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10 Departament de Física Teòrica, IFIC, Universitat de València, CSIC, C/ Dr Moliner 50, 46100 Burjassot (València), Spain
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Abstract
We identify the multiparameter sensitivity of entangled spin states, such as spin-squeezed and
Dicke states that are spatially distributed into several addressable spatial modes. Analytical
expressions for the spin-squeezing matrix of families of states that are accessible by current atomic
experiments reveal the quantum gain in multiparameter metrology, as well as the optimal
strategies to maximize the sensitivity gain for the estimation of any linear combination of
parameters. We further study the mode entanglement of these states by deriving a witness for
genuine k-partite mode entanglement from the spin-squeezing matrix. Our results highlight the
advantage of mode entanglement for distributed sensing, and outline optimal protocols for
multiparameter estimation with nonclassical spatially-distributed spin ensembles. We illustrate our
findings with the design of a protocol for gradient sensing with a Bose–Einstein condensate in an
entangled spin state in two modes.

1. Introduction

Quantum metrology makes use of non-classical quantum states to enhance measurement precision [1–6].
The estimation of a single parameter, e.g. a phase shift in an atomic clock or interferometer, can be made
more precise if the atomic spins are prepared in entangled superposition states that have lower quantum
fluctuations than classical states. Recently, these ideas have been extended to the problem of multiparameter
estimation, where a collective quantum enhancement from a simultaneous estimation of several parameters
can be achieved [7–21]. While the sensitivity limits for general multiparameter scenarios are hard to
determine due to the non-commutativity of the observables that provide maximal information on different
parameters, this problem can be avoided when all parameters are encoded locally (i.e. the
parameter-encoding Hamiltonians commute with each other) [22, 23]. In this case, sometimes also called
‘distributed sensing’, the collective quantum enhancement can be traced back to the entanglement between
the modes where the parameters are encoded [14].

Entanglement between addressable modes can be generated by distributing an ensemble of entangled
atomic spins intoM spatial modes. This technique has been studied recently both experimentally [24, 25]

© 2023 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft

https://doi.org/10.1088/1367-2630/ace1a0
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/ace1a0&domain=pdf&date_stamp=2023-7-12
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0003-3653-0030
https://orcid.org/0000-0002-6468-1437
https://orcid.org/0000-0002-2895-3431
https://orcid.org/0000-0003-4203-0366
mailto:fadelm@phys.ethz.ch
mailto:manuel.gessner@uv.es


New J. Phys. 25 (2023) 073006 M Fadel et al

and theoretically [26–28] for the case of split spin-squeezed ensembles that can be generated by a nonlinear
(OAT) evolution [29], as well as for split Dicke states [30]. Moreover, the usefulness of these mode-entangled
(ME) split atomic ensembles for distributed sensing has been recently demonstrated experimentally [31].

For single-parameter estimation, the sensitivity gain and the spin entanglement of spin-squeezed states is
captured by the Wineland spin-squeezing parameter [32]. This parameter expresses the quantum gain of any
quantum state with respect to the best separable strategy. In order to overcome the classical limit, the
particles’ spins must be entangled [34, 35]. Since a sensitivity beyond the classical limit also implies the
presence of entanglement, the spin squeezing parameter has been extensively used to characterize the
entanglement among particles [6].

The generalization of this concept to multiparameter settings leads to a spin-squeezing matrix [33] that
captures sensitivity enhancements beyond the classical limit for the estimation of multiple parameters. In
distributed sensing, however, we must distinguish between the entanglement of spins in the same mode,
which we denote by ‘particle entanglement’, and the entanglement among two spins in different, addressable
modes, called ‘mode entanglement’. It has been noted that particle entanglement is necessary to overcome
the classical limits of distributed sensing with spin ensembles [14]. Mode entanglement, in turn, can lead to
additional sensitivity enhancements and is required to reach the ultimate quantum limits. These results were
obtained from an analysis of the quantum Fisher matrix rather than the much more easily accessible
spin-squeezing matrix.

Past studies of the spin-squeezing matrix have focused on simple numerical examples with a focus on
systems of only two modes with moderate atom numbers N [33]. Moreover, it remains unclear how
information about the mode entanglement can be extracted from the spin-squeezing matrix. The goal of this
article is, on the one hand, to provide a complete, fully analytical study of the spin-squeezing matrix for
experimentally relevant classes of multimode spin states. Full knowledge of the spin squeezing matrix would
allow us to design state preparation recipes that are tailored to yield maximal sensitivity for any linear
combination of parameters. On the other hand, we aim to explore signatures of mode entanglement directly
in the spin-squeezing matrix, thereby avoiding the need to calculate or measure the quantum Fisher matrix.

In this article, we identify the multiparameter squeezing matrix of nonclassical spin states distributed
over multiple addressable spatial modes, that are accessible in existing platforms with atomic ensembles, such
as, e.g. Bose–Einstein condensates (BECs). We provide exact analytical expressions for the spin-squeezing
matrix of spin-squeezed states that are distributed over multiple modes. We distinguish between
deterministic and beam-splitter-like distributions of atoms that differ in their partition noise. Furthermore,
we introduce a metrological witness for mode entanglement depth and use it to identify the number of
entangled modes from the spin-squeezing matrix. With this result, we are able to characterize mode and
particle entanglement from the spin squeezing matrix. To gauge the ability of the squeezing matrix to
describe the full multiparameter sensitivity of the states in question, we introduce advanced criteria as
benchmarks, based on the quantum Fisher matrix that is capable of capturing the sensitivity of arbitrary
states. Finally, we discuss possible paths towards a generalization of the spin-squeezing matrix to
measurements of nonlinear spin observables and apply it to split Dicke states, whose quantum fluctuations
cannot be described by the squeezing of linear spin observables.

2. Multiparameter sensitivity and spin squeezing matrix

2.1. Spin-squeezing matrix
Before discussing spin squeezing in multiparameter estimation, let us first recall the Wineland et al
spin-squeezing parameter that expresses the sensitivity gain of single-parameter measurements. Consider a
parameter θ that is imprinted by a unitary evolution Û(θ) = exp(−îJrθ), where Ĵr = rTĴ is a collective spin

operator in direction r= (rx, ry, rz)T with Ĵ= (̂Jx, Ĵy, Ĵz)T, Ĵα =
∑N

i=1 σ̂
(i)
α /2, and σ̂(i)

α are the Pauli matrices
α= x,y,z of the ith spin. An initial state ρ̂ acquires information about this parameter through the evolution
ρ̂(θ) = Û(θ)ρ̂Û(θ)†. The value of θ can now be estimated frommeasurements of the average value of another
spin component Ĵs where s and r are orthogonal vectors that we can assume to be in the yz plane. It can be
shown that this procedure leads, after a sufficiently large number µ of measurements, to an estimation error
of (∆θest)2 = (∆Ĵs)2ρ̂/(µ〈̂Jx〉2ρ̂). Hence, the sensitivity depends, via first and second moments of collective
spin observables, on the properties of the initial probe state ρ̂. An optimal classical strategy, i.e. in the absence
of quantum entanglement in ρ̂, is given by a coherent spin state along the x direction [6] and achieves an
estimation error (∆θest)2SN = (µN)−1 at the so-called shot-noise limit. The entanglement-induced quantum
enhancement beyond this classical limit is quantified by the Wineland et al. spin-squeezing parameter [32]

ξ2[ρ̂, Ĵr, Ĵs] :=
(∆θest)2

(∆θest)2SN
=

N(∆Ĵs)2ρ̂

〈̂Jx〉2ρ̂
. (1)
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Figure 1.Multiparameter estimation with a spatially distributed nonclassical spin ensemble. Each localized spin ensemble
occupies a different spatial mode k= 1, . . . ,M (a) and is subject to a different local electromagnetic field strength (b). The spins
therefore experience a different phase shift θk in each mode (c). Strategies to improve the collective measurement sensitivity
consist in particle entanglement (d), i.e. the entanglement among two spins confined to the same mode k, and mode
entanglement (e), i.e. spin entanglement that is shared between spins in different modes k != l.

Any violation of the shot-noise condition ξ2[ρ̂, Ĵr, Ĵs]! 1 indicates a quantum gain for estimations of the
unknown phase parameter θ, generated by Ĵr, from the measurement observable Ĵs. It was in fact shown that
the shot noise condition holds for all particle separable (PS) states and its violation therefore witnesses
entanglement among the spins [34, 35].

As we will show in the following, a natural generalization of this idea leads to the spin-squeezing
matrix [33]. We assume now that a set ofM parameters θ = (θ1, . . . ,θM)T, with k= 1, . . . ,M, is encoded into
M spatial modes by local rotations. These parameters could, for instance, represent the spin’s precession
angles caused by an electromagnetic field to be probed, see figure 1. Each rotation is expressed in terms of

local collective spin operators Ĵα,k =
∑Nk

i=1 σ̂
(i)
α,k/2, where σ̂

(i)
α,k are the Pauli matrices α= x,y,z for the ith

atom, and Nk is the number of two-level atoms in mode k, such that N=
∑

k Nk. We consider a
parameter-imprinting evolution

Û(θ) = exp

(
−i

M∑

k=1

Ĵrk,kθk

)
, (2)

transforming an initial quantum state ρ̂ into ρ̂(θ) = Û(θ)ρ̂Û(θ)†, where Ĵrk,k = r
T
k Ĵk, rk = (rx,k, ry,k, rz,k)T

and Ĵk = (̂Jx,k, Ĵy,k, Ĵz,k)T for k= 1, . . . ,M.
In order to estimate the parameters θk, we consider the simultaneous measurement of a vector of local

observables Ĵs = (̂Js1,1, . . . , ĴsM,M)
T. To construct estimators θest,k for all parameters θk, we compare the

sample average of repeated measurements of Ĵs,k with its mean value, which is known from calibration. In the
central limit, i.e. after η$ 1 repetitions, we obtain a multiparameter estimation error of [33]

Σ= (ηM[ρ̂, Ĵr, Ĵs])
−1, (3)

whereΣkl = Cov(θest,k,θest,l) is the estimator covariance matrix, and

M[ρ̂, Ĵr, Ĵs] = C[ρ̂, Ĵr, Ĵs]Γ[ρ̂, Ĵs]
−1C[ρ̂, Ĵr, Ĵs]

T (4)

is the moment matrix. The latter contains the inverse of the covariance matrix
Γ[ρ̂, Ĵs]kl =

1
2 (〈̂Jsk,kĴsl,l〉ρ̂ + 〈̂Jsl,l̂Jsk,k〉ρ̂)− 〈̂Jsk,k〉ρ̂〈̂Jsl,l〉ρ̂, and the commutator matrix

(C[ρ̂, Ĵr, Ĵs])kl =−i〈[̂Jrk,k, Ĵsl,l]〉ρ̂ = δkl〈̂Jx,k〉ρ̂. Throughout this article, we define our reference frame for each
mode k such that rk and sk are orthogonal vectors in the yz plane, while the mean-spin direction defines the x
direction.
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The matrixΣ contains information about the estimation error for arbitrary linear combinations nTθ of
the parameters:

∆(nTθest)
2 = nTΣn . (5)

Therefore, the essential information about multiparameter sensitivity is contained in the moment matrixM.
Note that forM= 1, the expression (3) reduces to the single-parameter estimation error that was mentioned
above.

