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AN ALMOST CONSTANT LOWER BOUND OF THE
ISOPERIMETRIC COEFFICIENT IN THE KLS CONJECTURE

Yuansi CHEN
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Abstract. We prove an almost constant lower bound of the isoperimetric coeffi-
cient in the KLS conjecture. The lower bound has the dimension dependency d—+(1),
When the dimension is large enough, our lower bound is tighter than the previous
best bound which has the dimension dependency d—/%. Improving the current best
lower bound of the isoperimetric coefficient in the KLS conjecture has many impli-
cations, including improvements of the current best bounds in Bourgain’s slicing
conjecture and in the thin-shell conjecture, better concentration inequalities for Lip-
schitz functions of log-concave measures and better mixing time bounds for MCMC
sampling algorithms on log-concave measures.

1 Introduction

Given a distribution, the isoperimetric coefficient of a subset is the ratio of the
measure of the subset boundary to the minimum of the measures of the subset
and its complement. Taking the minimum of such ratios over all subsets defines the
isoperimetric coefficient of the distribution, also called the Cheeger isoperimetric
coefficient of the distribution.

Kannan, Lovédsz and Simonovits (KLS) [12] conjecture that for any distribution
that is log-concave, the Cheeger isoperimetric coefficient equals to that achieved by
half-spaces up to a universal constant factor. If the conjecture is true, the Cheeger
isoperimetric coefficient can be determined by going through all the half-spaces
instead of all subsets. For this reason, the KLS conjecture is also called the KLS
hyperplane conjecture. To make it precise, we start by formally defining log-concave
distributions and then we state the conjecture.

A probability density function p : R4 — R is log-concave if its logarithm is
concave, i.e., for any z,y € R? x R? and for any A € [0, 1],

p(Az + (1= N)y) > p(z) ply) . (1)

Common probability distributions such as Gaussian, exponential and logistic are
log-concave. This definition also includes any uniform distribution over a convex set
defined as follows. A subset K C R%is convez if Va,y € Kx K,z € [,y] = 2z € K.
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The isoperimetric coefficient 1)(p) of a density p in R? is defined as

. p*(9S)
W)= i (®). p(59)

where p(S) = [

seg P(w)dr and the boundary measure of the subset is

pH(08) = liminf LU 4@, 5) S €p) = p(S),

e—0+t €

where d(z,.5) is the Euclidean distance between = and the subset S.
The KLS conjecture is stated by Kannan, Lovasz and Simonovits [12] as follows.

CONJECTURE 1. There exists a universal constant c, such that for any log-concave
density p in R?, we have

V) 2 p(p)

where p (p) is the spectral norm of the covariance matriz of p. In other words, p (p) =
| Ally, where A = Covxp(X) is the covariance matriz.

An upper bound of ¥ (p) of the same form is relatively easy and it was shown to
be achieved by half-spaces [12]. Proving the lower bound on % (p) up to some small
factors in Conjecture 1 is the main goal of this paper. We say a log-concave density
is isotropic if its mean Ex.,[X] equals to 0 and its covariance Covx~p(X) equals
to II. In the case of isotropic log-concave densities, the KLS conjecture states that
any isotropic log-concave density has its isoperimetric coefficient lower bounded by
a universal constant.

There are many attempts trying to lower bound the Cheeger isoperimetric coef-
ficient in the KLS conjecture. We refer readers to the survey paper by Lee and
Vempala [18] for a detailed exposition of these attempts. In particular, the origi-
nal KLS paper [12] (Theorem 5.1) shows that for any log-concave density p with
covariance matrix A,

log(2)

VTr (A)

The original KLS paper [12] only deals with uniform distributions over convex sets,
but their proof techniques can be easily extended to show that the same results hold

for all log-concave densities. Remark that Equation (3) implies 1(p) > (11/1;)?7%.

Y(p) = (3)

The current best bound is shown in Lee and Vempala [17], where they show that
there exists a universal constant ¢ such that for any log-concave density p with
covariance matrix A,

Cc

Y(p) > W

(4)
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It implies that ¥ (p) > dl/%\/@. Note that in Lee and Vempala [17], their notation

of 1(p) is the reciprocal of ours and it is later switched in Theorem 32 of the survey
paper [18] by the same authors. As a result, the above bound is not a misstatement
of the results in Lee and Vempala [17] and it is simply translated into our notations.
In this paper, we improve the dimension dependency d=/* to d=°¢() in the lower
bound of the isoperimetric coefficient.

There are many implications of improving the lower bound in the KLS conjec-
ture. The two closely related conjectures are Bourgain’s slicing conjecture [3, 4] and
the thin-shell conjecture [2]. It is worth noting that Bourgain [4] stated the slicing
conjecture earlier than the introduction of the KLS conjecture. In terms of their
connections to the KLS conjecture, Eldan and Klartag [9] proved that the thin-shell
conjecture implies Bourgain’s slicing conjecture up to a universal constant factor.
Later, Eldan [8] showed that the inverse of an lower bound of the isoperimetric
coefficient is equivalent to an upper bound of the thin-shell constant in the thin-
shell conjecture. Combining these two results, we have that an lower bound in the
KLS conjecture implies upper bounds in the thin-shell conjecture and in Bourgain’s
slicing conjecture.

The current best upper bound of the thin-shell constant has the dimension depen-
dency d'/* due to Lee and Vempala’s [17] improvement in the KLS conjecture. The
current best bound of the slicing constant in Bourgain’s slicing conjecture also has
the dimension dependency d*/%, proved by Klartag [13] without using the KLS con-
jecture. Klartag’s slicing constant bound is a slight improvement over Bourgain’s
earlier slicing bound [4] which has the dimension dependency d'/*log(d). Given the
current best bounds in these three conjectures and the relation among them, we con-
clude that improving the current best lower bound in the KLS conjecture improves
the current best bounds for the other two conjectures, as noted in Lee and Vem-
pala [18]. For a detailed exposition of the three conjectures and related results since
the introduction of Bourgain’s slicing conjecture, we refer readers to Klartag and
Milman [14].

