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Abstract This paper suggests a new explanation for the low level of annuitiza-
tion, which is valid even if one assumes perfect markets. We show that, as soon
there is a positive bequest motive, sufficiently risk averse individuals should not pur-
chase annuities. A model calibration accounting for lifetime risk aversion generates
a significantly smaller willingness-to-pay for annuities than the one generated by a
standard time-additive model. Moreover, the calibration predicts that riskless savings
finance one third of consumption, in line with empirical findings.

Keywords Annuity puzzle - Insurance demand - Bequest - Intergenerational
transfers - Risk aversion - Multiplicative preferences

JEL Classifications D11 - D81 - D91

Among the greatest risks in life is that associated with life duration. A recently retired
American man aged 65 has a life expectancy of about 17.5 years. However, there is
more than a 22% chance that he will die within the first 10 years and more than a
20% chance that he will live for longer than 25 years. Savings required to sustain 10
or 25 years of retirement vary considerably, and one would expect a strong demand
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for annuities, which are financial securities designed to deal with lifetime uncer-
tainty. A number of papers have stressed the utility gains that would be generated
by the annuitization of wealth at retirement. It is generally estimated that individuals
would be willing to give up to as much as 25% of their wealth at retirement to gain
access to a perfect annuity market (see Mitchell et al. 1999, among others). Accord-
ing to standard theoretical predictions, even when individuals have a bequest motive,
they should fully annuitize the expected value of their future consumption. However,
empirical evidence quite consistently shows that the market for private annuities is
on aggregate very small, in sharp contradiction with the theoretical predictions. For
example, Johnson et al. (2004) report than in the US, private annuities finance less
than 1% of household income for people over 65.! Similarly, they also observe that
only 5% of people over 65 purchase private annuities. James and Song (2001) find
similar results for other countries, such as Canada, the United Kingdom, Switzerland,
Australia, Israel, Chile and Singapore.?

A number of explanations to this puzzle have been suggested, relying on market
imperfections or rationality biases.? For example, due to imperfect health insurance,
individuals would need to store a substantial amount of liquidities, unfair annuity
pricing would make them unattractive assets, and framing effects would play an
important role in agents’ decisions to annuitize.

In this paper we emphasize that, even if the annuity market were perfect, a low
(or even zero) level of annuitization may be fully rational. Our explanation relies on
the role of risk aversion. We show that a high level of risk aversion together with
a positive bequest motive is sufficient to predict a negative demand for annuities.
Even though the role of risk aversion has not been studied in isolation, the intuition
that annuities are perceived as a risky gamble was first evoked by Brown (2007) and
Brown et al. (2008), who emphasized the perceived riskiness of annuities.

The reason why the effect of risk aversion has remained unexplored is that the lit-
erature has mainly focused on time additively separable preferences, or on Epstein
and Zin (1989) specification, while neither model is suited to studying the role of
risk aversion (See Bommier et al. 2012, henceforth BCL).* In the current paper,
the role of risk aversion is investigated in the expected utility framework, through
the concavification of the lifetime utility function as introduced by Kihlstrom and
Mirman (1974). We prove that the demand for annuities decreases with risk aversion
and eventually vanishes when risk aversion is large enough.

The fact that annuity demand decreases—and does not increase—with risk aver-
sion might seem counter-intuitive. Insurance demand is generally found to increase
with risk aversion. However, this correlation does not hold any longer when irreplace-

'Roughly one half of income stems from public pensions, 17% from company sponsored pension
payments and one third is financed from savings.

2Some studies, such as Benartzi et al. (2011), argue, however, that the observed levels of annuitization are
not as puzzling as usually claimed. They provide evidence to show that most individuals actually choose to
annuitize their wealth when possible and point out that most retirement plans do not offer this possibility.
3See Brown (2007), as well as the following section for a literature review.

4Davidoff et al. (2005) consider non-additive separable preferences featuring habit formation and show
that it helps explain the annuity puzzle. However, they do not investigate the role of risk aversion.
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able commodities, such as life, are at risk. As was explained by Cook and Graham
(1977), rational insurance decisions aim at equalizing marginal utilities of wealth
across states of nature. With irreplaceable commodities, this may generate risk tak-
ing behavior. Whenever this is the case, risk aversion should limit these risk taking
behaviors and reduce the demand for insurance.’

Annuities provide an example where purchasing insurance is risk increasing. Life-
time is uncertain, but living a long time is generally considered to be a good outcome,
while dying early is seen to be a bad outcome. For a given amount of savings, pur-
chasing annuities, rather than bonds for example, involves reducing bequest in the
case of early death (i.e., a bad outcome), while increasing consumption in the event
of survival (i.e., a good outcome). Thus, for a given level of savings, annuities trans-
fer resources from bad to good states of the world and are, as such, risk increasing.
If first period consumption were exogenous and inter-vivos transfers were ruled out,
simple dominance arguments as in BCL would directly imply that the demand for
annuities decreases with risk aversion. In the current paper, the result is obtained
with endogenous consumption smoothing and the introduction of inter-vivos trans-
fers. Moreover, we prove that when risk aversion is large enough, annuity demand
eventually vanishes.

In order to evaluate the contribution of risk aversion in solving the annuity puzzle,
we calibrate a life-cycle model in which agents can invest in bonds and annuities.
Calibrating risk aversion and bequest motives to plausible levels generates consider-
ably lower willingnesses-to-pay for annuities than those obtained with the standard
model of Yaari (1965), indicating that risk aversion may be an important factor to
explain the low levels of annuitization. Our calibration implies that one third of the
agents’ consumption is financed by riskless savings, which is in line with the empir-
ical findings of Johnson et al. (2004). This contrasts with the standard Yaari model
in which riskless savings do not contribute at all to consumption financing, even if
agents have bequest motives.

