ﬂ—i
i = 0 0 )\dlél 0 ’
0 —7'Y) 0 = N—Aa— X Ayal ()1 - [ley,l})
JEN\i !
and,
(AiOéi + BiKoiTiozi)T
T
Si - gl )
I,
0

I,,, is an identity matrix of size n; and &; is a matrix horizontally concatenating the
matrix E; for |N;| — 1 times. Applying the Schur Complement yields (6.13). O
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Next, we consider Condition II in Section 6.2.3 by deriving constraints which guar-
antee that A; + B;K; for all i € {1,..., M} are Schur and condition III by deriving
constraints ensuring that A + BK is Schur. For this purpose, we rely on the passivity
arguments of discrete-time interconnected systems. First, we derive a constraint which
ensures that the noise-free dynamics of the i-th subsystem (i.e. (6.5) with d;(t) = 0 for
all t) under the controller u;(t) = K, T;x;(t) is strictly passive. We show that this implies
that A; + B; K; is Schur. We then derive other constraints which ensure that the strict
passivity of all subsystems implies the asymptotic stability of the whole system ensuring
that A + BK is Schur. Before discussing the strict passivity of the i-th subsystem in
Proposition 6.2, we define the virtual output,

9; = Ciz + Dyw,
where D; € D" is a decision variable.
Proposition 6.2. The noise-free dynamics of the i-th subsystem,
zi(t+1) = (A; + B; K, T;)zi(t) + Eyw;(t),
18 strictly passive with respect to the input w; and output y; if,
(P, — 1))y 0.5C a; (Asa; + BiK,, Tie;)

AiOéi + BZKOZT;OQ EZ'OQ' P'ilOdZ'

7

where P, € S, and I'; € DY, are the storage and dissipation matrices of the i-th
subsystem, respectively.

Proof. First, we define a minimum volume ellipsoidal set Z; = {2 : ||z; — c.,

, < 1}
7 =
for the state constraint set Z;. The noise-free dynamics of the i-th subsystem under the
controller w;(t) = K, T;x;(t) is strictly passive if,

2

B 2 ;

?DZ- < g wi — ||z :

Fl"
2

zi oz —cen s <1

forall{ i+l iz, =

wij : [Jwiy — a* (t)ey, I3, < afj* (), j € Ni\i.

12"

By substituting for the dynamics, the strict passivity condition is given by,

Izil1Z,, + 2w La.zi + [[willZ,, > 0,
2 <1

for all { % lle = e Z;

wij : [lwij — aff (t)ey, |, < afp™ (1), j € Ni\i,
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where,

Ly, =P —-T,— (A + Bz'KoiTz')TPi(Ai + B, K, T;),
Lo, = 0.5C; — E Py(A; + B;iK,,T}),
Ls, = D; — E] B,E;.

Now, we define the non-negative scalars p; and o;; for all j € N; \ i. We also define
the block diagonal matrix Y, with the submatrices o;;Y; for all j € N;\i on the diagonal
and the vector 7; which vertically concatenates the subvectors a;;"“c,, for all j € N\ i
Using the S-lemma, the passivity condition becomes,

piZi + Ly, LzTZ. —PiZisz-
Lo, Yo, + Ls, —Yo,7; > 0. (6.15)
5 max? -
_pic;:Zi —TZ-TYUT —pi— >, 0ii(1—ley, H%/j)aij (t)

Recall that the ellipsoidal set ; contains the origin in its interior and hence, ||c,, 15, < 1.
Thus, the bottom right term in (6.15) is always negative hindering the satisfaction of
this condition unless p; = 0 and o;; = 0 for all j € N;\ i. Setting these variables to zero
yields,

{Llf ;} > 0. (6.16)

Using the Schur complement and multiplying the resulting matrix by «; leads to (6.14).
O

Notice that (6.16) implies that for all z; € R™ Ly, > 0 or equivalently,

2 (P = (Ai + BiK, T;)  Pi(A; + BiK,T;))z > 2 Tz,
where I'; € S', and hence, A; + B;K; is Schur. While P, is computed offline together
with K,,, for example as discussed in Chapter 4, I'; is considered as an additional decision
variable in the online OCP. Note also that setting the S-lemma variables to zero means
that the passivity condition is satisfied globally, which is not surprising for passivity of
linear systems. One source of conservatism in Proposition 6.2 to satisfy Condition II is
that the local controller is designed to not only stabilize the local dynamics, but also to
passivize it. The benefit of passivizing the local dynamics will become obvious in the
next proposition.

