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Abstract

Data uncertainty plays an important role in the field of geodesy. Even though deep learning is becoming increasingly important for
geodetic applications due to its high accuracy, it typically does not consider the data uncertainty. As we demonstrate in this study, we
propose to include the uncertainty of data in deep neural network architectures to achieve a better generalization. This is advantageous
for big data applications as well as for small datasets. Inspired by weighted and total least squares, we formulate the problem for both
input and target uncertainties, and combine it with the Bayesian learning method. This results in a new form of the loss function in
machine learning. As an alternative approach, we consider data uncertainties by including them as additional features. For comparison
purposes, we use models without the consideration of data uncertainty as a benchmark. To show the efficacy of the proposed method, we
apply it to the prediction of Earth Orientation Parameters (EOPs, namely polar motion, dUT1, and LOD) and Global Navigation Satel-
lite System (GNSS) station coordinate time series. We demonstrate that the least-squares-inspired method outperforms both the bench-
mark and the feature-inspired method for both the studies. In the EOPs study, the improvement can be more than 50% in the study
interval. In the study of GNSS station coordinate time series, which is presented for 1000 stations across the globe, the improvement
on an average basis is around 12%. The results demonstrate the advantage of using uncertainty information in the machine learning algo-
rithms, when applied to geodetic time series.
� 2022 COSPAR. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/
by-nc-nd/4.0/).

Keywords: Machine learning; Bayesian learning; Data uncertainty; Weighted and total least squares; Earth orientation parameters; GNSS station
coordinate time series
1. Introduction

Mathematical models in the field of geodesy strongly
rely on the uncertainty of data (Koch, 1999). The most
important estimation method in geodesy, Least Squares
(LS), does in fact use the observation uncertainty as part
of its stochastic model (Teunissen, 2000). The inclusion
of observation uncertainty typically leads to a more reliable
https://doi.org/10.1016/j.asr.2022.05.042
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estimation, facilitates outlier removal, and allows for a
more rigorous prior and posterior quality assessment
(Amiri-Simkooei et al., 2007). Variants of LS, including
Total Least Squares (TLS), also use the concept of data
uncertainty (Amiri-Simkooei and Jazaeri, 2012; Amiri-
Simkooei et al., 2016).

In geodesy, the least-squares based methods are exten-
sively used for regression and prediction problems, includ-
ing parameter estimation (Odijk et al., 2016) and time
series analysis and prediction (Li et al., 2000). Over the last
few decades, machine learning approaches have been estab-
ommons.org/licenses/by-nc-nd/4.0/).
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lished as powerful estimation methods as well. They can
model arbitrarily complex functions, be used for both clas-
sification and regression problems, and make inferences
and generalizations (LeCun et al., 2015; Goodfellow
et al., 2016). In particular, deep learning, which is a subset
of machine learning using several layers of representation,
is of special interest because of its strong performance
mostly on big data problems.

Recently, there have been studies on the application of
machine learning algorithms in the field of geodesy. Some
examples include vertical displacement assessment

(Mrwczy�Aska, 2017), fault rupture analysis (Ren et al.,
2020), precipitable water vapor analysis using generalized
regression neural networks (Zhang and Yao, 2021), GNSS
station position time series prediction using modified
Transformers (Kiani Shahvandi and Soja, 2021), predic-
tion of length of day using a new deep learning algorithm
(Kiani Shahvandi and Soja, 2022), and Ionospheric inves-
tigations (Navarro et al., 2021). The reader is referred to
Reiterer et al. (2010) and Butt et al. (2021) for further
resources on the applications of machine learning in
geodesy.

In order to enhance the performance of deep learning
approaches, both in small and large datasets, one can com-
bine the concept of uncertainty and weights in LS with
deep learning methods. The present paper is focused on
this problem with the main purpose to introduce a new
form of the so-called loss function in deep learning.

There have been some studies on the problem of inclu-
sion of data uncertainty, including Kendall and Gal
(2017) and Gast and Roth (2018). However, their
approaches are not LS-inspired in the sense of using quan-
tified data uncertainty. In Kendall and Gal (2017), the
important concepts of aleatory and epistemic uncertainties
(the former refers to the variability of the values due to the
intrinsic properties of the time series; the latter refers to the
finite precision of the instrument with which phenomenon
is observed (Sullivan, 2015)) are used to present a model
in which both types of uncertainties are treated simultane-
ously. However, the aleatory uncertainties are derived
based on the data and by not knowing them or having
an estimate of them beforehand. This has the drawback
that large datasets are needed to estimate these uncertain-
ties well. In Gast and Roth (2018), the so-called probabilis-
tic output layer (replacing the point estimation with a
probability distribution) and density filtering methods
(dealing with activation uncertainties) are used. These are
used to iteratively propagate errors through layers and acti-
vation functions. As the result, these methods are concep-
tually not LS-inspired.

In this paper, our focus is on the development of a new
framework for the prediction of geodetic time series using
neural networks. Our study makes the following
contributions:

1. Formulation of an LS-inspired learning method in
three variations, namely only the target uncertainty, input
564
and target uncertainty, and input and target uncertainty in
combination with Bayesian learning.

2. Consideration of observation uncertainty as addi-
tional information contributing to the learning procedure
and combining it with the Bayesian learning approach.

