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Distributed Estimator Design for a Formation with Markovian
Communication Topology

Maxim V. Subbotin, Roy S. Smith

Abstract— A solution to the synthesis problem of distributed
decentralized estimator for a formation of agents using local
measurements and inter-agent communication is proposed.
Agents can communicate between each other through digital
unidirectional links modeled with two-state Markov chains
which results in a stochastic communication topology. The
design procedure is based on convex optimization problem
formulated with linear matrix inequalities (LMIs).

I. INTRODUCTION

In recent years, there has been a lot of interest in decen-
tralized and distributed estimation problems. An extensive
research in that area has been motivated by a growing class of
distributed control applications which include formation con-
trol, sensor networks, and distributed power systems [3]-[6],
[10]-[13]. In many formulations the estimation problem was
shown to be closely connected to the control problem [13],
[11], with structure and properties of information flow in the
system playing a central role. The issues of communication
constraints and their influence on the formation stability and
achievable performance were addressed by Fax and Murray
[3], Smith and Hadaegh [11], and Tatikonda and Mitter [12].
Yan, Kang, and Bitmead [6], [13] considered a coordinated
control problem for a formation of vehicles and offered an
estimator design procedure for a class of decoupled linear
systems with a specific communication architecture.

In this paper we propose a solution to the problem
of synthesis of distributed decentralized estimator for a
formation of agents described by a discrete linear time-
invariant (LTI) system. We develop design procedures for
the type of systems considered by Smith and Hadaegh in
[11], but use a different and more realistic communication
model. We consider formations where agents are coupled
by a common formation objective function and each agent
carries an entire formation state estimate. This estimation
architecture is essential for control problems with formation-
wide objective functions, such as keeping precise formations,
implementing formation reconfiguration or collision avoid-
ance without higher level control commands. In our work
we do not impose any assumptions on the structure of the
formation system dynamics and hence consider general linear
systems.

The main result of this paper is a procedure for the synthe-
sis of decentralized distributed estimator for a formation of
agents communicating though unidirectional links subject to
random packet loses. In addition to their own measurements
agents of the formation use the information received from

Maxim V. Subbotin and Roy S. Smith, Department of Electrical
and Computer Engineering, University of California, Santa Barbara,
CA 93106-9560, USA, subbotin@engineering.ucsb.edu,
roy@ece.ucsb.edu

other agents to update their formation state estimates. In our
work we do not impose any assumptions on the structure
of information flow between agents and consider general
communication topologies. Each agent of the formation is
viewed as a node of a directed graph describing commu-
nication topology. Each unidirectional communication link
transferring data between two agents is considered to be
a discrete channel with possibility that the transmitted in-
formation can be completely lost. To capture the stochastic
nature of a channel we model it as a two-state Markov chain,
which results in a Markovian communication topology. To
describe the formation with the Markovian communication
topology and develop the design tools, we use results of
Costa and Fragoso [1]. As a performance measure in the
design problem we use a norm of an estimation error
correlation matrix. Utilizing the recent results of Oliveira
et al. [7], [8], we propose a synthesis procedure for the
estimator design, formulated with linear matrix inequalities.

In Section 2 we describe class of systems we consider
through out the paper and introduce the notation and vari-
ables we use for the synthesis of distributed estimator. In
Section 3 we develop the synthesis procedure. Section 4
presents a design example with experimental results.

Throughout the paper we use the following notation. The
symbol ⊗ is used to denote the Kronecker product. The
identity matrix with dimension n × n is defined as In and
a column vector with the dimension n and all elements
equal to 1 is defined as 1n. A block diagonal matrix B with
submatrices Bi, i = 1, ..., n on the diagonal is denoted by
B = diag(B1, ..., Bn) or B = diagi(Bi).

II. PROBLEM FORMULATION

We consider discrete LTI systems described by

x(k + 1) = Ax(k) + Buu(k) + Bvv(k), (1)

where x(k) ∈ IRnx is the system state, u(k) ∈ IRmu is the
actuation input, and v(k) ∈ IRmv is a zero-mean, Gaussian
process noise with covariance Qv . The state dynamics (1)
represent the collective formation dynamics of N vehicles;
the agents of the formation. The control input is composed of
individual control inputs of each agent, u(k) =

∑N
i=1 ui(k),

and ith agent’s control signal, which corresponds to the
control of local actuators, is defined by ui(k) = Πiu(k) ∈
IRmu , where Πi is the projection matrix and

∑N
i=1 Πi = I .