In the considered multiparameter scenario, the shot-noise limit [14] is given by

ΣSN = (ηFSN)
−1 , (6)

where FSN = diag(N1, . . . ,NM). The estimation error (3) is therefore above the shot-noise limit, i.e.
Σ!ΣSN, when

M[ρ̂, Ĵr, Ĵs]" FSN . (7)

For square matrices A and B, the condition A! B expresses that A−B is a positive semi-definite matrix. We
write the condition (7) equivalently as [33]

ξ2[ρ̂, Ĵr, Ĵs]! 1M , (8)

where the elements of theM×M spin-squeezing matrix read

(ξ2[ρ̂, Ĵr, Ĵs])kl =

√
NkNlCov(̂Jsk,k, Ĵsl,l)ρ̂

〈̂Jx,k〉ρ̂〈̂Jx,l〉ρ̂
. (9)

The single-parameter spin-squeezing coefficient (1) is recovered forM= 1.
In multimode settings, it is possible not only to entangle particles in the same mode (particle

entanglement), but also to introduce delocalized entanglement among particles that are distributed into
different modes (mode entanglement) [14, 28, 36, 37]. It has been realized that mode entanglement is a
useful resource for achieving collective quantum enhancements for the estimation of linear combinations of
parameters that are distributed over multiple modes [11, 13, 14].

The shot-noise limit can only be overcome by particle-entangled states [14]. Hence, a violation of the
condition (8) implies particle entanglement among the spins, but does not reveal the distribution of
entanglement across the modes. A variety of entanglement witnesses suitable for the detection of mode
entanglement are available [27, 28, 38–49]. However, also the spin-squeezing matrix contains information
about the correlations between modes in its off-diagonal entries [33] and single-parameter spin squeezing
contains information about mode entanglement [28]. Below, in section 2.2, we show how a small
modification to the spin-squeezing matrix can transform it into a quantitative witness for genuine
multimode entanglement that is able to identify lower bounds on the number of entangled modes.

The spin-squeezing matrix (9) expresses the multiparameter sensitivity obtained by measurements of the
angular momentum observables Ĵs. To gauge the ability of this measurement to extract the full metrological
features of the quantum state ρ̂ under consideration, we compare to the quantum Fisher matrix FQ[ρ̂, Ĵr],
which represents an upper bound on multiparameter sensitivity for any measurement strategy. Here, this
upper bound can be saturated for a pure probe state, since all generators Ĵrk,k commute with each other [22,
23]. We obtain from the multiparameter quantum Cramér-Rao bound that the estimation error from an
optimal measurement is above shot noise if FQ[ρ̂, Ĵr]" FSN, or equivalently

χ2[ρ̂, Ĵr]! 1M, (10)

where

χ2[ρ̂, Ĵr] = F
1
2
SNFQ[ρ̂, Ĵr]

−1F
1
2
SN. (11)

and FQ[ρ̂, Ĵr] is the quantum Fisher matrix.
The moment-based approach gives rise to a lower bound to the sensitivity of an optimal measurement,

i.e.M[ρ̂, Ĵr, Ĵs]" FQ[ρ̂, Ĵr], implying that ξ2[ρ̂, Ĵr, Ĵs]! χ2[ρ̂, Ĵr]. We hence obtain the following hierarchy of
conditions

ξ2[ρ̂, Ĵr, Ĵs]! χ2[ρ̂, Ĵr]! 1M, (12)

4
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where the first inequality holds for arbitrary states ρ̂, and the second inequality is valid for shot-noise-limited
multiparameter measurements, i.e. PS states ρ̂. The strongest condition to check these matrix inequalities is
obtained by comparing the respective minimal eigenvalues, i.e.

λmin(ξ
2[ρ̂, Ĵr, Ĵs])!

1

λmax(χ−2[ρ̂, Ĵr])
! 1, (13)

where we used λmin(χ2[ρ̂, Ĵr]) = λmax(χ−2[ρ̂, Ĵr])−1. We refer to λmin(ξ
2[ρ̂, Ĵr, Ĵs]) as the the collective

squeezing as it corresponds to the squeezing that can be achieved by the state ρ̂ for the estimation of an
optimal linear combination of parameters, which in turn is identified by the associated eigenvector [recall
equation (5)]. The hierarchy (13) provides us with two pieces of information about multiparameter
squeezing. First, a violation of the condition λmin(ξ

2[ρ̂, Ĵr, Ĵs])! 1 identifies a quantum sensitivity
enhancement achieved by squeezing, and larger violations imply stronger quantum gains. Second, the
difference between λmin(ξ

2[ρ̂, Ĵr, Ĵs]) and λmax(χ−2[ρ̂, Ĵr])−1 quantifies the metrological quality of the chosen
measurement observables Ĵs, i.e. their ability to extract the full sensitivity from the given quantum state. For
pure states Ψ̂= |Ψ〉〈Ψ| we can use FQ[Ψ̂, Ĵr] = 4Γ[Ψ̂, Ĵr] to obtain the explicit expression

(χ−2[Ψ̂, Ĵr])kl = 4
Cov(̂Jrk,k, Ĵrl,l)Ψ̂√

NkNl
. (14)

Note that if we restrict to the special case of a single mode,M= 1, we obtain from equation (12) the
hierarchy ξ2[ρ, Ĵr, Ĵs]! N

FQ[ρ̂,̂Js]
! 1 for all separable states that is well known in the theory of single parameter

estimation [50].
Let us finally comment on the saturability of these multiparameter bounds: It is well known that finding

a single optimal measurement for all parameters is notoriously difficult in multiparameter estimation. In the
present scenario, all generators in Ĵr act on separate modes and therefore commute with each other, which
implies that a necessary and sufficient condition for the saturability of the quantum Fisher matrix is
automatically fulfilled for the pure probe states [22, 23] that are of interest in this manuscript. Moreover, we
will be mostly concerned with the estimation of arbitrary linear combinations vTθ of the parameters. This
corresponds to a rank-1 cost function, for which asymptotic saturability of the multiparameter quantum
Cramér–Rao bound is ensured because it coincides with the asymptotically saturable Holevo Cramér–Rao
bound, see [17, 18] for a detailed account.

2.2. Spin-squeezing matrix for mode entanglement
To derive a criterion for mode-separability, we compare the multiparameter sensitivity to the limit achievable
by mode-separable (MS) states ρ̂, which is given by [14]

M[ρ̂, Ĵr, Ĵs]" FMS[ρ̂, Ĵr] , (15)

where

FMS[ρ̂, Ĵr] = 4diag((∆Ĵr1,1)
2
ρ̂, . . . ,(∆ĴrM,M)

2
ρ̂) . (16)

Following the procedure of the preceding section, we are able to express that for all MS states ρ̂ holds

ξ̃
2
[ρ̂, Ĵr, Ĵs]! 1M , (17)

where

(ξ̃
2
[ρ̂, Ĵr, Ĵs])kl =

4(∆Ĵrk,k)ρ̂(∆Ĵrl,l)ρ̂Cov(̂Jsk,k, Ĵsl,l)ρ̂

〈̂Jx,k〉ρ̂〈̂Jx,l〉ρ̂
(18)

is the modified spin-squeezing matrix for mode separability.
As we demonstrate in appendix A, this construction can be generalized even further to reveal genuine

multipartite entanglement among groups of at least kmodes. A pure state is called k-producible [44, 51, 52]
if it can be written as |Ψk−prod〉=

⊗b
α=1 |ψα〉 and each |ψα〉 is an arbitrary quantum state for not more than

k parties. A density matrix is k-producible if it can be written as a convex linear combination of arbitrary
k-producible pure states. Conversely, any density matrix that is not (k− 1)-producible contains at least
k-partite entanglement, or equivalently, an entanglement depth [35] of k.

It is possible to prove (see appendix A) that any k-producible state ρ̂ of modes must satisfy

ξ̃
2
[ρ̂, Ĵr, Ĵs]!

1

k
1M. (19)

5
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This inequality is violated if and only if the smallest eigenvalue of the matrix ξ̃
2
[ρ̂, Ĵr, Ĵs] is smaller than 1/k.

Similarly as before, we may compare this criterion to an analogous construction based on the quantum
Fisher matrix to gauge the quality of the Gaussian characterization (18) of the state’s entanglement
properties. States ρ̂ that are k-producible satisfy FQ[ρ̂, Ĵr]" kFMS[ρ̂, Ĵr]. Following the steps of
equations (11)–(13) analogously, we obtain the hierarchy

λmin(ξ̃
2
[ρ̂, Ĵr, Ĵs])!

