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Abstract

Akin to the Fourier expansion of a modular form, the values of its cycle integrals

determine the modular form completely. Given the importance of the Fourier coefficients

of modular forms in arithmetic applications, it is thus not surprising that their cousins,

the cycle integrals, are of crucial arithmetic importance.

We will extend the Katok-Sarnak formula (1991), which relates the Fourier coefficients

of the Shintani lift of a Maass cusp from of weight zero for the full modular group to

the cycle integrals of the Maass cusp form, to Maass cusp forms of non-zero weights and

higher level.

In the second part, we investigate a formula of S. Katok (1985), which expresses the

imaginary part of the cycle integral of the hyperbolic Poincarére series geometrically. We

add a complementary counterpart to this interpretation by considering a suitable cycle

integral of the Parson Poincarér series, a non-modular analog of the hyperbolic Poincaré

series.

Finally, we will study an integer-valued analog of the classical Dedekind sums, the

Hardy sums. Dedekind sums appear in the study of the cycle integrals of the non-modular

Eisenstein series of weight 2. We prove distributional results of these Hardy sums, and

give a geometrical interpretation of them.
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Abstract (deutsch)

Wie die Fourierkoeffizienten einer Modulform beschreiben die Werte ihrer Zykelinte-

grale diese komplett. Da die Fourierkoeffizienten von Modulformen zahlreiche arithmetis-

che Anwendungen haben, überrascht es nicht, dass ihre Verwandten, die Zykelintegrale,

ebenso von arithmetischer Bedeutung sind.

Wir erweitern in dieser Dissertation die Katok-Sarnak-Formel (1991), die die Fouri-

erkoeffizienten des Shintani-Lifts einer Maass-Spitzenform von Gewicht Null für die Gruppe

SL2(Z) als die Zykelintegrale der Maass-Spitzenformen ausdrückt, auf Gewicht ungleich

Null und höhere Stufen.

Im zweiten Teil untersuchen wir eine Formel von S. Katok (1985), die eine den Ima-

ginärteils des Zykelintegrals der hyperbolischen Poincaréreihe geometrisch ausdrückt.

Dieser Interpretation fügen wir ein komplementäres Gegenstück hinzu, indem wir ein

geeignetes Zykelintegral der Parson Poincaréreihe, einem nicht-automorphen Analogon

der hyperbolischen Poincaréreihe, betrachten.

Schliesslich betrachten wir ganzzahlige Pendants zu den klassischen Dedekindsummen,

die Hardysummen. Die Dedekindsummen treten bei Untersuchungen der Zykelintegrale

der holomorphen Eisensteinreihen von Gewicht 2 auf. Wir beweisen Resultate über die

Verteilung der Hardysummen und geben eine geometrische Deutung dieser.
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CHAPTER 1

Introduction

Cycle integrals are simple but rich objects, which have many applications in the theory

of automorphic forms. Let f : H → C be a holomorphic function on the upper half-plane,

which is modular of weight 2 for some Fuchsian group Γ, i.e. f(g.z) = (cz+d)2f(z) for g =(︃
a b

c d

)︃
∈ Γ and where g.z = az+b

cz+d
is the usual action by linear fractional transformations.

Then the cycle integral

∫︂ g.z0

z0

f(z) dz for some z0 ∈ H is

(1) invariant under the choice of the path between z0 and g.z0, since f(z) is holo-

morphic,

(2) invariant under the choice of the base point z0 due to Cauchy’s theorem and the

modular property of f .

From (1) and (2) it follows that the cycle integral is invariant under conjugacy classes

of g ∈ Γ.

If f(z) is holomorphic and modular of weight 2k for k ∈ Z and g =

(︃
a b

c d

)︃
∈ Γ, the

cycle integral is defined by

∫︂ g.z0

z0

f(z)(cz2+(d−a)z−b)k−1 dz. An easy calculation shows

that

(c(g.z)2 + (d− a)(g.z)− b)k−1 = (cz + d)2−2k(cz2 + (d− a)z − b)k−1

and hence the cycle integral

∫︂ g.z0

z0

f(z)(cz2+(d−a)z−b)k−1 dz is still invariant under the

choice of the path, the choice of the base point z0 ∈ H, and invariant under conjugacy

classes of g ∈ Γ.

In this thesis, we will mostly be concerned with phenomena appearing when we weaken

the two conditions above, i.e. when f(z) is not holomorphic or not modular. Both of these

weakened conditions can be treated by homogenizing the cycle integral and thus making

it a conjugacy class invariant again. The idea of homogenization also appears in the

theory of quasimorphisms in bounded cohomology.

Although most of the theorems in this thesis hold for more general groups, we will

limit ourselves to the case of Γ = SL2(Z) for the rest of the introduction.
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14 1. INTRODUCTION

1. The Katok-Sarnak Formula for Non-Zero Weights

In the first part, we will weaken condition (1) above and consider the cycle inte-

grals of Maass cusp forms φ(z) of weight 2k, which are not necessarily holomorphic but

eigenfunctions of the weight 2k Laplace-Beltrami operator ∆2k on H.

For holomorphic cusp forms, cycle integrals appear in the Shintani lift in the theory

of the Shimura correspondence. More precisely, let k > 1 and h(z) be a holomorphic cusp

form of weight k + 1
2
for Γ0(4), which transforms with the automorphy factor J(g, z) =

Θ(g.z)
Θ(z)

for g ∈ Γ0(4) of the theta-function Θ(z) =
∑︁

n∈Z e(n
2z) (here, e(z) = e2πiz as usual).

We write Sk+ 1
2
, 4 for the space of holomorphic cusp forms of weight k+ 1

2
for Γ0(4). Denote

the Fourier expansion of h ∈ Sk+ 1
2
, 4 around the cusp i∞ by h(z) =

∑︁
n>0 ah(n)e(nz).

Through an ingenious application of a converse theorem, G. Shimura [Shim73] showed

that for a fundamental discriminant d with (−1)kd > 0 the function

Shimd(h)(z) =
∑︂
n>0

⎛⎝∑︂
m|n

(︃
d

m

)︃
mk−1ah(n

2d/m2)

⎞⎠ e(nz)

defines a cusp form of weight 2k for Γ0(2). For some h(z) the image Shimd(h) is actually

a cusp form of weight 2k for the full modular group SL2(Z).

A natural question is to find the inverse function of Shimd. This function was first

constructed by T. Shintani [Shin75] for cusp forms of weight 2k for SL2(Z) which are

mapped to cusp forms of weight k + 1
2
for Γ0(4). Shintani’s inverse map is given by a

theta-lift, for which cycle integrals appear naturally as the Fourier coefficients of the half-

integral weight forms through unfolding. However, given the disparity on the level, the

question remains for which subspace of Sk+ 1
2
, 4 the map Shimd is actually an isomorphism.

The answer was given by W. Kohnen in his dissertation [Koh80] (and later for higher

level [Koh82]), namely that Shimd will be an isomorphism when restricted to what we

now refer to as the Kohnen plusspace

S+
k+ 1

2
, 4

=
{︂
h(z) ∈ Sk+ 1

2
, 4 : ah(n) ̸= 0 only if (−1)kn ≡ 0, 1 (mod 4)

}︂
.

It is somewhat easier and more general to think of cycle integrals as associated to

binary quadratic forms in this context. This setting will also cover the case of negative

discriminants below. Let Q(x, y) = [A,B,C](x, y) = Ax2 + Bxy + Cy2 be an integral

binary quadratic form of discriminant D = B2 − 4AC. There is a canonical right-action

of SL2(Z) on the set QD of binary quadratic forms of discriminant D. The stabilizer ΓQ

of a form Q is finite if D < 0 and a cyclic group generated by an element γQ ∈ SL2(Z)

if D > 0. In fact, conjugacy classes of primitive hyperbolic elements of SL2(Z) and
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classes of indefinite binary quadratic forms are in one-to-one correspondence, which will

be explained in Chapter 2.

For a cusp form f(z) of weight 2k for SL2(Z), d a fundamental discriminant and

d′ ≡ 0, 1 (mod 4), we define the twisted trace of f(z) by

(1.1) Trd,d′(f) =
√
dd′

∑︂
Q∈SL2(Z)\Qdd′

χd(Q)

∫︂ γQ.z0

z0

f(z)Q(z, 1)k−1dz, for dd′ > 0,

where χd is the genus character given by

χd([A,B,C]) =

⎧⎨⎩0, if (A,B,C, d) > 1,(︁
d
r

)︁
, if (A,B,C, d) = 1 and [A,B,C] represents r.

Theorem 1.1 (Kohnen). Let k > 1 and let d, d′ > 0 be integers such that (−1)kd′ ≡
0, 1 (mod 4) and so that (−1)kd is a fundamental discriminant. Let h(z) ∈ S+

k+ 1
2
,4
and

ah(d)f(z) = Shimd(h)(z). Then

6(−1)⌊k/2⌋
√
dd′ ah(d)ah(d

′) = 2k Tr(−1)kd, (−1)kd′(f).

W. Kohnen [Koh85] proved Theorem 1.1 for level N being odd and squarefree (where

some of the definitions need to be adjusted). Theorem 1.1 is particularly interesting in

light of an earlier result of J.-L. Waldspurger [Wal81], who proved through adelic methods

that the Fourier coefficients of g(z) are given by the traces of Shimd(g)(z) up to a constant

factor.

An obvious generalization of Theorem 1.1 is to consider the bigger class of Maass cusp

forms instead, for which some interesting phenomena appear. Let now k ∈ Z. A Maass

cusp form ψ(z) of weight k + 1
2
for Γ0(4) has the Fourier expansion

ψ(z) =
∑︂
n̸=0

bψ(n)(4π|n|y)−(
k
2
+ 1

4)Wsign(n)( k2+
1
4), s−

1
2
(4π|n|y)e(nx),

where Wκ,µ(y) is the W -Whittaker function and the spectral parameter s ∈ C is given

by the eigenvalue of ψ under ∆k+ 1
2
, i.e. ∆k+ 1

2
ψ = (s − k − 1/2)(1/2 − k − s)ψ.1 Under

the map Shimd defined above, the function Shimd(ψ)(z) is a Maass cusp form of weight

2k and spectral point 2s− 1
2
; see Theorem 5.4.

Let φ(z) be a Mass cusp form of weight 2k for SL2(Z). Note that the integrand in∫︂ γQ.z0

z0

φ(z)Q(z, 1)k−1dz is no longer holomorphic and that thus the integral depends on

the choice of z0 and the choice of the path from z0 to γQ.z0. To make it a conjugacy class

1As usual, we will write z = x+ iy with x ∈ R and y > 0 for a z ∈ H.
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invariant, we can choose z0 to lie on the geodesic SQ connecting the two real roots of

Q(z, 1) = 0 and pick the geodesic path from z0 to γQ.z0, i.e. integrating over the geodesic

segment CQ = ΓQ \ SQ. In fact, this is equivalent to homogenizing the integral:

lim
n→+∞

∫︂ γn+1
Q .z0

γnQ.z0

φ(z)Q(z, 1)k−1dz =

∫︂
CQ

φ(z)Q(z, 1)k−1dz.

The orientation of CQ is positive if Q(1, 0) > 0 and negative if Q(1, 0) < 0. If Q(1, 0) = 0,

the discriminant disc(Q) is a square, so that the segment will be the entire geodesic line

oriented from the root of Q(z, 1) = 0 to i∞.

For dd′ < 0 there is no longer a geodesic segment associated to a binary quadratic

form Q of discriminant dd′, but instead a CM-point zQ (the root of Q(z, 1) = 0 that lies

in H). Since the action by linear fractional transformations on a CM-point is compatible

with the action on binary quadratic forms, i.e. zQ◦g = g.zQ for g ∈ SL2(Z), the twisted

trace

(1.2) Trd,d′(φ) =
∑︂

Q∈SL2(Z)\Qdd′

χd(Q)|ΓQ|−1 φ(zQ), dd′ < 0,

is well-defined for a Maass cusp form φ(z) of weight zero.

Theorem 1.2 (Katok-Sarnak). Let d ≡ 0, 1 (mod 4) and φ be a Maass cusp form of

weight zero for SL2(Z). Then

6
√
d
∑︂
ψ

bψ(1)bψ(d)

⟨ψ, ψ⟩
= ⟨φ, φ⟩−1 ·

⎧⎨⎩2
√
π Tr1,d(φ), if d < 0,

Tr1,d(φ), if d > 0,

where the sum runs over an orthogonal basis ψ of Maass cusp forms in U+
1
2
,4
(s) such that

Shimd(ψ) = bψ(1)φ.

Originally, S. Katok and P. Sarnak [KS93] proved Theorem 1.2 by using a theta-

lift. The Katok-Sarnak formula has been generalized to higher level Maass cusp forms

by Á. Biró [Bir00] (by the use of trace formulas) and to more general splitting of the

discriminant D = dd′ with d ̸= d′ by W. Duke, Ö. Imamoğlu, and Á. Tóth [DIT16] (by

the theory of the resolvent kernel).

If we set d = 1 in Theorem 1.2, we have Tr1,1(φ) =

∫︂ i∞

0

φ(z)
dz

z
, since the class of

[0, 1, 0] is the only class in SL2(Z) \Q1. Hence, the trace Tr1,1(φ) is given in terms of the

central value of the L-function L(φ,w) =
∑︁∞

n=1
aφ(n)

nw
. We get the following immediate

corollary from the Katok-Sarnak formula.
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Corollary 1.3 (Katok-Sarnak). For each Maass cusp form φ of weight zero for

SL2(Z), the central L-value L(φ, 1) is non-negative.

A similar argument applied to Theorem 1.1 with d = d′ gives that the central value

(at w = k) of the twisted L-function L(f, d, w) =
∑︁∞

n=1

(︁
d
n

)︁ a(n)
nw

of a holomorphic cusp

form f(z) =
∑︁

n>1 a(n)e(nz) of weight 2k is non-negative. Hence, the case d = d′ includes

information about the behavior of the L-functions attached to the cusp forms. The case

d = d′ > 1 for Maass cusp forms of weight zero was established by E.M. Baruch and Z.

Mao [BM10] through a representation-theoretic argument.

The right hand side in Theorem 1.1 would trivially be zero if we did not assume that

d, d′ > 0, due to the cancellation arising from χd(−Q) = sign(d)χd(Q). The left hand side

in Theorem 1.1 is also trivially zero for holomorphic cusp forms, as the negative Fourier

coefficients vanish. For Maass cusp forms, however, the negative Fourier coefficients do

not necessarily vanish. So an interesting question is to ask what the analog of Theorem

1.1 for Maass cusp forms of non-zero weight would be, as it would include the case of

holomorphic cusp forms.

The results we mentioned are all for Maass cusp forms of weight zero, one obvious

difficulty being that the twisted trace in (1.2) would not be well-defined for non-zero

weights. In fact, this problem can be solved by first applying lowering operators (if

k > 0) or raising operators (if k < 0) to φ(z) making it an SL2(Z)-invariant function; see

Definition 4.6. We will establish a Katok-Sarnak-type formula for non-zero weights and

for all d, d′ (also for d = d′), thus obtaining a generalization of all the above mentioned

results and a finer picture of Kohnen’s formula for k > 0. The argument is similar to

the one used by W. Duke, Ö. Imamoğlu, and Á. Tóth [DIT16], in which they explicitly

calculated the cycle integrals of the Niebur Poincaré series. The Niebur Poincaré series

appear as the coefficients in the Fourier expansion of the resolvent kernel of the Laplace

operator and are eigenfunctions of the Laplace operator, but not square-integrable, which

leads to convergence issues in the case d = d′ (since the geodesics of the cycle integrals

are no longer compact). Instead, we will use the Selberg Poincaré series built out of

the natural test-function yse(mz) for m > 0, which are square-integrable, but no longer

eigenfunctions of the Laplace operator. The arising technical difficulties can be handled

by an idea going back to A. Selberg [Sel62] of approximating certain terms arising from

the Selberg Poincaré series and realizing that the error goes to zero at the points of

interest. This leads to the first theorem of this thesis.
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Theorem 1.4. Let k ∈ Z and d, d′ be integers such that (−1)kd is a fundamental

discriminant and (−1)kd′ ≡ 0, 1 (mod 4). Let φ be a Maass cusp form of weight 2k for

SL2(Z) with spectral parameter s such that Re(s) > 0. Then

6(−1)⌊k/2⌋
√
dd′

∑︂
Shimd(ψ)=bψ(d)φ

bψ(d)bψ(d
′)

⟨ψ, ψ⟩

= ⟨φ, φ⟩−1 ·

⎧⎪⎪⎨⎪⎪⎩
2
√
π Tr(−1)kd, (−1)kd′(φ), if dd′ < 0,

2k Tr(−1)kd, (−1)kd′(φ), if d, d′ > 0,

21−k Tr(−1)kd, (−1)kd′
(︁
2iyk∂zφ

)︁
, if d, d′ < 0,

where the sum runs over an orthogonal basis ψ of the preimage of φ under Shimd.

The theorem we will prove holds for higher level N as well; see Theorem 5.5. If φ is

holomorphic, which is equivalent to ∂zφ = 0, we see that both the left and right hand

side in the formula of Theorem 1.4 vanish trivially for d, d′ < 0. Applying the lowering

operator k-times has the same effect, i.e. that Tr(−1)kd, (−1)kd′(φ) = 0 for dd′ < 0 for φ(z)

holomorphic, so again both sides of the formula vanish in this case.

2. Cycle Integrals of the Parson Poincaré Series

Instead of considering non-holomorphic objects as the integrands of the cycle integrals,

we may also weaken the condition of modularity, but keep the integrand holomorphic.

This makes the cycle integral path-invariant but dependent on the base point z0.

Given any holomorphic function f : H → C, a useful way to describe its trans-

formation behavior under the weight 2k action of SL2(Z) is by defining the weight 2k

cocycle

(1.3) rf,k(g, z) = f(z)|2kg − f(z) for g ∈ SL2(Z).
2

The family of functions rf,k(g, z) satisfies the property

(1.4) rf,k(gg
′, z) = rf,k(g, z)|2kg′ + rf,k(g

′, z) for g, g′ ∈ SL2(Z).

Given a family of functions {r(g, z) : g ∈ SL2(Z)} satisfying (1.4), we call the function

f : H → C in (1.3) its modular integral. There has been a good amount of research

undertaken in constructing the modular integrals for families of cocycles. The earliest

example of constructing the modular integrals was by M. Knopp through “generalized

2We use the common notation f(z)|2k
(︃
a b

c d

)︃
= (cz + d)−2kf

(︂
az+b
cz+d

)︂
.
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Poincaré series” [Kno74], thus proving that every family of cocycles (with certain ad-

ditional growth conditions on the cocycles) arises from a function as in (1.3). Possibly

the easiest construction to date is due to W. Duke, Ö. Imamoğlu, and Á. Tóth [DIT10]

for rational cocycles, who gave the corresponding modular integral as an explicit Fourier

series for every family of cocycles; see also the construction in W. Duke’s paper [Duk21,

Prop. 1] for the more general class of holomorphic cocycles.

We will limit ourselves to families of rational cocycles. A classical example of a

modular integral with a rational cocycle is the weight 2 Eisenstein series

(1.5) E2(z) = 1− 24
∞∑︂
n=1

σ1(n)e(nz), where σ1(n) =
∑︂
d|n

d,

for the cocycle r

(︃(︃
∗ ∗
c d

)︃
, z

)︃
= 6

πi
c

cz+d
. Another example of a weight 2 modular integral,

involving cycle integrals of weakly holomorphic modular forms, was constructed by W.

Duke, Ö. Imamoğlu, and Á. Tóth [DIT11, DIT10] as

(1.6) FQ(z) =
2
√︁
disc(Q)

π

∞∑︂
n=1

(︃∫︂ γQ.z0

z0

jn(z)
dz

Q(z, 1)

)︃
e(nz),

where jn(z) denotes the unique weakly holomorphic modular function for SL2(Z) whose

Fourier expansion has the shape jn(z) = e(−nz) +O(e(z)). Its coycle is given by

rQ(g, z) = FQ(z)|2g − FQ(z) =
2

π

∑︂
Q′∈[Q],

w′
Q′<g

−1.i∞<wQ′

(︄
1

z − wQ
− 1

z − w′
Q

)︄
,

where w′
Q′ , wQ′ are the roots of Q′(z, 1) = 0. Interestingly, we can define the primitive

cocycle of rQ(g, z) by the cycle integral

(1.7) RQ(g, z0) =

∫︂ g.z0

z0

FQ(z)dz,

i.e. RQ(g, z) is the unique weight zero cocycle satisfying (1.4) such that ∂zRQ(g, z) =

rQ(g, z). Through an explicit calculation of the primitive cocycle RQ(g, z), T. Matsusaka

[Mat20] proved the remarkable formula

(1.8) Im

(︄
lim

n→+∞

∫︂ γn+1
Q′ .z0

γn
Q′ .z0

FQ(z)dz

)︄
=

∑︂
p∈[SQ]∩[SQ′ ]

1
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for any pair of indefinite binary quadratic forms Q, Q′ with [Q] ̸= [Q′] and where the

sum runs over the intersection points p of [SQ] with [SQ′ ], the geodesics SQ, SQ′ projected

onto SL2(Z) \H, counted with multiplicity.

For higher weight k > 1 there is an example by L.A. Parson [Par93], where we average

over the class of an indefinite binary quadratic form Q under the action of SL2(Z). First,

we define the sign of a quadratic form by sign([A,B,C]) = sign(A) for A ̸= 0 and

sign([A,B,C]) = sign(C) for A = 0. The Parson Poincaré series is then defined to be

(1.9) F 2k
Q (z) = −

√︁
disc(Q)

π

∑︂
Q′∈[Q]

sign(Q′)

Q′(z, 1)k
.

For k > 1 the sum in (1.9) converges absolutely and locally uniformly in z, hence defines

a holomorphic function.

The weight 2k cocycle for the Parson Poincaré series is given by

(1.10) rk,Q(g, z) = (F 2k
Q (z)|2kg)− F 2k

Q (z) =
2
√︁

disc(Q)

π

∑︂
Q′∈[Q],

w′
Q′<g

−1.i∞<wQ′

sign(Q′)

Q′(z, 1)k

for g ∈ SL2(Z). The sum on the right hand side of (1.10) is finite and defines a holomor-

phic rational function on H.

The Parson Poincaré series in (1.9) resemble the hyperbolic Poincaré series

P 2k
Q (z) =

∑︂
Q′∈[Q]

1

Q′(z, 1)k
,

which are holomorphic cusp forms of weight 2k and appear in W. Kohnen’s construction of

the kernel function of the Shimura correspondence [Koh85]. In fact, the family {P 2k
Q (z) :

disc(Q) > 0} generates the space of cusp forms of weight 2k, which has a clear advantage

over the family of parabolic Poincaré series in that these hyperbolic Poincaré series exist

for Fuchsian groups that do not contain parabolic elements. Furthermore, S. Katok

[Kat85] found an interesting geometric expression for the cycle integrals of the P 2k
Q (z),

namely

(1.11)

Im

(︃∫︂ γQ′ .z0

z0

P 2k
Q (z)Q′(z, 1)k−1dz

)︃
= (disc(Q)disc(Q′))

k−1
2

∑︂
p∈[SQ]∩[SQ′ ]

µkpPk−1(cos θp),
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where Pr denotes the r-th Legendre polynomial, θp(Q,Q
′) the angle of intersection at

p measured counterclockwise from the tangent at [SQ] to the tangent of [SQ′ ] at p, and

µp(Q,Q
′) is the signed topological intersection.3

Notice the similarity between T. Matsusaka’s formula (1.8) and S. Katok’s formula

(1.11). Morally speaking, if we put k = 1 in (1.11), we would get the sum over the

signed topological intersections µp, so a “twisted” intersection number. Motivated by

this observation, our second theorem generalizes T. Matsusaka’s formula (1.8) to the

higher weight case.

Theorem 1.5. Let Q, Q′ be indefinite binary quadratic forms of discriminant D,

D′ > 0 respectively and k > 1. The homogenized cycle integral of the Parson Poincaré

series evaluates to

Im

(︄
lim

n→+∞

∫︂ γn+1
Q′ .z0

γn
Q′ .z0

F 2k
Q (z)Qσ(z, 1)

k−1dz

)︄
= (DD′)

k−1
2

∑︂
p∈[SQ]∩[SQ′ ]

µk−1
p Pk−1(cos θp).

T. Matsusaka’s line of argument for (1.8) of explicitly calculating the primitive cocycle

RQ(g, z) becomes hopelessly complicated in the case k > 1, so the proof does not carry

over. However, we can use an adaptation of S. Katok’s proof, which is based on classical

tools such as an unfolding argument and tools from complex analysis.

Previous to Matsusaka’s formula (1.8), W. Duke, Ö. Imamoğlu, and Á. Tóth [DIT17]

expressed the number of intersections of the net of the geodesics associated to the class

of [Q] with the non-compact geodesic S−d/c from −d
c
to i∞ as the central value of the

twisted L-function

LQ(w,−d/c) =
∞∑︂
n=1

aQ(n)e
(︁
−nd

c

)︁
nw

of the modular integral FQ(z) =
∑︁∞

n=1 aQ(n)e(nz) in (1.6). The explicit formula reads

(1.12)
1

2π
Re (LQ(1,−d/c)) =

∑︂
p∈[SQ]∩S−d/c

1,

where the equivalence class is over the action of SL2(Z) on the geodesic SQ. We generalize

(1.12) to the higher weight case as well.

The Parson Poincaré series F 2k
Q (z) is 1-periodic and thus has a Fourier expansion of the

shape F 2k
Q (z) =

∑︁∞
n=1 a2k,Q(n)e

2πinz. The Fourier coefficients a2k,Q(n) can be explicitly

3To be precise, pick Q′′ in the class [Q′] such that the intersection point p corresponds to the inter-
section point of SQ and SQ′′ and suppose that SQ and SQ′′ are oriented clockwise (which means that
Q(1, 0), Q′′(1, 0) < 0). Then µp(Q,Q′) = +1 if the left endpoint of SQ′′ lies between the two endpoints
of SQ, and µp(Q,Q′) = −1 otherwise. The sign of µp(Q,Q′) changes if the orientation is reversed.
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computed in terms of Kloosterman sums and Bessel functions [Par93, Theorem 3.1] or

in terms of cycle integrals of weakly holomorphic modular forms [DIT10, Theorem 3].

We define the twisted L-function of F 2k
Q (z) by

L2k,Q

(︃
w,−d

c

)︃
=

∞∑︂
n=1

a2k, Q(n)e
(︁
−nd

c

)︁
nw

, Re(w) ≫ 1.

We are interested in its central value at w = k, where the twisted L-function satisfies the

following analog of (1.12).

Theorem 1.6. Let k > 1 be an odd integer, Q be an indefinite binary quadratic form

of discriminant D > 0 and d, c be coprime integers with c > 0. We have

(k − 1)!ik−1

(2π)k
Re (L2k,Q (k,−d/c)) = D

k−1
2

∑︂
p∈[SQ] ∩ S−d/c

Pk−1 (cos θp) ,

where θp denotes the angle of intersection at the point p between the geodesic in the

equivalence class of SQ and the geodesic S−d/c.

3. Hardy Sums

The primitive cocycle RF (g, z) =

∫︂ g.z

z

F (w) dw of a family of holomorphic rational

cocycles {r(g, z) : g ∈ SL2(Z)} of weight 2 with modular integral F (z) is also arithmeti-

cally interesting without homogenization. In the simplest case, where F (z) = E2(z), the

primitive cocycle is given by

(1.13)

∫︂ g.z

z

E2(w) dw =
6

πi
log

(︃
cz + d

sign(c)i

)︃
+ Φ(g), g =

(︃
a b

c d

)︃
∈ SL2(Z).

Throughout this thesis, log(z) will denote the canonical branch of the logarithm, i.e. with

argument in (−π, π]. It is easily checked that differentiating the right hand side in (1.13)

yields the cocycle 6
πi

c
cz+d

of the Eisenstein series. The constant Φ(g) ensures that

(1.14) RE2(gg
′, z) = RE2(g, g

′.z) +RE2(g
′, z).

As is well known, the Eisenstein series is the logarithmic derivative of the η-function

η(z) = e
πi
12
z
∏︁∞

n=1(1− e2πinz), i.e. η′(z)
η(z)

= πi
12
E2(z). So what we observe in (1.13) is really

the transformation behavior of log η(z). Since η24(z) transforms with a trivial multiplier

system, we must have Φ(g) ∈ Z.
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Explicitly, the constant Φ(g) is given by

(1.15) Φ

(︃(︃
a b

c d

)︃)︃
=

⎧⎨⎩b, for c = 0,

a+d
c

− 12sign(c) s(d, |c|), for c ̸= 0,

where

(1.16) s(d, c) =
c−1∑︂
k=1

(︃(︃
dk

c

)︃)︃(︃(︃
kd

c

)︃)︃
, (d, c) = 1, c > 0,

with ((x)) = x − ⌊x⌋ − 1/2 is a so-called Dedekind sum. We call the constant Φ(g) the

Dedekind symbol.

The Dedekind sums s(d, c) satisfy many symmetries, e.g., the reciprocity law

(1.17) s(d, c) + s(c, d) =
1

12

c2 + d2 + 1

cd
− 1

4
,

which follows from setting g =

(︃
∗ ∗
c d

)︃
and g′ = S =

(︃
0 −1

1 0

)︃
in (1.14). The reciprocity

law (1.17) can be proved using elementary arguments as well; see H. Rademacher and

E. Grosswald’s monograph [RG72]. However, the nature of Dedekind sums lies much

deeper than being elementary finite sums that happen to satisfy pretty symmetries. T.

Asai [Asa70] defined them, without any reference to automorphic forms, as arising from

the cohomology of SL2(R) and C. Burrin [Burr17, Burr18] defined generalizations of

the Dedekind sums for non-arithmetic subgroups of SL2(R), which also satisfy reciprocity

laws. Moreover, Dedekind sums appear in a multitude of applications, e.g., in physics,

geometry, topology, and computer science.

We will consider a natural analog of Dedekind sums resp. the Dedekind symbol (de-

pending on the point of view). Namely, we will consider the boundary of log θ(z) and

log θ4(z), where

θ(z) =
∑︂
n∈Z

eπin
2z and θ4(z) =

∑︂
n∈Z

(−1)neπin
2z.

The transformation law for, say, log θ4(z) is given by

log θ4(g.z)− log θ4(z) =
πi

12

∫︂ g.z

z

(︂
E2

(︂w
2

)︂
− E2(w)

)︂
dw

=
1

2
log

(︃
cz + d

sign(c)i

)︃
+
πi

4
S4(d, c), g =

(︃
a 2b

c d

)︃
∈ SL2(Z),
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where

(1.18) S4(d, c) =

|c|−1∑︂
k=1

(−1)⌊
kd
c ⌋, (d, c) = 1, d odd

is a so-called Hardy sum; see B. Berndt’s paper [Ber78].4 Surprisingly, the sum in

(1.18) already appeared in an early paper of G.H. Hardy [Har05], which did not refer to

automorphic forms at all.

Obviously, the Hardy sums S4(d, c) in (1.18) are integer-valued, but are only mean-

ingful on the smaller set of coprime integers (c, d) for which d is odd. Those are the pairs

that correspond to a matrix in Γ0(2) =

{︃(︃
a b

c d

)︃
∈ SL2(Z) : b ≡ 0 (mod 2)

}︃
, for which

θ4(z) exhibits automorphic behavior. As a matter of fact, S4(d, c) = 0 if d is even.

On the other hand, since the inversion S does not lie in Γ0(2), there is no reason

to expect a reciprocity law as in (1.17) for S4(d, c). Most of the properties of Dedekind

sums are proven in one way or the other through the reciprocity law. The reciprocity law,

together with the properties s(d + c, c) = s(d, c) and s(0, 1) = 0, defines the Dedekind

sums uniquely, which allows to calculate them quickly through the Euclidean algorithm.

D. Hickerson [Hic77] used the reciprocity law to prove a representation of s(d, c) in

terms of the continued fraction expansion of d
c
(which again encodes Euclidean division),

namely

(1.19) s(d, c) = −1

4
+

1

12

(︄
a+ d

c
−

2n+1∑︂
k=1

(−1)kak

)︄
, 0 < a < c, ad ≡ 1 (mod c),

where the ai ≥ 0 are the partial quotients of the continued fraction expansion of

d

c
= [0; a1, ..., a2n+1] =

1

a1 +
1

··· + 1
a2n+1

.

D. Hickerson then used the formula (1.19) to answer a question raised by H. Rademacher

about the distribution of (d/c, s(d, c)) in R×R.

Theorem 1.7 (Hickerson). The set {(d/c, s(d, c)) : (d, c) = 1} is dense in R×R.

The same question can be asked about the pair (d/c, S4(d, c)) in R × Z, for which

the answer is also affirmative.

4Most of the theorems in the introduction have an analog for the Hardy sums S(d, c) =∑︁c−1
k=1(−1)k+1+⌊ kd

c ⌋ appearing in the transformation law of log θ(z), but for conciseness we focus on
S4(d, c) exclusively in the introduction. Later on, we will always state the theorems for both sums,
whenever possible.



3. HARDY SUMS 25

Theorem 1.8 (Meyer). The set {(d/c, S4(d, c)) : (d, c) = 1, d odd} is dense in

R× Z.

J. Meyer’s proof [Mey97] uses non-trivial results of L. Goldberg [Gol82] and W.

Duke, J. Friedlander, and H. Iwaniec [DFI95] and, due to the absence of the reciprocity

law, does not use any kind of representation of S4(d, c) in terms of continued fractions.

We will identify a special kind of continued fraction expansion (what we call an expansion

of Γ0(2)-type), for which a formula for S4(d, c) in the style of (1.19) exists. We prove the

following theorem.

Theorem 1.9. Let d, c be coprime integers and d be odd. Let a0 ∈ Z and a1, ..., an

be non-zero integers with |ak| > 1 for k = 1, 3, ..., n − 2 such that the continued fraction

expansion of d
c
is equal to [0; a1, 2a2, a3, ..., 2an−1, an]. The Hardy sums S4(d, c) take the

form

(1.20) S4(d, c) = (a1 + a3 + ...+ an) +
n∑︂
k=1

(−1)ksign(ak).

As an application of Theorem 1.9 we will give an alternative proof of Theorem 1.8.

More is known about the distributional properties of Dedekind sums. For instance, I.

Vardi [Var87] showed that the fractional parts of {s(d, c) : 1 ≤ d < c ≤ N, (d, c) = 1} are
equidistributed on R/Z as N → +∞. His argument reduces the problem to a question

about sums of Kloosterman sums, which can be handled through the work D. Goldfeld

and P. Sarnak [GS83]. We will show the analog of Vardi’s result for Hardy sums by

reducing the problem to the spectral theory of certain Eisenstein series. The location

of the poles in the analytic continuation of these Eisenstein series encodes information

about the growth rate of the Weyl sums.

Theorem 1.10. Let m > 1. The set {S4(d, c) (mod m) : 1 ≤ d < c ≤ N, (d, c) =

1, d odd} is equidistributed on Z/mZ with respect to the counting measure as N → +∞.

Unfortunately, the literature on Hardy sums is not as vast as the literature on Dede-

kind sums, but the ubiquity of the θ-functions makes it probable that there is much to be

discovered in this regard. One application that we found is that the Hardy sums S4(d, c)

appear as an “error term” in counting the number of lattice points of (2Z)2 that lie in

the triangle

T (d, c) =
{︂
(x, y) ∈ R2

≥0 :
x

d
+
y

c
< 1
}︂

for (d, c) = 1, i.e. in the triangle with vertices (0, 0), (d, 0) and (0, c). More precisely, we

prove the following theorem.
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Theorem 1.11. Let d, c be positive coprime integers.

(1) If d, c are both odd, then

#(T (d, c) ∩ (2Z)2) =
1

8
(cd+ 2d+ 2c+ S4(d, c) + S4(c, d)).

(2) If d is even, then

#(T (d, c) ∩ (2Z)2) =
1

4

(︃
c+ d+

cd

2
+ S4(c, d/2)

)︃
.

Finally, we will give a completely geometric realization of the Hardy sums as signed

intersection numbers of a non-compact geodesic inH with a fixed net of oriented geodesics

(see Theorem 11.6). This was done independently, but much more abstract and for

a bigger class of Dedekind-type sums, by C. Burrin and F. Von Essen [BvE22], who

realized C. Burrin’s generalized Dedekind sums as winding numbers of geodesics around

a cusp of the modular surface. Our hands-on approach, however, allows us to prove

certain symmetries of the Hardy sums by elementary geometry.



CHAPTER 2

Binary Quadratic Forms, Hyperbolic Matrices, and Continued

Fractions

There is a three-way correspondence between binary quadratic forms of square-free

positive discriminant, primitive hyperbolic matrices in the modular group, and the con-

tinued fraction expansion of a rational number. In the upcoming chapters we will often

use the language which is most convenient for the purpose at hand. In this introduc-

tory section, we explain the basic properties of these three concepts and illustrate their

interchangeability.

1. Binary Quadratic Forms

The study of binary quadratic forms has a long history in mathematics, dating back

at least to Diophantus, who considered the problem of representing an integer by the

sum of two squares. One of C.F. Gauss’ seminal contributions to number theory was

to develop a general theory of binary quadratic forms. Later on, the theory of binary

quadratic forms proved to have connections to algebraic number theory, notably to real

and imaginary quadratic fields.

A binary quadratic form Q(x, y) = [A,B,C](x, y) = Ax2 + Bxy + Cy2 is a homoge-

neous polynomial in two variables with integer coefficients A,B,C. The discriminant of

Q is defined to be disc(Q) = B2 − 4AC.

There is a right-action of the modular group SL2(Z) on the set of binary quadratic

forms given by

(2.1) (Q ◦ g)(x, y) = Q(ax+ by, cx+ dy), where g =

(︃
a b

c d

)︃
∈ SL2(Z).

If two binary quadratic forms are equivalent under the action in (2.1), then they represent

the same integers.

The discriminant of Q is invariant under the action in (2.1). Naturally, the congruence

subgroup

(2.2) Γ0(N) =

{︃(︃
a b

c d

)︃
∈ SL2(Z) : c ≡ 0 (mod N)

}︃
27
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for N ≥ 1 acts on the set of binary quadratic forms as well. Moreover, if N |Q(1, 0), then
N |(Q ◦ g)(1, 0) for g ∈ Γ0(N).

The set

(2.3) QN,D = {[A,B,C] : B2 − 4AC = D, N |A}

is thus invariant under the action of Γ0(N). We write Q+
N,D for the subset of forms

[A,B,C] in QN,D with A > 0. The subset Q+
N,D is invariant under Γ0(N) for negative

discriminant D, so we use the convention that QN,D = Q+
N,D for D < 0.

For any D the set Q+
N,D is invariant under the action of Γ∞ =

{︃
±
(︃

1 n

0 1

)︃
: n ∈ Z

}︃
,

the stabilizer subgroup of the cusp i∞ under the action of Γ0(N) on the upper half plane

H by linear fractional transformations. On several occasions we will need the following

representation of the cosets of Q+
N,D/Γ∞, which we formulate in a lemma.

Lemma 2.1. The map

{(A,B) : N |A > 0, B (2A), B2 ≡ D (4A)} → Q+
N,D/Γ∞

sending (A,B) to [A,B, (B2 −D)/4A] is a bijection.

Proof. This follows immediately from [A,B,C]◦
(︃

1 n

0 1

)︃
= [A,B+2An,C+Bn+An2]

for n ∈ Z. □

The action of Γ0(N) on H is compatible with the action of Γ0(N) on QN,D. Namely,

consider the degree 2 polynomial Q(z, 1) = Az2 + Bz + C for Q ∈ QN,D with z ∈ H.

If D < 0, the polynomial has two roots − B
2A

±
√
D

2A
, one of which lies in the upper half

plane. We denote it by zQ = − B
2A

+
√
D

2|A| ∈ H and refer to it as a CM-point. We have

(2.4) g.zQ = zQ◦g for all g =

(︃
a b

c d

)︃
∈ Γ0(N),

which follows easily from (Q ◦ g)(z, 1) = j(g, z)2Q(g.z, 1), where j(g, z) = cz + d is the

automorphy factor. In particular, it follows from (2.4) that the group of automorphs

ΓQ = {g ∈ Γ0(N) : Q ◦ g = Q} is trivial for any Q ∈ QN,D for D < 0, unless zQ is an

elliptic point in H. This only happens for the forms A(x2+ y2) and A(x2+xy+ y2) with

A > 0, in which case ΓQ has order 2 resp. 3.

For D > 0 the polynomial Q(z, 1) = Az2 +Bz+C for Q ∈ QN,D with A ̸= 0 has two

real roots w′
Q < wQ. The geodesic

(2.5) SQ = {z ∈ H : A|z|2 +B Re(z) + C = 0}
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connects the two roots w′
Q and wQ and satisfies

(2.6) g.SQ = SQ◦g for all g ∈ Γ0(N).

The roots w′
Q < wQ (and thus the geodesic SQ) are fixed for

(︃
a b

c d

)︃
∈ Γ0(N) subject to

the conditions

(2.7) cz2 + (d− a)z − b = 0 for z = wQ, w
′
Q, ad− bc = 1, and N |c.

So c = At, d − a = Bt and b = −Ct for a t ∈ Z by the first condition in (2.7). The

condition ad− bc = 1 is satisfied if and only if t and u = a + d satisfy the Pell equation

u2 −Dt2 = 4. Since all solutions to the Pell equation arise from a fundamental solution

(u0, t0) (i.e. such that u0 ≥ 1 is minimal), the group of automorphs ΓQ is a cyclic group

{±γnQ : n ∈ Z}, where

(2.8) γQ =

(︃
u0+Bt0

2
−Ct0

At0
u0−Bt0

2

)︃
.

The requirement that N |A ensures that γQ indeed lies in Γ0(N). In particular, if D > 0 is

not a square, the group ΓQ is infinite cyclic. For D > 0 being a square, the only solutions

to the Pell equation are (±2, 0), hence ΓQ is trivial.

There are only finitely many equivalence classes QN,D/Γ0(N) for any D. For N = 1

and D a fundamental discriminant the number of classes in Q1,D/SL2(Z) is equal to the

(narrow) class number of the quadratic field Q(
√
D). For D = d2 being a positive square,

the number of classes in QN, d2/Γ0(N) is given in the next lemma. The proof relies on an

argument of A. Biró [Bir00, p. 131].1

Lemma 2.2. Let N ≥ 1 and d > 0 with (d,N) = 1. The number of equivalence classes

in QN, d2/Γ0(N) is equal to 2ν(N)d, where ν(N) is the number of distinct prime divisors

of N .

Proof. For the case N = 1, it is easy to see that {[0, d, µ] : 0 ≤ µ < d} is a set

of representatives of Q1, d2/Γ0(1). Moreover, since (d,N) = 1, we may as well pick the

representatives [0, d, µN ] for 0 ≤ µ < d.

For N ≥ 1, the set of representatives of Γ0(1)/Γ0(N) is given by{︃
gu,v =

(︃
u ∗
v ∗

)︃
∈ Γ0(1) : u|N, 1 ≤ v ≤ N/u

}︃
;

see, e.g., G. Shimura’s monograph [Shim71, p. 25].

1A. Biró’s argument for Lemma 2.2 and Lemma 2.3 below is quite condensed and we could not find it
explained elsewhere in the literature, so we decided to give a more extensive proof.
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Hence, we may pick

(2.9) {[0, d, µN ] ◦ gu,v : u|N, 1 ≤ v ≤ N/u, 0 ≤ µ < d}.

as a set of representatives for Q1, d2/Γ0(N). To count the number of equivalence classes

in QN, d2/Γ0(N), it suffices to count which representatives in (2.9) lie in QN, d2 , since the

subset QN, d2 ⊂ Q1, d2 is closed under the action of Γ0(N).

We see that ([0, d, µN ] ◦ gu,v)(1, 0) = [0, d, µN ](u, v) = duv + µNv2 ≡ 0 (mod N) is

possible if and only if v ≡ 0 (mod N/u) (again, because (d,N) = 1). But since (u, v) = 1,

we must also have (u,N/u) = 1, so the representatives of QN, d2/Γ0(N) are given by

(2.10) {[0, d, µN ] ◦ gu,N/u : u|N, (u,N/u) = 1, 0 ≤ µ < d}.

We deduce that there are exactly 2ν(N)d classes in QN, d2/Γ0(N). □

There is a second way of labeling the representatives of QN, d2/Γ0(N) than in (2.10)

using Atkin-Lehner involutions, which will prove useful later. For m > 1 with m|N and

(m,N/m) = 1, we writem∥N . For any suchm∥N , pick β, δ ∈ Z such that δm2−Nβ = m

and let

(2.11) Wm =
1√
m

(︃
m β

N mδ

)︃
be the Atkin-Lehner involution. It is readily checked using Nβ ≡ 0 (mod m) that

(2.12) WmΓ0(N)W−1
m ⊂ Γ0(N).

Moreover, the Atkin-Lehner involution satisfies

(2.13) W 2
m =

1

m

(︃
m2 +Nβ mβ +mβδ

Nm+Nmδ Nβ +m2δ2

)︃
∈ Γ0(N),

which makes it an involution when acting on a Γ0(N)-invariant function. For m,m′∥N ,

it follows from (2.12) and (2.13) that

WmWm′ ∈ Wm′WmΓ0(N).

Furthermore, if m,m′∥N are coprime then WmWm′ ∈ Wmm′Γ0(N), as can be verified by

direct computation. Hence, for m = pr11 p
r2
2 · · · prnn with distinct prime factors, we have

Wm = Wp
r1
1
Wp

r2
2
· · ·Wprnn g for a g ∈ Γ0(N). In particular, we may also deduce that

WmWm′ ∈ W mm′
(m,m′)

Γ0(N) for all m,m′∥N .
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Lemma 2.3. Let N ≥ 1 and d ≥ 1 such that (d,N) = 1. The classes QN,d2/Γ0(N)

are represented by

(2.14) {[0, d, µ] ◦Wm : 0 ≤ µ < d, m∥N}.

Proof. First, we need to check that [0, d, µ] ◦Wm with 0 ≤ µ < d and m∥N indeed

defines an element of QN, d2 . We calculate

[0, d, µ] ◦Wm =
[︁
N (d+ µN/m) , dβN/m+ 2µδN + dδm, βdδ + µδ2m

]︁
,

which has discriminant d2 (βN−δm2)2

m2 = d2.

The claimed number of representatives in (2.14) is exactly 2ν(N)d, so it suffices to show

that they are pairwise inequivalent under the action of Γ0(N) by Lemma 2.2. Moreover,

the claim is trivial if N = 1, so we may assume that N > 1.