Additionally, improving the lower bound in the KLS conjecture also improves
concentration inequalities for Lipschitz functions of log-concave measures. It also
leads to faster mixing time bounds of Markov chain Monte Carlo (MCMC) sampling
algorithms on log-concave measures. Despite the great importance of these results,
deriving these results from our new bound in the KLS conjecture is not the main
focus of our paper. We refer readers to Milman [20] and Lee and Vempala [18] for
more details about the abundant implications of the KLS conjecture.

Notation For two sequences a,, and b,, indexed by an integer n, we say that a, =
on (by) if limy, o0 ‘g— = 0. The Euclidean norm of a vector z € R% is denoted by
|||y The spectral norm of a square matrix A € R%*? is denoted by ||A|,. The
Euclidean ball with center x and radius r is denoted by B(z,r). For a real number
x € R, we denote its ceiling by [z] = min{m € Z | m > x}. We say a density p is
more log-concave than a Gaussian density ¢ if p can be written as a product form
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p = v - @ where ¢ is the Gaussian density and v is a log-concave function (that is,
v is proportional to a log-concave density). For a martingale (M;, t € R,), we use
[M], to denote its quadratic variation, defined as

k

2
[M], = sup sup E (Mti - Mtifl) )
KEN 0<ty <<ty <t S5

2 Main results

We prove the following lower bound on the isoperimetric coefficient of any log-
concave density.

Theorem 1. There exists a universal constant ¢ such that for any log-concave den-
sity p in R% and any integer £ > 1, we have

1
e ¢ (log(d) + 1)]/2 d26/¢ - \/p (p)

Y(p) > (5)

where p (p) is the spectral norm of the covariance matriz of p.

1/2
As a corollary, take £ = R log(d) > -‘ , then there exists a constant ¢’ such that

log log(d)
1
¥(p) = (e 7
CI g log(a
s p(p)
Since limg . lolgog)é()d) = 0, for d large enough, the above lower bound is better

1

<" \/p(p)
dimension d dependency.

The proof of the main theorem uses the stochastic localization scheme introduced
by Eldan [8]. Eldan uses this stochastic localization scheme to show that the thin
shell conjecture is equivalent to the KLS conjecture up to a logarithmic factor.
The construction of stochastic localization scheme uses elementary properties of
semimartingales and stochastic integration. The main idea of Eldan’s proof to derive
the KLS conjecture from the thin shell conjecture is to smoothly multiply a Gaussian
part to the log-concave density, so that the modified density is more log-concave than
a Gaussian density. When the Gaussian part is large enough, one can then easily
prove the isoperimetric inequality.

The same scheme was refined in Lee and Vempala [17] to obtain the current best
lower bound in the KLS conjecture. Lee and Vempala directly attack the KLS con-
jecture while following the same stochastic localization scheme to smoothly multiply
a Gaussian part to the log-concave density. Their use of a new potential function
leads to the current best lower bound in the KLS conjecture. The proof in this paper
builds on Lee and Vempala [17]’s refinements of Eldan’s method, while it improves

than any lower bound of the form (" is a positive constant) in terms of
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' Theorem 1 ' Lemma 3

SDE solution
existence
Lemma 1 '
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control

Lemma 8 ]

Figure 1: Proof sketch.

the handling of several quantities involved in the stochastic localization scheme.
Figure 1 provides a diagram showing the relationship between the main lemmas.

To ensure the existence and the uniqueness of the stochastic localization con-
struction, we first prove a lemma that deals with log-concave densities with compact
support. Then we relate back to the main theorem by finding a compact support
which contains most of the probability measure for a log-concave density.

LEMMA 1. There exists a universal constant ¢ such that for any log-concave density
p in R% with compact support and any integer £ > 1, we have

1
Y o + O G o

The proof of Lemma 1 is provided in Section 2.5 after we introduce the interme-
diate lemmas. The use of the integer [ in the lemma indicates that we control the
Cheeger isoperimetric coefficient in an iterative fashion. In fact, we prove Lemma 1
by induction over [ starting from the known bound in Equation (3). For this, we
define the supremum of the product of the isoperimetric coefficient and the square-
root of its spectral norm over all log-concave densities in R? with compact support:

Ya = inf ¥(p)Vp (p)- (7)
log-concave density p in R¢

with compact support

Then we prove the following lemma on the lower bound of 4, which serves as the
main induction argument.
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LEMMA 2. Suppose that ¥y > a—}gﬁ for all k < d for some 0 < 3 < % and o > 1, take

q= f%1 + 1, there exists a universal constant c such that we have

1
c- q1/2a ]0g(d)1/2d/@—/@/(8Q) ’

g >

The proof of Lemma 2 is provided towards the end of this section in Section 2.4.
To have a good understanding of how we get there, we start by introducing the
stochastic localization scheme introduced by Eldan [8].

2.1 Eldan’s stochastic localization scheme. Given a log-concave density
p in R? with covariance matrix A, we define the following stochastic differential
equation (SDE)

dCt = Ctl/Qth + C’t,utdt, co = 0,

dB, = Cydt, By =0, (8)

where W; is the Wiener process, the matrix Cy, the density p;, the mean p; and the
covariance A; are defined as follows
Cp=A"1 (9)
T 1,.T
eCt T3 Bix T
pe(x) = = p(@) ,forz € RY, (10)
Ja €772 Bp(y)dy

e = /Rd xpy(z)de, (11)

A= [ @) @ = ) (o) (12)

The next lemma shows the existence and the uniqueness of the SDE solution.

LEMMA 3. Given a density p in R? with compact support with covariance A and A
is invertible, then the SDE (8) is well defined and it has a unique solution on the
time interval [0,T], for any time T > 0. Additionally, for any x € R, py(z) is a
martingale with

dpi(w) = (z = i)' A72dWipy(2). (13)

The proof of Lemma 3 follows from the standard existence and uniqueness theorem
of SDE (Theorem 5.2 in (®ksendal [21]). The proof is provided in Appendix A.
Before we dive into the proof of Lemma 2, we discuss how the stochastic localiza-
tion scheme allows us to control the boundary measure of a subset. First, according
to the concavity of the isoperimetric profile (Theorem 2.8 in Sternberg and Zumbrun
[25] or Theorem 1.8 in Milman [20]), it is sufficient to consider subsets of measure
1/2 in the definition of the isoperimetric coefficient in Equation (2). Second, the
density p; is log-concave and it is more log-concave than the Gaussian density pro-
portional to ¢~2% B Tt can be shown via the KLS localization lemma [12] that a
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density which is more log-concave than a Gaussian has an isoperimetric coefficient
lower bound that depends on the covariance of the Gaussian (see e.g. Theorem 2.7
in Ledoux [16] or Theorem 4.4 in Cousins and Vempala [7]). Third, given an initial
subset F of R? with measure p(E) = %, using the martingale property of p,(F), we
observe that

p(OF) =E [p,(0F))
i) _
2B |5 185 win () ()

1 _1p-1/2 1 3
B e (G <mim < 3)

150, (< (B < §) i (). (7).

