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Abstract: We consider deformations of D-brane systems induced by a change in the closed
string background in the framework of bosonic open-closed string field theory, where it
is possible to unambiguously tame infrared divergences originating from both open and
closed string degenerations. A closed string classical solution induces a tadpole for the
open strings which shifts the open string vacuum and generates a cosmological constant
composed of two terms: one which is directly related to the closed string solution and
the other which depends on the open string vacuum shift. We show that only the sum of
these two terms is invariant under closed SFT gauge transformations and therefore is an
observable. We conjecture that this observable is universally proportional to the shift in the
world-sheet disk partition function between the starting D-brane in undeformed background
and the final D-brane in deformed background, which typically includes also a change in
the string coupling constant. We test the conjecture by considering a perturbative closed
string solution describing deformations of a Narain compactification and, from the SFT
cosmological constant, we reproduce the expected shift in the g-function of various D-branes
living in the compactification. In doing this we are also able to identify a surprising change
in the string coupling constant at second order in the deformation.
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1 Introduction and summary

Open and closed strings are a complete set of degrees of freedom which fully describe string
theory in a perturbative phase, like quarks and gluons in perturbative QCD. We thus
expect that a full non-perturbative definition of string theory should be provided by the
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space-time path integral of open plus closed strings, which in turn requires a quantum field
theory description, a string field theory (SFT).

Over the years, we have understood many issues regarding the non-perturbative land-
scape of SFT classical solutions [1–21] and the explicit constructions of complete RNS
actions [22–28]. More recently SFT methods have been used to address non-perturbative
D-instantons corrections to closed string scattering amplitudes [29–44], which also provided
a first-principle resolution of several world-sheet drawbacks associated with degenerations
of Riemann surfaces. See [45–47] for recent reviews on SFT.

In a recent series of works [48–52], with the aim of understanding open/closed dynamics
in the rigorous framework of string field theory, there has been interest in considering open
(super)string field theories based on Witten star product with the addition of a gauge
invariant coupling to on-shell closed string states (the so-called Ellwood Invariant, [53–55])
both in bosonic and in Type II theories. The use of Witten vertex is advantageous because
it provides the simplest decomposition of the bosonic worldsheet moduli space in terms of
open string propagators, cubic vertices and elementary open-closed couplings [56, 57]. In
the above-mentioned works it has been shown that, although the microscopic open/closed
coupling is just linear in the physical closed string field, integrating out classically the massive
open string modes generates an effective action containing all possible disk amplitudes
involving the deforming physical closed strings and the massless open strings. In general
these amplitudes can contain infrared divergences related to regions of open or closed
string degenerations and the advantage of the SFT formulation is that it gives a way
to unambiguously tame these divergences [8, 43, 44]. However, in the very economic
formulation we just described (where the only dynamical variables are open strings) there is
no natural way to tame IR divergences originating from closed string degenerations, because
there are only open string propagators. As a matter of fact this is a problem only when
closed strings approach the zero momentum limit or other special kinematical configurations
where on shell states would propagate inside the amplitude. In the other cases one can
compute closed string amplitudes at generic external momenta where the amplitude is finite
and then analytically continue the result to the given (non vanishing) closed string momenta.
This scenario includes the recent explorations of D-instanton corrections to closed strings
amplitudes which are affected by intrinsic IR divergences from open string degenerations
but which can be made finite in the region of closed string degeneration.

There are however other scenarios of open/closed dynamics where it is fundamental
to understand the soft behaviour of amplitudes involving external closed string states.
In general these “soft” open-closed amplitudes occur whenever one tries to understand
how a D-brane system responds to a change in the closed string background, which will
typically be described by long-wave spacetime deformations corresponding to very soft
closed string vertex operators. In [48] we have identified the simplest of such amplitudes as
a bulk two-point function on the disk of zero-momentum physical closed string states. This
term, which is at second order in the closed string deformation, is part of a cosmological
constant which is generated by the shift of the open string field as a response to the
tadpole given by the elementary open-closed coupling. Although this term is non-dynamical
for open strings on the shifted vacuum, it defines a vacuum energy and therefore it is
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important to understand its physical meaning. However, before even speculating about
the nature of this term, it is necessary to be able to actually compute it, i.e. to establish
whether the quantity is well-defined or not. Since this term corresponds to closed string
amplitudes on a disk, there are in general divergences arising from closed strings hitting
the boundary (open string degeneration) and closed strings hitting other closed strings in
the bulk (closed string degeneration). As alluded above, while the open string propagator
gives a perfectly consistent way to deal with open string degeneration, there does not seem
to be a natural prescription to tame bulk collisions without explicitly (or implicitly, as done
in [48]) introducing closed string propagators in the amplitudes. Therefore the physical
understanding of the cosmological constant that is generated by a D-brane system after a
deformation in the closed string background is something that can be fully understood only
in the framework of open-closed string field theory.

Covariant open-closed string field theory has been formulated by Zwiebach [59, 60]
as an intrinsically quantum theory which provides a solution to the quantum BV master
equation on the space of open plus closed strings. Out of this theory one can extract two
classical BV master actions given respectively by the truncation to only closed strings and
genus zero vertices with no boundary (giving rise to an L∞ algebra) or to only open strings
with genus zero and one-boundary vertices (giving rise to an A∞ algebra). Interestingly,
there is no way to get a purely classical theory with propagating open and closed strings:
for example a one-loop open string tadpole diagram containing a “quantum” open string
annulus and another diagram given by a “classical” closed string propagator connecting two
boundary states (one of which with a boundary insertion) will cover different moduli space
regions of the same physical amplitude. There is however a consistent classical truncation
that is useful to study the open string dynamics in a deformed closed string background
given by a closed string classical solution, as observed years ago [60]. The starting point
for this theory is to take only the genus zero vertices with zero or one boundary, with all
possible boundary and bulk punctures. These vertices obey a set of homotopy relations
which we call sphere-disk homotopy algebra (SDHA). This homotopy algebra is in turn an
extension of the open-closed homotopy algebra of Kajiura and Stasheff [62, 63], (commonly
referred to as OCHA) where disk couplings always include at least one open string. On top
of the OCHA vertices, the SDHA thus contains also disks with only bulk punctures which
do not give rise to dynamical terms for open strings. Nevertheless, as we will see in detail,
these couplings are needed for overall consistency and our results in this paper are based on
the part of the SDHA which is not contained in the OCHA of Kajiura and Stasheff. It is
only using this extended set of vertices that one can consistently construct an open string
field theory in a deformed background by freezing the closed string field to a closed string
field theory classical solution and letting the open string field free to fluctuate. This is so
because, after having replaced the closed string field theory solution in the open-closed
theory, we are left with an open string field theory characterized by a weak A∞ structure
with a non-vanishing zero-product, a tadpole. Therefore we have to shift the open string
field to go to a locally gaussian point and in doing this we generate a vacuum energy. This
vacuum energy coming from the shift of the open string field is not invariant under a gauge
transformation of the closed string solution. This is clearly a problem which luckily is
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solved by combining this open string vacuum energy with the SDHA purely closed string
vertices evaluated on the classical solution. The sphere part of these vertices is the classical
action of the classical solution in closed string field theory and it is expected to vanish,
up to possible boundary contributions, as recently argued in [1]. The disk part, instead,
is not vanishing and, like the open string vacuum energy, is also not gauge invariant. To
recover a gauge invariant quantity, we have to sum the vacuum energy from the open string
vacuum shift with the vacuum energy coming from the purely closed string disk couplings.
Indeed, using the open-closed homotopy relations and the closed string field theory equation
of motion, we will show that only the sum of the two terms is gauge invariant under the
L∞ gauge transformation of the closed string classical solution. Therefore this combined
open+closed quantity, the full cosmological constant, is an observable that should have a
physical meaning. This is the first main result of this paper.

We conjecture that this cosmological constant is proportional to the shift in the disk
partition function between the starting D-brane in the undeformed background and the
final D-brane in the deformed background. To be precise, let us consider an initial closed
string background CFT0 with coupling constant g(0)

s and an open string background given
by a (matter) boundary state ‖B0〉〉. Let then Φcl be a closed string classical solution
describing a new closed string background (CFT∗, g(∗)

s ) (with possibly a new string coupling
constant1). Let ‖B∗〉〉 be the (matter) boundary state of the new D-brane system in the new
closed string background, described by the open-string vacuum-shift solution Ψv (which is
a classical solution of the weak A∞ equations of motion), and finally, let Λ(Φcl; Ψv) be the
gauge-invariant cosmological constant that is generated by the classical closed string solution
Φcl, together with the open string vacuum shift solution Ψv. Then our conjecture reads

− 1
2π2g

(∗)
s

〈0‖B∗〉〉 = − 1
2π2g

(0)
s

〈0‖B0〉〉+ Λ(Φcl; Ψv) , (1.1)

where we normalize the interaction vertices so that they do not contain explicit powers of
g

(0)
s . A couple of comments are in order. First, since the combination (−2π2gs)−1〈0‖B〉〉
is universally proportional to the disk partition function Zdisk of the given open-closed
background (setting α′ = 1), then (1.1) says that the cosmological constant Λ(Φcl; Ψv)
indeed measures the shift of the disk partition function when changing the background
from the perturbative vacuum (CFT0, g

(0)
s , ‖B0〉〉) to the new open-closed background

(CFT∗, g(∗)
s , ‖B∗〉〉) given by Φcl and Ψv. We also emphasize that the closed string coupling

g
(∗)
s of the shifted background is sensitive only to Φcl and is universal with respect to the
open-string vacuum shift solution Ψv. Finally, notice that this is a generalization of Sen’s
conjecture [58] to the case when both open and closed string backgrounds are allowed to
dynamically change. The old Sen’s conjecture is then recovered by setting Φcl = 0 and
taking Ψv to be any solution to the classical OSFT equations of motion.

In the remaining part of the paper we test this conjecture in a simple setting where
explicit worldsheet calculations are possible: we consider a perturbative closed string

1The initial and final coupling constants can differ for example because the closed string solution turns
on the ghost-dilaton which is known to change the coupling constant to leading order without touching
the background CFT, [71]. Interestingly, as we will see, the string coupling constant can also change (to
subleading order) even if we don’t turn on the ghost-dilaton.
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solution which describes a continuous deformation of the starting background. At second
order in the closed string deformation, the cosmological constant is then given by a sum of
two Feynman diagrams which assemble to reproduce a disk two-point amplitude. In general
such amplitude exhibit potential divergences from open or closed string degenerations, but
we can simply deal with them using the open or closed string propagators respectively. To
be concrete, we focus on a Narain compactification on a d-dimensional torus with a metric
gij and a Kalb-Ramond field Bij , combined in Eij = (g + B)ij . Provided that we fix a
particular D-brane wrapping the Narain lattice, we can use the corresponding boundary
state ‖B(E)〉〉 to extract its g-function 〈0‖B(E)〉〉 as a function of the Narain moduli E and
investigate how the g-function changes to a new value 〈0‖B(E + εσ)〉〉 as we change the
CFT moduli by deforming E as E −→ E+ εσ, where εσ is the deformation parameter of the
exact CFT sigma-model. On the other hand, in our SFT setting, we can deform the closed
string background E by giving a vev to the exactly marginal field εij c∂X

i c̄∂̄Xj , where
the SFT modulus ε is generally non-trivially related to the sigma-model modulus εσ. This
generates a closed string field theory solution Φcl(ε) which we build explicitly up to second
order in ε. To the same order, we can construct a perturbative open string vacuum shift
solution Ψv(ε) which corresponds to the starting D-brane adapting itself to the new closed
string background. Finally, we can compute the gauge invariant cosmological constant
Λ(ε) ≡ Λ(Φcl(ε); Ψv(ε)). In order to compare between the disk partition function shifted by
the SFT cosmological constant Λ(ε) and the deformed CFT g-function 〈0‖B(E + εσ)〉〉, we
finally need to fix the relation between εσ and ε. This is a question which is completely
independent of boundary conditions and which can be perturbatively answered in closed
string field theory by matching the spectrum of fluctuations on the background given by
the classical solution, with the spectrum of the exact CFT at background value E + εσ. We
are able to find this relation up to second order in the limit of large closed-string stub by
adapting an analogous computation by Sen [43]

εσ = ε+ 1
2ε g

−1 ε+O
(
ε3
)
. (1.2)

Given all this input, we are then finally able to show that the sum of the initial disk partition
function and the SFT cosmological constant Λ(ε) factorizes into the shifted g-function
〈0‖B(E + εσ)〉〉 times a factor, independent of the particular conformal boundary state
‖B(E)〉〉 which we choose as a starting open string background. Explicitly, up to second
order in ε, we find

− 1
2π2g

(0)
s

〈0‖B(E)〉〉+ Λ(ε) = − 1
2π2g

(∗)
s (ε)

〈0‖B(E + εσ(ε))〉〉 , (1.3)

where the universal factor g(∗)
s (ε) is given by

g(∗)
s (ε) = g(0)

s

(
1 + 1

32tr
[
εg−1εT g−1

]
+O

(
ε3
))