We now consider Condition III in Section 6.2.3 by deriving constraints which ensure
that the strict passivity of all noise-free subsystems implies the asymptotic stability of the
overall noise-free system. For this purpose, we consider the noise-free global dynamics,

2(t+1) = Ayz(t) + Ew(t),
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where,

Acl = diag(AH + BlKolTh . ,AMM + BMKOMTM)7
E= diag(El, ey EM),
w=T[w],... w,".
We also define the Lyapunov function,
V(2) = |25,
where P = diag(P,, ..., Py). Furthermore, we define the matrices,
' = diag(T'y,...,Tn),
C = diag(C’l, ey CM),
D = diag(Dy, ..., Dy).
Recall that A, and D, are the adjacency and degree matrices, respectively. The global
virtual output vector is given by,
y = Cz+ Dw,
and the global coupling vector is given by,

w=A,Cz.

Finally, we construct A7**® and D" by replacing all uncertain parameters in A,
and D, with their upper bounds. Consequently, we define,
U = diag(Uy,...,Uy) = C'D,C,
V=MW,V =C"4],
W=[Ww',....Wy]" = A,C,
where U; € R™>*™i 1, € R"*™i and W; € R™>*"_ We also construct U™, V™% and

Wmex by replacing all uncertain parameters in U, V and W with their upper bounds.
th

In the sequel, we denote the diagonal element in the j*"' row of a matrix by [-]; and the

summation of the absolute values of the entries in the jth row of a matrix by |- |;.

Proposition 6.3. The strict passivity of the noise-free dynamics of all subsystems under
the corresponding controller u;(t) = K, T;x;(t),
zi(t+1) = (A; + BiK,, T;)z(t) + Eaw;(t),
implies the asymptotic stability of the noise-free dynamics of the overall system,
z(t+1) = Ayz(t) + Bw(t),

if,

(] — eai > U |jo + [V e, for all j € {1,...,n;} (6.17)

(Dl 0 < ouf/|[W\;, forall j € {1,...,m;} : |Wi|; # 0.
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Proof. The passivity of the noise-free dynamics of each subsystem implies that,

2

12 11, — 11

Summing up these inequalities for all subsystems yields,
V(") = V(2) < g w — |2l
To ensure asymptotic stability, it suffices to guarantee that,
g w — ||z||r < 0.
Using the expressions of ¢y and w, this condition can be written as,
2 (0= CTA,C —CTA]DAC)z > ez,
where € > 0. Recall that L, = D, — A, and hence,
2 (L+CTL,C—CTD,C—CTA] DAC)z > ez 2.

Note also that L, is positive semidefinite by definition and hence, it is sufficient to ensure
that,
(I -C"D,C — CTA;DAQC)Z > ez 2.

This condition can be reformulated using the Schur Complement as,

I —CTD,C —el, CTA!

> 0. .
e ol =0 (6.18)

Using diagonal dominance, the matrix inequality (6.18) can be approximated for each
subsystem using the inequalities,

[0i]; — € > |Uil; + |Vil; for all j € {1,...,n;},
(D1, > |Wi|; for all j € {1,...,m;}.

1

Multiplying the former by «; and the latter by «; " and inverting, these inequalities

become,

([Fz]] — E)OZZ‘ 2 |Uv2|](l/Z + |‘/’L|]al for all] € {17 N ,TLZ'},
[Di]jOéi S O[i/ll/Vilj, fOI‘ all ] € {1, e ,mi} . |Wz|] 7é 0.

Note that the resulting inequalities are functions of the uncertain parameters. More
conservative inequalities can be obtained by replacing the uncertain parameters with
their upper bounds, leading to (6.17). ]
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In Proposition 6.3, (6.17) ensures that the Lyapunov condition is satisfied for the
noise-free global dynamics z(t + 1) = Ayz(t) + Fw(t) or equivalently, z(t + 1) = (A +
BK)z(t) and hence, A + BK is Schur. Sources of conservatism in this proposition to
satisfy Condition III include implying §"w — ||z|lr < 0 instead of V(z*) — V(2) < 0,
ignoring the term C'TL,C, using diagonal dominance and replacing the true values of
the parameters with their upper bounds. These sources are utilized to eventually reach
local convex constraints.

We now move to Conditions IV and V in Section 6.2.3. In the sequel, we denote the

j" row of the matrices G; and H; by ng ) and Hi(j ) respectively.

Proposition 6.4. The Minkowski sum of the tightened state constraint set X; and the
RPI set Z, is contained in the actual state constraint set Z; (i.e. X; @ Zk, C 2Z;) if

there exist non-negative scalars ju;; for all j € {1,...,¢;} such that,
Zi —05GY" g,
fs e I ) (6.19)
—05GZ] Q; 1-— /Lij — 3G

Proof. The Minkowski sum of &; and Zg, is contained in Z; if and only if for all j €

{17"'7qi}7

‘ . 2 < a2
G (20, +2y) < 1forall § o Halz =
i (.:C i + z z) — or a a:Si N lesz S g’L

By defining s; and t; such that z., = o;s; and x,, = g;t;, this condition becomes for all
.]E {17"'7Qi}7
GZ(J)CWS@' + ij)gztl < 1, for all { f: thz i 1_ ’

Using the S-lemma, this condition is given for all j € {1,...,¢;} by,

Wij Zi 0 _O‘5aiG5j)T
0 0 ?i1 0-5Mz‘leEl)T — 0.5G§j)Tgi > 0.
—0.50;GY 3% 0.50,;,GY — 056Gy, = S

(6.20)
Note that (6.20) holds for all j € {1,...,¢} if for all j € {1,...,4},

qi

> 05uGY =056 g;.