To demonstrate the potential application of the method,
we analyze prediction problems in the field of geodesy. Pre-
diction of the Global Navigation Satellite System (GNSS)
station coordinate and Earth Orientation Parameters
(EOP) time series is important in various geodetic applica-
tions and investigated in several studies (Kalarus et al.,
2010; Piccolomini et al., 2019; Modiri et al., 2020; Beutler
et al., 2020; Kiani Shahvandi and Soja, 2021; Kiani
Shahvandi and Soja, 2022). In this regard, we use GNSS,
polar motion, Length of Day (LOD), and dUT1 time series
to demonstrate the application of the new method in
geodesy.

The rest of this paper is organized as follows. Section 2
discusses the background. Section 3 includes derivation of
the method. Section 4 provides description of data used in
the studies, while Section 5 presents the numerical results
and their analyses.

2. Background of the methodology

In this section, we present the background and prerequi-
sites of the proposed method.

2.1. Overview of weighted and total least squares

The Weighted Least Squares (WLS) approach (Koch,
1999) for linear(ized) systems of equations is defined based
on the so-called design matrix A, a series of adjustable
unknowns, which we refer to as W (corresponding to the
parameters of a neural network), as well as the observa-
tions (or targets) Y and their corresponding covariance
matrix Q (which represents the uncertainties in and corre-
lations between the values of Y). The system of equations
is defined by

Y þ v ¼ AW ð1Þ
in which v denotes the vector of differences between esti-
mated and observed values. The vector W of unknowns
is said to be estimated through WLS when it is the solution
to the minimization problem

vTRv�!min ð2Þ
where R is the matrix defined as R ¼ Q�1 and called the
precision matrix.

Remark 1. Note that the analysis of the so-called a priori
and a posteriori variance factors (also referred to as the
standard deviation of unit weight (Kermarrec and Schn,
2017)) is not done in the case of machine learning models,
since these algorithms are mostly unbiased (Kim et al.,
2019; Jiang and Nachum, 2020), and often have higher
number of unknown weights W than number of observa-
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tions (negative degree of freedom, which is not possible in
LS, (Zhang et al., 2017)).
In the formulation of Eq. (1), only the effect of uncer-
tainties in observations (in the form of covariance matrix
Q) is considered. If, however, uncertainties also exist in
the partial derivatives within the design matrix A, TLS
should be used. According to Amiri-Simkooei and
Jazaeri (2012), the formulation of the TLS problem, which
is an extension of Eq. (1), is

Y þ v ¼ Aþ dAð ÞW ð3Þ
in which dA represents the uncertainty of values in the
design matrix A,. The goal of TLS is then to simultane-
ously minimize the sum-squared-error of both v and dA
and for this reason the following minimization problem is
defined

vTRvþ vec dAð ÞTRAvec dAð Þ�!min ð4Þ
where vec dAð Þ represents the vectorized form of dA (Amiri-
Simkooei et al., 2016), and RA is the weight matrix of A,
defined based on the uncertainties in the values of the argu-
ments, which would correspond to the input in the case of
neural networks (in the form of the input’s covariance
matrix).

Both WLS and TLS are powerful estimators and have
applications in many problems in geodesy, including GNSS
positioning (Truong and Ta, 2013) and network analysis
(Fazilova, 2017).

2.2. Types of uncertainties to use in neural networks

There are two types of uncertainties that we use in the
derivation of our method: aleatory and epistemic. These
are defined in the following.

Definition 1. The aleatory uncertainty is the uncertainty
that is associated with the nature of the phenomenon being
observed. An instance would be the initial distribution that
we have for the weights W of the deep learning function or
the inherent observational variability.
Definition 2. The epistemic uncertainty is associated with
the finite precision of the instrument used to gather data
or the method used to derive the parameters. Examples
include the uncertainties in the observations in Eq. (7),
due to the use of different measuring devices, or the accu-
racy considered for the initial distribution.
2.3. Overview of the regression problem in machine learning

As mentioned in the Introduction, machine learning
methods can be seen as an alternative estimation approach.
Here, a brief overview of the regression problem in
machine learning and, in particular, deep learning
approaches is given.
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Definition 3. Let the input to the machine learning models
be denoted by X ¼ x1; . . . ; xnf g, where
xi 2 Rc1�...�cp ; i ¼ 1; . . . ; n. Also, consider the corre-
sponding target values as Y ¼ y1; . . . ; ynf g, where

yi 2 Rd1�...�dq . Here, the numbers c1; . . . ; cp
� �

and

d1; . . . ; dq
� �

represent the dimensionalities of xi and yi,
respectively. The machine learning function, denoted by f,
maps the inputs to the targets through a series of adjustable
weightsW (which are considered as unknowns that must be
derived from data), as follows

Y ¼ f X ;Wð Þ ð5Þ

Definition 4. The uncertainties and correlations associated
with input and their corresponding target values are
stacked into matrices denoted respectively by QX and QY .
The inverse of these matrices are called the precision matri-
ces and will be denoted by RX and RY , thus

RX ¼ Q�1
X

RY ¼ Q�1
Y

ð6Þ

Remark 2. Note that the matrices RX and RY are tanta-
mount to the weight matrix R in Eq. (2) in the case of
WLS. This means that they are derived from the inverse
of the covariance matrix of input and targets, respectively.
Note also these matrices are often diagonal and consist of
the inverse of the squared values of uncertainties typically
found in data files for the observed values X and Y, as is
the case with the applications presented in this paper. In
case data are multidimensional the precision matrices of
different features are stacked together, as mentioned
above. If there are p different input features with
RX ;1; . . .RX ;p precision matrices, and q different output fea-
tures with RY ;1; . . .RY ;q precision matrices, the total preci-
sion matrices used for computations may be represented
as follows

RX ¼
RX ;1 � � � � � �
..
. . .