1

λmax(χ̃
−2[ρ̂, Ĵr])

! 1

k
, (20)

for any mode k-producible state ρ̂, where χ̃[ρ̂, Ĵr] = FMS[ρ̂, Ĵr]
1
2 FQ[ρ̂, Ĵr]−1FMS[ρ̂, Ĵr]

1
2 and for a pure state Ψ̂

we obtain

(χ̃−2[Ψ̂, Ĵr])kl =
Cov(̂Jrk,k, Ĵrl,l)Ψ̂

(∆Ĵrk,k)Ψ̂(∆Ĵrl,l)Ψ̂
. (21)

3. Split squeezed states fromOAT

Squeezing represents the leading strategy to achieve quantum enhancements in quantum metrology
experiments, from gravitational wave detectors [53] to atomic clocks [6]. In recent experiments, atomic
squeezed spin states were distributed coherently into several addressable modes [24, 25]. In this section, we
study the potential of this approach for multiparameter measurements, as well as the measurable signatures
of mode entanglement, by determining analytically the corresponding spin-squeezing matrices equations (9)
and (18).

Generally, we distinguish between two different experimental procedures to achieve spatially distributed
squeezed states. The first procedure was followed in the experiments [24, 25, 30] and consists of preparing a
squeezed atomic state in a single spatial mode and then dividing this mode coherently into two or more
modes via an operation that can be described as a beam splitter on spatial modes. This leads to a probabilistic
distribution of atoms in the modes described by a multinomial distribution. As a consequence, partition
noise will be present in the spin statistics. Alternatively, we also consider a second procedure, where the
atoms are distributed deterministically over the spatial modes. The squeezed state may then be generated,
e.g. by a collective interaction with a cavity [54] that affects all atoms in the same way, independently of their
spatial mode. This procedure gives rise to a similar split spin-squeezed state, which, however, is free of
partition noise.

3.1. Split squeezed states with partition noise
Consider an ensemble of N spin-1/2 particles, initially prepared in a coherent spin state polarized along the x
direction, i.e. |N/2〉x with Jx|N/2〉x = N/2|N/2〉x. An evolution of this state generated by the one-axis
twisting (OAT) Hamiltonian H= h̄χ J2z for a time t= µ/(2χ) generates squeezing of the collective spin
observables and introduces particle entanglement among the individual spins [6, 29] in the state

|Ψ(µ)〉= 1√
2N

N∑

k=0

√(
N

k

)
e−i(N/2−k)2µ/2|k〉z ,

where Jz|k〉z = (k−N/2)|k〉z. Note that the resulting dynamics is cyclic with period 2π, and therefore we
limit our attention to the interval 0" µ < 2π. For small nonzero µ, the state |Ψ(µ)〉 shows along a direction
s in the yz-plane a smaller variance than the spin-coherent state, originating from the entanglement created
by the nonlinear evolution, while remaining polarized along the x axis.

In this squeezed spin state, all particles are localized in space and occupy the same external (spatial)
mode. By applying a beam-splitter transformation to the external mode, the correlated spins can be
distributed intoM addressable modes with a ratio determined by the probability distribution p1, . . . ,pM, so
that on average Nk = pkN particles are localized in mode k. The resultingM-mode state is

|ΨPN(µ)〉=
1√
2N

N∑

N1=0

N−N1∑

N2=0

. . .
N1∑

k1=0

N2∑

k2=0

. . .

√(
N

N1

)(
N−N1

N2

)
. . .

√(
N1

k1

)(
N2

k2

)
. . .

× p
N1
2
1 p

N2
2
2 . . .e−i(N/2−k1−k2−...)2µ/2|k1〉N1

|k2〉N2
. . . ,

where |k〉N is the N-particle Dicke state with k excitations in the z basis. In the following we will use the

notation Ψ̂PN(µ) = |ΨPN(µ)〉〈ΨPN(µ)|, where the subscript PN indicates the presence of partition noise. The

6
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bipartite (M= 2) version of this scenario has been analyzed theoretically in [27] and experimentally with a
BEC in [24]. In these works the focus has been the detection of (mode) entanglement and
Einstein-Podolsky-Rosen (EPR) steering between the two partitions, while here our goal is to characterize
their potential for applications in multiparameter quantum metrology and to identify entanglement from
the metrological properties.

To obtain the metrological properties for multiparameter sensing of this state, we determine all first and
second moments of spin observables in each mode for the state Ψ̂PN(µ). The local directions for the
measurement sk and the rotation rk are chosen as the squeezed and anti-squeezed directions, respectively,
corresponding to minimal and maximal eigenvectors of the local 2× 2 covariance matrices in the yz-plane of
each mode. The full expressions for first and second moments along arbitrary directions are provided in
appendix B. We obtain

〈̂Jx,k〉=
N

2
pk cos

N−1
(µ
2

)
, (22a)

Cov(̂Jsk,k, Ĵsl,l) = pkpl
N(N− 1)

4
f −N (µ)+ δklpk

N

4
, (22b)

Cov(̂Jrk,k, Ĵrl,l) = pkpl
N(N− 1)

4
f +N (µ)+ δklpk

N

4
, (22c)

where we defined the functions

f±N (µ) =
1

4
− 1

4

(
cosN−2(µ) ∓

√
(cosN−2(µ)− 1)2 + 16sin2

(µ
2

)
cos2N−4

(µ
2

))
. (23)

It is easy to check that f−N (µ)" 0 and f+N (µ)! 0. We further discuss in appendix B that the angle θs
specifying the directions of squeezing and anti-squeezing via sk = (0,− sinθs,cosθs)T and
rk = (0,cosθs, sinθs)T turns out to be independent of k and reads

θs =
1

2
arctan

(
4sin(µ2 )cos

N−2(µ2 )

1− cosN−2(µ)

)
. (24)

3.1.1. Spin-squeezing matrix
We first note that inserting equation (22) into equation (9) leads to

ξ2[Ψ̂PN(µ), Ĵr, Ĵs] =
(N− 1)f −N (µ)

cN(µ)
vvT +

1

cN(µ)
1 , (25)

where 1 is theM×M identity matrix, v= (
√
p1, . . . ,

√
pM)T is a unit vector, and we have introduced the

short-hand notation cN(µ) = cos2N−2 (µ/2). The eigenvalues of this matrix can be easily identified as

λmin(ξ
2[Ψ̂PN(µ), Ĵr, Ĵs]) =

(N− 1)f −N (µ)+ 1

cN(µ)
, (26)

λmax(ξ
2[Ψ̂PN(µ), Ĵr, Ĵs]) =

1

cN(µ)
, (27)

where λmin is non-degenerate for µ> 0 [recall that f −N (µ)" 0] with eigenvector v and λmax is (M− 1)-fold
degenerate and corresponds to the eigenspace orthogonal to v. It is easy to verify that the collective squeezing
coincides with the single-parameter spin-squeezing (1) of the spin ensemble before the splitting:
λmin(ξ

2[Ψ̂PN(µ), Ĵr, Ĵs]) = ξ2[Ψ̂(µ), Ĵr, Ĵs]. Intuitively, this result can be understood by realizing that the
spatial separation of the spins does not enhance the squeezing or the entanglement that is present between
the spins. At most, we can therefore expect to recover the full metrological potential of the spin ensemble
before the splitting. The collective squeezing thus optimally harnesses the entanglement and squeezing
between the spatially distributed spins for a quantum-enhanced multiparameter measurement.

The strongest suppression of quantum noise, i.e. the optimal quantum enhancement, is achieved for the
estimation of a linear combination of parameters vTθ, determined by the minimal eigenvector v. It is
important to note that this vector can be manipulated by tailoring optimal states that are maximally sensitive
for any fixed linear combination of parameters. To see this, first note that the absolute weight of each
parameter is determined by the splitting ratio pk. Second, the sign can be modified by applying local
rotations: a π rotation around the x axis changes the sign of the kth row and kth column of the covariance

7
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matrix and thereby of the spin-squeezing matrix (9). Hence, such a rotation, which can be realized with high
fidelity in atomic systems with external light fields, introduces a minus sign in the kth component of the
vector v. This allows us to engineer a split-squeezed state that maximizes the quantum gain for an arbitrary
linear combination of parameters of the form vTθ =±√

p1θ1 ± . . .±√
pMθM.

Notice that this linear combination is not necessarily the same one that reaches the highest sensitivity,
since the quantum gain in each parameter is normalized by the shot-noise limit which depends on the local
number of particles Nk. When this number is high, the sensitivity is high even if squeezing is only moderate.
In order to directly optimize the sensitivity, we must focus on the moment matrix equation (4), which relates
to multiparameter sensitivity via equations (3) and (5).

Our analysis based on the squeezing matrix contains only Gaussian properties of the state, i.e. first and
second moments of collective spin observables. We may gauge the ability of these expressions to efficiently
capture the properties of these states by comparison with more general functions based on the quantum
Fisher matrix, see equations (13) and (20). Inserting equation (22c) into equation (14), we find

χ−2[Ψ̂PN(µ), Ĵr] = (N− 1)f +N (µ)vvT + 1 . (28)

The matrix (28) has the (M− 1)-fold degenerate eigenvalue 1, and the non-degenerate

λmax(χ
−2[Ψ̂PN(µ), Ĵr]) = (N− 1)f +N (µ)+ 1 . (29)

Note that (29) coincides with FQ/N= 4(∆Ĵr)2/N for OAT of a single mode with N particles after time µ [see
equation (22c)]. We thus recover a multiparameter version of the well-known result that spin squeezing
efficiently captures the metrological features of states that can be considered to a good approximation as
Gaussian [50, 55], corresponding to the early time scales of the OAT evolution.

