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ARTICLE INFO ABSTRACT
Keywords: This paper presents a new approach to efficiently integrate long prediction horizons subject to uncertainty
Hybrid electric vehicles into a stochastic model predictive control (MPC) framework for the energy management of hybrid electric
Energy management system vehicles. By exploiting Pontryagin’s minimum principle, we show that the energy supply required to obtain a

Model predictive control

! R certain change in the state of charge (SOC) of the battery can be approximated using a quadratic equation.
Scenario optimization

The parameters of these mappings depend on the power request imposed by the driving mission and thus
allow to compress the time-resolved power profile into only three scalar variables. Having a driving mission
divided into several segments of arbitrary length, the corresponding sequence of quadratic approximations
allows to reformulate the original energy management problem as a quadratic program, which offers an
efficient way to include a large number of future scenarios. The resulting scenario-based stochastic MPC
approach prevents SOC boundary violations with a certain probability, which can be controlled by the number
of scenarios considered. To validate the quadratic approximation, we study two numerical examples using two
different vehicles, a series hybrid electric passenger car and a battery-assisted trolley bus. Finally, a case
study based on the operation of the latter is provided, which demonstrates the expected behavior and the
real-time capability of the stochastic MPC approach. While the SOC is maintained in predefined boundaries
with high probability, the required energy supply is only increased by 1.41% compared to the non-causal
optimum.
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1. Introduction
1.1. Context and motivation

Although overall greenhouse gas emissions in the European Union
have been declining in recent years, preliminary estimates show an
increasing trend in the emissions of the transport sector in 2018 and
2019 [1]. Consequently, the relative influence of the transport sector
on the total emissions has increased. This demands further actions in
order to achieve the goal of zero net greenhouse gas emissions in 2050
set by the European Green Deal [2], especially in road transport, the
largest contributor to transport emissions with around 71% in 2018 [1].

One approach pursued in this context is to increase the energy
efficiency of the vehicle fleet, which is mainly achieved with its elec-
trification using hybrid electric vehicles (HEVs) and battery electric
vehicles (BEVs). However, both technologies have certain shortcom-
ings. While the former is still relying on fuels as the main power source,
the latter is afflicted by what is known as range anxiety [3], where
drivers are concerned about the travel distances reachable. In both
cases, the drawbacks can be mitigated by using predictive informa-
tion about the upcoming driving operation: For HEVs, predictions of
the future power request allow to minimize the fuel consumption by
optimizing both the operation of the combustion engine and the use
of the battery capacity. For BEVs, predictions allow to determine the
achievable driving range.

1.2. Literature

Such predictive information can then be exploited by the energy
management system (EMS) of HEVs, various approaches to which
have been studied in the literature throughout the last few decades.
Based on the equivalent consumption minimization strategy (ECMS), a
realization of Pontryagin’s minimum principle (PMP) proposed by [4-
6], the approaches of [7,8], for example, use predictive data to generate
reference state of charge (SOC) trajectories that are then used in the on-
line ECMS controller to prevent violating the admissible SOC window.
The benefits of such approaches have been studied e.g. in [9], where
it is shown that predictive grade profiles based on 3D terrain maps can
improve the fuel economy on hilly driving missions by 1%-4%.

A more formal consideration of prediction updates and their horizon
is followed by model predictive control (MPC). Here, an optimal con-
trol problem (OCP) is repeatedly solved by finding a control strategy
on a receding prediction horizon of which only the first few inputs
are applied until a new strategy is available. This control structure
allows to handle highly nonlinear and interconnected systems with
various input and output signals, many state variables, and various
constraints. The underlying optimization problem may still be solved
using PMP [10], but also other methods are popular, such as dynamic
programming [11], or formulations as quadratic programs (QP) [12],
convex programs [13], or nonlinear programs [14].

The EMS approaches mentioned above all consider the predictive
data to be deterministic. However, predictive data is always subject
to uncertainty and thus stochastic methods such as stochastic dynamic
programming (SDP) and stochastic MPC (SMPC) have been proposed.
Classic SDP typically is based on a homogeneous Markov chain that
describes the probability of a sequence of future power requests based
on the current measurement. The resulting infinite horizon problem can
be solved offline using policy iteration [15], leading to a simple and
efficient online controller that exploits the previously generated lookup
tables [16]. Researchers have also studied position-dependent Markov
chains [17], leading to a finite-horizon problem, which, according to
the results obtained, is able to almost yield the global optimal fuel
consumption. Despite these promising results, SDP suffers the so-called
curse of dimensionality [18] and thus in general requires an offline
optimization, which cannot take into account new data on the fly.
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SMPC aims to close this gap by considering the uncertainty in
both the system dynamics and the predictions via so-called chance
constraints. Compared to robust MPC, where the constraints always
have to be satisfied, SMPC allows to find an optimal control policy
under uncertainty that is not overconservative but guarantees to ful-
fill the constraints with a certain predefined probability level. The
resulting stochastic OCP is typically solved either by following an
analytical propagation of the uncertainty or by using numerical ap-
proaches often referred to as scenario-based optimization [19]. The
analytical approaches in general are limited to linear systems and
simple probability distributions of the stochastic processes, such as
the normal distribution. Only in specific cases, it has been shown
that the tractability can be maintained throughout nonlinear systems.
Scenario-based approaches, on the other hand, use Monte Carlo sam-
pling techniques where the probability distributions can be of any form
or even unknown. The only requirement is that a sufficient number of
samples can be drawn from a random process, potentially also from a
collection of historic data. The disadvantages of this method are that
proofs of stability and recursive feasibility are currently still missing
and that it entails a greater computational complexity. The former
is considered a minor issue since the process is stochastic anyway
and therefore, guarantees that such conditions are met often are not
necessary. The latter, however, limits the capabilities of SMPC in real-
time applications in terms of the system model complexity, the update
frequency, the length of the prediction horizon, and the number of
scenarios considered and thus the robustness level that can be achieved.

Many online applications proposed in the literature therefore con-
sider short prediction horizons or horizons which are coarsely sampled.
Regarding EMS of HEVs, for example, [20] use 11 sample points within
a horizon of 120's to obtain a velocity prediction and [21] use scenario
trees with variable prediction lengths of 100s at most to estimate the
power request.

1.3. Research statement

To the best of the authors’ knowledge, real-time EMS controllers
based on long prediction horizons subject to uncertainty have not been
addressed in the literature so far. The consideration of long horizons is,
however, particularly relevant for vehicles with large battery capacities
and is ideally realized through stochastic optimization, as pointed out
in [22]. This requirement becomes even more apparent when the
primary energy source is not always available, such as for trucks with
partial overhead lines, trolley buses, or future scenarios where the
operation of combustion engines may no longer be allowed in city
centers. The problem on which we focus in this paper is therefore a
methodology for efficiently integrating long prediction horizons sub-
ject to uncertainty into a stochastic optimization problem that can
continuously improve itself with new experience.

1.4. Contribution

The main research contribution of this paper is a novel usage of PMP
to formulate scenario programs that consider long prediction horizons
subject to uncertainty. We show that a segmented power request tra-
jectory can be represented by a sequence of a quadratic functions, each
describing the energy supply required to obtain a certain change in SOC
in the corresponding segment. Using these quadratic approximations,
we formulate computationally efficient scenario programs that are
capable of simultaneously considering hundreds of scenarios. Accord-
ingly, they are applicable in online SMPC. The resulting scenario-based
MPC (SCMPC) is demonstrated in a case study, which addresses the
EMS of battery-assisted trolley buses that are equipped with batteries
in order to bridge grid-free sections of bus routes.
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Fig. 1. Modeled energy flows in hybrid electric vehicles. Filled arrows indicate positive
power flows, open arrows indicate negative power flows. Wavy arrows indicate losses.
The boxes in gray represent a generic power supply chain and are to be replaced with
a vehicle-dependent model.