The remainder of the paper is structured as follows. Section 1 discusses the related
literature. We then present a two-period model and derive our theoretical predictions
in Section 2. In Section 3, the model is extended to an N-period setting and calibrated.
Numerical simulations then derive the optimal life-cycle strategy of agents facing
realistic mortality rates. Section 4 concludes.

1 Related literature

The literature on annuities was initiated by Yaari’s (1965) seminal contribution.
Agents who do not care for bequest but value consumption should invest all their
wealth in annuities.® Full annuitization is no longer optimal when bequest motives are
introduced. However, Davidoff et al. (2005), as well as Lockwood (2012a), prove that

5This was also noticed by Dréze and Rustichini (2004), who provided an example where insurance demand
may decrease with risk aversion (see their Proposition 9.1).
6See corollary 1 in Davidoff et al. (2005).
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the optimal behavior consists in annuitizing the discounted value of all future con-
sumptions. The low level of observed annuitization was then identified as a puzzle,
for which different explanations were suggested.

A first explanation is related to unfair pricing of annuities, as reported by Mitchell
et al. (1999), or Finkelstein and Poterba (2002, 2004). Lockwood (2012a) demon-
strates that this aspect, together with bequest motives of a reasonable magnitude, may
be sufficient to explain the low level of annuitization.

Another possible explanation is that inadequate insurance products such as health
or long term care insurance may encourage people to save a large amount of lig-
uid assets. As a result of adverse selection issues, annuities are not very liquid and
difficult to sell back. The optimal strategy while facing uninsurable risks may then
involve investing wealth in buffer assets, such as bonds or stocks rather than in annu-
ities. Sinclair and Smetters (2004), Yogo (2009), and Pang and Warshawsky (2010),
among others, emphasize this explanation. Pashchenko (2013) shows that the illig-
uidity of housing wealth together with public annuities, minimum annuity purchase
requirement, and bequest motives can quantitatively contribute to explain the low
demand for annuities.

A related channel is the fact that annuities diminish individuals’ investment oppor-
tunity sets by preventing savings in high return and high risk assets. Milevsky and
Young (2007) and Horneff et al. (2010) argue that the annuity puzzle stems from the
lack of annuities backed by high-risk and high-return assets.

Finally, behavioral economics provides a whole range of explanations. For exam-
ple, Brown et al. (2008) emphasize that framing effects could be at the origin of the
low demand for annuities.” Brown (2007) reviews other behavioral hypotheses, such
as regret aversion, financial illiteracy and the illusion of control or loss aversion. Hu
and Scott (2007) also point out the role of loss aversion.

Interestingly enough, papers discussing these behavioral aspects also underline the
role of annuity riskiness. In particular Brown et al. (2008, p. 305) explain that “annu-
ities appear riskier than the bond”, since purchasing annuities generates a substantial
loss in the event of early death. Similarly, Brown (2007) explains that agents seem to
be willing to purchase insurance that pays off well in the case of bad events, while
annuities pay in the case of good events (i.e., survival). Agnew et al. (2008) confirm
through lab experiments the importance of annuity riskiness perception.® The role of
framing is also highlighted by Benartzi et al. (2011, p. 156), who state that “while
economists tend naturally to think about annuitization as a risk-reducing strategy like
the purchase of insurance, many consumers may not share this point of view”. It
seems that agents are extremely sensitive to the riskiness of annuities, and that risk
aversion may therefore play a significant role.

The role of risk aversion has not hitherto been formalized. The reason is that
most papers use Yaari’s approach, based on an assumption of additive separability of

7Framing effects describe the fact that individuals’ choices may depend on the formulation of alternatives
and especially if they are focused on gains or losses.
8Gazzale and Walker (2011) reach a similar conclusion using neutral-context laboratory experiments.
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preferences, which imposes risk aversion to be equal to the inverse of the intertem-
poral elasticity of substitution. As underlined in several papers (e.g., Epstein and Zin
1989), the additive framework is ill-suited for the analysis of the role of risk aver-
sion, since it cannot disentangle aspects of preferences over certain outcomes from
the ones related to risky gambles.

A few papers on annuities focus on Epstein and Zin’s (1989) approach to dis-
entangling risk aversion from the elasticity of substitution.® However, as shown in
BCL, Epstein-Zin utility functions are not well ordered in terms of risk aversion.
This generates surprising results when studying the relation between risk aversion
and savings choices. For example, in a simple two-period model, simple domi-
nance arguments developed in BCL indicate that precautionary savings rise with risk
aversion.'” The same conclusion is drawn when considering well ordered specifi-
cations based on expected utility or on rank dependent expected utility (see Dreze
and Modigliani 1972; Yaari 1987; Bleichrodt and Eeckhoudt 2005 among others).
On the contrary, Kimball and Weil (2009) prove that this relation is ambiguous for
Epstein-Zin preferences.