3.1.2. Mode-entanglement spin-squeezing matrix
To analyze the mode entanglement using the modified squeezing matrix (18), we make use of the analytical
expression for the anti-squeezed variances of split spin-squeezed ensembles, given in equation (22c) for k= l.
For arbitrary {pk}Mk=1, we obtain

ξ̃
2
[Ψ̂PN(µ), Ĵr, Ĵs] = AN(µ)

(N− 1)f −
N (µ)

cN(µ)
wwT +D , (30)

where AN(µ) = 1+(N− 1)f+N (µ)
∑

l p
2
l and

wk =

√
pk(1+ pk(N− 1)f +N (µ))

AN(µ)
, (31)

Dk =
1+ pk(N− 1)f +N (µ)

cN(µ)
, (32)

are the elements of the vector w= (w1, . . . ,wM)T and the diagonal matrix D, respectively.
Strategies to analytically compute the eigenvalues for matrices of this form exist [56], but are in general

cumbersome. For simplicity, we focus on the case of equal splitting ratio, i.e. pk = 1/M for all k= 1, . . . ,M.
In this case, wk and Dk no longer depend on k and D is proportional to the identity matrix. We find the
non-degenerate minimal eigenvalue

λmin(ξ̃
2
[Ψ̂PN(µ), Ĵr, Ĵs]) =

(N− 1)f −N (µ)+ 1

cN(µ)

(
1+

N− 1

M
f +N (µ)

)
, (33)

with eigenvector e= (1, . . . ,1)T/
√
M. Note that in the limitM→∞, we recover equation (26). Intuitively, in

this limit, each mode is populated by not more than a single particle and thus the particle entanglement,
which is detected by (26), becomes equivalent to the mode entanglement, detected by (33).

The mode entanglement criterion (19) is shown in figure 2. We compare the minimal eigenvalue (33) to
the k-producible limit (19). To observe the strongest possible violation of the separability condition, we
optimize the time evolution parameter µ such that (33) takes on its smallest possible value. The optimal
squeezing time µ̃ is generally shorter than the time µopt that optimizes the quantum gain over the shot-noise
limit, i.e. the minimal eigenvalue of (25), whereas both coincide in the limitM→∞.

8
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Figure 2.Mode-separability for spin-squeezed states equally split intoM modes. Dashed and solid curves correspond to splitting
with or without partition noise, respectively. (a) Minimal eigenvalue of the mode-separability spin-squeezing matrix (thick lines;
equation (33) with partition noise, dashed; equation (45) without partition noise, solid) and inverse of the maximum eigenvalue
of the mode-separability Fisher matrix (semi-transparent lines; equation (35) with partition noise, dashed; equation (47) without
partition noise, solid), as a function of the squeezing time µ, and for differentM, and N= 500. Horizontal gray lines corresponds
to the asymptotic values 1/M for the values ofM considered. Note that the optimal squeezing parameter µ(M)minimizing the
eigenvalue of the mode-separability spin-squeezing matrix moves to larger values asM increases. (b) Minimal eigenvalue of the
mode-separability spin-squeezing matrix for the optimal squeezing µ(M) as a function of N, and for differentM. Note that, as
N→∞ the eigenvalues tend to 1/M (right-most segments). Horizontal dotted lines correspond to the bounds 1/(M− 1) for the
values ofM considered; crossing these lines from above implies the detection of genuine multipartite entanglement among allM
modes. Note that for a givenM there exists a minimum N for which genuine multipartite entanglement can be observed.

Again, we may gauge the quality of our Gaussian spin measurements by comparison with the quantum
Fisher matrix via the hierarchy (20). From equation (22c) we can easily obtain the matrix defined in
equation (21) in the most general case. In the case of equal splitting ratio, pk = 1/M, we obtain

χ̃−2[Ψ̂PN(µ), Ĵr] =
f +N (µ)(N− 1)M

(N− 1)f +N (µ)+M
eeT +

M

(N− 1)f +N (µ)+M
1 . (34)

We find the non-degenerate

λmax(χ̃
−2[Ψ̂PN(µ), Ĵr]) =M

(N− 1)f +N (µ)+ 1

(N− 1)f +N (µ)+M
. (35)

We observe that

lim
M→∞

λmax(χ̃
−2[Ψ̂PN(µ), Ĵr]) = (N− 1)f +N (µ)+ 1 , (36)

hence, in this limit, we recover the maximum eigenvalue (29) of the matrix (28).
The eigenvalues (33) and (35) are plotted in figure 2 as thick and semi-transparent dashed lines,

respectively. We visually observe the hierarchy (20) and as the squeezing time µ increases, we are able to
identify genuine multipartite entanglement among larger groups of at least kmodes.

3.2. Split squeezed states without partition noise
Let us now turn to split squeezed states with a fixed number of particles in each mode. A OAT evolution that
acts on all spins collectively, regardless of their spatial mode, generates a split-squeezed state Ψ̂nPN(µ) that is
free of partition noise. The analytical expressions for the spin expectation values of interest are listed in
appendix C. As in the previous case, we focus on the spin moments for the optimal directions for spin
rotations rk and measurements sk, which correspond to the local squeezed and anti-squeezed spin directions,
respectively. These directions are independent of k and coincide with those found previously in the presence
of partition noise, since the mode splitting has no impact on the spin state. We obtain

〈̂Jx,k〉=
Nk

2
cosN−1

(µ
2

)
, (37a)

Cov(̂Jsk,k, Ĵsl,l) =
Nk(Nl − δkl)

4
f−N (µ)+ δkl

Nk

4
, (37b)

Cov(̂Jrk,k, Ĵrl,l) =
Nk(Nl − δkl)

4
f+N (µ)+ δkl

Nk

4
. (37c)
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3.2.1. Spin-squeezing matrix
Inserting equation (37) into equation (9) leads to

ξ2[Ψ̂nPN(µ), Ĵr, Ĵs] =
Nf −N (µ)

cN(µ)
vvT +

1− f −N (µ)

cN(µ)
1 , (38)

where vT = (
√

N1/N, . . . ,
√

NM/N)T. The eigenvalues read

λmin(ξ
2[Ψ̂nPN(µ), Ĵr, Ĵs]) =

(N− 1)f −N (µ)+ 1

cN(µ)
, (39)

λmax(ξ
2[Ψ̂nPN(µ), Ĵr, Ĵs]) =

1− f −N (µ)

cN(µ)
. (40)

Remarkably, the collective squeezing (39) coincides with that of (26), indicating that the presence of partition
noise does not affect the quantum sensitivity advantage if the squeezing is exploited in an optimal way,
i.e. for the linear combination vTθ of parameters yielding the largest quantum gain.

For comparison, from equation (14), we obtain

χ−2[Ψ̂nPN(µ), Ĵr] = Nf +N (µ)vvT + [1− f +N (µ)]1 . (41)

The non-degenerate λmax(χ−2[Ψ̂nPN(µ), Ĵr]) = (N− 1)f +N (µ)+ 1 coincides with the maximum eigenvalue
of (28).

3.2.2. Mode-entanglement spin squeezing matrix
For the analysis of mode entanglement using the modified squeezing matrix (18), we combine our previous
results with the expression (37c) for the anti-squeezed variances. For arbitrary choices of the {Nk}Mk=1, we
find

ξ̃
2
[Ψ̂nPN(µ), Ĵr, Ĵs] = A ′

N(µ)
f −N (µ)

cN(µ)
w ′w ′T +D ′ , (42)

where A ′
N(µ) = N+ f +N (µ)

∑
l Nl(Nl − 1), and the elements of w ′ = (w ′

1, . . . ,w
′
M)

T and the diagonal matrix
D ′ are given as

w ′
k =

√
Nk +Nk(Nk − 1)f +N (µ)

A ′
N(µ)

, (43)

D ′
k =

1− f −N (µ)

cN(µ)

(
1+(Nk − 1)f +N (µ)

)
, (44)

respectively.
For the special case of equal splitting, i.e. Nk = N/M for all k, we obtain the non-degenerate minimal

eigenvalue

λmin(ξ̃
2
[Ψ̂nPN(µ), Ĵr, Ĵs]) =

(N− 1)f −N (µ)+ 1

cN(µ)

(
1+

N−M

M
f +N (µ)

)
. (45)

Comparison with equation (33) reveals that the presence of partition noise has an effect on the detection of
mode entanglement from the spin-squeezing matrix (18). A split-squeezed state without partition noise
shows a slightly smaller minimal eigenvalue and thus reveals more entanglement at the same nonlinear
evolution time µ according to the witness (19). A graphical comparison is given in figure 2, where
equation (45) is displayed as the thick solid lines.

From equation (21), we obtain for the criterion based on the Fisher information matrix for a uniform
splitting ratio

χ̃−2[Ψ̂nPN(µ), Ĵr] =
f +N (µ)NM

(N−M)f +N (µ)+M
eeT +

M(1− f +N (µ))

(N−M)fN +(µ)+M
1 . (46)

From this we get

λmax(χ̃
−2[Ψ̂nPN, Ĵr]) =M

f +N (µ)(N− 1)+ 1

(N−M)f +N (µ)+M
. (47)

10
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Comparison with (35) confirms that the influence of partition noise on the mode separability witness
remains present when we consider an optimal measurement. The eigenvalues (47) are plotted in figure 2 as
semi-transparent solid lines.

3.3. Sensitivity advantage offered by mode entanglement
Let us now compare local MS and nonlocal ME strategies for the estimation of an arbitrary linear
combination of parameters nTθ. From the results found above, we conclude that—independently of the
presence of partition noise—an optimally designed nonlocal strategy can lead to a quantum gain that
coincides with the single-parameter spin squeezing coefficient of the initial spin ensemble before
splitting, i.e.

ξ2ME,opt = n
Tξ2[ρ̂ME,opt, Ĵr, Ĵs]n= ξ2[ρ̂, Ĵr, Ĵs] . (48)

For a given linear combination characterized by the coefficients n, this sensitivity is achieved by the optimal
nonlocal state ρ̂ME,opt, which is prepared by splitting the maximally squeezed (i.e. the state minimizing
ξ2[ρ, Ĵr, Ĵs]) spin ensemble in the state ρ̂ with a splitting ratio pk = n2k and then applying local π-rotations in
all modes with negative nk. This procedure ensures that the eigenvector corresponding to the minimal
eigenvalue of the resulting squeezing matrix is aligned with n. Therefore, the relevant matrix element (48)
achieves its minimum possible value.