. ..
.

� � � � � � RX ;p

2664
3775

RY ¼
RY ;1 � � � � � �
..
. . .

. ..
.

� � � � � � RY ;q

2664
3775

ð7Þ

In Eq. (7), the off-diagonal elements can be filled with the
covariance matrices. However, one usually does not have
these matrices and therefore in most cases a diagonal
matrix is used.

Note that the process during which the weightsW in Eq.
(5) are determined is called training of the algorithm.

Definition 5. The so-called loss function, denoted by ‘, is a
measure of how well the machine learning function f maps
the input to the output, which is used in the training of
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function f. Most frequently used loss functions are based
on the Lk norm, in which case ‘ takes the following form
‘ f ; Yð Þ ¼ jjY � f X ;Wð Þjjk ð8Þ

Remark 3. The previously discussed minimization prob-
lems in Eq. (2) and Eq. (4) use in fact the squared-error
loss, i.e. L2. In the case of k ¼ 1, the loss is based on the
absolute error associated with linear programming
(Dantzig, 2002). We use the L2 loss in the derivation of
the following formulas.

Definition 6. The Bayesian estimation approach (Bishop,
2009), based on the conditional distributions and prior dis-
tribution p Wð Þ for unknown parameters is represented by

p W jX ; Yð Þ / p Y jX ;Wð Þp Wð Þ ð9Þ
The Bayesian approach is based on using prior knowledge
on the estimable parameters. This includes the distribution
of the parameters, which has a direct impact on the formu-
lation of the method, since different distributions have dif-
ferent probability density functions p Wð Þ. This approach
has proven to be effective for many applications resulting
in more accurate predictions (Neal, 1996; Wenzel et al.,
2020).

The relation in Eq. (9) will be used for the case of com-
bining the new method with the Bayesian approach.

2.4. Overview of long short-term memory in machine learning

Here, an example of the machine learning function in
Eq. (5) is given. One of the most widely used machine
learning algorithms is the so-called Long Short-Term
Memory (LSTM; introduced in Hochreiter and
Schmidhuber (1997) and expanded upon in Gers et al.
(1999) and Greff et al. (2017)). LSTM is a variation of
Recurrent Neural Networks (RNNs, which were intro-
duced in Rumelhart et al. (1986)), which are used for mod-
elling sequential data. RNNs can model the long-term
dependencies in data (Benitez et al., 2021; Torres et al.,
2021). However, they suffer from the so-called vanishing
gradient problem, in which the gradient of the function
with respect to the weights of the network approaches zero,
thus causing instability in the computations. LSTM, on the
other hand, tries to solve this problem by introducing the
concept of a forget gate, a mathematical formulation based
on contracting functions that discard information when
necessary. Its importance lies in the fact that it enables us
to efficiently model different dependencies in sequences
(such as time series), and is thus used in the applications
presented in this paper. When used without data uncer-
tainty, this algorithm is the baseline against which we com-
pare the accuracy of our algorithm considering data
uncertainty. Note, however, the proposed method can be
used with any other RNNs.
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Remark 4. LSTM is usually followed by a Fully Connected
Layer (FCL) to map the representation in the last hidden
layer to the target values. In our case, FCL has a linear
form.
2.5. Parallels and differences between LS and machine

learning

The background given above is needed to understand
the similarities and differences between LS and machine
learning approaches. The most important similarity is that
both approaches deal with finding the best-fitting parame-
ters of a function based on a set of observations and a fit-
ting measure. However, to determine the parameters in the
LS approach, usually the model is either linear or lin-
earized, whereas in machine learning and especially deep
learning, the function is usually highly nonlinear. As a
result, the closed form of the minimization problem is
available in the case of LS, but not in machine learning.
In the latter case, other iterative and more general opti-
mization algorithms such as gradient descent (Nocedal
and Wright, 1999) are thus used to estimate the parameters.
Note that the LS procedure of linearization cannot be well
exploited for the case of deep learning because of the high
complexity, despite the fact that it can be used in somewhat
shallow neural networks (Al-Batah et al., 2010).

3. Inclusion of uncertainties in machine learning

In this section, we use the concepts introduced in the
previous section for the inclusion of uncertainties in
machine learning. We first use aleatory uncertainties to
derive a new form of loss function incorporating the data
uncertainty. We then focus on modelling epistemic uncer-
tainty in the parameters.

It is important to note that the benchmark machine
learning approaches use the following loss function, which
is the L2 norm, as the following

argmin
W

jjY � f X ;Wð Þjj2 ð10Þ

The norm in this case is called Sum Squared Error (SSE),
which is different from Mean Squared Error (MSE) only
by a coefficient that does not affect the optimization
problem.