(1.4)

which, being independent of the D-branes boundary conditions, is naturally identified with
a (subleading) shift in the string coupling constant. This is the second main result of
this paper.
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The paper is organized as follows. In section 2 we review the structure of open-closed
bosonic string field theory. In particular, in subsection 2.1 we describe the homotopy
algebra (SDHA) that is obtained by truncating the full quantum BV master equation to
the level of spheres and disks. We then derive the relations of SDHA from the BV master
equation in subsection 2.2. Then in subsection 2.3 we construct a deformed open string field
theory by freezing the closed string field to a generic classical solution and we eliminate the
open string tadpole by expanding the open string field around an open string vacuum shift
solution. In subsection 2.4 we show that the obtained cosmological constant, apart from
being manifestly invariant under the A∞ gauge transformation of the open-string vacuum
shift solution, is also gauge invariant under the L∞ gauge transformation of the closed
string classical solution. Then we formulate our conjecture (1.1). In sections 3 and 4, we
test the conjecture perturbatively. In particular, in subsections 3.1, 3.2 and 3.3, we compute
the cosmological constant induced by an arbitrary marginal deformation of the closed string
background (to which a given D-brane system is able to adapt) up to quadratic order in
the modulus, verifying that it is given by a collection of tree-level disk amplitudes. In
subsections 3.4 and 3.5, we then derive a concrete expression for the cosmological constant
in such a setting in terms of matter CFT correlators. Finally, in subsections 4.1 and 4.2,
we fix a particular closed-string background with moduli (d-dimensional Narain lattice with
various conformal boundary conditions) and test the conjecture (1.1) by considering the
classical closed SFT solution which implements the change of the moduli. In section 5
we conclude with an outlook of the next steps of our program. Three appendices contain
important material which is needed in the main text. In appendix A we construct the
SL(2,C) open-closed vertices which are needed for our explicit computation and we fix
the various free parameters to make sure that the moduli space of the two punctured
disk is covered with just two diagrams, by checking the corresponding SDHA relation. In
appendix B, we review the construction of the BRST cohomology around a classical SFT
solution corresponding to a marginal deformation, giving all-order expressions using the
homotopy transfer. Finally, in appendix C, we relate the SFT deformation parameter to
the sigma model modulus by studying the spectrum of fluctuations of a closed string field
theory solution for a marginal deformation.

2 Background shifts in open-closed string field theory

To construct an open-closed string field theory [59, 60] we need to pick a closed string
background CFT0, a string coupling constant gs and a compatible open string background
BCFT0. Let Φ = φi|ci〉 ∈ Hc be the Batalin-Vilkovisky (BV) closed string field which is a
generic bulk state obeying

Hc : b−0 |Φ〉 = L−0 |Φ〉 = 0 , (2.1)

with an overall vanishing degree which is the sum of the BV degree of the spacetime
polarizations φi and of the basis states |ci〉 whose degree is taken to be the ghost number
minus two. At the same time we take Ψ = ψi|oi〉 ∈ Ho to be the BV open string field which
is a boundary operator with total vanishing degree, where the basis states |oi〉 are assigned
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to have a degree given by the ghost number minus one. The BV action functional has a
natural topological expansion in the genus g and the number of boundaries b

S(Φ,Ψ) =
∞∑
g=0

∞∑
b=0

Sg,b(Φ,Ψ) , (2.2)

where
Sg,b (Φ,Ψ) = −g2g−2+b

s

∑
k,li

Vk,{li}g,b

(
Φ∧k; Ψ⊗l1 , · · · ,Ψ⊗lb

)
(2.3)

is a sum of BCFT0 correlators on corresponding Riemann surfaces of the given number of
bulk and boundary insertions (at every boundary) with, where needed, an integration on
subregions of moduli space accompanied by b-ghost insertions. The wedge ∧ is the (graded)
symmetrized tensor product. The consistency of this construction relies on the fact that
the full action functional should obey the quantum BV master equation

(S, S) + 2∆S = 0 , (2.4)

where we define the open-closed BV bracket (·, ·) in terms of the closed- and open-string
BV brackets as

(·, ·) = (·, ·)c + (·, ·)o . (2.5)

Denoting φi and ψi the dual basis states of Hc and Ho, respectively, (i.e. the BV spacetime
fields) we then define

(·, ·)c = g2
s

←
∂

∂φi
ωijc

→
∂

∂φj
, (2.6a)

(·, ·)o = gs

←
∂

∂ψi
ωijo

→
∂

∂ψj
, (2.6b)

where

ωc : (Hc)⊗2 −→ C , (2.7a)
ωo : (Ho)⊗2 −→ C , (2.7b)

are the closed and open symplectic forms, which are related to the standard BPZ inner
product as

ωc(Φ1,Φ2) = (−1)d(Φ1)
〈

Φ1, c
−
0 Φ2

〉
c
, (2.8a)

ωo(Ψ1,Ψ2) = (−1)d(Ψ1) 〈Ψ1,Ψ2 〉o , (2.8b)

where d denotes the degree. Then ωij is the inverse of ωij ≡ ω(ei, ej), where ei is a basis of
the corresponding open or closed Hilbert spaces. Similarly for the open-closed BV Laplacian
∆ we write

∆ = ∆c + ∆o , (2.9)
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which are defined as

∆c = 1
2g

2
s(−1)d(φi)ωijc

→
∂

∂φi

→
∂

∂φj
, (2.10a)

∆o = 1
2gs(−1)d(ψi)ωijo

→
∂

∂ψi

→
∂

∂ψj
. (2.10b)

2.1 Tree-level truncation of open-closed string field theory

If we denote Σg,b the space of all possible correlators on a Riemann surface at genus g with
b boundaries, we can easily see that the basic BV structures operate at the following level

(Sg1,b1 , Sg2,b2)c ∈ Σg1+g2,b1+b2 , (2.11a)
(Sg1,b1 , Sg2,b2)o ∈ Σg1+g2,b1+b2−1 , (2.11b)

∆cSg,b ∈ Σg+1,b , (2.11c)

∆(1)
o Sg,b ∈ Σg,b+1 , (2.11d)

∆(2)
o Sg,b ∈ Σg+1,b−1 , b ≥ 2 (2.11e)

where we have decomposed the open string laplacian as ∆o = ∆(1)
o + ∆(2)

o , distinguishing
the cases in (2.10b) in which the two open strings selected by the derivatives sit on the
same boundary (∆(1)

o ) or on different boundaries of the same surface (∆(2)
o ). This allows

to topologically decompose the full BV master equation to surfaces at given genus and
boundary number. In particular we notice [60] that the g = 0 part of the full action,
S0 ≡

∑∞
b=0 S0,b, obeys the master equation

(S0, S0)c + (S0, S0)o + 2∆(1)
o S0 = 0 . (2.12)

In this g = 0 theory (where closed strings are treated at tree-level) we would like to see
whether also open strings can be restricted to be classical. It is however well-known that
this is not possible. Decomposing the (g = 0) master equation (2.12) in the number of
boundaries b, we find

b = 0 : (S0,0, S0,0)c = 0 , (2.13a)
b = 1 : 2(S0,0, S0,1)c + (S0,1, S0,1)o = 0 , (2.13b)

b = 2 : (S0,1, S0,1)c + 2(S0,0, S0,2)c + 2(S0,1, S0,2)o + 2∆(1)
o S0,1 = 0 . (2.13c)

...

From here it is apparent that it is not possible to keep both closed and open strings
dynamical and have an action which solves the classical BV master equation. In the
presence of dynamical closed strings, open strings are necessarily quantum (b ≥ 1). Notice
however that if we set the closed string field Φ to 0 then we get a classical open string field
theory action S0,1(0,Ψ) which solves the classical BV master equation, because

(S0,1, S0,1)o
∣∣∣
Φ=0

= 0 . (2.14)
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This in fact generalizes when Φ = Φcl is a classical solution of S0,0(Φ), which is the classical
closed string field theory action. Indeed, looking at (2.13b), we see that

(S0,0, S0,1)c
∣∣∣
Φ=Φcl

= ωc

(
δS0,0
δΦ ,

δS0,1
δΦ

) ∣∣∣
Φ=Φcl

= 0 , (2.15)

since δS0,0
δΦ

∣∣∣
Φ=Φcl

= 0, so that (2.13b) implies

(S0,1, S0,1)o
∣∣∣
Φ=Φcl

= 0 . (2.16)

Therefore the quantity

SΦcl(Ψ) ≡ S0,1(Φcl,Ψ) (2.17)

is a solution to the open BV classical master equation

(SΦcl , SΦcl)o = 0 . (2.18)

2.2 Sphere-Disk Homotopy Algebra (SDHA)

Before entering into the physics described by (2.17), it is important to translate the BV
equations (2.13a) and (2.13b) in the language of the homotopy algebras obeyed by the
open-closed vertices which make up the action. Let’s start by reviewing how this works for
the classical closed string field theory action S0,0(Φ)

S0,0(Φ) = −g−2
s

∞∑
k=1
Vk,∅0,0

(
Φ∧k

)
. (2.19)

Let us assume the following form for the b = 0 vertices

Vk+1,∅
0,0

(
Φ∧(k+1)

)
= 1

(k + 1)!ωc
(
Φ, lk

(
Φ∧k

))
, (2.20)

where

lk : (Hc)∧k −→ Hc (2.21)

is a set of graded-symmetric degree +1 products, which are cyclic with respect to ωc, namely

ωc (Φ1, lk (Φ2, . . . ,Φk+1)) = − (−1)d(Φ1) ωc (lk (Φ1, . . . ,Φk) ,Φk+1) . (2.22)
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Using the fact that the BV closed string field is globally degree even, we can now explicitly
evaluate the classical master equation

g2
s (S0,0, S0,0)c =

∑
k,m>1

1
k!m!ωc

(
lk
(
Φ∧k

)
, lm

(
Φ∧m

))
(2.23a)

=
∑
k,m>1

(
m

k +m
+ k

k +m

) 1
k!m!ωc

(
lk
(
Φ∧k

)
, lm

(
Φ∧m

))
(2.23b)

=
∑
k,m>1

2k
k +m

1
k!m!ωc

(
lk
(
Φ∧k

)
, lm

(
Φ∧m

))
(2.23c)

= −
∑
k,m>1

2
k +m

1
(k − 1)!m!ωc

(
Φ, lk

(
Φ∧(k−1), lm

(
Φ∧m

)))
(2.23d)

= −
∑
k,m>1

2
(k +m)!

(
k +m− 1

m

)
ωc
(
Φ, lk

(
Φ∧(k−1), lm

(
Φ∧m

)))
(2.23e)

= −
∞∑
r=1

2
(r + 1)!

r∑
k=1

ωc
(
Φ, lklr+1−k

(
Φ∧r

))
. (2.23f)

Hence, we observe that we can solve the master equation (S0,0, S0,0)c = 0 by requiring that
the products lk satisfy the L∞ relations

r∑
k=1

lklr+1−k = 0 . (2.24)

Let us now consider the b = 1 part of the g = 0 open-closed action

S0,1 (Φ,Ψ) = Zdisk − g−1
s

∑
k>0,l>0
k+l>1

Vk,l0,1

(
Φ∧k; Ψ⊗l

)
. (2.25)

Note that, following [60], we have included the disk partition function as a non-dynamical
term, for later convenience. Note also that the open-string tadpole V0,1

0,1 is identically
vanishing. In the non-constant part of the open-closed action we can further identify the
terms involving only closed strings on the disk Vk,00,1

Vk+1,0
0,1 (Φ∧k+1) = 1

(k + 1)!ωc(Φ, lk,0(Φ∧k)) , (2.26)

where lk,0 for k > 0 (not to be confused with the lk products discussed above) are maps

lk,0 : (Hc)∧k −→ Hc (2.27)

which are again a set of graded-symmetric degree +1 products, which are cyclic with respect
to ωc

ωc (Φ1, lk,0 (Φ2, . . . ,Φk+1)) = − (−1)d(Φ1) ωc (lk,0 (Φ1, . . . ,Φk) ,Φk+1) . (2.28)

The other couplings entering in S0,1 always involve at least one open string and are given by

Vk,l+1
0,1

(
Φ∧k,Ψ⊗l+1

)
= 1
k! (l + 1)ωo

(
Ψ,mk,l

(
Φ∧k; Ψ⊗l

))
, (2.29)
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where

mk,l : (Hc)∧k ⊗ (Ho)⊗l −→ Ho (2.30)

for k, l > 0, k + l > 0 (that is, we set m0,0 = 0 to avoid an open string tadpole) are degree
+1 products which are graded-symmetric in their first k entries and cyclic with respect to
ωo in their last l entries, namely

ωo(Ψ1,mk,l(Φ1, . . . ,Φk; Ψ2, . . . ,Ψl+1)) = −(−1)d(Φ1)+d(Ψ1)[d(Φ1)+...+d(Φk)]×
× ωo(mk,l(Φ1, . . . ,Φk; Ψ1, . . . ,Ψl),Ψl+1) . (2.31)

For later convenience, let us also define the degree +1 products (for k > 0, l > 1)

lk,l : (Hc)∧k ⊗ (Ho)⊗l −→ Hc (2.32)

by requiring that they satisfy

ωo (Ψ,mk,l (Φ1, . . . ,Φk; Ψ1, . . . ,Ψl)) =

= (−1)d(Ψ)[1+d(Φ1)+...+d(Φk)]+d(Φ1) ωc (Φ1, lk−1,l+1(Φ2, . . . ,Φk; Ψ,Ψ1, . . . ,Ψl)) , (2.33)

for all Φi ∈ Hc and Ψ,Ψj ∈ Ho. It is clear that such products lk,l are graded-symmetric in
their first k entries, cyclic in their last l entries and cyclic with respect to ωc in their first k
entries. Given this definition we can now compute the b = 1 master equation (2.13b). We
start with

gs (S0,0, S0,1)c =

=
∑
k>1

∑
m>0

1
k!