Each agent is able to measure the signal,

yi(k) = Cix(k) + ni(k), (2)

where yi(k) ∈ IRkyi is the system output, agent’s local
measurements, available to agent i, and ni(k) ∈ IRkyi is a
zero-mean, Gaussian measurement noise with variance Qni .
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We assume that a stabilizing state feedback, u(k) =
−Kx(k), which satisfies a formation wide objective func-
tion, is given and specifies the desired closed-loop dynamics
of the formation through the matrix Aclp = A − BuK.
Since we focus on the estimation part of the problem, we
do not consider a particular method for choice of K. The
formation control law, u(k), is calculated and implemented
by each agent individually using available measurements and
information transmitted from other agents, hence resulting in
a decentralized and distributed architecture. Each ith agent’s
control system consists of a combination of a full order
formation state estimator which provides x̂i(k) ∈ IRnx and
state feedback for the calculation of ui(k). As a result, the
ith agent’s contribution to the control input is given by,

ui(k) = −ΠiKx̂i(k). (3)

To be able to approach the distributed estimator design
problem, we first derive the equations describing the com-
plete closed-loop formation dynamics. For simplicity, we
start our derivations for the case where each agent’s estimator
uses only agent’s local measurements to update its formation
state estimate, and then introduce communication in the
estimation structure. If there is no communication between
agents, the state estimator of the ith agent, used to provide
formation state estimate, x̂i(k), is given by,

x̂i(k + 1) = (A−BuK)x̂i(k) + Li(yi(k)− Cix̂i(k)), (4)

We can define an estimation error for each agent,

ei(k) = x(k)− x̂i(k).

Then the closed-loop plant dynamics are given by,

x(k + 1) = Aclpx(k) + Bu

N∑

i=1

ΠiKei(k) + Bvv(k). (5)

And the ith estimation error dynamics are,

ei(k + 1) = x(k + 1)− x̂i(k + 1) = (Aclp − LiCi)ei(k)+

Bu

N∑

i=1

ΠiKei(k) + Bvv(k)− Lini(k). (6)

If we collect estimation errors in one vector, e(k) =
[e1(k)′ e2(k)′ ... eN (k)′]′ ∈ IRNnx , we can write the
collected estimation error dynamics which together with (5)
describe completely dynamics of the closed-loop system,

e(k + 1) = (AB − LfCf )e(k) + Γv(k)− Lfn(k), (7)

where AB = IN ⊗ Aclp + MN , MN = 1N ⊗ M1, M1 =
[BuΠ1K ... BuΠNK], Lf = diag(L1, ..., LN ), Cf =
diag(C1, ..., CN ), Γ = 1N ⊗Bv , and n(k) = [n′1 ... n′N ]′ ∈
IR
PN

i=1 kyi with Qn = diag(Qn1 , ..., QnN
).

It is clear that the block-diagonal matrix LfCf is limited in
its ability to stabilize the collected estimation error dynamics
given by AB − LfCf . To improve that situation, we add
communication into the distributed estimation structure. By
communication we mean a transfer of information about the
formation state estimates, x̂i(x), between agents’ estimators.
As will be evident from our derivations, communication
introduces new terms into the collected estimation error
dynamics matrix and modifies all blocks of AB , not only

those which are on the diagonal. We assume that the agents
of the formation can transmit information between each other
through unidirectional links.

In this paper we consider communication links which can
be modeled as channels able to carry vectors of real num-
bers without any corruption, but the information transmitted
though a channel can be completely lost. This model is often
used in the literature [5] to describe digital channels which
are used to transfer information in packets, and the failure to
transmit a packet though a channel corresponds to a packet
dropout due to, for example, transmission delays or clock
synchronization errors.

With this argument in mind, we consider the following
model for a single unidirectional communication link used
to transmit information from agent j to agent i,

tij(k) = µij(k)Hij x̂j(k), (8)

where tij(k) ∈ IRkij is the signal received by the estimator
of the ith agent from the estimator of the jth agent. Hij ∈
IRkij×nx is the transmitter gain matrix, and µij(k) is a
binary parameter describing success of transmission, so that
µij(k) = 1 if the transmission is successful and µij(k) = 0 if
not. The binary parameter µij(k) modeling success or failure
of the transmission can be defined to be either stochastic
or deterministic variable. The most common and widely
accepted method for specifying µij(k) is modeling it as a
stochastic variable described by either a Bernoulli process
or a finite-state Markov chain (see [5] and the references
therein). In this paper we consider a model where µij(k)
can be described by a two-state Markov chain represented
graphically in Figure 1. State 0 corresponds to a failure in
a link and state 1 corresponds to a successful transmission.
Transition probabilities p0

ij and p1
ij describe probabilities of

staying in state 0 and state 1 correspondingly.