3.1. Target uncertainty

Here, we only consider the uncertainties in the target
values Y. We consider the following optimization problem,
based on Eq. (9)

argmax
W

p Y jX ;Wð Þ ð11Þ

As it is well known (Bishop, 2009), in the case that we
assume the data come from a Gaussian distribution, it
can be shown that
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p Y jX ;Wð Þ / exp � 1

2
Y � f X ;Wð Þð ÞTRY Y � f X ;Wð Þð Þ

� �
ð12Þ

Therefore by using Eq. (12) in Eq. (11), we arrive at the
minimization problem

argmin
W

Y � f X ;Wð Þð ÞTRY Y � f X ;Wð Þð Þ ð13Þ

which is equivalent to weighted norm of Y � f X ;Wð Þ,
denoted as

argmin
W

jjY � f X ;Wð Þjj2RY
ð14Þ

This is in fact the procedure from which the weighted LS is
derived. However, the function f in Eq. (13) is usually a
deep learning function that is highly nonlinear. With the
observation uncertainties available, we can form RY and
subsequently use numerical optimization schemes
(Nocedal and Wright, 1999) to solve for W.

Remark 5. Note that we used the assumption of a
Gaussian distribution for target values. Other distributions
can also be considered and used to model the problem
based on Eq. (11) with the target uncertainties modified for
that model. However, here the Gaussian distribution is
considered to be consistent with the LS procedure.
3.2. Input and target uncertainty

A more realistic approach in dealing with the uncer-
tainty is to consider the uncertainties of both inputs X

and targets Y. Note that in this part it is assumed that both
the input and target have Gaussian distribution. In many
sequential approaches such as LSTM, the targets are some
shifted form of the inputs. Inspired by TLS (Jazaeri et al.,
2014), in which the input uncertainties are also taken into
account, we propose the following optimization problem
for the adjustment of the weights of the machine learning
function.

Proposition 1. Suppose that the uncertainties in the input X
cause a change in the model, which we denote by df . Thus
Eq. (5) can be rewritten as

Y ¼ f X ;Wð Þ þ df X ;Wð Þ ð15Þ
in which f X ;Wð Þ is the unperturbed machine learning func-
tion. The optimization scheme in which the aleatory uncer-

tainties of the input and target are taken into account has

the following form

argmin
W

jjY � f X ;Wð Þjj2RY
þ jjdf X ;Wð Þjj2Rdf

� �
ð16Þ

where Rdf is the precision matrix (or equivalently weight

matrix) of df .

Remark 6. Transitioning from Eq. (15) to Eq. (16) elimi-
nates cross terms between Y � f X ;Wð Þ and df X ;Wð Þ,
which are in the form of inner products. This is because
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of the fact that in the optimization Y is projected to the
span of design matrix formed from f X ;Wð Þ. The term
Y � f X ;Wð Þ is therefore orthogonal to the span of
f X ;Wð Þ, in which df X ;Wð Þ lies as well. Thus, the inner
product Y � f X ;Wð Þ and df X ;Wð Þ is zero. The reader is
referred to Fox (2008) and other textbooks on least
squares.

To obtain the exact form of Rdf , we have the following
proposition, which is inspired by Amiri-Simkooei et al.
(2016) and applied to the deep learning function.

Proposition 2. The precision matrix Rdf is the inverse of Qdf ,

the covariance matrix of df defined as the following

Qdf ¼ JX f W QX JX f Wð ÞT ð17Þ
where f W denotes the differentiation of the deep learning

function with respect to the weights and JX the Jacobian of
f W with respect to input X. These are computed through an

automatic differentiation approach (Bcker et al., 2006).

Remark 7. Note that the optimization algorithms that are
used for machine learning problems are generally based on
the computation of the gradient (Kingma and Ba, 2015),
which is equivalent to the first order differentiation in
higher dimensional spaces. These algorithms, which use
iterative linearization through the gradient, are convergent.
Therefore, unlike the nonlinear method presented in
(Teunissen, 1989), it is sufficient to use the linear form
given in Eq. (17).

The relation in Eq. (17) is a direct consequence of the
application of the covariance propagation law
(Tellinghuisen, 2001) to the function given in Eq. (5). Note
also that Qdf changes in the iterative procedure to adjust

network weights.

3.3. Input and target uncertainty: combination with Bayesian

learning

In this part, we present a complete framework to deal
with uncertainties in machine learning. The uncertainties
in input and target are aleatory, whereas the Bayesian
learning deals with epistemic uncertainties. Therefore, the
method presented here deals with both types of
uncertainty.

Proposition 3. With regard to Eq. (9) and considering the

weights as taken from a Gaussian distribution (Bishop, 2009;