1.5. Paper structure

The remainder of this paper is structured as follows: Section 2
presents the powertrain models used throughout the text and discusses
the optimal control problem present in HEVS. In Section 3, we present
the procedure by which a segment of a recorded power request signal
can be approximated as a quadratic function. Section 4 validates this
approximation by comparing the result obtained to an optimal refer-
ence in two separate studies, first on a battery-assisted trolley bus and
second on a series HEV passenger car. The quadratic functions are then
used in Section 5 to approximate the stochastic optimization problem as
a scenario program. Section 6 exploits the resulting formulation within
an MPC framework and demonstrates its applicability in a case study.
Finally, Section 7 discusses the conclusions and proposes future work.

2. Optimal control problem in hybrid electric vehicles
2.1. Model of the powertrain

Fig. 1 shows the main components and power flows of a generic
hybrid electric powertrain. The energy may be supplied by any sort of
energy source such as fuel, hydrogen, or electricity. Accordingly, the
energy converter can be realized with an internal combustion engine,
a fuel cell, or an electric power converter. Supplied by the power
P, (1), this unidirectional conversion provides the output power P,(r) and
causes the conversion losses P,(r). The energy storage device, illustrated
here as an electrochemical battery, provides the output power P, () by
reducing the internal state of charge &(r) and incurring the conversion
losses Py (f).

Assuming that the vehicle parameters are fixed, the mechanical
power required to follow a certain driving mission can be calculated
via the longitudinal vehicle dynamics [23] independently of and prior
to the optimization, i.e.,

Proy(t) = mu(t) - (6(1) + ¢, g cos a(t) + g sina(?)) + %pai, cq A 0(1)3, 1)

where o(r) is the vehicle speed and «(z) is the road grade. The vehicle
parameter m denotes the vehicle mass, ¢, and ¢4 are the coefficients
for the rolling friction and the aerodynamic drag, respectively, and
A; is the frontal area. The physical quantities p,;. = 1.225kg/m? and
g = 9.81m/s2 denote the air density and the gravitational acceleration,
respectively. If in addition, the traction power is provided exclusively
by electric motors, which is the assumption made throughout this text,
we can also directly calculate the power request P, (7). We assume an
auxiliary power consumption P, (r) and a constant efficiency # for the
electric motors, such that the electric power request is expressed as
follows [23]:

Preq(t) = Py () + i)brk(t) + Pt (1) - ”_Sign(Pmm(t))’ @
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Fig. 2. Equivalent circuit model of the battery.

where B, (t) denotes the power dissipated in the mechanical brakes.
In order to simplify the notation of the remaining parts of the

powertrain, we define the following two functions to denote the battery

dynamics and the converter model, respectively,

dé@)

-5 - fo(B®) . 3)

P(1) = f(P(1). G

Furthermore, we use two distinct vehicle models throughout this text,
i.e., a series HEV and a battery-assisted trolley bus. While the battery
model presented in Section 2.1.1 is independent of the vehicle type,
the converter model is specific to the vehicle type. The two variants
are introduced in Sections 2.1.2 and 2.1.3, respectively.

2.1.1. Battery model

The battery is modeled assuming an equivalent circuit model as
shown in Fig. 2, with both the battery internal resistance R, and
the open-circuit voltage U, being constant. This assumption typically
holds well within the desired operating range of modern lithium-based
batteries [24]. The power delivered by the battery is described by

B, (1) = I(1) - Uy (1), ()

where Uy(r) is the terminal voltage and I, (r) is the battery current
that discharges the battery for positive values. According to Kirchhoff’s
voltage law, we obtain

\JU2 - 4R, Pb(t)> , (6)

which introduces the following constraint on the battery power:

1
Iy () = Z_Rb <Uoc -

2

P.() < U 7
b(t)_4Rb. @

Using a Coulombic efficiency of 1, the dynamics of the SOC is given by
its time-derivative,

dEw _ I
&~ Qp

where Q, is the charge capacity of the battery. Accordingly, the battery
dynamics model (3) is given by

fo(B@) = _#bQo <UOC ~\/U2 - 4R, Pb(t)) . )

2.1.2. Converter model for a battery-assisted trolley bus

A battery-assisted trolley bus is a trolley bus equipped with a
traction battery in order to bridge certain sections of the bus routes
without overhead lines. Its powertrain is very similar to that of a plug-
in HEV, with the overhead lines in place of the engine-generator unit
(EGU). As shown in Fig. 3, the power supplied by the feed points of the
electric grid is transmitted via the overhead lines to the trolley poles of
the bus, where the unidirectional DC-DC converter is used to convert
the current from the voltage level of the overhead lines to that of the
battery. The electric circuit of the overhead lines is modeled as an ideal
voltage source, representing the constant voltage U, of the feed points,
in series with a constant resistance R,, which captures the transmission

(3
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Overhead lines and
DC-DC converter
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. . ANND-
the electric grid
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Fig. 3. Model of the power supply chain of the battery-assisted trolley bus, which
completes the vehicle model by replacing the generic model blocks shown in Fig. 1.
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Fig. 4. The speed-dependent converter limit, which prevents an accelerated wear of
the trolley shoes and the overhead lines.

losses. Hence, the model is similar to that of the battery shown in Fig. 2.
The power supplied to the electric grid is

P(1) = U, - 1,(0). 10)

where 1,(7) is the electric current flowing from the feed points to the
trolley poles of the bus. The power that arrives at the trolley poles is
given by

Py = (Ug = Ry 1,0)) - 1,0 an

The converter itself is modeled using a Willans approach [23], which
describes the converter output power as an affine relation of the electric
power at the trolley poles, i.e.,

P.(t) = e P,(1) = Py, (12)

where both the indicated conversion efficiency e and the idle losses
P, are constant model parameters. As a result, the combination of the
overhead lines and the DC-DC converter is modeled as follows:

fo(P®) = Uy - 1,(1)

U, >
=58 (Ug - /U2 -4R, Pp(t)>

U, P.(t) + P,

2 c 0
=—|U,-1/U2—-4R, """, 13
2Rg< ¢ \/g & e 1s)

which limits the converter output power to

U2
g
P(t)< — —P,. 14
() < 7 1 14
In addition, the current that can be drawn from the grid is limited in
order to prevent excessive wear due to heat buildup between the trolley
shoes and the overhead lines. This limit is speed-dependent, as shown
in Fig. 4. It can be translated to an upper bound for the converter power
via (11) and (12), such that

P < Pe(00) = e (Uy = Ry - Ty (00) ) - T, (000) = Py, as)

2.1.3. Converter model for a series HEV

A classical series HEV is propelled by an electric motor only. The
electric power is provided by the battery and an EGU, which is some-
times also referred to as an auxiliary power unit [23]. The energy may

Applied Energy 322 (2022) 119192
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tank
P.(1)

Fig. 5. Model of the power supply chain of the series HEV, which completes the vehicle
model by replacing the generic model blocks shown in Fig. 1.
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Fig. 6. Model of the engine generator unit (EGU).

be supplied by gasoline, Diesel, or natural gas, which is converted into
electrical energy via the EGU, as shown in Fig. 5. In the context of this
paper, we keep the exact specification open and discuss the chemical
power of the fuel P,(¢) instead.

Since the engine is only mechanically connected to the generator,
the rotational speed of both devices is independent of the vehicle speed.
It therefore represents a degree of freedom which can be exploited by
a lower-level controller in order to maximize the conversion efficiency.
As a result, the required fuel power can directly be described as a
function of the electrical output power, which can be approximated
well via a quadratic function [25],

F(R®) = 20 (PO + 0 Pott) + a3, 16)

where the constraint P,(t) < y()- P, is required for consistency and the
variable y(7) is introduced to describe the switching behavior, i.e.,

1 if EGU is running,
x® = . 17)
0 otherwise.

An illustration of the EGU model is shown in Fig. 6.
2.2. Problem formulation

We assume problem feasibility, i.e.,

P <P+ P V1, (18)
where

—~ J— 2

P, = min {Pb, be } (19)

respects the constant battery discharge power limit B, and the physical
limit (7) and
o |x®- P. for a series HEV,
P, = — U2
¢ min{PC(U(l)) s ZTg

g

(20
Py ; for a trolley bus,

which is either defined by the maximum EGU output power in the case
of a series HEV, or by (14) and (15) in the case of a battery-assisted
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trolley bus. In addition, we can assume that
P 2B Vi, 21

where P, is the constant battery charge power limit. This limit does not
restrict our choice of the driving mission since excess braking power
can always be dissipated in the mechanical brakes via P, (7).