Let us check that [0, d, µ] and [0, d, µ′] ◦WN are inequivalent for 1 ≤ µ, µ′ < d. We

have [0, d, µ′] ◦WN = [N(d+ µ′),−d, 0]. The binary quadratic form [N(d+ µ′),−d, 0] is

equivalent to [Nµ′,−d, 0]. Suppose there is a g =
(︃

a′ b′

c′N d′

)︃
∈ Γ0(N) such that [Nµ,−d, 0]◦

g = [0, d, µ], i.e.

[Nµ(a′)2 − da′c′N, 2Nµa′b′ − d(a′d′ + b′c′N), Nµ(b′)2 − db′d′] = [0, d, µ].

Comparing the second coefficient, we would have −d ≡ d (mod 2N), which is a contra-

diction to (d,N) = 1.

Suppose now, more generally, that there are 0 ≤ µ, µ′ < d and m,m′∥N such that

[0, d, µ] ◦Wm = [0, d, µ′] ◦Wm′ ◦ g′ for some g′ ∈ Γ0(N). Equivalently, we may say that

[0, d, µ] = [0, d, µ′] ◦ g ◦W mm′
(m,m′)

for some g =

(︃
a′ b′

c′N d′

)︃
∈ Γ0(N). To ease the notation, we

write m instead of mm′

(m,m′)
.

In this case, we must have

0 = [0, d, µ](1, 0)

= ([0, d, µ′] ◦ g ◦Wm)(1, 0)

=
1

m
[0, d, µ′](a′m+ b′N, c′Nm+ d′N)

= (d(a′ + b′N/m) + µ′(c′N + d′N/m)) · (c′Nm+ d′N).

If the term d(a′ + b′N/m) + µ′(c′N + d′N/m) is zero, we have

da′ ≡ 0 (mod N/m),

which implies that m = N , since (a′, N) = 1 and (d,N) = 1, which we already excluded.
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Thus, assume that c′N + d′N/m = 0. This implies that d′ ≡ 0 (mod m), which is

absurd unless m = 1. Since W1 ∈ Γ0(N) ⊂ Γ0(1), we must have µ ≡ µ′ (mod d). □

For [A,B,C] ∈ QN,d2 , the geodesic S[A,B,C] defined in (2.5) is still a semi-circle if

A ̸= 0, but for Qµ = [0, d, µ] it is the geodesic

SQµ =
{︂
−µ
d
+ it : t > 0

}︂
.

For any Q with disc(Q) > 0, we orient SQ counterclockwise if A = Q(1, 0) > 0 and

clockwise if A < 0. If A = 0, like in the case of the Qµ, the geodesic shall be oriented

towards the cusp i∞, i.e. from −µ
d
to i∞.

One of C.F. Gauss’ key insights was to show that there is a composition operation

of the classes of binary quadratic forms in Cl+D = Q1,D/Γ0(1), which makes Cl+D a finite

abelian group. Nowadays this composition law is more often formulated in terms of ideal

classes of the ring of integers of a number field, which allows for a more general framework

(as we already mentioned, for a fundamental discriminant D the group Cl+D is the narrow

class group of the quadratic number field Q(
√
D), hence the notation).

Instead of considering equivalence classes for the action of SL2(Z) on Q1,D as in (2.1),

we may consider the coarser notion of SL2(Q)-equivalence on Q1,D. Obviously, these

SL2(Q)-equivalence classes consist of equivalence classes in Q1,D/Γ0(1). We will refer to

such a coarser class as a genus class.

For D a fundamental discriminant, the group of genus classes is isomorphic to the

quotient Cl+D/(Cl
+
D)

2. The characters on this group are hence real. For our purposes, it

is most convenient to phrase the genus characters of a general discriminant D in terms

of representations of integers of the binary quadratic form. The genus characters for a

discriminant D are in one-to-one correspondence with the splittings D = dd′, where d is

a fundamental discriminant. For a binary quadratic form [A,B,C] of discriminant D the

genus character associated to the splitting D = dd′ is defined to be

(2.15) χd([A,B,C]) =

⎧⎨⎩0, if (A,B,C, d) > 1,(︁
d
r

)︁
, if (A,B,C, d) = 1 and [A,B,C] represents r,

where
(︁
d
·

)︁
is the Kronecker symbol.

Let us check that χd is well-defined. Suppose the form [A,B,C] represents two distinct

integers r, s. We may assume w.l.o.g. that both r, s are properly represented, i.e. that

there are coprime a, c ∈ Z such that [A,B,C](a, c) = s. Picking g =

(︃
a ∗
c ∗

)︃
∈ SL2(Z),

consider Q′ = [A,B,C] ◦ g = [s, B′, C ′]. Since Q′(x, y) properly represents the same
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integers as [A,B,C], there are x0, y0 ∈ Z such that Q′(x0, y0) = r. We calculate

4rs = 4sQ′(x0, y0) = (2sx0 +B′y0)
2 − dd′y20,

so
(︁
d
r

)︁
=
(︁
d
s

)︁
. It is also clear that χd is invariant for classes QN,D/Γ0(N).

We finish this section by an example calculation of values of χd for the case where

D = d2 for d a fundamental discriminant. Consider the classes of QN,d2/Γ0(N) as in

Lemma 2.3. Obviously, the binary quadratic form [0, d, µ] ◦Wm represents the integer

([0, d, µ] ◦Wm)(0, 1) = βdδ + µδ2m, so

(2.16) χd([0, d, µ] ◦Wm) =

(︃
d

βdδ + µδ2m

)︃
=

(︃
d

µ

)︃(︃
d

m

)︃
.

2. Hyperbolic Matrices

In equation (2.7), we already saw that for a binary quadratic form Q(x, y) – with

disc(Q) > 0 not a square – the fixed points of its primitive automorph γQ correspond to

the roots of Q(z, 1) = 0. In fact, there is a one-to-one correspondence between binary

quadratic forms of positive square-free discriminant and primitive hyperbolic elements of

SL2(Z).

The non-trivial primitive automorph γQ =

(︃
u0+Bt0

2
−Ct0

At0
u0−Bt0

2

)︃
in (2.8) satisfies Tr(γQ) =

u0 > 2, since u20 = 4 +Dt20 > 4 if t0 ̸= 0. It is hence a hyperbolic matrix in SL2(Z).

Conversely, given a hyperbolic matrix γ =

(︃
a b

c d

)︃
∈ SL2(Z), we may associate a binary

quadratic form Qγ(x, y) = cx2 + (d− a)xy − by2 to it. An easy calculation gives that

disc(Qγ) = Tr(γ)2 − 4 > 0.

Proposition 2.4. There is a bijection φ between⋃︂
D>0,

D square−free

Q1,D and {γ ∈ SL2(Z) : Tr(γ) > 2, γ primitive}

given by φ(Q) = γQ. Its inverse φ
−1 is given by the map γ ↦→ 1

(b,d−a,c)Qγ.

Proof. Let Q = [A,B,C] and D = B2 − 4AC be square-free (this implies that

(A,B,C) = 1). Its primitive automorph γQ =

(︃
u0−Bt0

2
−Ct0

At0
u0+Bt0

2

)︃
is given in (2.8), where

u0, t0 is the fundamental solution of the Pell equation u20 − Dt20 = 4. Thus, we have
1

(At0,Bt0,Ct0)
QγQ(x, y) = Ax2 +Bxy + Cy2.
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Let γ =

(︃
a b

c d

)︃
∈ SL2(Z) be primitive and hyperbolic and m = (c, d− a, b). The Pell

equation u2 − (a+d)2−4
m2 t2 = 4 has the fundamental solution u = a+ d and t = m. Hence,

γ 1
m
Qγ

= γ. □

One advantage of considering primitive hyperbolic elements instead of binary qua-

dratic forms, is that this viewpoint generalizes easily to Fuchsian groups of the first kind,

i.e. to cofinite discrete subgroups Γ < SL2(R). For any primitive hyperbolic γ ∈ Γ, we

can associate a binary quadratic form Qγ(x, y) with real coefficients to it as before. The

group Γ still acts on the set of binary quadratic forms of discriminant Tr(γ)2−4 with real

coefficients as in (2.1); the action also preserves the discriminant of a binary quadratic

form with real coefficients. The equivalence classes of binary quadratic forms Qγ(x, y)

correspond to conjugacy classes in Γ. More precisely, for g ∈ Γ, we have

(2.17) (Qγ ◦ g)(x, y) = Qg−1γg(x, y),

which can be proved easily by recalling that the roots of Qγ(z, 1) = 0 are the fixed points

of γ. In particular, this means that (Qγ ◦ γ)(x, y) = Qγ(x, y).

Denote the real fixed points of γ by w′
γ < wγ. Let Rγ ∈ SL2(R) be the matrix,

which sends Rγ.0 = w′
γ and Rγ.i∞ = wγ. The matrix Rγ is unique up to right mul-

tiplication by a homothety

(︃
x 0

0 x−1

)︃
∈ SL2(R) with x ∈ R, i.e. transformations which

fix the imaginary axis iR>0. As R−1
γ γRγ fixes the imaginary axis as well, we must have

R−1
γ γRγ =

(︃
ξ 0

0 ξ−1

)︃
∈ SL2(R) for a ξ ∈ R, so Rγ diagonalizes the matrix γ.

Taking Rγ =
1√

wγ−w′
γ

(︃
wγ w′

γ

1 1

)︃
∈ SL2(R), we calculate

R−1
γ γRγ =

1

wγ − w′
γ

(︃
awγ + b− w′

γ(cwγ + d) aw′
γ + b− w′

γ(cw
′
γ + d)

awγ + b+ wγ(cwγ + d) aw′
γ + b+ wγ(cw′

γ + d)

)︃
=

(︃
cwγ + d 0

0 cw′
γ + d

)︃
,

using that Qγ(wγ, 1) = Qγ(w
′
γ, 1) = 0. Hence, ξ = a+d

2
+ sign(c)

√
(a+d)2−4

2
and ξ−1 =

a+d
2
−sign(c)

√
(a+d)2−4

2
. The binary quadratic formQR−1

γ γRγ
is thus equal to [0, ξ−ξ−1, 0] =

[0, sign(c)
√
D, 0]. It should be noted that |ξ| > 1 if and only if c(a+ d) > 0.

The orientation of Sγ = SQγ is as before in terms of sign(c). However, for certain γ

we can view the orientation in a more geometric/dynamic fashion in terms of attractive

and repulsive fixed points of γ. Under repeated action of γ on the upper half plane with
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its boundary, every point that is not a fixed point will converge to the attractive fixed

point.

Lemma 2.5. Let γ =

(︃
a b

c d

)︃
∈ SL2(R) be a primitive hyperbolic element and w′

γ < wγ

its real fixed points. For any z ∈ H ∪ {i∞} ∪R− {w1, w2}, we have

lim
n→+∞

γn.z =

⎧⎨⎩wγ, if c(a+ d) > 0,

w′
γ, if c(a+ d) < 0.

Proof. This follows from

γn = Rγ

(︃
ξn 0

0 ξ−n

)︃
R−1
γ =

1

wγ − w′
γ

(︃
wγξn − w′

γξ
−n −w′

γwγξ
n + w′

γwγξ
−n

ξn − ξ−n −w′
γξ
n + wγξ−n

)︃
and |ξ| > 1 if and only if c(a+ d) > 0. □

Lemma 2.5 shows that for γ a hyperbolic element with Tr(γ) < 0, the geodesic Sγ is

oriented from the repulsive fixed point to the attractive one.

2.1. The Signed Topological Intersection Number. Let S1, S2 be two positively

oriented semi-circular geodesics in H. If the two geodesics intersect, we define the signed

topological intersection number of S1 and S2 to be µ(S1, S2) = +1 if the left endpoint

of S2 lies between the endpoints of S1 and µ(S1, S2) = −1 otherwise. Clearly, we have

µ(S1, S2) = −µ(S2, S1). Whenever we change the orientation of one of the two geodesics

S1, S2, the sign of µ(S1, S2) is reversed.

Let γ, σ ∈ Γ be primitive hyperbolic elements. Both geodesics Sγ and Sσ have an

orientation depending on the lower left entry of the matrix γ resp. σ. Let [Sγ], [Sσ] be

the projections of the geodesics Sγ, Sσ respectively onto Γ \H. The intersection points p

of [Sγ] and [Sσ] are in one-to-one correspondence with the intersection points of Sγ with

the net {g.Sσ : g ∈ Γγ \ Γ/Γσ}. Let gp ∈ Γγ \ Γ/Γσ be the corresponding element to an

intersection point p. The topological intersection number of [Sγ] with [Sσ] at p is defined

as

µp(γ, σ) = µ(Sγ, gp.Sσ).

The topological intersection µp(γ, σ) is a conjugacy class invariant in γ and σ. We can

also express the topological intersection number in terms of binary quadratic forms.

Lemma 2.6. Let γ, σ ∈ Γ be primitive hyperbolic elements, whose geodesics Sγ and

Sσ intersect. Let w′
σ < wσ be the roots of Qσ(z, 1) = 0. We have

µ(Sγ, Sσ) = −sign(Qσ)sign(Qγ(w
′
σ, 1)) = sign(Qσ)sign(Qγ(wσ, 1)).
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Proof. Suppose first that sign(Qγ), sign(Qσ) > 0. The root w′
σ lies between the

endpoints of Sγ if and only if sign(Qγ(w
′
σ, 1)) < 0 or, equivalently, sign(Qγ(wσ, 1)) > 0.

So in this case we have

µ(Sγ, Sσ) = −sign(Qγ(w
′
σ, 1)) = sign(Qγ(wσ, 1)).

If we change the orientation of Sγ, then the sign of sign(Qγ(w
′
σ, 1)) and sign(Qγ(wσ, 1))

changes as well. If sign(Qσ) < 0, then

µ(Sγ, Sσ) = −µ(Sγ, Sσ−1) = sign(Qγ(w
′
σ−1 , 1)) = −sign(Qγ(wσ−1 , 1)),

which proves the claim since w′
σ−1 = w′

σ and wσ−1 = wσ. □

3. Continued Fractions

In this section, we will show that the continued fraction expansions of a rational

number is equivalent to writing a matrix as a word in terms of certain generators of the

modular group SL2(Z).

A continued fraction is defined to be

(2.18) [a0; a1, a2, ..., an] = a0 +
1

a1 +
1

a2+
1

···+ 1
an

with n ≥ 0, a0 ∈ Z and a1, ..., an a sequence of non-zero integers. The integers a0, a1..., an

are called the partial quotients of the continued fraction.2 The integer n is called its

length. Naturally, [a0; a1, ..., an] is a rational number.

Proposition 2.7. Let r ∈ Q be a rational number. There exist a0 ∈ Z and a1, ..., an ≥
1 with n ≥ 0 such that

r = [a0; a1, a2, ..., an].

Proof. Let a0 ∈ Z be such that r1 = r − a0 ∈ [0, 1). If r1 = 0, we have r = [a0], so

there is nothing more to show. Thus, we may suppose that 0 < r1 < 1.

Pick a1 ≥ 1 such that r2 =
1
r1
−a1 ∈ [0, 1). Again, if r2 = 0, then r = a0+

1
a1

= [a0; a1],

so there is nothing more to show. Thus, we may suppose that 0 < r2 < 1.

Continue this process to find a2, a3, ... ≥ 1 and generate r2, r3, ..., until rn = 0 for an

n ≥ 0. Then r = [a0; a1, ..., an].

To see that this process comes to an end, write ri =
hi
ki

∈ (0, 1) with (hi, ki) = 1

for each iteration ri. In the next iteration, we have ri+1 = ki−ai+1hi
hi

= hi+1

ki+1
. But since

1 ≤ ki+1 < hi < ki, the size of the denominator of ri decreases with each step. □

2Often all but the zeroth partial quotient are required to be positive, but we differ from this convention.
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The continued fraction expansion (c.f.e.) in Proposition 2.7 is not unique. For in-

stance, if an ̸= 1, then we may write

[a0; a1, a2, ..., an] = [a0; a1, a2, ..., an − 1, 1].

In particular, we can require each c.f.e. of a rational number to have odd length n.

The proof of Proposition 2.7 gives an explicit algorithm to find the c.f.e. of a rational

number, which is essentially the extended Euclidean algorithm. A second way of proving

the existence of a c.f.e. for a rational number is to look at the action of a matrix in

SL2(Z) in terms of its generators T =

(︃
1 1

0 1

)︃
and V =

(︃
1 0

1 1

)︃
on the cusp i∞. Recall that

the proof that T and V generate SL2(Z) again boils down to the Euclidean algorithm.

To make this explicit, write r = a
c
with (a, c) = 1 and c > 0. Then there are

b, d ∈ Z such that A =

(︃
a b

c d

)︃
∈ SL2(Z). Write A as a word in T, V , i.e. A =

±T a0V a1T a2 · · ·V anT an+1 with a0, an+1 ∈ Z and a1, ..., an being non-zero integers.

The matrix A acting on the cusp i∞ gives

a

c
= A.i∞

= ±T a0V a1T a2 · · ·V an−2T an−1V an .i∞

= ±T a0V a1T a2 · · ·V an−2T an−1 .
1

an

= ±T a0V a1T a2 · · ·V an−2 .

(︃
an−1 +

1

an

)︃
= ±T a0V a1T a2 · · ·T an−3 .

1

an−2 +
1

an−1+
1
an

= [a0; a1, ..., an].

So each way of writing the matrix A as a word in T and V gives rise to a c.f.e. of a
c
of

odd length n. Conversely, each c.f.e. of odd length gives rise to a word in T and V for a

matrix

(︃
a ∗
c ∗

)︃
∈ SL2(Z).

Similarly, considering the generators T and S =

(︃
0 −1

1 0

)︃
of SL2(Z) instead of T and V ,

we get a different kind of c.f.e.. Again, writing A =

(︃
a b

c d

)︃
= ±T b0ST b1S · · ·ST bnST bn+1

with b0, bn+1 ∈ Z and b1, ..., bn non-zero integers, we get a “negative” continued fraction
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by acting on the cusp i∞:

a

c
= A.i∞

= ±T b0ST b1S · · ·ST bn−1ST bnS.i∞

= ±T b0ST b1S · · ·ST bn−1ST bn .0

= ±T b0ST b1S · · ·ST bn−1 .− 1

bn

= ±T b0ST b1S · · ·S.
(︃
bn−1 −

1

bn

)︃
= b0 −

1

b1 − 1
b2− 1

...− 1
bn

.

We will denote such a negative c.f.e. by a
c
= Jb0; b1, ..., bnK.
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The Shintani Lift of Maass Cusp Forms





CHAPTER 3

Maass Cusp Forms

1. Basic Properties

A natural generalization of the holomorphic cusp forms are the Maass cusp forms.

These are eigenfunctions of the Laplace-Beltrami operator ∆κ = −y2(∂2x+∂2y)+ iκy(∂x+
i∂y), where κ ∈ 1

2
Z denotes their weight. They play a central role in the spectral theory

of the hyperbolic surface Γ0(N) \H for N ≥ 1.

We allow the weight κ of a Maass form to be half-integral with respect to the theta-

cocycle

J(g, z) =
Θ(g.z)

Θ(z)
for g ∈ Γ0(4),

where Θ(z) =
∑︁

n∈Z e(n
2z). Explicitly, the θ-coycle is given by

J(g, z) = ε−1
d

(︂ c
d

)︂
(cz + d)1/2, g =

(︃
a b

c d

)︃
∈ Γ0(4),

where εd = 1, i according to d ≡ 1, 3 (mod 4). We define φ|κg = J(g, z)−2κφ(g.z) for

g ∈ Γ0(4), so that if κ is an even integer the |κ-operator agrees with the |2k-operator
defined in the introduction.

Definition 3.1. A real-analytic function φ : H → C is called a Maass form of weight

κ ∈ 1
2
Z and level N (with 4|N for κ /∈ Z) if it satisfies the following properties:

(1) φ is an eigenfunction of ∆κ, i.e. ∆κφ = λφ for a λ ∈ C,

(2) φ is modular of weight κ, i.e. (φ|κg)(z) = φ(z) for all g ∈ Γ0(N) and all z ∈ H,

and

(3) φ is of polynomial growth at the cusps, i.e. there exists a C > 0 such that

φ|κσa = O(yC) as y → +∞ for every cusp a of Γ0(N) and a σa ∈ SL2(Z) such

that σa.i∞ = a.

If, in addition, φ satisfies

∫︂ 1

0

(φ|κσa)(x + iy)dx = 0 for each cusp a, we call φ a Maass

cusp form.

41
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It will be useful to consider the ξκ-operator in our study of Maass forms, which is

defined as

(3.1) ξκ = 2iyκ∂z.

The Laplace operator ∆κ can be realized as a composition of ξκ-operators.

Lemma 3.2. For any weight κ ∈ 1
2
Z, we have

∆κ = −y2(∂2x + ∂2y) + iκy(∂x + i∂y) = −ξ2−κ ◦ ξκ.

Proof. This is a calculation. Let f : H → C be a real-analytic function and denote

∂xf = fx and ∂yf = fy. We then have

−ξ2−κ(ξκf) = −iy2−κ
(︁
∂x(iyκ(fx − ify) + i∂y(iyκ(fx − ify))

)︁
= −iy2−κ

(︁
−iyκ(fxx + ifxy)− κyκ−1(fx + ify)− yκ(fxy + ifyy)

)︁
= −y2(fxx + fyy) + iκy(fx + ify).

□

A key property of the Laplacian is that it commutes with the |κ-operator. This is

particularly useful when constructing Poincaré series out of eigenfunctions of ∆κ (e.g.,

non-holomorphic Eisenstein series). The ξκ-operator allows us to split the calculation

verifying this.

Proposition 3.3. Let κ ∈ 1
2
Z. For all g ∈ Γ0(1) and every real-analytic function

f : H → C we have (ξκf)|2−κg = ξκ(f |κg). In particular, if f is invariant under the

|κ-operator for a subgroup Γ0(N), then ξκf is invariant for a subgroup Γ0(N) under the

|2−κ-operator.

Proof. Let g ∈ Γ0(1). We calculate

(ξκf)|2−κg = 2iIm(g.z)κJ(g, z)2κ−2(∂zf)(g.z)

= 2i
yκ

|J(g, z)|4κ
J(g, z)2κJ(g, z)−2(∂zf)(g.z)

= 2iyκJ(g, z)−2κ∂zf(g.z)

= ξκ(f |κg).

□

Corollary 3.4. The operator ∆κ commutes with the |κ-operator for all g ∈ Γ0(1).
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Proof. This follows from Propositions 3.2 and 3.3. □

Denote the space of modular forms of weight k ∈ Z and level N by Mk,N and the

subspace of cusp forms by Sk,N . A function f : H → C is holomorphic if and only if

ξκf = 0. Hence, any f ∈ Mk,N satisfies ∆kf = 0. Conditions (2) and (3) in Definition

3.1 hold by definition of a modular form. This implies that every holomorphic modular

form is a Maass form and that every holomorphic cusp form is a Maass cusp form.

Proposition 3.5. Let φ be a Maass form of weight κ and level N with eigenvalue

λ = (s−κ/2)(1−κ/2− s) for an s ∈ C. The function φ has a Fourier-expansion around

a cusp a of Γ0(N) \H of the form

φ|κσa = aφ,a(0)y
s−κ/2+bφ,a(0)y

1−s−κ/2+
∑︂
n̸=0

aφ,a(n)(4π|n|y)−κ/2Wsign(n)κ
2
,s− 1

2
(4π|n|y)e(nx),

where σa ∈ SL2(Z) is such that σa.i∞ = a and Wκ,µ(y) is the W -Whittaker function.

Proof. Consider the stabilizer subgroup Γa ⊂ Γ0(N). Since σ−1
a Γaσa fixes the cusp

i∞, we must have T ∈ σ−1
a Γaσa. Since the function φ|κσa is thus 1-periodic and real-

analytic, it admits a Fourier expansion

φ|κσa =
∑︂
n∈Z

aφ,a(n, y)e(nx).

Since ∆κφ = λφ for a λ ∈ C, Corollary 3.4 implies that

∂2yaφ,a(n, y) +
κ

y
∂yaφ,a(n, y) +

(︃
λ

y2
+

2πnκ

y
− 4π2n2

)︃
aφ,a(n, y) = 0 for n ̸= 0

and

−y2∂2yaφ,a(0, y)− κy∂yaφ,a(0, y) = λaφ,a(0, y).

The latter has the solution aφ,a(0)y
1
2
−κ

2
+

√︂
(κ−1)2

4
−λ + bφ,a(0)y

1
2
−κ

2
−
√︂

(k−1)2

4
−λ.

For n ̸= 0, we may substitute aφ,a(n, y) = (4π|n|y)−κ/2fn(y) for which the differential

equation becomes

f ′′
n(y) +

(︄
λ− κ2

4
+ κ

2

y2
+

2πnκ

y
− 4π2n2

)︄
fn(y) = 0.

This is now a version of the Whittaker differential equation, which has the solution

fn(y) = aφ,a(n)W
sign(n)κ

2
,

√︂
(κ−1)2

4
−λ

(4π|n|y) + bφ,a(n)M
sign(n)κ

2
,

√︂
(κ−1)2

4
−λ

(4π|n|y).

Since φ|kσa is polynomially bounded as y → +∞, we have bφ,a(n) = 0 for n ̸= 0. □
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We call the point s ∈ C, such that λ = (s− κ/2)(1− κ/2− s) is the eigenvalue of a

Maass form φ, the spectral parameter of φ.

Proposition 3.6. The eigenvalue of any non-zero Maass cusp form φ is real and

non-negative. Moreover, the eigenvalue of φ is positive if φ is not holomorphic.

Proof. By Stokes’ Theorem and Lemma 3.2, we get

λ⟨φ, φ⟩ = ⟨∆kφ, φ⟩ = ⟨ξkφ, ξkφ⟩ = ⟨φ,∆kφ⟩ = λ⟨φ, φ⟩,

by which it follows that λ ≥ 0.

Since ⟨ξkφ, ξkφ⟩ > 0 if and only if ξkφ is not identically zero, the eigenvalue λ is zero

if and only if φ is holomorphic. □

Hence, for the spectral parameter s = σ + it of a Maass cusp form, the imaginary

part t− 2σt of (s−κ/2)(1−κ/2− s) = s(1− s)− κ
2

(︁
1− κ

2

)︁
vanishes, which implies that

σ = 1
2
or t = 0. It was conjectured by A. Selberg that σ = 1

2
is always the case. We call

those eigenvalues for which σ ̸= 1
2
the exceptional spectrum of Laplace operator ∆κ.

Let L2(Γ0(N)\H, κ) be the space of square-integrable functions on Γ0(N)\H, which

are invariant under the |κ-operator. This is a Hilbert space with the Petersson inner

product, i.e. with

(3.2) ⟨f, g⟩ =
∫︂
Γ0(N)\H

f(z)g(z)yκdµ(z),

where dµ(z) = dxdy
y2

is the hyperbolic measure. As usual, two functions f, g are seen as

identical in L2(Γ0(N)\H, κ) if their difference has norm zero. The operator ∆κ admits to

a self-adjoint extension to all of L2(Γ0(N) \H, κ) by Friedrich’s Theorem [Iwa21, Thm.

A.3].

Due to the exponential decay of Maass cusp forms (see Proposition 3.5) at the cusps

of Γ0(N), every Maass cusp form of weight κ and level N is contained in L2(Γ0(N)\H, κ).
We denote the subspace of L2(Γ0(N)\H, κ) of Maass cusp forms with spectral parameter

s ∈ C by Uκ,N(s).

Proposition 3.7. We have Uκ,N(κ/2) = Uκ,N(1− κ/2) = Sκ,N .

Proof. By Stokes’ Theorem it follows that ⟨ξκφ, ξκφ⟩ = ⟨∆κφ, φ⟩ = 0. This implies

that ξκφ = 0 and thus φ is holomorphic. □

For s ̸= κ
2
, 1 − κ

2
the ξκ-operator encodes a symmetry between Maass cusp forms of

weight κ and dual weight 2− κ.
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Proposition 3.8. The operator ξκ is an isomorphism Uκ,N(s) → U2−κ,N(s) for s ̸=
κ
2
, 1− κ

2
.

Proof. Let φ ∈ Uκ,N(s). By Proposition 3.2 we have

∆2−κξκφ = ξκ∆κφ = (s− κ/2)(1− κ/2− s)ξκφ.

The function ξκφ is invariant under the |2−κ-operator by Proposition 3.3 and it is easily

verified that ξκφ is polynomially bounded at all cusps. The inverse of ξκ is given by

− 1
(s−κ/2)(1−κ/2−s)ξ2−κ. □

The Fourier coefficients of the two “dual” Maass cusp forms φ and ξκφ are very

similar, as we will show in the next proposition.

Proposition 3.9. Let φ ∈ Uκ,N(s) and denote its n-th Fourier coefficient of the

expansion around a cusp a of Γ0(N)\H by aφ,a(n). The n-th Fourier coefficient of ξκφ is

given by −(4π|n|)1−κaφ,a(−n) for n > 0 and by (s− κ/2)(1− κ/2− s)(4π|n|)1−κaφ,a(−n)
for n < 0.

Proof. Let φ|κσa =
∑︁

n̸=0 aφ,a(n)(4π|n|y)−
κ
2Wsign(n)κ

2
,s− 1

2
(4π|n|y)e(nx). Write

fn(x, y) = aφ,a(n)(4π|n|y)−
κ
2Wsign(n)κ

2
,s− 1

2
(4π|n|y)e(nx).

Applying the ξκ-operator to fn(x, y), we obtain

iyκ · ∂xfn(x, y) + i∂yfn(x, y)

= iyκ · 2πinfn(x, y)− i
κ

2y
fn(x, y) + iaφ,a(n)(4π|n|y)−

κ
2 e(nx)∂yWκ

2
,s− 1

2
(4π|n|y).

We use that

∂yWκ
2
,s− 1

2
(4π|n|y) = 1

2y
(4π|n|y − ν)Wν,µ(4π|n|y)−

1

y
Wν+1,µ(4π|n|y).

For n < 0, we hence obtain

ξkfn(x, y) = iyκ · −iaφ,a(n)(4π|n|)−
κ
2 y−

κ
2
−1W−κ

2
+1,s− 1

2
(4π|n|y)e(nx)

= −aφ,a(n)(4π|n|)1−κ(4π|n|y)
κ
2
−1W 2−κ

2
,s− 1

2
(4π|n|y)e(−nx).

Suppose now that n > 0. Since

Wκ
2
+1,s− 1

2
(4πny) = (4πny − κ)Wκ

2
,s− 1

2
(4πny)

+
1

4

(︁
4(s− 1/2)2 − (1− κ)2

)︁
Wκ

2
−1,s− 1

2
(4πny),



46 3. MAASS CUSP FORMS

we obtain

∂yWκ
2
,s− 1

2
(4πny) =

(︃
2πn− κ

2y

)︃
Wκ

2
,s− 1

2
(4πny)−

(︃
4πn− κ

y

)︃
Wκ

2
,s− 1

2
(4πny)

− 1

4y

(︁
4(s− 1/2)2 − (1− κ)2

)︁
Wκ

2
−1,s− 1

2
(4πny)

=

(︃
κ

2y
− 2πn

)︃
Wκ

2
,s− 1

2
(4πny)

+
1

y
(s− κ/2)(1− κ/2− s)Wκ

2
−1,s− 1

2
(4πny).

Hence,

ξκ(fn(x, y)) = (s−κ/2)(1−κ/2−s)aφ,a(n)(4π|n|)1−κ(4π|n|y)
κ
2
−1W− 2−κ

2
,s− 1

2
(4πny)e(−nx).

□

It is a crucial point in applications that the spaces Sκ,N are finite-dimensional. We

will prove that the same is true for the spaces Uκ,N(s). The next lemma gives a (crude)

bound on the Fourier coefficients of a Maass cusp form, which will suffice to show that

each Maass cusp form in Uκ,N(s) is determined by finitely many of its Fourier coefficients

(and hence the space is finite-dimensional).

Lemma 3.10. Let φ ∈ Uκ,N(s) and let aφ,a(n) be the n-th Fourier coefficient around

a cusp a of Γ0(N) \H. The Fourier coefficients are bounded by

aφ,a(n) ≪s ⟨φ, φ⟩ · n
κ
2 as n→ ±∞.

Proof. Let σa ∈ SL2(Z) be such that σa.i∞ = a. Consider the integral∫︂ ∞

Y

∫︂ 1

−1

|(φ|κσa)(z)|2yκdµ(z)

for any Y > 0 over the rectangle RY = {x + iy : −1 < x < 1, y > Y }. Let F be the

standard fundamental domain for SL2(Z). A standard argument shows that

{g ∈ Γ0(1) : g.F ∩RY ̸= ∅} ≪ 1

Y
,

hence also

(3.3)

∫︂ ∞

Y

∫︂ 1

−1

|(φ|κσa)(z)|2yκdµ(z) ≪
1

Y

∫︂
F
|(φ|κσa)(z)|2ykdµ(z) ≤

1

Y
⟨φ, φ⟩.
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Inserting the Fourier expansion of φ|κσa on the left hand side of (3.3), we obtain∫︂ ∞

Y

∫︂ 1

0

|(φ|κσa)(z)|2yκ
dxdy

y2
=
∑︂
m ̸=0

(4π|m|)−κ|aφ,a(m)|2
∫︂ ∞

Y

|Wsign(m) k
2
,s− 1

2
(4π|m|y)|2dy

y2

≥ (4π|n|)−κ+1 |aφ,a(n)|2
∫︂ ∞

4π|n|Y
|Wsign(n) k

2
,s− 1

2
(y)|2dy

y2

for any n ̸= 0. Picking Y = 1
|n| proves the claim. □

Proposition 3.11. The eigenspaces Uκ,N(s) of Maass cusp forms with spectral pa-

rameter s ∈ C are finite dimensional.

Proof. We argue by contradiction: Suppose that there is an n0 ≥ 1 such that for

all φ ∈ Uκ,N(s) the Fourier coefficients aφ,a(n) = 0 for all |n| ≤ n0. If this leads to a

contradiction, then each Maass cusp form is determined by a finite number of Fourier

coefficients and hence the space Uκ,N(s) is finite-dimensional.

A fundamental domain FN for Γ0(N) is given by FN =
⋃︁

a σa.F , where F is the

standard fundamental domain for SL2(Z) and the union is disjoint, running over all

inequivalent cusps a of Γ0(N) \H.

Hence, we have

⟨φ, φ⟩2 =
∑︂
a

∫︂
F
|φ|κσa|2ykdµ(z)

≤
∑︂
a

∑︂
|n|>n0

(4π|n|)−κ|aφ,a(n)|2
∫︂ ∞

√
3

2

Wsign(n) k
2
,s− 1

2
(4π|n|y)dy

y2
,

and using Lemma 3.10 and that the Whittaker W -function is of exponential decay, we

get

⟨φ, φ⟩ ≪N,k,s ⟨φ, φ⟩e−n0 ,

which leads to a contradiction for n0 big enough. □

In Lemma 3.10 there is an implicit dependence on the spectral parameter s, hence the

proof of Proposition 3.11 only shows that Uκ,N(s) is finite-dimensional for a fixed spectral

parameter s ∈ C. It is easy to see from the self-adjointness of ∆κ that the eigenspaces

are orthogonal to each other. The space of Maass cusp forms Uκ,N =
⨁︁

s∈C Uκ,N(s) is, in

fact, infinite-dimensional, but can be attacked one spectral parameter at a time.
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2. Hecke-Theory

As with holomorphic cusp forms, there is a Hecke-theory on Uκ,N(s) for all s ∈ C.

The realization of such a theory is a straightforward generalization from the theory of

holomorphic cusp forms, as holomorphy does (almost) not play any role in Hecke-theory.

2.1. Hecke-Theory for Maass Cusp Forms of Even Integral Weight. Let

k ∈ Z and N ≥ 1. For a matrix α ∈ GL+
2 (Q), we define the |2k-operator on a function

f : H → C as f |2kα = det(α)kj(α, z)−2kf(α.z). For n ≥ 1, we define the n-th Hecke

operator T (n) for level N by

(3.4) f |2kT (n) =
1

n

∑︂
ad=n, a≥1,
b(d), (a,N)=1

f |2k
(︃
a b

0 d

)︃
,

where “b(d)” in the sum is shorthand for summing over all b (mod d).

The Hecke operators are designed so that the space U2k,N(s) admits a simultaneous

eigenbasis of {T (n) : (n,N) = 1} and so that the eigenvalues of T (n) are given by the

Fourier coefficients of the eigenform. They thus realize the Fourier coefficients of cusp

forms as the spectrum of a family of operators.

The matrices

{︃(︃
a b

0 d

)︃
: ad = n, a ≥ 1, (a,N) = 1, b (mod d)

}︃
in (3.4) are a set of

representatives αi for the double-coset decomposition Γ0(N)

(︃
1 0

0 n

)︃
Γ0(N) =

⋃︁
i Γ0(N)αi,

where the right hand side is a disjoint union. If φ ∈ U2k,N(s), we must thus have

φ|2kT (n)|2kg = φ|2kT (n) for all g ∈ Γ0(N).

It is easy to see as in Corollary 3.4 that the T (n) and the Laplacian ∆2k commute.

Some elementary number-theoretic considerations show that the Fourier expansion under

the action of T (n) of φ ∈ U2k,N(s) is equal to

(3.5) φ|2kT (n) =
∑︂
m̸=0

∑︂
d|(m,n), d>0

(d,N)=1

d−1aφ

(︂mn
d2

)︂
(4π|m|y)−kWsign(m)k,s− 1

2
(4π|m|y)e(mx)

at the cusp i∞ and similarly at the other cusps. In particular, T (n) is a well-defined

operator on U2k,N(s).

Proposition 3.12. If φ ∈ Uk,N(s) is an eigenfunction of T (n) for n ≥ 1, i.e. if there

is a λn ∈ C such that φ|kT (n) = λnφ, then aφ(n) = λnaφ(1) and aφ(−n) = λnaφ(−1).
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Proof. The first positive and negative Fourier coefficients of φ|kT (n) are equal to

λnaφ(1) =
∑︂

d|(1,n),d>0,
(d,N)=1

d−1a
(︂ n
d2

)︂
= aφ(n)

and

λnaφ(−1) =
∑︂

d|(−1,n),d>0,
(d,N)=1

d−1a
(︂
− n

d2

)︂
= aφ(−n)

by (3.5). □

We see from (3.5) that the Hecke operators satisfy

(3.6) T (m)T (n) =
∑︂

d|(m,n),
(d,N)=1

T
(︂mn
d2

)︂
, m, n ≥ 1,

and hence commute. As in the holomorphic case [CS17], the operators {T (n) : (n,N) =

1} are self-adjoint on U2k,N(s) with respect to the Petersson inner product. Thus, by

the Spectral Theorem, the space U2k,N(s) admits an orthogonal basis of eigenforms of

{T (n) : (n,N) = 1}.

2.1.1. Even and Odd Maass Cusp Forms. There is a second splitting of the Laplacian

∆2k into raising and lowering operators instead of the ξ2k-operators as in Corollary 3.4.

These operators are defined by

(3.7) L2k = 2iy2∂z and R2k =
2k

y
+ 2i∂z,

where L2k is the lowering operator and R2k is the raising operator.

Proposition 3.13. Let f : H → C be any real-analytic function. For any g ∈
SL2(Z), we have (L2kf)|2k−2g = L2k(f |2kg) and (R2kf)|2k+2g = R2k(f |2kg).

Proof. This is a calculation. The first claim is an application of the chain-rule:

(L2kf)|2k−2g = 2ij(g, z)2−2kIm(g.z)2(∂zf)(g.z)

= 2ij(g, z)−2k y2

j(g, z)2
(∂zf)(g.z)

= 2iy2∂z(f |2kg),
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The second claim follows from

2i∂zf |2kg = −4kij(g, z)−2k−1f(g.z)∂zj(g, z) + 2ij(g, z)−2k∂zf(g.z)

= −2kj(g, z)−2k−1f(g.z)
j(g, z)− j(g, z)

y
+ 2ij(g, z)−2k∂zf(g.z)

= −2k

y
j(g, z)−2kf(g.z) +

2k

Im(g.z)
j(g, z)−2k−2f(g.z) + 2ij(g, z)−2−2k(∂zf)(g.z).

□

Proposition 3.14. ∆2k = L2k+2R2k + 2k = R2k−2L2k.

Proof. We use that ∂z∂z = ∂z∂z =
1
4

(︁
∂2x + ∂2y

)︁
. Then

L2k+2R2kf = 2iy2∂z

(︃
2k

y
f(z) + 2i∂zf(z)

)︃
= −2kf(z) + 4kiy∂zf(z)− 4y2∂z∂zf(z)

= −2kf(z) + ∆2kf(z)

and

R2k−2L2kf(z) =
2k − 2

y
2iy2∂zf(z)− 4∂zy

2∂zf(z)

= 4kiy∂zf(z)− 4iy∂zf(z) + 4i∂zf(z)− 4y2∂z∂zf(z)

= ∆2kf(z).

□

Propositions 3.13 and 3.14 give an alternative proof of Corollary 3.4. Moreover, we

see from Proposition 3.14 that for φ ∈ U2k,N(s), it follows that ∆2k+2R2kφ = (s − (k +

1))(1− (k + 1)− s)R2kφ and ∆2k−2L2kφ = (s− (k − 1))(1− (k − 1)− s)L2kφ.

Proposition 3.15. Let φ ∈ U2k,N(s) and let a be a cusp of Γ0(N) \H. Then

(1) aL2kφ,a(n) =

⎧⎨⎩(4π|n|)−1aφ,a(n), for n < 0,

(s− k)(1− s− k)(4π|n|)−1aφ,a(n), for n > 0;

(2) and aR2kφ,a(n) =

⎧⎨⎩(s− k)(1− s− k)(4π|n|) · aφ,a(n), for n < 0,

(4π|n|) · aφ,a(n), for n > 0.

Proof. The proof of the first claim is very similar to the proof of Proposition 3.9.

By Proposition 3.14, we have

(s− k)(1− s− k)aφ,a(n) = aL2k+2R2kφ,a(n)
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and hence the second claim follows from the first claim. □

Propositions 3.13, 3.14, and 3.15 prove that L2kφ ∈ U2k−2,N(s) and R2kφ ∈ U2k+2,N(s)

for any φ ∈ U2k,N(s).

Given a Maass cusp form φ ∈ U2k,N(s), it is easy to see that y2kφ (−z) is a Maass cusp

form in U−2k,N(s). Combinning this with a repeated application of raising resp. lowering

operators gives a self-adjoint operator on U2k,N(s), whose eigenspaces split the spaces of

Maass cusp forms of even integral weight into two orthognal subspaces of even and odd

Maass cusp forms.

Proposition 3.16. Let φ ∈ U2k,N(s) with s ̸= k, 1− k. The map

(Xs,2kφ)(z) =
Γ(s− k)

Γ(s+ k)
·

⎧⎨⎩y−2k(L2−2k ◦ L4−2k ◦ ... ◦ L2kφ) (−z) for k > 0,

y−2k(R−2k−2 ◦R−2k−4 ◦ · · · ◦R2kφ) (−z) for k ≤ 0,

is a self-adjoint involution on the space U2k,N(s) and commutes with {T (n) : (n,N) = 1}
and ∆2k.

Proof. As before, we can check that y2k−2(L2kφ)(−z) = −R−2ky
2kφ(−z). Suppose

that k > 0, so (Xs,2kφ)(z) = (−1)k Γ(s−k)
Γ(s+k)

R2k−2 ◦R2k−4 ◦ · · · ◦R−2ky
2kφ (−z). Then

X2
s,2kφ(z) =

(︃
Γ(s− k)

Γ(s+ k)

)︃2

R2k−2 ◦R2k−4 ◦ · · · ◦R−2k ◦ L2−2k ◦ L4−2k ◦ ... ◦ L2kφ(z)

and successively applying Proposition 3.14 shows that X2
s,2kφ = φ. The proof for k < 0

is the same.

The self-adjointness ofXs,2k follows from Stokes’ theorem. To see thatX2s,k commutes

with the Hecke operators, we may argue as in Proposition 3.13. □

Since Xs,2k in Proposition 3.16 is an involution, all eigenforms of Xs,2k have eigenvalue

±1. We call all those eigenforms with eigenvalue +1 even Maass cusp forms and those with

eigenvalue −1 odd Maass cusp forms. Since the Hecke operators {T (n) : (n,N) = 1}
commute with Xs,2k, the spectral theorem asserts that there is an orthogonal basis of

U2k,N(s) of eigenfunctions of {T (n) : (n,N) = 1} and Xs,2k.

One difficulty that arises when working with Maass cusp forms lies in the fact that

their negative Fourier coefficients might not vanish, so a priori we need to treat them

separately. However, for an odd or even cusp form, its negative Fourier coefficients are

determined by their positive counterparts.
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Proposition 3.17. Let φ ∈ U2k,N(s) be such that Xs,2kφ = ±φ and let a be any cusp

of Γ0(N) \H. We have aφ,a(−n) = ±Γ(s+k)
Γ(s−k)aφ,a(n) for n > 0.

Proof. Let k ≥ 0 and n > 0. By Proposition 3.15 and the assumption Xs,2kφ = ±φ,
comparing the Fourier expansions of Xs,2kφ and ±φ yields

Γ(s− k)

Γ(s+ k)
y−2kaL2−2k◦L4−2k◦···◦L2kφ,a(−n)(4π|n|y)kWsign(−n)(−k),s− 1

2
(4π|n|y)e(nx)

= aφ,a(−n)(4π|n|y)−kWk,s− 1
2
(4π|n|y)e(nx)

= ±aφ,a(n)(4π|n|y)−kWk,s− 1
2
(4π|n|y)e(nx).

The proof for k < 0 is similar. □

2.1.2. Atkin-Lehner-theory. For M |N and a cusp form φ ∈ U2k,N/M(s), we have

φ(Mz) ∈ U2k,N(s), which follows from M

(︃
a b

cN d

)︃
.z =

(︃
a bM

cN/M d

)︃
.(Mz). Linear com-

binations of such Maass cusp forms arising from lower (“older”) levels are said to be

laying in the “old” space, which is defined to be

Uold
2k,N(s) = span{φ(Mz) :M |N, M ̸= 1 φ ∈ U2k,N/M(s)}.

Its orthogonal complement in U2k,N(s) will be called the “new” space and denoted by

Unew
κ,N (s).

The spaces Uold
κ,N(s) and Unew

κ,N (s) are stable under the action of the Hecke operators

and the operator Xs,2k, so there exists an orthogonal basis of eigenforms on both spaces.