Alpaydin, 2020) with zero mean and variance k�1, the

following model is both based on Bayesian learning and takes

the aleatory uncertainties into account

argmin
W

jjY � f X ;Wð Þjj2RY
þ jjdf jj2Rdf

þ kjjW jj2 ð18Þ

The derivation of formula in Eq. (18) is simply based on

the addition of the term jjdf jj2Rdf
to the well-known mini-

mization problem of the so-called Bayesian regulation,



Fig. 1. Uncertainties in the EOP time series together with the interval used
in the study. uxp ; uyp ; uLOD; udUT1 denote, respectively, the uncertainties in
xp; yp; LOD, and dUT1. The purple line marks the separation boundary
between discarded and used data.
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given as follows (Bishop, 2009), in which we have used the
uncertainty matrix RY as well

argmin
W

jjY � f X ;Wð Þjj2RY
þ kjjW jj2 ð19Þ

This approach is very common in the application of least
squares and it appears with names such as Tikhonov Reg-
ularization (Calvetti and Reichel, 2003). Note that even
with the Bayesian regulation in Eq. (19) we are using the
uncertainties (weighted loss by RY ), which is different from
the usual Bayesian regulation that is used in neural net-
works (Izmailov et al., 2021). The relation in Eq. (18) con-
tains three elements of uncertainty. The first term is due to
the target uncertainty. The second term arises as the result
of the uncertainty in the input data. Finally, the third term
is related to the prior distribution of the unknown param-
eters W. In Section 5, we investigate the contribution of
these terms with respect to the performance of the bench-
mark. To this end, we focus on the prediction problems
for geodetic applications.

Remark 8. Note that we have not used the so-called full
Bayesian approach (Bishop, 2009) since we mostly focus on
the improvement of the generalizability in comparatively
small datasets. The full Bayesian approach requires a large
amount of data and extensive computations.
3.4. Alternative approach: aleatory uncertainties as features

So far, we have discussed the case where the uncertain-
ties are considered in the loss function. However, it is also
possible to insert uncertainties as additional input features
together with the original input values. Thus, in this case
we have

Y ¼ f eX ;W
� �

ð20Þ

where eX is the input to the network incorporating the input
uncertainties witheX ¼ Xk RX ð21Þ
where k is used as the concatenation symbol.

Remark 9. The method presented in Eq. (18) is based on
the modification of the loss function of the neural network,
whereas in Eq. (20) extra features are considered without
the modification to the loss function given in Eq. (10). In
fact, the loss function used for the Bayesian approach can
also be used alongside Eq. (20) as in Eq. (22)

argmin
W

jjY � f eX ;W
� �

jj2 þ kjjW jj2 ð22Þ
1 The data can be accessed via https://keof.jpl.nasa.gov/combinations/
2019/. Note that we have used the 2019 EOP noon, combined file (which is
derived from the combination of different space geodetic techniques)
4. Data used for demonstration

In order to assess the methods presented in Eq. (18) and
Eq. (20), we present two studies in the field of geodesy. The
first study is about the prediction of Earth Orientation
568
Parameters (EOP, in practice xp and yp components of

the polar motion, LOD, and dUT1), and the second one
is focused on the prediction of GNSS station coordinate
time series. EOP prediction remains one of the most impor-
tant tasks of geodesy (Modiri et al., 2020) and is needed in
different applications including satellite orbit determina-
tion (Ye et al., 2020). In addition, GNSS time series anal-
ysis is an important task in geodesy to investigate various
physical phenomena (Montillet and Bos, 2020). The pre-
dicted values can be used for positioning purposes. Note
that we focus on the one-day ahead prediction problem.

4.1. EOP data

The data for the EOP study are taken from NASA JPL
(Chin et al., 2004; Chin et al., 2009) EOP noon files. The
data include the values of EOP from September 1976 to
June 2020, together with their uncertainties1.

Remark 10. Since the data from earlier times have much
higher uncertainty compared to the more recent data, we
exclude the former part. This is to have a more homoge-
neous time series. Hence, in polar motion, LOD and dUT1
time series we use the time interval, respectively from
March 1993, May 2001, July 1985 to June 2020, shown in
Fig. 1. Apart from this choice of time interval, before
feeding data to the deep learning algorithm they are
standardized using 1r standardization

XS ¼ X � X
rX

ð23Þ

where XS is the standardized value of X, and X and rX rep-
resent the mean and standard deviation of X, respectively.
When used as features, the uncertainties are also standard-
ized. After predicting the time series, the predictions are
scaled back to the original values by first multiplying them

with rX and then adding X . In the case of dUT1, we first
remove the effect of leap-seconds observed as jumps.2

https://keof.jpl.nasa.gov/combinations/2019/
https://keof.jpl.nasa.gov/combinations/2019/


Fig. 2. EOP time series before normalization, with different time intervals
that are used for the study. The dUT1 time series is shown before the
removal of leap seconds. Fig. 3. Distribution of the selected GNSS stations across the globe.
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Fig. 2 shows the values of these parameters, based on
the time interval used for the study.

4.2. GNSS station coordinates data

The GNSS station coordinates time series are taken
from the Nevada Geodetic Laboratory (Blewitt et al.,
2018; Young et al., 2021)3. In order to show the efficiency
of using uncertainties in deep learning for GNSS time series
prediction, we have taken 1000 time series, which are
located in different parts of the world. We divided the
Earth’s surface in 10� � 10� cells and picked up the stations
iteratively and uniformly, ensuring a uniform probability
for each cell to contain stations.

Each station provides three time series, representing the
three-dimensional change in the local coordinate system
(e; n; u). We only use the u component, which represents
the vertical direction and typically exhibits the strongest
nonlinear signals. Fig. 3 shows the distribution of these sta-
tions over the globe.