Inequality (i) uses the isoperimetric inequality for a log-concave density which is
more log-concave than a Gaussian density proportional to e~ Bex [7, 16]. Inequal-
ity (ii) uses the fact that p,(F) is nonnegative.

Based on the above observation, the high level idea of the proof requires two
main steps:

e There exists some time ¢ > 0, such that the Gaussian component %xTBta: of
the density p; is large enough, so that we can apply the known isoperimetric
inequality for densities more log-concave than a Gaussian.

e We need to control the quantity pi(E) so that the obtained isoperimetric
inequality at time ¢ can be related back to that at time 0.

The first step is obvious since our construction explicitly enforces the density p; to
have a Gaussian component %a:Tth in Equation (9). Then the remaining question
is whether we can run the SDE long enough to make the Gaussian component large
enough while still keeping p;(E) to be the same order as p(E) = % with large
probability.

2.2 Control the evolution of the measure of a subset.

LEMMA 4. Under the same assumptions of Lemma 3, for any measurable subset E
of R with p(E) = % and t > 0, the solution p; of the SDE (9) satisfies

P(leapmy<3)>2L _p /tHA‘1/2AtA‘1/2H s> 1) .
TS i ; "7 62

This lemma is proved in Lemma 29 of Lee and Vempala [17]. We provide a proof
here for completeness.

Proof of Lemma /. Let g = p(E). Using Equation (13), we obtain the following
derivative of g,

dgr = / (z — ) T ATV 2AWpy ().
E
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Its quadratic variation is

2

dt
2

2
= max </ fTA_l/Q(x—ut)pt(x)dx> dt
E

l1€ll, <1

= e </E (€747 - Mt)>2pt<w)dx> ([;pt(x)dx> “

< max £ ATY2A,A7Y2¢dt
lell, <1

-

2z — p)pi(x)da

where the inequality follows from Cauchy—Schwarz inequality. Applying the Dambis,
Dubins-Schwarz theorem (see e.g. Revuz and Yor [23] Section V.1 Theorem 1.7),
there exists a Wiener process Wt such that g, — go has the same distribution as
W[g]t. Since gy = %, we obtain

1
>9 _p HA 12 4, A- WH
~ 70 </ ds> 55

where the last inequality follows from the fact that P (£ > 2) < 0.023 for & follows
the standard Gaussian distribution. O

2.3 Control the evolution of the spectral norm. According to Lemma 4,
to control the evolution of the measures of subsets, we need to control the spectral
norm of A~Y24,A-1/2, The following lemma serves the purpose.

LEMMA 5. In addition to the same assumptions of Lemma 3, if ¢y > ﬁ for all
k <d for some 0 < 3 < % and o > 1, then there exists a universal constant ¢ such

that for ¢ = [%] +1,d>3 and Ty = e log(d%dm_ﬁ/@q), we have

</ |24z dt>1> <14f0

Direct control of the largest eigenvalue of A~Y24,A=1/2 is not trivial, instead we
use the potential function I'y to upper bound the largest eigenvalue. Define

Q: = A71/2AtA71/2
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T, = Tr(QY). (14)

Tt is clear that T'/4 > ||A-1/24,A71/2||_ . So in order to upper bound ||A~1/24,A71/2]|
t 2 2

it is sufficient to upper bound Ftl /9. The advantage of using I'; is that it is differen-
tiable. We have the following differential for A; and I';:

dA, = / (@ — p)(x — )T ((x - Mt)TA*Wth) pi(x)dz — A, A1 Ayt (15)

ﬂuzq/Xx—mffr”%Qﬁi%r”%x—noqumTA*”mmm@Mx

q—2
q /2 ae
—qTT( ?+1>dt+220//(x—ut)TA V2QEAT2 (y — )

=) ATPQITETOAT (y — ) (= ) T AT (y — pue) pr()pi(y) davdydt.
(16)

Obtaining these differentials uses [t6’s formula and the proofs are provided in Appendix A.
The next lemma upper bounds the terms in the potential I';.

LEMMA 6. Under the same assumptions of Lemma 5, the potential I'y defined in
Equation (14) can be written as follows

dTy = v] dW; + 6,dt,
where v, € R and §; € R satisfy

loely < 16T /) and

2 2
5; < min {64q2a2 log(d)d2?—1/ap,; /e, ;]Ft} .

The proof of Lemma 6 is provided in Section 3.1. Remark that bounds similar to
the first bound of ¢; in Lemma 6 have appeared in Lee and Vempala [17], whereas
the second bound of §; in Lemma 6 is novel. The second bound of §; also leads to
the following Lemma 8 which gives better control of the potential than the previous
proof by Lee and Vempala [17] when ¢ is large.

Using the bounds in Lemma 6, we state the two lemmas which control the poten-
tial I'y in two ways.

LEMMA 7. Under the same assumptions of Lemma 6, using the following transfor-
mation

h:Ry —R
a+— —(a—i—l)*l/q

we have

]P( max h(T;) > —% (d+ 1)_1/q> < exp(—%qlog(d)) <

3
te[0,71] 10
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1

where T\ = sy aa og(ayae? -

LEMMA 8. Under the same assumptions of Lemma 6, using the following transfor-
mation

Ry —R
a v all
we have

to

Ef(Ty,) < Ef(T) (

2q
) ,Via >t > 0.
tq

The proofs of Lemma 7 and 8 are provided in Section 3.2.
Now we are ready to prove Lemma 5.
Proof of Lemma 5. We take
1 48/ (4q) 1
32768qa? log(d)d28’ =1 = Biom20g02 log(d)d20—5/(4a)"

Ty =

We bound the spectral norm of A~%/24,471/2 in two time intervals via Lemma 7
and Lemma 8. In the first time interval [0, T1], we have

T
—1/2 1/2 <
IP’(/O AA™ H 128> ]P’(max

te[0,11]

A, 2 )

(i) A—1/2AtA—l/2H > gdl/q>
5 =

<P < max
te[0,T4]

(iii)

< ]P’(m X Ft—|—1>2q(d+1)>
te[0,T1]

(iii) “1/q

= P h(lTy) > —=(d+1
N

(iv) 3

< —.