To identify the potential advantage of mode entanglement, we compare equation (48) to the quantum
gain of an optimal mode-local squeezing strategy with the same average number of particles in each mode. In
this case, the spin-squeezing matrix is diagonal, and the multiparameter quantum gain is given by the
average of local quantum gains, namely

ξ2MS,opt = n
Tξ2[ρ̂MS,opt, Ĵr, Ĵs]n=

M∑

k=1

n2kξ
2[ρ̂k, Ĵrk,k, Ĵsk,k] . (49)

The optimal local strategy consists of maximally squeezing each local spin ensemble, i.e. up to the minimum
of the local squeezing coefficient ξ2[ρ̂k, Ĵrk,k, Ĵsk,k], respectively.

An advantage of mode entanglement for the estimation of nTθ is indicated when the ratio of the
respective optimized quantum gains is larger than one, i.e. when

ξ2MS,opt

ξ2ME,opt

> 1. (50)

For large number of particles N, the scaling of this figure of merit can be determined analytically. The
single-parameter spin squeezing coefficient for N particles at the optimal squeezing time behaves
asymptotically as [29, 57]

ξ2[ρ̂, Ĵr, Ĵs]*
3

2
3

2
N− 2

3 (N$ 1) . (51)

Since the optimal ME strategy allows us to make use of the collective squeezing of all particles, we obtain

ξ2MS,opt =
3
2
3

2 N− 2
3 , whereas in each local mode we only have pkN particles. We now focus on the case of the

estimation of an equally weighted linear combination of parameters, i.e. |nk|= 1/
√
M. The optimal splitting

ratio for the nonlocal strategy in this case is also an equally weighted distribution of N/M atoms among all

modes. Thus each local spin squeezing parameter yields ξ2[ρ̂k, Ĵrk,k, Ĵsk,k] =
3
2
3

2 (N/M)−
2
3 . Consequently the

additional gain provided by mode entanglement is given by

ξ2MS,opt

ξ2ME,opt

=M2/3. (52)

The behavior of the quantum gain at numerically determined optimal squeezing times are compared to the
analytical prediction equation (52) in figure 3. Condition (50) is fulfilled for arbitrary values of N andM,
demonstrating the increased quantum gain that is offered by ME strategies. We further observe how the
asymptotic prediction (52), which is shown as red dashed line in both panels, is approached with
increasing N.

The scaling of the quantum enhancement expressed in equation (52) is limited by the maximal squeezing
that can be generated on a system of N spin-1/2 particles [29]. In spin systems, this scaling can be improved
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Figure 3. Advantage of mode entanglement. Top panel: ratio of local and nonlocal gain over the multiparameter shot-noise limit
ξ2
MS,opt

ξ2
ME,opt

for an equally weighted linear combination of parameters as a function of the number of modesM and different values of

N. For the preparation of the optimal nonlocal probe state, the BEC is split equally intoM modes after a squeezing evolution up
to maximum squeezing. The local strategy consists of optimal local squeezing evolutions of individual BECs whose particle
number N/M coincides with the average particle number in each mode of the nonlocal state. The red dashed line represents the
analytical prediction (52) for N→∞. We plot N= 100 (blue), N= 104 (orange) and N= 106 (green). Bottom panel: Same
ratios as before as a function of the total atom number N, for splitting intoM= 2 (blue),M= 3 (orange),M= 4 (green) modes.
The red dashed line represents the analytical prediction (52) for N→∞.

through the measurement of nonlinear observables [58, 59]. In contrast, in continuous-variable systems,
squeezing can become arbitrarily large since the phase space is unbounded. This allows for quantum gains
from squeezing of the order ofM [11, 33].

4. Split Dicke states

In the previous section we focused on applications with squeezed spin states that are well characterized by
averages and variances of collective spin observables. This formalism is, however, no longer suitable for
non-Gaussian spin states, such as Dicke states (see figure 4) that can also be generated experimentally in
BECs [60, 61]. For single-parameter measurements, the Wineland spin-squeezing coefficient has been
generalized also to nonlinear measurements to account for the fluctuations of non-Gaussian states [55, 59].
In section 4.1, we show how generalized squeezing matrices can be constructed from more general local
measurement observables, beyond collective spin components. Then, in section 4.2.2, we apply this concept
to split Dicke states. We observe that, in contrast to the case of Gaussian squeezed states, local measurements
(even of nonlinear operators) are no longer able to capture the state’s full multiparameter sensitivity due to
the nonlinearity of the optimal observables.

4.1. Spin-squeezing matrices from nonlinear measurements
In order to generalize the construction of the spin-squeezing matrix and its variants, we consider the
measurement of a vector of local observables X̂s = (X̂s1,1, . . . , X̂sM,M)

T. Here, the observables X̂sk,k may

12



New J. Phys. 25 (2023) 073006 M Fadel et al

Figure 4. Split twin-Fock state. Wigner function of a split twin-Fock state with partition noise inM= 2 modes, represented on a
generalized Bloch sphere of N qubits. The local states after splitting are obtained from the partial trace over the respective other
subsystem.

contain higher-order moments of the local collective angular moment observables in the mode k. The value
of the phases θ, imprinted as before by a set of local collective spin operators Ĵr, is estimated from the average
results using the method of moments [33]. We obtain in the central limit (η$ 1 repeated measurements) a
multiparameter sensitivity of

Σ= (ηM[ρ̂, Ĵr, X̂s])
−1, (53)

where the moment matrix for such a nonlinear measurement is described as

M[ρ̂, Ĵr, X̂s] = C[ρ̂, Ĵr, X̂s]Γ[ρ̂, X̂s]
−1C[ρ̂, Ĵr, X̂s]

T. (54)

Since the separability limits are derived from generally valid upper sensitivity limits that depend only on
the generators but not on the measurement observables, we can define the squeezing matrix, in direct
analogy to the approach presented in section 2.1, as

(ξ2[ρ̂, Ĵr, X̂s])kl =

√
NkNlCov(X̂sk,k, X̂sl,l)ρ̂

−〈[̂Jrk,k, X̂sk,k]〉ρ̂〈[̂Jrl,l, X̂sl,l]〉ρ̂
, (55)

and all PS states ρ̂must satisfy [33]

ξ2[ρ̂, Ĵr, X̂s]! 1M , (56)

which is equivalent to shot-noise-limited multiparameter sensitivities.
Following an analogous procedure as in section 2.2, we define the mode-separability squeezing matrix as

(ξ̃
2
[ρ̂, Ĵr, X̂s])kl =

4(∆Ĵrk,k)ρ̂(∆Ĵrl,l)ρ̂Cov(X̂sk,k, X̂sl,l)ρ̂

−〈[̂Jrk,k, X̂sk,k]〉ρ̂〈[̂Jrl,l, X̂sl,l]〉ρ̂
, (57)

i.e. any mode k-producible state ρ̂must satisfy

ξ̃
2
[ρ̂, Ĵr, X̂s]!

1

k
1M. (58)

These definitions hold for arbitrary choices of the local measurement observables X̂s. Notice also that the
definitions (14) and (21) based on the quantum Fisher matrix are unaffected by this generalization, since
they are already independent of the chosen measurement observables by virtue of a systematic optimization.

4.2. Split Dicke states
The highly sensitive features of Dicke states [60] can be efficiently captured by a nonlinear spin measurement
up to second order. In the following section 4.2.1 we identify the optimal second-order observable for
arbitrary single-mode Dicke states. In section 4.2.2 we explore the potential of local measurements of this
observable for multiparameter metrology with a split Dicke state and identify the limitations of local
measurement strategies for multiparameter quantum metrology with non-Gaussian states that contain mode
entanglement.
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4.2.1. Single-mode Dicke states
To identify an optimal second-order measurement observable, we first focus on the estimation of a single
parameter using a single-mode Dicke state. Generally, for any set of accessible observables Â, the maximally
achievable sensitivity for estimations of an angle imprinted by the generator Ĥr = r · Ĥ using the method of
moments is given by rTM[ρ̂,Ĥ, Â]r where [55]

M[ρ̂,Ĥ, Â] = C[ρ̂,Ĥ, Â]Γ[ρ̂, Â]−1C[ρ̂,Ĥ, Â]T, (59)

and the optimal linear combination within this operator family Â achieving this sensitivity is determined as
X̂s = s · X̂ with [55]

s= αC[ρ̂,Ĥ, Â]Γ[ρ̂, Â]−1r, (60)

and α ∈ R is an arbitrary constant.
To capture the nonlinear features of a Dicke state in mode k, we add to the set of 3 linear measurement

observables Ĵk all symmetrized operators of second order, i.e. {̂Jα,k, Ĵβ,k}/2 with α,β ∈ {x,y,z}. We obtain a
family of nine operators that can be used to express arbitrary spin observables of second order. We note that
symmetrized second-order operators can be extracted by measuring expectation values of (̂Jx,k + Ĵz,k)2, Ĵ2x,k
and Ĵ2z,k, using {̂Jx,k, Ĵz,k}= (̂Jx,k + Ĵz,k)2 − Ĵ2x,k − Ĵ2z,k.