Remark 11. We perform some preprocessing on all of these
time series. First, we use median filtering (Dinc et al., 2015)
to smooth the data and especially to remove outliers. This
method is robust against outliers and also fills the missing
points with a median estimate of the values before and
after those points. To be a good compromise between
filling small gaps and not smoothing too much, we choose
the window length of 6 for the smoothing, as this has
shown empirically to be the best value. In addition, like the
EOP data, we perform the standardization in Eq. (23) for
each GNSS station coordinate time series. However, unlike
the EOP case, the whole available time series are used,
since the time series are shorter and uncertainties do not
change extensively in more recent times.
4.3. Use case demonstration

We present seven different analyses for each of the four
EOP parameters and 1000 GNSS station position time ser-
ies. These analyses are considered.
3 The data can be accessed via http://geodesy.unr.edu/NGLSta-
tionPages/GlobalStationList
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1. Benchmark
2. Target uncertainties
3. Target and input uncertainties
4. Target and input uncertainties combined with Bayesian

learning
5. Target uncertainties combined with Bayesian learning
6. Input uncertainties as feature
7. Input uncertainties as feature combined with Bayesian

learning

In our investigations, the term benchmark refers to the
method without using either Bayesian or aleatory and epis-
temic uncertainties. The different cases of analyses are
abbreviated in Table 1.

A neural network consisting of one LSTM layer is used,
as shown in Fig. 4. The number of hidden neurons, denoted
by H, is 1000. For all the analyses the same architecture is
used. We have tried several other architectures and this one
achieved the best performance in our tests. It is also simple
and efficient such that it can cope with different types of
input data. However, it can be shown that the method pre-
sented in this paper can perform well across a wide variety
of network architectures, particularly for sequential neural
networks.

The architecture consists of the layer of the inputs,
recurrent model, fully connected linear mapping, and the
layer of outputs. The dimension of the outputs Y depends
on the number of values in the training and test sets. If
there are n values in the training set, Y has the dimension
1� n. The dimension of inputs X, however, is dependent
on the number of features used, such that in case of using
uncertainties as features (i.e, IF and IFB in Table 1) the
dimension of the X reads as 2� n, while in other cases it
is 1� n, the same as that of Y.

We have used the first 70 percent of data as training and
the last 30 percent for the test of generalization (see
Table 2). Adam optimization scheme is used (Kingma
and Ba, 2015) for the optimization of the network. For

the initial values of the weights W 2 RH�c1�...�cp in the
Adam algorithm we use the Glorot point initialization
(Glorot and Bengio, 2010). The inputs are primarily the
values of EOP and GNSS station coordinates time series
and targets are the shifted values of inputs by one. Assum-
ing there are n points in the input X, then the input and tar-
gets are, respectively, X 1;X 2; . . . ;Xn�1½ � and X 2;X 3; . . . ;Xn½ �

http://geodesy.unr.edu/NGLStationPages/GlobalStationList
http://geodesy.unr.edu/NGLStationPages/GlobalStationList


Table 1
Analyses performed and their abbreviation. In the first four cases, the
modification is done in the loss function, using Eq. (14), (16), (18), (19). In
the last two cases, however, the uncertainties are used as features, using
Eq. (20)–(22).

Analysis Abbreviation

Target uncertainty T
Target and input uncertainties IT
Target and input uncertainties combined with Bayesian

learning
ITB

Target uncertainties combined with Bayesian learning TB
Input uncertainties as feature IF
Input uncertainties as feature combined with Bayesian

learning
IFB

Fig. 4. LSTM deep learning architecture used in this study, together with
the linear mapping FCL. H is the number of hidden nodes of the LSTM
layer.

Table 2
Number of training and testing samples for EOP prediction based on a
70%-30% split.

EOP Total Training Test

Polar motion 9978 6983 2994
LOD 6978 4884 2094
dUT1 12778 8944 3834
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for predicting one epoch to the future, see Fig. 5. In the
case of our time series, we effectively predict a single epoch
into the future from a set of values from the past. Addi-
tional epochs can be predicted by shifting the targets and
inputs by a value bigger than one day.

Remark 12. In the EOP prediction study the number of
samples is 9977 for polar motion components, 6978 for
LOD, and 12778 for dUT1. The number of samples for
training and testing are given in Table 5. In the case of
GNSS station coordinates time series the number of
training and testing for each time series is slightly different,
but mostly around 2450 for training and 1050 for testing.
Fig. 5. Input X and target Y values with Y equal to X shifted by one
epoch. This corresponds to the prediction of one epoch to the future.
5. Results and discussions

5.1. EOP prediction

We predict the targets of the test samples using the slid-
ing window approach mentioned in Fig. 5 and subtract
their corresponding actual values in order to evaluate the
performance. The results of the seven variations of the
method are shown for each of the four selected EOP
parameters in Figs. 6–9. Note that the curves in each figure
are shifted so that the differences become clearer. The
benchmark shows relatively lower performance compared
to the other methods (for the numerical results refer to
Table 3). The performance of the T, IT, TB, IF, IFB is sim-
ilar, which shows they are not the most useful combination.
In both parameters xp and yp using the complete loss func-

tion in Eq. (18) results in the best accuracy. From Figs. 6,7
one can see that there are periodic signals that are not mod-
elled well with the recurrent model. A deeper network can,
however, capture the periodicities, but the overall predic-
tive performance is lower, meaning the current architecture
works better than a model that captures the periodicities.
In fact, we tested an architecture that has three layers of
LSTM, with respectively 45, 30, and 7 for the number of
hidden nodes H. Despite the fact that the periodicities
are seemingly covered, the overall performance decreased.
This could be explained by the fact that as the depth of
the neural network increases, it could model the time series
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better. On the other hand, however, the number of param-

eters to be estimated increases (it is O H 2
� 	

) and thus there

is the need for more data. But in this case the number of
samples in data is the same for different architectures.