1
m!ωc

(
lk
(
Φ∧k

)
, lm,0

(
Φ∧m

))
+

+
∑

k,m,r>1

1
k! (m− 1)!

1
r
ωc
(
lk
(
Φ∧k

)
, lm−1,r

(
Φ∧(m−1); Ψ⊗r

))
(2.34a)

=
∑
k>1

∑
m>0

1
k!

1
m!

[
k

k +m
ωc
(
lk
(
Φ∧k

)
, lm,0

(
Φ∧m

))
+ m

k +m
ωc
(
lm,0

(
Φ∧m

)
, lk
(
Φ∧k

))]
+

+
∑

k,m,r>1

1
k! (m− 1)!

1
r
ωc
(
lk
(
Φ∧k

)
, lm−1,r

(
Φ∧(m−1); Ψ⊗r

))
(2.34b)

= −
∞∑
r=0

r+1∑
k=1

1
(r + 1)!ωc

(
Φ, [lk, lr+1−k,0]

(
Φ∧r

))
+

−
∞∑
r=1

r∑
k=1

∞∑
s=1

1
r!

1
s
ωo
(
Ψ,mk,s−1lr+1−k

(
Φ∧r; Ψ⊗(s−1)

))
. (2.34c)
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Then we evaluate

gs (S0,1, S0,1)o =
∑
k,m>0

∑
r,s>1

1
k!m!ωo

(
mk,r−1

(
Φ∧k; Ψ⊗(r−1)

)
,mm,s−1

(
Φ∧m; Ψ⊗(s−1)

))
(2.35a)

= −
∞∑
r=0

r+1∑
k=1

2
(r + 1)!ωc

(
Φ, lk−1,1mr+1−k,0

(
Φ∧r

))
+

−
∞∑
r=0

∞∑
s=1

r∑
k=0

s+1∑
m=1

2
r!

1
s
ωo
(
Ψ,mk,m−1mr−k,s+1−m

(
Φ∧r; Ψ⊗(s−1)

))
) .

(2.35b)

Hence, the master equations (S0,0, S0,0)c = 0 and 2(S0,0, S0,1)c + (S0,1, S0,1)o = 0 can be
solved by requiring the following Sphere-Disk Homotopy Algebra (SDHA)

0 =
r−1∑
k=1

lklr−k , (2.36a)

0 =
r∑

k=1
[lk, lr−k,0] +

r−1∑
k=1

lk−1,1mr−k,0 , (2.36b)

0 =
r∑

k=1
mk,s−1lr+1−k +

r∑
k=0

s∑
n=1

mk,nmr−k,s−n . (2.36c)

In particular, we recognize the third set of relations as those of Kajiura-Stasheff OCHA [62,
63]. The second set of relations are needed to solve the b = 1 master equation, but notice
that they do not have open string entries, therefore they will not be important for the
local dynamics of the open strings in the action (2.17). However, as we will see, they will
be fundamental for the correct construction of observables and for the overall physics we
will discuss. Notice that the products m0,l satisfy the A∞ relations of a pure open string
field theory. As usual we will denote l1 ≡ Qc and m0,1 ≡ Qo, the closed- and open-string
BRST operators. Finally, note that the SDHA relations (2.36) can be equivalently recast in
the form

0 =
r−1∑
k=1

lklr−k , (2.37a)

0 =
s−1∑
n=1

m0,nm0,s−n , (2.37b)

0 =
r∑

k=1
[lk, lr−k,s] +

r∑
k=1

s∑
n=0

lk−1,n+1mr−k,s−n , (2.37c)

which separates the L∞ and A∞ algebras satisfied by the sphere closed-string products
lk and pure open-string products m0,n from the open-closed relation satisfied by the disk
vertices with at least one closed string insertion.
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2.3 Open string field theory in a deformed closed string background

Let us now analyze in more detail the OSFT action SΦcl(Ψ) (2.17). For this we fix a
closed-string background by specifying a matter CFT0 and closed-string coupling constant
g

(0)
s , as well as an open-string background, given by some BCFT0. We then write

SΦcl (Ψ) = Z
(0)
disk + Λc (Φcl)−

1
g

(0)
s

∞∑
l=0

1
l + 1ωo

(
Ψ, m̃l

(
Ψ⊗l

))
, (2.38)

where
Λc (Φcl) = − 1

g
(0)
s

∞∑
k=0

1
(k + 1)!ωc

(
Φcl, lk,0

(
Φ∧kcl

))
(2.39)

is a non-dynamical constant and

m̃l(Ψ1 ⊗ · · · ⊗Ψl) =
∞∑
k=0

1
k!mk,l(Φ∧kcl ; Ψ1 ⊗ · · · ⊗Ψl) (2.40)

are cyclic open string products. Finally, we will choose a normalization in which we have

Z
(0)
disk = − 1

2π2g
(0)
s

〈0‖B0〉〉 , (2.41)

where ‖B0〉〉 is the matter CFT0 boundary state specifying our perturbative open-closed
background BCFT0. Notice that there is a non vanishing zero product (tadpole)

m̃0 =
∞∑
k=1

1
k!mk,0

(
Φ∧kcl

)
∈ Ho . (2.42)

Since this action obeys the classical BV master equation (2.18) its cyclic products necessarily
form a (weak) A∞ algebra

r∑
l=0

m̃lm̃r−l = 0, r ≥ 0 . (2.43)

This statement can be explicitly verified by using the OCHA relations (2.36c) and the
fact that Φcl satisfies the classical closed SFT equation of motion. Therefore we have a
consistent classical gauge invariant action with a tadpole. To find a stable vacuum we have
to cancel the tadpole with a vacuum shift solution Ψv which is a solution to the weak A∞
equation of motion

∞∑
l=0

m̃l

(
Ψ⊗lv

)
= 0 . (2.44)

Notice that, although not explicitly indicated, the vacuum shift solution Ψv generically
depends on the closed string solution Φcl, that is Ψv ≡ Ψv(Φcl). If we are able to find such
a solution we can write Ψ = Ψv + ψ and finally consider the theory for the fluctuations ψ.
The resulting action will read

S(∗) (ψ) = Z
(0)
disk + Λc (Φcl) + Λo (Φcl,Ψv)− 1

g
(0)
s

∞∑
l=1

1
l + 1ωo

(
ψ, m̂l

(
ψ⊗l

))
, (2.45)
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where a new constant term has been generated by the open string vacuum shift

Λo (Φcl; Ψv) = − 1
g

(0)
s

∞∑
l=0

1
l + 1ωo

(
Ψv, m̃l

(
Ψ⊗lv

))
(2.46a)

= − 1
g

(0)
s

∞∑
l=0

∞∑
k=0

1
l + 1

1
k!ωo

(
Ψv,mk,l(Φ∧kcl ; Ψ⊗lv )

)
. (2.46b)

Notice that the tadpole has disappeared thanks to the vacuum-shift equation (2.44)

ωo

(
ψ,
∞∑
l=0

m̃l(Ψ⊗lv )
)

= 0 (2.47)

and that the new products m̂l (whose structure can be readily written down by expanding
and collecting terms with given power of ψ) now obey a standard A∞-algebra

r−1∑
l=1

m̂lm̂r−l = 0 , r ≥ 1 . (2.48)

2.4 The cosmological constant and its physical interpretation

In this paper we are mainly interested in understanding the total cosmological constant
Λ(Φcl; Ψv) given by

Λ (Φcl; Ψv) = Λc (Φcl) + Λo (Φcl; Ψv) (2.49a)

= − 1
g

(0)
s

∞∑
k=0

1
(k + 1)!ωc

(
Φcl, lk,0

(
Φ∧kcl

))
+

− 1
g

(0)
s

∞∑
l=0

∞∑
k=0

1
l + 1

1
k!ωo

(
Ψv,mk,l

(
Φ∧kcl ; Ψ⊗lv

))
. (2.49b)

A necessary condition for this quantity to be physically meaningful is that it should remain
invariant under the L∞ gauge transformations of Φcl, as well as under the weak A∞ gauge
transformations of Ψv. First of all, since Λo(Φcl; Ψv) is just the weak-A∞ open string
action evaluated on a classical open string solution, Λ(Φcl; Ψv) is obviously gauge invariant
under an open string gauge transformation of Ψv. What is less obvious is what happens to
Λ(Φcl; Ψv) if we perform a closed string gauge transformation of the closed string classical
solution Ψcl. We will now show that Λ(Φcl; Ψv) is gauge invariant under closed string
gauge transformations.

2.4.1 Gauge invariance of Λ(Φcl; Ψv)

Let us consider the gauge variation

δΩΦcl = QcΩ + l2 (Ω,Φcl) + 1
2! l3 (Ω,Φcl,Φcl) + . . . =

∞∑
n=1

1
(n− 1)! ln

(
Ω,Φ∧(n−1)

cl

)
(2.50)
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of the closed SFT classical solution Φcl, where the degree-odd closed string field Ω is the
corresponding gauge parameter. Considering first the variation of Λo(Φcl; Ψv), we have

−δΩΛo (Φcl; Ψv) = 1
g

(0)
s

∞∑
l=0

∞∑
k=1

1
l + 1

1
(k − 1)!ωo

(
Ψv,mk,l

(
δΩΦcl,Φ∧(k−1)

cl ; Ψ⊗lv

))
+

+ 1
g

(0)
s

∞∑
l=0

∞∑
k=0

1
k!ωo

(
δΩΨv,mk,l

(
Φ∧kcl ; Ψ⊗lv

))
, (2.51)

where the second term clearly vanishes due to the weak A∞ equation of motion (2.44)
satisfied by Ψv. Isolating the closed-string variation δΩΦcl in the bra of the symplectic form
and substituting, we therefore obtain

−δΩΛo (Φcl;Ψv) = 1
g

(0)
s

∞∑
l=0

∞∑
k=1

1
l+1

1
(k−1)!ωc

(
δΩΦcl, lk−1,l+1

(
Φ∧(k−1)

cl ;Ψ⊗l+1
v

))
(2.52a)

= 1
g

(0)
s

∞∑
l=0

∞∑
k=1

∞∑
n=1

1
l+1

1
(k+n−2)!ωc

(
Ω, lnlk−1,l+1

(
Φ∧(k+n−2)

cl ;Ψ⊗l+1
v

))
(2.52b)

= 1
g

(0)
s

∞∑
l=0

∞∑
k=1

∞∑
n=1

1
l+1

1
(k+n−2)!ωc

(
Ω, [ln, lk−1,l+1]

(
Φ∧(k+n−2)

cl ;Ψ⊗l+1
v

))
,

(2.52c)

where we have used the closed SFT equation of motion to obtain the last line. At the same
time, we can vary the closed-string part Λc(Φcl) of the cosmological constant to obtain

−δΩΛc (Φcl) = 1
g

(0)
s

∞∑
k=1

1
(k − 1)!ωc

(
δΩΦcl, lk−1,0

(
Φ∧k−1

cl

))
(2.53a)

= 1
g

(0)
s

∞∑
k=1

∞∑
n=1

1
(k + n− 2)!ωc

(
Ω, [ln, lk−1,0]

(
Φ∧k+n−2

cl

))
, (2.53b)

again using the closed SFT equation of motion to obtain the last equality. Altogether we
can therefore write

−δΩΛ (Φcl; Ψv) = 1
g

(0)
s

∞∑
r=1

r∑
k=1

∞∑
s=0

f (s)
(r − 1)!ωc

(
Ω, [lk, lr−k,s]

(
Φ∧r−1

cl ; Ψ⊗sv

))
, (2.54)
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where f(s) = 1/s for s ≥ 1 and f(0) = 1. Using now the SDHA relations (2.37c), we can
rewrite this as2

−δΩΛ (Φcl; Ψv) = − 1
g

(0)
s

∞∑
k=1

∞∑
l=0

∞∑
m=0

∞∑
n=0

1
(k − 1)!