A simple and robust way of studying risk aversion involves remaining within
the expected utility framework and increasing the concavity of the lifetime—and
not instantaneous—utility function, as initially suggested by Kihlstrom and Mirman
(1974). This approach has notably been followed by van der Ploeg (1993), Eden
(2008), and Van den Heuvel (2008). In the case of choice with lifetime uncertainty,
this approach was first used in Bommier (2006) and leads to novel predictions on
a number of topics, including the relation between time discounting and risk aver-
sion, the impact of mortality change and the value of life. In particular, as highlighted
in BCL, these preferences are well ordered in terms of risk aversion and deliver
meaningful results when studying intertemporal choice problems. They were shown
to generate realistic lifecycle consumption profiles (Bommier 2013). In the present
paper we consider such an approach in a framework accounting for bequests and
inter-vivos transfers.

2 The model
2.1 Description

The economy is populated by a single agent, who cares for someone else. This heir
is not modeled and his single attribute is to accept inter-vivos transfers or bequests.
The economy is affected by a mortality risk. The agent may live for one period with
probability 1 — p or for two periods with probability p € (0, 1).

We assume that the agent can transfer consumption from the first period to the
second period, either through annuity or bond savings. The annuity market is sup-

9See e.g. Ponzetto (2003), Inkmann et al. (2011), or Horneff et al. (2010).
10precautionary savings can be defined as the optimal savings due to the uncertainty of the second-period
income.
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posed to be perfectly fair and the bond market pays off an exogenous riskless gross
rate of return 1 + R. Investing one unit of consumption in riskless savings in period
1 returns 1 + R consumption units in the second period, while the same investment
in annuities produces 'T® second period consumption units.

The agent is endowed with an initial constant wealth Wy and has no other source
of income. In the first period, the agent consumes c; out of his wealth. He is left
with wealth Wy — ¢ that he allocates either to annuities a, or savings s. In the sec-
ond period, the agent faces two alternatives. First, with probability 1 — p, the agent
dies and his capitalized savings (1 + R)s are left to his heir, while his annuities are
completely lost, for both the agent and his heir. Second, with probability p, the agent
survives and in the second period, he enjoys the benefits from his riskless saving and
his annuity payment, the total of which is equal to (1 + R)s + ];R a. Out of this sum,
the agent consumes ¢, and hands down the remaining money to his heir through an
inter-vivos transfer.

2.2 Preferences

Given our previous description, the economy is ex post described by only three vari-
ables: the first period consumption c, the second period agent’s status x; (i.e., dead
or alive, and if he is alive how much he consumes), and the amount of money t
left to the heirs, through either bequests or inter-vivos transfers. Modeling agents’
behavior involves comparing lotteries whose consequences are the previous triplet
(c1.x2, 7) € RT x (RTU{d}) x R* where d denotes the death state. We constrain con-
sumption, as well as savings and intergenerational transfers to being non-negative.
The idea is that an agent cannot force his heir to give him money, or accept a negative
bequest.

The agent enjoys felicity u1(c1) from the first period consumption, felicity u2 (x2)
from his second period status and felicity v(r) from the transfer to his heir. The
agent is assumed to be an expected utility maximizer with the following utility index
defined over the set of consequences RT x (R* U {d}) x RT:

Ulcr,x2, T1) = @ (u1(c1) + uz(x2) + v(r)).

The function ¢, which makes the link between lifetime felicity and utility, gov-
erns risk aversion. This transformation does not modify ordinal preferences and
consequently has no impact in deterministic environments. As shown by Kihlstrom
and Mirman (1974), augmenting the concavity of the function ¢ provides the stan-
dard (and only) way to discuss the role of risk aversion while remaining in the
expected utility framework. Such an approach has received little attention because
it was thought to lead to time inconsistencies, or to history dependent preferences.
Bommier (2013) showed however that the framework of Kihlstrom and Mirman
(1974) is not incompatible with the assumption of preference stationarity, provided
that one uses an exponential functional form for ¢, as we will do later on.

Most of the applied literature on intertemporal choice has focused on the spe-
cial case of a linear transformation ¢ and has associated the words “risk aversion”
to measures of the curvature of the functions u, u, and v. This is a rather unfor-
tunate terminology as agents with different functions u; and u, and v cannot be
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compared in terms of risk aversion, since they do not have the same preferences over
certain outcomes.!! A sounder terminology would consist in using the words “elas-
ticity of substitution” when commenting on the curvature of the functions u, u; and
v, and keeping the expression risk aversion to discuss properties of the function ¢.
We will adhere to this terminology. However, to insist on the difference between our
terminology and the usual (but inappropriate) one, we introduce the term “lifetime”
before any mention of the words risk aversion. In short, what we call “lifetime risk
aversion” is what should have been called “risk aversion” and is exclusively related
to the curvature of the function ¢.!> In order to further help the reader take some
distance with the usual additive model, we moreover use the terms “felicity” when
mentioning the functions u1, u> and v, and keep the term “utility” for the function
U(cy,x2,11) = ¢ (u1(c1) + u2(x2) + v(r)). The usual approach assumes that (life-
time) utility is additive in felicity (i.e., that the transformation ¢ is linear), which
involves assuming risk neutrality with respect to lifetime felicity, or equivalently,
intertemporal correlation neutrality. The current paper explores the case of a concave
function ¢. We thus focus on the preferences exhibiting a positive lifetime risk aver-
sion, which is consistent with the results of the recent experimental study of Andersen
etal. (2011).