The elements in these bases are called old- and newforms.

For any φ ∈ Uold
κ,N(s), we will always have aφ(1) = 0 by construction. In fact, this is

an equivalence for oldforms.

Theorem 3.18. Let φ ∈ U2k,N(s) be an odd or even Hecke eigenform for all T (n)

with (n,N) = 1. If aφ(1) = 0, then φ(z) is an oldform.

Proof. Since φ is odd or even, we also have aφ(−1) = 0 by Proposition 3.17. By

Proposition 3.5, we must thus have aφ(n) = 0 for (n,N) = 1. The argument is now the

same as in the holomorphic case [Miy06, Thm. 4.6.8]. □

The dependence on the first Fourier coefficients in Theorem 3.18 is crucial: Assume,

e.g., that φ1, φ2 are both newforms of weight 2k and level N and furthermore have the

same eigenvalues for the operators {T (n) : (n,N) = 1} and Xs,2k. Pick α ∈ C such

that the first Fourier coefficient of αφ1 − φ2 vanishes. By Theorem 3.18, the cusp form
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αφ1 − φ2 is simultaneously an oldform and a newform, so it must vanish. This property

is usually called the “multiplicity one” property of newforms: If two newforms have the

same eigenvalues for the operators {T (n) : (n,N) = 1} and Xs,2k, they are equal up to

multiplication by a scalar. The multiplicity one property also holds if the eigenvalues of

{T (p) : p ∤ N} of two newforms are equal, since the eigenvalues of {T (n) : (n,N) = 1}
are completely determined by the eigenvalues of {T (p) : p ∤ N}.

Let us give an application of the multiplicity one property of newforms. Recall the

Atkin-Lehner involutions Wm for m∥N defined in (2.11). From (2.12) it follows that the

Wm are operators the space U2k,N(s) and from (2.13) we see that Wm is an involution.

Proposition 3.19. The Atkin-Lehner involutions commute with the Hecke operators

T (n) for (n,N) = 1 and the operator Xs,2k.

Proof. The proof that the Hecke operators {T (n) : (n,N) = 1} commute with Wm

for m∥N is the same as in the holomorphic case [CS17, Prop. 13.2.6.b)]. To show that

Wm commutes with Xs,2k, we argue as in Proposition 3.13. □

Corollary 3.20. Each newform φ ∈ U2k,N(s) is an eigenfunction for the operators

Wm with m∥N .

Proof. By Proposition 3.19 the newforms φ and φ|2kWm have the same eigenvalues

for the operators {T (n) : (n,N) = 1} and Xs,2k. Hence, by the multiplicity one property

of newforms, there is a µm ∈ {±1} such that µmφ = φ|2kWm, i.e. φ is an eigenfunction

of the involution Wm. □

2.2. Hecke-Theory for Maass Cusp Forms of Half-Integral Weight. Let k ∈
Z and N ≥ 1. For half-integral weight Maass cusp forms ψ of weight k + 1

2
and level

4N , there is a similar theory of Hecke operators as for U2k,N(s). However, instead of

constructing them via double-cosets of Γ0(4N), we need to pass to the double-cover of

the group Γ0(4N); see [Shim73, Sec. 1]. Explicitly, the Hecke operator T (p2) for a prime

number p is defined by

(3.8) ψ|k+ 1
2
T (p2) = pk+

1
2

∑︂
b(p2)

ψ

(︃
z + b

p2

)︃
+
∑︂
r(p)

ε−2k−1
p

(︃
−r
p

)︃
ψ

(︃
z +

r

p

)︃
+ p−k−

1
2ψ(p2z).

The operator T (p) would be the zero operator [Shim73, Prop. 1.0, (1.14)]. The Hecke

operators {T (p2) : (p, 4N) = 1} again form a set of commutative self-adjoint operators on

Uk+ 1
2
,4N(s), so the space Uk+ 1

2
,4N(s) admits an basis of eigenforms of {T (p2) : (p, 4N) =

1}.
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2.2.1. The Kohnen Plusspace. Let N ≥ 1 be odd. Consider the operator

(3.9) ψ|k+ 1
2
Lk+ 1

2
,4N =

2k−1(−1)⌊
k+1
2 ⌋

(1 + i)2k+1

∑︂
ν(4)

ψ

(︃
z +

1

4

)︃
|k+ 1

4

(︃
1 0

4Nr 1

)︃
.

The operator Lk+ 1
2
,4N is a self-adjoint operator on Uk+ 1

2
,4N(s) with eigenvalues 1 and

−1
2
[Koh82, Prop. 1], which commutes with the Hecke operators {T (p2) : (p,N) = 1}

[Koh82, Sec. 3].

The eigenspace of Lk+ 1
2
,4N of eigenvalue 1 is the so-called Kohnen plusspace

(3.10) U+
k+ 1

2
,4N

(s) =
{︂
ψ ∈ Uk+ 1

2
,4N(s) : bψ(n) ̸= 0 only if (−1)kn ≡ 0, 1 (mod 4)

}︂
.

Since the Hecke operators commute with the operator Lk+ 1
2
,4N , the space U+

k+ 1
2
,4N

(s)

admits a basis of Hecke eigenforms.

The action of projection operator pr+
k+ 1

2
,4N

onto the space U+
k+ 1

2
,4N

(s) can be given

explicitly in terms of the Fourier expansion of a Maass cusp form φ.

Proposition 3.21. Let α =
(︁−4
N

)︁
. For a cusp a of Γ0(N) \ H, let σa ∈ SL2(Z) be

such that σa.i∞ = a. For ψ ∈ Uk+ 1
2
,4N(s) write

ψ(z) =
∑︂
n∈Z

bφ(n) (4π|n|y)−
2k+1

4 Wsign(n) 2k+1
4

,s− 1
2
(4π|n|y)e(nx),

ψ|k+ 1
2
σ− α

N
=
∑︂
n ̸=0

bψ,−α/N(n) (π|n|y)−
2k+1

4 Wsign(n) 2k+1
4

,s− 1
2
(π|n|y)e(nx/4),

φ|k+ 1
2
σ 1

2N
=

∑︂
(−1)

k
2 n≡1(4)

aψ,1/2N(n) (π|n|y)−
2k+1

4 Wsign(n) 2k+1
4

,s− 1
2
(π|n|y)e(nx/4)

for its Fourier expansions around the cusps i∞, − α
N
, and 1

2N
. Then the Fourier coeffi-

cients of ψ|pr+
k+ 1

2
,4N

around the cusp i∞ are given by

2

3

(︁
bψ(n) + 22k−1(1− (−1)ki)i

n
4 bψ,−α/N(n/4)

)︁
, if n ≡ 0 (mod 4)

and
2

3

(︄
bψ(n) + 2k−1

(︄
(−1)

k
2n

2

)︄
bψ,1/2N(n)

)︄
, if (−1)kn ≡ 1 (mod 4).

Proof. This is a straightforward adaptation of [Koh85, Prop. 3]. □
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Parabolic Poincaré Series

It is a difficult problem to construct non-holomorphic Maass cusp forms, but we know

from the Weyl law that the Laplace operator has infinitely many eigenvalues. The space of

holomorphic cusp forms S2k,N with k ∈ Z and N ≥ 1 is spanned by the parabolic Poincaré

series, which are realized by averaging a holomorphic Γ∞-invariant test-function over the

cosets Γ∞ \ Γ. To find a Maass cusp form in U2k,N(s), we might thus try to average a

Γ∞-invariant real-analytic test-function, which has eigenvalue (s − k)(1 − s − k) under

∆2k, over the cosets Γ∞\Γ. There are two natural choices for these test-functions, coming

from the Fourier expansion of a Maass cusp form, namely

ys−k and y−kWsign(m)k,s− 1
2
(4π|m|y)e(mx)

for m ̸= 0. The first leads to non-holomorphic Eisenstein series, which are Maass forms,

but not cuspidal. The second choice of test-function runs into convergence issues, since

(4.1) y−kWsign(m)k,s− 1
2
(4π|m|y)e(mx) = Γ(2s− 1)

Γ(s− k)
y1−k−s +O(y

3
2
−k−s), as y → 0.

So the only region of convergence of a Poincaré series built out of this test-function would

be Re(s) < 0, which cannot be a spectral parameter of a non-holomorphic Maass cusp

form by Proposition 3.6.

Using the eigenfunction ψm(z) = y−kMsign(m)k,s− 1
2
(4π|m|y)e(mx) of ∆2k to build a

Poincaré series F κ
m(z, s) =

∑︁
g∈Γ∞\Γ0(N) ψm(z)|2kg instead, we get absolute convergence

for Re(s) > 1, since the limiting form of the M -Whittaker function is

(4.2) Msign(m)k,s− 1
2
(y) = O(ys) as y → 0.

Poincaré series of this kind are called Niebur Poincaré series. However, they do not lie

in L2(Γ0(N) \H, κ) and are hence not Maass cusp forms. We might nevertheless expect

that at spectral parameter s ∈ C, they give rise to Maass cusp forms.

The test-function of the non-holomorphic Eisenstein series can be tweaked by con-

sidering ys−ke(mz) for m > 0 instead. The Selberg Poincaré series formed out of the

test-function ys−ke(mz) is then square-integrable, but no longer an eigenfunction of ∆2k.

55
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Nevertheless, due to the spectral expansion of functions in L2(Γ0(N) \ H, 2k), we can

recover the Maass cusp forms in U2k,N(s) if s ∈ C is a spectral parameter.

Both the Niebur and the Selberg Poincaré series are difficult to handle in some settings

and easier to handle in others. The Niebur Poincaré series has a simpler Fourier expansion

compared to the Selberg Poincaré series. However, the Selberg Poincaré series does not

run into convergence issues when integrating it over a non-compact geodesic. It is hence

more suited to study the cycle integrals of Maass cusp forms than the Niebur Poincaré

series for square discriminants.

1. Niebur Poincaré Series

Let κ ∈ 1
2
Z and N ≥ 1, divisible by 4 if κ /∈ Z. The Poincaré series of Niebur type

for m ̸= 0 is defined as

(4.3) F κ
m(z, s) = −

Γ
(︁
s− sign(m)κ

2

)︁
4π|m|Γ(2s)

∑︂
g∈Γ∞\Γ0(N)

y−κ/2Msign(m)κ
2
,s− 1

2
(4π|m|y)e(mx)|κg

for Re(s) > 1. The Poincaré series F κ
m(z, s) is absolutely convergent for Re(s) > 1 by (4.2)

and hence real-analytic. By Corollary 3.4 it is an eigenfunction of ∆κ with eigenvalue

(s− κ/2)(1− κ/2− s).

The F κ
m(z, s) can be analytically continued in s to the whole complex plane with poles

at the spectral parameters of Maass cusp forms of weight κ and level N . Their residues

at the poles are equal to Maass cusp forms.

Proposition 4.1. Let m ̸= 0, κ ∈ 1
2
Z, N ≥ 1 (divisible by 4 if κ /∈ Z) and s0 ̸=

κ
2
, 1 − κ

2
be the spectral parameter of a Maass cusp form of weight κ and level N . The

Niebur Poincaré series F κ
m(z, s) has a pole at s0 with residue given by

Ress=s0(2s− 1)F κ
m(z, s) = −(4π|m|)−κ/2

∑︂
φ

aφ(m)

⟨φ, φ⟩
φ(z),

where the sum in φ runs over an orthogonal basis of Hecke eigenforms of Uκ,N(s0).

Proof. This result can be found in J. Fay’s paper [Fay77, Sec. 3]. Our series

F κ
m(z, s) in (4.3) corresponds to yκ/2Fm (z, s) (with k = κ/2) in J. Fay’s notation. □

By comparing Fourier coefficients in Proposition 4.1 we can get to the Fourier co-

efficients of Maass cusp forms. In the next proposition, we will calculate the Fourier

expansion of F κ
m(z, s).
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Proposition 4.2. Let m be a nonzero integer and Re(s) > 1. We have

F κ
m(z, s) = −

Γ
(︁
s− sign(m)κ

2

)︁
4π|m|Γ (2s)

y−
κ
2Msign(m)κ

2
,s− 1

2
(4π|m|y)e(mx)

− e−πiκ/2
msΓ(2s− 1)

|m|Γ(s+ sign(m)κ/2)
Lκm,0(s)y

1−s−κ/2

−
∑︂
n∈Z

e−πi
κ
2

2
√︁

|mn|
Γ
(︁
s− sign(m)κ

2

)︁
Γ
(︁
s+ sign(n)κ

2

)︁ Lκm,n(s)y−κ
2Wsign(m)κ

2
,s− 1

2
(4π|n|y)e(nx).

The Fourier coefficient Lκm,n(s) is given by the zeta-function

Lκm,n(s) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∑︁
0<c≡0(N)

Kκ(m,n;c)
c

J2s−1

(︃
4π
√

|mn|
c

)︃
if sign(mn) > 0,∑︁

0<c≡0(N)
Kκ(m,n;c)

c2s
if n = 0,∑︁

0<c≡0(N)
Kκ(m,n;c)

c
I2s−1

(︃
4π
√

|mn|
c

)︃
if sign(mn) < 0,

where

Kκ(m,n; c) =

⎧⎨⎩
∑︁

a(c)∗ e
(︁
ma+na

c

)︁
if κ ∈ Z,∑︁

a(c)∗ ε
2κ
a

(︁
c
a

)︁2κ
e
(︁
ma+na

c

)︁
if κ ∈ 1

2
Z,

is the Kloosterman sum, which runs over all a modulo c for which an integer a exists

such that aa ≡ 1 (mod c), and the functions Jν(x), Iν(x) are the Bessel-functions of the

first kind.

Proof. By Poisson summation we have

− 4πΓ(2s)

Γ(s− sign(m)κ/2)
F κ
m(z, s) = y−κ/2Msign(m)κ

2
,s− 1

2
(4π|m|y)e(mx)

+
∑︂
n∈Z

∑︂
0<c≡0(N)

y1−κ/2Kκ(m,n; c)Iκ(m,n, c, y)e(nx)

with

Iκ(m,n, c, y)

=

∫︂ ∞

−∞

(︃
i− ξ

i+ ξ

)︃κ/2
Msign(m)κ

2
,s− 1

2

(︃
4π|m|

c2y(1 + ξ2)

)︃
e

(︃
− mξ

c2y(1 + ξ2)
− nyξ

)︃
dξ.

(4.4)
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The integral can be solved by the evaluation∫︂ ∞

−∞

(︃
1 + iξ

1− iξ

)︃ 2k+1
4

Msign(m) 2k+1
4

,s− 1
2

(︃
|β|

(1 + ξ2)

)︃
e

(︃
− βξ

ξ2 + 1
+ αξ

)︃
dξ

= e−πi
2k+1

4 Γ(2s) ·

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2π

√︂
| βα |

Γ(s−(2k+1)/4)
W−sign(α) 2k+1

4
,s− 1

2
(4π|α|)J2s−1

(︂
4π
√︁
|αβ|

)︂
, if αβ < 0,

π22−2s Γ(2s−1)
Γ(s−(2k+1)/4))Γ(s+(2k+1)/4)

βs, if α = 0,

2π
√︂
| βα |

Γ(s+(2k+1)/4)
W−sign(α) 2k+1

4
,s− 1

2
(4π|α|)I2s−1

(︁
4π

√
αβ
)︁
, if αβ > 0,

which can be found in [Bru02, p. 33], setting α = −ny and β = m
c2y

. □

Even though the Fourier coefficients in Proposition 4.2 are fairly complicated, they

are simpler than the ones of the Selberg Poincaré series below.1 This (relative) simplicity

is especially useful in calculations involving the Fourier coefficients of a Poincaré series.

For instance, let us apply the projection operator pr+κ,N in Proposition 3.21 to F κ
m(z, s).

The projected Niebur Poincaré series will again have analytic continuation and its residue

at the poles corresponding to spectral parameters of Maass cusp forms will be in terms

of the Kohnen plusspace. Let κ = k + 1
2
for k ∈ Z and the level be 4N with N ≥ 1 odd

for the rest of this section.

Proposition 4.3. Let N ≥ 1 be odd, m ̸= 0 such that (−1)km ≡ 0, 1 (mod 4), and

Re(s) > 1. We have

F
k+1
2

m (z, s)|pr+

= −
Γ
(︁
s− sign(m)k+1

4

)︁
6π|m|Γ (2s)

y−
k+1
4 Msign(m) k+1

4
,s− 1

2
(4π|m|y)e(mx) + c+(m, s)y1−s−

2k+1
4

−
∑︂

(−1)
k
2 n≡0,1(4),
n̸=0

√
2(−1)⌊

k+1
4 ⌋Γ

(︁
s− sign(m)k+1

4

)︁
3
√︁

|mn|Γ
(︁
s+ sign(n)k+1

4

)︁
y
k+1
4

L
k+1
2
,+

m,n (s)Wsign(m) k+1
4
,s− 1

2
(4π|n|y)e(nx),

where c+(m, s) is a function depending on m, s, and the Fourier coefficients

L
k+1
2
,+

m,n (s) =

⎧⎪⎪⎨⎪⎪⎩
∑︁

0<c≡0(4N)

K+
k+1
2

(m,n;c)

c
J2s−1

(︃
4π
√

|mn|
c

)︃
if sign(mn) > 0;∑︁

0<c≡0(4N)

K+
k+1
2

(m,n;c)

c
I2s−1

(︃
4π
√

|mn|
c

)︃
if sign(mn) < 0,

1We will not calculate the Fourier expansion of the Selberg Poincaré series, as we will not use it, but the
Fourier coefficients are essentially infinite series of zeta-functions; compare, e.g., with Selberg’s original
article [Sel62, Eq. 3.21].
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where K+
k+1
2

(m,n; c) is defined by

K+
k+1
2

(m,n; c) = (1− (−1)
k
2 i)

(︃
1 +

(︃
4

c/4

)︃)︃∑︂
d(c)∗

(︂ c
d

)︂(︃−4

d

)︃ k+1
2

e

(︃
md+ nd

c

)︃
, 4|c.

Proof. By Proposition 3.21 we need to calculate the Fourier expansions of F
k+ 1

2
m (z, s)

at the cusps − α
N
and 1

2N
, where α =

(︁−4
N

)︁
. It should be observed that α = 1,−1 according

to N ≡ 1, 3 (mod N). Let σ−α/N =

(︃
1 0

−αN 1

)︃
and σ1/2N =

(︃
1 0

2N 1

)︃
.

To make the notation simpler, we write ν(c, d) =
(︁
c
d

)︁
ε−2k−1
d and

ψ
k+ 1

2
m (y) = y−k−

1
2Msign(m) 2k+1

4
,s− 1

2
(4π|m|y).

The function ν(c, d) is d-periodic in the first variable. We have

− 4πΓ(2s)

Γ(s− sign(m)(2k + 1)/4)
F
k+ 1

2
m (z, s)|k+ 1

2
σ−α/N

= (−αN + 1)−k−
1
2ψ

k+ 1
2

m (Im(σ−α/N .z))e(mRe(σ−α/N .z))

+
∑︂
c>0,

ad−4Nbc=1

ν(4Nc, d)ψ
k+ 1

2
m

(︂
y

|N(4c−αd)z+d|2

)︂
(N(4c− αd)z + d)k+

1
2

e

(︃
mRe

(︃
(a− bαN)z + b

N(4c− αd)z + d

)︃)︃
,

(4.5)

since the expression log
(︁
4Nc z

−αNz+1
+ d
)︁
+ log(−αNz + 1) − log(N(4c − αd)z + d) is

constant in z and evaluates to zero at z = 0.

Substituting 4c − αd → c and a − bαN → c, we get the following expression for the

second sum in (4.5):

∑︂
c>−αd,
c≡−αd(4),
ad−Nbc=1

ν(N(c+ αd), d)ψ
k+ 1

2
m

(︂
y

|4Ncz+d|2

)︂
(Ncz + d)k+

1
2

e

(︃
mRe

(︃
az + b

Ncz + d

)︃)︃

=
∑︂
c>0,

c ̸=−αd,
c≡−αd(4),
ad−Nbc=1

ν(Nc, d)ψ
k+ 1

2
m

(︂
y

|Ncz+d|2

)︂
(Ncz + d)k+

1
2

e

(︃
mRe

(︃
az + b

Ncz + d

)︃)︃
,

since the set {(a, b, c, d) ∈ Z4 : c > −αd, c ≡ −αd (mod 4), ad − Nbc = 1} splits

into {(a, b, c, d) ∈ Z4 : c > 0, c > −αd, c ≡ −αd (mod 4), ad − Nbc = 1} and

{(a, b, c, d) ∈ Z4 : −c > 0, c > −αd, c ≡ −αd (mod 4), ad−Nbc = 1} disjointly and the
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latter is equal to {(a, b, c, d) ∈ Z4 : c > 0, c < −αd, c ≡ −αd (mod 4), ad − Nbc = 1}
after substituting a, b, c, d with −a,−b,−c,−d respectively. In the case that c = −αd,
we must have d(a− 4Nα) = 1, so d = ±1. We hence see that

− 4πΓ(2s)

Γ(s− sign(m)(2k + 1)/4)
F
k+ 1

2
m (z, s)|k+ 1

2
σ−α/N

=
∑︂
c>0,

c≡−αd(4),
ad−Nbc=1

ν(Nc, d)ψ
k+ 1

2
m

(︂
y

|Ncz+d|2

)︂
(Ncz + d)k+

1
2

e

(︃
mRe

(︃
az + b

Ncz + d

)︃)︃

=
∑︂
c>0,
c≡1(2),

d≡−Nc(4),
ad−Nbc=1

ν(Nc, d)ψ
k+ 1

2
m

(︂
y

|Ncz+d|2

)︂
(Ncz + d)k+

1
2

e

(︃
mRe

(︃
az + b

Ncz + d

)︃)︃
,

where the last step is justified since αN ≡ 1 (mod 4) from the definition of α, so −d ≡
−Nαd ≡ Nc (mod 4) and so both d, c must be odd (N is odd).

Thus, by Poisson summation:

− 4πΓ(2s)

Γ(s− sign(m)(2k + 1)/4)
F
k+ 1

2
m (z, s)|k+ 1

2
σ−α/N

=
∑︂
c>0,
c≡1(2),

d≡−Nc(4),
ad−Nbc=1

ν(Nc, d)4−
2k+1

4 ψ
k+ 1

2
4m

(︂
y/4

|4Nc z
4
+d|2

)︂
(4Nc z

4
+ d)k+

1
2

e

(︃
4mRe

(︃
a z
4
+ b/4

4Nc z
4
+ d

)︃)︃

=
∑︂
n∈Z

∑︂
c>0,
c≡1(2)

4−
2k+1

4 K ′
k+ 1

2
(4m,n; 4Nc)(y/4)1−

2k+1
4 Ik+ 1

2
(4m,n, 4Nc, y/4)e(nx/4),

where the integral Ik+ 1
2
(m,n, c, y) is given by (4.4) and

K ′
k+ 1

2
(m,n; 4c) =

∑︂
d(4c)∗,
d≡−c(4)

ν(c, d)e

(︃
md+ nd

4c

)︃
.
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The same argument for the Fourier expansion around the cusp 1
2N

gives

− 4πΓ(2s)

Γ(s− sign(m)(2k + 1)/4)
F
k+ 1

2
m (z, s)|k+ 1

2
σ1/(2N)

=
∑︂
c>0,
c≡1(2),

ad−2Nbc=1

ν(2Nc, d)ψ
k+ 1

2
4m

(︂
y

|2Ncz+d|2

)︂
(2Ncz + d)k+

1
2

e

(︃
mRe

(︃
az + b

2Ncz + d

)︃)︃

=
∑︂
n∈Z

∑︂
c>0,
c≡1(2)

4−
2k+1

4 Kk+ 1
2
(4m,n; 8Nc)(y/4)1−

2k+1
4 Ik+ 1

2
(4m,n, 8Nc, y/4)e(nx/4).

Kohnen [Koh85, p. 257] proved that for c being odd, we have

Kk+ 1
2
(m,n; 4Nc) =

⎧⎨⎩(1− (−1)ki)in/4K ′
k+ 1

2

(4m,n/4; 4Nc), if n ≡ 0 (mod 4),

1√
2

(︂
(−1)kn

2

)︂
Kk+ 1

2
(4m,n; 8Nc), if (−1)kn ≡ 1 (mod 4),

which together with e−πi
2k+1

4 = (−1)⌊
2k+1

4 ⌋√2(1− (−1)
k
2 i) proves the claim. □

1.1. The Modified Kloosterman Zeta-function. Consider the modified Klooser-

man zeta-function

(4.6) Z+
k+ 1

2

(m,n; s) =
∑︂

0<c≡0(4N)

K+
k+ 1

2

(m,n; c)

c2s

for m,n ̸= 0 and k ∈ Z. The series in (4.6) is absolutely convergent for Re(s) > 1, which

follows from the Weil bound for Kloosterman sums, i.e.

K(m,n; c) ≤ τ(c)
√︁

(m,n, c)
√
c,

where τ(c) denotes the number of divisors of c.

Considering the Fourier coefficients of L+
m,n(s) in Proposition 4.3 we see from the

asymptotic expansions

J2s−1

(︄
4π
√︁
|mn|
c

)︄
, I2s−1

(︄
4π
√︁
|mn|
c

)︄
=

(2π)2s−1|mn|s− 1
2

Γ(2s)c2s−1
+O(c−2s−1), as c→ +∞,

that

(4.7) L+
m,n(s) =

(2π)2s−1|mn|s− 1
2

Γ(2s)
Z+
k+ 1

2

(m,n; s) +Hm,n,k(s)
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for a function Hm,n,k(s), which is holomorphic for Re(s) > 0. Since F
k+ 1

2
m (z, s)|pr+

k+ 1
2

(and hence L+
m,n(s)) has an analytic continuation, we get the analytic continuation of the

modified Kloosterman zeta-function to the half-plane Re(s) > 0. Its poles are located at

the poles of L+
m,n(s). In particular, Z+

k+ 1
2

(m,n; s) has poles at the spectral parameters s

of Maass cusp forms of weight k+ 1
2
and level 4N . The residue at s ∈ C being a spectral

parameter are given in terms of Fourier coefficients of Maass cusp forms in U+
k+ 1

2
,4N

(s).

Proposition 4.4. Let n ̸= 0 be an integer such that (−1)kn ≡ 0, 1 (mod 4) and let

s0 ∈ C be a spectral parameter of a Maass cusp form of weight k + 1
2
and level 4N . The

residue of the modified Kloosterman sum Z+
k+ 1

2

(m,n; s) at s = s0
2
+ 1

4
is given by

3(−1)⌊
2k+1

4 ⌋2 1
2
−s0−2kπ

3
4
− s0

2
−k|mn| 12−

s0
2
− k

2

2
√
2

Γ
(︁
s0 − 1

2

)︁
Γ
(︁
s0 + sign(n)2k+1

4

)︁
Γ
(︁
s0 − sign(m)2k+1

4

)︁ ∑︂
ψ

bψ(m)bψ(n)

⟨ψ, ψ⟩
,

where the sum in ψ runs over an orthogonal basis of Hecke eigenforms of U+
k+ 1

2
,4N

(︁
s0
2
+ 1

2

)︁
.

Proof. This follows from Proposition 4.1, Proposition 4.3, and (4.7). □

We wrote s0
2
+1

4
for the spectral parameter in Proposition 4.4, as the spectral parameter

changes under the Shimura lift. We will see in the next chapter that the cusp forms in

U+
k+ 1

2
,4N

(︁
s0
2
+ 1

2

)︁
get mapped to U2k,N(s0), so the way we wrote the spectral parameter

in Proposition 4.4 is convenient.

2. Selberg Poincaré Series

Let k ∈ Z and N ≥ 1 odd. From Proposition 4.1, we see that we can recover the cycle

integrals of Maass cusp forms by calculating the cycle integral of the Niebur Poincaré

series, which is easier since the latter is given as an explicit Poincaré series. However, the

Niebur Poincaré series runs into the issue that its cycle integral is not convergent when

integrated over a non-compact geodesic; so we cannot cover the square discriminant case.

For m > 0 we can instead define the Selberg Poincaré series

(4.8) P 2k
m (z, s) =

∑︂
g∈Γ∞\Γ0(N)

(︁
ys−ke(mz)

)︁
|2kg,

which is absolutely convergent and converges uniformly in z on compact subsets of the

upper half plane for Re(s) > 1. The Selberg Poincaré series P 2k
m (z, s) is no longer an

eigenfunction of the Laplace operator but satisfies

(4.9) ∆2kP
2k
m (z, s) = (s− k)(1− s− k)P 2k

m (z, s) + 4πmsP 2k
m (z, s),
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which can be easily checked through Corollary 3.4.

The Niebur Poincaré series F 2k
m (z, s) and the Selberg Poincaré series P 2k

m (z, s) are

interchangeable for our purposes, since

ϕm(y, s) = (4πmy)se−2πmy −Mk,s− 1
2
(4πmy) = O(ys+1), as y → 0,

and so the series
∑︁

g∈Γ∞\Γ0(N)(y
−kϕm(y, s)e(mx))|2kg converges absolutely for Re(s) > 0.

Hence, we immediately see that

(4.10) P 2k
m (z, s) +

(4πm)1−sΓ(2s)

Γ(s− k)
F 2k
m (z, s)

has an analytic continuation to Re(s) > 0. Hence, Proposition 4.1 together with (4.10)

gives the following proposition.

Proposition 4.5. Let k ∈ Z and m > 0. The Selberg Poincaré series P 2k
m (z, s) can

be analytically continued to Re(s) > 0 with poles at the spectral parameters s0 of Maass

cusp forms of weight 2k and level N . Its residue at s0 is given by

Ress=s0P
2k
m (z, s) = (4πm)1−s0−k

Γ(2s0 − 1)

Γ(s0 − k)

∑︂
φ

aφ(m)
φ(z)

⟨φ, φ⟩
,

where the sum in φ runs over an orthogonal basis of Hecke eigenforms in U2k,N(s0).

One can extend the approach to prove Proposition 4.5 by using the power series

expansion of the test function y−kMk,s− 1
2
(4πmy) to get the Niebur Poincaré series as a

formal series of Selberg Poincaré series. E. Yoshida [Yos91, Prop. 2] showed that this

formal series converges.

Another way of proving the analytic continuation of the Selberg Poincaré series is to

use its spectral expansion in the space L2(Γ0(N) \H, 2k), namely

(4.11)

P 2k
m (z, s) =

∑︂
φ

⟨P 2k
m (·, s), φ⟩φ(z)+

∑︂
a

1

4π

∫︂ ∞

−∞
⟨P 2k

m (·, s), E2k
a (·, 1/2+it)⟩E2k

a (z, 1/2+it)dt,

where φ runs over an orthogonal basis of the space U2k,N , a runs over a set of pair-

wise inequivalent cusps of Γ0(N) \ H, and E2k
a (z, s) =

∑︁
g∈Γa\Γ0(N) y

s−k|2kg is the non-

holomorphic Eisenstein series at the cusp a. The non-holomorphic Eisenstein series

E2k
a (z, s) admits an analytic continuation to the whole complex plane and has no poles
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for 1
2
≤ Re(s) < 1. For φ ∈ U2k,N(s0), unfolding the inner product gives

⟨P 2k
m (·, s), φ⟩ =

∫︂ ∞

0

∫︂ 1

0

yse2πm(x+iy)φ(z)yk−2dxdy

=
aφ(m)

(4πm)k+s−1

∫︂ ∞

0

ys−2e−
y
2Wk,s0− 1

2
(y)dy

=
aφ(m)

(4πm)k+s−1

Γ(s+ s0 − 1)Γ(s− s0)Γ(1− s− k)

Γ(s0 − k)Γ(1− s0 − k)
,

from which we get the analytic continuation of the first term on the right hand side of

(4.11). We also see that its poles for Re(s) > 0 lie exactly at s0 and 1− s0, where s0 is a

spectral parameter. For the continuous part of the spectrum, write

E2k
a (z, s) = ys−k + φa(0, s)y

1−s−k +
∑︂
n̸=0

y−kφa(n, s)Wsign(n)k,s− 1
2
(4π|n|y)e(nx)

for the Fourier expansion of the non-holomorphic Eisenstein series. A similar argument

as for the cuspidal part shows∫︂ ∞

−∞
⟨P 2k

m (·, s), E2k
a (·, 1/2 + it)⟩E2k

a (z, 1/2 + it)dt

= −i(4πm)1−s−k
∫︂ 1

2
+i∞

1
2
−i∞

Γ(s− ξ)Γ(s+ ξ − 1)Γ(1− s− k)

Γ(ξ − k)Γ(1− ξ − k)
φa(m, ξ)Ea(z, ξ)dξ.

By the analytic continuation of the Γ-function, the integral on the right hand side can

be analytically continued to Re(s) > 1
2
. To continue it beyond the line Re(s) = 1

2
, pick

α > 0 small enough. By Cauchy’s theorem, we have for all 1
2
< Re(s) < 1

2
+ α:∫︂ 1

2
+i∞

1
2
−i∞

Γ(s− ξ)Γ(s+ ξ − 1)Γ(1− s− k)

Γ(ξ − k)Γ(1− ξ − k)
φa(m, ξ)Ea(z, ξ)dξ

=

∫︂ 1
2
+α+i∞

1
2
+α−i∞

Γ(s− ξ)Γ(s+ ξ − 1)Γ(1− s− k)

Γ(ξ − k)Γ(1− ξ − k)
φa(m, ξ)Ea(z, ξ)dξ

− Γ(2s− 1)

Γ(s− k)
φa(m, s)E

2k
a (z, s).

The right hand side can now be analytically continued to the half-plane Re(s) < 1
2
+ α.

We see that P 2k
m (z, s) can hence be analytically continued in s to the whole complex plane

and that its poles for Re(s) < 1
2
only come from the discrete spectrum.

2.1. Traces of the Selberg Poincaré Series. In this section we prove the central

technical result of the first part of this thesis, namely that the traces of the Selberg
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Poincaré series are essentially given in terms of the modified Kloosterman zeta function

in (4.6). For the notations on binary quadratic forms, the reader should consult section

1 in chapter 2.

Definition 4.6. Let k ∈ Z and N ≥ 1 be odd. Let f : H → C be a real-analytic

function of weight 2k and level N , d be a fundamental discriminant and d′ such that

(−1)kd′ ≡ 0, 1 (mod 4).

(1) For dd′ < 0 and k ≥ 0, the twisted trace of f is defined by

Trd,d′f =
∑︂

Q∈Γ0(N)\Qdd′,N

χd(Q)|ΓQ|−1(L2 ◦ · · · ◦ L2k−2 ◦ L2kf)(zQ).

For k < 0, the twisted trace Trd,d′(f) is similarly defined with raising operators

instead of lowering operators.

(2) For dd′ > 0, the twisted trace of f is defined by

Trd,d′(f) =
∑︂

Q∈Γ0(N)\Qdd′,N

χd(Q)

∫︂
CQ

f(z)Q(z, 1)kdQz,

where the measure dQz is given by

√
disc(Q) dz

Q(z,1)
.

It is necessary in Definition 4.6 to use lowering and raising operators in the case

dd′ < 0 for the trace to be well-defined. For f being modular of weight zero, we namely

have f(zQ◦g) = f(g.zQ) = f(zQ) for all Q ∈ Qdd′,N and g ∈ Γ0(N), so that it makes sense

to sum over classes of binary quadratic forms.

With Definition 4.6 we are set to state the main result of this chapter.

Theorem 4.7. Let k ∈ Z, N ≥ 1 be odd, m > 0, (−1)kd be a fundamental discrimi-

nant, and d′ be an integer such that (−1)kd′ ≡ 0, 1 (mod 4). Suppose Re(s) > 0 and set

D = dd′.

(1) If D < 0, the trace Tr(−1)kd,(−1)kd′P
2k
m (z, s) equals

(−1)kΓ(s)

Γ(s− k)
2s−1|D|k/2+s/2

∑︂
n|m,

(n,N)=1

(︃
(−1)kd

n

)︃
1

ns
Z+
k+ 1

2

(︃
m2d

n2
, d′;

s

2
+

1

4

)︃
+H1(s),

where H1(s) is holomorphic for Re(s) > 0.

(2) For D = dd′ > 0 with d > 0, the trace Tr(−1)kd,(−1)kd′P
2k
m (z, s) equals

(−1)k2πDk/2+s/2Γ(s)

Γ
(︁
s+1
2

+ k
2

)︁
Γ
(︁
s+1
2

− k
2

)︁ ∑︂
n|m,

(n,N)=1

(︃
(−1)kd

n

)︃
n−sZ+

k+ 1
2

(︃
m2d

n2
, d′;

s

2
+

1

4

)︃
+H2(s),
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where H2(s) is holomorphic for Re(s) > 0.

(3) For D = dd′ > 0 with d < 0, the trace Tr(−1)kd,(−1)kd′P
2−2k
m (z, s) equals

− (−1)k2πDk/2+s/2Γ(s)

Γ
(︁
s
2
+ 1− k

2

)︁
Γ
(︁
s
2
+ k

2

)︁ ∑︂
n|m,

(n,N)=1

(︃
(−1)kd

n

)︃
n−sZ+

k+ 1
2

(︃
m2d

n2
, d′;

s

2
+

1

4

)︃
+H3(s),

where H3(s) is holomorphic for Re(s) > 0.

With Proposition 4.5, Theorem 4.7, and Proposition 4.4 we immediately see that the

twisted traces of Maass cusp forms of weight 2k and level N are given in terms of Fourier

coefficients of Maass cusp form of weight k + 1
2
and level 4N . This fact will be worked

out more precisely in the next chapter.

We will divide the proof into the case of negative and positive discriminant D. In the

evaluation of the traces we will encounter Salie sums, which are defined to be

(4.12) Sm(d, d
′; c) =

∑︂
b (c), b2≡dd′(c)

χd

(︃[︃
c

4
, b,

b2 − dd′

c

]︃)︃
e

(︃
−2mb

c

)︃
for c divisible by 4.

Note that for any ε > 0 the Salie sums are bounded in c by

(4.13) Sm(d, d
′; c) ≪ε c

ε as c→ +∞.

A crucial step in the proof of Theorem 4.7 will be a proposition on exponential sums

relating the Salie sums to the Kloosterman sums K+
k+ 1

2

(m,n; c) defined in Proposition

4.3.

Proposition 4.8 (Kohnen). Let m, d, d′ be non-zero integers and k an even inte-

ger. Suppose further that (−1)
k
2 d is a fundamental discriminant, c ≡ 0 (mod 4), and

(−1)
k
2 d′ ≡ 0, 1 (mod 4). Then we have

Sm((−1)
k
2 d, (−1)

k
2 d′; c) =

∑︂
n|(m,c/4)

(︄
(−1)

k
2 d

n

)︄√︃
n

c
K+

k+1
2

(︃
m2d

n2
, d′;

c

n

)︃
.

Proof. See [Koh85, Prop. 5]. □

2.1.1. The Proof of Theorem 4.7 for D < 0.

Proposition 4.9. Assume that D = dd′ < 0, where (−1)kd is a fundamental dis-

criminant and (−1)kd′ ≡ 0, 1 (mod 4). Then

Tr(−1)kd,(−1)kd′P
0
m(z, s) = 2s−1|D|s/2

∑︂
0<c≡0(4N)

Sm((−1)kd, (−1)kd′; c)

cs
e−4πm

√
|D|
c .
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Proof. This is a calculation:∑︂
Q∈Γ\QN,D

χ(−1)kd(Q)|ΓQ|−1P 0
m(zQ, s)

=
∑︂

Q∈Γ\QN,D

∑︂
g∈Γ∞\Γ

χ(−1)kd(Q)|ΓQ|−1Im(g.zQ)
se(mg.zQ)

=
∑︂

Q∈Γ\QN,D

∑︂
g∈Γ∞\Γ/ΓQ

χ(−1)kd(Q)Im(zQ◦g−1)se(mzQ◦g−1)

=
∑︂

Q∈Γ∞\QN,D

χ(−1)kd(Q)(ImzQ)
se (mzQ) ,

which by Lemma 2.1 yields the result. □

We will also need the following expressions for lowering resp. raising operators applied

to P 2k
m (z, s).

Lemma 4.10.

L2 ◦ · · ·L2k−2 ◦ L2kP
2k
m (z, s) =

(−1)kΓ(s)

Γ(s− k)
P 0
m(z, s), if k > 0, and

R−2 ◦ · · ·R2k+2 ◦R2kP
2k
m (z, s) = (−1)k

|k|∑︂
l=0

(4πm)l
Γ(s+ l)

Γ(s+ l − k)
P 0
m(z, s+ l), if k < 0.

Proof. We use the identities

L2k′(y
s−ke(mz)) = −(s− k′)ys+1−ke(mz) for all k′ ∈ Z

and

R2k′(y
s−k′e(mz)) = −(s− k′)ys+1−k′e(mz)− 4πmys+1−k′e(mz) for all k′ ∈ Z.

By applying the identities to (4.8) with Proposition 3.13, we get the claim for Re(s) >

1. Uniqueness of the analytic continuation yields the result for all complex s. □

The proof of Theorem 4.7 for D < 0. Assume that k > 0. After applying the

first part of Lemma 4.10, we see

Tr(−1)kd,(−1)kd′P
2k
m (z, s) =

(−1)k|D| k2Γ(s)
Γ(s− k)

Tr(−1)kd,(−1)kd′P
0
m(z, s)

=
(−1)kΓ(s)

Γ(s− k)
|D|k/2+s/2

∑︂
0<c≡0(4N)

Sm((−1)kd, (−1)kd′; c)

cs
e−4πm

√
|D|
c .
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Using the first order approximation e−4πm

√
|D|
c = 1 +O(1/c), we get

(4.14)∑︂
0<c≡0(4N)

Sm((−1)kd, (−1)kd′; c)

cs
e−4πm

√
|D|
c =

∑︂
0<c≡0(4N)

Sm((−1)kd, (−1)kd′; c)

cs
+H1(s)

with H1(s) holomorphic for Re(s) > 0 by (4.13). Applying Proposition 4.8 leads to the

claim (1) of Theorem 4.7 in the case k > 0.

For k < 0 we arrive at (4.14) with the same argument as above, since for l ≥ 1 the

terms P 0
m(z, s+ l) in Lemma 4.10 are holomorphic in Re(s) > 0. □

2.1.2. The Proof of Theorem 4.7 for D > 0. To calculate the twisted traces of the

Selberg Poincaré series, we will first treat a slightly more general family of Poincaré series

to show that the method applies generally to Poincaré series. Let ϕ : R>0 → R be a

smooth function such that ϕ(y) = O(y1−k+ε) as y → 0 for any ε > 0. Then the Poincaré

series

(4.15) P 2k
m (z, ϕ) =

∑︂
g∈Γ∞\Γ0(N)

(ϕ(y)e(mx)) |2kg

converges for any integer m.

Lemma 4.11. Let k ∈ Z, (−1)kd a fundamental discriminant, and (−1)kd′ an integer

such that (−1)kd′ ≡ 0, 1 (mod 4).

(1) If d < 0 and D = dd′ is not a square, then Tr(−1)kd,(−1)kd′P
2k
m (z, ϕ) = 0.

(2) If d > 0, then

Tr(−1)kd,(−1)kd′P
k
m(z, ϕ) = 2

∑︂
Q∈Γ∞\Q+

dd′,N

χ(−1)kd(Q)

∫︂
SQ

e(mRe(z))ϕ(Im(z))Q(z, 1)kdQz

+
∑︂

Q∈Γ∞\Qdd′,N ,
Q(1,0)=0

χ(−1)kd(Q)

∫︂
SQ

e(mRe(z))ϕ(Im(z))Q(z, 1)kdQz.

Proof. The argument is a standard application of the unfolding method. The group

of automorphs ΓQ acts freely on Γ∞ \ Γ0(N) on the right, and a direct calculation shows
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that ∫︂
CQ

P 2k
m (z, ϕ)Q(z, 1)kdQz

=
∑︂

g∈Γ∞\Γ0(N)

∫︂
CQ

j(g, z)−2ke(mRe(g.z))ϕ(Im(g.z))Q(z, 1)kdQz

=
∑︂

g∈Γ∞\Γ0(N)/ΓQ

∑︂
n∈Z

∫︂
γnQ.CQ

e(mRe(z))ϕ(Im(z))Q(z, 1)kdQz.

Therefore

Tr(−1)kd,(−1)kd′P
2k
m (z, ϕ) =

∑︂
Q∈Γ∞\Qdd′,N

χ(−1)kd(Q)

∫︂
SQ

e(mRe(z))ϕ(Im(z))Q(z, 1)kdQz.

The measure dQz satisfies d−Qz = −dQz and for A ̸= 0 the geodesics S[A,B,C] and

S[−A,−B,−C] are the same semicircle but with opposite orientations. By∫︂
S−Q

e(mRe(z))ϕ(Im(z))(−Q(z, 1))kd−Qz = (−1)k
∫︂
SQ

e(mRe(z))ϕ(Im(z))Q(z, 1)kdQz

and χ(−1)kd(−Q) = (−1)ksign(d)χ(−1)kd(Q), we either get cancellation of the integrals

twisted by χ(−1)kd for Q and −Q in the first case or the integrals twisted by χ(−1)kd for

Q and −Q are equal. □

Because of the trivial cancellation we explained in the last paragraph of the proof of

Lemma 4.11, we will be interested in factorizing the discriminant D = (−1)kd · (−1)kd′

into factors with d, d′ > 0. If we want to consider such a factorization for d, d′ < 0, we

will hence consider Poincaré series of dual weight 2− 2k instead, so that

D = (−1)kd · (−1)kd′ = (−1)1−k(−d) · (−1)1−k(−d′)

and the twisted trace Tr(−1)kd,(−1)kd′P
2−2k
m (z, ϕ) does not vanish trivially in Lemma 4.11.

Proposition 4.12. Let k ∈ Z, N ≥ 1 be odd, d > 0 be such that (−1)kd is a

fundamental discriminant, and d′ > 0 be an integer such that (−1)kd′ ≡ 0, 1 (mod 4).

Set D = dd′.

(1) If D = dd′ is not a square then

Tr(−1)kd,(−1)kd′P
2k
m (z, ϕ) = Dk/2

∑︂
0<c≡0(4N)

Sm((−1)kd, (−1)kd′; c)Φ2k
m

(︄
2
√
D

c

)︄
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with

(4.16) Φ2k
m (t) = (it)k

∫︂ π

0

e (mt cos θ)ϕ(t sin θ)(sin θ)k−1eiθkdθ.