For the Dicke state |j,m〉 with Ĵz,k|j,m〉=m|j,m〉, considering the family of 9 observables up to second
order Âk and 3 first-order generators Ĵk, it is straightforward to verify that the commutator matrix C[ρ̂, Ĵk, X̂k]
is zero everywhere except for

−i
〈[̂
Jx,k, Ĵy,k

]〉
|j,m〉 =m,

−i

〈[
Ĵx,

1

2

{
Ĵy,k, Ĵz,k

}]〉

|j,m〉
=−1

2
( j( j+ 1)− 3m2),

−i

〈[
Ĵy,

1

2

{
Ĵx,k, Ĵz,k

}]〉

|j,m〉
=

1

2
( j( j+ 1)− 3m2). (61)

This means that we can limit our attention to the family of measurement observables
X̂k = (̂Jx,k, Ĵy,k,

1
2 {̂Jx,k, Ĵz,k},

1
2 {̂Jy,k, Ĵz,k})

T. The symmetry of the Dicke states around the z axis further allow us

to focus only on rotations generated by Ĵx,k and Ĵy,k. Restricting to the set X̂k furthermore removes the

singularity of the full 9× 9 covariance matrix Γ[|j,m〉, Âk], and we obtain (see appendix E for details)

M

[
|j,m〉,

(
Ĵx,k
Ĵy,k

)
, X̂k

]
= 2( j( j+ 1)−m2)12. (62)

Due to the symmetry of Dicke states (see figure 4), the sensitivity 2( j( j+ 1)−m2) is independent of the
rotation axis rk = (rx,k, ry,k,0)T in the xy-plane. This sensitivity indeed coincides with the quantum Fisher
information matrix of Dicke states

FQ

[
|j,m〉,

(
Ĵx,k
Ĵy,k

)]
= 2( j( j+ 1)−m2)12, (63)

thus demonstrating the optimality of the considered measurements. The optimal observable, however,
depends on rk and reads

X̂opt,k = rx,k

(
1

2
{̂Jy,k, Ĵz,k}−mĴy,k

)
+ ry,k

(
1

2
{̂Jx,k, Ĵz,k}−mĴx,k

)
. (64)

4.2.2. Split Dicke states
We now try to extend these ideas to a multiparameter sensing protocol based on split multimode Dicke
states, where in each mode k, an optimal local observable is measured, in analogy to the strategy discussed
above for split squeezed states. We therefore suppose that each local parameter θk is estimated from the
measurement results of the observable X̂sk,k = sk · X̂k with sk = (−mry,k,−mrx,k, ry,k, rx,k)T chosen to match
the optimal local measurement observable (64). The rotations are locally generated by Ĵrk,k around the axis
rk = (rx,k, ry,k,0)T.

14



New J. Phys. 25 (2023) 073006 M Fadel et al

Figure 5. Sensitivity for Dicke states split into two modes. For N= 100 we show the minimal eigenvalue of the spin-squeezing
matrix (55) as a function of the splitting ratio p, and for differentm. Horizontal dashed lines correspond to the values expected
for the sensitivity of a Dicke state before splitting, which cannot be reached by applying this local, nonlinear measurement
strategy to a split Dicke state.

In the following we focus on the relevant case of split Dicke states |j,m〉 in the presence of partition noise
[30, 49], i.e. splitting is created by a beam splitter operation on the spatial modes with probabilities p1,p2, . . .,
leading to the state

|Ψ(j,m)〉PN =
N∑

N1=0

N−N1∑

N2=0

. . .
N1∑

k1=0

N2∑

k2=0

. . .

√(
N

N1

)(
N−N1

N2

)
. . .

√(
N1

k1

)(
N2

k2

)
. . .

× p
N1
2
1 p

N2
2
2 . . .δ(

∑
ki −m− j)|k1〉N1

|k2〉N2
. . . ,

from which we define Ψ̂j,m,PN = |Ψ( j,m)〉PN〈Ψ( j,m)|PN. The full analytical expressions for the elements of
the relevant covariances and commutators are given in the appendix F. These allow for a straightforward
construction of the spin-squeezing matrices (55) and (57), whose full expressions are rather lengthy and we
therefore omit them here. In figure 5, the minimal eigenvalue of the squeezing matrix (55) is plotted for
two-mode split Dicke states as a function of the splitting ratio p : 1− p for different values ofm.

To compare with the sensitivity that is accessible by an optimal measurement strategy, we employ, as
before, the full optimized expression (14). We obtain

χ−2[Ψ̂j,m,PN, Ĵr] =
j2 −m2

j
vvT + 1, (65)

with j = N/2 and v= {√p1,
√
p2, . . .}. We obtain

λmax(χ
−2[Ψ̂j,m,PN, Ĵr]) =

j( j+ 1)−m2

j
, (66)

which indeed coincides with the quantum Fisher information of the Dicke state before splitting for arbitrary
rotations in the xy-plane (63), normalized by the shot-noise level N= 2j. The resulting sensitivity is shown
for comparison in figure 5 as dashed lines.

Similarly, we may analyze the mode entanglement using the matrix (57) and its optimized version (21).
The latter can be compactly expressed as

χ̃−2[Ψ̂j,m,PN, Ĵr] = ( j2 −m2)uuT + F, (67)

where u is a vector and F a diagonal matrix with entries

uk =

√
pk

( j2 −m2)pk + j
, (68)
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Figure 6.Mode entanglement of split Dicke states. We plot the inverse of equation (70) as a function of the number of modesM
into which the initial Dicke state |j,m〉 is split for differentm and a total number of N= 100 atoms. When the mode
entanglement limits 1/k (gray lines) are crossed from above, genuine (k+ 1)-partite is detected.

Fk =
j

( j2 −m2)pk + j
. (69)

We obtain in the case of uniform splitting ratio, i.e. pk = 1/M for all k that

λmax(χ̃
−2[Ψ̂j,m,PN, Ĵr]) =

j( j+ 1)−m2

j2−m2

M + j
. (70)

In the limit of an infinite number of modes, we obtain again that

lim
M→∞

λmax(χ̃
−2[Ψ̂j,m,PN, Ĵr]) = λmax(χ

−2[Ψ̂j,m,PN, Ĵr]), (71)

which is given in equation (66). The mode entanglement detected by the criterion (20) from the quantum
Fisher matrix is shown in figure 6. However, for the chosen local measurement observables, the
spin-squeezing matrix (57) is unable to reveal mode entanglement of split Dicke states.

Summarizing the findings of this section, we note that if optimal measurements are available, the highly
sensitive Dicke states can be converted into an equally sensitive resource for multiparameter estimation
through splitting into several spatial modes. Moreover, the splitting generates entanglement among large
numbers of modes, which can be detected using metrological entanglement criteria.

Implementing an optimal measurement for spatially distributed non-Gaussian entangled states is,
however, more challenging than in the case of Gaussian states. The reason is that the sum of local observables
does not correspond to the global optimal observable unless it is linear. Hence, the squeezing matrix of split
Dicke states obtained from local, nonlinear measurements describes a multiparameter sensitivity that
remains considerably below the ultimate quantum limit. Yet, since the state is pure and the parameters are
encoded locally with commuting generators, there exists another measurement strategy that attains the
sensitivity described by the quantum Fisher matrix [22, 23].

5. Application: nonlocal sensing of a magnetic field gradient

An application of practical interest is the estimation of magnetic field gradients [62, 63]. Here, we use our
results to analyze the sensitivity that can be achieved for this task using split BECs in nonclassical spin states.
In particular, we consider the case of a spin-squeezed BEC split into two modes [24] for the estimation of the
difference of the magnetic field strength in two spatial positions. In each mode, the local magnetic field leads
to a rotation of the spin state due to the Zeeman effect, yielding a parameter-imprinting evolution described
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Figure 7. Experimental protocol for sensing a gradient with a split spin-squeezed state. Nonclassical correlations are created by
exposing a coherent spin state (a) to a nonlinear evolution, leading after a short time to a squeezed spin state (b). Splitting the
external degree of freedom into two modes creates a split squeezed state. For the splitting, the state’s fluctuations are aligned along
the z axis by suitable rotations in order to minimize phase noise (c). To prepare for the Ramsey protocol, the states are rotated
such that subsequent phase rotation around the z axis displace the state along its squeezed spin component (d). Moreover, for the
estimation of a gradient the second system is rotated 180◦ around its mean-spin direction x. In the presence of a gradient, the two
local spin states experience different rotation angles (e). A final π/2-pulse around x closes the Ramsey sequence and allows us to
estimate the phases from measurements of the relative populations (i.e. the spin z-components) in each mode (f).

by (2), where θk depends on the local magnetic field strength and where the direction rk can be manipulated
by suitable local rotations of the spin state. In the following, we assume that the state is oriented such that the
effective rotation axis rk corresponds to the local axes of maximal sensitivity that were discussed in sections 3
and 4.

We focus on an estimation of the parameter difference θA − θB, where θi corresponds to the spin
precession angle at site i ∈ {A,B}. The angle difference contains information about the magnetic field
difference, and therefore its gradient. In order to assess the role of the mode entanglement for achieving this
measurement sensitivity, we compare our protocol to a local strategy consisting of using the same local states
without correlations between the modes. We note that, for the sake of experimental feasibility, we consider a
realistic, finite, and fixed amount of squeezing, in contrast to our theoretical analysis of section 3.3, where the
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squeezing of global and local strategies was independently optimized to determine the ultimate limits of each
strategy.

As a concrete example, we consider a 87Rb BEC of N = 1000 atoms that through OAT dynamics is
prepared in a ξ2 =−10dB spin-squeezed state of the two hyperfine states |F= 1,mF =−1〉 and
|F= 2,mF = 1〉, figures 7(a) and (b). By controlling the external trapping potential it is possible to distribute
the particles into spatially separated modes [64], figure 7(c), which creates the split-squeezed state
considered above in the presence of partition noise. During this operation the state can be oriented
horizontally (figure 7(c)), so that the squeezed quadrature is less affected by phase noise [65]. To make a
quantitative prediction for the sensitivity, we assume an equal splitting of the atoms into two modes
separated by d= 50µm, which is at least a factor 10 larger than the BEC wavefunction size for typical
trapping frequencies [24, 64]. The advantage of using BECs for sensing is the fact that they are extremely
localized ensembles, allowing to probe small volumes of space.

The interferometric (Ramsey) protocol begins with orienting the states vertically, figure 7(d), to
maximize the sensitivity to local phase imprinting. In section 3.1 we have seen that, in order to prepare an
optimal state for the measurement of the phase difference, it is now convenient to rotate system B’s local spin
state by 180◦ around the x-axis (the mean-spin direction), in order to reverse the sign of the covariance
Cov(̂JsA,A, ĴsB,B)ρ̂ of the local measurement observables between the two modes. The consequence of this
rotation to the spin-squeezing matrix (9) is that the off-diagonal elements acquire a minus sign, while the
rest of the elements is unchanged. This maps the linear combination of maximal sensitivity from
(θA + θB)/

√
2 to (θA − θB)/

√
2, which is of interest here.