The goal of the OCP for HEVs is to satisfy the power request Pq(7)
for all ¢ € [y, 1] by the converter and the battery such that the total
energy supply E, = ft(t)f P,(t)dr is minimized and all operating limits of
all devices are always respected. Furthermore, for conventional HEVs,
typically charge sustenance is required, meaning that the final and
initial SOC of the battery should be equal. For plug-in HEVs, on the
other hand, this challenge is often omitted due to the lower price and
emission levels of electricity, leading to a charge-depleting strategy.

The deterministic OCP can thus be written as in the following.
According to (18) and (21), the power balance Peg() = R0 + P(1)
is always satisfied with equality such that the OCP can be formulated
with only one degree of freedom, namely P, (¢).

It
min / P,(t)dt
fo

Py(n)

St Py = Py(0) + P,
d
3 £0 =1 (RO),
P0) = fo(P.(1)),
s e e,

R e |RR)

(22)

P.(1) e [0, f’:]

£(t0) = &init»
&(t¢) = Efinal»
where the lower and upper bounds of the SOC are denoted by ¢ and

&, respectively. The initial and final SOC are denoted by &, and_.fﬁnal,
respectively.

2.3. Stochastic OCP

In this section, we introduce the stochastic OCP using chance con-
straints on the system state, i.e., the SOC. A numerical approximation
of (22) formulated as stochastic OCP follows, where the forward Euler
method with a sample time of typically T, = 1 is used for long-horizon
applications:

K-1

min Z E [fc(Preq,k - Pb.k) ° Ts:|
Pp €Uk e
Vke(l,....K-1} -
s.t. Ee1 =&+ [P T Vk=1,...,K-1,
Prig ¢X] <e, Vk=1,...,K-1,
&1 = Einie»
$k = Sfinal-
(23)
Each stage cost is taken in expectation E[] since P, € RK-1 g

now considered to be a random variable. Hence, also P, € RX~1 and
&y, ..., Ex_1 are random variables. The state constraints are formulated
as chance constraints with the violation parameter ¢ € (0,1). The state
constraint set X and the set of feasible inputs U, are defined by

x =88], 24
U, = [max{PrquC - j’:,i},min{quwkj’;}], (25)

respectively, where the latter can be formulated on account of (18)
and (21) and thus ensures that all component constraints are satisfied.
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Stochastic OCPs such as the one presented in (23) are generally
difficult to solve. Even if X is a convex set, the feasible set described by
the chance constraints in general is not [26]. Therefore, we follow the
scenario approach [27] to approximate (23), which has the additional
benefit of being purely data-driven and independent of the underlying
mechanisms by which uncertainty is generated. Replacing the chance
constraints with regular constraints and using an appropriate objective
function, the goal of the scenario-based OCP is to find an appropriate
control strategy for a given number of scenarios such that all constraints
are satisfied for all of those scenarios. The required number of scenarios
to achieve a reasonably small risk is usually in the range of a few
hundreds, which strongly limits the complexity of the stochastic OCP
(23) and in particular the number of decision variables K. To mitigate
this limitation, we exploit the theoretical results of Pontryagin’s min-
imum principle. The corresponding formulation significantly reduces
the number of decision variables, while still maintaining a final control
policy that is easy to evaluate and optimal for each point in time.

3. Approximation using Pontryagin’s minimum principle

The theory of PMP [28] states that the solution to an optimal control
problem is fully characterized by a constant value of the Lagrange
multiplier A, also referred to as the costate variable, as long as the state
trajectory is within the admissible bounds and neither the objective
function nor the state equation depends on the state itself. This property
renders EMS an ideal application, as studied by many researchers, see
e.g., [6,23,24].

In the following sections, a brief description of the standard real-
ization of PMP for the energy management of HEVs is provided for
completeness. We then present an alternative solution method based
on a fragmentation of the driving mission, the result of which is then
used to formulate the scenario program approximating (23).

3.1. Pontryagin’s minimum principle

A thorough description and derivation of PMP can be found in
the book on optimal control of HEVs [29]. The theory provides a set
of necessary conditions that the optimal solution must satisfy, which
turns out to be also sufficient if the Hamiltonian function is strictly
convex in the control variable [6]. The solution to the OCP can then
be obtained by solving the so-called Hamiltonian system, which is a
two-point boundary value problem (TPBVP).

With regard to the energy management of HEVs, the corresponding
Hamiltonian function is defined as

H(Preq(t), Py(1); ,1) =P+ 4- fy(BD)
= 1o(Pag® = B + 3+ fo( D)

Both the objective function and the state update function (9) are
independent of the SOC, the latter due to the assumption of U, being
constant. As a result, the costate variable A(¢) is a piecewise constant
function in general. If the state constraints are not violated by the
optimal solution, 4 becomes a constant. Accordingly, the TPBVP can
be solved using a single shooting method in conjunction with a root
finding algorithm, for which the bisection method has shown to be
most suitable [30]. However, in the presence of active state constraints,
additional jump conditions need to be taken into account. A solution
to this problem is presented in [31], where the horizon of the problem
is recursively subdivided at instances where the most severe constraint
violations would occur if a constant solution of the TPBVP was used.
The resulting costate trajectory is shown to be the globally optimal
solution if the OCP has certain convexity properties. Moreover, if the
Hamiltonian function is not convex, e.g. due to on/off switching of
an internal combustion engine, the optimal control policy often is
not unique. In fact, without taking the corresponding singularity into
account, a desired target SOC is usually not exactly reachable [32,33].

(26)
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Fig. 7. Typical shape of the change in SOC 4" = E(’)(A) on a given segment i as a
function of 1 € [4,2].

In the interest of a better readability, we continue with the assump-
tion of no state constraint violations and no singular control problem,
while keeping in mind that methods exist for addressing the general
case. The solution of the OCP is then obtained numerically by finding
the optimal value of A* such that

It
Einit +/ fb(Pb*(T)) dt = &gnals 27)
fo
where Pb*(t) = P,(t; 4*) and
Py(t: 2) = arg r;;%g(H (Preq(t), Py(0); /1)) (28)

On the account of the definitions f, (P, (1)) and f,(P.(1)), it follows that
A < 0. Therefore, in ECMS, typically a variable s > 0 proportional
to —A/(U,. - Qp) is defined as the “equivalence factor” [24], such
that the intrinsic trade-off between the power being supplied and the
power being drawn from the battery appears more intuitively. In the
course of this paper, however, we keep the costate variable 1 € R g
such that its values are given in the physical unit of energy. For the
numerical integration of (27), the forward Euler method with 7, = 1
is used as in (23). The solution of (28) can be found either numerically,
using gradient-based methods or grid search, or analytically for certain
problems, as shown in Sections 4 and 6 below.

3.2. Direct multiple shooting

Instead of the single shooting method described above, the solution
to the TPBVP can also be obtained by dividing the horizon of the prob-
lem into several segments and applying direct multiple shooting [34].
In each segment i € {1,..., M} defined by the start time tg) and the

end time t() we calculate the change in SOC as a function of 4 using

[(r)

480 = ) = /() Fo (Pt 1)) dr 29)

where P, (#; 4) is parameterized by 1 € [ij] as in (28). A typical shape
of this function is shown in Fig. 7. The exact form of f, gi)(ﬂ) depends on

the power request trajectory P,.q(r) within t(') <t< ti."). Fig. 7 shows that
changes in SOC saturate on both ends of the spectrum of A, which is due
to the specific realization of the power request trajectory P,,(#) and the
physical limitations of the system. Reasonable values for a lower bound
A and an upper bound 7 can thus be found experimentally. If A is near
A, the battery is charged as much as possible within this segment. If 1
is near 4, a battery-depleting strategy results. While in both of these
regions, changes in A have only a limited effect on the change in SOC,
the strategy is very sensitive to changes in the middle range of A.