(2) If d = d′ and (d,N) = 1, then

Tr(−1)kd,(−1)kdP
2k
m (z, ϕ) = dk

∑︂
0<c≡0(4N)

Sm((−1)kd, (−1)kd; c)Φ2k
m

(︃
2d

c

)︃
+2(id)kGm(d)M(ϕ)(k)

where M(ϕ)(s) is the Mellin transform of ϕ and

Gm(d) =
∑︂
µ(d)∗

(︃
d

µ

)︃
e
(︂
−mµ

d

)︂
is a Gauss sum.

Proof. The first claim follows from Lemma 2.1 and Lemma 4.11 after parametrising

the semicircle S[A,B,C] by θ ∈ (0, π) such that

z = − B

2A
+

√
D

2|A|
eiθ

so that we get

Tr(−1)kd,(−1)kd′P
2k
m (z, ψ)

= 2
∑︂

A>0, B(2A),
B2≡D(4A)

χ(−1)kd

(︃[︃
A,B,

B2 −D

4A

]︃)︃
×

∫︂ π

0

e

(︄
m

(︄
− B

2A
+

√
D

2A
cos θ

)︄)︄
ϕ

(︄√
D

2A
sin θ

)︄
Dk

(4A)k
(eiθ − 1)k(eiθ + 1)k

dθ

sin θ

= 2
∑︂

0<c≡0(4N)

Sm((−1)k, (−1)kd′; c)
2kikDk

ck
×

∫︂ π

0

e

(︄
m
2
√
D

c
cos θ

)︄
ϕ

(︄
2
√
D

c
sin θ

)︄
(sin θ)k−1eiθkdθ.

To prove the second claim, i.e. D = d2, we again use Lemma 4.11. The sum

(4.17)
∑︂

Q∈Γ∞\Qd2,N ,
Q(1,0)=0

χ(−1)kd(Q)

∫︂
SQ

e(mRe(z))ϕ(Im(z))Q(z, 1)kdQz



2. SELBERG POINCARÉ SERIES 71

runs over {Qµ = [0, d, µ] : 0 ≤ µ < d}. We have χ(−1)kd(Qµ) =
(︂
d
µ

)︂
by (2.16). Thus, the

sum (4.17) is equal to∑︂
µ(d)

(︃
d

µ

)︃∫︂
{−µ

d
+it:t>0}

e(mRe(z))ϕ(Im(z))Qµ(z, 1)
kdQµz

=
∑︂
µ(d)∗

(︃
d

µ

)︃
e
(︂
−mµ

d

)︂∫︂ ∞

0

ϕ(t)(id)ktk
dt

t

= Gm(d)(id)
kM(ϕ)(k).

□

We now consider ϕ(y) = ys−ke−2πmy in (4.15), so that P 2k
m (z, ϕ) = P 2k

m (z, s). Except

for the holomorphic case s = k (Propositon 4.14), the evaluation of the transform∫︂ π

0

e (mt cos θ)ϕ(t sin θ)(sin θ)k/2−1eiθk/2dθ

is bypassed by the next lemma which allows us to express the main term contributing to

the residue of each pole of P 2k
m (z, s) on the strip 0 < Re(s) < 1.

Lemma 4.13. Let Φ2k
m (t) be defined as in (4.16). For Re(s) > 0, we have

Φ2k
m (t) = c2k(s)t

s +O(ts+1), as t→ 0+,

where

c2k(s) = (−1)k
πΓ(s)

2s−1Γ
(︁
s+1
2

+ k
2

)︁
Γ
(︁
s+1
2

− k
2

)︁ .
Proof. Using the asymptotics e(mt cos θ) = 1 + O(mt cos θ) and e−2πmt sin θ = 1 +

O(mt sin θ) as t→ 0+, we get

Φ2k
m (t) = i

k
2 ts
(︃∫︂ π

0

(sin θ)s−1eikθ/2dθ +O(t)

)︃
.

The proof is finished with the integral formula (see [GR07, p. 485, 3.892(1)])∫︂ π

0

eiβx(sinx)ν−1dx =
πeiπβ/2Γ(ν)

2ν−1Γ
(︁
ν+β+1

2

)︁
Γ
(︁
ν−β+1

2

)︁ , Re(ν) > 0,

with ν = s and β = k. □
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Proof of Theorem 4.7 for D > 0. Suppose d, d′ > 0. We use Proposition 4.12

and Lemma 4.13 to write

(4.18)

Tr(−1)kd,(−1)kd′P
2k
m (z, s) = c2k(s)D

k/2
∑︂

0<c≡0(4N)

Sm((−1)kd, (−1)kd′; c)

(︄
2
√
dd′

c

)︄s

+H2(s),

where H2(s) is a holomorphic function on Re(s) > 0. In the case of d = d′, the Mellin

transform term (id)kGm(d)M(ϕ)(k) is holomorphic and is part of H2(s).

With Proposition 4.8, we may rewrite equation (4.18) as

Tr(−1)kd,(−1)kd′P
2k
m (z, s)

= c2k(s)D
k/2
∑︂
n|m

(︃
(−1)kd

n

)︃(︄
2
√
dd′

n

)︄s ∑︂
0<c≡0(4N)

K+
k+ 1

2

(︂
m2d
n2 , d

′; c
)︂

cs+1/2
+H2(s)

by substituting c→ nc.

Suppose now that d, d′ < 0. By Proposition 4.12 for weight 2 − 2k and −d,−d′ > 0

and Lemma 4.13, we get

(4.19)

Tr(−1)kd,(−1)kd′P
2−2k
m (z, s) = c2−2k(s)

∑︂
0<c≡0(4N)

Sm((−1)kd, (−1)kd′; c)

(︄
2
√
dd′

c

)︄s

+H3(s),

where H3(s) is a holomorphic function on Re(s) > 0. Once again, Proposition 4.8 gives

the claim. □

Evaluating Tr(−1)kd,(−1)kd′P
2k
m (z, s) at the spectral parameter s = k > 1 reduces to

considering ϕ(y) = e−2πmy in (4.15) so that P 2k
m (z, ϕ) = P 2k

m (z) =
∑︁

g∈Γ∞\Γ0(N) e(mz)|2kg,
the holomorphic Poincaré series of weight 2k. For completeness we also give the result in

this case.

Proposition 4.14. Suppose that k > 1, m > 0, d, d′ > 0 with d ̸= d′ such that

(−1)kd is a fundamental discriminant and (−1)kd′ ≡ 0, 1 (mod 4). We have

Tr(−1)kd,(−1)kd′P
k
m(z)

=
(−1)kΓ(k)D

k
2
+ 3

4

2k−
3
2mk− 1

2πk−1

∑︂
n|m

(︃
(−1)kd

n

)︃ ∑︂
0<c≡0(4N)

1

c
K+
k+ 1

2

(︃
m2d

n2
, d′; c

)︃
Jk− 1

2

(︄
4πmn

√
D

c

)︄
.

If d = d′, we get the additional term (id)k(4πm)−kΓ(k) on the right hand side.
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Proof. Suppose that D = dd′ is not a square. By Lemma 4.11, we get

Tr(−1)kd,(−1)kd′P
k
m(z) = 2

∑︂
Q∈Γ∞\Q+

D,N

χ(−1)kd(Q)

∫︂
SQ

e(mz)Q(z, 1)kdQz.

After the change of variable z →
√
Dz−B
2A

for Q = [A,B,C], one needs to evaluate

−
∫︂ 1

−1

e

(︄
m

√
D

2A
z

)︄
(z2 − 1)k−1dz =

(−1)k2k−
1
2Γ(k)

πk−1

(︄√
Dm

A

)︄−k+ 1
2

Jk− 1
2

(︄
πm

√
D

A

)︄
,

which yields the claim for D not being a square. The case when D is a square can be

dealt with in the same fashion as in the proof of Proposition 4.12. □





CHAPTER 5

The Shimura Correspondence of Maass Cusp Forms

In this chapter, we will define the Shimura lift for Maass cusp forms and prove The-

orem 1.4 and its corollaries.

1. The Shimura Lift

Let k ∈ Z and N ≥ 1 be odd. G. Shimura [Shim73] discovered a connection between

half-integral weight cusp forms and even weight cusp forms. As we saw, the essential

identity of the Shimura correspondence is the proposition on exponential sums relating

Salie sums to Kloosterman sums; see Proposition 4.8.

Extended to Maass cusp forms (G. Shimura’s original work was concerned with holo-

morphic cusp forms), the Shimura correspondence allows for striking applications, most

notably the equidistribution theorem of W. Duke [Duk88]. That breakthrough was only

possible due to the result of H. Iwaniec [Iwa87], who showed that the Fourier coefficients

of half-integral weight cusp forms exhibit non-trivial bounds (smaller than the growth

rate of class numbers).

We will now define the Shimura lift rigorously and prove that it indeed defines a map

from half-integral cusp forms to even weight cusp forms.

Definition 5.1. Let d be such that (−1)kd is a fundamental discriminant and ψ ∈
U+
k+ 1

2
,4N

(s). We define the d-th Shimura lift of ψ by

Shimd(ψ) =
∑︂
m̸=0

(4π|m|y)−ka(m)Wsign(m)k,2s− 3
2
(4π|m|y)e(mx),

where the Fourier coefficients are given by

a(m) =
∑︂
n|m,

(n,N)=1

nk−1

(︃
(−1)kd

n

)︃
bψ

(︃
dm2

n2

)︃
and a(−m) =

Γ(s+ k)

Γ(s− k)
a(m)

for m > 0.

75
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It is a priori not clear that the function Shimd(ψ) in Definition 5.1 defines a Maass

cusp form. We see from its Fourier expansion that it is an eigenfunction of ∆2k with

spectral parameter 2s− 1.

To prove that Shimd(ψ) is indeed a Maass cusp form (of weight 2k and level N), we

use Theorem 4.7 and the spectral theory of Poincaré series developed in Chapter 4. In

the crucial Lemma 5.3 below, we relate the functions Shimd(ψ) to the traces of Maass

cusp forms of even weight.

We also see from Definition 5.1 that if Shimd(ψ) were a Maass cusp form, it would

have to be an even cusp form (see Proposition 3.17). In fact, the traces of odd Maass

cusp forms evaluate to zero, as we show in the next lemma.

Lemma 5.2. Let d, d′ be integers such that (−1)kd is a fundamental discriminant and

(−1)kd′ ≡ 0, 1 (mod 4). If φ ∈ U2k,N(s) is an odd form, then Tr(−1)kd,(−1)kd′(φ) = 0.

Proof. It suffices to see that Tr(−1)kd,(−1)kd′(Xs,2kφ) = Tr(−1)kd,(−1)kd′(φ). For, say,

non-negative weight k we use y2k−2(L2kφ)(−z) = −R−2ky
2kφ(−z) to get

(Xs,2kφ)(z) =
Γ(s− k)

Γ(s+ k)
(R2k−2 ◦ · · · ◦R0)(L2 ◦ · · ·L2k−2φ)(−z).

Substituting the class of the binary quadratic form [A,B,C] with the class of [A,−B,C]
and using Proposition 3.14 proves the claim. □

Lemma 5.3. Let d, d′ be integers such that (−1)kd is a fundamental discriminant and

(−1)kd′ ≡ 0, 1 (mod 4). Let s0 ∈ C.

(1) If dd′ < 0, then

6(−1)⌊k/2⌋
√︁
|dd′|

∑︂
ψ

bψ(d′)

⟨ψ, ψ⟩
Shimd(ψ)(z) = 2

√
π
∑︂
φ

Tr(−1)kd,(−1)kd′(φ)
φ(z)

⟨φ, φ⟩
.

(2) If d, d′ > 0, then

6(−1)⌊k/2⌋
√︁

|dd′|
∑︂
ψ

bψ(d′)

⟨ψ, ψ⟩
Shimd(ψ)(z) = 2k

∑︂
φ

Tr(−1)kd,(−1)kd′(φ)
φ(z)

⟨φ, φ⟩
.

(3) If d, d′ < 0, then

6(−1)⌊k/2⌋
√︁

|dd′|
∑︂
ψ

bψ(d′)

⟨ψ, ψ⟩
Shimd(ψ)(z) = 21−k

∑︂
φ

Tr(−1)kd,(−1)kd′(ξ2kφ)
φ(z)

⟨φ, φ⟩
.



1. THE SHIMURA LIFT 77

The sums over ψ run over an orthogonal basis of Hecke eigenforms of U+
k+ 1

2
,4N

(︁
s0
2
+ 1

4

)︁
and the sums over φ run over a orthogonal basis of Hecke eigenforms of the subspace of

U2k,N(s0) of even forms.

Proof. Suppose first that s0 ̸= k, 1− k and suppose that dd′ < 0. Let m > 0. From

Theorem 4.7, we obtain

Ress=s0Tr(−1)kd,(−1)kd′P
2k
m (z, s)

=
(−1)kΓ(s0)

Γ(s0 − k)
2s0−1|dd′|k/2+s0/2

∑︂
n|m,

(n,N)=1

(︃
(−1)kd

n

)︃
n−s0Ress=s0Z

+
k+ 1

2

(︃
m2d

n2
, d′;

s

2
+

1

4

)︃

=
(−1)kΓ(s0)

Γ(s0 − k)
2s0−1|dd′|k/2+s0/2

∑︂
n|m,

(n,N)=1

(︃
(−1)kd

n

)︃
n−s04Ress= s0

2
+ 1

4
Z+
k+ 1

2

(︃
m2d

n2
, d′; s

)︃
.

Applying Proposition 4.5 and Proposition 4.4, we then get

(4πm)1−s0−k
Γ(2s0 − 1)

Γ(s0 − k)

∑︂
φ

aφ(m)
Tr(−1)kd,(−1)kd′φ(z)

⟨φ, φ⟩

=
3(−1)⌊k/2⌋2−2kπ−s0−km1−s0−k

√︁
|dd′|Γ(s0)Γ

(︁
s0 − 1

2

)︁
Γ
(︁
s0 + sign(d′)2k+1

4

)︁
Γ(s0 − k)Γ

(︁
s0 − sign(d)2k+1

4

)︁ ×

∑︂
ψ

∑︂
n|m,

(n,N)=1

nk−1

(︃
(−1)kd

n

)︃
bψ
(︁
m2d
n2

)︁
bψ(d

′)

⟨ψ, ψ⟩

=
6(−1)⌊k/2⌋21−2s0−2kπ

1
2
−s0−km1−s0−k

√︁
|dd′|Γ(2s0 − 1)

Γ(s0 − k)∑︂
ψ

∑︂
n|m,

(n,N)=1

nk−1

(︃
(−1)kd

n

)︃
bψ
(︁
m2d
n2

)︁
bψ(d

′)

⟨ψ, ψ⟩

where the sum in φ runs over an orthogonal basis of odd and even Hecke eigenforms of

U2k,N(s0) and ψ runs over an orthogonal basis of Hecke eigenforms of U+
k+ 1

2
,4N

(︁
s0
2
+ 1

4

)︁
.

Since Tr(−1)kd,(−1)kd′(φ) = 0 if φ is an odd form by Lemma 5.2, we may restrict the sum

over φ to even Hecke eigenforms. Summing over m then gives the claim.

In the third case, we additionally use the fact from Proposition 3.8 that ξ2−2k :

U2−2k,N(s0) → U2k,N(s0) is an isomorphism and the expression from Proposition 3.9 for

the Fourier coefficients of ξ2−2kφ.
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Suppose now that s0 = k is the spectral parameter of the holomorphic cusp forms,

so that P 2k
m (z, s0) is the m-th holomorphic Poincaré series. In the cases dd′ < 0 and

d, d′ < 0, both sides of the claim are trivially zero, so there is nothing to show. Suppose

thus that d, d′ > 0. From Proposition 4.3 and Proposition 4.14, we see that the trace of

P 2k
m (z) is a linear combination of Fourier coefficients

⟨P 2k,+
d′ , P 2k

m2d
n2

⟩ =
∑︂
ψ

⟨P 2k
d′ , ψ⟩⟨ψ, P

2k,+
m2d
n2

⟩.

A similar calculation as before gives the result in this case as well. □

In Lemma 5.3 we already see the connection between the space U+
k+ 1

2
,4N

(s) and

U2k,N(2s − 1) through the operator Shimd. With an argument in linear algebra, we

can then prove that Shimd is indeed a map between these spaces.

Theorem 5.4. Let d be an integer such that (−1)kd is a fundamental discriminant.

The d-th Shimura lift Shimd is a linear map

U+
k+ 1

2
,4N

(s) → U2k,N(2s− 1).

Proof. Let d′ be any integer such that (−1)kd′ ≡ 0, 1 (mod 4). By Lemma 5.3, we

see that

(5.1)
n∑︂
i=1

bi(d′)

⟨ψi, ψi⟩
Shimd(ψi) ∈ U2k,N(2s− 1),

where we wrote bi(m) = bψi(m) for m ̸= 0 and ψ1, ..., ψn is an orthogonal basis of Hecke

eigenforms of U+
k+ 1

2
,4N

(s). We will show that, say, Shimd(ψ1) lies in U2k,N(2s− 1).

We may find d′1, ..., d
′
n with (−1)kd′j ≡ 0, 1 (mod 4) for j = 1, ..., n such that the

Matrix B = (bi(d
′
j))i,j=1,...,n is of rank n; if this were not the case, then ψ1, ..., ψn would

not be linearly independent. Thus, the linear system⎛⎜⎜⎜⎜⎝
b1(d

′
1) ... b1(d

′
n)

b2(d
′
1) ... b2(d

′
n)

...
. . .

...

bn(d
′
1) · · · bn(d

′
n)

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
α1

α2

...

αn

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
1

0
...

0

⎞⎟⎟⎟⎟⎠
has a solution. By (5.1), we deduce

1

⟨ψ1, ψ1⟩
Shimd(ψ1) =

n∑︂
j=1

αj

n∑︂
i=1

bi(dj)

⟨ψi, ψi⟩
Shimd(ψi) ∈ Uk,N(2s− 1).

□
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2. The Katok-Sarnak Formula for Maass Cusp Forms of Non-Zero Weights

In this section, we will prove the main result of the first part, namely relating the traces

of Maass cusp forms of even weight cusp forms to the Fourier coefficients of half-integral

weight cusp forms directly. We already see those two objects appearing in Lemma 5.3 as

the scalars of the basis vectors of the vector spaces of Maass cusp forms. An application

of the Hecke theory on these spaces will give us the direct relation of these scalar factors.

It is not difficult to prove from the respective definitions that the Hecke operators

commute with the operator Shimd; more precisely, that for a prime p, which does not

divide N , we have Shimd ◦T (p2) = T (p)◦Shimd. We will exploit this fact in the following

generalization of the Katok-Sarnak formula in Theorem 1.2.

Theorem 5.5. Let k ∈ Z, N ≥ 1 odd, and φ ∈ U2k,N(s) be a normalized even

newform. Let d, d′ be integers such that (−1)kd is a fundamental discriminant and

(−1)kd′ ≡ 0, 1 (mod 4). We have

6(−1)⌊k/2⌋
∑︂

Shimd(ψ)=bψ(d)φ

bψ(d′)bψ(d)

⟨ψ, ψ⟩
= ⟨φ, φ⟩−1 ·

⎧⎪⎪⎨⎪⎪⎩
2
√
πTr(−1)kd,(−1)kd′(φ), if dd′ < 0,

2kTr(−1)kd,(−1)kd′(φ), if d, d′ > 0,

21−kTr(−1)kd,(−1)kd′(ξ2kφ), if d, d′ < 0,

where the sum in ψ runs over an orthogonal basis of Hecke eigenforms of U+
k+ 1

2
,4N

(︁
s
2
+ 1

4

)︁
.

Proof. Pick a basis of normalized newforms φ1, ..., φn of Unew
2k,N(s) and denote the

p-th Hecke eigenvalue of φi under T (p) by λi(p) for any i = 1, ..., n and (p,N) = 1.

Take ψ ∈ U+
k+ 1

2
,4N

(︁
s
2
+ 1

4

)︁
to be a Hecke eigenform. Since the Hecke operators commute

with the operator Shimd, the cusp form Shimd(ψ) is still a Hecke eigenform. If ψ|T (p2) ̸=
λi(p)ψ for a (p,N) = 1, the cusp form Shimd(ψ) is orthogonal to φi by the self-adjointness

of the Hecke operator T (p). So either Shimd(ψ) is an oldform or ψ|T (p2) = λi(p)ψ for all

(p,N) = 1 and some i = 1, ..., n. In the second case, we must have Shimd(ψ) = bψ(d)φi

by the multiplicity one property of newforms.

Suppose dd′ < 0, the other cases are similar. Applying the projection onto Unew
2k,N(s)

to the equation in Lemma 5.3, we have

3(−1)⌊k/2⌋
√︁

|dd′|
n∑︂
i=1

∑︂
Shimd(ψ)=bψ(d)φi

bψ(d′)bψ(d)

⟨ψ, ψ⟩
φi(z) =

√
π

n∑︂
i=1

Tr(−1)kd,(−1)kd′(φi)
φi(z)

⟨φi, φi⟩
,

where the sum in ψ runs over an orthogonal basis of Hecke eigenforms of U+
k+ 1

2
,4N

(︁
s
2
+ 1

4

)︁
.

The claim follows by linear independence of the φi, i = 1, ..., n. □
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3. L-functions of Maass Cusp Forms

The coefficients of half-integral weight cusp forms are closely related to the values of

L-functions. In this section, we investigate the central value of the twisted L-function

(5.2) L(φ, d, w) =
∞∑︂
n=1

(︃
d

n

)︃
aφ(n)

nw
, (d,N) = 1,

for a normalized newform φ ∈ U2k,N(s).

Note that for k > 0 and φ ∈ U2−2k,N(s) even and normalized, we have

L(ξ2−kφ, d, w) = −(4π)2k−1Γ(s+ k/2)

Γ(s− k/2)
L(φ, d, w + 2k − 1)

by Lemma 3.9 and Corollary 3.17. Hence, we may restrict to Maass cusp forms of non-

negative weights in this section, as the twisted L-functions of Maass cusp forms of negative

weights reduce to that case.

We can get the L-function for an even normalized newform of weight 2k ≥ 0 from

Theorem 5.5 through a Mellin transform. The following integral was first solved by W.

Duke, J. Friedlander, and H. Iwaniec [DFI02, Lemma 8.2] (there is a typo in the orginial

version, see M. Young’s paper [You19, Sec. 12] for the correct evaluation). We present

an alternative proof in our special case, which has the advantage of making the evaluation

of the Mellin transform explicit instead of relying on a recursively defined polynomial.

Lemma 5.6. Let k ≥ 0 be an even integer and s ̸= ±k. The Mellin-transform

(5.3) Ψ2k(s) =

∫︂ ∞

0

(︃
Wk,s− 1

2
(y) + (−1)k

Γ(s+ k)

Γ(s− k)
W−k,s− 1

2
(y)

)︃
dy

y

takes the values

Ψ2k(s) =
1

2k
√
π
Γ
(︂s
2
+ k
)︂
Γ

(︃
1− s

2
+ k

)︃
.

Proof. We write

Ψ±
2k(s) =

∫︂ ∞

0

(︃
Wk,s− 1

2
(y)± Γ(s+ k)

Γ(s− k)
W−k,s− 1

2
(y)

)︃
dy

y
.

With this notation we have

Ψ2k(s) =

⎧⎨⎩Ψ+
2k(s), k even,

Ψ−
2k(s), k odd.
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Consider the generating series
∑︁∞

k=0 Ψ
+
2k(s)

xk

k!
. Using the identities (see [MO13, Sec.

7.3.4])

e
xy

2(1+x)W0,s− 1
2

(︃
y

1 + x

)︃
=

∞∑︂
n=0

Wn,s− 1
2
(y)

xn

n!

and

e−
xy

2(1+x)W0,s− 1
2

(︃
y

1 + x

)︃
=

∞∑︂
n=0

Γ(s+ n)

Γ(s− n)
W−n,s− 1

2
(y)

xn

n!
,

we can transform the generating series to be

∞∑︂
k=0

Ψ+
2k(s)

xn

n!
=

∫︂ ∞

0

∞∑︂
k=0

(︃
Wk,s− 1

2
(y) +

Γ(s+ k)

Γ(s− k)
W−k,s− 1

2
(y)

)︃
xk

k!

dy

y

=

∫︂ ∞

0

W0,s− 1
2
(y/(1 + x))

(︂
e

xy
2(1+x) + e−

xy
2(1+x)

)︂ dy
y
.

This gives

∞∑︂
k=0

Ψ+
2k(s)

xk

k!
=

∫︂ ∞

0

W0,s− 1
2
(y)
(︂
e
xy
2 + e−

xy
2

)︂ dy
y

= 2
∞∑︂
k=0

x2k

(2k)! 22k

∫︂ ∞

0

y2k−1W0,s− 1
2
(y)dy.

We also see here that Ψ+
2k(s) = 0 for k being odd.

The function W0,s− 1
2
(y) is a modified Bessel-function of second kind Ks− 1

2
(y), namely

W0,s− 1
2
(y) = 2

√︃
y

π
Ks− 1

2
(2y).

The integral of the K-Bessel function is well-known and evaluates to∫︂ ∞

0

y2k−1W0,s− 1
2
(y)dy =

2√
π
2−2k− 1

2

∫︂ ∞

0

y2k+
1
2
−1Ks− 1

2
(y)dy

=
1

2
√
π
Γ
(︂s
2
+ k
)︂
Γ

(︃
1− s

2
+ k

)︃
.

Hence, for k even, we get the desired result. The same argument for the generating

series
∑︁∞

k=0Ψ
−
2k(s)

xk

k!
yields the result for the case when k is odd. □

The proof of Lemma 5.6 also shows that∫︂ ∞

0

(︃
Wk,s− 1

2
(y)− (−1)k

Γ(s+ k)

Γ(s− k)
W−k,s− 1

2
(y)

)︃
dy

y
= 0

for all k ≥ 0.
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Applying the Mellin transform in Lemma 5.6 to the traces in Theorem 5.5 for square

discriminants will give us an expression for the central value of the twisted L-function as

in (5.2). The following theorem is a generalization of a result of M. Baruch and Z. Mao

[BM10, Thm. 1.4] to higher weights.

Theorem 5.7. Let k be a non-negative integer, φ ∈ U2k,N(s) be an even normalized

newform with spectral parameter s ̸= k, and let d be a fundamental discriminant with

(−1)kd > 0 and (d,N) = 1. Suppose that for all m∥N , the eigenvalues wm of φ under

the Atkin-Lehner involution Wm are equal to
(︁
d
m

)︁
. Then:

6
∑︂

Shimd(ψ)=bψ(d)φ

|bψ(|d|)|2

⟨ψ, ψ⟩
=

2ν(N)|d|k− 1
2

(4π)k
√
π

Γ
(︂s
2
+ k
)︂
Γ

(︃
1− s

2
+ k

)︃
L (φ, d, k)

⟨φ, φ⟩
,

where the sum in ψ runs over an orthogonal basis of Hecke eigenforms of U+
k+ 1

2
,4N

(︁
s
2
+ 1

4

)︁
and ν(N) is the number of distinct prime factors of N .

Recall from Corollary 3.20 that each newform is an eigenfunction for all the Atkin-

Lehner involutions, so the statement in Theorem 5.7 makes sense.

Proof of Theorem 5.7. Let d = d′ in Theorem 5.5 with (−1)kd > 0. We have

6d(−1)⌊k/2⌋
∑︂

Shimd(ψ)=bψ(d)φ

|bψ(|d|)|2 = 2kTrd,d(φ).

The trace on the right hand side evaluates to

Trd,d(φ) =
∑︂
µ(d)

∑︂
m∥N

χd(Qµ ◦Wm)

∫︂
CQµ◦Wm

φ(z)(Qµ ◦Wm)(z, 1)
kdzQµ◦Wm

by Lemma 2.3. Since χd(Qµ ◦Wm) =
(︂
d
µ

)︂ (︁
d
m

)︁
by (2.16) we have

Trd,d(φ) =
∑︂
µ(d)

∑︂
m∥N

(︃
d

µ

)︃(︃
d

m

)︃
wm

∫︂
CQµ

φ(z)Qµ(z, 1)
kdzQµ

= 2ν(N)
∑︂
µ(d)

(︃
d

µ

)︃∫︂
CQµ

φ(z)Qµ(z, 1)
kdzQµ .
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Putting in the Fourier expansion for φ leads to∑︂
µ(d)

(︃
d

µ

)︃∫︂
CQµ

φ(z)Qµ(z, 1)
kdzQµ

= dk−1|d|ik
∑︂
µ(d)

(︃
d

µ

)︃∫︂ ∞

0

∑︂
n̸=0

aφ(n)

(4π|n|)k
Wsign(n)k,s− 1

2
(4π|n|t)e−2πinµ

d
dt

t

=
dk−1|d|
(4π)k

i
k
2

(︃
d

−1

)︃1/2 ∫︂ ∞

0

∑︂
n̸=0

(︃
d

n

)︃
aφ(n)

nk
Wsign(n)k,s− 1

2
(t)
dt

t
.

Here we used the evaluation of the Gauss sum∑︂
µ(d)

(︃
d

µ

)︃
e
(︂
−nµ

d

)︂
=
√︁

|d|
(︃
d

−1

)︃1/2(︃
d

n

)︃
.

Finally, the the condition (−1)kd > 0 gives
(︁
d
−n

)︁
= (−1)k

(︂
d
|n|

)︂
for n > 0. From

Proposition 3.17 we get

Trd,d(φ) = 2ν(N) |d|k+
1
2 (−1)⌊k/2⌋

(4π)k
Ψ2k(s)L (φ, d, k)

after a standard argument in analytic continuation, where the Mellin transform Ψ2k(s) is

defined in (5.3). The evaluation in Lemma 5.6 then finishes the proof. □

W. Kohnen [Koh85, Cor. 1] first proved the analog of Theorem 5.7 for holomorphic

cusp forms. The proof is the same as the proof we gave for Theorem 5.7 with the exception

that there is no distinction between odd and even Maass cusp forms and we use aφ(n) = 0

for n < 0

Theorem 5.7 can be used to prove the nonnegativity of twisted L-functions of Maass

cusp forms at the central value. This is a generalization of Corollary 1.3, which corre-

sponds to the case d = 1, N = 1 and k = 0 in the next corollary.

Corollary 5.8. Let k be a non-negative integer, let φ ∈ U2k,N(s) be an even nor-

malized newform, and let d be a fundamental discriminant such that (−1)kd > 0 and

(d,N) = 1. Then L (φ, d, k) ≥ 0.

Proof. This follows almost immediately from Theorem 5.7; we only need to check

that the Γ-factors are positive. If s ∈ R, i.e. if s is the spectral parameter of an

exceptional eigenvalue, then we must have 1 − k < s < k for k > 0 and 0 < s < 1

for k = 0, which ensures that both Γ-factors are positive. If s is not an exceptional
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eigenvalue, i.e. if Re(s) = 1
2
, we can use the property Γ(x + iy)Γ(x − iy) = |Γ(x + iy)|2

to show that the Γ-factors are positive. □



Part 2

Cycle Integrals of the Parson Poincaré

Series





CHAPTER 6

Hyperbolic Poincaré Series

Let Γ be a Fuchsian group of first kind, i.e. a cofinite discrete subgroup of SL2(R);

we will furthermore always assume that −I ∈ Γ and that Γ is symmetric, i.e. that for all

γ =

(︃
a b

c d

)︃
∈ Γ, the matrix γ′ =

(︃
a −b
−c d

)︃
lies in Γ. In this chapter, we will be interested

in the space of holomorphic cusp forms S2k(Γ) with k ≥ 1 for the group Γ and construct

a generating set of Poincaré series.

In the case of the full modular group SL2(Z), a generating set of the space S2k(SL2(Z))

with k > 1 is given by the parabolic Poincaré series. However, the parabolic Poincaré

series only exist when Γ contains parabolic elements, i.e. when the surface Γ \ H has

cusps. Generally, this does not need to be the case for Fuchsian groups of the first kind.

However, it is always the case that Γ contains hyperbolic elements. Parabolic Poincaré

series are defined by averaging the exponential function e(z) = e2πiz over the cosets Γ∞\Γ.
Of course, the exponential is invariant under the action of the parabolic elements in the

subgroup Γ∞. Instead of taking functions invariant under the parabolic elements of Γ,

we can look at functions which are invariant for a hyperbolic element γ ∈ Γ, namely the

quadratic form Qγ(z, 1). Averaging a suitable power of these rational functions over the

cosets Γγ \ Γ will also give us a cusp form.

More precisely, let k > 1, γ ∈ Γ be a hyperbolic element, and Qγ its corresponding

binary quadratic form. Let Dγ = disc(Qγ) and χγ = sign(Tr(γ)). Define the following

Poincaré series

(6.1) P 2k
γ (z) = −χγ

D
k− 1

2
γ

π

∑︂
g∈Γγ\Γ

1

(Qγ ◦ g)(z, 1)k
,

which converges absolutely and uniformly in z on compact subsets of H. We call series

of this type hyperbolic Poincaré series. They lie in the space S2k(Γ); see [Kat85, Thm.

1.i)]. An equivalent formulation to summing over the cosets Γγ \ Γ in (6.1) would be to

sum over the equivalence class of Qγ under the action of Γ. If γ is conjugacy equivalent

to γ−1, i.e. if Qγ is equivalent to −Qγ, the Poincaré series P
2k
γ (z) vanishes identically for

odd k.

87
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More generally, if γ, σ ∈ Γ lie in the same conjugacy class, the Poincaré series P 2k
γ (z)

and P 2k
σ (z) are identical. Moreover, for all P 2k

γn (z) = n · αk−1
n P 2k

γ (z) for some αn ∈ R, so

we may restrict our attention to primitive hyperbolic elements γ ∈ Γ, since the Poincaré

series P 2k
γ (z) and P 2k

γn (z) are linearly dependent.

Given a holomorphic function f : H → C, we denote the cycle integral by C2k
γ (f, z0) =∫︂ γ.z0

z0

f(z)Qγ(z, 1)
k−1 dz. The hyperbolic Poincaré series P 2k

γ (z) are the Riesz represen-

tatives for the cycle integrals of cusp forms, namely

(6.2) ⟨f, P 2k
γ ⟩ = ck · C2k

γ (f, z0)

for all f ∈ S2k(Γ) and where ck = 22−k
(︁
2k−2
k−1

)︁
; see [Kat85, Prop. 3]. The right hand side

of (6.2) is independent of z0 ∈ H.

Lemma 6.1. Let k > 0 and γ be a hyperbolic element. If f : H → C is holomorphic

and modular of weight 2k, then the function C2k
γ (f, z0) is constant in z0 ∈ H.

Proof. The function C2k
γ (f, z0) is differentiable in z0 and using modularity we get

∂z0C
2k
γ (f, z0) =

(︁
(f |2kγ)(z0)Qγ(z0, 1)

k−1 − f(z0)Qγ(z0, 1)
k−1
)︁
= 0.

□

Equation (6.2) also shows that – in the case Γ = Γ0(N) – the cusp form P 2k
d,d′(z) =∑︁

Q∈QN,dd′/Γ
χd(Q)P

2k
γQ
(z) with d, d′ > 0 such that (−1)kd is a fundamental discriminant

and (−1)kd′ ≡ 0, 1 (mod 4) constitute the Fourier coefficients of the kernel function of

the d-th holomorphic Shintani lift; see Theorem 1.1.

The right hand side of (6.2) is invariant under the choice of the path by Cauchy’s

theorem, since the integrand is holomorphic. Moreover, the base point z0 ∈ H can be

chosen freely by the modularity of f .

We can also consider the symmetrizations

(6.3) P 2k,+
γ (z) =

1

2

(︁
P 2k
γ (z) + P 2k

γ′ (z)
)︁
and P 2k,−

γ =
1

2i

(︁
P 2k
γ (z)− P 2k

γ′ (z)
)︁

of the hyperbolic Poincaré series.1 The Poincaré series P 2k,+
γ (z) should not be con-

fused with the projections onto the Kohnen plusspace. Each of the sets {P 2k
γ (z) : γ ∈

Γ primitive hyperbolic}, {P 2k,+
γ (z) : γ ∈ Γ primitive hyperbolic}, and {P 2k,−

γ (z) : γ ∈
Γ primitive hyperbolic} is a spanning set for the space S2k(Γ); see [Kat85, Thm. 1].

1The inner product of a cusp form f ∈ S2k(Γ) with the symmetrizations corresponds to taking the cycle

integral with respect to γ of f(z) ± f(−z). If the surface Γ \ H has cusps, we see from the Fourier

expansion of f that f(z)± f(−z) is the real and imaginary part of f respectively.
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In particular, this means that a cusp form f ∈ S2k(Γ) is completely determined by the

values of its cycle integrals.

Since Qγ(z, 1) = −Qγ′(−z, 1), we have Pγ′(−z) = (−1)kPγ(z) and in particular that

Im⟨P 2k
γ , P 2k

σ ⟩ = 1
2i

(︁
⟨P 2k

γ , P 2k
σ ⟩ − ⟨P 2k

γ′ , P
2k
σ′ ⟩
)︁
. Indeed, pick z0 ∈ Sγ and chose the geodesic

path from z0 to γ.z0. Its image under z ↦→ −z corresponds to a geodesic path from

z1 = −z0 to −γ.z0 = γ′.z1 on Sγ′ . We have

Im

(︃∫︂ σ.z0

z0

P 2k
γ (z)Qσ(z, 1)

k−1dz

)︃
=

1

2i

(︄∫︂ σ.z0

z0

P 2k
γ (z)Qσ(z, 1)

k−1dz −
∫︂ σ.z0

z0

P 2k
γ (z)Qσ(z, 1)k−1 dz

)︄

=
1

2i

(︄∫︂ σ.z0

z0

P 2k
γ (z)Qσ(z, 1)

k−1dz +

∫︂ σ′.z1

z1

P 2k
γ (−z)Qσ(−z, 1)k−1dz

)︄

=
1

2i

(︄∫︂ σ.z0

z0

P 2k
γ (z)Qσ(z, 1)

k−1dz −
∫︂ σ′.z1

z1

P 2k
γ′ (z)Qσ′(z, 1)k−1dz

)︄
.

So the imaginary part of the cycle integral of P 2k
γ (z) can be realized as the difference

of two cycle integrals. S. Katok [Kat85, Thm. 3] used this observation to prove a striking

geometric formula for the imaginary part of the cycle integral. As we will shortly see, the

proof is an application of the unfolding method, where Im
(︂∫︁ σ.z0

z0
P 2k
γ (z)Qσ(z, 1)

k−1dz
)︂
is

transformed to a finite sums of integrals over closed loops in the complex plane.

Theorem 6.2 (Katok). Let k > 1 be an integer, γ, σ be primitive hyperbolic elements

in Γ, Dγ, Dσ their corresponding discriminants and set χγ = sign(Tr(γ)) and χσ =

sign(Tr(σ)). We have

Im

(︃∫︂ σ.z0

z0

P 2k
γ (z)Qσ(z, 1)

k−1dz

)︃
= χγχσ(DγDσ)

k−1
2

8(︁
2k−2
k−1

)︁∑︂
p

µkp Pk−1(cos θp),

where the sum runs over the intersections points p of the geodesics Cγ and Cσ in Γ\H, θp ∈
[0, π] is the angle of intersection at p, µp = µp(γ, σ) is the signed topological intersection

number, and Pr denotes the r-th Legendre polynomial.

If Γ is an arithmetic group, the traces of its elements are rational. By a lemma of

Wolpert [Kat85, Lemma, p. 479], the right hand side in Theorem 6.2 is rational. Since

−4i⟨P 2k,+
γ , P 2k,−

σ ⟩ = (⟨P 2k
γ , Pσ⟩ − ⟨P 2k

γ′ , P
2k
σ′ ⟩) + (⟨P 2k

γ′ , Pσ⟩ − ⟨P 2k
γ′ , P

2k
σ ⟩)

for any γ, σ ∈ Γ hyperbolic, the inner product ⟨P 2k,+
γ , P 2k,−

σ ⟩ is rational as well.
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Hence, the Q-vector spaces

S+
2k = {f ∈ S2k : ⟨f, P 2k,−

γ ⟩ ∈ Q, for all γ ∈ Γ primitive hyperbolic},

S−
2k = {f ∈ S2k : ⟨f, P 2k,+

γ ⟩ ∈ Q, for all γ ∈ Γ primitive hyperbolic}
(6.4)

define rational structures on the space S2k(Γ) for arithmetic subgroups Γ, i.e. S±
2k ⊗Q

C ∼= S2k(Γ) as C-vector spaces, since both {P 2k,+
γ (z) : γ ∈ Γ primitive hyperbolic} and

{P 2k,−
γ (z) : γ ∈ Γ primitive hyperbolic} generate the space S2k(Γ). The dimensions of

S±
2k are each equal to dimCS2k(Γ) and by definition the two spaces S+

2k and S
−
2k form a Q-

linear dual pair with the Petersson inner product, i.e. the inner product ⟨·, ·⟩ constitutes
a non-degenerate bilinear map S+

2k × S−
2k → Q.

The two rational structures in (6.4) coincide with the rational structures arising from

the Eichler-Shimura isomorphism [KM87]. Define the n-th period of a cusp form f ∈
S2k(Γ) by

rn(f) =

∫︂ ∞

0

f(it)tndt, 0 ≤ n ≤ 2k − 2.

Then we have

S+
2k = {f ∈ S2k(Γ) : rn(f) ∈ Q, 0 ≤ n ≤ 2k − 2, n even},

S−
2k = {f ∈ S2k(Γ) : rn(f) ∈ Q, 0 ≤ n ≤ 2k − 2, n odd}.

Generally, rational structures on the space of cusp forms contain a lot of arithmetic

information, e.g., the rational structure on S2k(SL2(Z)) given by cusp forms with rational

Fourier coefficients, so the rational structures S±
2k are of significant interest. In the case

Γ = SL2(Z), W. Kohnen and D. Zagier [KZ84, Thm. 4] showed that P 2k
1,d in fact belongs

to S+
2k.

Theorem 6.3 (Kohnen, Zagier). Let k > 1. For all 0 ≤ n ≤ 2k − 2 even, we have

rn(P
2k
1,d) ∈ Q.

1. The Space S2(Γ)

Since we do not have absolute convergence for k = 1 in (6.1), the definition of the

hyperbolic Poincaré series of weight 2 is more involved. We define the non-holomorphic

hyperbolic Poincaré series of weight 2 associated to a hyperbolic element γ ∈ Γ by

(6.5) P 2
γ (z, s) = −χγ

√︁
Dγ

π

∑︂
g∈Γγ\Γ

1

(Qγ ◦ g)(z, 1)
ys

|(Qγ ◦ g)(z, 1)|s
,
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which is absolutely and uniformly convergent in z on compact subsets of H for Re(s) > 0.

The series P 2
γ (z, s) is modular of weight 2, vanishes at the cusps and is square integrable.

Similarly to the Selberg Poincaré series, the hyperbolic Poincaré series P 2
γ (z, s) satisfies

(6.6) ∆2P
2
γ (z, s) = s(1− s)P 2

γ (z, s) +Dγs(s+ 2)P 2
γ (z, s+ 2).

The hyperbolic Poincaré series admits an analytic continuation through its spectral

expansion and is holomorphic at s = 0; see J. Jorgenson, J. Kramer, and A.-M. von

Pippich [KJvP10]. The function P 2
γ (z) = P 2

γ (z, 0) is a cusp form of weight 2 for Γ, since

0 = ⟨P 2
m(z),∆2P

2
m(z)⟩ = ⟨ξ2P 2

γ , ξ2P
2
γ (z)⟩

by (6.6) and Stokes’ theorem.

As in the higher weight case, we have P 2
γ (z, s) = P 2

σ (z, s) if γ and σ lie in the same

conjugacy class and P 2
γn(z, s) = nP 2

γ (z, s) for n ≥ 1. Some of the Poincaré series P 2k
γ (z, s)

vanish identically, e.g., if γ and γ−1 lie in the same conjugacy class. In the remainder

of this section, will extend the results for k > 1 to k = 1 and prove as an application a

group-theoretic characterization for the vanishing of the Poincaré series of weight 2.

The hyperbolic Poincaré series of weight 2 are also the Riesz representatives for the

cycle integrals.

Proposition 6.4. Let γ ∈ Γ be a hyperbolic element and f ∈ S2(Γ). We have

⟨f, P 2
γ (z)⟩ =

∫︂ γ.z0

z0

f(z)dz.

Proof. This can be done as in W. Kohnen’s paper for Γ = Γ0(N) [Koh85, Prop.

7]. Let Re(s) > 0. By unfolding the inner product, we get

⟨f, P 2k
γ (z, s)⟩ =

∫︂
Γγ\H

f(z)
1

Qγ(z, 1)

ys

|Qγ(z, 1)|s
dxdy.

A change of variables gives ⟨f, P 2k
γ (z, s)⟩ = 1

π
D

− s
2

γ

∫︂ π

0

∫︂ γ.z0

z0

f(z)(sin θ)sdzdθ, where we

pick z0 such that θ = arg(z0 − wγ) − arg(z0 − w′
γ) ∈ (0, π) for the roots w′

γ < wγ of

Qγ(z, 1) = 0. With this change of variables, we have ys

|Qγ(z,1)|s = D
−s/2
γ (sin θ)s.

By the holomorphy and modularity of f(z), the cycle integral

∫︂ γ.z0

z0

f(z)(sin θ)sdz is

invariant under the choice of path and equal for all choices of z0 ∈ H by Lemma 6.1.

Thus, we may write∫︂ π

0

∫︂ γ.z0

z0

f(z)(sin θ)sdzdθ =

∫︂ γ.z0

z0

f(z)dz

∫︂ π

0

(sin θ)sdθ.
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Letting s→ 0+ proves the claim. □

We now show that a cusp form of weight 2 is completely determined by the values

of its cycle integrals. The proof of the next theorem is an adaptation of the proof of

[Kat85, Thm. 2].

Theorem 6.5. Let f ∈ S2(Γ). If

∫︂ γ.z0

z0

f(z)dz = 0 for all primitive hyperbolic γ ∈ Γ,

then f = 0. In particular, the set {P 2
γ (z) : γ ∈ Γ primitive hyperbolic} generates S2(Γ).

Proof. Define F (z) =

∫︂ z

i

f(w)dw. The function F is Γ-invariant by assumption

(invariance for parabolic and elliptic elements follows trivially from f being a cusp form).

Since each cusp form is bounded on a fundamental domain, the function F is Lipschitz-

continuous on Γ \H. Moreover, we have R0F (z) = 2if(z) by definition, where R0 is the

raising operator defined in (3.7).