Without loss of generality, we normalize felicity functions as follows. First, the
second period felicity when dead is normalized to 0: u(d) = 0. Second, leaving
nothing to his heir also provides v(0) = 0. Finally, the function ¢ is normalized with
¢’(0) = 1. We also assume that all functions are regular and more precisely: (i) uy,
the restriction of u, to R, and v are twice continuously differentiable, increasing
and strictly concave and (ii) ¢ is twice continuously differentiable and increasing.
Moreover, in order to always obtain strictly positive consumption levels, we assume
that marginal utilities of consumption tend to infinity when consumption tends to
zero: lim._, o4 'y (c) = lim¢_, o4 u}(c) = +o00.

Regarding the second period felicity u,, we also assume that there exist second
period consumption levels such that u>(cy) > 0 = uy(d). This means that for some
levels of second period consumption, the agent prefers life to death. We denote ¢
the minimum level of second period consumption that makes life preferable to death.
Formally:

c5 = inf{cp > Oluz(c2) > 0}. 1

With some specifications, we have c%‘ = 0, which means that life is preferable
to death no matter the level of consumption. But with other specifications (e.g.,
when assuming a constant elasticity of substitution smaller than one), this minimal

1T As discussed in Kihlstrom and Mirman (1974, Section 2 and in particular 2.1, p. 365 and following) and
in Epstein and Zin (1989, Section 4, p. 950), studying the role of risk aversion requires leaving ordinal pref-
erences unchanged. Individuals who would rank deterministic outcomes differently cannot be compared
in terms of risk aversion.

121 ifetime risk aversion is sometimes also called multivariate risk aversion (see for example Richard
1975), or correlation aversion (see for example Epstein and Tanny 1980, Bommier 2007 or Dorfmeister
and Krapp 2007) since it refers to risk aversion with many commodities.
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level ¢ is strictly positive. In this case, if the agent does not enjoy a sufficient second
period consumption, he would prefer to die rather than remain alive.

The function v measures to what extent transfers to heirs and bequests are val-
ued by the agent. This is a shortcut to take into account the agent’s altruism, and
measure how the agent cares for his heir. Such a modeling choice for bequests has
already been made in the literature, for example by Hurd and Smith (2002), De Nardi
(2004), Kopczuk and Lupton (2007), De Nardi et al. (2010), Ameriks et al. (2011),
and Lockwood (2012a, 2012b).

2.3 Agent’s program

The agent’s program is:

max, p¢ (ui(cy) +uz(c2) +v(r)) + (1 = p)¢ (ui(c1) +v((1 + R)s)),  (2)

C1,4a,s8,¢

subject to the following constraints:

c1+a+s =W, (3)
1+R

o+t1=0+R)s+a p 4)

c1>0,¢>0,t>0,a>0, s>0. 5)

Equation 2 is the agent’s expected utility. With probability p, he lives for two peri-
ods and consumes successively ¢ and ¢, and hands down 7 to his heirs. Otherwise,
he only lives for one period and his savings in the riskless bonds are left to his heir as
a bequest. Equations 3 and 4 are the budget constraints of the first and second peri-
ods. Finally, conditions in Eq. 5 state that consumption has to be strictly positive and
transfers, savings and annuity holdings cannot be negative. The agent is therefore not
permitted to hand down a debt to his heirs or take resources from them. Moreover,
the agent is prevented from issuing annuities.

When deriving the first order conditions of the agent’s program, we need to
account for the possibility of binding constraints for 7, s and a. Let us denote by Up
and Uy the lifetime felicity obtained when the agent lives for one or two periods:

Up = ui(c1) + v((1 4+ R)s),
Ua =ui(c1) +uz(c) +v(r).
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Denoting w1 and u; the Lagrange multipliers associated respectively with the first
and second period budget constraints Eqs. 3 and 4, we obtain that the first order
conditions from the agent’s program Eqs. 2-5 are:

(pd'(Ua) + (1 = p)¢'(Up)) u}(c1) = pi, (6)
PP (Una)ub(ca) = pa, @)
H2 M1 o
p—H_RsO (=0ifa > 0), (8)
/ / 1 I K2\ M2 s
v<(1+R>s>¢(UD>—l_p<1+R—p)—pso (=0ifs > 0), (9
pV ()¢ (Ua) —p2 <0 (=0ift > 0).

(10)

Equations 8 to 10 are inequalities, as the optimal values for @, s and t may cor-
respond to corner solutions. These inequalities become equalities whenever interior
solutions are obtained.

2.4 Saving choices

We first consider the case where the function ¢ is linear, as it is usually assumed to
be. The results obtained in that case are well known and are discussed for example
in Davidoff et al. (2005), and Lockwood (2012a). We formalize these findings in our
setup to contrast them later on with results derived when the function ¢ is no longer
assumed to be linear.

Proposition 1 (Annuities and savings with linear ¢) If ¢ is linear, then the amount
invested in annuities equals the present value of the second period consumption.
Everything invested in bonds is left to the heirs (through bequest or inter-vivos
transfers). More formally:

pc

a=1+Rand(l+R)s=r.

Proof The proof can be found in the appendix and relies on the analysis of Egs. 8-10,
in the particular case when ¢ is linear and ¢’ (U4) = ¢'(Up) = ¢'(0) = 1.

The above proposition shows that, when ¢ is linear, people should purchase an
amount of annuities that will exactly finance their future consumption. Intergenera-
tional transfers, which materialize either through bequest or inter-vivos transfers, are
independent of life duration. Riskless savings only help to finance the bequest, but
do not contribute at all to financing consumption, regardless of the strength of the
bequest motive.