Similarly to (29), the energy supply of each segment is obtained as
a function of 1 as follows:

,(l)

EV = () = fL( Preg® = R6: 1)) db, (30)
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Fig. 8. Typical shape of the energy supply E® = g(’)<A§(’)> on a given segment i as a
function of the change in SOC 4¢", parameterized by A € [A,Z].

Combining (29) and (30), we can describe a mapping for each segment
i:

- (A¢<">, E§f>), (31)
for 4 € [4, 7]. Using the following definition for the domain on segment
i’

WO = [ Ar:m,@]’ (32)
we can define the mapping g@, i.e.,
g W [0, E0],
Aé(i) — E®
N

(33)

a typical shape of which is shown in Fig. 8. Having such a mapping
for each of the segments of the horizon, we can approximate the
deterministic OCP defined in (22) as follows:

Z g<:>( 5(:))

s.t. i + Z A8 e X,

i=1

A§<')GW(’) VAG

Vm=1,...,.M, (34)

M
Gt + 2, 46 = Efinal.
i=1
where the decision variables are the change in SOC in each segment
and the objective function is the sum of the corresponding energy
supply values that are required to achieve the changes in SOC. The two
constraints ensure that the SOC remains within the admissible window
and that the solution is charge sustaining, respectively.

The mappings (33) can be evaluated numerically by interpolating
the values of (31) calculated on a sufficiently sampled numerical range
of A. Alternatively, as motivated by Fig. 8, the mappings can also be
approximated quite well with a quadratic relation, i.e.,

<:)< 5(:)) A(:>( 5(:)) P +p
o0,

which converts (34) into a QP if p(') > 0 Vi. The parameters p( 5 Py
and p(’) can be obtained independently for each segment prior to the
optlmlzation, e.g. by using the method of least squares. This “encoding”
allows to represent the power request P,.() by a sequence of M tuples,
each of which represents the corresponding segment i with only three
parameters ( p(') p(') p(') Section 5 is to show that this encoding allows
the formulatlon of an SMPC strategy that is able to consider long
prediction horizons with a reduced number of decision variables and
constraints.

420 10 (220, @35)

4. Validation of the OCP approximation

At this point it is useful to present a validation of the claims made
above, particularly the statement that the combination of (34) and (35)
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Table 1

Parameters for the trolley bus case study.
m Vehicle mass 23000kg
A Frontal area 8.67 m?
¢ Aerodynamic drag coefficient 0.9
¢ Rolling friction coefficient 0.009
n Traction motor efficiency 0.9
P,y Auxiliary power 10kW
Ry Battery internal resistance 0.1Q
U,. Battery open circuit voltage 750V
[N Battery charge capacity 80 Ah
P, Maximum battery discharge power 350kW
P, Maximum battery charge power -350kW
£ Upper SOC bound 90%
I3 Lower SOC bound 50%
e Indicated conversion efficiency 0.95
P, DC-DC converter idle loss 200W
U, Grid voltage (at the feed point) 680V
R Grid resistance 0.4Q

is an appropriate approximation of the original problem (22). To do
so, we adopt (1) and (2) to calculate the power request to follow
the velocity profiles of the worldwide harmonized light-duty vehicles
test cycle (WLTC). The elevation profile is assumed to be flat. As
for the vehicle type, we study a battery-assisted trolley bus modeled
as described in Section 2.1.2 and a series HEV passenger car based
on the models presented in Section 2.1.3. In both cases, the power
request trajectory is split every 2km into M distinct segments, with the
remainder added to the last one. The chosen length allows for a clear
representation of the results, but is somewhat arbitrary, as Section 4.3
is to elaborate in more detail. For each segment i € {1,..., M}, we
choose several values of 4 € [4, 7] ¢ R,y and calculate AED and Ef)
according to (29) and (30), respectively. The resulting data points are
then approximated as a quadratic relation (35), for which constrained
linear least squares is used. Moreover, the data values for A£® are first
multiplied by Q- U, such that both the domain and the co-domain are
stated in physical units of energy. After solving (34) with the quadratic
approximation g instead of g, we invert the relation (29) illustrated
in Fig. 7 to obtain the costate values that correspond to the optimal
values of A£?). Based on the resulting piecewise constant function of
A1), the trajectories of the SOC and the energy supply are calculated
via (29) and (30), respectively.

4.1. Battery-assisted trolley bus

As a trolley bus is a heavy vehicle for inner-city driving, we make
use of the Class 2 test cycle that consists of the three parts for low,
medium, and high speed. The vehicle models are described in Sec-
tions 2.1.1 and 2.1.2. The parameters are listed in Table 1. The initial
and final SOC are set to &,;; = &gna = 70%. Using (9) and (13), we can
formulate the Hamiltonian function (26), the minimum of which can
be found analytically via the roots of its derivative w.r.t. P, (r), which
yields

4/12eRg<qu(z) + P0> + UgZ(QZUz - ,12e2)

0~ oc

Bt ) = (36)

4(22¢R, + U202R, )

A detailed derivation can be found in Appendix A. Since the Hamil-
tonian function is convex in Py (¢), (36) provides the unique optimal
solution if

P11 € [max{ Preg(®) = Bo, By Jomin{ Py, }] (37)

analogously to (25). Otherwise, the upper and lower boundary values
of the domain of (37) have to be considered, where the one leading
to a smaller value of the Hamiltonian function represents the desired
battery power.
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WLTC for Class 2 vehicles
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Fig. 9. Time-resolved results of simulating the trolley bus on the WLTC. The numbers
and the dashed lines in the top graph indicate the 7 segments of this driving mission.
For comparison, the optimal results of P, (1), &(r), and A*(r) using the single-shooting
PMP (27) are shown in blue, while the QP approximation (34)-(35) is superimposed
with dotted lines in red. The markers in the graph second to the bottom illustrate the
SOC trajectory as optimized by (34).

The time-resolved results are shown in Fig. 9. Clearly, the difference
in P,(¢) between the optimal solution and the quadratic approximation
is very small. In fact, the energy supply in total is 22.27 kWh in both
cases, which corresponds to 1.52kWh/km. The difference between the
two approaches becomes evident in &(r) and A*(f) where, however,
the value range shown of the latter is very small. Both the quadratic
approximations and the SOC difference as a function of 1 € [-100 kWh,
—50kWh] are illustrated in Fig. 10.

4.2. Series HEV passenger car

In contrast to the trolley bus studied, a series HEV includes a
binary control action for the engine on/off switch. As a result, the
SOC differences (29) as a function of the costate typically are not
well distributed, and the relations may even be discontinuous [33].
Therefore, unlike in Section 4.1, we now approach the mapping (33)
from the other direction and solve a TPBVB for each of the desired
target SOC differences using the strategy proposed in [33]. The results
are shown in Fig. 11. We uniformly distribute 21 target SOC differences
within a range of +25%. For the bisection method, we specify a
search interval of A € [-3.5kWh,—2kWh]. The minimization of the
Hamiltonian (26) is carried out for the two distinct cases (17) similarly
to [25]. However, in contrast to the approximated quadratic loss model
presented there, we use an algebraic solution of (28), the derivation of
which is given in Appendix B.
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Fig. 10. SOC difference as a function of the costate and energy supply as a function of
the SOC difference, both for the battery-assisted trolley bus. The dots of both graphs
represent the calculated data values. The curves and the circles of the right graph
represent the quadratic approximations and the solution of the quadratic program,
respectively.