0 1 p1ij
p0ij

1− p1ij

1− p0ij

Fig. 1. Two-state Markov chain.

Assume that there are Nl unidirectional links in the topol-
ogy describing communication between agents’ estimators in
the formation. The fact that each of Nl agents received or
did not receive its corresponding information at step k can be
described by a vector Θ(k) = [Θ1(k) Θ2(k) ... ΘNl

(k)] ∈
IRNl , where each element of the vector Θl(k), l = 1, ..., Nl

is equal to the state of the Markov chain µij(k) for one of
the links in the topology. If the transitions between states
of the Markov chains for individual links are independent,
then Θ(k) is itself an element of a finite-state Markov chain
with M states, M = 2Nl , since each element of Θ(k)
vector can take one of two values, 0 or 1, independently of
other elements of the vector. To define the M -state Markov
chain modeling communication, we introduce a state θ(k)
which takes values in {1, ..., M} and corresponds to one of
M vectors Θ(k). We also define πs(k) = P{θ(k) = s},
s = 1, ...,M , a probability of being in state s at time
k, and P ∈ IRM×M , a transition probability matrix. The



elements of matrix P , pst, s = 1, ..., M , t = 1, ..., M can
be calculated using the transition probabilities of Markov
chains for individual links, p0

ij , p1
ij , by simply taking the

products of M probabilities describing transition from state
θ(k) to θ(k+1). For later derivations we define a row vector
of the probability distribution for the states of the chain,
π(k) = [π1(k) π2(k) ... πM (k)] ∈ IRM , and its evolution is
described by,

π(k + 1) = π(k)P. (9)

Using the proposed communication model we derive new
equations for the collected estimation error dynamics. We
consider the estimators where each ith agent of the formation
receiving information from other agents’ estimators updates
its formation state estimate according to the following model,

x̂i(k + 1) = (A−BuK)x̂i(k) + Li(yi(k)− Cix̂i(k))+∑

j

µij(k)Fij(tij −Hij x̂i(k)), (10)

where Fij is the receiver gain matrix which corresponds to
the transmitter gain matrix Hij and the sum is taken over all
received signals. This structure for applying the information
communicated from other estimators preserves the separation
between the collected estimation error dynamics and the
closed-loop plant dynamics. The use of Hij allows generality
in the choice of information sent between agents, and we
consider both Fij and Hij as design variables in the estimator
synthesis problem. After the time interval allocated for the
transmission, each ith agent of the formation is able to
say if it received or did not receive the information from
other agents. This fact is reflected in binary variable µij(k)
present in the update equation, so if agent i did not receive
information from agent j, then µij(k) = 0 and µij(k) = 1
otherwise.

Now we would like to specify communication topology
describing the information flow between the agents, for that
purpose we take an approach similar to the one in [3]. We
consider each agent of the formation to be a node of a graph.
To be able to specify the topology of the graph we use
matrices Lj ∈ IRN×N , j = 1, ..., N . We call the matrix Lj

a Laplacian, though our definition does not coincide with
the standard one used in graph theory. Each Laplacian, Lj ,
specifies communication between the jth agent and all other
agents of the formation and is defined as follows: elements
lst of the Laplacian, Lj , satisfy, lsj = −1, lss = 1 if there
is a communication link from agent j to agent s and lst = 0
otherwise. To specify the communication topology of the
whole formation, we introduce the collected Laplacian, Lf =
[(L1 ⊗ Inx)′ (L2 ⊗ Inx)′ ... (LN ⊗ Inx)′]′ ∈ IRN2nx×Nnx .

It is clear that for the considered communication model the
Laplacians Lj and the collected Laplacian Lf are stochastic
variables described by the states of the Markov chain, θ(k).
To emphasize this fact we further use the notation Lj{θ(k)}
and Lf{θ(k)}. So for any given choice of the Markov
state θ(k) = i, i = 1, ...,M , the corresponding collected
Laplacian Lf{θ(k)=i} carries the information about which
links in the specified communication topology failed and
which were successful.