=1
By stacking this equality for all j € {1,...,¢}, we reach ¢;G; = 11;G; where f;5 is the
entry of u; in the j-th row and [-th column. To satisfy this equality, we choose the
diagonal elements of u; to be equal to g; and the off-diagonal elements to be equal to
zero. In this case, (6.20) reduces for all j € {1,...,¢} to

136

> 0, (6.21)



Substituting p;;; by g; in (6.21) yields (6.19). O

Proposition 6.5. The Minkowski sum of the tightened input constraint set U; and the
set K, T; Zy, is contained in the actual input constraint set V; (i.e. U; @ K, T; Zx, C V)
if there exist positive scalars v;; for all j € {1,...,r;} and a matriz M; € ST such that,

-1 T ..
[Mi K; O‘l} >0, (6.22)

KiOéZ‘ Vij ZZ
and,

—1 —17() T
[ M, 0.5M; ' H ]20_ (6.23)

Proof. First, we define for all j € {1,...,r;}, M; € ST\ and v;; > 0 such that,
M; < vij(Ko Tiow Z7 i T K,))

Since T; € ', , ; > 0 and K, is full-rank, this inequality is invertible and hence for all
j € {1,...,7"i},
M[l - V&lKoiﬂaiZiiloéiﬂTK;,Oéi >0
Applying the Schur Complement yields (6.22).
The Minkowski sum of U; and K, T;Zk, is contained in V; if and only if for all
j c {1,...,7’7;},

2 < 2
- Q;
(Ko, TiZ, ' TN KJ )~ — 747

us; : Hyug, < h,.

Ue, © ||Ue;

H (u, +u,,) < 1, for all {
By defining s; and t; such that u., = s; and us, = h;t;, we reach for all j € {1,...,r;}
the condition,

HYs; + HOhit; < 1 for all { siisi (Ko TZy oT] Ky ) hsi < 1,

t; Hit; < 1.
Using the S-lemma, we derive for all j € {1,...,r;} the matrix inequality,
vij (Ko TioiZ7 T K o)™ 0 —0.5H9
* 0 35 0-5Vz'lei(l)T - O.5Hi(j)Thi > 0. (6.24)
* * 1=y — 305 vigt

Notice that (6.24) holds for all j € {1,...,r;} if for all j € {1,...,7r;},

S 050HY = 0.5HY b
=1
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By stacking this equality for all j € {1,...,r;}, we reach h;H;, = v;H; where v;; is
the entry of v; in the j-th row and [-th column. To satisfy this equality, we choose the
diagonal elements of v; to be equal to h; and the off-diagonal elements to be equal to zero.
Recalling that M; < v (Ko, Z;7 'K ;) 7L, (6.24) is satisfied if for all j € {1,...,7;},

M, —0.5HD"

. > (. 6.25
—O5HZ(]) 1— Vij — Vijj ( )

Substituting v;;; by h; in (6.25) and pre- and post-multiplying by diag(M; ', 1) yield
(6.23). O

One source of conservatism in Proposition 6.4 is choosing the diagonal elements of
w; to equal g; and the off-digonal elements to equal zero. The same applies to v; in
Proposition 6.5. Additionally, introducing M; adds one more degree of conservatism in
Proposition 6.5.

In conclusion, the optimal control problem of the i-th subsystem becomes,

( for all k € {0,...,N — 1},

2i(t) — z;(0]t) € Zp,,

xi(k+ 1)t) = Az (k|t) + Biu;(k|t),

zi(klt) € X, wi(k|t) € U,

Te, = AiTe; + Biue,,

s.t. ¢ x., € EXy e, € EU;,

zi(N|t) = .,

6.13), i >0, Ag; >0, A\j; >0 forall j € N;\i

(6.26)

i\')
[\)
—~
o
(W)
N—
m
w2
+3
+
X
<.
vV
o
o
=
o)
=
.
m
~~
[u—
3
—

The decision variables are x;(k|t) and wu;(k|t) for all k € {0,..., N}, x.,, ue,, gi, hi,
i, Ty, Tiay, Diayy MY Ny Mgy, Ay for all j € N\ 4, gy for all j € {1,..., ¢} and v
for all j € {1,...,r;}. Although the OCP might seem nonconvex using these decision
variables, one can turn it into an SDP by redefining the decision variables and, if desired,
reversing the transformation to recover the original variables from the solution. Similar
to the OCP (6.8), the online OCP (6.26) is solved at each time instant and the optimal

control input v;(¢) = w;(0[t) + K, Ti(z:(t) — z;(0[t)) is applied to the i-th subsystem.
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6.4 Stability Analysis

In this section, we prove that the online OCP (6.26) is recursively feasible and the
resulting closed-loop system is input-to-state stable. In the sequel, we use the superscript
(1)* to refer to the optimal solution.