Table 2

Parameters for the series HEV case study.
m Vehicle mass 1800kg
A Frontal area 2.2m?
¢y Aerodynamic drag coefficient 0.3
¢ Rolling friction coefficient 0.01
n Traction motor efficiency 0.9
P,y Auxiliary power 1.6kW
R, Battery internal resistance 0.15Q
U, Battery open circuit voltage 400V
Qo Battery charge capacity 2.5Ah
P, Battery discharge power limit 15kW
P, Battery charge power limit —-15kW
£ Upper SOC bound 90%
é Lower SOC bound 30%
E Maximum EGU output power 50kW
a EGU polynom parameter 0.005 1/kw
ay EGU polynom parameter 2.5
as EGU polynom parameter SkW

Segments: o1 @2 3 e4 o5 6 e7
x8 x9 10 x11
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Fig. 11. SOC difference as a function of the costate and energy supply as a function
of the SOC difference, both for the series HEV passenger car. The dots of both graphs
represent the calculated data values. The curves and the circles of the right graph
represent the quadratic approximations and the solution of the quadratic program,
respectively.

In order to demonstrate the general applicability of the proposed
method, we are using a medium-size passenger car with the parameters
listed in Table 2, driven on the Class 3 test cycle. The initial and
final SOC are set to &, = &inat = 60%. The driving mission and the
chosen segments are shown in Fig. 12, along with the results of the
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WLTC for Class 3 vehicles
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Fig. 12. Time-resolved results of simulating the series HEV passenger car on the WLTC.
The numbers and the dashed lines in the top graph indicate the 11 segments of this
driving mission. For comparison, the optimal results of P,(1), &(t), and A*(¢) using the
single-shooting PMP (27) are shown in blue, while the QP approximation (34)—(35) is
superimposed with dotted lines in red. The markers in the graph second to the bottom
illustrate the SOC trajectory as optimized by (34).

optimal single-shooting PMP (27) and the QP approximation (34)-(35).
The corresponding energy supply is 10.67 kWh in both cases, which
corresponds to a gasoline consumption of 5.181/100km, using a lower
heating value of 42.5MJ/k¢ and a density of 0.75kg/i. However, the SOC
trajectories resulting from the optimal single-shooting PMP and the QP
approximation are no longer as similar to each other as the ones shown
in Fig. 9. The main reason for this discrepancy is found in the on/off
behavior of the EGU, which has a decisive influence, especially at low
loads. As a consequence, the relations between the costate and both the
SOC difference (29) and the energy supply (30) are less smooth, which
lead to a poorer approximation of g. In the specific example studied
here, the optimization exploits this inaccuracy and depletes the battery
faster in the first two segments, which is compensated for mainly in the
fourth segment. The overall performance, however, is barely affected,
as can be seen in the final consumption.

The only problematic aspect of using the proposed approximation is
the loss of control over the SOC trajectories within the segments, as the
violation of the lower SOC boundary within the third segment clearly
shows.

4.3. Remark on the lengths of the segments
Our experience with various simulations has shown that, in princi-

ple, the segment lengths can be chosen arbitrarily and have no relevant
impact on the validity of the proposed approximation. Therefore, longer
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Fig. 13. Domain for the decision variable 4¢” of a specific segment i, assuming
only two scenarios j € {1,2} for visual clarity. The domains WD and W¢2 are as
defined in (32). The domain for the decision variable 4¢® is given by the intersection
WD A W),

segments allow to increase the compression of the data, which leads
to a smaller number of decision variables. However, since the opti-
mization (34) can only constrain the SOC values at the edges of the
segments, the trajectories within the segments are not constrained,
which may lead to violations of the SOC bounds, as can be seen in
Fig. 12. Accordingly, shorter segments increase the robustness of the
approximation with respect to those bounds. In summary, the choice of
the segment lengths allows a trade-off between the number of decision
variables and the robustness of the approximation with respect to the
admissible SOC window.

5. Scenario-based model predictive control
5.1. Scenario program with classic structure

In this section, we present the scenario program that approximates
the stochastic OCP (23). Using the segment-based compression (33), the
stochastic OCP (23) is approximated by the following scenario program,
where the superscript (i, j) refers to the ith segment of the jth scenario,

. &
m' —
N &

Mz

g(i,/’) (A{,’(i))

I
—_

N
s.t. 460 ﬂ WED, vi=1,..., M,
. =t (38)
Sinit T Z 480 e X,
i=1
M

Gt + ) A = g,

i=1

Vm=1,...,.M,

As in the classical scenario approach [27], each segment i corre-
sponds to one control input 4¢?, which holds for all scenarios j €
{1,..., N}. Each of the N scenarios is thereby described by M mappings
§(f’1>(A§(i)). The resulting energy supplies are aggregated using an
average cost formulation. The M domain intersections ensure that each
decision variable A4¢®) remains feasible for all scenarios, an illustrative
example of which is shown in Fig. 13.

However, these constraints can be very restricting and even lead to
an infeasible problem if the individual domains of a certain segment
do not overlap. Realizing, though, that due to the maximum charging
capabilities, only the upper bounds of the intersections are actually
restrictive, we can remove the lower bounds. As it is always possible to
dissipate electric power, we only have to ensure that the corresponding
energy supply is zero below those bounds, which is implemented using
pointwise maxima [35]. In addition, to ensure feasibility for almost
any scenario, the final state constraint is replaced by a soft constraint,
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which is penalized via the hyperparameter x. Finally, we drop the
normalization in the objective function. Hence, (38) becomes

N M M 2
min - Y| Y max {0, 8 (480) } +x <§inn + 480~ éﬁna1>
=1 i=1

a0 3|

s.t. 46D < min {Ag(m } Vi=1,..,M, (39
J

m
Sinit T Z 480 e X,

i=1

Vm=1,....,.M,

where k needs to be large enough such that the final SOC constraint is
satisfied whenever possible.

5.2. Discussion on generalization

Intuitively, the more scenarios are used, the harder it becomes
to satisfy all constraints of (39) and the greater the objective value
becomes, and vice versa. However, in order to keep the probability of
violating the SOC constraints below a certain level ¢, a sufficiently large
number of scenarios has to be taken into account. This mathematical
relationship is referred to as the generalization theory.

In the classic scenario approach [27], it translates to the follow-
ing condition, which holds for convex problems and identically and
independently distributed (i.i.d.) scenarios. If

N22<ln%+Mln2>, (40)
€

then, with probability of at least 1 — g, the probability of violating the
SOC constraints is at most ¢. As the confidence parameter f € (0,1)
accounts for the possibility that the sampled scenarios cover only a
small amount of the probability mass, it typically is assigned a rather
small number. The lower bound (40), however, is tight only for fully
supported problems, where the number of optimization variables is
equal to the number of support constraints. A support constraint is
defined as a constraint, the removal of which causes a change in the
solution of the program. For convex problems, the support constraints
are a subset of the active constraints.

Hence, for most practical applications, (40) is too conservative,
which has prompted further research in various directions aiming at
finding tighter bounds for the required number of scenarios [19,26,36—
38]. Another direction is proposed by [39,40], where the number of
support constraints is evaluated after solving the problem. Under the
assumption of existence and uniqueness and non-degeneracy of the
problem, upper and lower bounds for the risk, i.e., the probability
of constraint violation, are derived in [40]. These confidence regions
are shown in Fig. 14 for various numbers of scenarios and values of
the confidence parameter . With high confidence 1 — p, the risk for
the solution to violate a new, out-of-sample, state constraint & € X is
within the corresponding interval [g(ns),E(ns)], where ng is the number
of support constraints observed. According to [41], the assumption
of non-degeneracy can even be dropped and the number of support
constraints can be replaced by the number of active constraints.

As a conclusion, if typically only a few constraints of the problem
are active, the a posteriori evaluation of the violation probability offers
the advantage that much fewer scenarios have to be considered for the
same violation level. Accordingly, it allows the treatment of problems
with a much larger number of decision variables. However, since the
violation level can only be estimated after the problem has been solved,
no guarantees for a generalization can be given beforehand. Thus, if
required by a particular application, (40) or appropriate improvements
from the aforementioned references must be consulted.