To be able to write compactly the equation for the esti-
mation error dynamics, we introduce the collected receiver

gain matrix, Ff = [F1 F2 ... FN ] ∈ IRNnx×
PN

i=1
PN

j=1 kij ,
where Fj = diag(F1j , ..., FNj) contains the receiver gains
of agents receiving signals from the jth agent, Fij ∈
IRnx×kij , and the collected transmitter gain matrix, Hf =
diag(H1, ..., HN ) ∈ IR

PN
i=1

PN
j=1 kij×N2nx , where Hj =

diag(H1j , ..., HNj) contains the transmitter gains of the jth

agent, and Hij ∈ IRkij×nx . We set kij = 1 if there is no
communication link from agent j to agent i, and ensure that
Fij = [0 0 ... 0]′ ∈ IRnx×1 and Hij = [0 0 ... 0] ∈
IR1×nx . Note, that the introduced matrices allow specifying
all possible communication interconnections in the formation
with different transmitter-receiver pairs, Hij , Fij , assigned
for each individual link.

Using the introduced notation the collected estimation
error dynamics can be written compactly as,

e(k + 1) = (AB − LfCf − FfHfLf{θ(k)})e(k)+
Γv(k)− Lfn(k) = Ā{θ(k)}e(k) + B̄ū(k), (11)

where Ā{θ(k)} = AB − LfCf − FfHfLf{θ(k)}, B̄ = [Γ −
Lf ], and ū(k) = [v(k)′ n(k)′]′.

The collected estimation error dynamics (11) together
with (5) describe completely closed-loop dynamics of the
formation with N agents and estimators exchanging the
information between each other through links modeled with
the 2-state Markov chains. As we can see from (11) and
(5) the estimation error dynamics are decoupled from the
closed-loop plant dynamics, while the latter are driven by
the estimation error. The closed-loop plant dynamics are
specified by a choice of the state feedback gain K. At the
same time the estimation error dynamics are determined by
the choice of the design variables Lf , Ff , Hf , and the
Laplacian Lf{θ(k)}.

III. ESTIMATOR DESIGN

The estimation error dynamics (11) is a description of a
discrete-time Markovian jump linear system. To be able to
approach our design problem we use the results of Costa and
Fragoso [1], which allow us to formulate the design problem
as a set of LMIs and in the case of their feasibility, guarantee
mean square stability (MSS) of system (11).

We start with defining new vector variables zj(k) :=
E{e(k) 1θ(k)=j} ∈ IRNnx , where 1θ(k)=j is the Dirac
measure, j = 1, ..., M . Hence zj(k) is the estimation
error expectation depending on the state j of the Markov
chain at time step k. We also define the collected vector,
z(k) := [z1(k)′ z2(k)′ ... zM (k)′]′ ∈ IRNnxM , and matrix,
Zj(k) := E{zj(k)zj(k)′} ∈ IRNnx×Nnx , j = 1, ...,M . As
shown in [1],

Z(k) := E{z(k)z(k)′} = diag(Z1(k), ..., ZM (k)), (12)

and, Z(k + 1) = ζ(k), (13)

ζ(k):= diagj

(∑M
i=1pijĀiZi(k)Ā′i + B̄QB̄′∑M

i=1πi(k)pij

)
,

Q = diag(Qv, Qn) and we used the fact that the input
matrix B̄ is independent of states of the Markov chain.
Equation (13) is the update equation for the augmented
estimation error correlation matrix, Z(k). The estimation
error correlation matrix is then, P (k) := E{e(k)e(k)′} =



E{∑M
j=1 zj(k)

∑M
j=1 zj(k)′} = [I ... I]Z(k)[I ... I]′ =∑M

j=1 Zj(k). In this paper, we would like to design the
distributed estimator with constant gains and for that purpose
consider a time-invariant formulation which corresponds to
a steady-state solution, Z := Z(k) = Z(k+1), or a long-run
average solution of (13).

In equation (13) the probability distribution, π(k) ∈ IRM ,
of the states of the Markov chain is a dynamic variable with
an evolution described by (9). To be able to consider the
time-invariant case we make several observations about the
properties of the Markov chain. First, observe that accord-
ing to our definition of the transition probability matrix,
P , the Markov chain describing communication topology
can exhibit both aperiodic and periodic behavior. For the
aperiodic case there exists a steady-state solution of (9),
π = limk→∞ π(k), which generally depends on the initial
value of distribution π(0). We can find the steady-state
distribution, π, and consider the steady-state solution of (13)
with Z = Z(k) = Z(k + 1).