Theorem 6.1. The proposed MPC scheme with the online OCP (6.26) is recursively
feasible.

Proof. Assume that the proposed MPC scheme is initially feasible for all subsystems
at time ¢, with the optimal state and input sequences (x}(0ltp),..., =} (N|ty)) and
(u; (Oto), ..., u; (N — 1ftp)). Recall that xj(N|ty) = x} satisfies 2} = A;x} + Bjuj
and consider the tail sequence (z(1[to), ..., 2} (Nlto), x},) and (uj(1]to), . .., ui (N —1[to),
u} ). Note that the tail sequence correspond to a feasible solution at the next time in-
stant ty 4+ 1. Furthermore, feasible values for all other decision variables can be obtained

from the optimal solution at time ty. The recursive feasibility of the proposed approach
follows. O

The stability analysis is divided intro three main steps. First, we discuss the con-
vergence of the nominal state trajectory z*(t) = [2% (¢),...,x%, (t)]T to the artificial
equilibrium trajectory z%(t) = [leT(t), . ,x:;[ (t)]". Then, we discuss the convergence
of the artificial equilibrium trajectory z*(¢) to the target point z, = [x:j, o ,a::L]T
Finally, we discuss the stability of the error dynamics between the actual state z*(t) =

(217 (t),..., 2% ()]T and the nominal state z*(¢).

6.4.1 Stability of the Nominal System

We start the first step by defining the augmented nominal system whose state vector
is [(z*(t) — xx() T, " (¢),ur (¢)]T where ui(t) = [u::(t), Ce U:L #)]". In Lemma 6.1,
we discuss the stability of this system and the convergence of z*(¢) to z%(t). Notice
that *(t) = 2*(0[t) = [z (0[t), ..., 2%, (0[t)]T where z*(0|t) is the optimal 0-step ahead

predicted state of the i-th subsystem at time instant ¢.

Lemma 6.1. The augmented nominal system with the state vector [(z*(t) — x(t)) ",

2= (t), ut' (1)]7 is stable. Furthermore, limy_,o (z*(t) — x*(t)) = 0.

Proof. Let the predicted states and inputs as well as the artificial equilibrium corre-
sponding to the optimal solution of the OCP (6.26) of the i-th subsystem at time instant
t be xy(k[t), uj(k[t), x} (t) and u} (t), respectively. The optimal cost is then,

=

Ji(t) = (i (klt) — 22, (0)lG, + llu (klt) — ug,(t)]

2
Si’

k) Tl () — 2o,

i
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Also, the tail sequence cost is given by,

N-1

2

(Il (k[t) = 22, (D)l + llu; (k[t) — ug, (£)] 5

R) Tl () — 2,
k=1

or equivalently,

N
=D (i (klt) = 22, (013, + i (kle) = ul, (DIF,) + e, — 215,
k=1

since x;(N|t) = 7 (t) and uj (N|t) = u} (t).
Note that the predicted trajectories and artificial equilibrium used in J#(t) correspond

to a feasible solution at time instant £ + 1 and let the optimal cost at time instant ¢ + 1
be Jf(t +1). Hence,

Ji(t+1) = Jr() < Jp(t) = T () = —[|27 01t) — 22, ()]G, — llu; (0ft) — ug, ()|, < 0.
Since x*(t) = x*(0|t), summing up the above inequality for all : € {1,..., M} yields,
Tt +1) = T () < =l () — 27 (0)llg — [lu*(t) — uwz ()7 < 0,

where J(t) = S0 Ji(t), Q = diag(Qy, ..., Qu) and R = diag(Ry, ..., Ry). Consider-
ing J*(t) as a Lyapunov function shows that the augmented global nominal system is
stable.

Taking the telescopic sum of J*(t + 1) — J*(t) leads to,

8

* o * * 2
IO~ Jim 70 2 30 - 5Ol + ) - w0l
Note that J*(t) is initially finite and non-negative if the OCP (6.26) is initially feasible.
Since the OCP (6.20) is recursively feasible, J*(t) is finite and non-negative for all .
Since () € S' | and R € ST, , this means that we must have,

lim (2*(t) — (1)) = 0,
lim (1) — uZ(1)) = 0.