<o a7)

Inequality (i) follows from the condition Bg > 1. (ii) follows from the fact that
Tr (A)Y9 > | All5. (iii) is because 3%d > 29(d + 1) when ¢ > 2 and d > 1. h is
defined in Lemma 7. (iv) follows from Lemma 7.

In the first time interval, we can also bound the expectation of F;{ . Since the
density pr, is more log-concave than a Gaussian density with covariance matrix
A , the covariance matrix of pz, is upper bounded as follows (see Theorem 4.1 in
Brascamp Lieb [5] or Lemma 5 in Eldan and Lehec [10])

A

Ap = —. 18
T’l—z’w1 ( )



44 Y. CHEN GAFA

Consequently, all the eigenvalues of QQ1, are less than T% and ', is upper bounded

by Tif' Using the above bound, we can bound the expectation of F% ? as follows

E [P;ﬂ _E [inlzqurlT{ T4 Ir,, <ealy q]

(i) gl/a
< d— exp —2qlog(d) + 3d1/9
T 3

(ii)
< 32768dY1ga? + 4d'/1
< 40000d" g0, (19)

Inequality (i) follows from Lemma 7, the inequality 39d > 29(d+ 1) (similar to what
we did in the last four steps of Equation (17)) and Equation (18). (ii) follows from
qg>2,08<1/2and di/? > log(d) for d > 3.

In the second time interval, for ¢ € [T, T], we have

S AR
2e ] (£)"

Yafry] (7)”

(iii)

< 1000d%/> 1102, (20)

Inequality (i) follows from Lemma 8. (ii) is because t < T5. (iii) follows from T» =
dﬁi(;@ Ty. Using the above bound, we control the spectral norm in the second time

interval via Markov’s inequality

. T, —1/2 —1/2
P (/T2 HA—l/zAtA—l/QH > 1> (2 E [fT1 [A712A.A szt}
T 2 128 ) — 1/128

(i)
< Ty - 1000d%/% 1g02 . 128
(i) 1
< — 21
L (21)
where inequality (i) follows from Markov’s inequality and (ii) follows from Equa-
tion (20). (iii) follows from the definition of 75 and g + % < 283 — (/(4q) when
Bg>1and q > 2.
Combining the bounds in the first and second time intervals in Equation (17)
and (21), we obtain
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([ e,z ) <o ([ aeaa), 2 )

cr ([ o] ) <
(22)
U

2.4 Proof of Lemma 2. The proof of Lemma 2 follows the strategy described
after Lemma 3. We make the arguments rigorous here. We consider a log-concave
density p in R? with compact support. Without loss of generality, we can assume
that the covariance matrix A of the density p is invertible. Otherwise, the density p
is degenerate and we can instead prove the results in a lower dimension.

According to the concavity of the isoperimetric profile (Theorem 2.8 in Sternberg
and Zumbrun [25] or Theorem 1.8 in Milman [20]), it is sufficient to consider subsets
of measure 1/2 in the deﬁnition of isoperimetric coefficient (2). Given an initial
subset E of R? with p(E) = 2, use the martingale property of pr, (E), we have

p(9E) = E [pr, (0F)]
O] 1 _ip-1/2 .
> B |5 By [l, " min(pr, (B), pr, (E7))

(i)

1 1 3

> 5Bz 1/2[@(4 pr(E) < 3)
1 _ 3 )
= L IBE, B G < o, (B) < 2) - min (p(B), p(E)}

2 B2 min (o). )}

(iv) 1 1 2 -1/2 .

= ST AR - min {p(E). p(E)}.
Inequality (i) uses the isoperimetric inequality for a log—concave density which is
more log-concave than a Gaussian density proportional to e —3" Biw (see e.g. The-
orem 2.7 in Ledoux [16] or Theorem 4.4 in Cousins and Vempala [7]). Inequality
(ii) follows from the fact that p,(F) is nonnegative. (iii) follows from Lemma 4 and
Lemma 5 (for d > 3). (iv) follows from the construction that B; = tA~!. We con-
clude the proof since T is taken as cqa? 10g(d1)d2ﬁ_[,/(4q) with ¢ as a constant. The
above proof only works for d > 3. It is easy to verify that Lemma 2 still holds for
the case for d = 1,2 from the original KLS bound in Equation (3). O

2.5 Proof of Lemma 1. The proof of Lemma 1 consists of applying Lemma 2
recursively. We define

1
041:4;&:5
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For ¢ > 1, we define ay and (3, recursively as follows:

~1/2
app1 = 2c- a3, 7,

Besr = B — B7 /16, (23)

where ¢ is the constant in Lemma 2. It is not difficult to show by induction that ay
and [, satisfy

We start with a known bound from the original KLS paper [12]

>——\ Vd>1.
¢d_a1dﬁl, >

In the induction, suppose that we have
1
= ay (log(d) + 1)2 a8’
From the above inequality, we obtain for any 1 < k < d,
1
oy

d>1

Py >

with o, = ay (log(d) + 1)”2. Using the above lower bounds for 1), we can apply
Lemma 2. For integer ¢ + 1, we have
(4) 1
Ya 2 e
c- @2y (log(d) + 1)< log(d)1/2dBe—Be/(80)
(Z) 1
1
a1 (log(d) + 1) D/ @b

where inequality (i) follows from Lemma 2, inequality (ii) follows from ¢ < % and
the last equality follows from the definition of ay and §,. We conclude Lemma 1
using the ay and [y bounds in Equation (24). O