With regard to the EMS of HEVs, this discussion boils down to the
length and the discretization of the prediction horizon. If, for example,
the segments have a length of 500m and the prediction horizon is
5km, according to (40), the violation probability is guaranteed to be
below 5% with a probability of 99.9% if N > 550, which is a feasible
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Confidence regions for various values of N and p
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Fig. 14. Theoretical bounds on the risk, i.e., the probability of violating new, out-of-
sample, constraints, according to [40]: The risk for the solution to violate the random
constraints is within the interval [g(nh),?(ns)] with confidence 1 — §.
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Fig. 15. Illustration of a scenario tree based on N = 100 scenarios. Each vertex
represents one decision variable 4@, indexed by #. The variable i denotes the segment

or level. The branches of the tree can be of different lengths and can represent different
numbers of scenarios ;.

j €118,34]

J € [35,58]

number in practice. On the other hand, if the segments should be
shorter and the horizon should be longer, the classic scenario approach
quickly becomes impractical. In addition, in case the scenarios are
substantially different because they branch out in different directions
at road junctions, for example, a single sequence of decision variables
might not be able to meet all constraints of the problem anymore.
Hence, a different structure than the classic formulation of the scenario
program is required, which introduces even more decision variables.

5.3. Scenario program with tree structure

One such alternative formulation to the classic scenario approach
is proposed by [21]. The authors expand a scenario tree in the most
likely direction, where a separate decision variable is associated to
each vertex. As a result, the sampled scenarios partly share the same
decision variables. The approach is based on [42,43] and builds upon
the SMPC approach that involves a scenario enumeration and a QP
proposed by [44].

An illustration of such a tree structure is shown in Fig. 15. Each
decision variable 46¥),# e {1,...,L} is associated to a selection of
scenarios at the corresponding segment. For example, the value of
A0 determines by how much the SOC is changing within segment
i = 4 for all scenarios j € [59,100].

We adopt the scenario program (39) dedicated to the classic sce-
nario approach and use an epigraph formulation to simplify the nota-
tion and improve the efficiency of finding solutions with appropriate

10

Applied Energy 322 (2022) 119192

solvers. As discussed in Section 5.2, a tree structure almost surely calls
for an evaluation of the violation probability after solving the problem.
Hence, the number of decision variables additionally introduced here
is irrelevant. The scenario program for the tree structure then reads as
follows:

min Z ZE(”) +LI ;( —fﬁnal)z

a0l |02
s.t. £ ex, V¢ =1,...,L
EWD >0, Vi=1,....M;, j=1,...,N,
EG) > g(i,j)(Af(v(i,j))) Vi=1,..,M;, j=1,..,N,
A6 < min {m} Ve =1
(i,))ES,
41

where M; is the length of scenario j, £ C (1,...,L} is the set of
indices representing the leaf vertices, and the cardinality |£| denotes
the breadth of the tree. To get the vertex for a specific segment i and
scenario j, we define the function # = v(i, j). The other way around, the
set S, denotes the pairs of (i, j) that are associated with the vertex 27,
ie.,, S, ={(i,j) € NxN| v, )= ¢}. For illustration purposes, we refer
to Fig. 15, where £ = {9,10,13,19,21} and for example v(5,36) = 11
and S;5 = {(5,/) | j =59, ...,100}. The variable £&“) denotes the SOC
at the vertex ¢ including A&, It is obtained by adding 4¢®) and all A&
values of all ancestors of the vertex ¢ to &;.

5.4. Online learning stochastic model predictive control

The concept of the SCMPC approach proposed in this paper is
illustrated in Fig. 16. While in general, the segmentation of the driving
missions can be chosen arbitrarily, as discussed in particular in Sec-
tion 4.3, the SCMPC approach requires a spatially consistent separation
of the recorded trips such that the resulting segments can be matched
and predictive scenarios can be generated. Motivated by the following
case study in Section 6, we exemplarily use bus stops of an urban public
transportation system in the following description of the approach as a
representation of such separating waypoints.

The controller consists of two processes: The first process repre-
sents the learning, prediction, and scenario-based optimization and is
triggered whenever the vehicle passes a bus stop. The second process
ensures that the power requested by the driver is optimally divided
between the battery and the converter and runs at a higher frequency
of 1 Hz.

5.4.1. Prediction and optimization

As illustrated in Fig. 16, the purpose of the predictions is to optimize
the parameters of the lower-level controller on the basis of a set
of scenarios sampled from a database. This database represents the
learned road network and consists of data from all previously traveled
segments, indexed by the corresponding bus stops at the beginning
and end of the segments. The scenarios are generated by sampling
sequences of these segments that are linked by the corresponding bus
stops. However, in order to prevent unrealistic scenarios such as sudden
changes in the direction of travel, we establish a Markov chain (MC)
of second order, which provides the probability of an upcoming bus
stop as a function of the current and previous ones. The scenarios are
then used to formulate a scenario program either with a flat structure
(39) or a tree structure (41). The result of the scenario program are
sequences of changes of the SOC, which are optimal in the stochastic
sense. Obviously, the database must thereby already contain a sufficient
number of recorded segments to offer a good enough representation of
possible future scenarios.

Since the entire prediction procedure is repeated on a receding
horizon whenever the vehicle passes a new bus stop, only the first value
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Fig. 16. Flowchart illustrating the SCMPC concept proposed in this paper. Whenever
the vehicle passes a bus stop, predictive scenarios are obtained and a scenario program
is formulated. Its solution is then used in a lower-level online controller running at
a constant frequency of 1Hz. The blocks highlighted in gray illustrate the learning
procedure, which is illustrated in more detail in Fig. 17.

of the result, i.e., Aé(D) is needed. This value can then be used to update
the SOC target of an appropriate lower-level controller, such as for
example the one proposed in [7]. In addition, we can get an estimate
for the ideal value of the costate variable by exploiting again the
mappings defined in (33). In particular, by inverting (29), we can find
a candidate for the optimal costate value for the first segment of each
scenario, denoted by 2D V. ,A(]\ll) . A reasonable choice for determining
representative scalar values is to use average functions or the smallest
value, where the latter ensures that the battery is not depleted more
than in the worst-case scenario considered. These values may then
directly be used to minimize the Hamiltonian function (28) or serve
as a feed-forward term for the PI controller, as illustrated in Fig. 16.
Finally, based on the number of active constraints and the theoretical
bounds on the risk shown in Fig. 14, we can get an estimate of the
probability that the SOC bounds are violated in the future.

5.4.2. Learning
The procedure followed to update the database is illustrated in
Fig. 17, which is represented by the right block highlighted in gray
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Fig. 17. Flowchart illustrating the procedure followed to update the MC and the
database, i.e., the learning process.

in Fig. 16. The power request P (f) is continuously recorded while
the vehicle is driving between two consecutive bus stops. As soon as
the vehicle arrives at a new bus stop, the segment is complete and
the recorded trajectory between the start time ¢, and the end time 7,
is processed as follows: First, both the change in SOC and the energy
supply are calculated as a function of 4 via (29) and (30), respectively.
Then, the mapping E; = g(4¢) is created as defined in (33), which
is approximated with a quadratic relation as in (35) via the method of
least squares. Finally, the resulting set of parameters (p;, p,, p3) and the
function A¢ = f:(4) are added to the database, indexed by the two bus
stops that enclose the segment analyzed.

5.4.3. Lower-level controller
The lower-level controller of the particular setup shown here is
implemented as adaptive ECMS (A-ECMS) [45] with the following PI

controller for A:
1 t
ﬁ ,/tini[ (5(7) - ‘fref) dT) .

Whenever a new solution of the scenario program is available the
integrator is reset and both the SOC reference and the initial costate
variable 4, are updated. Based on the values of the resulting A(f) and
the current power request P, (f) we can formulate the Hamiltonian
function (26) and minimize it as in (28) to obtain the battery power
Pb* (#) and the converter power P(7).