1
l!×

× ωc
(
Ω, lk−1,n+1

(
Φ∧k−1

cl ;ml,m

(
Φ∧lcl ; Ψ⊗mv

)
,Ψ⊗nv

))
, (2.55)

which vanishes as a consequence of the weak A∞ equation of motion (2.44) satisfied by Ψv.
This shows that the total cosmological constant Λ(Φcl; Ψv) is indeed invariant under the
closed SFT gauge transformation of Φcl.

2.4.2 Physical meaning of Λ(Φcl; Ψv)

The theory for the fluctuations (2.45) should be equivalent by field redefinition to an open
string field theory action for a new D-brane system BCFT∗ with matter boundary state
‖B∗〉〉, described by Ψv, in a new closed string background (CFT(∗), g(∗)

s ) described by Φcl.
Therefore, as a first step, we should be able to rewrite the action (2.45) in the form

S(∗) (ψ) = Z
(∗)
disk −

1
g

(∗)
s

∞∑
l=1

1
l + 1ωo

(
ψ,m

(∗)
l

(
ψ⊗l

))
, (2.56)

where g(∗)
s is the closed-string coupling constant in the new background and

Z
(∗)
disk = − 1

2π2g
(∗)
s

〈0‖B∗〉〉 (2.57)

is the new disk partition function. This identification is meaningful because Z(∗)
disk in (2.56)

is invariant under field redefinitions of ψ which don’t include a constant shift (which, in
general, would recreate a tadpole). Then, from (2.45), we can read off

Z
(∗)
disk = Z

(0)
disk + Λ(Φcl; Ψv) . (2.58)

In addition, we should also identify

m
(∗)
l = g

(∗)
s

g
(0)
s

m̂l , (2.59)

where we note that rescaling the products by a constant factor which is independent of l
does not spoil the A∞ algebra they satisfy. Notice however that these products still act

2In general, using cyclicity of lk,n in their open-string arguments, we would write

lk−1,n+1ml,m(Φ1, . . . ,Φk+l−1; Ψ1, . . . ,Ψm+n) =

=
∑
σ

m+n∑
j=1

lk−1,n+1(Φσ(1), . . . ,Φσ(k−1);ml,m(Φσ(k), . . . ,Φσ(k+l−1); Ψj , . . . ,Ψj+m−1), . . . ,Ψj+m+n) ,

where σ runs over all possible ways of picking unordered k − 1 elements out of a pool of k + l − 1.
Upon setting Φ1 = . . . = Φk+k−1 and Ψ1 = . . . = Ψm+n, the sums produce the required factor of
(m+ n)(k + l − 1)!/[(k − 1)!l!].
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on the original degrees of freedom of the initial open-closed background and only after a
field redefinition (which is an A∞ morphism) they will give rise to A∞ products on the new
background.

As it is apparent from (2.58), Λ(Φcl; Ψv) should be thus interpreted as the shift in
the worldsheet disk partition function Zdisk between the perturbative background given by
the data (CFT0, g

(0)
s , ‖B0〉〉) and the new background (CFT∗, g(∗)

s , ‖B∗〉〉) corresponding to
Φcl and Ψv. In general, this will encompass both a shift in the g-function of the matter
boundary state, as well as a possible shift in the value of the string coupling constant gs,
as the disk partition function depends on both of these parameters (see (2.41)). In the
remainder of this paper we will present a number of arguments supporting this conjecture.

First, let us consider the trivial case when Φcl = 0. Then we can take Ψv to be a
classical solution of a standard A∞ open SFT (without a tadpole) which will describe
another D-brane system in the same closed string background. The cosmological constant
Λ(Φcl = 0,Ψv) = Λo(Φcl = 0,Ψv) is then equal to the open SFT action evaluated on the
classical solution Ψv. Hence, by the Sen’s conjecture, the total cosmological constant can be
expressed as (normalizing the identity matter correlator to be equal to the matter g-function
and setting α′ = 1)

Λ (Φcl = 0,Ψv) = 1
2π2g

(0)
s

(〈0‖B0〉〉 − 〈0‖B∗〉〉) , (2.60)

which indeed reproduces the required shift in Zdisk with g
(∗)
s = g

(0)
s (which makes sense

because setting Φcl = 0 guarantees that we are not changing the string coupling constant).
In particular, for the tachyon vacuum solution, we will find Z(∗)

disk = 0. We conclude that
the OSFT Sen’s conjecture is a special case of our more general conjecture (2.58).

3 Perturbative background shifts

In the rest of the paper, we will consider non-trivial solutions Φcl ≡ Φµ (where µ is some
continuous parameter) which correspond to marginal deformations of the perturbative
closed string background. More concretely, in this section we will review the standard
order-by-order construction of Φµ in Siegel gauge and, when it will exist, we will construct
the associated perturbative vacuum shift solution Ψv ≡ Ψµ, which adapts the initial D-brane
system ‖B0〉〉 to the new closed string background described by Φµ. Using SL(2,C) maps,
we will also provide explicit expressions for the open-closed vertices which are needed for
the computation of the cosmological constant at linear and quadratic order in the closed
string modulus µ.

3.1 Closed string solution

We start considering a closed string classical solution generated by an element of the gh = 2
closed string cohomology V , namely

Φcl ≡ Φµ = µV +
∞∑
k=2

µk Φk . (3.1)
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The components Φk of the solution at order µk are then fixed by solving the closed SFT
equation of motion

∞∑
k=1

1
k! lk

(
Φ∧k

)
= 0, (3.2)

order by order in µ. For the sake of definiteness, we will construct the solution in Siegel
gauge b+0 = 0 so that

Φ2 = −1
2
b+0
L+

0
P̄+

0 l2(V, V ) , (3.3a)

Φ3 = b+0
L+

0
P̄+

0

(
1
4 l2

(
V,

b+0
L+

0
P̄+

0 l2(V, V )
)
− 1

6 l3(V, V, V )
)
. (3.3b)

...

This is a solution provided the propagators always act outside of the kernel of L+
0 which,

calling P+
0 the projector on the kernel of L+

0 , means that we should ensure

0 = P+
0 l2(V, V ) , (3.4a)

0 = P+
0

(
1
2 l2

(
V,

b+0
L+

0
P̄+

0 l2(V, V )
)
− 1

3 l3(V, V, V )
)
. (3.4b)

...

This is a statement about the vanishing of sphere amplitudes involving an arbitrary number
of V ’s and any other state in the kernel of L+

0 , which in turn implies that the effective
potential for V should vanish [51]. With the marginal closed string solution at our disposal,
we can construct the closed string part of the cosmological constant (2.39), which to second
order in the modulus µ, is given by

− g(0)
s Λc(µ) = µωc(V, l0,0) + 1

2µ
2
(
ωc

(
l0,0 ,

b+0
L+

0
P̄+

0 l2(V, V )
)

+ ωc(V, l1,0(V ))
)

+O
(
µ3
)
.

(3.5)

3.2 Open string vacuum-shift solution

To construct the open string part of the cosmological constant (2.46) we need to provide
a solution Ψv to the weak A∞ equation of motion (2.44). We will attempt to find such
Ψv ≡ Ψµ perturbatively in µ. If successful, this means that the corresponding new D-brane
system is very close to the old one, meaning that this particular D-brane system can adapt
to the changes in the closed string background dictated by Φcl. If this fails, one can assume
that it is still possible to find a non-perturbative solution Ψv to (2.44) which, however,
would generally describe a D-brane system far from the initial one.

To calculate Ψµ, we have to solve the tadpole-sourced equation of motion

m̃0 + m̃1(Ψ) + m̃2(Ψ,Ψ) + . . . = 0 . (3.6)
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We search for a perturbative vacuum shift

Ψv ≡ Ψµ =
∞∑
l=1

µl Ψl . (3.7)

Expanding in µ the products m̃k using the closed string solution Φµ, we get the recur-
sive equations

QΨ1 = −m1,0(V ) , (3.8a)

QΨ2 = −1
2

[
m2,0(V, V )−m1,0

(
b+0
L+

0
P̄+

0 l2(V, V )
)]
−m1,1(V,Ψ1)−m0,2(Ψ1,Ψ1) . (3.8b)

...

From here it is apparent that, even if the closed string solution Φµ is non-obstructed this
does not mean that a perturbative open-string vacuum shift solution Ψµ necessarily exists.
This is in fact completely analogous to what we have already discussed in [48, 51]. For
example, looking at (3.8a) we see that Ψ1 can only exist if m1,0(V ) is BRST exact as
an open string state (although V , as a bulk field, should be in the closed string BRST
cohomology). If this is the case, then we can write

Ψ1 = − b0
L0
P̄0m1,0(V ) , (3.9a)

Ψ2 = b0
L0
P̄0

{
− 1

2

[
m2,0(V, V )−m1,0

(
b+0
L+

0
l2(V, V )

)]
+

−m1,1(V,Ψ1)−m0,2(Ψ1,Ψ1)
}
, (3.9b)

...

which is a solution provided the corresponding obstructions vanish

0 = P0m1,0(V ) , (3.10a)

0 = P0

{
− 1

2

[
m2,0(V, V )−m1,0

(
b+0
L+

0
P̄+

0 l2(V, V )
)]

+

−m1,1(V,Ψ1)−m0,2(Ψ1,Ψ1)
}
. (3.10b)

...

As explained in [48] the vanishing of these obstructions is a statement about the vanishing
of amplitudes between a single open string in the kernel of L0 and any number of deforming
closed strings V . This means in turn that the effective action for open strings in kerL0 has
no tadpole. The absence of this ‘massless’ tadpole means that the initial D-brane system
can continuously adapt to the background deformation. Notice that these amplitudes, by
construction, use both open and closed string propagators. This is a major difference with
respect to [48] where the moduli space was covered with only open-string propagators.
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Now we can write down the leading-order contribution to the open string part of the
cosmological constant which turns out to be

−g(0)
s Λo(µ) = 1

2µ
2ωo

(
m1,0(V ), b0

L0
P̄0m1,0(V )

)
+O

(
µ3
)
. (3.11)

Notice that, as in the case of Witten theory deformed by the Ellwood invariant [48], Λo
starts at O(µ2) and the O(µ) contribution is completely stored in Λc, which is invisible in
Witten theory.

3.3 Total cosmological constant

If we collect all contributions in (2.49) we find the total cosmological constant

−g(0)
s Λ(µ) = µωc(V, l0,0) + 1

2µ
2
[
ωc

(
l0,0 ,

b+0
L+

0
P̄+

0 l2(V, V )
)

+ ωc(V, l1,0(V )) +

+ ωo

(
m1,0(V ), b0

L0
P̄0m1,0(V )

)]
+O(µ3) . (3.12)

One could continue to order µn to verify that this is the amplitude of n deforming closed
strings V on the disk. In particular, starting at O(µ2), we see that the amplitude gets
contribution from both closed and open constituents which, alone, would be inconsistent.
To substantiate this fact, consider the amplitude of two physical closed strings V1 and V2
that emerges from (3.12)

A(V1, V2) = ωc

(
l0,0 ,

b+0
L+

0
P̄+

0 l2(V1, V2)
)

+ ωc(V1, l1,0(V2)) +

+ ωo

(
m1,0(V1), b0

L0
P̄0m1,0(V2)

)
. (3.13)

This is a correct amplitude because we can choose V2 = Qcλ and verify that it vanishes
(up to possible terms at the boundary of moduli space) thanks to the nontrivial SDHA
homotopy relation

[Qc, l1,0] + l2l0,0+l0,1m1,0 = 0 , (3.14)

as it is easy to explicitly check.

3.4 Explicit open-closed vertices

Looking at the amplitude (3.13) we recognize that the part with the closed string propagator
contains the region of closed string degeneration where the two closed strings collide while
the part with the open string propagator contains the region of open string degeneration,
where one of the closed strings hits the world-sheet boundary. The piece in the middle
containing the l1,0 vertex is responsible for the integration in the interior of the moduli
space and does not contain IR divergences. Interestingly, it turns out that we can construct
l2, l0,0 and m1,0 in such a way that the homotopy relation (3.14) holds with l1,0 = 0, namely

l1,0 = 0 → l2l0,0 + l0,1m1,0 = 0 . (3.15)
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In appendix A, we give an explicit construction of these vertices using SL(2,C) maps which
we summarize here for convenience:

l2 (Φ1,Φ2) = b−0 δ
(
L−0

)
f1 ◦ Φ1

(
0, 0̄
)
f2 ◦ Φ1

(
0, 0̄
)
|0〉SL(2,C) , (3.16a)

l0,0 = 1
(2πi)2λ

−L+
0c ‖B0〉〉 , (3.16b)

(−1)d(Φ)m1,0 (Φ) = 1
2πi

[
˜m ◦ Φ
(
0, 0̄
)]
|0〉SL(2,R) , (3.16c)

where ·̃ · · means that doubling trick is understood and we have defined SL(2,C) functions

f1(w) = 1
λc

w − λc
3λc + w

= −f2(w) , (3.17a)

m(w) = i

λo

1 + w
β2

1 + w
β1

. (3.17b)

To satisfy the homotopy relation (3.15) we have to relate the open and closed string
parameters as (see appendix A)

λo = 3λ2
c + 1

3λ2
c − 1 , (3.18a)

β2 = 3λ2
c − 1

λ2
c + 1 λc , (3.18b)

β1 = 3λ2
c + 1

λ2
c − 1 λc . (3.18c)

This construction (which is obviously not unique) contains a free parameter λc > 1 which
selects how much moduli space of the amplitude (3.13) (with l1,0 = 0) is covered by the
first term (involving closed string propagation) or by the third term (involving open string
propagation), as we are going to see explicitly in the next subsection.