2.6 Proof of Theorem 1. To derive Theorem 1 from Lemma 1, it is sufficient
to show that for any log-concave density p in R?, most of its probability measure is
on a compact support. Let 1 be the mean of the density p. Since r — p(B (u, 7))
is an non-increasing function of r with limit 0 at oo, there exists a radius R > 0,
such that p(B (i, R)°) < 0.2. Note that it is possible to get a better bound via e.g.
log-concave concentration bounds from Paouris [22], but knowing the existence of
such radius R is sufficient for the proof here.
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Denote B = B (u, R). Then p(B€) < 0.2. Let p be the density obtained by

truncating p on the ball B. Then p is log-concave and it has compact support. For

a subset F C R? of measure such that p(E) = é, we have

P(9E)
(o) min (¢(E), o(E°)) p(B)
= ¢(e) min (p(E N B),p(B N EY))
() min (p(E) — p(B°), p(E°) — p(B°))
(o) min (p(E), p(E)) .
The last inequality follows because p(E®)—p(B¢) > 0.5—0.2 > %. Since it is sufficient
to consider subsets of measure 1/2 in the definition of the isoperimetric coefficient
[20, 25], we conclude that the isoperimetric coefficient of p is lower bounded by half

of that of p. Applying Lemma 1 for the isoperimetric coefficient of p, we obtain
Theorem 1. O

3 Proof of auxiliary lemmas

In this section, we prove auxiliary Lemmas 6, 7 and 8.

3.1 Tensor bounds and proof of Lemma 6. In this subsection, we prove
Lemma 6. Since Lemma 6 involves the third-order moment tensor of a log-concave
density, we define the following 3-Tensor for any probability density p € R? with
mean g to simplify notations.

T . Rdxd > RdXd % RdXd =R
ABCH//&:— )T Ay — p)
(=) "By —p) - (& — p) " Cly — pp(a)p(y)dady. (25)
For A, B, C three matrices in R%? we can write 7,(A, B,C) equivalently as
T,(A, B,C) = Ex yp(X —p) TA(Y = ) - (X =) T B(Y = ) - (X =) TC(Y — ).

Before we prove Lemma 6, we prove the following properties related to the 3-Tensor.

LEMMA 9. Suppose p is a log-concave density with mean p and covariance A. Then
for any positive semi-definite matrices B and C, we have

H/Bl/2(aﬁ — )z —p) Clx — pp(x)dz| <16 HAI/QBAI/QH;/2 Tr (A1/2CA1/2) .
2
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LEMMA 10. Suppose that vy > a—}gﬁ for all k < d for some 0 < 8 < % and o > 1.
Suppose p is a log-concave density in R* with covariance A and A is invertible. Then
forq > %, we have

T,(A972 1, Ty) < 12802 log(d)d2P~Y/ Tr(A7)1H1/a,

LEMMA 11. Given 7 > 0. Suppose p is a log-concave density which is more log-
concave than N (0, %]Id). Let A be its covariance matrix. Suppose A is invertible then
for ¢ > 3, we have

T(AT2, 1, I,) < & Tr (A9).
T

LEMMA 12. Suppose p is a log-concave density in R%. For any 6 € [0,1], for A, B,C
positive semi-definite matrices then

%(31/2/1631/27Bl/2AlfJBl/27C) < %(BI/ZABUZ,B,C). (26)

The proofs of the above lemmas are provided in Section 3.3.
Now we are ready to prove Lemma 6.

Proof of Lemma 6. We first prove the bound on |v||,, where
v =g / ATV (= ) (@ = ) T ATV Q)T AT (2 — ) pi(w) d.
Applying Lemma 9 and knowing the covariance of p; is A;, we obtain
loell, < 16¢ HAtI/QA_lAtl/QH;/QTY (42 a1 2Qp a2 a1?)
g atamal] " meiep

D 16q Q)1 T (@)
(iii)

< 16¢ [Tr Q7)) /9,

Equality (i) uses the definition of Q; = A~1/24;A=1/2. Equality (ii) uses the fact
that HMMTH2 = HMTMH2 for any square matrix M € R?*?, Inequality (iii) uses

that ||M]], < Tr (M) for any positive semi-definite matrix M.
Next, we bound §; in two ways. We can ignore the negative term in J; to obtain
the following:

q—2
< IY [ [ @) A )
a=0
(=) T ATVPQITPTOATY 2 (y — ) (2 — ) T AT (y — ) pe () piy) dedy

q—2
q a —2—a
=35> T (Q1.QI " 1), (27)
a=0
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where o; is the density of linear-transformed random variable A~1/2 (X — ) for
X drawn from p; and p; is the mean of p;. o is still log-concave since any linear
transformation of a log-concave density is log-concave (see e.g. Saumard and Wellner
[24]). o; has covariance A~1/2 A, A=Y/2 which is also Q;. For a € {0,--- ,q — 2}, we
have

—9a (i) _
7-01, (Q?a Q? 2 7]Id) < %t(Q? 27Hd7 Hd)
(ii)
< 12802 log(d)d®? /4 [Tr (Q¥)]* T4 .

Inequality (i) follows from Lemma 12. Inequality (ii) follows from Lemma 10. Since
there are ¢ — 1 terms in the sum, we conclude the first part of the bound for J;.

On the other hand, since p; is more log-concave than the Gaussian density pro-
portional to e z@m) TAT @) o¢ is more log-concave than the Gaussian density
proportional to e 3T, Applying Lemma 12 and Lemma 11 to each term in Equa-
tion (27), we obtain

2
q _
5t < 57—&( g 27Hd7]1d)

22
< ST (D).

This concludes the second part of the bound for d;. O

3.2 Control of the potential in two time intervals. In this subsection, we
prove Lemma 7 and Lemma 8.

Proof of Lemma 7. The function h has the following derivatives

dh 1 g1 d?h qg+1 /g2
— =—(a+1)"V1 - =— 1)~1a=2,
=) = ()
Using It6’s formula, we obtain
dh 1 d*h
dh(I'y) = —| dI'v+ - —=| d[I
(Tt) da |p, et 2 da?|p, [T
=—dly - - dt
q(Ty + Vet 2 2Ty 4 1) /a+2 el
1

< —  dr
~ q(Ty + 1)V/att t

(i)

-
< 64qa’ log(d)d* Va4t + o AW

q (Ft + 1)1/q+1’

where inequality (i) plugs in the bounds in Lemma 6.
Define a martingale Y; such that

’UtT d Wt

dy, = —+ 220
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with Yy = 0. According to the ||v¢]|, upper bound in Lemma 6, we have

2
< 256.