We now consider the case when the agent’s preferences exhibit positive lifetime
risk aversion, i.e. the case of a strictly concave function ¢.
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Proposition 2 (Optimal annuitization with a concave ¢) If ¢ is strictly concave and
c2 > ¢ at the optimum (i.e., the agent prefers to survive), then:

— either savings and bequest are null: s = 1 =0,
—  or capitalized savings are larger than inter-vivos transfers and the annuities do
not fully finance second period consumption:

pe2

1+R d .
(I1+ R)s > T an a<1+R

Proof Let us first remark that ¢, > c§ implies uy(cp) > 0and Uy — Up > v(t) —
v((1 + R)s). We distinguish two cases: s = 0 and s > 0.

— s = 0. The budget constraint (4) implies that a > 0. From Eq. 9 using Eq. 8 as an
equality, we deduce v’ (0)¢'(Up) < ’;2. Suppose that T > 0. We obtain from the
previous inequality and Eq. 10 as an equality that v (0)¢'(Up) < v'(z)¢'(Ua).
Since Uy — Up > 0 and ¢ is increasing and strictly concave, 0 < ¢'(Ua) <
¢'(Up) and thus v'(0) < v/(7), contradicting the fact that v is concave. We
deduce therefore that s = 7 = 0.

— 5 > 0. Suppose that (1 + R)s < t. It implies v(t) — v((1 + R)s) > 0 and
Uas — Up > 0. Moreover, the budget constraint (4) implies a HI;R =c+T1T—
(1 + R)s > 0. Equations 8-10 are equalities and yield:

¢'(Up)v'((1 + R)s) = v'(1)¢'(Ua),

. . . ¢’(U ) _ UI(‘L') . . . .
which implies that ¢’(U§) = W((14R)s) < 1 in contradiction with Up < U4 and

¢ strictly concave. We therefore deduce that t < (1 + R)s, and from the budget

constraint that a < ﬁ&, which ends the proof.

As soon as the agent is risk averse with respect to lifetime felicity, and willing
to leave some transfer or bequest, he should not completely annuitize his consump-
tion. Riskless savings contribute to financing not only transfers to the heir but also
the agent’s consumption. Transfers received by the heirs will depend on life dura-
tion, shorter lives being associated with greater transfers. The agent, who cannot
eliminate the possibility of an early death, achieves some partial self insurance by
creating a negative correlation between two aspects he thinks desirable: living long
and transferring resources to his heir.

To establish further results about risk aversion and annuity demand, we need to
make slightly stronger assumptions regarding the willingness to live and to make
transfers. More precisely, we make the following assumption:
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Assumption A Denote by c5* = inf{ca|uz(c2) > v(c2)}. We assume that c5* exists
and that:

1. uz(c) > v(c) forall c > 3%,
) W (Wo— 1 2¢) < Ve,

/ 1+R /7 kk
3. v(0) < uy(c3").

The consumption level ¢;* is the smallest second period consumption level that
makes the agent’s life worthwhile, once accounting for the possibility of bequeathing
to the heir. Below that level of consumption, the agent would rather die and hand
down all his wealth. The consumption level ¢3* is larger than c3 defined in Eq. 1,
which does not account for the possibility of making intergenerational transfers. The
three points of the above assumption can be interpreted as follows. Point 1 simply
states that any agent enjoying a second period consumption greater than ¢;* would
prefer to live than to die and bequeath all this consumption to his heirs. Point 2 means
that the bequest motive is sufficiently strong in the sense that if the agent was sure to
die after period 1, he would leave at least ¢3* to his heirs. The last point states that
the bequest motive is not too strong, in the sense that the agent living at the second
period and endowed with the survival consumption level ¢;* is not willing to make
any inter-vivos transfers.

We make a further assumption regarding the functional form of the concave
transformation ¢.

Assumption B The function ¢ is of CARA type: ¢ (x) = —e_; " where A > 0.

We specify the aggregator ¢ to have an exponential functional form, such that
the resulting preferences are multiplicative. The parameter A drives the concavity
of the aggregator, and therefore the degree of lifetime risk aversion. The larger the
coefficient A, the more risk averse the agent is. As underlined in Bommier (2013),
multiplicative preferences enable elasticity of substitution to be disentangled from
risk aversion while remaining in the expected utility framework and retaining the
assumption of stationarity. In consequence, choices resulting from these preferences
are time-consistent and history independent.'3

We can now state the following result:

Proposition 3 (Decreasing and null annuity demand) Under Assumptions A and B,
the optimal annuity demand is a decreasing function of the lifetime risk aversion A.

3The issues of time inconsistency and history independence do not arise in the two-period framework
that is considered in the current section. However they would do so in the N-period extension considered
in Section 3.
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Moreover, there exists Ly > 0, such that for all A greater than g, the optimal annuity
purchase is null.

Proof The proof is in two steps. In the first step, we prove by contradiction that
there exists a level of risk aversion Ao such that the annuity demand is null. Since
satisfying the first-order conditions in Eqgs. 6—10 allows for several possible corner
solutions for s and t, we need to explore several cases and show that for all of them
we arrive at a contradiction. In the second step, we prove that an increase in lifetime
risk aversion A implies a smaller annuity demand a. Again, due to possible corner
solutions, we need to consider several cases.!4

Under Assumptions A and B, we are able to derive two forceful conclusions
concerning annuity demand. First, the annuity demand is decreasing with lifetime
risk aversion. More risk averse agents prefer to purchase fewer annuities. They are
more reluctant to take the risk of dying young without leaving a significant amount
of bequest. Moreover, the demand for annuities not only diminishes with lifetime
risk aversion but also vanishes for sufficiently large levels of lifetime risk aversion.
Accounting for lifetime risk aversion may then provide an explanation for the annuity
puzzle that holds even when assuming a perfect annuity market.