3.5 Explicit computation of the cosmological constant up to second order for
a matter deformation

We will now consider the case where the physical deforming closed string state V is of the
standard form

V (z, z̄) = cc̄V1,1(z, z̄) , (3.19)

where V1,1 is an h = (1, 1) matter primary. An analogous computation has been done
in [48] in the context of Witten theory with Ellwood Invariant. Here we will appreciate
how the present setting makes everything more rigorous but at the same time consistent
with the conclusions reached in [48]. We use the Schwinger representation of the closed
string propagator

b+0
L+

0
= b+0
L+

0 + εc

∣∣∣∣∣
εc→0

= b+0

∫ 1

0

dt

t
tεc tL

+
0

∣∣∣∣∣
εc→0

, (3.20)
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where the closed string regulator εc is used to tame singularities at closed string degeneration
t→ 0+ [8, 43, 48]. The closed string channel contribution is thus

ωc

(
l0,0 ,

b+0
L+

0
P̄+

0 l2(V, V )
)

=

= − 1
4π2

∫ 1

0

dt

t
tεc〈〈B0‖

(
t

λc

)L+
0
b+0 f1 ◦ V (0, 0̄)f2 ◦ V (0, 0̄)〉

∣∣∣∣∣
εc→0

(3.21a)

= − 1
4π2

∫ 1
λc

0

dx

x
xεc
〈
b+0 f1x ◦ V (0, 0̄)f2x ◦ V (0, 0̄)

〉
disk

∣∣∣∣∣
εc→0

, (3.21b)

where
f1x(w) = x

λc

w − λc
3λc + w

= −f2x(w) . (3.22)

Now, using that V is a (0, 0) primary we can explicitly write

ωc

(
l0,0 ,

b+0
L+

0
P̄+

0 l2(V, V )
)

=

= − 1
4π2

∫ 1
λc

0

dx

x
xεc
〈
b+0 V

(
− x

3λc
,− x

3λc

)
V

(
x

3λc
,
x

3λc

)〉
disk

∣∣∣∣∣
εc→0

(3.23a)

= − 1
4π2

∫ 1
3λ2

c

0

dy

y
yεc
〈
b+0 V (−y,−ȳ)V (y, ȳ)

〉
disk

∣∣∣∣∣
εc→0

. (3.23b)

The other contribution involving open string propagation reads instead (after using the
analogous representation for the open string propagator)

ωo

(
m1,0(V ), b0

L0
P̄0m1,0(V )

)
= 1

4π2

∫ 1

0

dt

t
tεo
〈
Io◦m◦V (0, 0̄)b0 tL0 m◦V (0, 0̄)

〉
UHP

∣∣∣∣∣
εo→0

,

(3.24)

where εo regulates the open string degeneration region t → 0 and Io(z) = −1/z. Again,
using that V is a (0, 0) primary this can be further simplified to

ωo

(
m1,0(V ), b0

L0
P̄0m1,0(V )

)
= 1

4π2

∫ 1

0

dt

t
tεo
〈
V (iλo, ¯iλo) b0 tL0 V (i/λo, ¯i/λo)

〉
UHP

∣∣∣∣∣
εo→0

(3.25a)

= 1
4π2

∫ 1

0

dt

t
tεo
〈
V (i, ī) b0 V (it/λ2

o,
¯it/λ2

o)
〉

UHP

∣∣∣∣∣
εo→0

(3.25b)

= 1
4π2

∫ 1
λ2

o

0

ds

s
sεo
〈
V (i, ī) b0 V (is, īs

〉
UHP

∣∣∣∣∣
εo→0

, (3.25c)
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where in going from the first to second line we have used the scale invariance of the UHP.
To connect the two contributions from closed (3.23b) and open (3.25c) string propagation,
we now recall the result proved in [48] (appendix A)

dy

y

〈
b+0 V (−y,−ȳ)V (y, ȳ)

〉
disk

= ds

s

〈
V (i, ī) b0 V (is, īs)

〉
UHP

, (3.26)

when we change integration variable

y = 1−
√
s

1 +
√
s
↔ s =

(1− y
1 + y

)2
. (3.27)

Then we can write everything using the open string variable s obtaining

− ωo

(
m1,0(V ), b0

L0
P̄0m1,0(V )

)
− ωc

(
l0,0 ,

b+0
L+

0
P̄+

0 l2(V, V )
)

=

= − 1
4π2

∫ 1
λ2

o

0

ds

s
sεo
〈
V (i, ī) b0 V (is, īs

〉
UHP

∣∣∣∣∣
εo→0

+

− 1
4π2

∫ 1(
3λ2

c −1
3λ2

c +1

)2
ds

s
(y(s))εc

〈
V (i, ī) b0 V (is, īs

〉
UHP

∣∣∣∣∣
εc→0

(3.28a)

= − 1
4π2

∫ 1
λ2

o

0

ds

s
sεo
〈
V (i, ī) b0 V (is, īs

〉
UHP

∣∣∣∣∣
εo→0

+

− 1
4π2

∫ 1

1
λ2

o

ds

s
(y(s))εc

〈
V (i, ī) b0 V (is, īs

〉
UHP

∣∣∣∣∣
εc→0

(3.28b)

= 1
π2

(∫ 1/λo2

0
ds sεo +

∫ 1

1/λo2
ds y(s)εc

)
(1− s2)×

×
〈
V1,1(i, ī)V1,1(is, īs)

〉
UHP

∣∣∣∣∣ εc → 0
εo → 0

, (3.28c)

where we have used the relation between the open and closed stubs (3.18a) and we have
evaluated the universal ghost correlator. Notice that this is independent of λo as can be
readily seen by differentiating (3.28c) with respect to λo and taking the limits εc → 0
and εo → 0 (which are safe to take provided that we consider a fixed value λo > 1). In
particular, notice that for λo → 1+ (which means λc →∞) the integration region of the
second term in (3.28c) shrinks to zero and the whole moduli space is covered by the open
string exchange, which is exactly what happens in Witten theory [48]. This limit is however
delicate because of the regularization at s→ 1 which is not naturally included in the first
term. Thus in the singular Witten theory we have to ‘remember’ to regulate the divergence
at s→ 1 with the regulator

y(s)εc =
(

1−
√
s

1 +
√
s

)εc
,

as discussed in [48].
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4 Example: moving in the moduli space of a Narain compactification

In this section we will evaluate the cosmological constant (up to quadratic order in the
deformation parameter) for the special case of marginally deforming a d dimensional Narain
compactification given by the CFT of d free bosons X1, . . . , Xd on a lattice whose moduli
are encoded in the tensor Eij = gij +Bij , where we also impose some conformally consistent
boundary conditions. We will check that the sum of the disk partition function and the SFT
cosmological constant factorizes into a universal part, which is independent of the boundary
state ‖B(E)〉〉 (and which, according to our conjecture, should indicate a change in the
string coupling constant) and a part which precisely reproduces the change in the g-function
〈0‖B(E)〉〉 of the corresponding boundary state (which can be calculated independently from
the known form of ‖B(E)〉〉). For the sake of concreteness, here we will explicitly work out
only the cases where we impose either Dirichlet or Neumann conditions on all d free bosons,
even though we have also established this result for a number of other boundary conditions.

4.1 Evaluating the cosmological constant

To move in the moduli space of the Narain compactification, we have to use the exactly
marginal vertex operator

Vε1,1(z, z̄) = εij∂X
i(z)∂̄Xj(z̄) , (4.1)

where setting α′ = 1, we have the OPE

∂X i(z)∂Xj(0) = −g
ij

2
1
z2 + reg .

Now suppose we have a Dp-brane, characterized by a gluing automorphism

∂Xi(z) = Ω j
i ∂̄Xj(z̄), z = z̄ , (4.2)

where the gluing tensor Ω satisfies the compatibility relation

ΩgΩT = g . (4.3)

Applying the doubling trick, the cosmological constant (3.12) will be then computed using
the bilocal holomorphic operator

Ṽε1,1 (z, z∗) = εik
(
ΩT
)k
j
∂X i (z) ∂Xj (z∗) ≡ ε̃ij ∂X i (z) ∂Xj (z∗) , (4.4)

where we define ε̃ = εΩT . Defining V ε = cc̄Vε1,1 and denoting by Λk the contribution to the
cosmological constant (3.12) at order O(εk), we have

g(0)
s Λ1 = −ωc(V ε, l0,0) , (4.5a)

g(0)
s Λ2 = −1

2

(
ωc

(
l0,0 ,

b+0
L+

0
P̄+

0 l2 (V ε, V ε)
)

+ ωo

(
m1,0 (V ε) , b0

L0
P̄0m1,0(V ε)

))
, (4.5b)
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where in the last line we have focused on the choice of local coordinates discussed in 3.4,
where l1,0 = 0. Starting with the first order deformation, we have

g(0)
s Λ1 = 1

4π2 〈V
ε|c−0 ‖B(E)〉〉 (4.6a)

= − 1
4π2 〈V

ε
1,1‖B(E)〉〉matter , (4.6b)

where the minus sign comes from the ghost part of the overlap. Converting this to a
correlator on the UHP and applying the doubling trick, we then obtain

g(0)
s Λ1 = − 1

4π2 〈V
ε
1,1(0, 0)〉disk (4.7a)

= − 1
π2 〈V

ε
1,1

(
i, ī
)
〉UHP (4.7b)

= − 1
π2 ε̃ij〈∂X

i(i)∂Xj(−i)〉C (4.7c)

= − 1
8π2 ε̃ijg

ij〈0‖B(E)〉〉 , (4.7d)

where the matter correlator is normalized such that the one-point function of the identity
operator gives the boundary state g-function 〈0‖B(E)〉〉. That is, we can write3

Λ1 = − 1
2π2g

(0)
s

〈0‖B(E)〉〉 ×
(

+1
4tr

[
ε̃g−1

])
. (4.8)

To compute the second order deformation, we use (3.28c) to find

g(0)
s Λ2 = 1

8π2 〈0‖B (E)〉〉
(∫ 1/λo2

0
ds sεo +

∫ 1

1/λo2
ds y (s)εc

)(
1− s2

)
×

× ε̃ij ε̃kl

(
gijgkl

16s2 + gikgjl

(1− s)4 + gilgjk

(1 + s)4

) ∣∣∣∣∣ εc → 0
εo → 0

(4.9a)

= 1
8π2 〈0‖B (E)〉〉

(∫ 1/λo2

0
ds sεo +

∫ 1

1/λo2
ds y (s)εc

)(
1− s2

)
×

×

(tr [ε̃g−1])2
16s2 +

tr
[
ε̃g−1ε̃T g−1

]
(1− s)4 + tr

[
ε̃g−1ε̃g−1]
(1 + s)4

 ∣∣∣∣∣ εc → 0
εo → 0

.

(4.9b)

The regularization is now completely parallel to [48] and gives the finite result

Λ2 = − 1
2π2g

(0)
s

〈0‖B (E)〉〉
( 1

32
(
tr
[
ε̃g−1

])2
+ 1

32tr
[
ε̃g−1ε̃T g−1

]
− 1

16tr
[
ε̃g−1ε̃g−1

])
.

(4.10)

3Here we understand tr[. . .] to be the pure matrix trace, that is, we explicitly keep track the factor g−1

to emphasize the dependence on the Narain moduli.
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Notice that it does not depend on the open string stub parameter λo, as it should. In
particular it is not difficult to realize that for a single compact free boson (radius deformation)
we recover the vanishing result reported in [48]. Altogether, we therefore obtain that the
total cosmological constant Λ(ε) gives the shifted disk partition function

− 1
2π2g

(0)
s

〈0‖B (E)〉〉+ Λ (ε) = − 1
2π2g

(0)
s

〈0‖B (E)〉〉
(

1 + 1
4tr

[
ε̃g−1

]
+ 1

32
(
tr
[
ε̃g−1

])2
+

+ 1
32tr

[
ε̃g−1ε̃T g−1

]
− 1

16tr
[
ε̃g−1ε̃g−1

]
+O

(
ε3
))

. (4.11)

This result is valid for any D-brane system on the Narain lattice which is specified by the
gluing automorphism Ω. Now it is time to verify our conjecture (1.1) by comparing the
r.h.s. of (4.11) with the deformation of the disk partition function computed directly from
the boundary state for various Dp-branes in the sigma-model picture.