2

1
q (Ft + 1)1+1/qvt

Hence the martingale Y; is well-defined. According to the Dambis, Dubins-Schwarz
theorem (see e.g. Revuz and Yor [23] Section V.1 Theorem 1.7), there exits a Wiener

process Wy such that Y; has the same distribution as W[y]t. Then we have for any
v >0,

2
- g
P Y, >v) <P Wser > ) < exp [ — . 28

(ﬁ% t= ”) = QQ&% 206t = 7) = eXp( 512T> (28)

Set T = m and U = 3 (d+ 1)~1/4. Observe that Ty = d and as a

result h(T'g) = — (d 4+ 1)~*/%. Then we have

_ _ -1/
P (tgﬁ}T(} h(T}) > \I’> < P(max),cpor Ve =2 =V + (d+ 1) 7

T
- / 64qa’ log(d)d?3= a4t
0

(i) \
<P < max Y; > )
t€[0,T) 4

(2) y2

= P\ 781027

(iif) 2

< exp <—3qa2 log(d)de/q>
(i<V) 3
10°

Inequality (i) follows from the choice of T'. (ii) uses Equation (28). (iii) follows by
plugging in ¥ = 1 (d + 1)/ and 3742 > 29(d+1)2. (iv) follows from 8¢ > 1, d > 3,
¢>2and 3743 <0.3. O

Proof of Lemma 8. The function f has the following derivatives

df(a) _ lal/q—l d2f(a7t> 49— 1a1/q—2‘

da q da® ¢

Using It6’s formula, we obtain

2
o)=Y a4t LS

— —| d|I
da|p, T 9 224 [T,

Ty

1 _ -1 _
= gfi/q ! (UtTth + 5tdt> - q2q2 F;/q ? vt 3 dt.
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Using the bounds in Lemma 6 and the martingale property of the term 1 Fl/ -1 v dWy,
we obtain

dEF(T,) < %E F(T))dt

Solving the above differential equation, we obtain

2q
t
Ef(Ty,) <Ef(Ty,) <t?> ,Vito > t1 > 0.

O

3.3 Proof of tensor bounds. In this subsection, we prove Lemmas 9, 10, 11
and 12.

Proof of Lemma 9. Since C' is positive semi-definite, we can write its eigenvalue
decomposition as follows C' = Zle )\iviv; , with A; > 0. Then,

H/ BY*(x — p)(z = p) Ol — p)p(a)da

2

B~y (e — ) v pla)d
< Z)\ H/Bl/2 ( M)Tvi>2p(x)dac

=37 A ma, [ B @) (@ =07 w) o)z
=1

(%) :1 A ma < / (g BY2(y — M))Q p(x)dx) v ( / ((m _ M)Tvi>4 p(:r)dx) v
2 16 3 A ma, < / (g BY2(z — u))z p(x)d:z)l/z < / ((x _ M)Tvi)Q p(a:)dx)

i=1

2

2

= 15| peam e (aoa?).

Inequality (i) follows from triangular inequality. (ii) follows from Cauchy—Schwarz
inequality. (iii) follows from the statement below, which upper bounds the fourth
moment of a log-concave density via its second moment. (|

For any log-concave density v and any vector 6 € R%, we have

(/ ((:L‘ - MV)T0>G u(:ﬁ)daz) v < 2% </ ((x - MV)TH)bu(x)da:> v (29)
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for a > b > 0, where p, is the mean of v. Equation (29) is proved e.g. in Corollary
5.7 of Guédon et al. [11] and the exact constant is provided in Proposition 3.8 of
Latata and Wojtaszczyk [15].

In order to prove Lemma 10, we need to introduce one additional lemma as
follows.

LEMMA 13. Suppose that 1, > ﬁ for all k < d for some 0 < 8 < % and a > 1.
For an isotropic log-concave density p in R and a unit vector v € R?, define A =
Ex~p (XTU) - XXT, then we have

1. For any orthogonal projection matriz P €

Tr (APA) < 1697 5, 0)-

R4 with rank r, we have

2. For any positive semi-definite matriz A, we have
24
Tr (AAA) < 12802 log(d) (Tr (Al/@ﬂ))) ,

This lemma was proved in Lemma 41 in an older version (arXiv version 2) of Lee
and Vempala [17]. The main proof idea for the first part of Lemma 13 appeared in
Eldan [8] (Lemma 6). we provide a proof here for completeness.

Proof of Lemma 13. For the first part, we have
Tr (APA) =Ex., X "APX - X v,

Since EXNPXTU = 0, we can subtract the mean of the first term X ' APX without
changing the value of Tr (APA). Then

Tr (APA) = Exoy | (XTAPX — By, Y TAPY) - X v
¢ (EXNP(XTU)2) i (VarXNp (XTAPX))
< 2 minar) (EXNP HAPX * PTATXHE) N

1/2

< APt ongy (TH(APA))Z.

Inequality (i) follows from the Cauchy—Schwarz inequality. Inequality (ii) follows
from the fact that Ex.,(X Tv)2 =1 as p is isotropic and that the inverse Poincaré
constant is upper bounded by twice of inverse of the squared isoperimetric coefficient
(also known as Cheeger’s inequality [6, 19] or Theorem 1.1 in Milman [20]). The
matrix AP + PT A has rank at most min(2r, d). Rearranging the terms in the above
equation, we conclude the first part of Lemma 13.