A) = Ay + K - <<§(1) - 'fref> + (42)

6. Case study: Battery-assisted trolley bus in Ziirich

This section presents a case study that demonstrates the applica-
bility of the proposed SMPC approach. It addresses a trolley bus that
is equipped with a battery in order to bridge grid-free sections of the
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Fig. 18. Learned route segments of the trolley bus network in Ziirich, superimposed
on the four color-coded trolley bus routes, i.e., green: 33, blue: 46, yellow: 72, red:
83. Route 72 resembles Route 83 on the northeastern part. Route 33 resembles Route
83 in its middle part, and follows Route 46 eastwards for a short distance before
they separate. The dotted lines indicate grid-free segments. The dashed lines indicate
segments which are driven both ways, but are grid-free in only one direction. The
circled letters indicate locations visited during the actual test drive. Map data ©2021
Google.

bus routes. The main advantage of not covering the complete routes
or removing infrastructure is the reduced total cost of ownership of the
public transport operator [46]. In return, the vehicles must be equipped
with batteries whose charging strategy is subject to optimization. Obvi-
ously, the main goal besides the minimization of energy supply from the
grid is to guarantee that the battery never runs out of charge during the
grid-free sections, or that in the specific case of the trolley bus under
consideration, the SOC never falls below the limit of 50% set by the
vehicle control unit.

6.1. Setup

The case study presented here is based on four of Ziirich’s trolley
bus routes, the most relevant features of which are listed in Table 3.
As all of these bus routes pose different challenges, it is particularly
difficult for an online controller to achieve an energy efficient operation
without violating the SOC bounds if the bus route is unknown, which
is assumed for this case study. We therefore adopt the SMPC concept
described in Section 5.4 and illustrated in Figs. 16 and 17, which is able
to handle long prediction horizons subject to uncertainty. The vehicle
is modeled as described in Sections 2.1.1 and 2.1.2, using the battery,
the converter, and the grid parameters listed in Table 1.

To generate predictions, the case study assumes that the MC for
predicting the upcoming bus stops and the database have already been
generated in a preliminary training step, which covers bus trips of
nearly 2800km over a period of 178 hours on all four bus routes.
The corresponding measurements of the power request profiles P, (f)
are naturally subject to various disturbances, such as climatic condi-
tions, fluctuating auxiliary demands, passenger loads, etc. The resulting
learned road network consists of 6548 quadratic approximations dis-
tributed among 142 road segments between bus stops, 19 of which are
grid-free. The travel distances of these segments are on average 420 m,
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Table 3

Features of individual round trips of four of Ziirich’s trolley bus routes.
Route Duration Length Grid-free Elevation
33 83 min 24.4km 2.5km (10.4%) 126 m
46 49 min 14.8km Okm (0%) 102m
72 71 min 18.2km 1.8km (9.7%) 72m
83 59 min 14.7 km 6.1km (41.2%) 80m

with a minimum and a maximum of 116 m and 1165m, respectively.
A geographical representation of this database is shown in Fig. 18.

The actual test drive consists of two trips of roughly 97 km in total,
with the bus first operating on Route 83 for 3h and then switching
to Route 46 for 3.5h. The associated elevation profile and the grid
availability are shown in the top graph of Fig. 19. The first part of the
test drive starts in the depot (@ shown in Fig. 18 and then alternates
2.5 times between the locations ® and ©, ending again at the depot
(. The second part alternates four times between the locations @ and
(© after starting at the depot @, and before ending again at @.

6.2. Online controller

Each time the bus passes a learned road segment a new set of N =
100 independently sampled predictive scenarios is obtained, where
each scenario may follow along any route after a junction and consists
of as many consecutive segments as necessary for a prediction horizon
of 15km. As mentioned in Section 5.2, a tree structure is preferable
when the sampled scenarios are substantially different, which is clearly
given here due to the grid-free sections. For example, two scenarios
could interfere with each other in a classic formulation if the grid-free
sections in the first one are exactly where they are not in the second
one, and vice versa. Accordingly, we group the sampled scenarios based
on the common stops into a scenario tree, an exemplary result of which
is illustrated in Fig. 15, formulate the scenario program (41), and
evaluate the probability of violating the SOC constraints a posteriori
based on the theoretical bounds shown in Fig. 14.

Based on the resulting optimal change in SOC 4¢0) and the corre-
sponding set of costate variable candidates A(ll), s Ag\lj) within the first
segment, we can update the PI controller parameters as described in
Section 5.4.3. Hence, &, = 46D + &(r) and 4, is set to the median
of A(ll), ,A(I\lj) . Before the first scenario program is solved, we use an
initial value of A;,,;; = —80kWh. The controller gain and the time
constant are chosen to be K = 120kWh and T; = 1 h, respectively. The
resulting costate trajectory is shown in the graph second to the bottom
of Fig. 19, along with the values of ;.

6.3. Comparison with other strategies

To compare our approach with other strategies, we simulate the
same test drive with a pure A-ECMS controller and with the prescient
MPC (P-MPC) strategy, the latter of which assumes perfect knowl-
edge of the future within the prediction horizon. The parameters of
the former controller are identical to those of the SCMPC approach
mentioned above. They have shown to be a reasonable choice for a
variety of driving scenarios on the four trolley bus routes of Ziirich. The
latter controller is not causal, but allows an estimation of the possible
performance with a predictive controller. Its prediction horizon is set
to 15km and its update interval is set to 60s. In addition, the global
optimal benchmark is obtained by solving a TPBVP over the entire
horizon of the test drive.

The time-resolved data of Fig. 19 clearly shows that the SCMPC
approach maintains a higher SOC than the other strategies, which can
be explained by the stochastic predictions that constantly take into
account the grid-free sections. Initially, the battery is discharged in
the same way as in the A-ECMS. However, as soon as the vehicle is
driving on the previously learned road network and the first prediction
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Fig. 19. Time-resolved results of the case study. The top graph shows the elevation
profile, superimposed on the grid availability during the test drive in gray. The circled
letters together with the dotted lines indicate the times at which the vehicle passes the
locations shown in Fig. 18. The color-coded SOC and costate profiles in the middle two
graphs allow the results of the proposed SCMPC approach to be compared with the
A-ECMS and P-MPC controllers, and to the global optimal benchmark obtained with
PMP. The black dots in the graph second to the bottom indicate the values of A,
which are fed forward to the PI controller of the SCMPC approach at the corresponding
instances in time. The bottom graph shows the piecewise constant SOC profile & (1)
of the SCMPC approach in black and the SOC trajectories ¢V, @, ... of five exemplary
scenario trees in gray. The vertically dotted lines indicate the time at which the SOC
trajectories are obtained, i.e., the time at which the corresponding scenario program
is solved.

Table 4
Results of the case study.
E; £ty) E - E, Spyp
PMP 149.1kWh 70.0% 1.54 kWh/im -
P-MPC 149.4kWh 70.0% 1.54 kWh/km 0.16%
SCMPC 157.8kWh 80.9% 1.56 kWh/km 1.41%
A-ECMS 152.2kWh 70.2% 1.57 kWh/km 2.00%

is available, the controller aims to increase the SOC again, resulting
in a trajectory almost identical to those of P-MPC and PMP. However,
compared to these two strategies, the SCMPC approach maintains a
certain SOC margin from the upper bound, evident at about # = 50 min.
In the later course from about r = 150 min onwards, the SOC is generally
kept higher for more robustness against potential grid-free sections,
which ultimately results in a higher final SOC. The bottom graph shows
the SOC reference trajectory & .¢(¢), along with five exemplary solutions
of the scenario program.
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Fig. 20. Histograms of the converter output power P, that result from the three
online controllers studied, i.e., SCMPC, A-ECMS, and P-MPC, and the global optimal
benchmark obtained with PMP. The histogram of the latter is superimposed on the
other histograms for comparability.

The numerical results are summarized in Table 4. P-MPC results
in the lowest energy consumption among the online controllers and
achieves the desired &, = 70%. The relative difference in energy
supply compared to PMP is only épyp = 0.16%. The two causal
controllers SCMPC and A-ECMS both result in a value of £(#;) that
deviates from the desired target. For a numerical comparison, the
excessive battery energy E, = (&(t;) — &gpal) - UoQp is subtracted from
the energy supply. This best-case assumption corresponds to lossless
charging. Hence, especially the resulting relative error of 1.41% for the
SCMPC approach is rather conservative.