We proceed to show that the function F is bounded on Γ\H, which by the cofiniteness

of Γ implies that F is square-integrable. By the continuity of F this is certainly true for

each compact subset of Γ \ H . Moreover, F is bounded at each of the (finitely many)

cusps of Γ \H, since f is exponentially decaying at each cusp.

So by Stokes’ theorem, we have

−4⟨f, f⟩ = ⟨R0F,R0F ⟩ = ⟨F,L2R0F ⟩ = 0,

since L2f = 0. So we must have f = 0.

The second claim follows from Proposition 6.4. □

Repeating the argument in the proof of Theorem 6.5 with the functions F±(z) =

F (z) ± F (−z) proves that the collection of the symmetrizations P 2,+
γ (z) and P 2,−

γ (z),

defined as in (6.3), also form spanning sets for S2(Γ).

We now proceed to prove Theorem 6.2 for k = 1.

Theorem 6.6. Let γ, σ be primitive hyperbolic elements in Γ, Dγ, Dσ their corre-

sponding discriminants and set χγ = sign(Tr(γ)) and χσ = sign(Tr(σ)). We have

Im

(︃∫︂ σ.z0

z0

P 2
γ (z)dz

)︃
= χγχσ

∑︂
p

µp,

where the sum runs over the intersections points p of the geodesics Cγ and Cσ in Γ \H
and µp = µp(γ, σ) is the signed topological intersection number.
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Proof. The imaginary part of the cycle integral is equal to 1
2i

(︁
⟨P 2

γ , P
2
σ ⟩ − ⟨P 2

γ′ , P
2
σ′⟩
)︁
.

Pick z0 ∈ Sσ. By unfolding, we get for Re(s) > 0:∫︂ σ.z0

z0

P 2
γ (z, s)dz = −

χγ
√︁
Dγ

π

∑︂
g∈Γγ\Γ/Γσ

∫︂
Sσ

1

(Qγ ◦ g)(z, 1)
ys

|(Qγ ◦ g)(z, 1)|s
dz

and

(6.7) ⟨P 2
γ′(·, s), P 2

σ′⟩ = −
χγ
√︁
Dγ

π

∑︂
g∈Γγ\Γ/Γσ

∫︂
Sσ′

1

(Qγ′ ◦ g′)(z, 1)
ys

|(Qγ′ ◦ g)(z, 1)|s
dz.

The change of variables z → −z in (6.7) with (Qγ′ ◦ g′)(−z, 1) = −(Qγ ◦ g)(z, 1) gives

that Im

(︃∫︂ σ.z0

z0

P 2
γ (z, s)dz

)︃
is equal to

−
χγ
√︁
Dγ

π

∑︂
g∈Γγ\Γ/Γσ

∫︂
C(σ)

1

(Qγ ◦ g)(z, 1)
ys

|(Qγ ◦ g)(z, 1)|s
dz,

where C(σ) is the circle in C through the roots of Qσ(z, 1) = 0 oriented according to the

orientation of Sγ. Approximating the term ys

|(Qγ◦g)(z,1)|s = 1 +O(s), we see that

Im

(︃∫︂ σ.z0

z0

P 2
γ (z, s)dz

)︃
= −

χγ
√︁
Dγ

π

∑︂
g∈Γγ\Γ/Γσ

∫︂
C(σ)

1

(Qγ ◦ g)(z, 1)
dz +O(s),

where by the Residue Theorem the first term on the right hand side is a finite sum over

those g ∈ Γγ \ Γ/Γσ such that one of the roots of (Qγ ◦ g)(z, 1) = 0 lies in C(σ). Letting

s→ 0, we hence have

Im

(︃∫︂ σ.z0

z0

P 2
γ (z)dz

)︃
= −

χγ
√︁
Dγ

π

∑︂
g∈Γγ\Γ/Γσ

∫︂
C(σ)

1

(Qγ ◦ g)(z, 1)
dz.

Proceeding as in S. Katok’s paper [Kat85, p. 477f] or in the proof of Theorem 7.5

below, we get ∫︂
C(σ)

1

(Qγ ◦ g)(z, 1)
dz = − 2πi√︁

Dγ

χσµp,

which proves the claim. □

As with higher weight, we can define the rational structures S+
2 and S−

2 , which are a

Q-linear dual pair with the Petersson inner product. Note that it is not necessary here

to restrict to arithmetic groups.
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1.1. Parabolic Homomorphisms. Define the subspace H1
par(Γ,C) of the homo-

morphisms Γ → R by the exact sequence

0 → H1
par(Γ,R) → H1(Γ,R) →

∏︂
a

H1(Γa,R),

where a denote the cusps of the surface Γ \ H and the last map is given by the re-

striction map. We call the space H1
par(Γ,R) the parabolic homomorphisms, i.e. those

homomorphisms Γ → C which vanish on all parabolic elements.

The cusp forms of weight 2 are essentially given by the parabolic homomorphisms.

More precisely, we have the Eichler-Shimura isomorphism; see [Eich57, Shim59, Shim71,

Mol17].

Theorem 6.7 (Eichler-Shimura). Let S2,R(Γ) be the real vector space spanned by

P 2
γ (z). The map

S2,R(Γ) → H1
par(Γ,R)

given by f ↦→
(︃
γ ↦→ Re

∫︂ γ.z0

z0

f(z)dz

)︃
for hyperbolic γ ∈ Γ is an isomorphism.

For all hyperbolic γ, σ ∈ Γ the property P 2
γ (z) + P 2

σ (z) = P 2
γσ(z) follows by Lemma

6.1 and Proposition 6.4, so we see that γ ↦→ Re⟨f, P 2
γ ⟩ in Theorem 6.7 indeed defines a

homomorphism.

We will use the Eichler-Shimura isomorphism to prove a result about the vanishing of

the cusp forms P 2
γ (z) dependent on group-theoretic conditions of γ in Γ. We see here a

crucial distinction between parabolic and hyperbolic Poincaré series, since vanishing the-

orems for parabolic Poincaré series are very difficult to prove (e.g., Lehmer’s conjecture).

On the other hand, theorems on the vanishing of Poincaré series built out of rational

functions have been previously obtained [Kra84].

The Eichler-Shimura isomorphism relates the cusp forms to the parabolic homomor-

phisms, which implies that a hyperbolic Poincaré series P 2
γ (z) vanishes identically if and

only if ϕ(γ) = 0 for all ϕ ∈ H1
par(Γ,R). The latter makes it much easier to characterize

the primitive hyperbolic γ ∈ Γ for which this is true. This is the content of the next

lemma.2

Lemma 6.8. Let γ ∈ Γ be a primitive hyperbolic element and let Γ′ be the subgroup

of Γ containing [Γ,Γ] together with the parabolic and elliptic elements of Γ. We have

ϕ(γ) = 0 for each ϕ ∈ H1
par(Γ,R) if and only if there is an n ≥ 1 such that γn ∈ Γ′.

2I am indebted to Jason DeVito on StackExchange for this proof.
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Proof. Suppose that there is an n ≥ 1 such that γn ∈ Γ′. It is easy to see that

ϕ(σ) = 0 for all σ ∈ [Γ,Γ]. Since the elliptic elements of Γ are of finite order, each

homomorphism Γ → C vanishes on the elliptic elements. By definition, each parabolic

homomorphism vanishes on the parabolic elements. Since clearly each homomorphism

vanishes on the elements of [Γ,Γ], each ϕ ∈ H1
par(Γ,R) vanishes on the elements of Γ′

and we must have n · ϕ(γ) = ϕ(γn) = 0.

Suppose now that no power of γ lies in the (normal) subgroup Γ′. Since each ϕ ∈
H1

par(Γ,R) vanishes on Γ′, we may view ϕ as a homomorphism on the abelian group

G = Γ/Γ′. Moreover, ϕ vanishes on the torsion subgroup of G, so we can assume G to be

torsion-free. By assumption (the class of) γ in G is not the identity. Since G is abelian

and torsion-free, G is a Z-module. Define the R-vector space VG = G ⊗Z R, for which

the element vγ = γ⊗1 under the inclusion ι : Γ → VG is non-zero. Complete vγ to a basis

{vγ, v1, v2, ...} of VG and define f : VG → R by f(vγ) = 1 and f(vi) = 0 for i = 1, 2, ....

The homomorphism ϕγ = f ◦ ι is a homomorphism on G such that ϕγ(γ) ̸= 0. □

With Lemma 6.8 and the Eichler-Shimura isomorphism we are set to show the van-

ishing result for the set of Poincaré series {P 2
γ (z) : γ primitive hyperbolic}.

Theorem 6.9. Let γ ∈ Γ be a primitive hyperbolic element. The Poincaré series

P 2
γ (z) vanishes identically if and only if a positive power of γ lies in the subgroup generated

by [Γ,Γ] together with the elliptic and the parabolic elements of Γ.

Proof. Suppose first that a positive power of γ lies in the subgroup generated by

[Γ,Γ] together with the elliptic and the parabolic elements of Γ. The map ϕf (σ) =

Re

∫︂ σ.z0

z0

f(z)dz is a parabolic homomorphism Γ → R for each f ∈ S2,R(Γ). So we

have ϕf (γ) = 0 for all f ∈ S2,R(Γ) by Lemma 6.8. Picking f = Pγ(z), we see that

ϕP 2
γ
(γ) = ⟨P 2

γ , P
2
γ ⟩ = 0.

Suppose now that P 2
γ (z) vanish identically. By the Eichler-Shimura isomorphism in

Theorem 6.7, each ϕ ∈ H1
par(Γ,R) must satisfy ϕ(γ) = 0. Hence, by Lemma 6.8 a

positive power of γ lies in the subgroup generated by [Γ,Γ] together with the elliptic and

the parabolic elements of Γ. □

The Theorems 6.5 and 6.9 give a characterization of the existence of cusp forms of

weight 2 for each Γ. Let Γ′ be defined as in Lemma 6.8. The space S2(Γ) = {0} if and

only if Γ = Γ′.





CHAPTER 7

The Parson Poincaré Series

Assume that the hyperbolic element γ ∈ SL2(Z) lies in the same conjugacy class as

γ−1. As we have seen in Chapter 6, each hyperbolic Poincaré series P 2k
γ (z) vanishes iden-

tically for k > 1 odd. The right hand side of Theorem 6.2 then also vanishes identically

due to the signed topological intersection number µp; hence, the theorem has no content

in this case. However, what if the signed topological intersection number was not there?

Would it still correspond to a cycle integral of a (somewhat) modular function? The goal

of this chapter is to give an analog for Theorem 6.2, which is not void of content in the

case where k > 1 is odd. To this end, we will introduce the Parson Poincaré series, which

is not modular, but transforms with a rational cocycle. To make the matter simpler,

we will constrain ourselves to the full modular group and use the language of binary

quadratic forms in the introduction of this chapter.

For weight 2k with k > 1 an extension of the Eichler-Shimura isomorphism in The-

orem 6.7 gives an isomorphism between the space of cusp forms and the first parabolic

cohomology group of Γ with coefficients in a certain space of polynomials of degree at

most 2k − 2. For a f ∈ S2k(Γ) the family of polynomial cocycles {rf (g, z) : g ∈ Γ}

is given as the periods of the Eichler integrals F (z) =

∫︂ z

z0

(z − w)2k−2

(2k − 2)!
f(w)dw, i.e.

rf (g, z) = F (z)|2−2kg − F (z) for g ∈ Γ. The Eichler integral F (z) is the (2k − 1)-th

primitive of the cusp form f .

Since polynomial parabolic cocycles are given by the cusp forms, a natural general-

ization is to study the first parabolic cohomology of Γ with coefficients in the rational

functions. These rational parabolic cocycles have been extensively studied by M. Knopp

[Kno74, Kno78, Kno81, Kno90]. Y.J. Choie and D. Zagier [CZ93, Thm. 1] gave

a comprehensive classification of rational parabolic cocycles, again exploiting a duality

between the weights 2k and 2− 2k.

It is not easy to see, however, what the corresponding modular integrals to the rational

parabolic cocycles are. An early construction of M. Knopp shows that these modular

integrals exist [Kno74], but the constructed functions are difficult to work with. Possibly

the easiest example of a modular integral with rational period function is due to L. A.

97
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Parson [Par93]. For an indefinite binary quadratic form Q, we define

(7.1) F 2k
Q (z) = −sign(Tr(γQ) disc(Q)

k− 1
2

π

∑︂
Q′∼Q

sign(Q′)

(Q′(z, 1))k
,

which is absolutely and uniformly convergent in z on compact subsets of H for k > 1.1

The equivalence relation in (7.1) is with respect to the SL2(Z)-action on the set of binary

quadratic forms. We see that F 2k
Q (z) is one-periodic, since sign(Q′ ◦ T ) = sign(Q′), and

that

F 2k
Q (z)|2kS − F 2k

Q (z) = −sign(Tr(γQ) disc(Q)
k− 1

2

π

∑︂
[A,B,C]∼Q

sign(C)− sign(A)

(Az2 +Bz + C)k

=
sign(Tr(γQ) disc(Q)

k− 1
2

π

∑︂
[A,B,C]∼Q,
AC<0

sign(A)

(Az2 +Bz + C)k
.

There are finitely many binary quadratic forms [A,B,C] of discriminant D such that

AC < 0, since D = B2 − 4AC implies that |A|, |C| ≤ D
4
and |B| ≤

√
D. Hence, F 2k

Q (z)

transforms with a rational period function. An earlier example of an explicit function

transforming with rational period function was given by M. Knopp [Kno90].

The Parson Poincaré series complete the picture of the hyperbolic Poincaré series in

the last chapter. For k > 1 and Q ∼ −Q, the hyperbolic Poincaré series P 2k
γQ
(z) vanishes

identically for k being odd, but not necessarily for k being even. The case is the opposite

for the Parson Poincaré series: The Poincaré series F 2k
Q (z) vanishes identically for k > 1

being even if Q ∼ −Q, but not necessarily so for k being odd.

To see this, consider the weight 2 analog of Parson’s Poincaré series. Let Q be an

indefinite binary quadratic form and D = disc(Q). Define

(7.2) F 2
Q(z) = −Tr(γQ)

√
D

π
lim
s→0+

∑︂
Q′∼Q

sign(Q′)ys

(Q′)(z, 1)|Q′(z, 1)|s
− 2Tr(γQ) · log

(︁
ξγQ
)︁
E∗

2(z),

where E∗
2(z) = E2(z) − 3

πy
is the harmonic Eisenstein series of weight 2. We start by

collecting various properties of F 2
Q(z), which were proved by T. Matsusaka [Mat20, Thm.

2.9].

1Our definition of L. A. Parson’s modular integral differs from the originial definition by a cusp form of
weight 2k. We chose to give it this form, because the formulas below will then be easier.



7. THE PARSON POINCARÉ SERIES 99

Theorem 7.1 (Matsusaka). The function F 2
Q(z) is holomorphic, one-periodic, and

transforms with the rational cocycle

(7.3) rQ(g, z) = F 2
Q(z)|2g − F 2

Q(z) = −sign(Tr(γQ))
√
D

π

∑︂
Q0∼Q,

sign(Q0)sign(Q0(−d,c))<0

sign(Q0)

Q0(z, 1)
,

where g =

(︃
∗ ∗
c d

)︃
∈ SL2(Z).

The right hand side of (7.3) is again finite; see [DIT17, Rem. 3.1]. Moreover,

the condition sign(Q0)sign(Q0(−d, c)) < 0 is equivalent to the two roots w′
Q0

< wQ0 of

Q0(z, 1) = 0 being separated by −d
c
.

The family of cocycles {rQ(g, z) : g ∈ SL2(Z)} admit unique primitive cocycles

RQ(g, z) =

∫︂ g.z

z

FQ(w)dw, i.e. weight zero cocycles RQ(g, z) such that ∂zRQ(g, z) =

rQ(g, z). The primitive cocycles are unique, since the difference of any two such cocycles

would be a homomorphism SL2(Z) → C, which must be trivial (the modular group is

generated by elliptic elements). In light of (7.3), the primitive cocycle is

RQ(g, z) = −sign(Tr(γQ))

π

∑︂
Q0∼Q,

w′
Q0
<− d

c
<wQ0

(︁
log(z − wQ0)− log(z − w′

Q0
)
)︁
+ ΦQ(g)

for some ΦQ(g) ∈ C.

Using the cocycle condition 0 = RQ(σ, σ
−1.z)+RQ(σ

−1, z) for g ∈ SL2(Z) and letting

z → i∞, we see that

(7.4)

ΦQ(g) + ΦQ(g
−1) =

2 · sign(Tr(γQ))
π

∑︂
Q0∼Q,

w′
Q0
<− d

c
<wQ0

(︁
log(−d/c− wQ0)− log(−d/c− w′

Q0
)
)︁
.

The imaginary part of ΦQ(σ)+ΦQ(σ
−1) hence is equal to twice the number of intersections

of the geodesics {SQ◦g : g ∈ ΓQ \ SL2(Z)} with the geodesic S−d/c from −d
c
to i∞. As a

matter of fact, we already have

ImΦQ(g) = sign(Tr(γQ))
∑︂
Q0∼Q,

w′
Q0
<− d

c
<wQ0

1;

see [DIT17, Thm. 5.2].

Let ΨQ(σ) = limn→+∞
ImΦQ(σn)

n
be the homogenization of ΦQ(σ). This hyperbolic

analog of the classical Rademacher symbol is the intersection number of the two geodesics
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SQ and Sσ projected onto the fundamental domain SL2(Z) \H; see the proof of [DIT17,

Thm. 6.8]. T. Matsusaka [Mat20, Cor. 3.8] gave the hyperbolic Rademacher symbol as

a homogenized cycle integral, i.e.

(7.5) lim
n→+∞

Im

(︄∫︂ σn+1.z0

σn.z0

F 2
Q(z)dz

)︄
= χγQχσ

∑︂
p∈[SQ]∩[Sσ ]

1,

where the points p run over the intersection points of the geodesics SQ and Sσ projected

onto SL2(Z) \H (counted with multiplicity) and χγQ = sign(Tr(γQ)), χσ = sign(Tr(σ)).

One advantage of (7.5) is that we can express the intersection number in terms of con-

tinued fractions [Mat20, Thm. 4.7].

Theorem 7.2 (Matsusaka). Let γ, σ ∈ SL2(Z) be of the form

γ =

(︃
a0 1

1 0

)︃
· · ·
(︃
a2n−1 1

1 0

)︃
and σ =

(︃
b0 1

1 0

)︃
· · ·
(︃
b2m−1 1

1 0

)︃
.

with ai, bj > 0 for i = 0, 1, ..., n and j = 0, 1, ...,m. Then there exists an explicit function

ψγ(σ) ∈ Z with 0 ≤ ψγ(σ) ≤ 2mn such that∑︂
p∈[SQ]∩[Sσ ]

1 =
∑︂

0≤i<2n,
0≤j<2m

min{ai, bj} − ψγ(σ).

Compare (7.5) to Theorem 6.2: Clearly, the two formulas are very similar, the only

difference being the topological intersection number µp that comes into play in Theorem

6.2.

The goal in this chapter is to generalize the formula (7.5) to the case of the Parson

Poincaré series for weight k > 1.

1. The Parson Poincaré Series

Let Γ be a Fuchsian group of the first kind; as in the previous chapter, we assume

that −I ∈ Γ and that Γ is symmetric. Let k > 1, γ ∈ Γ be a hyperbolic element,

Dγ = disc(Qγ), and χγ = sign(Tr(γ)). We define the Parson Poincaré series of weight 2k

to be

(7.6) F 2k
γ (z) = −χγD

k− 1
2

γ

π

∑︂
g∈Γγ\Γ

sign(Qγ ◦ g)
(Qγ ◦ g)(z, 1)k

.

For an indefinite binary quadratic form Q, the function F 2k
Q (z) from the introduction

of this chapter is equal to F 2k
γQ
(z) in (7.6). Clearly the sum in (7.6) is absolutely and
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uniformly convergent in z for compact subsets of H.2 Thus, F 2k
γ (z) is a holomorphic

function. If γ is in the same conjugacy class as γ−1 and k is even, the Parson Poincaré

series vanishes identically, as the terms
sign(Qgγg−1 )

Qgγg−1 (z,1)k
and

sign(Qg−1γ−1g)

Qg−1γ−1g(z,1)
k = − sign(Qgγg−1 )

Qgγg−1 (z,1)k
in

the sum (7.6) cancel. The Parson Poincaré series does not trivially vanish if k is odd and

γ is in the same conjugacy class as γ−1, since in that case

F 2k
γ (z) = −2 · χγD

k− 1
2

γ

π

∑︂
g∈Γγ\Γ,

sign(Qγ◦g)>0

1

(Qγ ◦ g)(z, 1)k
.

Since sign(Q) is invariant under the action of parabolic elements on Q, the Parson

Poincaré series is invariant under the action of parabolic elements. Generally, F 2k
γ (z) is

not modular, but transforms with a rational period function.

Proposition 7.3. Let σ =

(︃
a b

c d

)︃
∈ Γ be a hyperbolic element and let rγ(σ, z) =

F 2k
γ (z)|2kσ − F 2k

γ (z). We have

rγ(σ, z) = 2 · χγD
k− 1

2
γ

π

∑︂
g∈Γγ\Γ,

w′
Qγ◦g<− d

c
<wQγ◦g

sign(Qγ ◦ g)
(Qγ ◦ g)(z, 1)k

,

where w′
Q < wQ denote the real roots of Q(z, 1) = 0.

Proof. First, we calculate:

F 2k
γ (z)|2kσ − F 2k

γ (z) = −χγD
k− 1

2
γ

π

⎛⎝ ∑︂
g∈Γγ\Γ

sign(Qγ ◦ g)
(Q ◦ g ◦ σ)(z, 1)k

−
∑︂

g∈Γγ\Γ

sign(Qγ ◦ g)
(Q ◦ g)(z, 1)k

⎞⎠
= −χγD

k− 1
2

γ

π

∑︂
g∈Γγ\Γ

sign(Qγ ◦ g ◦ σ−1)− sign(Qγ ◦ g)
(Q ◦ g ◦ σ)(z, 1)k

.

The terms on the right hand side are equal to zero if and only if sign(Qγ ◦ g ◦ σ−1) =

−sign(Qγ ◦ g). Write (Qγ ◦ g)(z, 1) = Az2 +Bz +C for A,B,C ∈ R. We have sign(Qγ ◦
g ◦ σ−1) · sign(Qγ ◦ g) < 0 if and only if A · (A(−d/c)2 + B(−d/c) + C) < 0, which is

equivalent to w′
[A,B,C] < −d/c < w[A,B,C]. □

2It might be possible – but tedious – to extend the definition of F 2k
γ (z) to k = 1 by the Hecke trick.

The difficulty lies in the fact that we are working over a general Fuchsian group of the first kind, so
there might not be a Fourier expansion as T. Matsusaka computed in the weight k = 1 case for the case
Γ = SL2(Z); see [Mat20, Thm. 1.2]. Moreover, the Parson Poincaré series is not modular, so we cannot
use the spectral expansion as we did in Section 1 of Chapter 6.
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1.1. The Modular Completion of the Parson Poincaré Series. The Parson

Poincaré series can be completed to a locally holomorphic modular form. Let Q =

[A,B,C] be an indefinite binary quadratic form. We define

Qz = A|z|2 +B · Re(z) + C.

The geodesic SQ is exactly the set of z ∈ H for which Qz = 0. Moreover, we have
Qg.z

Im(g.z)
= (Q◦g)z

y
. Let 1Q(z) =

1
2
(1− sign(Q)sign(Qz)), which is the characteristic function

of the part of H− SQ, which does not contain i∞. The function

F̃
2k

γ (z) = −χγD
k− 1

2
γ

π

∑︂
g∈Γγ\Γ

sign(Q ◦ g)1Q◦g(z)

(Q ◦ g)(z, 1)k

is locally holomorphic, but admits discontinuities on the net of geodesics {SQ◦g : g ∈
Γγ \ Γ}. Note that 1Q(z) = 0 if z lies above the net of geodesics associated to the class

[Q]. So for Im(z) large enough, we have F̃
2k

γ (z) = 0. The locally holomorphic Poincaré

series F̃
2k

γ (z) completes the Parson Poincaré series to a locally holomorphic modular form,

namely

F 2k
γ (z)− 2 · F̃ 2k

γ (z) = −χγD
k− 1

2
γ

π

∑︂
g∈Γγ\Γ

sign(Qz)

(Q ◦ g)(z, 1)k
.

It is clear that the right hand side is modular, but it is only locally holomorphic and

discontinuous on the net {SQ◦g : g ∈ Γγ \ Γ}.

1.2. Cycle Integrals of the Parson Poincaré Series. Consider the cycle integral

C2k
σ (F 2k

γ , z0) =

∫︂ σ.z0

z0

F 2k
γ (z)Qσ(z, 1)

k−1dz. Since F 2k
γ (z) is holomorphic, the integral does

not depend on the choice of the path from z0 to σ.z0. However, as F
2k
γ (z) is not modular,

the cycle integral does depend on the choice of the base point z0 ∈ H. The function

C2k
σ (F 2k

γ , z0) is Lipschitz-continuous on each compact subset K of H: For z0, z1 ∈ K, we

have

|C2k
σ (F 2k

γ , z0)− C2k
σ (F 2k

γ , z1)| =
⃓⃓⃓⃓∫︂ z1

z0

rγ(σ, z)Qσ(z, 1)
k−1dz

⃓⃓⃓⃓
≤ Lγ,σ,k|z0 − z1|,

where the Lipschitz-constant is the maximum of rγ(σ, z)Qσ(z, 1)
k−1 on K.

A similar argument can also be used to prove that the homogenized cycle integrals

of F 2k
γ (z) exist. Assume that γ and σ do not lie in the same conjugacy class. Then

C2k
σ (F 2k

γ , σn.z0) is readily seen to be a Cauchy sequence in n, since σn.z0 → w′
σ or wσ
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by Lemma 1.8 and rγ(σ, z)Qσ(z, 1)
k−1 is bounded on neighborhoods of w′

σ and wσ. It

would be interesting to make the dependencies in the Lipschitz constant Lγ,σ,k explicit,

something we have not been able to do.

The cycle integrals C2k
σ (F 2k

γ , z0) can be given explicitly as a functions in z0.

Proposition 7.4. Let k > 1 and γ, σ ∈ Γ be primitive hyperbolic elements. We have∫︂ σ.z0

z0

Fk,γ(z)Qσ(z, 1)
k−1dz =

∫︂ σ.i∞

i∞
Fk,γ(z)Qσ(z, 1)

k−1dz

+
2k−2∑︂
n=0

∑︂
g∈Γγ\Γ,

w′
Qγ◦g<σ

−1.i∞<wQγ◦g

ρn,g,γ,σ(z0) 2F1

(︄
k, 2k − 1− n; 2k; 1−

z0 − wQγ◦g

z0 − w′
Qγ◦g

)︄
,

where ρn,g,γ,σ(z0) is a rational function given by ρn,g,γ,σ(z0) = Γ(2k−n−1)
Γ(2k)

∂nz Qσ(z,1)
k−1|z=z0

(z0−w′
Qγ◦g)

n−2k−1

and 2F1(a, b; c; z) is the hypergeometric function.

Proof. We use

(7.7)∫︂ σ.z0

z0

Fk,γ(z)Qσ(z, 1)
k−1dz =

∫︂ σ.i∞

i∞
Fk,γ(z)Qσ(z, 1)

k−1dz +

∫︂ z0

i∞
rk,γ(σ, z)Qσ(z, 1)

k−1dz.

Equation (7.7) can be seen as follows: Differentiating the left and right hand side in z0

shows that they at most differ by a constant. Letting z0 → i∞ proves that the constant

is zero.

Rewriting the polynomial Qσ(z, 1)
k−1 =

∑︁2k−2
n=1

∂nz Qσ(z,1)
k−1|z=z0

Γ(n+1)
(z − z0)

n in its Taylor

expansion about z0, we obtain a finite sum of integrals∫︂ z0

i∞
rk,γ(σ, z)Qσ(z, 1)

k−1dz =
2k−2∑︂
n=1

an,σ(z0)
∑︂
Q∼Qγ ,

w′
Q<σ

−1.i∞<wQ

∫︂ i∞

z0

(z − z0)
n

(z − wQ)k(z − w′
Q)

k
dz,

which can be solved. Standard integral transformations give∫︂ i∞

z0

(z − z0)
n

(z − wQ)k(z − w′
Q)

k
dz =

Γ(2k − n− 1)Γ(n+ 1)

Γ(2k)
(z − w′

Q)
n−2k+1

2F1

(︄
k, 2k − n− 1, 2k; 1− z − wQ

z − w′
Q

)︄
.

(7.8)

□

That the right-hand side in Proposition 7.4 is symmetric in w′
Q and wQ also follows

from the identity 2F1(c− a, b, c; z/(z − 1)) = (1− z)b 2F1(a, b, c; z).
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2. Homogenized Cycle Integrals of the Parson Poincaré Series

In this section, we prove the extension of Theorem 6.2 for the homogenized cycle inte-

grals of the Parson Poincaré series. We need to homogenize the cycle integral Cσ(F
2k
γ , z0)

to make it independent of the choice of z0 ∈ H. Instead of relying on the explicit evalua-

tion of the cycle integral in Proposition 7.4, we can use the approach of S. Katok [Kat85],

which we already used in the proof of Theorem 6.6.

Theorem 7.5. Let k > 1 be an integer, let γ, σ be primitive hyperbolic elements in

Γ, and set χγ = sign(Tr(γ)) and χσ = sign(Tr(σ)). We have

(7.9)

Im

(︄
lim
n→∞

∫︂ σn+1.z0

σn.z0

Fk,γ(z)Qσ(z, 1)
k−1dz

)︄
= χγχσ(DγDσ)

k−1
2

∑︂
p∈[Sγ ]∩[Sσ ]

µk−1
p Pk−1(cos θp),

where the sum runs over the intersections points p of the geodesics Sγ and Sσ projected

onto Γ \ H, θp ∈ [0, π] is the angle of intersection at p, µp = µp(γ, σ) is the signed

topological intersection number, and Pr denotes the r-th Legendre polynomial.

Theorems 6.2 and 7.5 express the cycle integrals of P 2k
γ (z) resp. F 2k

γ (z) in a very

similar fashion, the only difference being the power with which the signed topological

intersection number µp appears.

Proof of Theorem 7.5. The main difference to S. Katok’s proof [Kat85, Thm.

3] is that we cannot unfold the Parson Poincaré series as such.

The imaginary part of the homogenized cycle integral is given by

Im

(︄
lim
n→∞

∫︂ σn+1.z0

σn.z0

Fk,γ(z)Qσ(z, 1)
k−1dz

)︄

= lim
n→∞

1

2i

(︄∫︂ σn+1.z0

σn.z0

Fk,γ(z)Qσ(z, 1)
k−1dz −

∫︂ σn+1.z0

σn.z0

Fk,γ(z)Qσ(z, 1)
k−1dz

)︄

= lim
n→∞

1

2i

(︄∫︂ σn+1.z0

σn.z0

Fk,γ(z)Qσ(z, 1)
k−1dz +

∫︂ (σ′)n+1.(−z0)

(σ′)n.(−z0)
Fk,γ′(z)Qσ′(z, 1)k−1dz

)︄
after the change of variables z → −z.

First assume that γ is not equivalent to σ or σ−1. We rewrite∫︂ σn+1.z0

σn.z0

Fk,γ(z)Qσ(z, 1)
k−1dz =

∫︂ σ.z0

z0

(cnz + dn)
−2kFk,γ(σ

n.z)Qσ(z, 1)
k−1dz,
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where we put σn =

(︃
∗ ∗
cn dn

)︃
. Let σ =

(︃
a b

c d

)︃
. By Lemma 1.8 we have

sign(Qγ ◦ σ−n(1, 0)) = sign(Qγ(−dn/cn, 1))

→

⎧⎨⎩sign(Qγ(w
′
σ, 1)), if c(a+ d) < 0,

sign(Qγ(wσ, 1)), if c(a+ d) > 0,
as n→ +∞.

(7.10)

If the two geodesics Sγ and Sσ intersect, we have

(7.11) µ(Sγ, Sσ) = χσ lim
n→+∞

sign(Qγ(−dn/cn, 1))

by (7.10) and Lemma 2.6.

Now the Parson Poincaré series becomes

(cnz + dn)
−2kFk,γ(σ

n.z) = −χγ
D
k−1/2
γ

π

∑︂
g∈Γγ\Γ

sign(Qγ ◦ g)
(cnz + dn)2k(Qγ ◦ g)(σn.z, 1)k

= −χγ
D
k−1/2
γ

π

∑︂
g∈Γγ\Γ

sign(Qγ ◦ gσ−n)

(Qγ ◦ g)(z, 1)k

→ −χγ
D
k−1/2
γ

π

∑︂
g∈Γγ\Γ

sign((Qγ ◦ g)(w′
σ, 1))

(Qγ ◦ g)(z, 1)k
, as n→ +∞,

where in the last line we applied (7.10), assuming sign(c(a + d)) < 0 for the moment.

The resulting series is modular of weight 2k for the group Γσ = {±σn : n ∈ Z}. Hence,

the cycle integral ∫︂ σ.z0

z0

∑︂
g∈Γγ\Γ

sign((Qγ ◦ g)(w′
σ, 1))

(Qγ ◦ g)(z, 1)k
Qσ(z, 1)

k−1dz

is independent of the choice of z0.

Now a typical unfolding argument (using [Kat85, Lemma 1]) yields∫︂ σ.z0

z0

∑︂
g∈Γγ\Γ

sign((Qγ ◦ g)(w′
σ, 1))

(Qγ ◦ g)(z, 1)k
Qσ(z, 1)

k−1dz

=
∑︂

g∈Γγ\Γ/Γσ

∑︂
m∈Z

∫︂ σm+1.z0

σm.z0

sign((Qγ ◦ g)(w′
σ, 1))

(Qγ ◦ g)(z, 1)k
Qσ(z, 1)

k−1dz

=
∑︂

g∈Γγ\Γ/Γσ

∫︂
Sσ

sign((Qγ ◦ g)(w′
σ, 1))

(Qγ ◦ g)(z, 1)k
Qσ(z, 1)

k−1dz,
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where in the last equality we deformed the path connecting w′
σ and wσ to be the geodesic

Sσ.

As similar argument gives

lim
n→∞

∫︂ (σ′)n+1.(−z0)

(σ′)n.(−z0)
Fk,γ′(z)Qσ′(z, 1)k−1dz

=
∑︂

g∈Γγ\Γ/Γσ

∫︂
Sσ′

sign((Qγ′ ◦ g′)(wσ′ , 1))

(Qγ′ ◦ g′)(z, 1)k
Qσ′(z, 1)k−1dz.

By the change of variables z → −z and using that (Qγ′ ◦ g′)(−z, 1) = −(Qγ ◦ g)(z, 1) and
wσ′ = −w′

σ, we get

Im

(︄
lim
n→∞

∫︂ σn+1.z0

σn.z0

Fk,γ(z)Qσ(z, 1)
k−1dz

)︄

= − 1

2i
χγ
D
k− 1

2
γ

π

∑︂
g∈Γγ\Γ/Γσ

∫︂
C(σ)

sign((Qγ ◦ g)(w′
σ, 1))

(Qγ ◦ g)(z, 1)k
Qσ(z, 1)

k−1dz

(7.12)

over the circle C(σ) through the roots of Qσ(z, 1) = 0. The integrands are all meromor-

phic, with poles only at the real roots of (Qγ ◦ g)(z, 1). Hence, by Cauchy’s theorem,

they vanish if the geodesic connecting the roots of (Qγ ◦ g)(z, 1) does not intersect Sσ.

The double-cosets in (7.12), for which the integral is non-zero, are in one-to-one corre-

spondence with the intersection points p ∈ [Sγ] ∩ [Sσ] (counted with multiplicity); see

[Kat85, p. 477]. We may thus relabel the set of representatives in terms of gp ∈ Γ, which

correspond to an intersection point p. We are left with

− 1

2i
χγχσ

D
k−1/2
γ

π

∑︂
p∈[Sγ ]∩[Sσ ]

µp(γ, σ)

∫︂
C(σ)

1

(Q ◦ gp)(z, 1)k
Qσ(z, 1)

k−1dz

by (7.11). This is true independently of sign(c(a + d)) being positive or negative. The

orientation of C(σ) is positive or negative according to sign(Qσ) being positive of negative.

We may fix the orientation of C(σ) to be clockwise by considering

−sign(Qσ)χγχσ
D
k−1/2
γ

π

∑︂
p∈[Sγ ]∩[Sσ ]

µp(γ, σ)

∫︂
C(σ)

1

(Q ◦ gp)(z, 1)k
Qσ(z, 1)

k−1dz.

Now transform the circle C(σ) to the entire imaginary axis iR oriented from −i∞ to i∞
with Rσ ∈ SL2(R) as in Section 2 of Chapter 2. We have Qσ ◦ Rσ = [0, sign(c)

√
Dσ, 0].
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Write [A,B,C] for Qγ ◦Rσ. So∫︂
C(σ)

1

(Q ◦ gp)(z, 1)k
Qσ(z, 1)

k−1dz = (sign(Qσ))
k−1D

k−1
2

σ

∫︂ i∞

−i∞

zk−1

(Az2 +Bz + C)k
dz.

The integral can be solved by [Kat85, Lemma 2], which asserts that for k ∈ Z, k ≥ 1,

and any a, b, c ∈ R with D = b2 − 4ac > 0, we have

(7.13)

∫︂ ∞

−∞

tk−1

(−at2 + bit+ c)k
dt =

⎧⎨⎩0, ac > 0,

−sign(a) 2πi1−kD−k/2Pk−1

(︂
b√
D

)︂
, ac < 0.

The intersection angle θp between S[A,B,C] and the imaginary axis is given by cos θp =

sign(A) B√
Dγ

, since Re

(︃
− B

2A
+

√
Dγ

2|A| e
iθp

)︃
= 0. So we get

− 1

2i
sign(Qσ)χγχσ

D
k−1/2
γ

π

∑︂
p∈[Sγ ]∩[Sσ ]

µp(γ, σ)

∫︂
C(σ)

1

(Q ◦ gp)(z, 1)k
Qσ(z, 1)

k−1dz

= χγχσ(DσDγ)
k−1
2

∑︂
p∈[Sσ ]∩[Sγ ]

µp(γ, σ)sign(Qσ)
ksign(Qγ ◦ gp ◦Rσ)

kPk−1 (cos θp) ,

by Pk−1(−x) = (−1)k−1Pk−1(x). It remains to understand the factor sign(Qγ ◦ gp ◦ Rσ).

But it is easy to see that the orientation of SQγ◦gp changes under the transformation

Rσ if and only if the point w′
σ lies between the roots of (Qγ ◦ gp)(z, 1) = 0, i.e. if

sign(Qγ ◦ gp)sign((Qγ ◦ gp)(w′
σ, 1)) < 0. Thus,

sign(Qγ ◦ gp ◦Rσ) = −sign((Qγ ◦ gp)(w′
σ, 1)).

So sign(Qσ)sign(Qγ ◦ gp ◦Rσ) = µp(γ, σ) by Lemma 2.6, proving the claim.

In the case where γ is equivalent to σ or σ−1, the proof is the same with minor

modifications. Since F 2k
γ only depends on the conjugacy class of γ, we may assume that,

say, γ = σ. Equation (7.10) only holds for γ ̸= σ, σ−1, as we cannot exchange the limit

and sign(x) as x → 0. But sign(Qσ ◦ σ−n(1, 0)) = sign(Qσ) for n ≥ 1 is constant and

hence has a trivial limit.

Keeping the notation from before, we then have

(7.14) (cnz + dn)
−nF 2k

σ (σn.z) → −D
k−1/2
σ

π

⎛⎝ sign(Qσ)

Qσ(z, 1)k
+

∑︂
Id ̸=g∈Γσ\Γ

sign(Qσ(w
′
σ, 1))

(Qσ ◦ g)(z, 1)k

⎞⎠
as n → +∞. The right-hand side of (7.14) is still modular of weight 2k under Γσ, as

both terms inside the brackets are Γσ-invariant.
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Unfolding using [Kat85, Lemma 3] gives

(7.15) sign(Qσ)

∫︂ σ.z0

z0

dz

Qσ(z, 1)
+

∑︂
Id̸=g∈Γσ\Γ/Γσ

∫︂
Sσ

sign((Qσ ◦ g)(w′
σ, 1))

(Qσ ◦ g)(z, 1)k
Qσ(z, 1)

k−1dz.

It is easy to see that the first integral in (7.15) is real and hence vanishes when taking the

imaginary part. Cauchy’s Theorem is still applicable to the other integrals, since we do

not integrate over poles. Hence, we can now proceed with the computation in the same

way as above. □

3. L-functions of the Parson Poincaré Series

For this section, we let Γ be a non-cocompact Fuchsian group of the first kind. The

group Γ then contains parabolic elements.

The stabilizer subgroup of i∞ is given by Γ∞ =

{︃
±
(︃

1 h

0 1

)︃n
: n ∈ Z

}︃
for some h >

0. The Parson Poincaré series is h-periodic, since sign

(︃
Q ◦

(︃
1 h

0 1

)︃)︃
= sign(Q) for any

indefinite binary quadratic form Q. It hence admits a Fourier expansion of the form

F 2k
γ (z) =

∑︂
n∈ 1

h
Z,

n>0

a2k,γ(n)e (nz) .

The Fourier coefficients a2k,γ(n) are given in terms of Kloosterman sums and Bessel

functions as in [Par93, Theorem 3.1] and polynomially bounded in n.3 We define the

L-function of F 2k
γ (z) twisted by a σ =

(︃
∗ ∗
c d

)︃
∈ Γ by

L2k,γ (s, σ) =
∑︂
n∈ 1

h
Z,

n>0

a2k,γ(n)e
−2πi d

c
n

ns
, Re(s) ≫ 1.

As with classical L-functions attached to holomorphic cusp forms, the twisted L-

function can be realized as the Mellin transform of F 2k
γ (z), namely

(7.16) L2k,γ (s, σ) =

(︃
2π

ic

)︃s
c

Γ(s)

∫︂ i∞

− d
c

Fk,γ(z)(cz + d)s−1dz

for Re(s) ≫ 1 big enough; however, the function L2k,γ(s, σ) can be analytically continued,

so that both sides of (7.16) make sense at the central value s = k.

3In the case Γ = SL2(Z) the Fourier coefficients of F 2k
γ (z) are given as cycle integrals of weakly holo-

morphic modular forms [DIT10, Theorem 3].
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Proposition 7.6. Let σ =

(︃
a b

c d

)︃
∈ Γ. The twisted L-function L2k,γ(s, σ) admits an

analytic continuation to the the half-plane {s ∈ C : Re(s) > 0}.

Proof. The proof is similar as the one for weight 2 [DIT17, Thm. 2.1]. Denote

the completed L-function by Λ2k,γ(s, σ) =
(︁
c
2π

)︁s
Γ(s)L2k,γ(s, σ) and write zt =

a
c
+ i

tc
for

t > 0, so that σ−1.zt = −d
c
+ it

c
. We have

Λ2k,γ(s, σ) =

∫︂ ∞

0

F 2k
γ (σ−1.zt)t

s−1dt

=

∫︂ 1

0

F 2k
γ (σ−1.zt)t

s−1dt+

∫︂ ∞

1

F 2k
γ (σ−1.zt)t

s−1dt

= (−1)k
∫︂ ∞

1

F 2k
γ (σ−1.z1/t)(it)

−2kt−s+2k+1dt+

∫︂ ∞

1

F 2k
γ (σ−1.zt)t

s−1dt

= (−1)k
∫︂ ∞

1

F 2k
γ (z1/t)t

−s+2k−1dt+ (−1)k
∫︂ ∞

1

rγ(σ
−1, z1/t)t

−s+2k+1dt

+

∫︂ ∞

1

F 2k
γ (σ−1.zt)t

s−1dt.

The integrals (−1)k
∫︂ ∞

1

F 2k
γ (z1/t)t

−s+2k+1dt +

∫︂ ∞

1

F 2k
γ (σ−1.zt)t

s−1dt are entire func-

tions in s, due to the exponential decay of the function F 2k
γ (z) at i∞.

It remains to analyze the integral

∫︂ ∞

1

rγ

(︃
σ−1,−d

c
+
it

c

)︃
t−s+2k+1dt. The integral

converges absolutely and uniformly in s for compact subsets of {s ∈ C : Re(s) > 0},
since

rγ

(︃
σ−1,−d

c
+
it

c

)︃
≪γ,σ,k t

−2k.

□

The twisted L-functions also appear in the dual weight primitive cocycle of rγ(σ, z).

With the integral evaluation (7.8) in the proof of Proposition 7.4, we can show that the

weight 2− 2k cocycle

Rγ(σ, z) =
(2πi)2k−1χγD

k−1/2
γ

π(2k − 1)!
(︁
2k−2
k−1

)︁ ∑︂
w′
Q<− d

c
<wQ

1

|Q(1, 0)|(z − w′
Q)

2F1

(︃
k, 1, 2k; 1− z − wQ

z − w′
Q

)︃

+
χγ(2πi)

2k−1i

(2k − 2)!c2k−1

2k−2∑︂
n=0

(︃
2k − 2

n

)︃
in
(︂ c

2π

)︂n+1

Γ(n+ 1)L2k,γ(n+ 1, σ−1)(cz + d)n

for σ = ( a bc d ) ∈ Γ and Q running over the equivalence class [Qγ] is a (2k−1)-th primitive

of rγ(g, z), i.e.
(︁

1
2πi
∂z
)︁2k−1

Rγ(g, z) = rγ(g, z).
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The Mellin transform in (7.16) is the cycle integral of the quadratic form cz + d of

square discriminant. Thus, there ought to be a natural generalization of Theorem 7.5 to

L-functions as cycle integrals of square discriminants (compare with Theorem 5.7). For

simplicity, we will assume k > 1 to be odd, to not deal with signed topological intersection

numbers of non-compact geodesics, but a generalization is easily defined.

Theorem 7.7. Let k > 1 be an odd integer, γ, σ be hyperbolic elements in Γ, and

χγ = sign(Tr(γ)), χσ = sign(Tr(σ)). We have

(k − 1)!ik−1

(2π)k
Re (L2k,γ (k, σ)) = χγχσD

k−1
2

γ

∑︂
p∈[Sγ ] ∩ Sσ−1.i∞

Pk−1 (cos θp) ,

where θp denotes the angle of intersection at the point p between the geodesic in the

equivalence class of Sγ and the geodesic Sσ−1.i∞.