4.2 Comparison with the g-function deformation

As is usually the case, the SFT parameter ε is not directly identified with the deformation
parameter εσ in the σ-model. The relation can be however obtained order by order by
comparing the spectrum of physical fluctuations around the classical solution Φ(ε) with the
spectrum of closed string primaries of the Narain compactification with moduli E + εσ. In
appendix C we have performed this analysis in pure closed string field theory in the limit
λc →∞, following the computation of Sen appearing in [43]. The result is4

ε(εσ) = εσ −
1
2εσg

−1εσ +O
(
ε3σ

)
. (4.12)

With this important information, let us manipulate (4.11) by substituting ε̃ = εΩT

− 1
2π2g

(0)
s

〈0‖B (E)〉〉+ Λ (ε (εσ)) =

= − 1
2π2g

(0)
s

〈0‖B (E)〉〉
(

1 + 1
4tr

[
εσΩT g−1

]
− 1

8tr
[
εσg
−1εσΩT g−1

]
+

+ 1
32
(
tr
[
εσΩT g−1

])2
+ 1

32tr
[
εσg
−1εTσ g

−1
]
− 1

16tr
[
εσΩT g−1εσΩT g−1

])
+O

(
ε3σ

)
,

(4.13)

where we have used the compatibility relation (4.3) to note that the tr[εεT ]-term is indepen-
dent of the gluing automorphism Ω. We will now evaluate the r.h.s. of (4.13) for the specific
cases, when we impose pure Dirichlet and pure Neumann BCs along the Narain lattice and
check that it factorizes into the expected shift in the g-function times a universal factor (i.e.
independent of the choice of conformal BCs) which we interpret as a deformation of the
closed string coupling constant g(0)

s .

4A similar relation has been discussed in [64] and [65]. We thank B. Zwiebach for pointing this out to us.
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4.2.1 Pure Dirichlet BCs

For the pure Dirichlet BCs, we have to set (ΩD) ji = −δ ji . From the boundary state
‖BD(E)〉〉, we can also extract the g-function

〈0‖BD(E)〉〉 = 2−
d
4 (det g)−

1
4 . (4.14)

Deforming the Narain modulus as E −→ E∗ = E + εσ, the metric changes as

g −→ g∗ = g + 1
2
(
εσ + εTσ

)
. (4.15)

Hence, we can calculate the corresponding deformed g-function as

〈0‖BD (E∗)〉〉 = 2−
d
4 (det g∗)−

1
4 (4.16a)

= 2−
d
4 (det g)−

1
4 e−

1
4 tr log[δ+ 1

2g
−1(εσ+εTσ )] (4.16b)

= 〈0‖BD (E)〉〉 e−
1
8 tr[g−1(εσ+εTσ )]+ 1

32 tr[g−1(εσ+εTσ )g−1(εσ+εTσ )]+O(ε3σ) , (4.16c)

where in the last step, we have Taylor-expanded the logarithm in the exponent. Expanding
also the exponential, we obtain

〈0‖BD (E + εσ)〉〉 = 〈0‖BD (E)〉〉
(

1− 1
8tr

[
g−1

(
εσ + εTσ

)]
+ 1

128
(
tr
[
g−1

(
εσ + εTσ

)])2
+

+ 1
32tr

[
g−1

(
εσ + εTσ

)
g−1

(
εσ + εTσ

)]
+O

(
ε3σ

))
.

(4.17)

On the other hand, substituting for the specific Ω into the r.h.s. of the SFT calculation (4.13),
we eventually obtain

− 1
2π2g

(0)
s

〈0‖BD (E)〉〉+ ΛD (ε (εσ)) =

= − 1
2π2

1
g

(0)
s

(
1− 1

32tr
[
εσg
−1εTσ g

−1
]

+O
(
ε3σ

))
×

× 〈0‖BD (E)〉〉
(

1− 1
8tr

[(
εσ + εTσ

)
g−1

]
+ 1

128
(
tr
[(
εσ + εTσ

)
g−1

])2
+

+ 1
32tr

[
g−1

(
εσ + εTσ

)
g−1

(
εσ + εTσ

)]
+O

(
ε3σ

))
. (4.18)

Hence, provided that we are able to identify the deformed string coupling constant g(∗)
s (εσ) as

1
g

(∗)
s (εσ)

= 1
g

(0)
s

(
1− 1

32tr
[
εσg
−1εTσ g

−1
]
+O

(
ε3σ

))
= 1
g

(0)
s

(
1− 1

32tr
[
εg−1εT g−1

]
+O

(
ε3
))

,

(4.19)

we can rewrite (4.18) as

− 1
2π2g

(0)
s

〈0‖BD(E)〉〉+ ΛD(ε(εσ)) = − 1
2π2g

(∗)
s (εσ)

〈0‖BD(E + εσ)〉〉 , (4.20)
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which verifies our conjecture (1.1) in the case of pure Dirichlet BCs. In order to see
that (4.19) indeed gives the correct deformation of gs, one would ideally have to compute an
independent observable, which directly measures the value of gs. In the absence of such an
observable, we will check the plausibility of (4.19) indirectly by verifying that it is indeed
a universal function of the Narain modulus (i.e. that it is independent of the particular
D-brane system we consider for the calculation of the cosmological constant). This we will
do by redoing the calculation for other examples of conformal boundary conditions on the
Narain lattice.

4.2.2 Pure Neumann BCs

The pure Neumann BCs on a generic Narain lattice are given by the gluing automorphism

(
ΩN
) j
i

=
[(
δ +Bg−1

) (
δ −Bg−1

)−1
] j
i
, (4.21)

while the g-function can be calculated from the corresponding boundary state ‖BN(E)〉〉.
One obtains

〈0‖BN (E)〉〉 = 2−
d
4
[
det

(
g −Bg−1B

)] 1
4 . (4.22)

More conveniently, we can express 〈0‖BN(E)〉〉 in the DBI-like form as a multiple of the
pure Dirichlet g-function as

〈0‖BN (E)〉〉 =
√

detE 〈0‖BD (E)〉〉 . (4.23)

Upon deforming the Narain modulus by E −→ E∗ = E + εσ, we can calculate the
corresponding deformed g-function. Performing analogous algebra as in the case of the pure
Dirichlet conditions, we obtain

〈0‖BN (E + εσ)〉〉 =

= 〈0‖BN (E)〉〉
(

1− 1
8tr

[
g−1

(
εσ + εTσ

)]
+ 1

128
(
tr
[
g−1

(
εσ + εTσ

)])2
+

+ 1
32tr

[
g−1

(
εσ + εTσ

)
g−1

(
εσ + εTσ

)]
+O

(
ε3σ

))
×

×
(

1 + 1
2tr

[
g−1

(
δ +Bg−1

)−1
εσ

]
+ 1

8

(
tr
[
g−1

(
δ +Bg−1

)−1
εσ

])2
+

− 1
4tr

[
g−1

(
δ +Bg−1

)−1
εσg
−1
(
δ +Bg−1

)−1
εσ

]
+O

(
ε3σ

))
(4.24)
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Starting with the calculation (4.11) of the disk partition function shifted by the SFT
cosmological constant evaluated for the pure Neumann boundary conditions, we have

− 1
2π2g

(0)
s

〈0‖BN (E)〉〉+ ΛN (ε) =

= − 1
2π2g

(0)
s

〈0‖BN (E)〉〉
(

1 + 1
4tr

[
g−1ε

(
ΩN
)T ]
− 1

16tr
[
g−1ε

(
ΩN
)T

g−1ε
(
ΩN
)T ]

+

+ 1
32

(
tr
[
g−1ε

(
ΩN
)T ])2

+ 1
32tr

[
g−1εg−1εT

]
+O

(
ε3
))

.

(4.25)

Realizing that we can rewrite(
ΩN
)T

g−1 =
(
δ + g−1B

)−1 (
δ − g−1B

)
g−1 (4.26a)

= g−1
(
δ +Bg−1

)−1 (
δ −Bg−1

)
(4.26b)

= g−1
[
2
(
δ +Bg−1

)−1
− δ

]
, (4.26c)

and substituting for ε in terms of the sigma-model modulus εσ, we can factorize the r.h.s.
of (4.25) as

− 1
2π2g

(0)
s

〈0‖BN (E)〉〉+ ΛN (ε (εσ)) =

= − 1
2π2g

(0)
s

〈0‖BN (E)〉〉
(

1− 1
32tr

[
εσg
−1εTσ g

−1
]

+O
(
ε3σ

))
×

×
(

1− 1
4tr

[
g−1εσ

]
+ 1

32
(
tr
[
g−1εσ

])2
+

+ 1
16tr

[
g−1εσg

−1εσ
]

+ 1
16tr

[
g−1εσg

−1εTσ

]
+O

(
ε3σ

))
×

×
(

1 + 1
2tr

[
g−1

(
δ +Bg−1

)−1
εσ

]
+ 1

8

(
tr
[
g−1

(
δ +Bg−1

)−1
εσ

])2
+

− 1
4tr

[
g−1

(
δ +Bg−1

)−1
εσg
−1
(
δ +Bg−1

)−1
εσ

]
+O

(
ε3σ

))
, (4.27)

that is, comparing with (4.24),

− 1
2π2g

(0)
s

〈0‖BN (E)〉〉+ ΛN (ε (εσ)) =

= − 1
2π2g

(0)
s

(
1− 1

32tr
[
εσg
−1εTσ g

−1
]

+O
(
ε3σ

))
〈0‖BN (E + εσ)〉〉 . (4.28)

We observe that the pure Neumann disk partition function shifted by the SFT cosmological
constant can be identified with the shift in the pure Neumann g-function times the same
factor, which was also present for the pure Dirichlet boundary conditions (and which is
indeed present for all other examples of boundary conditions which we have checked, such

– 29 –



J
H
E
P
1
0
(
2
0
2
2
)
1
7
3

as mixed Dirichlet-Neumann). Hence, identifying this factor with the BC-independent shift
in the string coupling constant as in (4.19), we obtain that our conjecture (1.1) holds in
the form

− 1
2π2g

(0)
s

〈0‖BN(E)〉〉+ ΛN(ε(εσ)) = − 1
2π2g

(∗)
s (εσ)

〈0‖BN(E + εσ)〉〉 . (4.29)

5 Conclusions

In this paper we have presented a complete classical picture of the vacuum energy that is
generated in bosonic string theory when we deform the closed string background in the
presence of D-branes and we have identified such a vacuum energy with the shift in the disk
partition function before and after the background shift.5 This provides a generalization of
Sen’s conjecture, where the closed string background was fixed.

This work gives a more rigorous and more regular approach than our previous inves-
tigations involving Witten OSFT coupled to the Ellwood invariant [48]. At a technical
level, thanks to the framework developed in this paper, we can now systematically deal
with infrared divergences coming from open and closed string degenerations and very soft
(or even zero-momentum) open-closed amplitudes can be rigorously defined and possibly
computed. Although open-closed string field theory is more complicated than Witten OSFT
(both technically and conceptually) we have found that, at the end of the day, many of the
relevant computations that are doable in Witten OSFT [48] are still doable here, with the
advantage that closed string degenerations are now unambiguosly tamed. It is reasonable
to expect that progress in the construction of SFT vertices [66–70] will further improve
this situation.

At a more formal level our analysis gives a concrete framework to approach the full
open-closed background independence, when we want to deal with generic closed string
background shifts. Our results can also be useful in the context of purely closed string
field theory where it is not easy to define non-trivial and non-vanishing gauge-invariant
observables [1]. Our cosmological constant can provide gauge invariant information on the
change in the closed string background, which essentially means to use matter (D-branes)
to probe purely ‘gravitational’ phenomena.

A generic observation that is possible to derive from our conjecture (1.1) and from
the detailed example of section 4 is that a closed string field theory solution in general
changes the string coupling constant, not just the CFT background. To first order in the
closed string deformation it is known that the main field which is responsible to change
the string coupling is the ghost dilaton [71, 72] but, already at second order, a purely
matter bulk deformation will also (generically) shift the string coupling, even if the ghost
dilaton is not switched on. We saw this effect explicitly in section 4 through the tr[ε · εT ]
contribution in the cosmological constant, which is independent of the D-brane system and
which ‘factors out’ after matching the SFT deformation parameter with the sigma-model
one, following appendices B and C. We think that this is an interesting point that deserves

5We do not consider possible contributions from the pure closed SFT action, which is independent of the
D-brane background and it has been recently discussed in [1].
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further study and we are indeed working at the moment at generalizing our results to
deformations involving the ghost-dilaton [73]. Ideally, it would be desirable to have a SFT
observable that independently measures the shift in the coupling constant which is induced
by a classical solution.