6.4.2 Attractivity of the Target Point

Second, we discuss the convergence of x(t) to the target point z,. For this purpose,
we define Z, to be the projection of x, onto the set of equilibrium points contained in
the set £X; and 4, to be the corresponding input. We also define the matrix P such
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that P — (A+ BK)TP(A+ BK) — Q — KTRK > 0. Note that such P exists since K
asymptotically stabilizes the actual global dynamics as shown in Proposition 6.3. Finally,
we define E(c,s) = {z : |z — ¢|% < s}. For brevity, we omit the dependence on ¢ in the
proof of Lemma 6.2.

Lemma 6.2. If the optimal nominal state trajectory x*(t) and optimal artificial equilib-

rium trajectory x(t) are such that limy o (x*(t)—x2(t)) = 0, then lim; . (x5(t)—2Z,) = 0.

Proof. According to the OCP (6.26), (2%, u}) € int(X x U). Hence, there always exists
E(z%, B1) such that for all x € E(z?, £1),

(z, K(x —x) +ug) € y& xqU,

where v € (0,1). Note that E(x}, 3;) is invariant since it is defined using the level sets
of a Lyapunov function. We now define an equilibrium point (Z, @) € int(X x U) such
that,

|7 = &l = Balles — B2,
|1Ze = 22lF = 1 = N)&, — 225,
where 35 € (0,1) and A € (0, 1) is chosen sufficiently large such that,
0, K(ZTe —x)) + e —ul) € (1—9)&X x (1 —~)U.

Next, we define E(Z., f3) C E(z}, f1) such that ¥ € int(E(Z., £3)). This set is invariant
since it is defined using the level sets of a Lyapunov function. Moreover, for all z €

E(‘fm B3)7

(x, K(z — %) + Ue) = (v, K(x — 2}) + ) + (0, K(ZTe — %) + U — )

e

ERX XU B (1—NX X (1—7)U)=X xU.
We now define 8, > 0 such that S > 84 P and the set,
X ={w: o -} < Bsllws = &3 & (af — 2) T Ple — ] < Bsllay — )13},
where 0 < 85 < 84(1 — 32)/3. Hence for all z € E(z*, 85) C X,
lz=zel|3 = llz—2flIF+2(ef =) " Plr =) + (L= N2t =23 < |22 =235 50y p-

Note that E(z%, 8¢) can be also chosen to lie inside E(Z.,83) C E(x¥, 1) and hence is
invariant. Note also that for all x € E(z?, fs),

2 = 2|3 + 17 — 2|15 < llog — 23,
if
(1—02)S — (1= X+3835)P >0,
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or equivalently,
Ba(l—By) — (1= A+3p5) >0,
This can be achieved if,

A>1—(B4(1 = B2) — 385),

Since f5 < B4(1 — B2)/3, this condition on A does not contradict the aforementioned
conditions.

We conclude the proof using contradiction. Assume that,

lim (2" — %) =0,
t—ro0

lim (2} — Z,) # 0.

e
t—00

Hence, it is always possible to pick an arbitrarily large ¢ such that,
x* € E(x;, Bs) C (Te, B3).
In addition, there exists 87 such that for infinitely many ¢,
|z} — .|| > Br.

Since E(z%,5s) and E(Z.,fs) are both invariant and satisfy the state and input con-
straints, let J* and J be the cost corresponding to the optimal solution and the feasible
solution aiming to converge to Z, and note that J* < .J. Note also that due to the
Lyapunov inequality that P satisfies,

J < 2" =zl 5+ (1T — 203
Since x* € E(z, (), then,
l|lz* — j:e||2p +[|Ze — "Z‘T”% <z — jr”?@
But, ||z} — Z,||% < ||#f — x.||3 < J* which contradicts the optimality of J*. O

Lemma 6.1 and Lemma 6.2 show that the target point of the augmented nominal
system is asymptotically stable by showing that it is stable (Lemma 6.1) and attractive
(Lemma 6.1 and Lemma 6.2).

6.4.3 Input-to-state Stability of the Actual System

Finally, we discuss the input-to-state stability of the global closed-loop system under the
MPC scheme (6.26) for all subsystems. Recall from (6.9) that the global system is given
by,

2(t+1) = (Agg + EAC)2(t) + Bo(t) + d(t).
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Recall also that the optimal input is given by,
vi(t) = (t) + K7 (1) (27(t) — 27 (1)),

where,

K*(t) = diag(Ko, T7 (), - . -, Ko\, Ty (1)),

* * *T

U@FﬂNmﬂzwlwmwumM@WW
Hence, the global closed-loop system is given by,
2t +1) = Agez™(t) + Bu™(t) + BK*(t)(2"(t) — 2*(t)) + EAC=*(t) + d(t).