Proof. The proof is a careful application of (7.13). Write σ =

(︃
∗ ∗
c d

)︃
. The imaginary

part of the integral on the right-hand side of (7.16) is equal to

Im

∫︂ i∞

− d
c

F 2k
γ (z)(cz + d)k−1dz = ck−1Im

∫︂ i∞

0

F 2k
γ

(︃
z − d

c

)︃
zk−1dz

= −ck−1χγD
k− 1

2
γ

π

∑︂
g∈Γγ\Γ

Im

(︃∫︂ i∞

0

sign(Qγ ◦ g)zk−1

(Qγ ◦ g)(z − d/c, 1)k
dz

)︃
,

where we can exchange sum and integral by Fubini’s theorem, since the integrand is

absolutely convergent.

Fix g ∈ Γγ \Γ for the moment and write Az2+Bz+C for (Qγ ◦g)(z, 1). The quadratic
form

(Qγ ◦ g)(z − d/c, 1) = Az2 + (B − 2Ad/c) z +
(︁
A (d/c)2 −Bd/c+ C

)︁
= A′z2 +B′z + C ′

intersects with the non-compact geodesic S−d/c if and only if

A′C ′ = A
(︁
A (d/c)2 −Bd/c+ C

)︁
< 0.

With (7.13), we get

Im

(︄∫︂ i∞

0

sign(A′)zk−1

(A′z2 +B′z + C ′)k
dz

)︄
=
ik−1

2

∫︂ ∞

−∞

sign(A′)tk−1

(−A′t2 +B′it+ C ′)k
dt

= −πD−k/2
γ Pk−1

(︄
B′√︁
Dγ

)︄
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if and only if the geodesic Sgγg−1 intersects the non-compact geodesic S−d/c associated

to the quadratic form cz + d. Otherwise, the integral evaluates to zero by (7.13). The

intersection angle θp between these two geodesics is given by cos θp = sign(A′) B
′

√
D
. Since

k > 1 is odd, the Legendre polyomial Pk−1(x) is an even function and the claim follows.4

□

4. Periods of the Parson Poincaré Series

In this subsection, we let Γ = SL2(Z). W. Kohnen and D. Zagier [KZ84] studied the

periods of the hyperbolic Poincaré series P 2k
γ (z) defined in (6.1), and showed that certain

linear combinations of these periods are rational numbers.

A natural follow-up question to Theorems 7.5 and 7.7 would be to study the periods

of the Parson Poincaré series, i.e. pn(F
2k
γ ) =

∫︂ ∞

0

F 2k
γ (it)tn dt for 0 ≤ n ≤ 2k − 2. As we

did for the hyperbolic Poincaré series, we define the symmetrizations

F 2k,+
γ (z) = F 2k

γ (z) + F 2k
γ′ (z) and F

2k,−
γ (z) = i(F 2k

γ (z)− F 2k
γ′ (z))

of the Parson Poincaré series. We split the period polynomial

p(F 2k
γ )(x) =

∫︂ i∞

0

F 2k
γ (z)(x− z)2k−2dz =

2k−2∑︂
n=0

i−n+1

(︃
2k − 2

n

)︃
pn(F

2k
γ )x2k−2−n

of F 2k
γ (z) into its even and odd part as p(F 2k

γ ) = ip+(F 2k
γ ) + p−(F 2k

γ ) with

p+(F 2k
γ )(x) =

∑︂
0≤n≤2k−2,
n even

(−1)n/2
(︃
2k − 2

n

)︃
pn(F

2k
γ )x2k−2−n,

p−(F 2k
γ )(x) =

∑︂
0<n<2k−2,

n odd

(−1)(n−1)/2

(︃
2k − 2

n

)︃
pn(F

2k
γ )x2k−2−n.

By closely following the proof of [KZ84, Theorem 5], one obtains

p+(F 2k,+
γ )(x) + p−(F 2k,−

γ )(x)

.
= −2

∑︂
[a,b,c]∈[Qγ ]
a<0<c

(ax2 − bx+ c)k−1 −
2Dk−1/2ζQγ (k)(︁

2k−2
k−1

)︁
(2k − 1)ζ(2k)

(x2k−2 − 1),(7.17)

4For k > 1 even, we get Pk−1

(︃
B′√
Dγ

)︃
= sign(A)Pk−1(cos θp). This additional sign factor measures

whether the geodesic SQγ◦g is oriented positively or negatively and can be viewed as an analog of the
signed topological intersection number in Section 2.1 of Chapter 2.
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where ζQγ (s) is the ζ-function associated with Qγ as in [KZ84, p. 222], ζ(s) is the

Riemann ζ-function, and
.
= means equality up to a non-zero multiplicative constant.5 In

particular, the periods pn(F
2k,+
γ ) for even 0 < n < 2k − 2 and the periods pn(F

2k,−
γ ) for

odd 0 < n < 2k − 2 are rational.

We let F 2k
D (z) =

∑︁
Dγ=D

F 2k
γ (z) where the sum ranges over a system of representatives

γ of the conjugacy classes of primitive hyperbolic elements in SL2(Z) with discriminant

Dγ = D. From (7.17) it follows that for odd k > 1 we have

p+(F 2k
D )

.
= −

∑︂
[a,b,c]∈QD
a<0<c

(ax2 + bx+ c)k−1 − Dk−1/2ζ(k)LD(k)(︁
2k−2
k−1

)︁
(2k − 1)ζ(2k)

(x2k−2 − 1),
(7.18)

where LD(s) is the Dirichlet L-function associated to the Kronecker symbol
(︁
D
·

)︁
. Formula

(7.18) is the analog of [KZ84, Theorem 4]. In particular, the periods pn(F
2k
D ) for even

0 < n < 2k − 2 are rational and satisfy the symmetry p2k−2−n(F
2k
D ) = pn(F

2k
D ).

5. Equidistribution of Intersection Angles

In this section, we sketch a possible application of Theorem 7.5, which might be the

content of future work. Let again Γ = SL2(Z) and fix γ ∈ Γ. Theorem 7.5 might allow

us to give another proof the fact that the intersection angles θp of a fixed geodesic [Sγ]

with the net of geodesics Sσ, disc(Qσ) = D, equidistribute to the measure 1
2
sin θ dθ as

D → +∞. This was conjectured by J. Rickards [Ric21, Conjecture 4.2] and recently

proved by J. Jung and N. Sardari [JS21].

To show this, it suffices to prove that cos θp equidistributes to the Lebesgue measure

on [−1, 1]. The Legendre polynomials Pk−1 with k ≥ 1 form a complete orthonormal

system of the space of continuous functions on [−1, 1]. So if we show that for k > 1 the

Weyl sum

1

#{p ∈ [Sγ] ∩ [Sσ] : Dσ = D}
∑︂
Dσ=D

∑︂
p∈[Sγ ]∩[Sσ ]

Pk−1(cos θp) → 0, as D → +∞

for D through fundamental discriminants, the equidistribution follows. A Siegel-type

bound for the number of intersections can be obtained using Theorem 7.2 and some

elementary considerations on continued fractions.

For even k > 1 the Weyl sum can be estimated using Theorem 6.2 and the Shimura-

theory of cusp forms; see Theorem 1.1. Namely, we can use the non-trivial bounds on

5The formulas (7.17) and (7.18) are correct if we normalize F 2k
γ as in [KZ84]. Since our normalization

of F 2k
γ is different, we get some simple but unpleasant extra factors.
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the Fourier coefficients of half-integral weight cusp forms [Iwa87], which will give enough

cancellation in the Weyl sum
∑︁

Dσ=D

∑︁
p∈[Sγ ]∩[Sσ ] Pk−1(cos θp).

For odd k > 1 this approach does not work due to the appearance of the µp-factor in

Theorem 6.2, so the Weyl sum here is given by taking the trace of the homogenized cycle

integrals in Theorem 7.5. However, it appears to be difficult to estimate the traces of the

homogenized cycle integrals. The correct Weyl sum also appears in the evaluation of

lim
n→+∞

∫︂ γn+1.z0

γn.z0

F 2k
D (z)Qγ(z, 1)

k−1dz,

where F 2k
D (z) was defined in Section 4. H. Iwaniec’s bound on the Fourier coefficients

of half-integral weight cusp forms can be applied to the Fourier coefficients of F 2k
D (z),

which individually exhibit non-trivial cancellation in D. Yet, due to the homogenization

process, one would need some uniformity in D in the convergence of the homogenized

cycle integral to use this bound.
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CHAPTER 8

Dedekind Sums

Dedekind sums first appeared in R. Dedekind’s commentary [Ded76] on a posthu-

mous fragment of B. Riemann on elliptic modular functions. More precisely, these sums

determine the multiplier system of the Dedekind η-function

(8.1) η(z) = e
πi
12
z

∞∏︂
n=1

(1− e(nz)) ,

which transforms with weight 1
2
under the action of the modular group SL2(Z); since this

was R. Dedekind’s own contribution to the fragment, the function η(z) and the Dedekind

sums are named after him.

The Dedekind sums are defined as

(8.2) s(d, c) =
c−1∑︂
k=1

(︃(︃
k

c

)︃)︃
·
(︃(︃

kd

c

)︃)︃
, (d, c) = 1, c > 0,

where ((x)) = x− ⌊x⌋ − 1
2
for x /∈ Z and ((x)) = 0 for x ∈ Z is the sawtooth-function. It

is clear from (8.2) that s(d+ c, c) = s(d, c) and s(−d, c) = −s(d, c).
Objects that arise from modular functions typically satisfy many symmetries. The

central identity in the theory of Dedekind sums is its reciprocity law, namely

(8.3) s(d, c) + s(c, d) =
1

4

d2 + c2 + 1

cd
− 1

12
, (c, d) = 1, d, c > 0.

The reciprocity law can be proved by elementary means; see H. Rademacher and E.

Grosswald’s monograph [RG72, Ch. 1], where four different elementary proofs of (8.3)

are presented.

The Dedekind sums have a multitude of often surprising applications: counting lat-

tice points in tetrahedra [Mor51], class number formulas for quadratic number fields

[DIT18], the topology of 4-dimensional manifolds [Hir71], and pseudo-random numbers

[Die71], to name a few.

In this chapter, we will revisit some of their distributional and geometric properties

for future reference.

117
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1. The Logarithm of the Dedekind η-function

Let

(8.4) E2(z) = 1− 24
∞∑︂
n=1

σ(n)e(nz)

be the holomorphic Eisenstein series of weight 2, which is the modular integral of the

cocycle

r(A, z) =
6

πi

c

cz + d
= E2(z)|2A− E2(z), A =

(︃
∗ ∗
c d

)︃
∈ SL2(Z).

The cycle integral RE2(A, z) =

∫︂ A.z

z

E2(w)dw is a weight zero cocycle, which is a primitive

of r(A, z).

As is well-known, the logarithmic derivative of η(z) in (8.1) is equal to the Eisenstein

series of weight 2, i.e.

(8.5) ∂z log η(z) =
η′(z)

η(z)
=
πi

12
E2(z).

So the cocycle Rη(A, z) = log η(A.z) − log η(z) is a weight zero cocycle such that

∂zRη(A, z) = πi
12
r(A, z). Since πi

12
RE2(A, z) − Rη(A, z) is constant in z (differentiate it)

and both RE2(A, z) and Rη(A, z) satisfy the weight zero cocycle property, the map A ↦→
πi
12
RE2(A, z)− Rη(A, z) must be a homomorphism SL2(Z) → C. But the modular group

is generated by torsion elements, so H1(SL2(Z),C) is trivial and we must have

(8.6) log η(A.z)− log η(z) =
πi

12

∫︂ A.z

z

E2(w) dw.

Through manipulations of the complex logarithm, R. Dedekind found the following

transformation law of log η(z):

(8.7) log η(A.z)− log η(z) =
1

2
log

(︃
cz + d

sign(c)i

)︃
+
πi

12
Φ(A), A =

(︃
a b

c d

)︃
∈ SL2(Z),

where

(8.8) Φ(A) =

⎧⎨⎩b, if c = 0,

a+d
c

− 12 sign(c) s(d, |c|), if c ̸= 0.

We refer to Φ(A) as the Dedekind symbol. Since η(z)24 is equal to the modular dis-

criminant function, which is a cusp form of weight 12 with trivial multiplier system, the

Dedekind symbol Φ(A) is integer-valued for all A ∈ SL2(Z).
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Both representations Rη(A, z) and RE2(A, z) of the primitive cocycle have their ad-

vantages. For instance, the reciprocity law (8.3) follows easily from (8.7) by using

Rη(AS, z) = Rη(A, S.z) +Rη(S, z).

By Euclidean division, the properties s(0, 1) = 0, s(d + c, c) = s(d, c), and the reci-

procity law are enough to give all values of the Dedekind sums (the latter two properties

correspond to the actions of the generators T and S of SL2(Z)). The Euclidean algo-

rithm is also encoded in the continued fraction expansion of the rational d
c
. D. Hickerson

[Hic77] gave the Dedekind sums a representation in terms of the partial quotients of the

c.f.e. of d
c
.

Theorem 8.1 (Hickerson). Let (d, c) = 1, c > 0 and ai ≥ 0 be the partial quotients

of the continued fraction expansion of

d

c
= [0; a1, ..., a2n+1] =

1

a1 +
1

··· + 1
a2n+1

.

The Dedekind sum s(d, c) satisfies the equation

s(d, c) = −1

4
+

1

12

(︄
a+ d

c
−

2n+1∑︂
k=1

(−1)kak

)︄
, 0 < a < c, ad ≡ 1 (mod c).

One can prove Theorem 8.1 by inductive application of (8.3). We will proceed to

give a more general proof of Theorem 8.1, which generalizes to the other types of c.f.e.’s

that we will work with in Chapter 10. In the following proposition, we express the cycle

integral

∫︂ A.z

z

E2(w) dw more generally in terms of the matrix A as a word in T and V .

The proposition is well-known; see [Lan76, Zag75]. The proof we present is based on

an argument we learned from an unpublished note of W. Duke, which does not use the

reciprocity law directly.1

Proposition 8.2. Let n ≥ 1 be an odd integer and a0, ..., an be integers. Let Ak =(︃
ak (−1)k+1

(−1)k 0

)︃
for k = 0, ..., n and write

(︃
∗ ∗
ck dk

)︃
= A0A1 · · ·Ak. For A =

(︃
a b

c d

)︃
=

A0A1 · · ·An, we have

(8.9)

∫︂ A.z

z

E2(w)dw =
6

πi
log

(︃
cz + d

sign(c)i

)︃
+

n∑︂
k=0

(−1)kak + 3
n∑︂
k=1

sign(ckdk).

1This is crucial, since we will later on work with analogs of Dedekind sums, which do not have a reciprocity
law.
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Proof. We begin by rewriting the integral as

(8.10)

∫︂ A.z

z

E2(w)dw =
6

πi

∫︂ z

i

c

cw + d
dw +

∫︂ A.i

i

E2(w)dw.

Equation (8.10) can be seen in the following way: Differentiating both sides in z shows

that the left and right hand side at most differ by a constant. Evaluating at z = i then

proves that this constant is zero.

Note that Ak.i =
aki−(−1)k

(−1)ki
= i + (−1)kak. It follows from the Fourier expansion of

E2(w) in (8.4) that∫︂ Ak.i

i

E2(w) dw =

∫︂ i+(−1)kak

i

E2(w) dw = (−1)kak.

Now we split the line integral from z to A.z into an integral over n+ 1 paths (this is

possible as E2(w) is a holomorphic function):∫︂ A.i

i

E2(w) dw =
n∑︂
k=0

∫︂ A0···Ak.i

A0···Ak−1.i

E2(w) dw

=
n∑︂
k=0

∫︂ Ak.i

i

E2(w)|2(A0 · · ·Ak−1) dw

=
n∑︂
k=0

∫︂ Ak.i

i

E2(w) dw +
6

πi

n∑︂
k=1

∫︂ Ak.i

i

ck−1

ck−1w + dk−1

dw

=
n∑︂
k=0

(−1)kak +
6

πi

n∑︂
k=1

∫︂ Ak.i

i

ck−1

ck−1w + dk−1

dw.

As a primitive of ck−1

ck−1w+dk−1
= −ck−1

−ck−1w−dk−1
, we choose log

(︂
ck−1w+dk−1

sign(ck−1)i

)︂
. Since(︃

∗ ∗
ck−1 dk−1

)︃
Ak =

(︃
∗ ∗

ck−1ak + (−1)kdk−1 (−1)k+1ck−1

)︃
=

(︃
∗ ∗
ck dk

)︃
,

we have ck−1Ak.i+ dk−1 =
cki+dk
(−1)ki

. Thus,

(8.11)
n∑︂
k=1

∫︂ Ak.i

i

ck−1

ck−1w + dk−1

dw =
n∑︂
k=1

(︃
log

(︃
cki+ dk
sign(dk)

)︃
− log

(︃
ck−1i+ dk−1

sign(ck−1)i

)︃)︃
.
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We may reorder the sum on the right hand side of (8.11) to obtain

6

πi
log

(︃
cni+ dn
sign(dn)

)︃
− 6

πi
log

(︃
i

i

)︃
+

6

πi

n−1∑︂
k=1

(︃
log

(︃
cki+ dk
sign(ck)i

)︃
− log

(︃
cki+ dk
sign(dk)

)︃)︃

=
6

πi
log

(︃
ci+ d

sign(d)

)︃
+ 3

n−1∑︂
k=1

sign(ckdk).

Hence, with (8.10), we arrive at∫︂ A.z

z

E2(w)dw =
6

πi
log

(︃
cz + d

sign(c)i

)︃
− 6

πi
log

(︃
ci+ d

sign(c)i

)︃
+

n∑︂
k=0

(−1)kak

+
6

πi
log

(︃
ci+ d

sign(d)

)︃
+ 3

n−1∑︂
k=1

sign(ckdk)

=
6

πi
log

(︃
cz + d

sign(c)i

)︃
+

n∑︂
k=0

(−1)kak + 3
n∑︂
k=1

sign(ckdk).

□

In Section 3 of Chapter 2 we saw that the c.f.e.’s are in correspondence with writing a

matrix A as a word in T and V , say, A = T a0V a1 · · ·T an−1V an . This may be transformed

to

A = T a0SS−1V a1T a2 · · ·T an−1SS−1V an =

(︃
a0 −1

1 0

)︃(︃
a1 1

−1 0

)︃
· · ·
(︃
an−1 −1

1 0

)︃(︃
an 1

−1 0

)︃
,

i.e. to the form of Proposition 8.2. If the integers a1, ..., an are all positive, we have

ck > 0 and sign(dk) = (−1)k+1 for k = 1, ..., n in the notation of Proposition 8.2 . Thus,

3
∑︁n

k=1 sign(ckdk) = 3. Hence, if we assume that all partial quotients of the c.f.e. of a
c

are positive, we get∫︂ A.z

z

E2(w)dw =
6

πi
log

(︃
cz + d

i

)︃
+

n∑︂
k=0

(−1)kak + 3.

Comparing this equation to (8.7) gives Theorem 8.1.

2. Distribution of Dedekind Sums

A particularly interesting application of Theorem 8.1 concerns the value distribution

of the Dedekind sums s(d, c). H. Rademacher [Rad56] showed that the range of the

Dedekind sums in R was unbounded from below and above. D. Hickerson then proved

by means of Theorem 8.1 that the range of the Dedekind sums is dense in R.
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Theorem 8.3 (Hickerson). The set {(d/c, s(d, c)) : (d, c) = 1, c > 0} is dense in

R×R.

A finer characterization of the values of the Dedekind sums has recently been conjec-

tured by K. Girstmair [Gir17].

Theorem 8.3 is not the only distributional result that is known for Dedekind sums. I.

Vardi [Var87] observed brilliantly that the equidistribution mod 1 of 12 · s(d, c) reduces
to estimating sums of Kloosterman sums. Indeed, since Φ(A) ∈ Z for all A ∈ SL2(Z), we

have

N∑︂
c=1

∑︂
d(c)∗

e(12ms(d, c)) =
N∑︂
c=1

∑︂
d(c)∗

e

(︃
−mΦ

(︃
∗ ∗
c d

)︃)︃
e

(︃
ma+md

c

)︃
=

N∑︂
c=1

K(m,m; c),

where 1 ≤ a < c is such that ad ≡ 1 (mod c). The Weil bound for the Kloosterman

sums K(m,m; c) individually already gives enough non-trivial cancellation to show that

{12 · s(d, c) : 1 ≤ d < c ≤ N, (d, c) = 1} is equidistributed mod 1 as N → +∞. The

results can be refined by methods of D. Goldfeld and P. Sarnak [GS83] to show the sums

of Kloosterman sums twisted by multiplier systems exhibit non-trivial cancellation.

Theorem 8.4 (Vardi). Let r > 0. The set {12r · s(d, c) : 1 ≤ d < c ≤ N, (d, c) = 1}
is equidistributed modulo 1 as N → +∞.

Generally, these equidistribution problems of objects that arise from automorphic

forms are approached by identifying the Weyl sums as automorphic objects, e.g., inner

products of Selberg Poincaré series (as with Dedekind sums) or Fourier coefficients of

Eisenstein series (as in Chapter 10 below), to which spectral theory can be applied.

3. The Problem of Counting Lattice Points in a Tetrahedron

In this section, we would like to present a geometric/combinatorial application of

Dedekind sums to lattice-counting problems. In fact, the reciprocity law (8.3) can also

be proved by counting lattice points in a suitable parallelepiped [RG72, Ch. 2.B].

For positive integers u, v, w, let D(u, v, w) be the tetrahedron in R3 with vertices

(u, 0, 0), (0, v, 0), and (0, 0, w), i.e.

D(u, v, w) =
{︂
(x, y, z) ∈ R3 : 0 <

x

u
+
y

v
+
z

w
< 1
}︂
.

Note that we excluded the vertices in our definition of D(u, v, w).

L. Mordell [Mor51] expressed the number of lattice points #(D(u, v, w) ∩ Z3) in a

pretty formula in terms of Dedekind sums.
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Theorem 8.5 (Mordell). Let u, v, w be pairwise coprime positive integers. We have

#(D(u, v, w) ∩ Z3) =
uvw

6
+

1

4
(uv + uw + vw) +

1

4
(u+ v + w) +

1

12

(︂uv
w

+
uw

v
+
vw

u

)︂
+

1

12uvw
− 2− (s(uv, w) + s(uw, v) + s(vw, u)).

To prove Theorem 8.5, L. Mordell manipulated the counting function

(8.12)
∑︂

0≤x<u,
0≤y<v,
0≤z<w,

(x,y,z)̸=(0,0,0),
x
u
+ y
v
+ z
w
<1

1 =
1

2

∑︂
x,y,z

′ (︂⌊︂x
u
+
y

v
+
z

w

⌋︂
− 1
)︂(︂⌊︂x

u
+
y

v
+
z

w

⌋︂
− 2
)︂
,

where the second sum again goes over 0 ≤ x < u, 0 ≤ y < v, and 0 ≤ z < w and
∑︁′

means that we omit x = y = z = 0. The expression
⌊︁
x
u
+ y

v
+ z

w

⌋︁
in (8.12) can only take

the values 0, 1, 2 and we want to count the number of times
⌊︁
x
w
+ y

v
+ z

w

⌋︁
= 0.

The right hand side in Theorem 8.5 is computationally easier than the left hand side.

Indeed, if one were to calculate the left hand side without exploiting symmetries, the

computational complexity would be O(uvw). The right hand side, however, is much

faster to compute, as Dedekind sums can be computed through the Euclidean algorithm.





CHAPTER 9

Hardy Sums

In this chapter, we will introduce our main objects of study in this part of the thesis:

the Hardy sums. These sums are integer-valued analogs of the classical Dedekind sums,

which stem from the multiplier systems of certain θ-functions.

Giving another proof of the reciprocity law (8.3) for Dedekind sums, G.H. Hardy

[Har05] looked at the contour integration of trigonometric functions over a large circle.

Changing trigonometric functions in the integrand led him to other finite sums, some of

which exhibit reciprocity laws. We will consider two of these “Hardy sums,” namely

(9.1) S(d, c) =

|c|−1∑︂
k=1

(−1)k+1+⌊ dkc ⌋ for (d, c) = 1, c+ d odd,

and

(9.2) S4(d, c) =

|c|−1∑︂
k=1

(−1)⌊
dk
c ⌋ for (d, c) = 1, d odd.

Both sums S(d, c) and S4(d, c) in (9.1) and (9.2) are integer-valued and it is easy to

see that S(−d, c) = S(d,−c) = −S(d, c) and S(d + 2c, c) = S(d, c) and that the same

identities also hold for S4(d, c).

The Hardy sums in (9.1) and (9.2) are particularly interesting, as they arise anal-

ogously to the Dedekind sums as correction factors in the transformation law of the

logarithms of θ-functions under subgroups of SL2(Z). These θ-functions are also weight
1
2
forms, but with different multiplier systems than the function η(z) in (8.1).

More precisely, set

(9.3) θ(z) =
∑︂
n∈Z

eπin
2z =

∞∏︂
n=1

(1− e(nz)) (1 + e ((n− 1/2) z))2

and

(9.4) θ4(z) =
∑︂
n∈Z

(−1)neπin
2z =

∞∏︂
n=1

(1− e(nz)) (1− e ((n− 1/2) z))2 .

125
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The functions θ(z) and θ4(z) exhibit modular transformations for the subgroups

Γθ =

{︃(︃
a b

c d

)︃
∈ SL2(Z) : a ≡ d, b ≡ c (mod 2)

}︃
, resp.

Γ0(2) =

{︃(︃
a b

c d

)︃
∈ SL2(Z) : b ≡ 0 (mod 2)

}︃(9.5)

instead of the full modular group SL2(Z). B. Berndt [Ber78] proved that

(9.6) log θ(A.z)− log θ(z) =
1

2
log

(︃
cz + d

i

)︃
+
πi

4
S(d, c) for A =

(︃
∗ ∗
c d

)︃
∈ Γθ, c > 0,

and

(9.7) log θ4(A.z)−log θ4(z) =
1

2
log

(︃
cz + d

i

)︃
−πi

4
S4(d, c) for A =

(︃
∗ ∗
c d

)︃
∈ Γ0(2), c > 0,

so S(d, c) and S4(d, c) determine the multiplier systems of these θ-functions. The Hardy

sums S(d, c) and S4(d, c) can either be viewed as analogs of the Dedekind symbol or, since

they only depend on

(︃
∗ ∗
c d

)︃
, as analogs of the Dedekind sums. Both of these viewpoints

are true: The distribution of the Hardy sums resembles the distribution of the Dedekind

sums, whereas their cohomological properties resemble those of the Dedekind symbol.

Moreover, in the wonderful paper of R. Sczech [Scz95], where we first learned about

these sums, the Hardy sums S(d, c) are given a representation as cotangent sums, which

the Dedekind sums also have [RG72, Eq. 26].

H. Rademacher [Rad67] gave the correction factors of the transformation of log θ

and log θ4 in terms of non-trivial linear combinations of Dedekind sums; see also R.

Sitaramachandrarao’s elementary approach [Sit87]. Explicitly, these linear combinations

read as

S(d, c) = 8 s(d, 2c) + 8 s(2d, c)− 20 s(d, c), for (d, c) = 1, c+ d odd,

and

(9.8) S4(d, c) = 8 s(d, 2c)− 4 s(d, c) for (d, c) = 1, d odd.

These equations are well-understood in the context of Eisenstein cohomology [Ste82, Ch.

2].

The Hardy sums S(d, c) in (9.1) make sense for c, d both odd or both even, but the

value of the sum will then be equal to zero. Also, we have S4(d, c) = 0 if we set d to be

even in (9.2); see [Sit87, Thm. 5.1]. Hence, we always implicitly assume that c + d is
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odd when talking about the sum S(d, c). Similarly, will always implicitly assume that d

is odd in S4(d, c), i.e. that

(︃
a 2b

c d

)︃
∈ Γ0(2) for certain a, b ∈ Z.

The reciprocity law for Dedekind sums (8.3) arises from the action of the inversion

S ∈ SL2(Z). Since

(︃
0 −1

1 0

)︃
∈ Γθ, there is a reciprocity law similar to (8.3) for S(d, c) as

well, namely

(9.9) S(d, c) + S(c, d) = sign(cd), (c, d) = 1, c+ d odd.

R. Sczech [Scz95] used the reciprocity law (9.9) to give an alternative proof of the identity

q∑︂
r=1

e

(︃
r2

q

)︃
=

q∏︂
r=1,
r odd

(︃
e

(︃
r

q

)︃
− e

(︃
−r
q

)︃)︃

for q ≥ 1 odd, which originally goes back to C.F. Gauss.

Since

(︃
0 −1

1 0

)︃
/∈ Γ0(2), we should not expect a reciprocity law for S4(d, c). Formulas

that resemble reciprocity laws were given by J. Meyer [Mey00], but expressing the right

hand side of the reciprocity law by −1+S4(c
2, cd+1). In (10.4), we will give a somewhat

unsatisfying reciprocity-type law for S4(d, c) as well, expressing the right hand side of the

reciprocity law as a sum of partial quotients of the Γ0(2)-type c.f.e. of c
d
. Alternatively,

we can express the behavior of S4(d, c)+S4(c, d) for d, c > 0 both odd in geometric terms,

namely as the number of lattice points of a certain lattice in a right-angled triangle; see

Theorem 11.2 below. Both of these are not reciprocity laws in the sense of (9.9), as we

would like to involve the variables d, c more directly.

As for what is known about the distribution of the Hardy sums, the analog of Theorem

8.3 was proved by J. Meyer [Mey97].

Theorem 9.1 (Meyer). The sets {(d/c, S(d, c)) : (d, c) = 1, c + d odd} and

{(d/c, S4(d, c)) : (c, d) = 1, d odd} are dense in R× Z.

J. Meyer’s proof of Theorem 9.1 used the theory of exponential sums instead of con-

tinued fractions, as in the proof of D. Hickerson’s Theorem 8.3. In fact, it is possible to

obtain an analog of Theorem 8.1 for S(d, c) by means of the reciprocity law (9.9) after

defining a suitable c.f.e.. But in absence of a reciprocity law for S4(d, c), the approach of

D. Hickerson does not carry over immediately. In the next chapter, we will define special

kinds of c.f.e.’s, for which analogs of Theorem 8.1 exist for the Hardy sums.

To our knowledge, an analog for Vardi’s equidistribution result in Theorem 8.4 has

not been previously proved, a gap that we will fill in the next chapter.
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Finally, we would like to briefly mention the distributional results for the second

moments of the Hardy sums by Y. Yi and W. Zhang [YZ00], which mirror the results

on second moments for the Dedekind sums by J.B. Conrey, E. Fransen, R. Klein, and C.

Scott [CFKS96]. A finer picture of the even moments of S(d, c) over short intervals has

been obtained by Z. Xiu and W. Zhang [XZ07]. The mean values of Hardy sums will

not further concern us in this thesis.



CHAPTER 10

The Distribution of Hardy Sums

In this chapter, we will prove various distributional results for the Hardy sums S(d, c)

and S4(d, c). We will prove an analog of Theorem 8.1 for the Hardy sums in terms of

special continued fraction expansions, which we refer to as expansions of the Γθ- and

Γ0(2)-type. More precisely, we have the following theorem.

Theorem 10.1. Let d be an integer and c > 0 such that (d, c) = 1.

(1) For c + d odd, let d
c
= J2c0; 2c1, ..., 2cnK = 2c0 − 1

2c1− 1

···− 1
2cn

with c0 ∈ Z and

c1, ..., cn non-zero integers be the negative continued fraction of d
c
. The Hardy

sum S(d, c) takes the form

S(d, c) = −
n∑︂
k=1

sign(ck).

(2) For d odd, let d
c
= [2a0; a1, 2a2, a3, ..., 2an−1, an] with a0 ∈ Z and a1, ..., an non-

zero integers such that |ak| > 1 for k = 1, 3, ..., n − 2. The Hardy sum S4(d, c)

takes the form

S4(d, c) = (a1 + a3 + ...+ an) +
n∑︂
k=1

(−1)ksign(ak).

Note that S(d, c) + S4(d, c) makes sense if we restrict the coprime integers d, c to be

such that d is odd and c is even (hence, the matrix

(︃
a 2b

c d

)︃
∈ SL2(Z) with a, b ∈ Z lies

both in Γθ and Γ0(2)). The continued fraction expansion of d
c
then can be written as

d

c
= J2c0, 2c1, ..., 2cnK = [2c0;−2c1, 2c2, ...,−2cn], n ≥ 1 odd,

with both continued fraction expansions satisfying the assumptions of both parts of The-

orem 10.1. We thus get the following easy corollary to Theorem 10.1.

Corollary 10.2. Let c > 0 be an even integer and d an odd integer, (d, c) =

1. Let c0, c1, ..., cn be integers with c1, ..., cn non-zero and n ≥ 1 odd such that d
c
=

129
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J2c0, 2c1, ..., 2cnK. We have

S(d, c) + S4(d, c) = 2
c−1∑︂
k=1,
k odd

(−1)⌊
dk
c ⌋ = −2 · (c1 + c3 + ...+ cn).

With the representation of the Hardy sums in terms of the partial quotients of c.f.e.

in Theorem 10.1, we give an alternative proof of J. Meyer’s Theorem 9.1 on the density

of the range of the Hardy sums. As an application of Corollary 10.2, we can also prove

the following density theorem, which appears to be new.

Theorem 10.3. The set {(d/c, S(d, c) + S4(d, c)) : (d, c) = 1, c > 0 even, d odd} is

dense in R× 2Z.

Moreover, we will also prove an analog of I. Vardi’s Theorem 8.4 on the equidistribu-

tion of the Dedekind sums. Since the Hardy sums are integer-valued, the equidistribution

is on Z/mZ for m > 0 with the counting measure instead of R/Z with the Lebesgue mea-

sure. Our main tool to show this is the spectral theory of non-holomorphic Eisenstein

series with multiplier systems.

Theorem 10.4. Let m > 1 be an integer.

(1) The set

{(d/c, S(d, c) (mod m)) : 1 ≤ d < c ≤ N, (d, c) = 1, c+ d odd}

is uniformly distributed on R/Z× Z/mZ as N → +∞.

(2) The set

{(d/c, S4(d, c) (mod m)) : 1 ≤ d < c ≤ N, (d, c) = 1, d odd}

is uniformly distributed on R/Z× Z/mZ as N → +∞.

As an immediate corollary to Theorem 10.4 we get that the sets {S(d, c) (mod m) :

1 ≤ d < c ≤ N, (d, c) = 1, c + d odd} and {S4(d, c) (mod m) : 1 ≤ d < c ≤ N, (d, c) =

1, d odd} are both uniformly distributed on Z/mZ as N → +∞.

The distribution in Z/mZ of the sequence of the integer-valued Rademacher symbols

Ψ

(︃(︃
a b

c d

)︃)︃
= Φ

(︃(︃
a b

c d

)︃)︃
− 3 · sign(c(a+ d)),

(︃
a b

c d

)︃
∈ SL2(Z),

ordered by absolute value of the trace is known to be uniform; see J. Ueki’s paper [Uek21].

Moreover, other distributional results for the Rademacher symbol Ψ have been obtained

by J. Mozzochi [Moz13], based on an idea of P. Sarnak (see also F. Von Essen’s gener-

alization to other multiplier systems [vEss14], which is relevant in our case).
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1. Continued Fractions of Γθ- and Γ0(2)-type

In this section, we define non-classical continued fractions and prove the facts that

we will later use in our proofs.

1.1. Γθ-type c.f.e. Let c1, c2, ... be a sequence of non-zero integers and c0 ∈ Z. We

define the negative continued fraction to be

Jc0; c1, c2, ..., cnK = c0 −
1

c1 − 1
c2− 1

···− 1
cn

.

The k-th partial fraction of the sequence is denoted by pk
qk

= J2c0; 2c1, ..., 2ckK with

(pk, qk) = 1. The integers pk and qk may be viewed as the entries of a matrix, namely

pk
qk

= (T 2c0ST 2c1ST 2c2S · · ·T 2ckS).i∞ =

(︃
pk ∗
qk ∗

)︃
.i∞.

Since Γθ is generated by T 2 and S, the matrix

(︃
pk ∗
qk ∗

)︃
= T 2c0ST 2c1ST 2c2S · · ·T 2ckS

lies in Γθ. For this reason we call a c.f.e. of the form J2c0; 2c1, ..., 2ckK a Γθ-type c.f.e. We

shall usually write J2c1, 2c2, ..., 2cnK = J0; 2c1, 2c2, ..., 2cnK in the case c0 = 0, dropping the

semicolon.

To find the other two entries of

(︃
pk ∗
qk ∗

)︃
, we let the matrix act on the point 0:(︃

pk ∗
qk ∗

)︃
.0 = (T 2c0ST 2c1S · · ·T 2ck−1ST 2ckS).0 = (ST 2c1S · · ·T 2ck−1S).i∞ =

pk−1

qk−1

.

Hence,

(︃
pk pk−1

qk qk−1

)︃
= T 2c0ST 2c1S · · ·T 2ckS ∈ Γθ, which implies that pkqk−1 − pk−1qk = 1.

The partial fractions pk
qk

will be useful in finding a sequence of partial quotients ci of

a Γθ-type c.f.e. as an approximation of real numbers. We start by proving two lemmas,

relating the resulting sequence of partial fractions to the sequence of partial quotients.

Lemma 10.5. Let c1, c2, ... be a sequence of non-zero integers, k ≥ 1, and pk
qk

=

J2c1, ..., 2ckK be the k-th partial fraction. The partial fractions pk
qk

satisfy pk = 2ckpk−1 −
pk−2 and qk = 2ckqk−1 − qk−2 for all k ≥ 3.

Proof. By induction. The first three partial fractions are p1
q1

= −1
2c1

, p2
q2

= −2c2
4c1c2−1

, and
p3
q3

= 1−4c2c3
8c1c2c3−2c1−2c3

. For k = 3, we directly verify the claim.
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Suppose the claim for k − 1 ≥ 3. Let
p′k
q′k

= J2c2, 2c3, ..., 2ckK. Since pk
qk

= − 1
2c1− 1

p′
k
/q′
k

=

−p′k
2c1p′k−q

′
k
, we have pk = −p′k and qk = 2c1p

′
k− q′k. By the induction hypothesis, we see that

pk
qk

= − 1

2c1 −
q′k
p′k

= − 1

2c1 −
2ckq

′
k−1−q

′
k−2

2ckp
′
k−1−pk−2

=
p′k−2 − 2ckp

′
k−1

2c1ckp′k−1 − 2c1p′k−2 − 2ckq′k−1 + q′k−2

.

Hence,

pk = p′k−2 − 2ckp
′
k−1 = 2ckpk−1 − pk−2 and

qk = 2ck(2c1p
′
k−1 − q′k−1)− (2c1p

′
k−2 − q′k−2) = 2ckqk−1 − qk−2.

□

For the partial fractions of the classical continued fraction pk
qk

= [a0; a1, ..., ak] the

analog of Lemma 10.5 states pk = akpk−1 + pk−2 and qk = akqk−1 + qk−2 for k ≥ 3.

With Lemma 10.5 it is then easy to show the following useful fact about the k-th

partial fractions.

Lemma 10.6. Let c1, c2, ... be any sequence of non-zero integers, k ≥ 1, and pk
qk

=

J2c1, ..., 2ckK be the k-th partial fraction. Then |pk−1| < |pk| and |qk−1| < |qk| for all

k ≥ 1. In particular, |pk|, |qk| → +∞ as k → +∞.

Proof. By induction. The proof is essentially the same for pk and qk, so we will only

present the one for qk. We have q1 = 2c1 and q2 = 4c1c2 − 1. Suppose |q1| ≥ |q2|. Then

we would have

(10.1) 2|c1| = |q1| ≥ |q2| ≥ 4|c1| − 1,

but there is no non-zero integer c1 satisfying (10.1).

Assume the statement for k − 1 ≥ 2, i.e., that |qk−1| > |qk−2|. By Lemma 10.5, we

have

|qk| ≥ 2|ck||qk−1| − |qk−2| > |qk−1|,

as |ck| ≥ 1. □

With Lemma 10.6 we are set to prove the approximation of an irrational number by

a Γθ-type c.f.e. Its proof also gives an algorithm, by which such an approximation can

be computed. The algorithm is analog to the one for classical, SL2(Z)-type c.f.e.’s in

Proposition 2.7.

Proposition 10.7. Let x ∈ (−1, 1) be irrational. There is a sequence c1, c2, ... of

non-zero integers such that J2c1, 2c2, ..., 2ckK → x as k → +∞.
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Proof. We construct the sequence c1, c2, ... as follows. Since |x| < 1, we have 1
|x| > 1.

Pick c1 ∈ Z non-zero such that x1 = 2c1 − 1
x
∈ (−1, 1). We may write x = 1

2c1−x1 =

J2c1, x−1
1 K. Then pick c2 ∈ Z non-zero such that x2 = 2c2 − 1

x1
∈ (−1, 1), which again

is possible as 1
|x1| > 1. We may also write x = J2c1, 2c2, x−1

2 K. Continue this process

to get a (unique) finite sequence c1, ..., ck ∈ Z − {0} and x1, ..., xk ∈ (−1, 1) with x =
1

2c1− 1

2c2−
1

···−xk

= J2c1, ..., 2ck, x−1
k K.

This process approximates x = J2c1, ..., 2ck, x−1
k K. Indeed, observe that

|J2c1, ..., 2ck, x−1
k K − J2c1, ..., 2ckK| =

⃓⃓⃓⃓
⃓

1
xk
pk − pk−1

1
xk
qk − qk−1

− pk
qk

⃓⃓⃓⃓
⃓

=

⃓⃓⃓⃓
⃓pkqk−1 − pk−1qk
qk(

1
xk
qk − qk−1)

⃓⃓⃓⃓
⃓

=
1

|qk|| 1
xk
qk − qk−1|

≤ 1

|qk|
→ 0, as k → +∞,

where we used Lemma 10.6 and that

(︃
pk pk−1

qk qk−1

)︃
is a unimodular matrix. □

Proposition 10.7 gives a sequence of integers, which approximates x arbitrarily well.

If we were given an ε > 0 and just wanted to find a c.f.e. J2c1, ..., 2cnK in (x− ε, x + ε),

we could have picked a rational a
c
∈ (x − ε, x + ε) with c > 0, (a, c) = 1 and a + c

odd. Finding b, d ∈ Z with b ≡ c (mod 2), a ≡ d (mod 2), and ad − bc = 1 yields a

matrix A =

(︃
a b

c d

)︃
∈ Γθ. Writing the matrix A in terms of the generators T 2, S gives

J2c1, ..., 2cnK. The downside of this argument is that we would still not know how to

construct a c.f.e. with the desired properties, while the proof of Proposition 10.7 gives an

explicit algorithm. Moreover, the algorithm shows that c.f.e. of Γθ-type are unique (this

can be proved rigorously through induction on the length of a c.f.e.).

1.2. Γ0(2)-type c.f.e. We now turn from the negative continued fractions to the

positive continued fraction as in (2.18). Again, if a, c ∈ Z with (a, c) = 1 and a an odd

integer, we may find d, b ∈ Z such that ad − 2bc = 1, i.e. such that

(︃
a 2b

c d

)︃
∈ Γ0(2).

Writing

(︃
a 2b

c d

)︃
= ±T 2a0V a1 · · ·T 2an−1V an in terms of the generators T 2 and V of Γ0(2)
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gives rise to a c.f.e.:

a

c
=

(︃
a 2b

c d

)︃
.i∞ = ±T 2a0V a1 · · ·T 2an−1V an .i∞ = [2a0; a1, ..., 2an−1, an].

We call a c.f.e. of this kind a Γ0(2)-type c.f.e.

In the remainder of this section, we present an algorithm for finding the Γ0(2)-type

c.f.e. of a rational number. First, we prove a technical lemma, relating the length of the

continued fraction to the parity of the numerator of the rational it is representing. This

will make the description of the algorithm cleaner.

Lemma 10.8. Let a0 ∈ Z and a1, ..., an be non-zero integers such that a2k is even for all

integers k = 0, 1, ...,
⌊︁
n
2

⌋︁
. Let c > 0 and d ∈ Z with (c, d) = 1 such that d

c
= [a0; a1, ..., an].

Then d ≡ n (mod 2).

Proof. By induction. The case n = 0 is seen from a0 ≡ 0 (mod 2) and for n = 1,

we have d
c
= a0 − 1

a1
= a0a1−1

a1
, and it is hence clear that d is odd.

Suppose the claim holds for n− 2 ≥ 0 and write d′

c′
= [a2, ..., an]. Then

[a0; a1, ..., an] = a0 +
1

a1 +
c′

d′

=
a0(a1 + c′) + d′

a1 + c′
=
d

c
,

hence, as a0 is even, d ≡ d′ (mod 2). □

Proposition 10.9. Let c > 0 and d an odd integer such that (c, d) = 1. There exists

a c.f.e. d
c
= [2a0; a1, 2a2, ..., an] of odd length n ≥ 1 with a0 ∈ Z, a1, ..., an ∈ Z− {0} and

|a1|, |a3|, ..., |an−2| > 1.

Proof. The algorithm is similar to the one given in the proof of Proposition 2.7 or

Proposition 10.7. First, pick a0 ∈ Z such that x0 = d
c
− 2a0 ∈ [−1, 1]. It is not possible

that x0 = 0, as then d
c
= [2a0] would be such that d ≡ 0 (mod 2), which we excluded.

Pick a1 /∈ {−1, 0, 1} such that x1 = 1
x0

− a1 ∈ (−1, 1). If x1 = 0, we are done. If no

such a1 exists, then x0 = ±1. Thus, we may pick a1 = x0 and we are done.

Continue this process to obtain x2, x3, ... with x2n ∈ [−1, 1] and x2n+1 ∈ (−1, 1) until

x2n+1 = 0 for an n ≥ 0. Note that it is not possible that x2n = 0, since by Lemma 10.8

this contradicts the assumption that d is odd.

That the process stops can be seen in the following way. Write x1 = d1
c1

with c1 > 0

and −c1 < d1 < c1 coprime to c1. Then x2 =
c1−2a2d1

d1
= d2

c2
with c2 > 0 and −c2 ≤ d2 ≤ c2

coprime to c2. Since c2 divides d1 and |d1| < c1, we have c2 < c1. In fact, the value of

the denominator of x1, x2, ... strictly decreases with each step. Hence, the process must

come to an end. □
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Contrary to the Γθ-type c.f.e., the continued fraction in Proposition 10.9 is not unique.

Take, say, 1
x0

= 7
3
in the proof of Proposition 10.9. We may either pick a1 = 2 or a1 = 3

to get x1 =
1
x0
−a1 ∈ (−1, 1). Indeed, the continued fractions 3

7
= [0; 2, 2, 1] = [0; 3,−2, 2]

both are of the form as claimed in Proposition 10.9.