Another natural continuation of this work is the extension to superstring field theory.
Recently Kunitomo has constructed the OCHA for the RNS superstring [74]. However,
just as in the bosonic string, this is not sufficient to define a gauge-invariant cosmological
constant: we also need purely closed string couplings on the disk to construct the full SDHA
which is the basic algebraic structure at the heart of this matter. We will report on this
construction as well as on the associated N = 2 localization [50, 75–77] in the context of
Type II theories in [78].

After having addressed these extensions to our present results, it will be time to
confront with the intrinsic quantum nature of open-closed string field theory. We expect
that explorations in this direction will improve our understanding of the non-perturbative
structure of string theory.
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A SL(2,C) vertices for the disk two-point function

In this appendix we explicitly build the OC-vertices that are needed for the bulk two-
point function on the disk, which (beside the open and closed BRST operators) are
(l2, l0,0, l1,0,m1,0). We will find it useful to use SL(2,C) vertices,6 so that full off-shell
computations will be possible without having to deal with complicated conformal maps.
Our strategy will be to write down a reasonable ansatz involving SL(2,C) local coordinates
and then to constrain the free parameters so that the basic homotopy relation

l2l0,0 + [Qc, l1,0] + l0,1m1,0 = 0 , (A.1)

will be satisfied when evaluated between two generic closed string states

ωc (Φ1, l2(l0,0,Φ2) + [Qc, l1,0](Φ2) + l0,1m1,0(Φ2)) = 0 , ∀Φ1,Φ2 ∈ Hc , (A.2)

where we note that in order for the symplectic form to be non-zero, the degrees d(Φ1), d(Φ2)
of Φ1 and Φ2 need to satisfy d(Φ1) + d(Φ2) ∈ 2Z + 1. In fact, as we are going to show, it is

6We thank Ashoke Sen for suggesting this.
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possible to find an explicit SL(2,C) solution to the homotopy relation (A.1) where l1,0 = 0,
that is

l2l0,0 + l0,1m1,0 = 0 . (A.3)

As explained in the main text, this means that it is possible to construct the bulk two-point
disk amplitude with just two Feynman diagrams: two open-closed vertices connected by an
open string propagator and two closed strings interacting, connected to the boundary state
by a closed string propagator. Let us then start with the first term in (A.3) and evaluate it
between two generic closed string states

ωc (Φ1, l2(l0,0,Φ2)) = −ωc(l0,0, l2(Φ1,Φ2)) . (A.4)

We define the closed string product l2 as

|l2(Φ1,Φ2)〉 = b−0 δ(L
−
0 ) f1 ◦ Φ1(0, 0̄) f2 ◦ Φ2(0, 0̄) |0〉SL(2,C) , (A.5)

where the SL(2,C) functions f1,2 are defined from three SL(2,C) maps

g1(w) = 3
2
w − λc
3λc + w

, (A.6a)

g2(w) = 3
2
λc − w
3λc + w

, (A.6b)

g3(w) = 3
2
λc
w
, (A.6c)

where λc > 1 is a tunable parameter corresponding to a closed string stub created by the
action of λ−L

+
0c in the local coordinate w. With these maps, we can define the basic cubic

closed string vertex as7

(−1)d(Φ3)ωc(Φ3, l2(Φ1,Φ2)) =

=
〈
g3 ◦ Φ3(0, 0̄)g1 ◦ Φ1(0, 0̄)g2 ◦ Φ2(0, 0̄)

〉
C (A.7a)

=
〈
Ic ◦ Φ3(0, 0̄) Ic ◦ g−1

3 ◦ g1 ◦ Φ1(0, 0̄) Ic ◦ g−1
3 ◦ g2 ◦ Φ2(0, 0̄)

〉
C
, (A.7b)

from which we can read off

f1(w) = 1
λc

w − λc
3λc + w

= −f2(w) . (A.8)

Notice that thanks to the use of SL(2,C) maps, correlators are always computed on the
complex plane (because f(C) = C for f ∈ SL(2,C)). By construction this vertex obeys
[Qc, l2] = 0.

The next object we have to define is the zero-closed-string product l0,0. In generality
we take it to be the boundary state of the starting open string background BCFT0, ‖B0〉〉,
with a tunable closed string stub attached

l0,0 = 1
(2πi)2λ

−L+
0

b ‖B0〉〉 = − 1
4π2 b

−
0 c
−
0 δL−

0
λ
−L+

0
b ‖B0〉〉 , (A.9)

7The closed string BPZ conjugation is performed with Ic(z) = 1
z
.
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where we used that the boundary state obeys the gluing condition b−0 ‖B0〉〉 = 0 and it is
BRST invariant. Moreover, the prefactor (2πi)−2 ensures correct normalization of 1-point
disk amplitudes. Consequently, we have

ωc(l0,0,Φ) = + 1
4π2

〈(
w

λb

)
◦ c−0 Φ(w, w̄)

∣∣∣
w=0

〉
disk

. (A.10)

We are now ready to write down the first part of the homotopy relation (A.3) which, after
mapping the disk to the UHP by zu = i1−zd

1+zd
, reads

ωc (Φ1, l2(l0,0,Φ2)) = −ωc(l0,0, l2(Φ1,Φ2)) (A.11a)

= − 1
4π2

〈 1
λb
◦ f1 ◦ Φ1(0, 0̄) 1

λb
◦ f2 ◦ Φ2(0, 0̄)

〉
disk

(A.11b)

= − 1
4π2

〈
Io ◦ η ◦ Φ1(0, 0̄) η ◦ Φ2(0, 0̄)

〉
UHP , (A.11c)

where

η(w) = i

(3λbλc − 1
3λbλc + 1

) 1 + λbλc+1
λc(3λbλc−1)w

1 + λbλc−1
λc(3λbλc+1)w

. (A.12)

Let us now consider the second term in the homotopy relation (A.3), namely

ωc(Φ1, l0,1m1,0(Φ2)) = −(−1)d1ωo(m1,0(Φ1),m1,0(Φ2)) = 〈m1,0(Φ1),m1,0(Φ2) 〉o . (A.13)

To compute this quantity, we define the SL(2,C) open-closed vertex m1,0

(−1)d(Φ1)|m1,0(Φ1)〉 = 1
2πi

[ ˜m ◦ Φ1(0, 0̄)
]
|0〉SL(2,R) , (A.14)

where ·̃ · · means that we use the doubling trick to express the anti-holomorphic part of the
vertex operator Φ(z, z̄) as an holomorphic insertion on the lower half plane.8 Again, we
start with a basic open-closed overlap

(−1)d(Ψ)+d(Φ)ωo(Ψ,m1,0(Φ)) = 1
2πi

〈
fo ◦Ψ(0) fc ◦ Φ

(
0, 0̄
) 〉

UHP , (A.15)

where we introduce maps

fo(w) = w

λo
, (A.16a)

fc(w) = i
1 + w

β1

1 + w
β2

, (A.16b)

and where the open string stub λo > 1 and β1,2 > 1 are tunable parameters which will be
related to the closed string parameters λc, λb in order to solve (A.3). A short comment is
in order: this is a well-defined vertex if the open string patch fo(w), (|w| ≤ 1) does not

8This operation depends on the boundary conditions of BCFT0.
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intersect the closed string patch fc(w), (|w| ≤ 1). Choosing for definiteness β2 > β1 it is
easy to check that this implies the constraint

λo >
β1
β2

1− β2
1− β1

, (β2 > β1) . (A.17)

To get the function m(w) in (A.14) we observe9

1
2πi

〈
fo ◦Ψ(0) fc ◦ Φ(0, 0̄)

〉
UHP = 1

2πi
〈
Io ◦Ψ(0) Io ◦ f−1

o ◦ fc ◦ Φ(0, 0̄)
〉

UHP
(A.18a)

= (−1)d(Ψ)+d(Φ)ωo(Ψ,m1,0(Φ)) , (A.18b)

which fixes

m(w) = i

λo

1 + w
β2

1 + w
β1

. (A.19)

From here we easily get

ωc(Φ1, l0,1m1,0(Φ2)) = −(−1)d(Φ1)+d(Φ2) 1
4π2

〈
Io ◦m ◦ Φ1(0, 0̄)m ◦ Φ2(0, 0̄)

〉
UHP ,

(A.20a)

ωc (Φ1, l2(l0,0,Φ2)) = − 1
4π2

〈
Io ◦ η ◦ Φ1(0, 0̄) η ◦ Φ2(0, 0̄)

〉
UHP . (A.20b)

Hence, recalling that d(Φ1) + d(Φ2) ∈ 2Z + 1, we conclude that (A.3) is satisfied if and
only if

η(w) = m(w) , (A.21)

which means that we need to put

λo = 3λbλc + 1
3λbλc − 1 , (A.22a)

β2 = 3λbλc − 1
λbλc + 1 λc , (A.22b)

β1 = 3λbλc + 1
λbλc − 1 λc . (A.22c)

To simplify a bit, we can choose the stub of l0,0 (λb) to coincide with he stubs of l2 (λc)
and in this case we get

λo = 3λ2
c + 1

3λ2
c − 1 , (A.23a)

β2 = 3λ2
c − 1

λ2
c + 1 λc , (λb = λc) , (A.23b)

β1 = 3λ2
c + 1

λ2
c − 1 λc . (A.23c)

9The open string BPZ conjugation is performed with Io(w) = − 1
w
.

– 34 –



J
H
E
P
1
0
(
2
0
2
2
)
1
7
3

B Mass-shift in string field theory

In this appendix we include general discussion of the BRST cohomology deformation which
is induced by a classical SFT solution describing a marginally deformed background. For
the sake of concreteness, we will consider marginal deformations in closed SFT and the
associated shifts in the masses of the closed-string physical states. For constructing the
elements of the deformed cohomology, we will follow the perturbative method described
in [43], emphasizing the fact that the microscopic cohomology can be expressed as an L∞
homotopy transfer of an effective cohomology. Since the construction is be purely algebraic,
it is applicable also for calculating mass-shift of open-string physical states arising due to
marginal deformations in open SFT (which is governed by an A∞ algebra).

B.1 Marginal deformations

Let us fix a background where the matter CFT0 can be factorized as

CFT0 = CFTR1,D
0 ⊕ CFTM

0 , (B.1)

where CFTR1,D
0 is the c = D+1 CFT of D+1 free bosons X0 ≡ Y,X1, . . . , XD propagating

in R1,D (for D ≥ 0) and CFTM
0 is a c = 25−D CFT with discrete spectrum of conformal

dimensions (and which is otherwise arbitrary) describing a compactification. The boson
Y propagates along the time-like direction of R1,D. We will consider an exactly marginal
deformation which is induced by a weight (1, 1) matter field V1,1 ∈ CFTM

0 and which thus
only deforms the compactification M . Writing as before V = cc̄V1,1 ∈ kerL+

0 and using the
notation of [51], we can write the most general form of the closed SFT classical solution Φµ

describing the marginal deformation as

Φµ = π1Ĩ e∧φµ , (B.2)

where the string field

φµ =
∞∑
k=1

µkφk (B.3)

(with φ1 ≡ V ) belongs to kerL+
0 and satisfies the effective closed SFT equation of motion

0 = π1l̃ e∧φµ =
∞∑
j=1

1
j! l̃j

(
φ∧jµ

)
. (B.4)

Here Ĩ denotes the canonical inclusion of SP+
0 Hc into SHc deformed by interactions (where

SHc denotes the symmetrized tensor coalgebra on Hc). This can be defined in terms
of a contracting homotopy operator h, where in Siegel gauge, we would usually have
h = (b+0 /L

+
0 )(1− P+

0 ) where P+
0 is the projector onto kerL+

0 . The products l̃k would then
be given by the corresponding homotopy transfer of the microscopic L∞ products lk. For
example, up to quadratic order in µ, we could extract

Φµ = µφ1 −
1
2!µ

2 b
+
0
L+

0

(
1− P+

0

)
l2 (φ1, φ1) + µ2φ2 +O

(
µ3
)
, (B.5)

– 35 –



J
H
E
P
1
0
(
2
0
2
2
)
1
7
3

where φ1 ≡ V, φ2, . . . satisfy

0 = Qφ1 , (B.6a)

0 = Qφ2 + 1
2!P

+
0 l2(φ1, φ1) , (B.6b)

...

The solution for the marginal deformation considered in the main body of this paper
therefore corresponds to the special situation where we can set φ2 = φ3 = . . . = 0.

In order to facilitate the description of the associated deformation of the BRST
cohomology, we will need to introduce the projector P+

µ onto the subset

Kµ = {Φ ∈ H0 : L0Φ = O(µ)} . (B.7)

Clearly we have kerL0 ⊂ Kµ ⊂ Hc. Denoting by P+
0 the projector onto kerL+

0 , we have
P+

0 P
+
µ = P+

µ P
+
0 = P+

0 and also [Q,P+
0 ] = 0 = [Q,P+

µ ]. Note that since the solution φµ is
defined to live in kerL+

0 and its matter part excites only fields in CFTM
0 which has discrete

spectrum, we can actually replace P+
0 with P+

µ with no effect on the above derivation.
However, it will make a difference whether we use P+

0 or P+
µ when we start inserting states

from Kµ which do not belong to kerL+
0 . This will be neccessary below when we attempt

to define an observable yielding the mass-shifts of physical states. Hence, from now on it
will be more convenient to consider the homotopy transfer with respect to the contracting
homotopy operator (b+0 /L

+
0 )(1− P+

µ ).