3 A calibrated model

In this section, we extend our model to a large number of retirement periods so as to
calibrate it using realistic mortality patterns and make predictions relating to agents’
saving behavior. The section is split into four parts. The first one details the structure
of the extended model, and the method to solve it. We also explain how the model
compares to the standard additive model, which is considered as a benchmark. The
second part describes how both the additive and the multiplicative models are cali-
brated. The third part provides the results derived from the calibrated models, while
the last one proceeds with a sensitivity analysis.

3.1 The N—period model extension
3.1.1 The setting

We extend our setup to N periods. As with the two period model, we normal-
ize the retirement date to the date 0 of the model.!> Mortality remains the sole
risk faced by the agent and p;11; denotes the probability of remaining alive at
date ¢ + 1 while being alive at date . Thus, 1 — p,1}, denotes the probability of
dying at the end of period 7. The agent is alive at date 0, so that: pg—1 = 1.

4The formal proof can be found in the electronic supplementary material of the on-line version or in
Bommier and LeGrand (2013), the working paper of this article posted on SSRN.
15We do not consider endogenous retirement decisions. This aspect is formalized in Chai et al. (2011).
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We denote by m;o (resp. p;jo) the probability of living exactly (resp. at least) until
date 7. These probabilities relate to each other as follows:

t
mjo = (1 = pry1ye) l_[ Prik—1 and  mop = 1 — prjo,
k=1
t
P10 = l_[Pk\k—l and po-1 = 1.
k=1

The agent is endowed with wealth Wy when he retires at date 0. In addition to his
wealth, he receives a constant periodic income y, while he is alive. This income can
be interpreted as an exogenous pension benefit. In order to smooth resources over
time and states of nature, we assume that the agent can trade two kinds of financial
products: bonds and annuities. A bond is a security of price 1 which pays 1+ R in the
subsequent period, either to the bond holder or, if he dies, to his heirs. The riskless
rate of interest R is constant and exogenous. An annuity is a financial product, which
pays off one consumption unit every period following the purchase date, as long as
the annuity holder is alive. We assume that the annuity market is perfect, and that the
pricing is actuarially fair. This implies that the price 7r; of one annuity purchased at
date ¢ can be expressed as the present value of the single amount paid every period,
conditional on the agent being alive:

oo
Pt+k|t DPt+1t
= = 1 . 11
T kz_l (1 + R)k ( +m+1)]+R e8Y)

The number of annuities purchased (or sold back) at age ¢ is denoted a;, while the
number of bonds held is s;. We assume that agents can sell back the annuities they
hold at any time, which means that the flow of annuity purchase a, can be positive or
negative. However, they cannot issue annuities and cannot therefore hold a negative
stock of annuities: Zi:o ar > 0 should hold for all # > 0. As agents cannot leave
negative transfers to their heirs, we impose that s, > O for all . From now on, we
refer to the income y as public annuities, contrasting it with private annuities (a;).
We refer to the quantity of bonds (s;) as being the riskless savings of the agent.

We do not explicitly introduce inter-vivos transfers in this N-period setting as they
would be redundant with transfers made through bequest. Indeed, given that what
will matter is the present value of transfers received by the heir, making an inter-vivos
transfer of § at time 7 is equivalent to changing s; to sy + 8(1 + R)* ™" at all periods
T =1

3.1.2 The multiplicative specification

As for the two period model, we assume that preferences are weakly separable, but we
allow for lifetime risk aversion. The agent cares for the present value of the bequest
he hands down to his heirs. Precisely, we assume that leaving an amount of bequest

w; in period ¢ provides a felicity v ( ) Thus, an agent who dies at time ¢ and

Wy
(1+R)’
holds s; bonds, leaves a bequest w;4+; = (1 4+ R)s;. The heir receives that amount
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in period ¢ 4+ 1, which provides the agent a felicity v ( ) Therefore, living

S,
(1+tR)f
until date ¢, with a stream of consumption (cx)o<k<:, and a bond holding s; at death,

provides the following utility:

1 t
Ulc,s) = ~, exp (—A (Z u(cg) + v <(1 _itR)t))) .
k=0

As in the previous section (Assumption B), we assume that the aggregator is expo-
nential, where A > 0 drives the lifetime risk aversion. We call such a model the
multiplicative model,'® so as to contrast it with the standard additive model that will
be precisely specified in Section 3.1.4.

The agent maximizes his expected intertemporal utility by choosing his consump-
tion stream (c;);>0, his bond saving (s;);>0 and annuity purchase (a;);>0, subject

to per period budget constraints. The agent’s program can therefore be expressed as

follows:
1 oo t
_)»Z(:)mtlo exp <—A (Zu(ck)+v<(1 —itR)t>>>’ (12)

k=0
s.t. Wo+4y =co+ so+ moao, (13)
t—1
y+(1+R)s,,]+Zak=c,+s,+n,a,fort31, (14)
k=0
t
>0, 5>0 ) a>0. (15)
k=0

It is noteworthy that there is no exogenous time discounting in this model. Time
discounting is endogenous and stems from the combination of mortality risk and
lifetime risk aversion (see Bommier 2006 or Eq. 29 later on).