In the presence of a field gradient, the two local states will acquire a different rotation angle depending on
their position, see figure 7(e). The interferometic protocol is terminated with a π/2-pulse around the x axis,
figure 7(f) which allows to access the local phases by measuring the local population imbalances.

This protocol makes optimal use of the mode entanglement and leads to a sensitivity enhancement that
coincides with the squeezing of the atomic ensemble before the splitting (see section 3), assuming that the
splitting process does not introduce additional sources of noise. Since the spin-squeezing matrix quantifies
the quantum gain over the shot-noise limit, we obtain the absolute sensitivity by appropriate multiplication
with the shot-noise sensitivity, see section 2. For the specific case discussed here, we obtain an uncertainty for
the phase difference of∆((θA − θB)/

√
2) = ξ/

√
NA * 4.5mrad. Note that the phase uncertainty is related to

spin squeezing via the shot-noise sensitivity, which, according to equation (6), in multiparameter
measurements scales with the local number of atoms. This explains the factor NA rather than the total
number N that would describe the shot-noise limit for a single parameter measured by all N atoms.

The contribution of the mode entanglement can be revealed by treating the two BECs as independent
ensembles for comparison. To this end, we study the properties of a reference state ρA ⊗ ρB that has been
prepared as the product of the two reduced states of modes A and B, respectively. Each subsystem consists of
NA = NB = 500 atoms, and the local Wineland spin-squeezing coefficient ξ2A = ξ2B =−2.56dB is limited by
partition noise and coincides for both modes. The squeezing matrix reads ξ2[ρ̂A ⊗ ρ̂B, Ĵr, Ĵs] = ξ2A12. The
degeneracy of this matrix implies that the sensitivity gain is the same for arbitrary normalized linear
combinations nTθ = nAθA + nBθB of the two local phases θA and θB for this local state and reads
nTξ2[ρ̂A ⊗ ρ̂B, Ĵr, Ĵs]n= ξ2A, whenever n

2
A + n2B = 1 (the gradient estimation considered here corresponds to

nA =−nB = 1/
√
2). Renormalizing the sensitivity gain, as before, with respect to the shot-noise limit, we

obtain a sensitivity of∆((θA − θB)/
√
2) = ξA/

√
NA * 25mrad. Therefore, we can conclude that in the

scenario considered, mode entanglement between the two BECs allows for a 6-fold enhancement in
sensitivity. Recently, this protocol has been implemented experimentally in [31].

6. Conclusions

The spin-squeezing matrix provides a practical approach for describing the potential quantum gain that is
offered by nonclassical spin states in multiparameter quantum metrology. Spin squeezing is especially
convenient for the characterization of the metrological sensitivity of states that are approximately Gaussian
since in this case, only first and second moments of collective spin operators need to be considered. We have
provided exact analytical expressions for the spin-squeezing matrices of nonclassical spin states that are
relevant in current experiments with cold and ultra-cold atomic ensembles. The spin-squeezing matrix of
spatially split spin-squeezed ensembles are given in equation (25) in the case of probabilistic splitting that
leads to partition noise, and in equation (38) for deterministic splitting without partition noise.

The spin-squeezing matrix contains the full information about sensitivity enhancements for arbitrary
linear combinations of parameters. The maximal enhancement, referred to as the collective squeezing, is then
reflected by the minimal eigenvalue of this matrix. We have outlined optimal state preparation strategies
based on adjustments of the splitting ratio and local spin rotations that allow us to align the direction of the
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collective squeezing with the vector that defines the linear combination of parameters of interest. Such a
strategy thus makes optimal use of the split squeezed spin ensemble to maximize the quantum gain for
distributed sensing.

For split squeezed spin ensembles, the collective squeezing coincides with the total squeezing of the spin
ensemble before the splitting—independently of the presence of partition noise in the splitting process, see
equations (26) and (39), respectively. For comparison, we also determined the quantum Fisher matrix,
equations (28) and (41), which is known to capture the full metrological potential of a quantum state. In
direct analogy to known results from single-parameter estimation [6], this comparison reveals that the local
measurement strategy we propose is optimal as long as the state is Gaussian, i.e. for small squeezing times.

Moreover, we have introduced a way to detect and put quantitative bounds on multimode entanglement
directly from information about multiparameter squeezing. This experimentally practical method efficiently
detects genuine multimode entanglement of split squeezed ensembles; see equation (18) for the general
definition and equations (30) and (42) for analytical expressions of split squeezed ensembles with and
without partition noise, respectively. Comparison with more powerful criteria based on the quantum Fisher
information matrix in equations (34) and (46) assess the quality of the Gaussian approximation. Finally, we
have studied the performance of these states for gradient sensing with realistic experimental parameters, and
illustrated the metrological advantage provided by mode entanglement.

Our results outline concrete strategies for harnessing the nonclassical features of spatially split squeezed
states for quantum-enhanced multiparameter measurements in an optimal way. These results provide
relevant guidance for ongoing experiments with BECs and cold atoms. In future works, it would be
interesting to investigate how the spin-squeezing matrix could give a quantification of entanglement through
a connection with entanglement monotones [48, 66], and the metrological advantage provided by
correlations stronger than entanglement [67–70].
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Appendix A. k-producibility bound

In this appendix we prove the bound (19). The result follows from

FQ

[
ρ̂k−prod,

M∑

i=1

Ĥi

]
" 4k

M∑

i=1

(∆Ĥi)
2, (A1)

which holds for any k-producible state ρ̂k−prod for arbitrary local observables Ĥi in the modes i = 1, . . . ,M.
Here, FQ[ρ̂,Ĥ] is the quantum Fisher information, which expresses the sensitivity of the state ρ̂ to unitary
transformations generated by Ĥ [6].

Proof. We break the proof into several stages. Firstly, we find themaximal quantum Fisher information allow-
ing for any amount of entanglement between M subsystems. Consider an arbitrary set of local observables
Ĥ= (Ĥ1, . . . , ĤM)T. First note that FQ[ρ̂,

∑M
i=1 Ĥi]" 4(∆

∑M
i=1 Ĥi)2ρ̂, and then

(
∆

M∑

i=1

Ĥi

)2

ρ̂

=
M∑

i,j=1

Cov(Ĥi,Ĥj)ρ̂

"
M∑

i,j=1

(∆Ĥi)ρ̂(∆Ĥj)ρ̂

=

(
M∑

i=1

(∆Ĥi)ρ̂

)2

, (A2)

where the inequality follows from Cov(Ĥi,Ĥj)2ρ̂ " (∆Ĥi)2ρ̂(∆Ĥj)2ρ̂. The Cauchy–Schwarz inequality implies

[
∑M

i=1(∆Ĥi)ρ̂/M]2 "∑M
i=1(∆Ĥi)2ρ̂/M, so

FQ

[
ρ̂,

M∑

i=1

Ĥi

]
" 4

(
∆

M∑

i=1

Ĥi

)2

ρ̂

" 4M2
M∑

i=1

1

M
(∆Ĥ)2ρ̂ = 4M

M∑

i=1

(∆Ĥ)2ρ̂. (A3)

Next, take any product state ρ̂= ρ̂1 ⊗ ρ̂2, in which ρ̂1 and ρ̂2 exist onM andM
′
subsystems, respectively. Then

additivity of the quantum Fisher information, followed by (A3), gives

FQ



ρ̂1 ⊗ ρ̂2,
M+M ′∑

i=1

Ĥi



= FQ

[
ρ̂1,

M∑

i=1

Ĥi

]
+ FQ



ρ̂2,
M+M ′∑

i=M+1

Ĥi





" 4M
M∑

i=1

(∆Ĥi)
2
ρ̂ + 4M ′

M+M ′∑

i=M+1

(∆Ĥi)
2
ρ̂

" 4max{M,M ′}
M+M ′∑

i=1

(∆Ĥi)
2
ρ̂. (A4)

It follows straightforwardly that, if we divideM subsystems into b blocks whose size is each no greater than k,
then any product state ρ̂=

⊗b
α=1 ρ̂α with respect to this structure satisfies

FQ

[
b⊗

α=1

ρ̂α,
M∑

i=1

Ĥi

]
" 4k

M∑

i=1

(∆Ĥi)
2
ρ̂. (A5)

Finally, a k-producible state ρ̂k−prod is by definition a mixture of such product states ρ̂( j), each of which has
entangled blocks of size no greater than k butmay have different partition structures. Convexity of the quantum
Fisher information and concavity of the variance then implies

FQ

[
ρ̂k−prod,

M∑

i=1

Ĥi

]
"
∑

j

pjFq

[
ρ̂( j),

M∑

i=1

Ĥi

]

" 4k
∑

j

pj

M∑

i=1

(∆Ĥi)
2
ρ̂( j)

20



New J. Phys. 25 (2023) 073006 M Fadel et al

" 4k
M∑

i=1

(∆Ĥi)
2
ρ̂, (A6)

using (A5) in the second line.

Now consider a linear combination of local observables Ĥn = nTĤ=
∑M

i=1 niĤi. Using
FQ[ρ̂,Ĥn] = nTFQ[ρ̂,Ĥ]n, where FQ[ρ̂,Ĥ] is the quantum Fisher matrix [14] we can rewrite (A1) as

nTFQ[ρ̂k−prod,Ĥ]n" 4knTdiag((∆Ĥ1)
2
ρ̂k−prod

, . . . ,(∆ĤM)
2
ρ̂k−prod

)n. (A7)

This statement holds for arbitrary n and can therefore be stated as a matrix inequality

FQ[ρ̂k−prod,Ĥ]" 4kdiag((∆Ĥ1)
2
ρ̂k−prod

, . . . ,(∆ĤM)
2
ρ̂k−prod

). (A8)

Moreover, the moment matrix represents a lower bound on the quantum Fisher matrix [33], i.e.
M[ρ̂,Ĥ, X̂]" FQ[ρ̂,Ĥ] for arbitrary states ρ̂ and sets of local observables Ĥ, X̂. Consequently, the upper
bound (A8) also applies to the moment matrix of k-producible states, and formulating in terms of local spin
observables leads to

M[ρ̂k−prod, Ĵr, Ĵs]" 4kdiag((∆Ĵr1,1)
2
ρ̂k−prod

, . . . ,(∆ĴrM,M)
2
ρ̂k−prod

). (A9)

From this we can derive the limit on the mode-separability spin-squeezing matrix (18) following analogous
steps as for the derivation of equations (8) and (17). We finally obtain the result (19).