Uniqueness can be recovered if we require that the partial quotients a1, 2a2, ..., an−2,

2an−1 are even. In that case, d
c
= [2a0; a1, 2a2, a3, ..., 2an−1, an] the denominator c > 0

will then have the same parity as an. In particular, if c is even, the Γ0(2)-type c.f.e. of d
c

can be transformed into a Γθ-type c.f.e., namely

[2a0; a1, 2a2, ..., 2an−1, an] = J2a0;−a1, 2a2, ...,−2an−1, anK.

Proposition 10.7 is hence also applicable for continued fractions of Γ0(2)-type.

2. Cycle Integrals of Modular Integrals

In Propositon 8.2, we saw that the cycle integral of the Eisenstein series E2(z) gives

rise to an expression of the Dedekind symbol as a sum of partial quotients. In this section,

we show the analog of (8.6) for log θ and log θ4 and prove Theorem 10.1.

The space of modular forms of weight 2 is not trivial for the subgroups Γθ and Γ0(2).

Let L(z) = 2E2(z) − E2

(︁
z
2

)︁
, which is a modular form of weight 2 for Γ0(2). It is easy

to see that it is invariant under the |2-operator for Γ0(2) using

(︃
a b

2c d

)︃
. z
2
= 1

2

(︃
a 2b

c d

)︃
.z.

The modular form L(z) is the only modular form of weight 2 for Γ0(2) up to scalar

multiplication. Its Fourier-expansion is given by

(10.2) L(z) = 1 + 24
∞∑︂
n=1

σodd
1 (n)eπinz,

where σodd
1 (n) =

∑︁
d|n, d odd d. The space of modular forms of weight 2 for Γθ is also

one-dimensional and its basis element is given by

R(z) = L(z + 1) = 1 + 24
∞∑︂
n=1

(−1)nσodd
1 (n)eπinz.

The notation L(z) and R(z) goes back to S. Ramanujan.

Proposition 10.10. We have

θ(z) = e

(︃
1

24

∫︂ z

∞
(E2(w)−R(w))dw

)︃
and θ4(z) = e

(︃
1

24

∫︂ z

∞
(E2(w)− L(w))dw

)︃
.

Proof. We only show the case of θ4(z), the argument for θ(z) is similar. The integral

in the assertion converges, since the zeroth coefficient of the Fourier expansion of E2(w)−
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L(w) vanishes. Recall the Jacobi Triple Product Identity in (9.4). Using the Fourier

expansion of E2(z) and L(z) = 2E2(z)− E2

(︁
z
2

)︁
, we see that

1

24

∫︂ z

∞
(E2(w)− L(w))dw = − 1

2πi

∞∑︂
n=1

∑︂
d|n

d

n
e(nz) +

1

πi

∞∑︂
n=1

∑︂
d|n

d

n
e(nz)

− 1

πi

∞∑︂
n=1

∑︂
d|n

d

n
eπinz

= − 1

2πi

∞∑︂
n=1

∞∑︂
m=1

1

m
e(mnz) +

1

πi

∞∑︂
n=1

∞∑︂
m=1

1

m
e(mnz)

− 1

πi

∞∑︂
n=1

∞∑︂
m=1

1

m

(︂
e(mnz) + e

(︂
mnz − mz

2

)︂)︂
= − 1

2πi

∞∑︂
n=1

∞∑︂
m=1

1

m
e(mnz)− 1

πi

∞∑︂
m=1

1

m
e

(︃
mz

(︃
n− 1

2

)︃)︃
.

Set z = it with t > 0 and use the Taylor expansion log(1 − x) = −
∑︁∞

m=1
1
m
xm for

0 < x < 1 to show

e

(︃
1

24

∫︂ it

∞
(E2(w)− L(w))dw

)︃
=

∞∏︂
n=1

(1− e(nit)) (1− e ((n− 1/2) it))2

for all t > 0. The Identity Theorem finishes the proof. □

Since, for instance,
θ′4(z)

θ4(z)
is equal to πi

12
(E2(z)− L(z)) by Proposition 10.10, the next

proposition follows immediately.

Proposition 10.11. For A ∈ Γ0(2) the logarithm of θ4(z) satisfies

(10.3) log θ4(A.z)− log θ4(z) =
πi

12

∫︂ A.z

z

(E2(w)− L(w))dw.

For B ∈ Γθ, the logarithm of θ(z) satisfies

log θ(B.z)− log θ(z) =
πi

12

∫︂ B.z

z

(E2(w)−R(w))dw.

We have seen in Section 1 of this chapter that the representation of matrices in the

groups Γ0(2) and Γθ leads to c.f.e. of a certain type. We may use Proposition 8.2 and

Proposition 10.11 to express log θ4(A.z) − log θ4(z) in terms of the matrix representa-

tion of A =

(︃
a 2b

c d

)︃
as a word in the matrices T 2, V in Γ0(2). First, we will express

3
∑︁n

k=1 sign(ckdk) in Proposition 8.2 in terms of partial quotients of a Γ0(2)-type c.f.e.
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Proposition 10.12. Let n ≥ 1 be an odd integer and a0, ..., an be integers such that

|a2|, ..., |an| are at least 2 and a1 ̸= 0. Let Ak =

(︃
ak (−1)k+1

(−1)k 0

)︃
for k = 0, ..., n and write(︃

∗ ∗
ck dk

)︃
= A0A1 · · ·Ak. For A =

(︃
a b

c d

)︃
= A0A1 · · ·An, we have

∫︂ A.z

z

E2(w)dw =
6

πi
log

(︃
cz + d

sign(c)i

)︃
+

n∑︂
k=0

(−1)kak − 3
n∑︂
k=1

(−1)ksign(ak).

Proof. We show by induction that 0 < |dk| ≤ |ck|, sign(ck) = sign(a1 · · · ak) and

sign(dk) = (−1)k+1sign(a1 · · · ak−1) for all k = 1, ..., n, which together with Proposition

8.2 suffices to prove the claim.

Suppose n = 1. Then A0A1 =

(︃
∗ ∗
a1 1

)︃
, and we see that |d1| = 1 ≤ |a1| = |c1|,

sign(c1) = sign(a1) and sign(d1) = 1.

Suppose the claim holds for k − 1 < n. Then(︃
∗ ∗

ck−1 dk−1

)︃(︃
ak (−1)k+1

(−1)k 0

)︃
=

(︃
∗ ∗

ck−1ak + (−1)kdk (−1)k+1ck−1

)︃
=

(︃
∗ ∗
ck dk

)︃
,

which shows that sign(dk) = (−1)k+1sign(ck−1) = (−1)k+1sign(a1 · · · ak−1). Also, observ-

ing that ck = sign(ak)sign(ck−1)(|akck−1| ± dk−1) gives that sign(ck) = sign(a1 · · · ak),
since

|akck−1| ± dk−1 ≥ 2|ck−1| − |dk−1| ≥ |ck−1| = |dk| > 0.

□

Suppose c > 0 is an integer and that −c < d < c an odd integer coprime to c. It

thus has a c.f.e. of Γ0(2)-type d
c
= [0; a1, 2a2, ..., 2an−1, an] as in Proposition 10.9, i.e.,

where a1, a2, ..., an are non-zero integers such that |a1|, |a3|, ..., |an−2| > 1. Note that

−d
c
= [0;−a1,−2a2, ...,−2an−1,−an] and hence(︃

d ∗
−c ∗

)︃
= ±V −a1T−2a2 · · ·T−2an−1V −an

is a matrix in Γ0(2). Its inverse

(︃
∗ ∗
c d

)︃
= ±V anT 2an−1 · · ·T 2a2V a1 then satisfies the as-

sumptions on the partial quotients a0, a1, ..., an in Proposition 10.12.

Proposition 10.13. (1) Let n be an odd integer and let

A =

(︃
∗ ∗
c d

)︃
= T 2a0V a1T 2a2 · · ·V an ∈ Γ0(2)
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with a1, ..., an being non-zero integers and |ak| > 1 for k > 1 an odd integer. The

cocycle

∫︂ A.z

z

(E2(w)− L(w))dw is equal to

6

πi
log

(︃
cz + d

sign(c)i

)︃
− 3(a1 + a3 + ...+ an)− 3

n∑︂
k=1

(−1)ksign(ak).

(2) Let n be an integer and A =

(︃
∗ ∗
c d

)︃
= T 2c0ST 2c1S · · ·T 2cnS ∈ Γθ with c1, ..., cn

being non-zero integers. The cocycle is given by∫︂ A.z

z

(E2(w)−R(w))dw =
6

πi
log

(︃
cz + d

sign(c)i

)︃
− 3

n∑︂
k=1

sign(ck).

Proof. Both cycle integrals

ϕ(A) =

∫︂ A.z

z

L(w) dw for A ∈ Γ0(2)

and

ψ(B) =

∫︂ B.z

z

R(w) dw for B ∈ Γθ

are constant in z and group homomorphisms Γ0(2) → C resp. Γθ → C.1 We see from

the Fourier expansion of L(z) in (10.2) that ϕ(T 2) = 2. The value for ϕ(V ) can either be

seen from T 2V −1T 2 = −V , so

ϕ(V ) = ϕ(−V ) = ϕ(T 2V −1T 2) = 2ϕ(T 2)− ϕ(V ),

or by specialising to z = −1+ i in the cycle integral, so that V.(−1+ i) = 1+ i. Similarly,

it is easy to see that ψ(T 2) = 2 and ψ(S) = 0, either by using ψ(S2) = 0 or by specialising

to z = i in the cycle integral.

For the first part, recall that we may write

T 2akV ak+1 = T 2ak

(︃
0 −1

1 0

)︃(︃
0 1

−1 0

)︃
V ak+1 =

(︃
2ak −1

1 0

)︃(︃
ak+1 1

−1 0

)︃
for k = 0, ..., n− 1. The claim then follows by Proposition 10.12 and Lemma 6.8.

For the second part, write ±A = T 2c0ST 2c1S−1 · · ·T 2cnS(−1)n . We have T 2ckS(−1)k =(︃
(−1)k2ck (−1)k+1

(−1)k 0

)︃
, i.e.

±A =

(︃
2c0 −1

1 0

)︃(︃
−2c1 1

−1 0

)︃
· · ·
(︃

(−1)n2cn (−1)n+1

(−1)n 0

)︃
.

1In fact, they constitute the unique group homomorphisms Γ0(2) → C resp. Γθ → C, up to scalar
multiplication.



2. CYCLE INTEGRALS OF MODULAR INTEGRALS 139

Since

∫︂ A.z

z

(E2(w)−R(w))dw =

∫︂ (−A).z

z

(E2(w)−R(w))dw, we may again use Proposition

10.12 and Lemma 6.8 to prove the claim. □

With Proposition 10.13 we wrote the cocycle of the logarithm of the θ-functions in

terms of the matrix representation as words in T 2, S resp. T 2, V , i.e. in c.f.e.s of Γθ-

resp. Γ0(2)-type. Theorem 10.1 immediately follows from the next proposition, which

collects our previous results to give the representation of the Hardy sums in terms of the

partial quotients of c.f.e. of Γθ- resp. Γ
0(2)-type.

Proposition 10.14. (1) Let d, c be coprime integers of opposite parity with c > 0

and assume that −c < d < c. Pick a, b ∈ Z such that ad − bc = 1. Pick c0 ∈ Z

and non-zero integers c1, ..., cn with

(︃
a b

c d

)︃
= ±T 2c0ST 2c1S · · ·T 2cnS. The Hardy

sum S(d, c) can be evaluated as

S(d, c) = −
n∑︂
k=1

sign(ck).

(2) Let c > 0 and d be an odd integer coprime to c such that −c < d < c . Pick

a, b ∈ Z such that ad − 2bc = 1. Pick a0 ∈ Z and non-zero integers a1, ..., an

such that |ak| > 1 for k > 1 an odd integer and

(︃
a 2b

c d

)︃
= T 2a0V a1 · · ·T 2an−1V an.

The Hardy sum S4(d, c) can be evaluated as

S4(d, c) = a1 + a3 + ...+ an +
n∑︂
k=1

(−1)ksign(ak).

Proof. To prove the first part, note that (9.6), Proposition 10.11, and Proposition

10.13 imply that

1

2
log

(︃
cz + d

i

)︃
+
πi

4
S(d, c) =

πi

12

∫︂ A.z

z

(E2(w)−R(w))dw

=
1

2
log

(︃
cz + d

i

)︃
− πi

4

n∑︂
k=1

sign(ck).
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To prove the second part, use (9.7), Proposition 10.11, and Proposition 10.13 to obtain

1

2
log

(︃
cz + d

i

)︃
− πi

4
S4(d, c)

=
πi

12

∫︂ A.z

z

(E2(w)− L(w))dw

=
1

2
log

(︃
cz + d

i

)︃
− πi

4
(a1 + a3 + ...+ an)−

πi

4

n∑︂
k=1

(−1)ksign(ak).

□

A reciprocity-type formula for S4(d, c) can be given by using Theorem 10.1, namely

(10.4) S4(d, c) + S4(c, d) = 2a0 + 2a1 + ...+ 2an−1 + an − 1,

where c > d > 0 are odd, coprime integers and c
d
= [2a0; 2a1, ..., 2an−1, an] with n ≥ 1

being odd (there is always a unique continued fraction expansion of that kind with the

given conditions on c, d).

3. Meyer’s Density Result

In this section, we prove Meyer’s Theorem 9.1 that the sets {(d/c, S(d, c)) : c +

d odd, c > 0, (d, c) = 1} and {(d/c, S4(d, c)) : c > 0, d odd, (d, c) = 1} are dense in

R× Z, as well as the new density Theorem 10.3.

The arguments to prove the claim are quite short, but differ between S(d, c) and

S4(d, c). We will present them in separate subsections.

3.1. Proof of the Density of the Hardy Sums S(d, c). Let (x,m) ∈ R× Z and

ε > 0. We need to show that there are coprime integers d, c with c > 0 and d + c odd

such that ⃓⃓⃓⃓
x− d

c

⃓⃓⃓⃓
< ε and S(d, c) = m.

Since S(d+ 2c, c) = S(d, c), we may assume w.l.o.g. that x ∈ (−1, 1).

By Proposition 10.7, we may find non-zero integers c1, c2, ..., cn such that pn
qn

=

J2c1, ..., 2cnK lies in (x − ε
2
, x + ε

2
). Pick M ∈ Z such that M + m = S(pn, qn). If

M = 0, there is nothing more to show. Thus assume that M ̸= 0.

Now construct the following rational in (x− ε, x+ ε): Pick cn+1 ≥ 1 big enough such

that ⃓⃓⃓⃓
J2c1, ..., 2cn, sign(M)2cn+1K −

pn
qn

⃓⃓⃓⃓
≤ 1

|qn|(2|cn+1||qn| − |qn−1|)
<

ε

2|M |
,
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where we made use of Lemma 10.6. Denote J2c1, ..., 2cn, sign(M)2cn+1, K by pn+1

qn+1
. Then

pick cn+2 ≥ 1 such that⃓⃓⃓⃓
J2c1, ..., 2cn, sign(M)2cn+1, sign(M)2cn+2K −

pn+1

qn+1

⃓⃓⃓⃓
<

ε

2|M |
, etc.

Continuing this process |M |-times, we get a rational

pn+|M |

qn+|M |
= J2c1, ..., 2cn, 2c′n+1, ..., 2c

′
n+|M |K,

where c′k = sign(M)ck for k = n+ 1, ..., n+ |M |. In particular, sign(c′k) = sign(M).

The rational
pn+|M|
qn+|M|

lies in (x− ε, x+ ε), since⃓⃓⃓⃓
x−

pn+|M |

qn+|M |

⃓⃓⃓⃓
≤
⃓⃓⃓⃓
x− pn

qn

⃓⃓⃓⃓
+

|M |∑︂
k=1

⃓⃓⃓⃓
pn+k−1

qn+k−1

− pn+k
qn+k

⃓⃓⃓⃓
< ε

by construction. Moreover, it follows from Theorem 10.1 that

S(pn+|M |, qn+|M |) = −
n∑︂
k=1

sign(ck)−
|M |∑︂
l=1

sign(c′n+l)

= m+M − sign(M)|M |

= m.

3.2. Proof of the Density of the Hardy Sums S4(d, c) and of S4(d, c)+S(d, c).

To prove Theorem 10.3, we will prove a stronger result than {(d/c, S(d, c) + S4(d, c)) :

d odd, c > 0 even} being dense in R× 2Z, namely that

{(d/c, S(d, c) + S4(d, c), S4(d, c)) : d odd, c > 0 even} ⊂ R× 2Z× (2Z+ 1)

is a dense subset.

For S(d, c) + S4(d, c) to be well-defined, we need d
c
with c > 0 and (d, c) = 1 to be

such that

(︃
∗ ∗
c d

)︃
∈ Γθ ∩ Γ0(2). In other words,

d

c
= J2c0; 2c1, ..., 2cnK = [2c0;−2c1, 2c2,−2c3, ...,−2cn]

should be such that d is odd and c + d is odd, i.e. c is even. By Lemma 10.8, this can

only happen if n is odd.
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In this case, the Hardy sums are

S(d, c) = −
n∑︂
k=1

sign(ck) and

S4(d, c) = −2(c1 + c3 + ...+ cn) +
n∑︂
k=1

sign(ck) = −2(c1 + c3 + ...+ cn)− S(d, c)

by Theorem 10.1. It is clear that S(d, c) + S4(d, c) ≡ 0 (mod 2). With the next lemma,

we can also deduce that S4(d, c) will have to be odd in this case.

Lemma 10.15. Let c1, ..., cn be non-zero integers and d
c
= J2c1, ..., 2cnK for (d, c) = 1

and c > 0. Then

S(d, c) ≡ n (mod 2).

Proof. Immediately from Theorem 10.1. □

Proposition 10.16. The set

{(d/c, S(d, c) + S4(d, c), S4(d, c)) : d odd, c > 0 even, (d, c) = 1}

is dense in R× 2Z× (2Z+ 1).

Proof. Let (x,m1,m2) ∈ R × 2Z × (2Z + 1) and ε > 0. Again, we need to show

that there are coprime integers d, c with c > 0 even and d odd such that⃓⃓⃓⃓
x− d

c

⃓⃓⃓⃓
< ε, S(d, c) + S4(d, c) = m1 and S4(d, c) = m2.

As before, we may assume w.l.o.g. that x ∈ (−1, 1).

Let pn
qn

= J2c1, ..., 2cnK be such that
⃓⃓⃓
x− pn

qn

⃓⃓⃓
< ε

3
and S(pn, qn) = m1 −m2, which is

possible by what we proved in Section 3.1 of this chapter. Since m1 −m2 is odd, Lemma

10.15 tells us that n must be odd as well.

Let M ∈ Z be such that S(pn, qn)+S4(pn, qn) = m1+2M . If M = 0, there is nothing

to show, since

S(pn, qn) + S4(pn, qn) = m1 = m1 −m2 + S4(pn, qn).

Thus, suppose that M ̸= 0.

Pick cn+1 > 0 big enough such that⃓⃓⃓⃓
pn
qn

− J2c1, ..., 2cn,−sign(M)2cn+1K
⃓⃓⃓⃓
<

1

2|cn+1||qn| − |qn−1|
<
ε

3
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and let pn+1

qn+1
= J2c1, ..., 2cn,−sign(M)2cn+1K. Setting

pn+2

qn+2

= J2c1, ..., 2cn,−sign(M)2cn+1, 2MK,

we see by Lemma 10.5 that⃓⃓⃓⃓
pn+1

qn+1

− pn+2

qn+2

⃓⃓⃓⃓
<

1

|qn+2|
<

1

2cn+1|qn+1| − |qn|
<
ε

3
.

But hence |x− pn+2

qn+2
| < ε and

S(pn+2, qn+2) + S4(pn+2, qn+2) = m1 + 2M − 2M = m1

by Corollary 10.2.

Finally, note that S(pn, qn) = S(pn+2, qn+2), giving that S4(pn+2, qn+2) = m2. □

To finish the proof that {(d/c, S4(d, c)) : d odd, c > 0, (d, c) = 1} is dense inR×Z, we

turn to the possibility of c > 0 being odd. A continued fraction expansion of Γ0(2)-type

of the form
d

c
= [2a1, 2a2, ..., 2an−1, an] = J−2a1, 2a2, ..., 2an−1,−anK

is of Γθ-type if and only if an is even. Hence, assuming that an is odd, we see that c > 0

ought to be odd. This distinction will be implicit in the proof of the next proposition.

Proposition 10.17. The set {(d/c, S4(d, c)) : d odd, c > 0, (d, c) = 1} is dense in

R× Z.

Proof. Let (x,m) ∈ (−1, 1) × Z and ε > 0. We need to find coprime integers d, c

with c > 0 and d odd such that

(10.5)

⃓⃓⃓⃓
d

c
− x

⃓⃓⃓⃓
< ε and S4(d, c) = m.

If m is odd, there is a d
c
satisfying the condition (10.5) by Proposition 10.16. Thus,

suppose that m is even.

Again by Proposition 10.16, pick pn
qn

= J2c1, ..., 2cnK with n odd such that S4(pn, qn) =

m+ 1 and |x− pn
qn
| < ε

3
.

Choose cn+1 > 0 big enough such that⃓⃓⃓⃓
pn
qn

− J2c1, ..., 2cn, 2cn+1K
⃓⃓⃓⃓
<

1

2cn+1|qn| − |qn−1|
<
ε

3

and let pn+1

qn+1
= J2c1, ..., 2cn, 2cn+1K.

Set
pn+2

qn+2

= J2c1, ..., 2cn, 2cn+1,−1K = [−2c1, 2c2, ...,−2cn, 2cn+1, 1].
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We then have |x− pn+2

qn+2
| < ε, since⃓⃓⃓⃓

pn+1

qn+1

− pn+2

qn+2

⃓⃓⃓⃓
<

1

|qn+1|
<

1

2cn+1|qn| − |qn−1|
<
ε

3

by Lemma 10.5. Also,

S4(pn+2, qn+2) = m+ 1− 1 + 1− 1 = m

by Theorem 10.1. □

4. Uniform Distribution modulo m

4.1. Equidistribution on Compact Abelian Groups. The theory of equidistri-

bution generalizes to the more general setting of compact abelian groups. Let us first

consider the case of equidistribution modulo 1. Given a sequence (an)n≥1 in R/Z, we say

that a sequence is equidistributed modulo 1 if the sequence of point measures 1
N

∑︁N
n=1 δan

converges weakly to the Lebesgue measure on R/Z. Equivalently, we can use the Weyl

criterion for equidistribution modulo 1, which says that a sequence (an)n≥1 is equidis-

tributed modulo 1 if and only if

(10.6)
1

N

N∑︂
n=1

e(man) → 0, as N → +∞

for all m ̸= 0. The following definition is the natural extension of the concept of equidis-

tribution to compact abelian groups other than R/Z.

Definition 10.18. Let G be a compact abelian group. A sequence (gn)n≥1 is called

equidistributed in G if the measure 1
N

∑︁N
n=1 δgn converges weakly to the Haar measure µ

in G as N → +∞, i.e., if for every continuous function f : G→ C we have

1

N

N∑︂
n=1

f(gn) →
∫︂
G

f(g)dµ(g), as N → +∞.

Equidistribution modulo 1 is a special case of Definition 10.18 for the compact abelian

group R/Z (the Haar measure on R/Z is the Lebesgue measure). In our discussion of the

integer-valued Hardy sums, we will then no longer considerR/Z, but the compact abelian

group Z/mZ for an integer m > 1 instead. The Haar measure on Z/mZ is the counting

measure. The extension of the Weyl criterion (10.6) to the more general Definition 10.18

was proved by B. Eckmann [Eck43].
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Theorem 10.19 (Eckmann). Let (gn)n≥1 be a sequence in a compact abelian group

G. The sequence (gn)n≥1 is equidistributed in G if and only if 1
N

∑︁N
n=1 χ(gn) → 0 as

N → +∞ for all non-trivial characters χ on G.

The non-trivial characters on R/Z are given by {e(nx) : n ̸= 0}, so Theorem 10.19

entails (10.6). In the case Z/mZ for m > 1, the non-trivial characters are given by

n ↦→ e
(︁
j
m
n
)︁
for j = 1, ...,m− 1; see [Niv61, Uch61].

To show equidistribution of the Hardy sums S(d, c) on Z/mZ, we must thus show

that for all j = 1, ...,m− 1 we have

(10.7)
1

#Φθ(N)

N∑︂
c=1

∑︂
d(c)∗,
c+d odd

e

(︃
j

m
S(d, c)

)︃
→ 0, as N → +∞,

where

Φθ(N) = {d/c : 1 ≤ d < c ≤ N, (d, c) = 1, c+ d odd}.

The first statement of Theorem 10.4 is equivalent to showing that for all n ∈ Z and

every rational number 0 < r < 1:

(10.8)
1

#Φθ(N)

N∑︂
c=1

∑︂
d(c)∗,
c+d odd

e

(︃
−nd

c
+ rS(d, c)

)︃
→ 0, as N → +∞.

The second part of Theorem 10.4 is equivalent to the corresponding statement for S4(d, c).

As the methods are virtually the same for S(d, c) and S4(d, c), we will only focus on the

Hardy sum S(d, c) to prove Theorem 10.4. The Dirichlet series

Zr(n, s) = e−2πir

∞∑︂
c=1

1

c2s

∑︂
d(c)∗,
c+d odd

e

(︃
−nd

c
+ rS(d, c)

)︃

of the Weyl sums in (10.8) appear in the Fourier expansion of certain Eisenstein series with

multiplier systems. The spectral theory of Eisenstein series gives the analytic continuation

of these Dirichlet series and information about their poles. Analytically, this encodes

information about the growth rate of the Weyl sums (10.8).

4.2. Estimating Φθ(N). Naturally, to prove equidistribution we need to understand

the growth rate of the function

(10.9) #Φθ(N) = #{d/c : 1 ≤ d < c ≤ N, (d, c) = 1, c+ d odd}.
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We may also write the function #Φθ(N) as a sum of special Euler-totient functions

φθ(c) =
∑︂
d(c)∗,
c+d odd

1 =

⎧⎨⎩φ(n), if c even,

1
2
φ(n), if c odd.

Note that φθ(c) =
∑︁

d(c)∗,
c+d odd

e (−nd/c) for n = 0. In this notation, #Φθ(N) =
∑︁N

c=1 φθ(c).

Lemma 10.20. We have Φθ(N) ≍ N2 as N → +∞.

Proof. First, we notice that

(10.10) Φθ(N) =
N∑︂
c=1

φθ(c) =

⌊N/2⌋∑︂
c=1

φ(2c) +
1

2

⌊N/2⌋∑︂
c=1

φ(2c− 1).

Let us denote the first sum on the right hand side of (10.10) by Λ1(N) and the second

sum by Λ2(N).

We get for Λ1(N):

Λ1(N) =

⌊N/2⌋∑︂
k=1

φ(2k)

=

⌊N/2⌋∑︂
k=1

∑︂
dd′=2k

d′µ(d)

=
N∑︂
d=1,
d even

µ(d)

⌊N/d⌋∑︂
d′=1

d′ +

⌊N/2⌋∑︂
d=1,
d odd

µ(d)

⌊N/d⌋∑︂
d′=1,
d′ even

d′

= −
⌊N/2⌋∑︂
d=1,
d odd

µ(d)

⌊N/2d⌋∑︂
d′=1

d′ + 2

⌊N/2⌋∑︂
d=1,
d odd

µ(d)

⌊N/2d⌋∑︂
d′=1

d′

=

⌊N/2⌋∑︂
d=1,
d odd

µ(d)

⌊N/2d⌋∑︂
d′=1

d′

=

⌊N/2⌋∑︂
d=1,
d odd

µ(d)
1

2

⌊︃
N

2d

⌋︃(︃⌊︃
N

2d

⌋︃
+ 1

)︃

=
N2

8

∞∑︂
d=1,
d odd

µ(d)

d2
+ o(N2),
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where µ denotes the Möbius-function.

Similarly, one can show that Λ2(N) = N2

8

∑︁∞
d=1,
d odd

µ(d)
d2

+ o(N2). □

The proof of Lemma 10.20 also shows that Λ1(N) and Λ2(N) satisfy

(10.11) Λ1(N)− Λ2(N) = o(N2), as N → +∞,

since their asymptotic leading terms cancel.

By Lemma 10.20, it thus suffices to show that the Weyl sums in (10.8) are o(N2) as

N → +∞ to prove Theorem 10.4.

4.3. The case m = 2. We start by reviewing the proof of the equidistribution of the

sequence {d/c : 1 ≤ d < c ≤ N, (d, c) = 1} in R/Z as N → +∞. By the Weyl criterion

in (10.6), we need to find non-trivial cancellation in the Ramanujan sums

Rc(n) =
∑︂
d(c)∗

e

(︃
n
d

c

)︃
=
∑︂
d(c)∗

cos

(︃
n
d

c

)︃
for n ̸= 0.

We have

(10.12) Rc(n) ≤ n for all n ̸= 0,

which can easily be seen from the von Sterneck formula Rc(n) = µ
(︂

c
(c,n)

)︂
φ(c)

φ( c
(c,n))

. Hence,

(10.13)

⃓⃓⃓⃓
⃓⃓ 1

N2

N∑︂
c=1

∑︂
d(c)∗

e

(︃
n
d

c

)︃⃓⃓⃓⃓⃓⃓ ≤ 1

N2
Nn→ 0, as N → +∞

by (10.12) and thus {d/c : 1 ≤ d < c ≤ N, (d, c) = 1} is equidistributed on R/Z as

N → +∞.

Let us now consider the sequence {d/c : 1 ≤ d < c ≤ N, (d, c) = 1, c + d odd}
instead. This sequence is also equidistributed in R/Z as N → +∞. Consider the Weyl

sums

(10.14)
N∑︂
c=1

∑︂
d(c)∗,
c+d odd

e

(︃
n
d

c

)︃
=
∑︂
c≤N,
c even

∑︂
d(c)∗

cos

(︃
2πn

d

c

)︃
+
∑︂
c≤N,
c odd

∑︂
d(c)∗,
d even

cos

(︃
2πn

d

c

)︃

for n ̸= 0. The first sum on the right hand side of (10.14) is seen to be a sum of Ramanujan

sums Rc(n), which is o(N2) by (10.13). For the second sum, we need to bound the sum∑︂
d(c)∗,
d even

cos

(︃
2πn

d

c

)︃
=

∑︂
0<d≤⌊ c2⌋,
(d,c)=1

cos

(︃
4πn

d

c

)︃
.
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Since

Rc(2n) =
∑︂

0<d≤⌊ c2⌋,
(d,c)=1

cos

(︃
4πn

d

c

)︃
+

∑︂
⌊c/2⌋<d<c,
(d,c)=1

cos

(︃
4πn

d

c

)︃

= 2
∑︂

0<d≤⌊ c2⌋,
(d,c)=1

cos

(︃
4πn

d

c

)︃

after substituting d→ −d+ c in the second sum, we have∑︂
d(c)∗,
d even

cos

(︃
2πn

d

c

)︃
=
Rc(2n)

2
≪ n.

This proves that the Weyl sum
∑︁N

c=1

∑︁
d(c)∗,
c+d odd

e
(︁
nd
c

)︁
= o(N2) as well and thus proves

equidistribution of {d/c : 1 ≤ d < c ≤ N, (d, c) = 1, c+ d odd} on R/Z as N → +∞.

We now give an elementary proof of the equidistribution of (d/c, S(d, c) (mod 2)) on

R/Z× Z/2Z. To this end, we need to bound the Weyl sum

N∑︂
c=1

∑︂
d(c)∗,
c+d odd

e (nd/c) eπiS(d,c).

By Lemma 10.15 the Hardy sum S(d, c) is odd when c is even and S(d, c) is even when

c is odd.2 Thus, we have eπiS(d,c) = (−1)c+1 and so

(10.15)
N∑︂
c=1

∑︂
d(c)∗,
c+d odd

e (nd/c) eπiS(d,c) =
∑︂
c≤N,
c odd

∑︂
d(c)∗,
d even

e

(︃
n
d

c

)︃
−
∑︂
c≤N,
c even

∑︂
d(c)∗

e

(︃
n
d

c

)︃
.

That (10.15) is o(N2) follows immediately from the bounds we used to bound (10.14) in

the case n ̸= 0.

For n = 0, we see that

N∑︂
c=1

∑︂
d(c)∗,
c+d odd

eπiS(d,c) =
N∑︂
c=1

(−1)c+1φθ(c) = Λ2(N)− Λ1(N)

in the notation of the proof of Lemma 10.20. The Weyl sum is thus o(N2) by (10.11) and

this proves the first part of Theorem 10.4 for m = 2.

2Similarly, for the value of S4(d, c) for c > 0, (d, c) = 1, and d odd is an odd number if c is even and is
an even number if c is odd; see Section 3.2 of this chapter.
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Albeit it is probably possible to give an elementary proof of Theorem 10.4 form > 2 as

well, we can use the spectral theory of automorphic forms instead. The information of the

growth rate of the Weyl sums is encoded in the analytic behavior of certain Eisenstein

series. The spectral method could also be used to show the case m = 2; but since

Eisenstein series of weight 2 are more delicate, we chose to give an elementary proof in

that case.

5. Spectral Theory of Eisenstein Series with Multiplier Systems

Let 0 < r < 1 denote a rational number. Our main tool to prove the uniform

distribution of Hardy sums will be the theory of Eisenstein series with a multiplier system.

By a multiplier system of weight r on a subgroup Γ of SL2(Z) we mean a function ν : Γ →

C such that the cocycle j(g, z) = cz + d with g =

(︃
∗ ∗
c d

)︃
∈ Γ satisfies ν(gh)j(gh, z)r =

ν(g)ν(h)j(g, h.z)rj(h, z)r for all g, h ∈ Γ. For example, the function θ(z)8r transforms for

g =

(︃
∗ ∗
c d

)︃
∈ Γθ like θ(g.z)

8r = νr(g)(cz + d)4rθ(z)8r, where

(10.16) νr(g) =

⎧⎨⎩e2πir(S(d,c)−sign(c)), c ̸= 0,

e2πir(sign(d)−1), c = 0.

It is not difficult to see that ν1/2 is a multiplicative homomorphism.

For the group Γθ, let Γ∞ < Γθ denote the subgroup of its parabolic elements, i.e. the

subgroup generated by ±
(︃

1 2

0 1

)︃
. The multiplier system νr is singular with respect to the

cusp i∞, i.e. νr

(︃(︃
1 2

0 1

)︃)︃
= 1 (see also Propositon 10.11). We may hence view νr as a

function on the cosets Γ∞ \ Γ.
For a singular multiplier system ν, consider the following Dirichlet series:

(10.17) Zν(n, s) =
∑︂
c>0

1

c2s

∑︂
d(c)∗,
c+d odd

e

(︃
−nd

c

)︃
ν

(︃(︃
∗ ∗
c d

)︃)︃
,

which is clearly absolutely convergent for Re(s) > 1. For our bounds on the Weyl sums

(10.8), we will be interested in the special case

Zr(n, s) = Zνr(n, s) = e−2πir

∞∑︂
c=1

1

c2s

∑︂
d(c)∗,
c+d odd

e

(︃
−nd

c
+ rS(d, c)

)︃
.
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For a multiplier system ν of weight 4r, which is singular with respect to i∞, define

(10.18) E4r(z, s; ν) =
∑︂

g∈Γ∞\Γθ

ν(g)j(g, z)−4rIm(g.z)s−2r, Re(s) > 1,

which is the non-holomorphic Eisenstein series of weight 4r and multiplier system ν. The

series is absolutely convergent for Re(s) > 1 and uniformly convergent in z on compact

subsets of H.

Proposition 10.21. The Fourier expansion of the non-holomorphic Eisenstein series

is given by

E4r(z, s; ν) = ys−2r + φ4r,ν(s)y
1−s−2r +

∑︂
n̸=0

y−2rφ4r,ν(n, s)Wsign(n)2r,s−1/2(2π|n|y)eπinx,

where

φ4r,ν(s) = π
22−2sΓ(2s− 1)e2πir

Γ(s− 2r)Γ(s+ 2r)
Zν(0, s)

and

φ4r,ν(n, s) =
πs|n|s−1e2πir

Γ(s+ sign(n)2r)
Zν(n, s).

Proof. See, for instance, J. Fay’s paper [Fay77, Thm. 3.4], where the considered

Eisenstein series is y−4rE−4r(z, s; ν) in our notation. □

Proposition 10.21 is the special case of the Fourier expansion around the cusp a = i∞.

More generally, for any cusp a of Γθ, let σa ∈ SL2(Z) be its scaling matrix such that

σa.i∞ = a. The Eisenstein series E4r(z, s; ν) has a Fourier expansion around a given by

j(σa, z)
4rE4r(σ

−1
a .z, s; ν) = δa,∞y

s−2r + φ4r,a,ν(s)y
1−s−2r

+
∑︂
n̸=0

y−2rφ4r,a,ν(n, s)Wsign(n)2r,s− 1
2
(4π|n|y)eπinx(10.19)

for certain functions φ4r,a,ν(s) and φ4r,a,ν(n, s).

It is well-known that the Eisenstein series E4r(z, s; ν) has an analytic continuation in

s to the whole complex plane. From the Fourier expansion in Proposition 10.21, the poles

of E4r(z, s; ν) correspond to poles of the analytically continued Dirichlet series Zν(n, s)

or – e.g. in the case s = 1
2
– to poles of the Γ-factor. For a pole s0 of E4r(z, s; ν), we shall

be interested in giving an upper bound for Re(s0).

Proposition 10.22. Suppose the Eisenstein series E4r(z, s; ν) has a pole at s0 ∈ C

of order N > 0 with Re(s0) >
1
2
. Then the functio φ(z) = lims→s0(s− s0)

NE4r(z, s; ν) is

a non-zero square-integrable eigenfunction of ∆4r with eigenvalue (s0 − 2r)(1− s0 − 2r).



5. SPECTRAL THEORY OF EISENSTEIN SERIES WITH MULTIPLIER SYSTEMS 151

Proof. Let s0 be a pole of order N > 0. For any cusp a, we have

j(σa, z)
4rφ(σ−1

a z) = lim
s→s0

(s− s0)
Nj(σa, z)

4rE4r(σ
−1
a .z, s; ν)

= a4r,a,ν(0)y
1−s0−2r +

∑︂
n̸=0

y−2ra4r,a,ν(n)Wsign(n)2r,s0− 1
2
(4π|n|y)eπinx,

where a4r,a,ν(n) = lims→s0(s − s0)
Nφ4r,a,ν(n, s). We see from its Fourier expansion that

φ(z) is square-integrable if Re(s0) >
1
2
and that it is an eigenform of ∆4r with eigenvalue

(s0 − 2r)(1− s0 − 2r). □

For example, in the case r = 1
8
the Eisenstein series E1/2(z, s; νr) has a pole at s = 3

4

and its residue is equal to θ(z).

Proposition 10.23. The Eisenstein series E4r(z, s; ν) is holomorphic on the half-

plane Re(s) > max{1− 2r, 2r}.

Proof. First note that max{1 − 2r, 2r} ≥ 1
2
for 0 < r < 1. Suppose E4r(z, s; ν)

has a pole at s0 ∈ C of order N > 0 with Re(s0) >
1
2
. By Proposition 10.22, the

function φ(z) = lims→s0(s−s0)NE4r(z, s; ν) is a non-zero square-integrable function with

eigenvalue (s0−2r)(1− s0−2r) under ∆4r, i.e. a Maass form. By Stokes’ Theorem, each

Maass form has non-negative eigenvalue (s0 − 2r)(1− s0 − 2r) = −s20 + s0 + 4r2 ≥ 0.

Since Re(s0) >
1
2
, we must have s0 ∈

(︁
1
2
, 1
]︁
. We see that

(s− 2r)(1− s− 2r) = −(s− 2r)(s− (1− 2r)) < 0 for s > max{2r, 1− 2r},

so the pole s0 cannot lie on the half-plane {s ∈ C : Re(s) > max{2r, 1− 2r}}. □

Generally, the Eisenstein series E4r(z, s; ν) has a pole at s = max{1 − 2r, 2r} for

0 < r < 1
2
. The Eisenstein series E2(z, s; ν) does not have a pole at s = 1 and is a

harmonic function at that point.

Proposition 10.23 does not give any new information about the poles of the Eisenstein

series E4r(z, s; ν) in the strip 0 < Re(s) < 1 for 1
2
< r < 1. However, using lowering

operators, we can prove the holomorphy of E4r(z, s; ν) in the half-plane {s ∈ C : Re(s) >

2r − 1} through Proposition 10.23.

Corollary 10.24. For 1
2
< r < 1, the Eisenstein series E4r(z, s; ν) is holomorphic

for Re(s) > 2r − 1.

Proof. Suppose E4r(z, s; ν) has a pole at s0 with Re(s0) >
1
2
. Using

2iy2∂zE4r(z, s; ν) = (s− 2r)E4r−2(z, s; ν),
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we see that s0 is also a pole for E4r−2(z, s; ν). By Proposition 10.23, we must have

Re(s0) ≤ max{2(r − 1/2), 1− 2(r − 1/2)} = max{2r − 1, −2r} = 2r − 1. □

From the Fourier expansion of E4r(z, s; ν) we see that if the Eisenstein series is holo-

morphic at some point s with Re(s) > 1
2
, then the Dirichlet series Zν(n, s) are holomorphic

at s as well. We rephrase Proposition 10.23 and Corollary 10.24 in a separate corollary

in the special case of the Dirichlet series Zr(n, s), which we will apply in the next section.

Corollary 10.25. The functions Zr(n, s) are holomorphic for Re(s) > max{1 −
2r, 2r} for 0 < r < 1

2
and for Re(s) > 2r − 1 for 1

2
< r < 1.

The Eisenstein series E4r(z, s; ν) as such is not square-integrable with respect to the

Petersson inner product

⟨f, g⟩ =
∫︂
Γθ\H

f(z)g(z)y4r
dxdy

y2
,

the problematic part of E4r(z, s; ν) being the zeroth Fourier coefficient in (10.19). To

make it square-integrable, we consider the truncated Eisenstein series instead.

Let Y > 0. For each cusp a, let Fa(Y ) = σa.FY be the cuspidal zone around a, where

σa ∈ SL2(Z) is such that σa.i∞ = a and FY = {z ∈ H : −1 < Re(s) < 1, Im(z) >

max{1, Y }}. We define the truncated Eisenstein series by

EY
4r(z, s; ν) =

⎧⎨⎩E4r(z, s; ν)− δa,∞Im(σ−1
a .z)s−2r − φ4r,a,ν(s)Im(σ−1

a .z)1−s−2r, z ∈ Fa(Y ),

E4r(z, s; ν), otherwise.

The truncated Eisenstein series EY
4r(z, s; ν) is now a square-integrable function on

Γθ \H of weight 4r. Moreover, it satisfies the Maass-Selberg relations.

Theorem 10.26. Let s1 and s2 with s1 ̸= s2 and s1 + s2 ̸= 1 be regular points of

E4r(z, s; ν) and let EY
4r(z, s; ν) be the truncated Eisenstein series. We have

⟨EY
4r(z, s1; ν), E

Y
4r(z, s2; ν)⟩ = (s2 − s1)

−1φ4r,ν(s1)Y
s2−s1 + (s1 − s2)

−1φ4r,ν(s2)Y
s1−s2

+ (s1 + s2 − 1)−1Y s1+s2−1

− (s1 + s2 − 1)−1φ4r,ν(s1)φ4r,ν(s2)Y
1−s1−s2 .

Proof. This is an application of Green’s theorem; see, e.g., H. Iwaniec’s book

[Iwa21, Prop. 6.8]. □

The Maass-Selberg relations in the case ν = νr give a growth estimate for Zr(n, σ+it)

with 1
2
< σ < 3

2
as t→ ±∞, which we will use for giving a growth estimate for the Weyl

sums (10.8).
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Lemma 10.27. Let 1
2
< σ < 3

2
and n ∈ Z. We have

Zr(n, σ + it) ≪σ, r, n

√︁
|t|

as |t| → +∞.

Proof. Write s = σ+ it with σ ∈
(︁
1
2
, 3
2

)︁
and |t| > 1. From Theorem 10.26 for ν = νr

with s1 = s and s2 = s, we get∫︂
Γθ\H

⃓⃓
EY

4r(z, s; νr)
⃓⃓2
y4rdµ(z)

=
1

2σ − 1

(︁
Y 2σ−1 − |φ4r,νr(s)|2Y 1−2σ

)︁
+

1

2it

(︂
−φ4r,νr(s)Y

−2it + φ4r,νr(s)Y
2it
)︂
,

(10.20)

from which it follows that

1

2σ − 1
|φ4r,νr(s)|

2 Y 1−2σ =
1

2σ − 1
Y 2σ−1 +Re

(︃
φ4r,νr(s)Y

2it

it

)︃
− ∥EY

4r(z, s; νr)∥22

and

|φ4r,νr(s)|2 ≤ Y 4σ−2 +
2σ − 1

|t|
Y 2σ−1 |φ4r,νr(s)| ≤ Y 4 + 2Y 2 |φ4r,νr(s)| ,

i.e. |φ4r,νr(s)| ≤ (1 +
√
2)Y uniformly for |t| > 1. By Stirling’s approximation, we have

Γ(2s− 1)

Γ(s+ 2r)Γ(s− 2r)
∼ |t|−1/2

√
2π

, as t→ ±∞,

hence the claim for n = 0 follows by Proposition 10.21. Moreover, from the uniform

bound |φ4r,νr(s)| ≤ (1+
√
2)Y for |t| > 1, we also get from (10.20) that ∥EY

4r(z, s; νr)∥22 ≤
is uniformly bounded for |t| > 1.

To prove the assertion for Zr(n, s) with n ̸= 0, we again use the Maass-Selberg

relations to estimate for Y > 1:∫︂
Γθ\H

|EY
4r(z, s; νr)|2y4r

dxdy

y2

≥
∫︂ ∞

Y

∫︂ 1

−1

|EY
4r(z, s; νr)|2y4r

dxdy

y2

=
∑︂
m ̸=0

⃓⃓⃓⃓
πs|m|s−1

Γ(s+ sign(m)2r)

⃓⃓⃓⃓2
|Zr(m, s)|2

∫︂ ∞

Y

|Wsign(m)2r,s− 1
2
(4π|m|y)|2dy

y2

≥
⃓⃓⃓⃓

πs|n|s−1

Γ(s+ sign(n)2r)

⃓⃓⃓⃓2
|Zr(n, s)|2

∫︂ Y+1

Y

|Wsign(n)2r,s− 1
2
(4π|n|y)|2dy

y2
.