B.2 Shifted cohomology

Let us now consider the cohomology of the effective BRST operator around the deformed
closed-string background given by the classical effective solution φµ ∈ kerL0. Following
the strategy of [43], we will expect that for a given element u0 ∈ kerL0 of the original
(undeformed) cohomology around CFT0 (thus satisfying Qu0 = 0), one may hope to be able
extend this to a continuous family of elements uµ ∈ Kµ, which are closed in the deformed
effective cohomology, namely, which satisfy the condition

0 = π1l̃
(
e∧φµ ∧ uµ

)
=
∞∑
j=0

1
j! l̃j+1

(
φ∧jµ ∧ uµ

)
. (B.8)

Note that using the effective equation of motion (B.4) satisfied by φµ, the π1 projector in
front can actually be dropped and we remain with the condition

l̃
(
e∧φµ ∧ uµ

)
= 0 . (B.9)

Also note that in order to make perturbative sense of the l.h.s. of (B.8), it is important
to consider the homotopy transfer l̃k of the microscopic products lk with respect to the
projector P+

µ on the enlarged kernel Kµ of L0 so as to protect against acting with 1/L+
0

on states with conformal dimensions of O(µ). The corresponding elements Uµ of the
cohomology with respect to the BRST operator shifted by the full microscopic classical
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solution Φµ (where U0 = u0) can then be computed in terms of uµ by applying homotopy
transfer as

e∧Φµ ∧ Uµ = Ĩ
(
e∧φµ ∧ uµ

)
. (B.10)

The states Uµ then indeed satisfy the appropriate condition
∞∑
j=0

1
j! lj+1

(
Φ∧jµ ∧ Uµ

)
= π1l

(
e∧Φµ ∧ Uµ

)
= π1lĨ

(
e∧φµ ∧ uµ

)
= π1Ĩl

(
e∧φµ ∧ uµ

)
= 0 ,

(B.11)

on the shifted microscopic BRST operator (where in the third equality, we have used the
chain-map property lĨ = Ĩl). In particular, let us focus on elements u0 of the undeformed
cohomology, which can be expressed as

u0 = cc̄eik0Y Uh,h̄ ∈ kerL0 , (B.12)

where Uh,h̄ ∈ CFTM is a dimension (h, h̄) matter primary operator (with h = h̄ to saturate
the level-matching condition) and where the undeformed energy k0 of the state u0 satisfies
the mass-shell constraint (denoting htot = h+ h̄)

−2 + htot −
k2

0
2 = 0 , (B.13)

so that Qu0 = 0. Let us now attempt to find a solution uµ to the condition (B.8) in the form

uµ = cc̄eikµY Uh,h̄ ∈ Kµ , (B.14)

where kµ = k0 +O(µ). Provided that such a solution exists, it is therefore completely deter-
mined by the function kµ. On the other hand, given uµ, we can extract the corresponding
value of kµ by calculating (recall that we assume h = h̄)

Quµ = 1
2

(
−2 + htot −

k2
µ

2

)
cc̄
(
∂c+ ∂̄c̄

)
eikµY Uh,h̄ . (B.15)

Assuming then that the matter fields Uh,h̄ have normalized 2-point functions, we can extract

k2
µ

2 = 2ωc (ũµ, Quµ)− 2 + htot , (B.16)

where we have introduced the undeformed cohomology element ũµ = cc̄e−ikµY Uh,h̄ which
is dual to uµ. Let us try to solve for kµ perturbatively by introducing the approximate
solutions k(r)

µ which satisfy

kµ = k(r)
µ +O

(
µr+1

)
. (B.17)

Correspondingly, we can then introduce approximate cohomology elements

u(r)
µ = cc̄eik

(r)
µ Y Uh,h̄ ∈ Kµ , (B.18)
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which are only exact up to order µr, that is uµ = u
(r)
µ +O(µr+1). Going in the opposite

direction, we could again extract k(r)
µ from u

(r)
µ by a calculation analogous to (B.16). The

approximate states u(r)
µ then satisfy the truncated conditions

r∑
j=0

1
j! l̃j+1

((
φ(r+1−j)
µ

)∧j
∧ u(r−j)

µ

)
= 0 , (B.19)

for all r ≥ 0, where we have also introduced the truncations

φ(r)
µ =

r∑
k=1

µkφk , (B.20)

of the effective classical solution φµ, which satisfy the truncated equations of motion
r∑
j=1

1
j! l̃j

((
φ(r+1−j)
µ

)∧j)
= 0 , (B.21)

for all r ≥ 1. More explicitly, for r = 0, 1, 2, . . ., we obtain equations

0 = Qu(0)
µ , (B.22a)

0 = Qu(1)
µ + l̃2

(
φ(1)
µ , u(0)

µ

)
, (B.22b)

0 = Qu(2)
µ + l̃2

(
φ(2)
µ , u(1)

µ

)
+ 1

2! l̃3
((
φ(1)
µ

)∧2
, u(0)

µ

)
, (B.22c)

...

Hence, starting with some undeformed element u(0)
µ ≡ u0, we can calculate k(1)

µ by considering
the correlator

−1
2∆(1)

µ ≡ ωc
(
ũ(0)
µ , l̃2

(
φ(1)
µ , u(0)

µ

))
, (B.23)

(where on the r.h.s. we only have known quantities) since using (B.22b), the quantity ∆(1)
µ

is then equal to 2ωc(ũ(1)
µ , Qu

(1)
µ ). This can then be substituted into (B.16) to obtain k(1)

µ .
Knowing k(1)

µ (and therefore u(1)
µ ) we can calculate k(2)

µ from

−1
2∆(2)

µ ≡ ωc
(
ũ(1)
µ , l̃2

(
φ(2)
µ , u(1)

µ

))
+ 1

2ωc

(
ũ(0)
µ , l̃3

((
φ(1)
µ

)∧2
, u(0)

µ

))
, (B.24)

because using (B.22c), the quantity ∆(2)
µ is equal to 2ωc(ũ(2)

µ , Qu
(2)
µ ), which in turn gives

k
(2)
µ through (B.16). Continuing in this manner, we can gradually improve the approximate

solutions k(r)
µ and therefore build (up to arbitrary order in µ) a state uµ which satisfies

the condition (B.8). Indeed, in general, for arbitrary r ≥ 1, we can extract k(r)
µ in terms of

k
(r−1)
µ , k

(r−2)
µ , . . . , k

(0)
µ by calculating

−1
2∆(r)

µ ≡
r∑
j=1

1
j!ωc

(
ũ(r−j)
µ , l̃j+1

((
φ(r+1−j)
µ

)∧j
∧ u(r−j)

µ

))
, (B.25)

because, using the condition (B.19), ∆(r)
µ is equal to 2ωc(ũ(r)

µ , Qu
(r)
µ ). Furthermore, according

to [43], ∆(r)
µ can be identified with the O(µr)-approximation of the shift in the total conformal

dimension htot = h+ h̄ of the state Uh,h̄ as we deform the matter background CFTM
0 by

turning on a vev for V1,1.
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C Relating the SFT and sigma-model deformation parameters

In this appendix we will apply the method of calculating the mass-shift using SFT in
the special case where we take CFTM

0 to be the theory of c = d free bosons X1, . . . , Xd

compactified to a d-dimensional Narain lattice, whose moduli are encoded in the metric
gij and the Kalb-Ramond field Bij . The corresponding closed SFT marginal deformation
will be turned on by the matter state V1,1 = εij∂X

i∂̄Xj . By calculating the SFT mass-
shift of arbitrary momentum and winding modes along the compactified directions and
comparing with the known formula for their conformal weights in terms of the Narain
moduli, we will then establish (up to quadratic order) the relation between the SFT
modulus ε and the corresponding parameter εσ which controls the marginal deformation in
the sigma-model description.

C.1 Narain spectrum and sigma-model deformations

Given a Narain lattice (g,B), the corresponding spectrum of momentum and winding modes
is spanned by the vertex operators

VkL(E),kR(E)(z, z̄) = ei(kL(E))i(XL)i+i(kR(E))i(XR)i(z, z̄) , (C.1)

where, denoting Eij = gij +Bij , we have

(kL(E))i = ki + Eijw
j , (C.2a)

(kR(E))i = ki − ETijwj , (C.2b)

with ki ∈ Z, wj ∈ Z arbitrary integers. The corresponding left and right conformal
dimensions can be computed as

hL (E) = 1
4 (kL (E))T g−1kL (E) , (C.3a)

hR (E) = 1
4 (kR (E))T g−1kR(E) , (C.3b)

where gij = 1
2(E +ET )ij are the elements of the inverse metric. The total conformal weight

is then given simply as htot = hL +hR. We now want to deform the Narain lattice by varying

E −→ E′ = E + εσ (C.4)

for some deformation εσ, whose symmetric part deforms the metric g, while its antisymmetric
part deforms the Kalb-Ramond field B. Calculating the corresponding deformation of the
left- and right-moving momenta, we obtain

(kL (E + εσ))i = (kL (E))i + (εσ)ij w
j , (C.5a)

(kR (E + εσ))i = (kR (E))i −
(
εTσ

)
ij
wj . (C.5b)
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Substituting these into (C.3) and expanding the deformation of the inverse metric, we
obtain the deformed total conformal weight up to second order in εσ as

htot(E + εσ) = htot(E)+

− 1
2(kL(E))T g−1εσg

−1kR(E)+

+ 1
4(kL(E))T g−1εσg

−1εσg
−1kR(E)+

+ 1
8(kL(E))T g−1εσg

−1εTσ g
−1kL(E)+

+ 1
8(kR(E))T g−1εTσ g

−1εσg
−1kR(E)+

+O
(
ε3σ

)
. (C.6)

C.2 SFT mass-shift

Let us now compare the shift (C.6) in the Narain spectrum to the corresponding mass-
shift calculated to second order using closed SFT. We will therefore consider a marginal
deformation which is excited by the massless state

V = εijcc̄∂X
i∂̄Xj , (C.7)

where the comparison of the SFT and CFT mass-shifts will yield ε as a function of εσ.
Calculating the first-order approximation of the mass-shift ∆(1)

ε from (B.23), we obtain

∆(1)
ε = −2εij ωc

(
cc̄V−kL,−kRe

−ik0Y , l2
(
cc̄∂X i∂̄Xj , cc̄VkL,kRe

ik0Y
))

(C.8a)

= −1
2 (kL (E))T g−1εg−1kR(E) . (C.8b)

Comparing this with (C.6), we conclude that up to linear order we can identify ε = εσ+O(ε2σ).
At the same time, this gives(

k
(1)
ε

)2

2 = htot (E)− 2− 1
2 (kL (E))T g−1εg−1kR (E) . (C.9)

In order to improve the approximation to the quadratic order in ε, we have to care-
fully evaluate

∆(2)
ε = 2εijωc

(
cc̄V−kL,−kRe

−ik(1)
ε Y , l2

(
cc̄∂Xi∂̄Xj , cc̄VkL,kRe

ik(1)
ε Y

))
+

+εijεklωc

(
cc̄V−kL,−kRe

−ik0Y , l3
(
cc̄∂Xi∂̄Xj , cc̄∂Xk∂̄X l, cc̄VkL,kRe

ik0Y
))

+

−εijεklωc

(
cc̄V−kL,−kRe

−ik0Y , l2

(
b+

0
L+

0
P̄+

0 l2
(
cc̄∂Xi∂̄Xj , cc̄∂Xk∂̄X l

)
, cc̄VkL,kRe

ik0Y

))
+

−2εijεklωc

(
cc̄V−kL,−kRe

−ik0Y , l2

(
cc̄∂Xi∂̄Xj ,

b+
0
L+

0
P̄+

0 l2
(
cc̄∂Xk∂̄X l, cc̄VkL,kRe

ik0Y
)))

.

(C.10)
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The individual terms in this expression can be computed using the results of [43], since our
calculation is just a d > 1 generalization of the mass-shift calculated in section 7.1 of [43].
The calculation can be performed independently of the local coordinates in the limit of
large closed-string stub λc, one obtains

∆(2)
ε = −1

2 (kL (E))T g−1εg−1kR (E) + 1
8 (kL (E))T g−1εg−1εT g−1kL (E) +

+ 1
8 (kR (E))T g−1εT g−1εg−1kR (E) . (C.11)

Hence, comparing (C.6) with (C.11), it follows that the SFT deformation parameter ε needs
to be related to the sigma-model parameter εσ by the field redefinition

ε = εσ −
1
2εσg

−1εσ +O
(
ε3σ

)
. (C.12)
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