Appendix B. Split spin-squeezed state, with partition noise

We consider the state |Ψ(µ)〉= e−i µ
2 J

2
z |N/2〉x that is generated from the OAT dynamics. By applying a spatial

beam-splitter transformation, the correlated spins are distributed intoM modes with a ratio determined by
the probability distribution p1, . . . ,pM, so that on average we find Nk = pkN particles in mode k. For any
modes 1" k, l"M and local collective angular momentum observables u= (ux,uy,uz)T and
v= (vx,vy,vz)T, we obtain the expectation values

〈̂
Ju,k
〉
= pk

N

2
ux cos

(µ
2

)N−1
, (B1)

〈
(̂Ju,k)

2
〉
= pk

N

4
+ p2k

N(N− 1)

8

(
(u2x + u2y)+ (u2x − u2y)cos(µ)

N−2 + 4uyuz cos
(µ
2

)N−2
sin
(µ
2

))
, (B2)

〈̂
Ju,kĴv,l

〉
= pkpl

N(N− 1)

8

(
(uxvx + uyvy)+ (uxvx − uyvy)cos(µ)

N−2 + 2(uyvz + uzvy)cos
(µ
2

)N−2
sin
(µ
2

))
.

(B3)

These expressions provide all the necessary information to determine the matrices discussed in section 3.1.
We observe that in each mode, the resulting state is polarized along the x, and it shows along a squeezing
direction s= (0,− sin(θs),cos(θs))T on the zy-plane a smaller variance than the spin-coherent state,
originating from the entanglement created by the nonlinear evolution. The angle θs is found analytically by
diagonalizing the covariance matrix to be

θs =
1

2
arctan

(
4sin(µ2 )cos

N−2(µ2 )

1− cosN−2(µ)

)
, (B4)

and it represents the angle measured counterclockwise from the y-axis to the direction with maximal
variance, i.e. the anti-squeezing direction r= (0,cos(θs), sin(θs))T. Interestingly, this angle is the same for all
modes, i.e. it does not depend on the mode index k. It is easy to check that the local squeezing direction
coincides with the squeezing direction for the state before splitting. This is expected from the fact that the
beam-splitter transformation does not act on the internal degrees of freedom, i.e. it does not rotate the spin
state.
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Appendix C. Split spin-squeezed state, without partition noise

We consider here the same OAT state |Ψ(µ)〉 defined in appendix B, but followed by a splitting dynamics that
does not result in partition noise. This can be realized by optical lattices, where the number of particles per
site can be controlled deterministically. Let N= NA +NB + . . . be the total number of particles before the
splitting, we obtain the expectation values

〈̂
Ju,k
〉
=

Nk

2
ux cos

(µ
2

)N−1
(C1)

〈
(̂Ju,k)

2
〉
=

Nk

4
u2z +

Nk

8

×
(
(Nk + 1)(u2x + u2y)+ (Nk − 1)

(
(u2x − u2y)cos(µ)

N−2 + 4uyuz cos
(µ
2

)N−2
sin
(µ
2

)))
,

(C2)

and

〈̂
Ju,kĴv,l

〉
=

NkNl

8

(
(uxvx + uyvy)+ (uxvx − uyvy)cos(µ)

N−2 + 2(uyvz + uzvy)cos
(µ
2

)N−2
sin
(µ
2

))
. (C3)

These results allow us to calculate all the quantities that are discussed in section 3.2. Moreover, the optimal
squeezing angle is independent of the presence of partition noise, and thus coincides with equation (B4).

Appendix D. Split Dicke state, with partition noise

Besides OAT states, Dicke states are also routinely prepared in cold atom experiments, and used for
metrological tasks. Consider here a Dicke state |j,m〉 that is split intoM different modes by the beam splitter
transformation introduced in appendix B. Given the vectors u= (ux,uy,uz), v= (vx,vy,vz), and
m=−j, . . . , j, we obtain the expectation values

〈̂
Ju,k
〉
= pkmuz, (D1)

〈
(̂Ju,k)

2
〉
=

pk
2

(
( j +( j2 −m2)pk)(u

2
x + u2y)+ (j − j pk + 2m2pk)u

2
z

)
, (D2)

and

〈̂
Ju,kĴv,l

〉
=

j2 −m2

2
pkpl

(
uxvx + uyvy

)
+

(
m2 − j

2

)
pkpluzvz. (D3)

Appendix E. Single-mode Dicke state, covariances and commutators

In order to compute spin squeezing matrices, we need the covariance and commutator matrix associated to a
set of measurement operators. Here we consider a Dicke state |j,m〉 in a single mode, and the basis of
nonlinear operators

H=
(
Ĵx, Ĵy, Ĵz,

{
Ĵx, Ĵz

}
/2,
{
Ĵx, Ĵy

}
/2,
{
Ĵx, Ĵz

}
/2, Ĵ2x, Ĵ

2
y , Ĵ

2
z

)
. (E1)

The elements of the relevant covariance matrix read:

Cov(̂Jx, Ĵx) = Cov(̂Jy, Ĵy) =
1

2

(
j( j+ 1)−m2

)
, (E2)

Cov(̂Jz, Ĵz) = Cov(̂Ji, Ĵj '=i) = 0, (E3)

Cov(̂Ji, Ĵ
2
j ) = 0, (E4)

Cov(̂J2x, Ĵ
2
x) = Cov(̂J2y , Ĵ

2
y) =

1

8

(
m2(m2 + 5)+ j( j+ 1)( j( j+ 1)− 2(m2 + 1))

)
, (E5)
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Cov(̂J2x, Ĵ
2
y) =−1

8

(
m2(m2 + 5)+ j( j+ 1)( j( j+ 1)− 2(m2 + 1))

)
, (E6)

Cov(̂Jx, {̂Jx, Ĵz}/2) = Cov(̂Jy, {̂Jy, Ĵz}/2) =
m

4

(
2j( j+ 1)− (2m2 + 1)

)
, (E7)

Cov(̂J2i , {̂Jj, Ĵk}/2) = 0, (E8)

Cov({̂Jx, Ĵz}/2, {̂Jx, Ĵz}/2) = Cov({̂Jy, Ĵz}/2, {̂Jy, Ĵz}/2) =
1

8

(
j( j+ 1)+ (4j( j+ 1)− 5)m2 − 4m4

)
, (E9)

and

Cov({̂Jx, Ĵy}/2, {̂Jx, Ĵy}/2) =
1

8

(
m2(m2 + 5)+ j( j+ 1)( j( j+ 1)− 2(m2 + 1))

)
. (E10)

For the commutator matrix, we consider only commutators between a linear spin observable, and an
element of the set H. The only non-zero commutators turn out to be

− i〈[̂Jx, Ĵy]〉=m, (E11)

and

− i〈[̂Jx, {̂Jy, Ĵz}/2]〉= i〈[̂Jy, {̂Jx, Ĵz}/2]〉=−1

2
( j( j+ 1)− 3m2). (E12)

Appendix F. Higher-order moments of split Dicke states with partition noise

We now consider a Dicke state |j,m〉 split intoM modes with partition noise, and the basis of nonlinear
operators

Hk =
(̂
Jx,k, Ĵy,k,

{
Ĵx,k, Ĵz,k

}
/2,
{
Ĵy,k, Ĵz,k

}
/2
)
. (F1)

The only non-zero expectation values of a commutator between Ĵy,k and an element of Hk are

〈[̂Jx,k, Ĵy,k]〉= impk (F2)

〈
[̂
Jy,k, {̂Jx,k, Ĵz,k}/2

]
〉= i

2

(
j( j+ 1)− 3m2

)
p2k. (F3)

For the covariance matrix, we obtain the following entries (we only list nonzero elements):

Cov(̂Jx,k, Ĵx,k) = Cov(̂Jy,k, Ĵy,k) =
1

2
pk( j +( j2 −m2)pk), (F4)

Cov(̂Jx,k, {̂Jx,k, Ĵz,k}/2) = Cov(̂Jy,k, {̂Jy,k, Ĵz,k}/2) =
1

2
p2k

(
1

2
(2j− 1)m+m( j2 −m2)pk

)
, (F5)

Cov({̂Jx,k, Ĵz,k}/2, {̂Jx,k, Ĵz,k}/2) = Cov({̂Jy,k, Ĵz,k}/2, {̂Jy,k, Ĵz,k}/2) = (F6)

=
1

8
p2k( j(3j − 1)−m2 + 2( j− 1)(( j− 1)j +m2)pk − 2( j −m)( j +m)( j − 2m2 − 1)p2k), (F7)

Cov(̂Jx,k, Ĵx,l) = Cov(̂Jy,k, Ĵy,l) =
1

2
pkpl( j

2 −m2), (F8)

Cov(̂Jx,k, {̂Jy,l, Ĵz,l}/2) = Cov(̂Jy,k, {̂Jy,l, Ĵz,l}/2) =
1

2
pkp

2
l m( j2 −m2), (F9)

Cov({̂Jx,k, Ĵz,k}/2, Ĵx,l) = Cov({̂Jy,k, Ĵz,k}/2, Ĵy,l) =
1

2
p2kplm( j2 −m2), (F10)

and

Cov({̂Jx,k, Ĵz,k}/2, {̂Jx,l, Ĵz,l}/2) = Cov({̂Jy,k, Ĵz,k}/2, {̂Jy,l, Ĵz,l}/2) =−1

4
p2kp

2
l ( j −m)( j +m)( j − 2m2 − 1).

(F11)
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