The yp component shows better accuracy compared to

the xp component. This can be explained by the fact that
the yp component is determined more accurately than the

xp component. In fact, this is in line with the better predic-
tion performance for yp compared to xp in different studies

such as Modiri et al. (2018) and Jin et al. (2021).
From Fig. 8 it is observed that all the methods show

similar performances and, unlike the case with components
of polar motion, using uncertainties as features is advanta-
geous. This could be referred to the fact that LOD repre-
sents a much more variable time series and more features
help to understand the changes better, rather than con-
straining and modifying the loss function. This is in con-
trast to the much less variable dUT1 time series (even
though its derivative is related to LOD, it is mostly domi-
nated by secular trends), for which, like the polar motion
components, using uncertainties in the loss function is
more efficient than using them as features. As one can see
from Fig. 9, using uncertainties as features is disadvanta-
geous for dUT1. For time series like dUT1 with a strong



Fig. 6. Differences between the predicted and observed targets for the test
set, xp component of the polar motion. The curves are shifted by 20 mas
each to make the the differences clearer.

Fig. 7. Differences between the predicted and observed targets for the test
set, yp component of the polar motion. The curves are shifted by 20 mas
each to make the the differences clearer.

Fig. 8. Differences between the predicted and observed targets for the test
set, LOD. The curves are shifted by 400 ls each to make the the differences
clearer.

Fig. 9. Differences between the predicted and observed targets for the test
set, dUT1. The curves are shifted by 40 ms each to make the the differences
clearer.
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trend, machine learning algorithms have difficulty learning
(He et al., 2016), so adding more features would not help,
but constraining the loss function and using Bayesian
learning seems to help for a better generalization.

In order to quantitatively compare the prediction uncer-
tainty of the seven variations of the proposed method, we
use three measures of uncertainty, namely Root-Mean-
Square Error (RMSE), Mean Absolute Error (MAE),
and symmetric Mean Absolute Percentage Error (sMAPE,
discussed in Makridakis et al. (2018)), defined based on the
q observed target values Y i; i ¼ 1; . . . ; q and their corre-

sponding predicted values bY i as the following.

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
q

Xq

i¼1

Y i � bY i

� �2
s

MAE ¼ 1
q

Xq

i¼1

jY i � bY ij

SMAPE ¼ 200
q

Xq

i¼1

jY i�bY ij
jY i jþjbY ij

ð24Þ

In Table 3, the values of these measures are included for
each individual EOP and for each of the seven variations
of the method. Note that the unit of RMSE and MAE
for polar motion is milliarcseconds (mas), whereas for
LOD and dUT1 are microseconds (ls) and milliseconds
(ms), respectively. sMAPE is expressed in terms of percent-
ages (%).

From Tables 3, it is evident that for polar motion and
dUT1 the inclusion of target uncertainties in the loss func-
tion mentioned in Eq. (14) produces better results than
considering them as features and even more so, when com-
pared to the benchmark. The effect of the Bayesian learning
is smaller than that of the target uncertainty. This implies
that the most important contribution comes from the tar-
get uncertainties. For LOD, however, consideration of
the uncertainties as features is more powerful than their
inclusion in the loss function. The reason could be, as men-
tioned, due to the higher variability of LOD compared to
other time series. In this case, using more features would
help achieving better results compared to the benchmark.
Across all parameters the effect of uncertainty in data–ei-
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ther as input or in the loss function–can be readily observed
when comparing the prediction performance to the bench-
mark. This implies uncertainties contain useful source of
information in machine learning framework.
5.2. GNSS time series prediction

We apply the same network architecture as in the case of
EOP prediction. As an example, the differences between
predictions and observed values of the u component (tar-
get) of the station 0FRL is shown in Fig. 10 for the same
seven variations of the proposed method.

In Table 4 the mean of the three mentioned uncertainty
measures over the 1000 stations of each of the seven anal-
yses is given.

As one can observe from Table 4, based on MAE and
sMAPE, addition of target uncertainties results in better



Table 3
RMSE, MAE, and sMAPE measures of the prediction of EOP, for seven different variations of the proposed method.

EOP T IT ITB TB IF IFB benchmark

RMSE
x(mas) 2.38 2.38 2.38 2.38 6.88 6.85 4.35
y(mas) 1.10 1.10 1.10 1.10 3.23 2.45 2.34
LOD(ls) 67.83 67.83 66.33 66.33 41.29 41.62 45.88
dUT1(ms) 3.16 3.16 2.81 3.16 20.44 20.44 17.85
MAE
x(mas) 1.42 1.42 1.42 1.42 5.87 5.77 3.33
y(mas) 0.85 1.42 0.85 0.85 2.78 1.99 1.94
LOD(ls) 53.29 53.29 52.09 52.09 32.16 32.49 35.58
dUT1(ms) 2.81 2.81 2.81 2.81 15.64 15.63 17.61
sMAPE
x(%) 6.06 6.06 6.06 6.06 19.53 18.04 7.47
y(%) 0.25 6.06 0.25 0.25 0.82 0.54 0.56
LOD(%) 14.90 14.90 14.90 14.90 7.77 7.60 13.64
dUT1(%) 0.02 0.02 0.02 0.02 0.12 0.12 0.14

Fig. 10. Differences between the predicted and observed targets for the
test set, 0FRL GNSS station coordinate time series, upward component
(u). The curves are shifted make the the differences clearer:
[20,40,60,80,100,120] mm.