In the periodic case when limk→∞ πi(k) does not exist,
we can consider a Cesaro limit, the long-run average solution
of (13), given by,

lim
k→∞

1
k

k−1∑

l=0

[Z(l + 1) = ζ(l)] . (14)

From standard results of the Markov chain theory we
know that for a periodic case there exists a limit π :=
limk→∞(π(0)+π(1)+ ...+π(k−1))/k and hence the limit
for the last term of the right-hand side of (14) is defined.
For the left-hand side of (14), limk→∞ 1

k

∑k−1
l=0 Z(l + 1) =

limk→∞ 1
k

(∑k−1
l=0 [Z(l)]− Z(0) + Z(k)

)
, and if Z(0) and

Z(k) are bounded, then limk→∞ 1
k

∑k−1
l=0 Zi(l + 1) =

limk→∞ 1
k

∑k−1
l=0 Zi(l), i = 1, ...,M . We assume that this

limit exits and Zi := limk→∞ 1
k

∑k−1
l=0 Zi(l).

With these assumptions for any of two types of the Markov
chain the steady state or the long-run average solution of (13)
should satisfy,

Z = diag
j

(
M∑

i=1

pijĀiZiĀ
′
i + B̄QB̄′

M∑

i=1

πipij

)
.

Both sides of the above equality have block-diagonal struc-
ture and for j = 1, ..., M ,

Zj =
M∑

i=1

pijĀiZiĀ
′
i + B̄QB̄′

M∑

i=1

πipij . (15)

At this point we can consider the problem of designing
distributed parallel estimator which stabilizes the collected
estimation error dynamics (11) and minimizes a steady-state
or a long-run average estimation error correlation matrix,
P :=

∑M
j=1 Zj . In this design problem we can use the

estimator gain matrix, Lf , the transmitter gain matrix, Hf ,
and the receiver gain matrix, Ff , as our design variables. We
state this optimization problem as follows:

min
Lf ,Ff ,Hf ,Xj , j=1,...,M

‖P̄‖,

subject to P̄ = P̄ ′ =
∑M

j=1 Xj > 0, and for all j = 1, ...,M ,

Xj −
M∑

i=1

pijĀiXiĀ
′
i − B̄QB̄′

M∑

i=1

πipij > 0, (16)

where Lf , Ff , and Hf satisfy previously defined structural
constraints.

Feasibility of the matrix inequalities (16) is equivalent to
the MSS of the Markovian jump linear system described by
(11) due to the result of Costa and Fragoso [1]. The MSS
of the system (11) implies the existence of e ∈ IRNnx and
P ∈ IRNnx×Nnx independent of e(0) such that, ‖E{e(k)}−
e‖ → 0 and ‖E{e(k)e(k)′} − P‖ → 0 as k →∞.

To be able to use inequalities (16) in the design procedure,
we state the following lemma.

Lemma 1: If there exists a matrix G ∈ IRNnx×Nnx and
matrices Yj = Y ′

j > 0, j = 1, ...,M , Y = diag(Y1, ..., YM )
such that for all j = 1, ..., M ,


Y Â′jG

′ 0
GÂj G + G′ − Yj

√
Σ̄jGB̄

0 B̄′G′
√

Σ̄j Q−1


 > 0, (17)

with Σ̄j =
∑M

i=1 πipij and Âj =
[√

p1jĀ1 ...
√

pMjĀM

]
,

then there exist Xj = X ′
j > 0, j = 1, ..., M such that (16)

holds.
The line of argument in the proof of this lemma is similar

to the proof of Theorem 1 in [7] due to Oliveira et al. and we
omit it here due to space limitations. To use LMIs (17) for
the design of the gains Lf , Ff , and Hf , we define a block-
diagonal structured variable G := diag(G1, ..., GN ) with
Gi ∈ IRnx×nx , i = 1, ..., N . We also define R := GLf =
diag(R1, ..., RN ) ∈ IRNnx×