For the second part, we write the matrix A in its eigenvalue decomposition and
group the terms by eigenvalues. We have

d J
A:Z)\Z‘vi’l};:ZAj—f—B,
i=1 j=1
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where A; has eigenvalues between the interval (||A||,e"1/d, ||Al|ye’/d] and B has
eigenvalues smaller than or equal to ||A||, /d. Because the intervals have right bounds
increasing exponentially, we have J = [log(d)]. Let P; be the orthogonal projection
matrix formed by the eigenvectors in A;. Then we have

(i) B )
Tr (AAZA) < HAZHQTr (APIA) <16 HAZHQ mi2n(2rank(Ai),d) )
<1602 || Aj|, - (2rank(4;))*? (30)

where inequality (i) follows from the first part of Lemma 13 and inequality (ii)
follows from the hypothesis of Lemma 13. Similarly for matrix B, we have

Q) (ii)
Tr (ABA) < 1602 ||B||, (2rank(B))*’ < 3202 || Al|, (31)

where inequality (i) follows from the hypothesis of Lemma 13 and inequality (ii)
follows from the fact that || Bl|, < ||All,/d and 26 < 1. Putting the bounds (30)
and (31) together, we have

J
Tr (AAA) =) " Tr(AA;A) + Tr (ABA)

J
<16a” | >[4l - (2rank(4;))* +2||A],
=1

.

206
(i) J
< 1602 Z 1451577 - (2rank(4;)) | - ()72 +2)4],

(;) 1602 _|:(2€ Tr (Al/@m»m : (J)l_zﬁ + 2 [|All

< 12802 log(d) (Tr (Al/ (25)))25 .

Inequality (i) follows from Holder’s inequality and inequality (ii) follows from the
fact that ||A; Hl/w rank(A;) < eTr (Al/%) due to the construction of A;. This

concludes the second part of Lemma 13. O

Proof of Lemma 10. Let p be the mean of p. First, for X a random vector in R¢
drawn from p, we define the standardized random variable A=1/2(X — w) and its
density p. ¢ is an isotropic log-concave density. Then through a change of variable,
we have

T (Aqu ]Id,]Id)
// ) TAT2 (y — ) (x— ) (y— ) (2 — )" (y — wp(a)p(y)dady
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= / / chA"‘ly (z" Ay)(z" Ay)o(x) o(y)dudy

/ / TAq (" Ay) (=" y)o(x)o(y)dxdy
=7,(A%1 A Hd)
where the last inequality follows from Lemma 12. A9 is positive semi-definite and we

write down its eigenvalue decomposition A? = Zle )\ivw; with \; > 0. Since p is
isotropic, we can rewrite the 3-Tensor into a summation form and apply Lemma 13.

T, (A%, A1)

// TAq TAy) <g;Ty> o(x)o(y)dzdy
— ;)\l// (me') (yTUi) (:ETAy) (xTy) Q(l')Q(y)dl‘dy

d
= AT (AAN)
i=1
(i) 28 [ &
< 12802 log(d) (Tr(Al/Qﬁ)> (Z )\i>
i=1

= 12802 log(d) (Tr(Al/zﬁ)) “ Tr(A)

(i) y
< 1280 log(d) Tr(A%) {Tr (Aq)l/(%q) (d)l—l/(?ﬁq):|
= 12802 log(d)dzﬁfl/q Tr(Aq)1+1/q7

where we define A; = [(z"v;)zx " o(z)dz, inequality (i) follows from Lemma 13 and
that g is isotropic, inequality (ii) follows from Cauchy—Schwarz inequality and the
assumption that ¢ > 5 ﬁ O

Proof of Lemma 11. Without loss of generality, we can assume that the density p has
mean 0. Its covariance matrix A is positive semi-definite and invertible. We can write
down its eigenvalue decomposition as follows A = Zgzl )\iviv; with A; > 0 and v;
are eigenvectors with norm 1. Then A? has an eigenvalue decomposition with the
same eigenvectors A = 3¢ Ay;0] . Define A; = Exp(XTA7/20)XX T, then

i=1 7Y

T, (A72,14,14) = Ex.ynp (XTAHY) XTY)(XTY)

d
=D N T (AL, (32)

=1



GAFA AN ALMOST CONSTANT LOWER BOUND OF THE ISOPERIMETRIC COEFFICIENT 55

Next we bound the terms Tr (A;A;). We have
Tr (AA;) = Exop (XTA—l/2 ) XTAX

D Exey (XTAT20) (XTAX — By [YTAY])

2 (e (7 m0)") (e (7))

(i) (\/arXNp (XTA X)>1/2

1/2

—~

iv) 1
< (EX~p7_ A X + AiXHg)
(v) 1/2

r

Equality (i) is because Ex.,X = 0. Inequality (ii) follows from Cauchy-Schwarz
inequality. Equality (iii) follows from the definition of the covariance matrix Ex., X X T =
A. Inequality (iv) follows from the Brascamp-Lieb inequality (or Hessian Poincaré,
see Theorem 4.1 in Brascamp and Lieb [5]) together with the assumption that p is
more log-concave than N(0, 11,).

Plugging the bounds of the terms Tr (A;A;) into Equation (32), we obtain

d
T, (A7 14,15) = Y M7 Tr (AA)
i=1

1/2
<Zx1 1< Tr ( AAA)>
0 9 d 2 4 1/2
< o5 (ZA;?) (ZA;?—?Tr (AAA,))
=1

=1
2 _ 1/2
=—p (T (A7) (EX,YNP (XTA‘I 3Y) (XTAY)(XTY))
(i) 9
= np
2

= 7 (Tr (A0)2 [T, (472, 1y, 1)

1/2
(Tr (A9))1/2 (EX,YN,, <XTA‘1_2Y) (XTY)(XTY))
1/2
Inequality (i) follows from Cauchy—Schwarz inequality. For ¢ > 3, inequality (ii)

follows from Lemma 12. From the above equation, after rearranging the terms, we
obtain

7;) (Aq72, Iy, ]Id) < é Tr (Aq) .
T
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Proof of Lemma 12. This lemma is proved in Lemma 43 in an older version (arXiv
version 2) of Lee and Vempala [17], we provide a proof here for completeness.

Without loss of generality, we can assume that the density p has mean 0. For
i€ {l,---,d}, we define A; = Ex.,BY/2XXTBY2XTC"2¢; where ¢; € R? is the
vector with 7th coordinate 1 and 0 elsewhere. We have Zle eieiT = I;. We can
rewrite the tensor on the left hand side as a sum of traces.