Fig. 11. Distribution of RMSE (mm) of the ITB configuration for all the
1000 GNSS stations shown in Fig. 3.

Table 5
Time required to perform the training of algorithms and prediction of
GNSS station coordinates.

Study time required (days, hours)

T 1d14h

IT 1d16h

ITB 1d17h

TB 1d15h

IF 1d13h

IFB 1d21h

Benchmark 1d12h
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generalization when compared to the results obtained by
the benchmark. In fact, the ITB variation works much bet-
ter than the other varations, including TB and IT. Consid-
ering uncertainties as features is not performing as well, but
still better than the benchmark. This means that it is usu-
ally better to constrain and modify the loss function for
GNSS time series prediction, since the uncertainties are
good indicators of the quality and usefulness of the
samples.

In Fig. 11, the distribution of the RMSE (mm) of the
ITB configuration which performed the best is shown for
all the GNSS stations in Fig. 3. From Fig. 11, it can be seen
that the general performance for different time series at dif-
ferent locations is approximately uniform. This negates the
possibility of a large contribution from the length of the
Table 4
Mean of prediction accuracy measures of 1000 globally distributed GNSS sta

Uncertainty measure T IT ITB

RMSE(mm) 14.74 15.78 5.21
MAE (mm) 11.35 12.30 3.90
sMAPE (%) 3.84 4.12 3.93
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time series, when the length of time series are approxi-
mately in the same range. However, it reinforces the fact
that the most important contribution comes from the use
of uncertainties in the loss function.
tions for the different variations of the proposed method.

TB IF IFB Benchmark

15.75 15.93 15.80 16.06
12.26 12.40 12.26 12.83
4.15 4.71 4.39 4.95



M. Kiani Shahvandi, B. Soja Advances in Space Research 70 (2022) 563–575
6. Conclusions

Inspired by weighted and total least squares, we devel-
oped a framework for incorporating data uncertainties in
deep learning.We designed a specific loss function to include
both input and target uncertainties, as well as to incorporate
Bayesian learning. Through several tests related to geodetic
parameter prediction, we show that the loss function that
includes uncertainties in the input, output and Bayesian
learning results in better generalizations. It is necessary to
mention that the focus of the study is not on the prediction
of a specific time series and to set a new baseline in terms
of high accuracy compared to other methods. Rather, we
show that the use of uncertainties in neural networks is
advantageous for making better predictions compared to
the case of not using them. This means that almost any
regression problem for geodetic time series prediction can
be analyzed in this framework. Using more specifically
defined state-of-the-art algorithms in this framework could
result in even better generalization and predictions. We
specifically showed the improvement in the prediction per-
formance by neural networks when applied to EOPs and
GNSS station coordinate time series. The improvements
can be more than 50% in the specific study interval of EOPs
prediction. For the 1000, globally distributed GNSS station
coordinate time series, the average improvement for all the
time series is approximately 12%.

Although the method presented in this paper is funda-
mentally used for the regression problem, it can be applied
to the classification problem as well. In the case of time series
classification (Fawaz et al., 2019), the class uncertainty may
not play role as important as it did for the regression prob-
lem. Therefore, it seems that the role of input uncertainties
would be more evident there. In addition, the method can
be applied to other fields. If the uncertainties in data are
quantified, they can be used in deep learning approaches to
achieve better generalization. For future works, we suggest
to consider the uncertainties as the initial values of the uncer-
tainties to be derived from data based on the method in
Kendall and Gal (2017), provided that we have sufficient
amount of data. This way, the uncertainties are re-
estimated based on they behavior in neural networks. In
addition, it would be an interesting problem to consider dis-
tributions other than Gaussian for datasets. The method in
Kendall and Gal (2017) is especially useful when the size of
the dataset is large andwehave the uncertainties in data. This
would help in deriving more reliable uncertainties.
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Appendix A. Appendix

MATLAB R2021a is used for the experiments in the
paper. Custom deep learning layers are implemented using
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the MATLAB deep learning toolbox. The code was run on
the ETH Zurich Leonhard cluster, using 50 GB of RAM
(since then, Leonhard has been integrated into the Euler
cluster). The analysis of GNSS stations is more time con-
suming than the study of EOPs because of the sheer num-
ber of stations used in this study. The training of the
algorithms and prediction of EOPs is a matter of a few
minutes. The time required for each of the seven analyses
in the GNSS station coordinate prediction study is men-
tioned in Table 5. As it can be seen, usually the most time
consuming models are those that use the uncertainty in the
input, i.e., IT and ITB. However, IFB, unlike IF, seems to
be the most time consuming. The reason is the higher num-
ber of epochs used by the training procedure to learn mean-
ingfully from data compared to the other methods. When
the models do not improve after a certain number of
epochs, the training process is stopped, referred to as early
stopping in machine learning literature (Li et al., 2020).
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