PN
i=1 kyi with Ri = GiLi, and

E := GFfHf = [E1 E2 ... EN ] ∈ IRNnx×N2nx , where
Ej = diag(E1j , ..., ENj) and Eij = GiFijHij . Note that
each GĀi = GAB−RCf−ELf{i} and as a consequence all
GÂj are linear in new variables G, R, and E. The product
GB̄ = [GΓ − R] is also linear in G and R, and hence
all inequalities in (17) are linear in matrix variables Yj ,
j = 1, ...,M , G, R, and E. Now we can redefine the design
problem as a convex optimization problem with LMIs:

max
G,R,E,Yj , j=1,...,M

γ, (18)

subject to 0 < γI ≤ ∑M
j=1 Yj , and M LMIs from (17) with

variables G, R, and E which satisfy structural constraints.
When the feasible solution which minimizes the upper bound
on the estimation error correlation matrix P is found, we
can calculate Lf and FfHf from Lf = G−1R and FfHf =
G−1E since G is nonsingular.

Note that the solution to the proposed optimization prob-
lem has the transmitter, Hf , and the receiver, Ff , matrix
gains as a product, FfHf , which does not allow us to use
this result directly for construction of the distributed parallel
estimator. To be able to use the proposed algorithm we have
to extract matrices Hf and Ff from the product.

Another issue which should be addressed, is the rank
constraint on each individual block, FijHij , of the product
FfHf and consequently the variable E. Since the dimension
of a transmitter gain matrix, Hij , is kij × nx and FijHij ∈
IRnx×nx , the ranks of all Nl, where Nl is the number of
links in the topology, nonzero products FijHij should be
less or equal than the corresponding kij . To tackle this issue



we can use results of Fazel et al. [2] or Orsi et al. [9] and
impose additional LMI constraints on Nl nonzero blocks of
the matrix variable E, Eij = GiFijHij .

Once all the nonzero blocks Eij in the solution to the
optimization problem satisfy the rank constraints, we can
find Fij and Hij by taking a singular value decomposition
(SVD) of each product FijHij ,

FijHij =
[
U1

ij U2
ij

] [
Dij 0
0 0

] [
V 1

ij

V 2
ij

]
, (19)

where Dij ∈ IRkij×kij is a diagonal matrix with possibly
some zeros on the diagonal. Then a possible choice of trans-
mitter and receiver gains is Hij = V 1

ij and Fij = U1
ijDij .

In any practical application some limitations are usually
imposed on a transmitter power. We can guarantee that each
Hij satisfies the desired limitation by simply scaling the
matrices in the SVD product.

IV. EXPERIMENTAL RESULTS

Now we illustrate the described design procedure on an
experimental example. The experimental configuration is a
formation with three agents, where each agent is a motor
cart able to move along its track. This experimental setup
was implemented with three Quanser motor cart modules
and one computer station with an acquisition board. All three
controllers, each consisting of the full formation state esti-
mator and state feedback, were implemented in Simulink on
one diagram. The communication links between estimators
were also implemented by links on the same diagram, along
with the measurement and process noises. Failures in the
links were implemented with binary signals generated by a
Markov chain model from Matlab.

Dynamics of each motor cart can be described by the
discrete state-space model,

x̄i(k + 1) = Aix̄i(k) + Biui(k).

The full formation dynamics are then described by,

x̄(k + 1) = Āx̄(k) + B̄uu(k) + B̄vv(k), (20)

where x̄(k) = [x̄1(k)′ x̄2(k)′ x̄3(k)′]′ ∈ IR6, u(k) =
[u1(k)′ u2(k)′ u3(k)′]′ ∈ IR3, Ā = diag(A1, A2, A3),
B̄u = diag(B1, B2, B3), and we augmented the original
system dynamics with the zero-mean Gaussian process noise
v(k) ∈ IR3 with covariance Qv = 10−6I entering the system
through B̄v = diag(b̄, b̄, b̄), b̄ = [0 1]′.

We define the formation consisting of three agents by
specifying relative distances between agents in the formation.
The control objective is to guarantee that the agents converge
to and keep relative distances specified with a vector d =
[d12 d23 d13], where dij is the distance between agent i
and agent j, d12 = 0.2 m, d23 = 0.2 m, d13 = 0.4 m.
We assume that agent 1 is able to measure its distance to
agent 2, agent 2 measures the distance to agent 3, and agent
3 its distance to agent 1. With these measurements three
output matrices for the agents are: C̄1 = [−1 0 1 0 0 0],
C̄2 = [0 0 1 0 − 1 0], C̄3 = [1 0 0 0 − 1 0]. System (20)
with the output matrix C̄ = [C̄ ′1 C̄ ′2 C̄ ′3]