By defining e*(t) = z*(t) — x*(t), the closed-loop system becomes,

e(t+1)=—a"(t+1)+ Agg(e*(t) + 2" (t)) + Bu*(t)
+ BK*(t)e"(t) + EAaC(e*(t) + 2" (¢)) + d(t)
=(Adgg + EAC + BK™(t))e" (1) + d(t)
—x*(t+ 1) + (Agg + EAC)z"(t) + Bu*(t)
=(A+ BK*(t))e*(t) + d(t)
—a*(t+ 1) + Az*(t) + Bu*(t).
Notice that d(t), z*(t + 1), z*(t) and u*(¢) are all bounded as they are constrained to lie
within bounded sets. Moreover, the considered system is switched since K*(t) is adapted

at each time instant. Hence, the closed-loop system under the proposed MPC scheme
can be considered as an uncertain switched system with bounded disturbances.

Lemma 6.3. The global closed-loop system under the proposed MPC' scheme,
e'(t+1)=(A+BK*(t))e*(t) + d(t) — x*(t + 1) + Az"(t) + Bu*(t), (6.27)
15 input-to-state statble
Proof. First, we consider the disturbance-free system,
e'(t+1)=(A+ BK"*(t))e*(t).

The matrix A + BK*(t) is always Schur for any K*(t) since the constraints derived in
Propositions 6.2 and 6.3 ensure that at each time instant ¢,

—(A+BK*(t))"P(A+ BK*(t)) >T — C"A,C — CTLDLC > el,.

Since this condition is always satisfied using the same matrix P, then V(e*) = ||e*||% is
a Lyapunov function for the disturbance-free system independent of K*(t).
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Now, we consider the closed-loop system (6.27). Using the Lyapunov function V' (e*)
and defining n(t) = d(t) — z*(t + 1) + Az*(t) + Bu*(t) , we can deduce that,

V((A+ BK*(t))e*(t) +n(t)) — V(e")
< —(e=0)|le* @) = alle*(®)|I> + 2lln®)[lpl[(A+ BEK*(t))e* ()|l + [In(t)]7,
where 0 < 6 < e. To prove input-to-state stability, it suffices to ensure that,
Slle*(@)1I5 = 2[In(t) | pII(A + BE*(t))e ()| p + lIn(t)]|5,

for some ¢ > 0 such that ||e*(¢)|| > (.

We denote the maximum eigenvalue of P by \,..(P) and the maximum norm of

1(t) BY Nmaa- Since [[(A + BE*(t))e*(t)[[p < [le*(®)]p and [|()]p < v/ Amax(P)[ ()], it

suffices instead to ensure that,

5||€*(t)||2 = 2 maz (P)Nmac || (1)]| — )‘ma:c(P)ngma: > 0.

By computing the roots of the convex quadratic function on the left-hand side of the
inequality, it is easy to verify that this inequality holds for,

le* (O 2 ¢ = (Amas(P) + v/ No(P) + unaa(P) ) e/

Hence, input-to-state stability is guaranteed. [

6.5 Simulation Results

In this section, we investigate the efficacy of the proposed scheme by comparing it to
existing schemes in the literature. In particular, we compare the proposed scheme
(ADP+LRN) to Robust MPC (ROB) [MSR05], Adaptive MPC (ADP) [Par+21] and
Learning-based MPC (LRN) [Asw+13]. We solve all optimization problems using MAT-

LAB with YALMIP [Lo6f04], MOSEK [ApS19] and GUROBI [Gur22] on a computer
equipped with a 1.9-GHz Intel core i7-8550U processor.

In our simulation example, we use a network of five dynamically-coupled discrete-
time double integrators as shown in Figure 6.1. We consider each double integrator as a
subsystem whose dynamics is given by (6.5) where for all ¢ € {1,2,3,4,5},

11 0.5 0.05
Au‘—[o 1}731'—[1}7@—[0 1}>Ei—[0‘1]'

All states and inputs are constrained between —2 and 2. The cost function matrices are
given by ); = I, R; = 0.1 and S; = 101 for all subsystems and the prediction horizon is
5. The noise d(t) € R? is extracted uniformly where the first entry is constrained between
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Figure 6.1: Double integrator network topology

—0.025 and 0.025 and the second entry is constrained between —0.05 and 0.05. The
unknown true value of the parameters a2 and as4 is 1, whereas that of the parameters
91, 93, U432, A34, Ayg3 and ays is 0.5. The parameters a1 and as4 are assumed to lie initially
between 0 and 4, whereas all other parameters are assumed to lie initially between 0
and 2. Each subsystem is required to follow a randomly generated piecewise constant
reference whose value changes every 100 seconds and is constrained between —1.5 and
1.5. The total simulation time is 1000 seconds and the initial condition is [0 0]" for all

subsystems.