The energy savings achieved by the SCMPC approach compared to
the A-ECMS can be attributed to the more balanced power distribution
over time, shown as histograms in Fig. 20. Due to the greater resistance
in the grid compared to the battery and the increase of the grid
losses with increasing converter output power P,, it is advantageous
to aim for low values of P, in order to reach the total energy sup-
ply required to meet the SOC target. Accordingly, the global optimal
benchmark obtained with PMP results in power values that are mostly
in a moderate range between 20 kW and 25kW. While the non-causal
controller P-MPC achieves a similar result, the two causal controllers
SCMPC and A-ECMS have significantly higher values of P,. However,
compared to the A-ECMS, the fraction of time P, is above 75kW is
significantly reduced by the SCMPC approach, indicating the energy
savings achieved.

6.4. Risk evaluation and execution times

During the simulation, 197 scenario programs are solved, on aver-
age every 113s. In only 9 solutions of those, exactly one SOC constraint
of (41), i.e., £&¥) € X is active. The bounds shown in Fig. 14 thus allow
the conclusion, that, in general, with high confidence of 1 - = 99.9%,
the SOC constraints are violated with a probability smaller than 10%
in roughly 95% of cases and with a probability smaller than 12% in
the remaining 5% ones, where a constraint is active. Although we do
not have a proof, we expect the violation probability to be lower in
practice, since the scenario program is repeatedly solved with new
samples whose horizons largely overlap. The number of vertices of
the scenario trees, i.e., the number of decision variables, on average
amounts to 150, with a minimum of 63 and a maximum of 278.

Concerning the execution times, the transcription and solving of the
scenario programs take on average 0.7s and 1.1s, respectively. The
maximum observed execution times are 1.5s and 2.8s, respectively.
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The sampling of the scenarios and the construction of the scenario
trees can be implemented to be very efficient with a suitable data
structure. The simulations presented here are carried out on a laptop
computer with an Intel Core i7 processor running at 2.7 GHz and 16 GB
of RAM. For solving the convex programs we are using the CasADi [47]
interface to Ipopt [48] and the linear solver MUMPS [49]. Given
the above execution times and the frequency at which the scenario
programs are solved, we conclude that the proposed SCMPC is real-time
capable, even with less powerful embedded computers for automotive
applications.

7. Conclusion
7.1. Contribution

In this paper, we propose a new stochastic MPC approach that can
take into account long prediction horizons subject to uncertainty, which
is particularly relevant for vehicles with large battery capacities. The
main contribution is a new technique to combine the optimality condi-
tions of Pontryagin’s minimum principle with the scenario approach in
order to achieve the computational efficiency that is required for real-
time feasible energy management controllers. The approach consists of
a division of the driving mission into independent route segments, in
each of which the energy supply required to obtain a certain change
in the SOC of the battery is described as a quadratic relation. These
approximations allow the formulation of convex scenario programs
that are capable of taking into account hundreds of scenarios several
kilometers long. Moreover, theoretical bounds on the risk of violating
the SOC bounds can be applied.

For demonstration purposes, we provide a case study which ad-
dresses the energy management of battery-assisted trolley buses
equipped with batteries to bridge sections of bus routes where overhead
lines are not available. Despite the additional challenge of avoiding to
deplete the battery within such grid-free sections with a certain prob-
ability, the numerical results of the proposed scenario-based stochastic
MPC approach show an increase in the total energy demand of only
1.41% compared the global optimum. Hence, we are convinced of the
usefulness of the proposed approach and think that it opens a new
perspective in the literature on EMS with uncertain long prediction
horizons.

7.2. Outlook

In the case study presented, we assume that the bus route is un-
known. However, since in practice it is often known, future work could
take this information into account when sampling the scenarios. In
addition, rare events such as network outages, detours, or unplanned
returns to the bus depot could also be considered, although additional
caution is needed to ensure that the results are not too conservative.
The two validations presented in this paper show that the proposed
strategy is applicable not only to battery-assisted trolley buses, but
also to other powertrain configurations such as those found in series
HEV passenger cars. Further studies could therefore investigate the
applicability to such vehicles. Analogously to the grid-free section of
trolley buses, emission-free areas could be addressed.
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Appendix A. Derivation of the Hamiltonian minimization for a
battery-assisted trolley bus

The minimization (28) can be carried out algebraically using the
battery model (9) and the converter model (13). We assume problem
feasibility (18) and in addition (21), such that the power balance P,(r) =
Prog()— Py(1) is always satisfied. The Hamiltonian function (26) yields

H ( Py 1), Po(0: ,1)

Uy e g Ba®=BO+ R
2R, | ¢ g g e

g

__4 _ o2 _
7700 <Uoc VU2 4Rbe(I)>. (AD)

Its derivative w.r.t. P,(¢) yields

OH() _ U,

OP(1)
) e\/Ug2 — 42 (P - P+ o)

- A (A.2)

001/U2 — 4 Ry Py(1)

for which the root yields the algebraic solution for the minimum (36).

Appendix B. Derivation of the Hamiltonian minimization for a
series HEV

The minimization (28) using the vehicle-specific converter model
(16) can be described using a case distinction and algebraic equations.
We assume problem feasibility (18). The optimal battery output power
for a given value of 4 is

Ry(t:4) = arg min {Hm(qu(t), Py(1); /1) Hyp (qu(t), Py(0); /1) } . (B

where the subbranch for the Hamiltonian when the EGU is turned off
is given by

Hoge (Pegl®), Po(0: 2) = 4y (B0 ®.2)

Respecting the battery power limits (21), we obtain the optimal battery
power and the corresponding Hamiltonian,

P 0) = Prg 0, (B.3)

b fo( Prgg@:4) i Py < B,

00 otherwise,

HY (1) = (B.4)
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where the latter case ensures that the EGU is used if the power request
exceeds the battery power limits. If the EGU is running, the subbranch
for the Hamiltonian yields

2
Hon(Preg(®, Po(0): ) = a1 (Preg() = Po(0))
+aty (qu(t) - Pb(t)> +azg+ - fo(P(0), (B5)

for which the first and second derivatives w.r.t. B (r) yield

0H
Hor 2y (Pg = By) =t - ——— ®.6)
b 00\/UZ — 4Ry P,
0%H AR
;m = 26{1 - 2—b3/2, (B.7)
oF; 0y(U% - 4R, R,)

respectively, where all time and variable dependencies were omitted
for clarity. An algebraic solution for the minimum can be derived via
the roots of (B.6). Moreover, from (B.7) being greater than zero for all
A<0and P(1) < UZ /4 R, we know that (B.5) is convex and has a unique
minimizer.

The roots of (B.6) can be expressed via the cubic equation

aPy ()% + b(1) P,(t)% + c() P,(t) + d(1) = 0, (B.8)

for the derivation of which both sides of the equation are squared.
The extraneous solutions introduced by this step can be discarded a
posteriori by validating that (B.6) is equal to zero. The coefficients are

a=—16a%Rb,
b= 40:%U02C —2aP g +16a1a5R,,
2 2 2 (B.9)
c=4may (4RbPreq—UOC)—4a2Rb—2bP,eq—3aPreq,
2772 p2 2 2072 _ 32702
d :4a1U0CPreq+4¢x1a2UOCPqu+a2UOC—A /0%,

where all time dependencies were omitted for clarity. Using the prim-
itive cube root of unity, z = —% + @, and the following auxiliary
variables defined via the coefficients of (B.9),
@ = 2b% — 9abc + 274%d,

¢d= b2 — 3ac,

(B.10)
3L (o2 _ag3
v=13 (rp @*—4¢ )
the three candidates for the minimizer are given by
POwn=-L (bryzrs 2 k={0,1,2} (B.11)
bon'> )= T3 vz ﬁ > =1 .

Plugging (B.11) into (B.6) reveals the correct minimizer B, ,,(#; 1)
for (B.5). Respecting the battery power limits, we obtain

Pgon(t; A) = max {ﬂ min { Py.on(t; 2), 73; } } , (B.12)
HY (t;4) = Hon(Preq(t), Pb’fon(t); A). (B.13)
Finally, we obtain the optimal battery power as follows:
PR d) = P () HY (5 4) < HE (15 0) B14)
b Pb* (t; 1) otherwise.
,0n
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