′ is not observable,
due to the fact that the absolute position of the formation
on the tracks is not present at the measured output. Hence

we can reduce the dimension of the system (20) and drop
unobservable part without influencing performance of the
formation. We apply similarity transformation x(k) = T x̄(k)
and truncate unobservable states of the system to arrive at,

x(k + 1) = Ax(k) + Buu(k) + Bvv(k), (21)
yi(k) = Cix(k) + ni(k), i = 1, 2, 3,

where x(k) ∈ IR4, and ni(k) ∈ IR are the zero-mean
Gaussian measurement noises with covariances Qni = 10−6.

First, we design a stabilizing state feedback, u(k) =
−Kx(k) using a standard LQR design method. The indi-
vidual control inputs for each cart are defined by,

ui(k) = −ΠiKx̂i(k).

Here x̂i(k) is the estimate of state x(k) at ith agent’s esti-
mator and Πi is the corresponding projection matrix, Π1 =
diag(1, 0, 0), Π2 = diag(0, 1, 0), Π3 = diag(0, 0, 1).

For our example we allow agent 1 to communicate its
estimates to agent 2 with k21 = 4, and agent 2 to com-
municate its estimates to agents 1 and 3 with k12 = 4 and
k32 = 4. The described communication topology has Nl = 3
links and we model each link with the two-state Markov
chain represented on Figure 1, with the same transition
probabilities for all links, p0

21 = p0
12 = p0

32 = p0 = 0.1
and p1

21 = p1
12 = p1

32 = p1 = 0.95. Then according to
our definition the result of communication at step k can be
described by the state of the Markov chain with M = 23 = 8
states:

θ(k) = 1 : Θ(k) = [0 0 0], θ(k) = 2 : Θ(k) = [0 1 0],
θ(k) = 3 : Θ(k) = [1 0 0], θ(k) = 4 : Θ(k) = [1 1 0],
θ(k) = 5 : Θ(k) = [0 0 1], θ(k) = 6 : Θ(k) = [0 1 1],
θ(k) = 7 : Θ(k) = [1 0 1], θ(k) = 8 : Θ(k) = [1 1 1].
With π(k) ∈ IR8 and the elements of P calculated

from individual probabilities of each link, for example
p24 = (1 − p0)p1p0, the Markov chain modeled with
(9) is aperiodic. With π(0) = [0 0 0 0 0 0 0 1]
we found the steady-state solution of (9) to be π =
[0.0001 0.0026 0.0026 0.0472 0.0026 0.0472 0.0472 0.8503]
and used this π in the design calculations. The binary signals
implementing success or failure of the links for the Markov
chain are shown on Figure 5 for the first second. The
decentralized distributed estimator-controller structure for the
described example is illustrated in Figure 2.

Using our algorithm we designed the distributed estimator
gains Li, i = 1, 2, 3, transmitter gains H21, H12, and H32,
and receiver gains F21, F12, and F32. To find these gains we
implemented the proposed synthesis procedure using yalmip
[14] in Matlab.

The experimental results for the proposed system archi-
tecture and calculated gains are shown in Figures 3 and 4.
Figure 3 shows the positions of carts along the tracks versus
time. At t = 0 sec. the system was initialized with carts
located at the same point on their respective tracks. Once
the controller was on, they started moving into formation
and by the time t = 4 sec. the formation was in order. From
time t = 5.8 sec. for about 2 sec. we applied a force to cart
2, causing the formation to drift in the direction of applied
force. At time t = 11 sec. the formation was arranged again
and at time t = 12 sec. we applied a force to cart 3 and



maintained it for about 2 sec. As a result the formation
drifted in the opposite direction and by the time t = 19 sec.
it was in the nominal formation again.

Figure 4 shows the estimates of relative distance errors
recorded from all three estimators along with the mea-
surements recorded during the experiment. As can be seen
from the plot, all estimators converge very fast and produce
accurate estimates of the relative distance errors. After a
small transient all curves on the plot lie on top of each other
with some small variation.

V. CONCLUSION

We proposed the solution to the problem of suboptimal
synthesis of distributed decentralized estimator for a for-
mation of agents using local measurements and inter-agent
communication. Agents of the formation were allowed to
transmit information between each other through a com-
munication network subject to link failures modeled with
Markov chains. The experimental results demonstrate that
the described method is applicable to practical systems.
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