Figure 6.2 shows for each scheme the closed-loop performance of the third subsystem.
While ADP+LRN and ADP follow the reference trajectory successfully, LRN and ROB
only track small references. This is mainly because ADP+LRN and ADP update the
tube and the tightened constraint sets online using the collected data. On the contrary,
ROB updates nothing and LRN updates the model only while keeping the initial tube
and tightened constraint sets unchanged. This has a direct effect on the closed-loop cost
as shown in Figure 6.3 where ROB has the highest cost, followed by LRN whose cost is
slightly lower due to updating the model. The cost of ADP-+LRN and ADP is consid-
erably lower due to the successful reference tracking. ADP has a slightly lower cost due
to the absence of terminal constraints and the distributed nature of this scheme. This,
however, requires using a distributed optimization technique to solve the distributed
MPC problem of ADP. For this purpose, we use ADMM here and run it for sufficiently
long time to ensure reaching the optimal solution.

Figure 6.4 shows the mean and standard deviation of the computation time required
by each scheme and the corresponding closed-loop cost. We use the ADP scheme whose
computation time is around 1 second in Figure 6.2 and Figure 6.3. It is found, however,
that if we run ADMM for around 0.1 second only, we still get a relatively satisfactory per-
formance. Running ADMM for less time result in closed-loop performance deterioration.
On the other hand, all other schemes have lower computation time due to their decen-
tralized nature which do not require using distributed optimization techniques such as
ADMM. Since the OCP of ADP+LRN is a semidefinite program, ADP+LRN requires
slightly higher computation compared to LRN and ROB whose OCPs are quadratic
programs.
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Figure 6.2: Output trajectory of the third subsystem using ROB, LRN, ADP and
ADP+LRN.
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Figure 6.3: Global closed-loop cost using ROB, LRN, ADP and ADP+LRN.
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I

Conclusions and outlook

Control of uncertain interconnected systems is a challenging task and a subject of ongoing
research. This is attributed to the existing model uncertainties and additive disturbances
in these systems as well as their possibly varying topology and reference trajectories. All
these challenges might lead to closed-loop performance degradation, feasibility issues and
stability problems when dealing with these systems.

In this PhD thesis, we have addressed these challenges by developing novel distributed
and decentralized MPC schemes for such systems. More specifically, we have developed
reconfigruable distributed MPC schemes for interconnected systems in the first part of
this thesis to avoid feasibility problems in tracking applications. We have then intro-
duced a passivity-based plug-and-play MPC scheme for varying topology networks in the
second part. This scheme avoids stability problems when the topology of the network
is occasionally varying. Finally, we have presented an adaptive learning-based MPC
scheme for uncertain interconnected systems with model uncertainties and additive dis-
turbances in the third part. This scheme improves the closed-loop performance of the
considered systems online by learning the uncertainty using collected data and adapting
the MPC ingredients accordingly. In the sequel, we discuss the main concluding remarks
and the future research directions in each of the three main parts of this thesis.

7.1 Part I: Reference Tracking Control

7.1.1 Conclusions

In Part [, we have introduced reconfigurable distributed MPC schemes for the regulation
of interconnected systems where the terminal set is computed online by considering it
as a decision variable in the online optimal control problem. The positive invariance of
the terminal set is ensured by imposing additional constraints in the MPC problem.

Building upon the aforementioned schemes, we have proposed reconfigurable dis-
tributed MPC schemes for tracking applications of interconnected systems. In these
schemes, the terminal ingredients (i.e. set, controller and cost) are updated online at
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each time instant taking into account the current state of the system. Although the
resulting online optimal control problem is found to be nonconvex and infinite dimen-
sional in this case, we have shown that it can be approximated by a quadratic program.
We have also shown that the proposed schemes are amenable to distributed optimiza-
tion. Moreover, we have shown that the proposed schemes are recurseively feasible and
the corresponding closed-loop dynamics are asymptotically stable. In addition, we have
compared the feasible regions of the proposed schemes to those of existing schemes. It
is found that the proposed schemes can have larger feasible regions compared to the
standard MPC schemes while preserving similar computational complexity.

7.1.2 Outlook

System level synthesis (SLS) is an advanced control method that is well known for synthe-
sizing distributed optimal controllers systematically for interconnected systems [Doy+17;
And+19]. The main idea behind SLS is to design the whole closed-loop system response
from the initial condition and disturbances to the states and inputs instead of only de-
signing the feedback loop from the state to the input. SLS has been recently utilized for
developing distributed and localized closed-loop MPC schemes for interconnected sys-
tems where the online optimal control problem is formulated as an optimization problem
over the closed loop response of the system [AM20; AMA20]. It would be interesting to
combine SLS with the framework proposed in this part and assess the benefits of using
SLS with the developed schemes.

In all the proposed schemes, we have assumed that an accurate model of the consid-
ered interconnected system is known in advance. In practice, this model can be obtained
using first principles modelling approaches or offline system identification methods. In
some cases, these techniques might be relatively costly. Recently, data-enabled predic-
tive control (DeePC) techniques have been developed to optimally control a given system
without resorting to the aforementioned possibly costly techniques [CLD21; Ber+20]. In-
stead, a non-parametric model is found using a finite number of collected data points.
More specifically, this model is derived using the fundamental lemma in behavioral sys-
tems theory. Various efforts have been devoted to developing DeePC schemes for inter-
connected systems (e.g. see [Hua+21]). Hence, it would be interesting to extend the
developed schemes in this part using the notion of behavioral systems theory.