The first order conditions of the previous program can be expressed as follows:

0 k
w(cr)ka‘oexp —AZM(CJ)—)\,U((l _ikR)k> = i, (16)
k=t j=0

PR PR R S ) R R

k=0
(the previous equality holds for s; > 0 and shifts to < if s; = 0),
00 '
Ty = Z ux  (the equality becomes > if Z ap = 0). (18)
k=t+1 k=0

16The utility function U (c, s) may also be written as
'

U, s) = (1+mf l_[ —hulci)
k=0
where the multiplicative structure is explicit.
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In the previous equations, the parameter 1, is the Lagrange multiplier of the bud-
get constraint of date ¢, or the shadow cost of one unit of extra consumption at date
t. Since Eq. 18 also means that u; 7; = p;41(1 + m;41), we obtain the following
intertemporal relationship for ju;:

t
Pri e = o1 (L+ RYif Y " ax > 0. (19)
k=0

Equation 19 states that the shadow cost of the budget constraint at date ¢ 4 1 is
equal to the discounted shadow cost of date ¢, where the discount takes the probability
of dying into account.

From now on, we assume that there exists 7y < 0o, such that the probability of
remaining alive after Ty is null: p1,, 417, = 0. Plugging Eq. 19 into Eq. 16 and 17
leads to:

Tm k Sk
u'(cr) Z mi|o P v((l+k)’<)
k=t
I+ R L - 3k u(ﬂ*“( y ) t
= u'(cry1) Z mg|o e =t a+R* ) if Zak >0, (20)
P+t k=1+1 k=0
migo / St —Av( st t)
= v e (1+R)
A+Ry \(+Ry
Tv k s,
—A . —A k
+ (A + R (1) Y mipe Ziasutep=re( ) if s; > 0. 21

k=t+1

The first intertemporal Euler equation (20) is valid for every date ¢ between 0 and
Ty — 1. It sets as being equal the marginal cost of saving one unit of good today to the
marginal cost of consuming one unit more tomorrow. The second Euler equation (21)
is true for all dates 7 between 0 and T, and equalizes the marginal cost of saving one
unit more today to the marginal benefit of one additional unit bequested tomorrow.

3.1.3 Implementation

In order to solve the model, we take advantage of the choice of an exponential
function ¢ which provides a recursive structure to the agent’s utility function. As a
consequence, the first order conditions in Eqs. 20 and 21 of date ¢ are independent
of any past variables and a backward algorithm can be readily implemented. We start
from a guess for the final value of consumption c7,, at date Ty . The backward res-
olution of the model then yields a unique wealth endowment, compatible with that
terminal of level cr,,. We then search for the value of c7,, such that the associated
wealth endowment corresponds to the desired initial wealth W;.!”

17 All computational codes (in Matlab) are available upon request to authors.
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3.1.4 Additive specification

In order to highlight the role of lifetime risk aversion, we consider a benchmark
model, in which the intertemporal utility of the agent is a sum of discounted instan-
taneous felicities. The discount parameter § > 0 represents the agent’s exogenous
time preference. This model is very similar to those of De Nardi (2004), De Nardi
et al. (2010), Ameriks et al. (2011), Lockwood (2012a, 2012b), and Pashchenko
(2013). More precisely, using the same notations as before, the agent’s program can
be expressed as follows:

ad S

?}i;‘ ;ﬁt Drio u(ct) + myov <(1 +IR),) ) (22)
s.t.  Wo+y =co+ so+ moaop, (23)

11
Y+ +R)s 1+ ax=c+s +ma fort > 1, (24)

k=0

t
¢ >0,5>0 > a>0. (25)
k=0

In contradistinction to the multiplicative model, we refer to this model as the additive
model.
The agent’s program yields the following first order conditions:

t
W'(c) = B+ R (cp)if Y ax =0, (26)
k=0

u'(¢;) — g1 B+ R)u'(ci41) =

1 - pt+l|tv/ St
(1+ R)! 1+ R)!

) ifs, > 0. (27)

Equations 26 and 27 imply that 8'(1 + R)'u'(c)) = v' ( , ij),) — A1+

R (cip) = ( Sl ) From these equalities, it is straightforward to deduce

(1+R)!
that (lj’R), = li’;)]t .1 as long as we have an interior solution. The discounted value

of saving is constant over age. This means that the heir enjoys a bequest whose
present value is independent of his parents’ life duration. As a result, riskless saving
only aims at leaving bequest, while private annuities fully finance consumption. The
agent’s budget constraint at any date ¢ can be simplified to y + Z;;B ay = ¢;+ 1 ay,
in which the bond saving quantity does not intervene. As a result, in the additive
model, saving in riskless bonds and purchasing private annuities are two independent
decisions, which fulfill two independent purposes. This is not the case in the mul-
tiplicative model, where private annuities and riskless savings are nested decisions,
with both contributing to finance consumption.
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3.2 Calibration

We need to calibrate both the multiplicative and the additive models. First of all,

we specify our felicity functions # and v. We assume that the agent has a constant
!

intertemporal elasticity of substitution, which means that — C"u ,(,2) is constant, or

equivalently that:

1-0o

c
u(c) = ug + ,
1—0

where the parameter o > 0 is the inverse of the intertemporal elasticity of substitution
and uq a constant. Since u is normalized by a zero felicity for death (u(d) = 0),
we cannot impose ug to be equal to zero. This constant uo determines how wide the
felicity gap is between being alive and dead, and will have an impact on the optimal
consumption and saving plans in the multiplicative model.