%(BUQA‘SBI/?,B1/2A1_5Bl/2, )

d
_ ZEX YNPXTBl/QA(SBl/QY CXTBY2AY0 g2y X T2, .y T /2,
=1
d
-3 T (AéAiAHAZ) . (33)
=1

For any symmetric matrix F', a positive-semidefinite matrix G and 6 € [0, 1], we
have

T (GOFGYOF) < T (GFY). (34)

Applying the above trace inequality (34) that we prove later for completeness (see
also Lemma 2.1 in Zhu et al. [1]), we obtain

Tr (A‘SAiAl_‘SAi) < Tr (AAA).

Writing the sum of traces in Equation (33) back to the 3-Tensor form, we conclude
Lemma 12.

It remains to prove the trace inequality in Equation (34). Without loss of gener-
ality, we can assume G is diagonal. Hence, we have

d d
T (GOFGF) = Z; z; GLGL R
i=1 j=
d d
<D (6Gii+ (1-8)Gyy) Fj
i=1 j=1
dj d d d
=0) > GuFi+(1-08)) > GjF]
=1 j=1 i=1 j=1
=Tr (GF?),

where the inequality follows from Jensen’s inequality and the fact that the logarithm
function is concave (or the inequality of arithmetic and geometric means). U
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A Proof of Lemma 3 and derivatives

In this section, we first prove the existence and uniqueness of the SDE solution
in Lemma 3 and then derive the derivatives of p;, A; and I'; in Equation (13),
Equation (15) and (16) using It6’s calculus. Similar results are also proved in Eldan
[8] and Lee and Vempala [17] since a similar stochastic localization is used. We
provide a proof here for completeness.

Proof of Lemma 3. We can rewrite the stochastic differential equation (8) as follows
to make the dependency clear:

dey = A7V2AW, + A7V (¢, By) dt
dB; = A7 dt,

where

(e, B) = /:cg(c,B,:c)dL

echf%xTsz(x)

Ja €€ T3 BYp(y)dy

o(c, B,x) =
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58 Y. CHEN GAFA

Since p has a compact support, given z € RY, o(-,-,z) as a function of (c, B) is
Lipschitz in ¢ and B. Similarly, p is also Lipschitz in ¢ and B. Consequently, A~1/2,
A7t p(es, By) and A1 are all bounded and Lipschitz on ¢; and B; on the compact
support. Applying the existence and uniqueness theorem of SDE solutions (Theorem
5.2 in Oksendal [21]), we show that the SDE solution exists and is unique on the
time interval [0, 7] for any 7" > 0.

Next, we derive the derivative of p;. Define

Gi(z) = e 72" Perp(g),
Vi = /Gt(:c)dm.

G(z)
Vi

Then p;(z) can be written as . Let S;(x) denote the quadratic variation of the

process ¢, x. We have
dSi(x) = x " A" adt.
Using [t6’s formula, we have
dGy(z) = <$T(dct) - %deBta: + ;d5t> Gi(x)
= (xTAfl/Qth + xTAflutdt) Gi(x),

dV; = / dGi(z)dz =V, (;J ATV2aw, 4 ) A‘l,utdt) .

Using It6’s formula on the inverse of V;, we have

_dVe | dlV],
v
= y! {MIA’l/det b A gdt| + Vil A gt

dvyt =

=V, AT 2aw.
Using It6’s formula on p;, with the above derivatives, we obtain

dpi(z) =d (Vt_th(x))
= (Gy(x)dV, ' + V;  dGy(z) + d [V, G(x)],)
= (z — ,ult)T ATV2qWpy(a).

Then we derive the derivative of A;. By the definition of A;, we have

A= / (x — ) (& — )" pe()de,
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where piy = [pa xpi(x)dz. Using Itd’s formula on s, we obtain
dpy = /$dpt($)dx
— /x(x — ) TATY2aWp, (2) de
— [ m)ta = )T AW

= A, A Y 2w,

Using It6’s formula on A; and viewing it as a function of u; and p;, we obtain
= [ @ ) (o =) dp@)do — [ dye (o~ ) ()

- / (& — ) (dpe) " pu(e)de

1

32 [ @omd[ul pia)] o= 52 [ dlp(o), @ - ) da

1 T
+ 3 2d [,ut,ut L/pt(x)d:c.

We observe that [ du (z — )" pe(x)dz = 0 and [ (@ — ) (dpe) " pe(z)dz = 0.
Then,

d [MtTapt(x)L = (z— ) A7 Apy(2)dt,

d [y, pe(2)], = AL AT (@ — pe) pe()dt,
d (e, pul, = AL AT Agdt.

Combining all the terms together, we have
dA; = / (2 — ) (x — )" ((x — )" Ail/Qth> pe(z)de — Ay AT Aydt.

Finally, we derive the derivative of I';. Define the function I' : R9*¢ 1~ R as I'(X) =
Tr (X?). The first-order and second-order derivatives of I' are given by

o =qTr (X' H) oL :q§Tr (X“Ho X927 °H))
X |y COXOX |y g, & '

Using the above derivatives and 1t6’s formula, we obtain

-2

Q

d
Z Tr ( gEZ‘ng_2_aEkl> d [Qij; le]t )

0,4,k 0=1

dly = dTr (QY) = ¢ Tr ( g—lth> g

gM

(35)
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where Ej; is the matrix that takes 1 at the entry (4, j) and 0 otherwise and Q¢ is
the stochastic process defined by the (i, 7) entry of @Q;. Using the derivative of A; in
Equation (15), we have

dQ: = /A_1/2 (z — ) (z — pg) T A2 ((1: — )" A_l/Qth> pi(z)dx
- Q?dt,
21Qi. Qul, = / / 2(@)iz(@);2 ()= (i@ — 1) ANy — pe)pr(@)pely)dadydt,

where z(z); is the ith coordinate of [A_l/ 2z — ,ut)] . Plugging the expressions of dA;
and d[A;j, Ay, into Equation (35), we obtain

dl'y = CJ/ (x—pe) T ATV2H(Q) T ATV (@ — ) (x — ) T ATV AWy () da

q—2
~am (@ arr I3 [ [ @ )T ATQEAT (g )
a=0

(=) T ATV2QITPTOATY2 (y — ) (2 — ) T AT (y — ) pu()pe () ddydt.
0
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