7.2 Part II: Plug-and-play Control

7.2.1 Conclusions
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In Part I, we have presented a passivity-based controller for discrete-time intercon-
nected systems where the control synthesis and operation are decentralised. We have
used passivity theory for discrete-time systems directly to avoid the problem of passiv-
ity preservation under discretization. Each subsystem synthesizes its local controller by
solving a semidefinite program comprising local conditions ensuring its passivity. Pas-
sivity is ensured with respect to a local virtual output which is different from the local
actual output. Virtual outputs are used since strictly proper discrete-time LTT systems
are not passive and can not be passivized. It is found, however, that passivity of all
subsystems does not ensure stability of the overall network due to the introduced virtual
outputs. Hence, the semidefinite program of each susbsystem also comprises local condi-
tions ensuring that the strict passivity of all subsystems implies the asymptotic stability
of the whole system. It is found that the proposed controller can lead to a wide range of
behaviors ranging from optimal behaviors which mimic that of LQR to robust behaviors
with high passivity margin.

Building upon the aforementioned scheme, we have developed a PnP algorithm for
tracking applications of varying-topology networks. The algorithm comprises a redesign
phase based on passivity-based arguments of discrete-time systems and a transition phase
that makes use of reconfigurable terminal ingredients. Using this PnP algorithm, the
recursive feasibility of the distributed MPC scheme and the asymptotic stability of the
corresponding closed-loop system are ensured under the varying topology of the network.
It is found that the novel redesign phase results in faster PnP operations and the novel
transition phase adds more flexibility by accepting more PnP requests compared to a
benchmark scheme.

7.2.2 Outlook

In this part of the thesis, we have restricted our attention to a specific class of intercon-
nected systems whose coupling is described using the Laplacian interconnection. One
exciting research direction is to extend these results to the general class of interconnected
systems or other special classes such as those whose coupling is described using the skew-
symmetric interconnection [Nah+20; Sol+18]. Another exciting research direction is to
explore the possibility and assess the benefits of using the more general notion of QSR
dissipativity to design decentralized controllers for interconnected systems [Kot+14]. Re-
cently, there has been a growing attention to utilize data for determining dissipativity
properties [KBA20]. It would be also interesting to explore the possibility of designing
passivity-based controllers for interconnected systems using data.

Regarding the developed PnP MPC scheme, we have considered deterministic inter-
connected systems with neither model uncertainties nor external disturbances. It would
be interesting to develop a PnP framework for uncertain interconnected systems. In this
case, novel redesign and transition phases should be developed. In the redesign phase,
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one could think of making use of robust passivity arguments to take the uncertainty into
account [LLS99]. In the transition phase, reaching a steady state in finite time might be
no longer possible. Instead, one could think of driving the system to a robust positive
invariant set for the PnP operation to take place instead of driving the system to a single
steady state [Rak-+05].

7.3 Part III: Adaptive Learning-based Control

7.3.1 Conclusions

In Part [11, we have proposed a novel adaptive learning-based MPC scheme for uncertain
interconnected systems. This two-phase scheme learns the uncertainty set online using
collected data and adapts the MPC ingredients accordingly while computing the optimal
predicted trajectories. In the learning phase, set membership identification is used to
shrink the volume of the uncertainty set online. In the adaptation phase, rigid tube-based
MPC is used to adapt the MPC ingredients and compute the optimal control actions
taking the shrunk uncertainty set into account. The developed scheme is compared in
simulations to existing schemes such as robust MPC, adaptive MPC and learning-based
MPC and found to lead to a better trade-off between computational burden and closed-
loop performance.

7.3.2 Outlook

We have used rigid tubes and affine state feedback policies in the adaptation phase of
the developed scheme. In general, rigid tubes and affine state feedback policies might
be more conservative than homothetic tubes and affine disturbance feedback policies
[Rak+12; GKMO6]. Hence, it would be interesting to develop adaptive learning-based
MPC schemes which make use of these less conservative features. The main challenge
would be to derive a convex online optimal control problem when these features are
considered.

Furthermore, model uncertainties are updated in the learning phase by making use
of set membership identification. Nevertheless, this technique can be used with special
classes of uncertainties. One future research direction is to explore other system iden-
tification techniques and machine learning methods such as kinky inference [Bla+19],
Gaussian process regression [HKZ19] and reinforcement learning [Bru+22] to consider
more generic classes of uncertainties. Another future research direction is to exploit
these developed ideas within the predictive safety filter framework [WZ21].
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