Using the asymptotic formula

Wsign(n)2r,s− 1
2
(4π|n|y) ∼ π−1/2Γ(sign(n)2r + s− 1/2)(π|n|y)1−s
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as |t| → +∞ (which converges uniformly for y in a compact set), we see that

(10.21)∫︂
Γθ\H

|EY
4r(z, s; νr)|2y4r

dxdy

y2
≫
⃓⃓⃓⃓
Γ(s+ sign(n)2r − 1/2)

Γ(s+ sign(n)2r)

⃓⃓⃓⃓2
|Zr(n, s)|2

∫︂ Y+1

Y

1

y2σ
dy.

We already noted that ∥EY
4r(z, s; νr)∥22 is bounded uniformly for |t| > 1. The claim then

follows from (10.21) and Stirling’s approximation for n ̸= 0. □

6. Uniform Distribution of Hardy Sums

In this section, we will use the results from Section 5 of this chapter to prove Theorem

10.4.

Let 0 < r < 1 be a rational number and n ∈ Z. Since the case r = 1
2
was already

proved in section 4.3, we may assume that r ̸= 1
2
. To work out the explicit growth rate

of the Weyl sums, we will use Perron’s formula, i.e., that for any α > 1, we have

(10.22)
N∑︂
c=1

∑︂
d(c)∗,
c+d odd

e(nd/c+ rS(d, c)) =
1

2πi

∫︂ α+i∞

α−i∞
Zr(n, s)

N2s

2s
ds.

Let ε > 0, T > 0, α = 1+ ε, and s1, ..., sl ∈ C be the location of the poles of Zr(n, s)

in the strip 1
2
< Re(s) < 3

2
. By Lemma 10.27, we have∫︂ α+i∞

α−i∞
Zr(n, s)

N2s

2s
ds =

∫︂ α+iT

α−iT
Zr(n, s)

N2s

2s
ds+O(N2+ε/T 3/2+ε).

Using Cauchy’s theorem, we obtain

1

2πi

∫︂ α+iT

α−iT
Zr(n, s)

N2s

2s
ds =

∫︂ 1
2
+ε+iT

1
2
+ε−iT

Zr(n, s)
N2s

2s
ds+

∫︂ α+iT

1
2
+ε+iT

Zr(n, s)
N2s

2s
ds

−
∫︂ α−iT

1
2
+ε−iT

Zr(n, s)
N2s

2s
ds+

n∑︂
j=1

Ress=sjZr(n, s)
N2sj

2sj
.

The integrals along the horizontal lines satisfy⃓⃓⃓⃓
⃓
∫︂ 1

2
+ε−iT

α−iT
Zr(n, s)

N2s

2s
ds

⃓⃓⃓⃓
⃓ ≤

∫︂ 1
2
+ε−iT

α−iT

⃓⃓⃓⃓
Zr(n, s)

N2s

2s

⃓⃓⃓⃓
ds

≤ N2α

T

∫︂ 1
2
+ε−iT

α−iT
|Zr(n, s)| ds

≪ N2α

T
1
2
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as T → +∞ by Lemma 10.27. The integral along the vertical line 1
2
+ ε+ iR can, again

by Lemma 10.27, be bounded by

(10.23)

⃓⃓⃓⃓
⃓
∫︂ 1

2
+ε+iT

1
2
+ε−iT

Zr(n, s)
N2s

2s
ds

⃓⃓⃓⃓
⃓≪r, ε, n N

1+εT
1
2 .

Hence, we get

N∑︂
c=1

∑︂
d(c)∗,
c+d odd

e(nd/c+ rS(d, c)) =
n∑︂
j=1

Ress=sjZr(n, s)
N2sj

2sj
+O

(︁
N2+ε/T 1/2 +N1+εT 1/2

)︁
as T → +∞. Theorem 10.4 then follows by Corollary 10.25 and choosing T = N .





CHAPTER 11

Two Geometric Characterizations of Hardy Sums

1. Counting Lattice Points in a Triangle

Problems of counting points with integer coordinates in geometric objects are chal-

lenging and well-studied problems and give an interesting connection between number

theory and geometry (famous examples include counting integer points on the 3-sphere,

the Gauss circle problem or G.H. Hardy and J.E. Littlewood’s work on counting points

in a right-angled triangle [Har05]). These problems are typically very hard. However,

in the case of two-dimensional polygons whose vertices have integer coordinates, G. Pick

[Pic99] found an elegant and simple solution to the problem.

Theorem 11.1 (Pick). Let P be a polygon, whose vertices lie in Z2. We have

area(P ) = #(P ◦ ∩ Z2) +
1

2
#(∂P ∩ Z2) + 1,

where P ◦ denotes the interior and ∂P denotes the boundary of P .

We will limit ourselves to the case of triangles. For a pair of positive integers d, c, let

T (d, c) be the triangle in R2 with vertices (0, 0), (d, 0), and (0, c). The set T (d, c) is the

set of points (x, y) ∈ R2 such that 0 ≤ x
d
+ y

c
< 1 (we exclude the corners with acute

angles and the hypotenuse). For simplicity, we shall assume that (d, c) = 1.

By Theorem 11.1, we only need to identify the points on the boundary of T (d, c) if

we want to find #(T (d, c) ∩ Z2), namely

(11.1) #(T (d, c) ∩ Z2) = area(T (d, c)) +
1

2
#(∂T (d, c) ∩ Z2)− 1.

As we assumed that d, c are coprime there are no lattice points (x, y) ∈ Z2 that satisfy
x
d
+ y

c
= 1 with both x, y non-zero. Hence, the points on the boundary are given by

(0, 0), (1, 0), (0, 1), ..., i.e. #(∂T (d, c)∩Z2) = c+ d+ 1. We then find by equation (11.1):

(11.2) #(T (d, c) ∩ Z2) =
1

2
(c+ 1)(d+ 1)− 1.

The problem of finding the lattice points in T (d, c) becomes more difficult if we con-

sider the lattice (2Z)2 instead of Z2. Obviously, the problem can be rescaled and solved

157
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by Pick’s Theorem if both d, c are even. So again, let us assume that d, c are positive

coprime integers. In this case, at least one of the vertices of T (d, c) is no longer a lattice

point and we cannot use Theorem 11.1.

Here, we shall prove that #(T (d, c) ∩ (2Z2)) can be expressed in terms of the Hardy

sums S4(d, c) in (9.2). The precise formula for #(T (d, c) ∩ (2Z)2) for (d, c) = 1 in terms

of S4(d, c) is given in the next theorem.1

Theorem 11.2. Let d, c be positive coprime integers.

(1) If d, c are both odd, then

#(T (d, c) ∩ (2Z)2) =
1

8
(cd+ 2d+ 2c+ S4(d, c) + S4(c, d)− 3).

(2) If d is even, then

#(T (d, c) ∩ (2Z)2) =
1

4

(︃
c+ d+

cd

2
+ S4(c, d/2)

)︃
.

The proof of Theorem 11.2 relies on Mordell’s Theorem 8.5. To give a closed expression

of #(T (d, c) ∩ (2Z)2), we consider the problem as a three-dimensional one. Namely, we

write

#(T (d, c) ∩ (2Z)2) = #

{︃
(x, y) ∈ Z2

≥0 :
2x

d
+

2y

c
< 1

}︃
= #

{︃
(x, y) ∈ Z2

≥0 :
x

d
+
y

c
+

1

2
< 1

}︃
.

(11.3)

Counting #(T (d, c) ∩ (2Z)2) is thus equivalent to counting the lattice points in Z3 of

the tetrahedron D(d, c, 2) with vertices (d, 0, 0), (0, c, 0), and (0, 0, 2) intersected with the

plane {(x, y, z) ∈ R3 : z = 1} by (11.3). Geometrically, this corresponds to projecting

T (d, c) ∩ (2Z)2 onto the plane {(x, y, z) ∈ R3 : z = 1} with base point (0, 0, 2).

1.1. Proof of the First Part of Theorem 11.2. Let d, c be odd and coprime

integers. By Theorem 8.5 we have

#(D(d, c, 2) ∩ Z3) =
cd

3
+

1

4
(2c+ 2d+ cd) +

1

4
(c+ d+ 2) +

1

12

(︃
2c

d
+

2d

c
+
cd

2

)︃
+

1

24cd
− 2− (s(2d, c) + s(2c, d) + s(cd, 2)).

(11.4)

1To make the theorem plausible, we can look at the following examples. For the first formula, we have
#(T (33, 691) ∩ (2Z)2) = 3034, S4(33, 691) = 18, and S4(691, 33) = 0. For the second formula, we have
#(T (22, 691) ∩ (2Z)2) = 2079 and S4(691, 11) = 2.
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Since cd is odd, we have s(cd, 2) = s(1, 2) = 0.

We split the number of lattice points in D(d, c, 2) into those contained in the plane

{(x, y, z) ∈ R3 : z = 0} and those contained in the plane {(x, y, z) ∈ R3 : z = 1}. The

latter is, as we already said, equal to #(T (d, c) ∩ (2Z)2). The former is equal to

#
{︂
(x, y) ∈ Z2

≥0 : 0 <
x

d
+
y

c
< 1
}︂
=

1

2
(c+ 1)(d+ 1)− 2

by (11.2) with the exclusion of the point (0, 0).

To write #(T (d, c)∩ (2Z)2) in terms of Hardy sums, we use the following easy lemma.

Lemma 11.3. Let d, c be odd and coprime integers. We have

s(2c, d) + s(2d, c) =
4c2 + 4d2 + 1

24cd
− 1

8
(S4(d, c) + S4(c, d))−

3

8
.

Proof. We use formula (9.8) for the Hardy sum S4(d, c). A calculation yields

S4(d, c) + S4(c, d) = 8s(d, 2c)− 4s(d, c) + 8s(c, 2d)− 4s(c, d)

= 8

(︃
−s(2c, d)− s(2d, c) +

1

12

4c2 + d2 + 1

2cd
+

1

12

c2 + 4d2 + 1

2cd
− 1

2

)︃
− 4

(︃
1

12

c2 + d2 + 1

cd
− 1

4

)︃
=

4c2 + 4d2 + 1

3cd
− 3− 8 (s(2c, d) + s(2d, c)) ,

where we used the reciprocity law (8.3) twice. □

Putting (11.4) and Lemma 11.3 together yields the first part of Theorem 11.2.

1.2. Proof of the Second Part of Theorem 11.2. Let d, c be coprime integers

and d an even integer. As in the previous section, we would like to apply Mordell’s

Theorem 8.5 to find #(T (d, c) ∩ (2Z)2). However, Theorem 8.5 is no longer true if the

integers u, v, w are not pairwise coprime. We hence need to adjust the statement.

Proposition 11.4. Let d, c be coprime integers and suppose that d is even and c is

odd. The number of lattice points in the tetrahedron D(d, c, 2) is given by

#(D(d, c, 2) ∩ Z3) =
cd

3
+

1

4
(2c+ 2d+ cd) +

1

4
(c+ d+ 2)

+
1

12

(︃
2c

d
+

2d

c
+
cd

2

)︃
+

1

6cd
− 5

2
− (2s(d, c) + s(2c, d)).

Proof. The proof is along the lines of Mordell’s proof [Mor51]. We only indicate

where adjustments need to be made.
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There exists exactly one lattice point (x, y, z), 0 ≤ x < d, 0 ≤ y < c, 0 ≤ z < 2, with
x
d
+ y

c
+ z

2
= 1, namely x = d

2
, y = 0, and z = 1 (this would not be the case if c, d, 2 were

pairwise coprime). There exist no lattice points with (x, y, z), 0 ≤ x < d, 0 ≤ y < c,

0 ≤ z < 2, with x
d
+ y

c
+ z

2
= 2.

One starts with the formula

#(D(d, c, 2) ∩ Z3) =
1

2

∑︂
x,y,z

′ (︂⌊︂x
d
+
y

c
+
z

2

⌋︂
− 1
)︂(︂⌊︂x

d
+
y

c
+
z

2

⌋︂
− 2
)︂

as in (8.12), where the sum goes over 0 ≤ x < d, 0 ≤ y < c, and 0 ≤ z < 2 and
∑︁′ means

that we omit x = y = z = 0.

Now rewrite

#(D(d, c, 2) ∩ Z3) =
1

2

∑︂
x,y,z

′
(E − ((E))− 3/2)(E − ((E))− 5/2)− 3

8
,

where E = x
d
+ y

c
+ z

2
and the term −3

8
is the correction factor for the unique case where

E = 1.

We split up the sum
∑︁′

x,y,z(E − ((E))− 3/2)(E − ((E))− 5/2) = A+B + C with

A =
1

2

∑︂
x,y,z

′
(E − 3/2)(E − 5/2), B = −

∑︂
x,y,z

′
(E − 2) ((E)), C =

1

2

∑︂
x,y,z

′
((E))2.

It is straightforward to calculate A, which is equal to −11
8
+ 3c

d
+ c

6d
+ 3d

4
+ d

6c
+ 13cd

24
For

B, we obtain

−B =
∑︂
x,y,z

′x

d

(︂(︂x
d
+
y

c
+
z

2

)︂)︂
+
∑︂
x,y,z

′y

c

(︂(︂x
d
+
y

c
+
z

2

)︂)︂
+
∑︂
x,y,z

′ z

2

(︂(︂x
d
+
y

c
+
z

2

)︂)︂
− 2

∑︂
x,y,z

′ (︂(︂x
d
+
y

c
+
z

2

)︂)︂

=
d−1∑︂
x=1

c−1∑︂
y=0

x

d

(︃(︃
2x

d
+

2y

c

)︃)︃
+

c−1∑︂
y=1

d−1∑︂
x=0

y

c

(︃(︃
2x

d
+

2y

c

)︃)︃
+

d−1∑︂
x=0

c−1∑︂
y=0

1

2

(︃(︃
x

d
+
y

c
+

1

2

)︃)︃

− 2
d−1∑︂
x=1

(︃(︃
2cx

d

)︃)︃

=
d−1∑︂
x=0

(︃(︃
2cx

d

)︃)︃
x

d
+ 2

c−1∑︂
y=1

(︃(︃
dy

c

)︃)︃
y

c
+

1

2

∑︂
x

∑︂
y

(︃(︃(︃
2x

d
+

2y

c

)︃)︃
−
(︂(︂x

d
+
y

c

)︂)︂)︃
= s(2c, d) + 2s(d, c),

(11.5)
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where we used the fact that ((x))+
(︁(︁
x+ 1

n

)︁)︁
+ ...+

(︁(︁
x+ n−1

n

)︁)︁
= ((nx)) for x /∈ Z and

n ≥ 1, as well as
∑︁

µ(d)

(︁(︁
µ
d

)︁)︁
= 0, and that 2y runs through a complete set of residues

modulo c and that 2x runs through a complete set of residues of d/2 twice.

To calculate C, we may write

C =
1

2

∑︂
x,y,z

′ (︂(︂x
d
+
y

c
+
z

2

)︂)︂2
=

cd−1∑︂
x=1

(︂(︂ x
cd

)︂)︂2
,

It is then easy to calculate C = −1
4
+ 1

6cd
+ cd

12
. □

Lemma 11.5. Let d ≥ 1 be an even integer and c ≥ 1 such that (d, c) = 1. We have

2s(d, c) + s(2c, d) =
d2 + c2 + 1

6cd
− 1

2
− 1

4
S4(c, d/2).

Proof. We use formula (9.8) for the Hardy sums S4(d, c). Applying the reciprocity

formula for Dedekind sums, we calculate

2s(d, c) + s(2c, d) = 2

(︃
1

12

d2 + c2 + 1

cd
− 1

4
− s(c, d)

)︃
+ s(c, d/2)

=
d2 + c2 + 1

6cd
− 1

2
− 1

4
S4(c, d/2),

where we used that s(2c, 2d′) = s(c, d′) for all d′ ∈ Z. □

Proposition 11.4 and Lemma 11.5 prove the second part of Theorem 11.2.

2. Hardy Sums as Signed Intersection Numbers

One of the reasons that make Dedekind and Hardy sums interesting objects of study

is that they can be studied from an elementary point of view, but also appear in the

rich theory of automorphic forms. In this section, we will realize the Hardy sums as

signed intersection numbers, which will allow us to study the Hardy sums by elementary

geometric means. The geometric realization we will give for, say, S(d, c) is straightforward

to define. Consider the net Nθ of geodesics from α
γ
to β

δ
, where (α, γ) = 1, γ > 0 and

(β, δ) = 1, δ > 0 with αδ − βγ = ±2, on the hyperbolic upper half plane. We orient a

geodesic from α
γ
to β

δ
if γ ≤ δ and from β

δ
to α

γ
if δ ≤ γ – we allow the geodesic to be

doubly-oriented if γ = δ; see section 2.1. Then S(d, c) is the signed intersection number

of the oriented geodesic from i∞ to d
c
with the net Nθ.
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More precisely, let hd/c be the oriented geodesic from i∞ to d
c
. For any oriented

geodesic g, define

φg(x) =

⎧⎪⎪⎨⎪⎪⎩
0, if g ∩ hx = ∅,

+1, if g intersects hx on the right,

−1, if g intersects hx on the left.

By “g intersects h from the right” we mean that if we follow the path of hx, then the

orientation of g at the intersection point is directed to the right. If the geodesic g is

doubly-oriented, then we set φg(x) = 1− 1 = 0.

Theorem 11.6. Let d, c be integers with (d, c) = 1 and c+ d odd. The Hardy sum

S(d, c) = −
∑︂
g∈Nθ

φg(d/c).

Apart from the automorphic interpretation of the Dedekind sums appearing the mul-

tiplier system of η(z), we may also view the Dedekind sums exclusively from a cohomolog-

ical perspective. The integer-valued Dedekind symbol Φ in (8.8) satisfies the generalized

reciprocity law

(11.6) Φ(AB)− Φ(A)− Φ(B) = 3 · w(A,B),

where w(A,B) = −sign(cAcBcAB) ∈ H2(SL2(Z),Z) is the Rademacher cocycle for A,B ∈

SL2(Z) and A =

(︃
∗ ∗
cA ∗

)︃
, B =

(︃
∗ ∗
cB ∗

)︃
, AB =

(︃
∗ ∗

cAB ∗

)︃
. The reciprocity law (8.3) for s(d, c)

is then the special case of (11.6) for B =

(︃
0 −1

1 0

)︃
.

T. Asai [Asa70] constructed the Dedekind symbol as a splitting of the cohomology

class in H2(SL2(R),R) associated with the central extension of the universal covering

group. The space H2(SL2(R),R) is a one-dimensional R-vector space generated by the

cocycle w(A,B). The Dedekind symbol Φ can then be defined as the unique “splitting”

of w(A,B), i.e. the unique quasimorphism Φ : SL2(Z) → R such that 3 · w(A,B) =

Φ(AB)− Φ(A)− Φ(B). The uniqueness of Φ follows easily from H1(SL2(Z),R) = {0}.
The Dedekind sums s(a, c) in (8.2) are uniquely characterized by the following three

properties for (a, c) = 1:

(1) s(0, 1) = 0,

(2) s(a+ c, c) = s(a, c),

(3) s(a, c)− s(−c, a) = 1
12
a2+c2+1

ac
− 1

4
for a, c ̸= 0.
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Since for each coprime pair of integers a, c there exists a a matrix A =

(︃
a ∗
c ∗

)︃
∈ SL2(Z),

we may write s(A) for s(a, c), i.e. view the Dedekind sums as a function s : SL2(Z) → Q.

By definition, the Dedekind sum s(A) is invariant under right-multiplication by T =(︃
1 1

0 1

)︃
; moreover, we set s(1, 0) = s(I) = 0. The three defining properties above then

correspond to the matrix operations under the generators T and S =

(︃
0 −1

1 0

)︃
of SL2(Z),

namely for A =

(︃
a ∗
c ∗

)︃
∈ SL2(Z) with a, c ̸= 0:

(1) s(S) = s(I) = 0,

(2) s(T nA) = s(A) for all n ∈ Z,

(3) s(A)− s(SA) = 1
12
a2+c2+1

cd
− 1

4
.

Each matrix in SL2(Z) can be written as a word in T , S and therefore we get that the

three properties uniquely define the function s : SL2(Z) → Q.

Similarly, we may view the Hardy sums S(a, c) and S4(a, c) as functions on their

respective groups Γθ = ⟨T 2, S⟩ and Γ0(2) = ⟨T 2, V ⟩. To avoid confusion with the matrix

S, we denote these functions in gothic print, i.e., S : Γθ → Z and S4 : Γ
0(2) → Z. Put

S(A) = S(a, c) for A =

(︃
a ∗
c ∗

)︃
∈ Γθ.

2 The function S : Γθ → Z is uniquely determined

by the properties:

(1) S(S) = S(T ) = S(I) = 0,

(2) S(T 2nA) = S(A) for all n ∈ Z,

(3) S(A)−S(SA) = sign(ac) for A =

(︃
a ∗
c ∗

)︃
∈ Γθ;

and the function S4 : Γ0(2) → Z (similarly defined) is uniquely determined by the

properties:

(1) S4(V ) = S4(T ) = S4(I) = 0,

(2) S4(T
2nA) = S4(A) for all n ∈ Z,

(3) S4(A) +S4(V A) = −sign(c(a+ c)) for A =

(︃
a ∗
c ∗

)︃
∈ Γ0(2).

In section 2.3, we will be to show the generalized reciprocity law (11.6) for the Hardy

sums by an elementary argument, using the geometric realization of the Hardy sums as

in Theorem 11.6. The property follows from a close study the behavior of S(A) under

the action of Γθ on the upper half plane by linear fractional transformations.

2To make our notations simpler, we consider S(a, c) instead of the usual S(d, c). The change is insub-

stantial, as S(d, c) = −S(A−1) = S(A) for A =

(︃
a b
c d

)︃
∈ Γθ; see Proposition 11.18.
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Theorem 11.7. (1) We have S(AB)−S(A)−S(B) = w(A,B) for A,B ∈ Γθ.

(2) We have S4(AB)−S4(A)−S4(B) = w(A,B) for A,B ∈ Γ0(2).

For the subgroups Γθ and Γ0(2), the first cohomology group is non-trivial, which

makes the splitting of the Rademacher cocycle w(A,B) non-unique.

2.1. Net of Oriented Geodesics. Consider the set of rationals α
γ
with (α, γ) = 1,

γ ≥ 1, and α, γ both odd and the net of geodesics connecting two such rationals α
γ
and

β
δ
if αδ − βγ = ±2. Note that these geodesics are the image of the geodesic connecting

−1 and 1 under Γθ.

Now orient the geodesic connecting α
γ
and β

δ
such that the geodesic goes from α

γ
to β

δ

if γ < δ and from β
δ
to α

γ
if δ < γ. In the case γ = δ, which can only occur if the geodesic

connects two integers, we give it two opposing orientations. We will denote the resulting

net of oriented geodesics by Nθ.

Figure 1: The net Nθ for the rationals α
γ
, (α, γ) = 1, α, γ both odd with |γ| ≤ 7.

Lemma 11.8. Let α, β, γ, δ be odd integers with γ, δ ≥ 1 and (α, γ) = 1, (β, δ) = 1

such that αδ− βγ = ±2. We have γ = δ if and only if γ = δ = 1. We have α = β if and

only if α, β = ±1. If α ̸= β, the condition γ < δ is satisfied if and only if |α| < |β|.

Proof. If α = β, then αδ−βγ = α(δ−γ) = ±2, and since α is odd, we have α = ±1.

Analogously, it is showed that γ = δ implies γ = δ = 1.

Let us thus suppose that γ, δ > 1. Then the integers α, β need to have the same sign

to satisfy the equation αδ − βγ = ±2. By multiplying the equation αδ − βγ = ±2 on

both sides with −1 if necessary, we may assume w.l.o.g. that α, β > 0.

Suppose that αδ− βγ = −2 and that α ̸= β. If γ < δ, then αδ = βγ − 2 implies that

αδ < βγ < βδ, hence α < β. If δ < γ, then 2 = βγ − αδ implies that δ(β − α) < 2 and
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moreover that β − α < 0, since β − α is an even integer and we excluded α = β. The

case αδ − βγ = 2 is similar. □

Lemma 11.8 has the following consequence for the oriented net of geodesics Nθ.

Lemma 11.9. The oriented net Nθ is invariant under the maps t1(z) = −z and

t2(z) = z+2. Moreover, under t3(z) =
z

|z|2 any oriented geodesic g ∈ Nθ whose endpoints

are not both of the form 1
n
for n ∈ Z−{0,±1} or both integers not equal to ±1 is mapped

to an oriented geodesic in Nθ.

Proof. Suppose we have a geodesic from α
γ
to β

δ
in Nθ with γ, δ > 1 odd integers,

δ > γ > 1, (α, γ) = 1 and (β, δ) = 1 with αδ − βγ = ±2. We will only show the case

where α, β > 1.

Under the orientation-reversing map t1 the geodesic is mapped to the geodesic from

−α
γ
to −β

δ
, which still lies in Nθ.

Under the orientation-preserving t2 the geodesic is mapped to the one from α+2γ
γ

to
β+2γ
δ

, which also still lies in Nθ.

Finally, the orientation-reversing map t3 sends the geodesic to the geodesic from γ
α

to δ
β
, which as a non-oriented geodesic still lies in Nθ. By Lemma 11.8 the orientation is

preserved in Nθ under t3, as α < β. □

Remark 11.10. If g ∈ Nθ in Lemma 11.9 connects 1
n
and 1

n+2
for some n ∈ Z, then

t3(g) is a geodesic connecting n and n+2, i.e. two integers. But geodesics connecting two

integers in Nθ are oriented with two opposing orientations – by Lemma 11.8, those are,

in fact, the only geodesics in Nθ which have opposing orientations. Hence, the oriented

geodesic t3(g) does not have two opposing orientations and does not lie in Nθ.

Remark 11.11. More generally, as t2(z) = T 2.z and t1(t3(z)) = S.z and Γθ = ⟨T 2, S⟩,
the proof of Lemma 11.9 shows that the map arising from each matrix A ∈ Γθ preserves

geodesics in Nθ with the exception of the doubly-oriented geodesics connecting two inte-

gers and their preimages under A.

2.2. Intersection Numbers. Let g, h be any two oriented geodesics in H. Define

φg(h) as follows:

φg(h) =

⎧⎪⎪⎨⎪⎪⎩
0, if g ∩ h = ∅,

+1, if g intersects h on the right,

−1, if g intersects h on the left.
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By “g intersects h from the right” we mean that if we follow the path of h, then the

orientation of g at the intersection point is directed to the right. If the geodesic g is

doubly-oriented (as we allowed in section 2.1), then we set φg(h) = 1− 1 = 0.

We will define the Hardy sums as a signed intersection number with the net Nθ, which

we defined in section 2.1. For a geodesic h, define the signed intersection number

(11.7) Iθ(h) =
∑︂
g∈Nθ

φg(h),

whenever the sum exists.

We will denote an oriented geodesic h from two points z1, z2 ∈ H ∪ Q ∪ {i∞} by

h(z1, z2). To simplify notation, we will write hx = h(i∞, x).

Let Qθ = Γθ.i∞ be the set of rationals a
c
with (a, c) = 1 and such that a + c is odd.

For each x ∈ Qθ, let Iθ(x) = Iθ(hx) be the signed intersection number of hx with the net

Nθ. We first need to show that the function Iθ(x) is well-defined.

Lemma 11.12. For x ∈ Qθ, the geodesic hx only intersects finitely many geodesics in

Nθ.

Proof. Since the sign of intersection does not matter to prove the claim, we will

ignore the orientation on the geodesics Nθ for the remainder of this proof and refer to Nθ

as a set of non-oriented geodesics.

Suppose we have a geodesic in Nθ connecting 0 < α
γ
< β

δ
, which intersects hx. The

maximal radius of any semi-circular geodesic in Nθ is 1, since the radius is given by

1

2

(︃
β

δ
− α

γ

)︃
=

1

2

βγ − αδ

γδ
=

1

γδ
≤ 1.

Consider the triangle ∆ with endpoints −1, 1 and ∞. Since ∆ is the boundary of a

fundamental domain for Γθ, the orbit of ∆ under Γθ gives a triangulation of the upper

half plane H. Denote the collection of geodesic boundaries of the triangulation in H by

N . In fact, the set Nθ is contained in N . We will prove the stronger claim that the

geodesic hx will intersect only finitely many geodesics of N in H.

Any geodesic in N which does intersect hx is one whose endpoints are such that one

is to the left of x and one is to the right of x. Write x = a
c
with (a, c) = 1 and a + c

odd. Let A =

(︃
a b

c d

)︃
∈ Γθ be the unique matrix (up to sign) such that ∆x = A.∆ is a

triangle, whose interior is intersected by hx and has x as a vertex. Explicitly, the matrix

A = ±
(︃
a c

c d

)︃
∈ Γθ is determined by c > 0 and −c < d < c.
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Let rx be the greatest radius of a geodesic bounding ∆x. Since Γθ.∆ is a triangulation,

the radius of a geodesic in N whose endpoints lie to the left and right of x is bounded

from below by rx: Any geodesic in N , which is such that x lies in between its endpoints,

with smaller radius than rx would have to intersect the triangle ∆x, which cannot happen.

Thus, for any geodesic from α
γ
to β

δ
in N intersecting hx there is a lower bound on its

radius 1
γδ

(and a fortiori in Nθ). More precisely, we have

1 ≤ γδ ≤ 1

rx
.

Hence, there are only finitely many possible geodesics in N intersecting hx. □

Remark 11.13. For instance, the geodesic h0 from i∞ to 0 intersects only one geodesic

in Nθ, the one connecting −1 and 1. In the notation of the proof of Lemma 11.12, the

triangle ∆0 is given by S.∆.

Now we prove that the function Iθ(x) actually satisfies the three properties defining

the Hardy sums S(a, c).

Theorem 11.14. The signed intersection number Iθ : Qθ → Z satisfies the following

properties for x ∈ Qθ:

(1) Iθ(−x) = −Iθ(x),
(2) Iθ(x+ 2) = Iθ(x),

(3) if x ̸= 0, then Iθ(x) + Iθ
(︁
1
x

)︁
= sign(x).

Moreover, the function Iθ is uniquely determined by the properties (1)-(3).

As an immediate corollary, we get Theorem 11.6, i.e., that the Hardy sumsS : Γθ → Z

can be realized as a signed intersection number.

Corollary 11.15. For A ∈ Γθ, we have

S(A) = Iθ(A.i∞).

Proof of Theorem 11.14. We first show that Iθ(x) in (11.7) satisfies these prop-

erties. For the first property, note that reflection along the imaginary axis sends the

geodesic hx to h−x. In particular, reflection does not change the orientation of hx. How-

ever, reflection does change the orientation of the geodesics g ∈ Nθ which intersect hx.

Since Nθ is invariant under reflections along the imaginary axis by Lemma 11.9, we have

−Iθ(x) = Iθ(−x).
For the second property, we use that Nθ is invariant under translations z ↦→ z + 2 –

again, by Lemma 11.9 – and that hx ↦→ hx+2 under translation. Hence Iθ(x+2) = Iθ(x).
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For the third property, we may assume w.l.o.g. that x ∈ (−1, 1) by the second

property. Let n0 be an odd integer, such that n0 <
1
x
< n0 + 2. Let g0 be the geodesic

connecting 1
n0

and 1
n0+2

.

In Nθ the geodesic g0 is oriented from 1
n0

to 1
n0+2

if n0 is positive (i.e. sign(x) > 0)

and from −1
|n0|−2

to −1
|n0| if n0 is negative (i.e. if sign(x) < 0). The geodesic g1 from n0 to

n0 + 2 has two opposing orientations in Nθ.

We write

(11.8) Iθ(hx) = φg0(hx) +
∑︂

g∈Nθ−{g0}

φg(hx) = sign(x) +
∑︂

g∈Nθ−{g0}

φg(hx).

We have t3(hx) = h(0, 1/x) and by Lemma 11.9, we see that∑︂
g∈Nθ−{g0}

φg(hx) = −
∑︂

g∈Nθ−{g1}

φg(h(0, 1/x)) = −Iθ(h(0, 1/x)),

since t3 preserves the orientations on Nθ, except for geodesics connecting points 1
n0

and
1

n0+2
like g0; see Remark 11.10. It should also be noted that the doubly-oriented geodesic

connecting −1 and 1, which is intersected by both hx and h(0, 1/x) gets mapped to itself

under t3.

Consider the triangle of oriented geodesics from h0, h(0, 1/x) and h(1/x, i∞). It is

clear that Iθ(h(1/x, i∞)) = −Iθ(h1/x) and that Iθ(h0)+Iθ(h(0, 1/x))+Iθ(h(1/x, i∞)) = 0.

But by Remark 11.13, we have Iθ(h0) = 0, hence Iθ(h(0, 1/x)) = Iθ(h1/x), which proves

the third property.

Let us now show uniqueness: Let I1(x) and I2(x) be two functions satisfying the

three properties. From the first property, it follows that I1(0) = I2(0) = 0. By the second

property the difference I3(x) = I1(x)− I2(x) is zero at every integer x ∈ 2Z.

Suppose that I3(a/c) is zero for all a
c
∈ Qθ, (a, c) = 1 with 1 ≤ c < c′. By what we

just showed, this is true for c′ = 2. We now show that the function I3 also vanishes for
a′

c′
with (a′, c′) = 1 and a′ + c′ being odd, from which the claim will follow by induction.

By the second property, we may assume w.l.o.g. that −c′ < a′ < c′. Using the third

property, we see that I3(x) = −I3
(︁
1
x

)︁
. But

I3

(︃
a′

c′

)︃
= −I3

(︃
c′

a′

)︃
= 0

by our assumption (since |a′| < c′). □
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There is an analog for S4 : Γ0(2) → Q which is obtained as an intersection number

by shifting the net Nθ with z ↦→ z+1 and reversing the orientation of the geodesics. This

follows from the fact S(x+ 1) = −S4(x).

2.3. The Rademacher Cocycle. We continue our investigation into the geometric

nature of the functionS. We will now show that it is in fact a splitting of the Rademacher

cocycle (11.6) restricted to the subgroup Γθ. On the full modular group SL2(Z), the

Rademacher cocycle w(A,B) in (11.6) splits to the Dedekind symbol (8.8), i.e. for A,B ∈

SL2(Z) with A =

(︃
∗ ∗
cA ∗

)︃
, B =

(︃
∗ ∗
cB ∗

)︃
, and AB =

(︃
∗ ∗

cAB ∗

)︃
, we have

(11.9) Φ(AB)− Φ(A)− Φ(B) = −3 · sign(cAcBcAB).

Remark 11.16. The sign function in (11.9) is defined such that sign(0) = 0.

From property (3) of Theorem 11.14 (the reciprocity formula), it follows that

(11.10) S(SA)−S(A) = sign(ac)

for A =

(︃
a b

c d

)︃
∈ Γθ, which, since S(S) = 0, proves Theorem 11.7 in the case B = S.

We now proceed to prove Theorem 11.7 through a series of proposition and lemmas.

Lemma 11.17. Let A,B ∈ Γθ and write A =

(︃
aA bA

cA dA

)︃
, B =

(︃
aB bB

cB dB

)︃
, and AB =(︃

∗ ∗
cAB ∗

)︃
. We have

S(AB)−S(A)−S(B) = −sign(cAcBcAB)

if and only if

S(A′B′)−S(A′)−S(B′) = −sign(cA′cB′cA′B′),

where A′ = AS =

(︃
aA′ bA′

cA′ dA′

)︃
, B′ = SB =

(︃
aB′ bB′

cB′ dB′

)︃
and A′B′ =

(︃
∗ ∗

cA′B′ ∗

)︃
.

Proof. Due to the symmetry of the claim, it suffices to prove that if S(A′B′) −
S(A′)−S(B′) = −sign(cA′cB′cA′B′) holds, thenS(AB)−S(A)−S(B) = −sign(cABcAcB)

holds as well.

Up to replacing A with −A and B with −B we may assume w.l.o.g. that cA, cB > 0.

For the matrices A′ and B′ we have A′B′ = −AB, hence cA′B′ = −cAB, cA′ = dA and

cB′ = aB. By the reciprocity formula (11.10), we have

S(B′) = S(B)− sign(aBcB)
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and

S(A′) = S(A)− sign(dAcA).

It hence follows that

S(−AB)−S(A′)−S(B′) = S(AB)−S(A)−S(B) + sign(cAdA) + sign(aBcB).

If sign(cA′cB′) < 0, then

sign(cAdA) + sign(aBcB) = sign(cA′) + sign(cB′) = 0,

thus

S(AB)−S(A)−S(B) = S(A′B′)−S(A′)−S(B′) = sign(cA′B′) = −sign(cAB).

If sign(cA′cB′) > 0, then

sign(cAdA) + sign(aBcB) = sign(cA′) + sign(cB′) = 2 sign(cA′) = 2 sign(cB′).

However, as−cA′B′ = cAB = cA′cA+cB′cB, we have sign(cA′B′) = −sign(cA′) = −sign(cB′).

Thus,

S(AB)−S(A)−S(B) = −sign(cA′B′)− 2 sign(cA′) = sign(cA′B′) = −sign(cAB).

□

With Lemma 11.17, we may directly prove Theorem 11.7 for the special case B = A−1.

Proposition 11.18. For all A ∈ Γθ, we have S(A−1) = −S(A).

Proof. Since S(A) is invariant under multiplication on the right by T 2 and under

multiplication by −I, we may assume w.l.o.g. that A = T 2n1ST 2n2S · · ·T 2nrS for integers

n1, ..., nr and r ≥ 1. The proof is by induction on r.

Suppose r = 1. Then S(T 2n1S) = S(2n1) = 0 and S(S−1T−2n1) = S(0) = 0 by

Theorem 11.14, so the claim is true.

Suppose that r > 1 and the claim holds for r − 1. We have

S(A−1) = S(ST−2nr · · ·T−2n2ST−2n1) = S(ST−2nr · · ·T−2n2S).

By the induction hypothesis we have

S((T 2n2S · · ·T 2nrS)−1) = −S(T 2n2S · · ·T 2nrS),

which by Lemma 11.17 implies that

S((T 2n2S · · ·T 2nrS)−1S) = S(ST−2nr · · ·T−2n2S) = −S(ST 2n2S · · ·T 2nrS).
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Since S(ST 2n2S · · ·T 2nrS) = S(T 2n1ST 2n2S · · ·T 2nrS) by Theorem 11.14, the claim

follows. □

Lemma 11.19. Let A =

(︃
a b

c d

)︃
∈ Γθ and write A = ±T 2n0S · · ·T 2nrST 2nr+1 for inte-

gers n0, ..., nr+1 and n1, n2, ..., nr ̸= 0. We have a
c
∈ (−1, 1) if and only if n0 = 0.

Proof. By induction on r. For r = 0, we have a
c
= T 2n0S.i∞ = 2n0, for which the

claim is obviously true.

Suppose r > 0 and that the claim holds for 1, ..., r − 1. Let

A = ±T 2n0ST 2n1S · · ·T 2nrST 2nr+1 with n1, ..., nr ̸= 0;

since S2 = −I, there is always such a representation. Let a′

c′
= T 2n1S · · ·T 2nrS.i∞, which

by the induction hypothesis lies outside (−1, 1). Then

a

c
= T 2n0ST 2n1 · · ·T 2nrS.i∞ = T 2n0S.

a′

c′
= − c′

a′
+ 2n0

and, as − c′

a′
∈ (−1, 1), it is easy to see that a

c
∈ (−1, 1) if and only if n0 = 0. □

The next lemma proves Theorem 11.7 under certain extra conditions, to which the

general case will be reduced.

Lemma 11.20. Let A,B ∈ Γθ and write A =

(︃
aA bA

cA dA

)︃
, B =

(︃
aB bB

cB dB

)︃
, and AB =(︃

aAB bAB

cAB dAB

)︃
. Suppose that −dA

cA
∈ (−1, 1), α = aA

cA
∈ (−1, 1), and β = aB

cB
/∈ (−1, 1). Then

S(AB)−S(A)−S(B) = −sign(cAcBcAB).

Proof. Upon replacing A by −A and B by −B, we may assume w.l.o.g. that

cA, cB > 0. Under these conditions cAB = cAaB + dAcB > 0 if and only if cAβ + dA > 0,

i.e. β > −dA
cA
.

Note that aAB
cAB

= A.β = aA
cA

− 1
cA(cAβ+dA)

. Since |cAβ+dA| ≥ cA|β|−|dA| > |cA|−|dA| ≥
1 by assumption, it follows that⃓⃓⃓⃓

aAB
cAB

⃓⃓⃓⃓
=

⃓⃓⃓⃓
aA
cA

− 1

cA(cAβ + dA)

⃓⃓⃓⃓
<

⃓⃓⃓⃓
aA
cA

⃓⃓⃓⃓
+

1

cA
≤ 1,

since |aA|+ 1 ≤ |cA|.
Consider the geodesic h = h(aAB/cAB, α). The geodesic h is the image of h(β, i∞)

under application of A. For the oriented triangle consisting of the edges h(i∞, aAB/cAB),

h and h(α, i∞), we have

Iθ(h(i∞, aAB/cAB)) + Iθ(h) + Iθ(h(α, i∞)) = 0.
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Since Iθ(h(i∞, aAB/cAB)) = S(AB) and Iθ(h(α, i∞)) = −S(A), it suffices to prove

that Iθ(h) = −S(B) + sign(cAB).

By Remark 11.11, the sign of each signed intersection of h(β, i∞) with geodesics in

Nθ does not change under the application of A with the exception of the single doubly-

oriented geodesics that h(β, i∞) intersects (as h = A.h(β, i∞) has both endpoints in

(−1, 1), the geodesic h(β, i∞) does not intersect any preimage of a geodesic connecting

two integers under A). For the change of the signed intersection due to h(β, i∞) intersect-

ing a doubly-oriented geodesic, we need to introduce a correction factor to Iθ(h(β, i∞))

to find Iθ(h).

Thus consider the geodesic g̃ from n0 to n0 + 2 with n0 an odd integer such that

n0 < β < n0+2, which is the only doubly-oriented geodesic inNθ that h(β, i∞) intersects.

Under the matrix A, the geodesic g̃ is mapped to the geodesic in A.g̃ connecting
aAn0+bA
cAn0+dA

and aA(n0+2)+bA
cA(n0+2)+dA

. To find the orientation of the geodesic A.g̃ in Nθ, we need to

find out whether |cAn0 + dA| < |cAn0 + dA + 2cA| or the contrary holds. Since cA > 0,

this only depends on whether cAn0 + dA is negative or not.

Indeed, the linear function R → R, x ↦→ cAx+ dA switches from negative to positive

values at x = −dA
cA
. But this can’t happen in the interval (n0, n0 + 2), as −dA

cA
∈ (−1, 1)

and β ∈ (n0, n0 + 2) does not lie in (−1, 1) by assumption.

Thus, the orientation of A.g̃ in Nθ only depends on the sign of cAβ + dA = cAB.

Namely, as A.(n0 + 2) − A.n0 = 1
(cA(n0+2)+dA)(cAn0+dA)

> 0, the orientation of A.g̃ is

positive, if cAB is negative, and vice versa. Note further that A.∞ − A.x = 1
cA(cAx+dA)

for any x ∈ R. Since cAn0 + dA and cA(n0 + 2) + dA have the same sign, the numbers

α − A.n0 and α − A.(n0 + 2) have the same sign as well. In other words, α lies outside

the interval bounded by A.n0 and A.(n0 + 2) or the geodesic h from aAB
cAB

to α is oriented

outwards of the geodesic A.g̃.

Now if the orientation is positive, then the geodesic h intersects A.g̃ with A.g̃ pointing

to the left and if the orientation is negative, then h intersects A.g̃ with A.g̃ pointing to

the right, i.e.

Iθ(h) = sign(cAB) + Iθ(h(β, i∞)) = sign(cAB)−S(B).

□

All cases that we need to consider to prove Theorem 11.7 are covered in the lemmas

and propositions above. We are only left with reducing the general case to them.
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Proof of Theorem 11.7. SupposeA ̸= B−1; otherwise the claim follows by Propo-

sition 11.18.

Write

(11.11) A = ±T 2n0ST 2n1S · · ·T 2nrST 2nr+1 and B = ±T 2m0ST 2m1S · · ·T 2mtST 2mt+1

for r, t ≥ 0 and n1, ..., nr,m1, ...,mt ̸= 0. We may assume that −dA
cA

∈ (−1, 1) and aA
cA

∈
(−1, 1) by Lemma 11.19 (i.e. that n0 = nr+1 = 0) upon replacing A with T−2n0AT−2nr+1

and B with T 2nr+1B. Again, we may assume w.l.o.g. that cA, cB > 0.

If |B.i∞| > 1 (i.e. m0 ̸= 0 in (11.11) by Lemma 11.19), the claim follows from Lemma

11.20. Suppose thus that |B.i∞| < 1, i.e. that B = ±ST 2m1S · · ·T 2mtST 2mt+1 . We may

now replace A by A′ = AS and B by B′ = SB as in Lemma 11.17.

Again, by replacing A′ = ±ST 2n1S · · ·ST 2nr by A′T−2nr and B′ by

T 2nrB′ = ±T 2(m1+nr)S · · ·T 2mtST 2mt+1 ,

we may assume that −dA′
cA′

∈ (−1, 1) and that cA′ , cB′ > 0. If |B′.i∞| > 1, i.e. if

m1 ̸= −nr, we may use Lemma 11.20. Otherwise, repeat the argument until we reach

|B′.i∞| > 1.

This process will end, for if r ̸= t, one of the matrices will at some point be equal to

the identity, for which the claim is trivial. If r = t, we must have −mi ̸= nt+1−i for an

i = 0, ..., t+ 1, since we excluded the case A = B−1. □

Corollary 11.21. Let Φ : Γθ → Z be the classical Dedekind symbol restricted to the

subgroup Γθ. For the map S : Γθ → Z we have

3 ·S = Φ− χθ,

where χθ is the unique homomorphism Γθ → Z given by χθ(T
2) = 2 and χθ(S) = 0.

Proof. We have Φ(AB) − Φ(A) − Φ(B) = −sign(cAcBcAB) by (11.9). Hence, χθ =

Φ− 3 ·S is a group homomorphism by Theorem 11.7. The values of χθ at the generators

of Γθ are obtained by Φ(T 2) = 2, Φ(S) = 0 and S(T 2) = 0, S(S) = 0. □

In fact, Corollary 11.21 is equivalent to Proposition 10.11, but we did not reference

automorphic forms at all in our proof.

The same arguments work for the function S4 as well. In particular, the function S4

satisfies the generalized reciprocity law in Theorem 11.7.
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