Regarding the felicity derived from bequest, we assume that it has the following
form:

8 w\ ' -8
U(w)_l—a<yo+1p> . (28)

This functional expression represents a kind of altruism, and accounts for the fact
that bequest only comes in addition to other resources the heirs may dispose of. The
parameter 6 drives the intensity of altruism. With yo > 0, bequests are a luxury
good, as reported in the data (e.g., in Hurd and Smith 2002). Moreover, the value
v’(0) is finite, so that agents bequeath only when their wealth is large enough. This
functional form has been chosen for example in De Nardi (2004), De Nardi et al.
(2010), Lockwood (2012a, 2012b) and Ameriks et al. (2011).

Regarding our calibration, we proceed in two ways: (i) we fix exogenously some
parameters to values that seem reasonable and (ii) we choose some parameter values
to match given quantities, like the endogenous rate of time discounting, the value of
a statistical life and the average bequest.

3.2.1 Exogenous calibration

First of all, we normalize date 0 of the model as corresponding to the age of 65,
assuming that people retire at that age. Mortality data are US 2000 mortality data
from the Human Mortality Database. In the data, the maximal age is 110 years. Peo-
ple alive at the age of 65 will live at most for 45 years. This implies that Ty = 45
and p4ej45 = 0.

We posit the exogenous rate of return of savings to be equal to 3.00%, which is
close to the historical value of the riskless short term interest rate approximated by
the three-month T-bond.

We also exogenously calibrate some preference parameters. First, for both func-
tions u and v, we adopt ¢ = 2 corresponding to a standard value of 1/2 for the
intertemporal elasticity of substitution. Second, for the parameters yg and ¥ enter-
ing the function v, we follow Lockwood’s (2012a) approach. The idea is that yg + $

1—o
represents the per-period consumption of the heir, such that (yo + $) is pro-
portional to his lifetime utility. For this, yo is set equal to the periodic income y
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and ¥ is interpreted as an actualization parameter which would reflect how bequest
may impact consumption. In order to take a plausible value for ¥, we consider that
the agent’s heir fully annuitizes the bequest. In the model, the agent retires at the
age of 65 where life expectancy is about 18 years. The coefficient 1 must therefore
take into account the fact that the real bequest at the age of 65 needs to be capital-
ized for 18 years on average. Assuming that the age difference between parents and
children is approximately 27, the discount factor ¥ reflects the value of annuities
at the age of 56, the average age at which heirs receive bequests.!® We deduce that
v = (lj:;"’)]g = 9.39 where 756 is the value of an annuity at the age of 56.

Finally, we choose the agent’s wealth Wy to be normalized to 1. The present value
of the agent’s income N = Z,{TZO (';k: l]{,‘)"k y is set equal to Wy. The quantity N can
also be interpreted as the agent’s wealth, which has already been annuitized. The
non-annuitized wealth Wy is thus equal to half of total wealth. Lockwood (2012a)
considers the cases, where the non-annuitized wealth equals one third and two thirds

of the total wealth without any major impact on his conclusions.
3.2.2 Evaluated parameters

We still have to calibrate the following parameters: ug driving the gap in felicity
between being alive and dead, the strength of bequest motive 6 and the lifetime risk
aversion A (in the multiplicative model) or the exogenous time discount § (in the
additive model). The calibration aims to replicate three “observable” quantities: the
average bequest, the value of a statistical life (VSL) and the rate of time discounting at
the retirement age of 65 that we note pg. Before providing targets for these quantities,
we explain how they are defined.

Average bequest We define the average bequest w as the expected discounted value

of bequest:
w = E ny\o il = E n o0 St
P t‘ (] +R)t 1 +=0 tl (] +R)t’

where w;1 is the bequest amount left by an agent dying at the end of period 7.

Rate of time discounting Conventionally, the rate of time discounting pp at the
retirement age (date 0) is defined by:

JEU

_ BCU

PO = 4Eu
dcy co=c1

-1

This quantity is interpreted as being the rate of change of marginal utility, in which
we offset the consumption effect. The relationship between the rate of discounting
and the parameters depends on the structure of the model. To avoid possible confu-
sion, we use different notations, respectively ,06”’” (for the multiplicative case) and

18See for example the report of Livingston and Cohn (2010) on American motherhood.
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pgdd(for the additive model) when referring to the rate of time discounting but using
expressions relating to the structure of the model. Simple calculation leads to the
following expressions:
mojo exp (—Av (s
pul — 0/0 I:( (50)) ’ (29)
Y2 myjo eXp (—A Y kg ulcr) —Av ((l—itR)’))

add _ 1= P1po _

1. 30
& Bpr1po 0)

Value of life The value of a statistical life V.SL(y at the retirement age can be
expressed as the opposite of the marginal rate of substitution between the mortality
rate and consumption at that age. Noting g0 = pl_‘(l) — 1 the mortality rate at the
retirement age, we define VSL as follows:

IEU

9q1j0

AEU *
acg

VSLy=—

The quantity V SLg corresponds to the quantity of consumption an agent would be
willing to relinquish to save one statistical life. Our definition of VSL is similar to
Johansson’s (2002).

Again, although the notion of VSL is independent of the choice of one particu-
lar model, we will introduce specific notations when working with specific models.
Formulas providing V S Lg in the multiplicative and additive cases are given by:

exp (—Au(co) — Av (50)) — Do Mi|0 EXP (‘A Yo lck) = Av ((HS-IR)' ))

VSLE“ = pipo N r Y
' (e) 52 mao exp (=1 Lhoo uee) = 40 (4 ey ))

)

(€}Y)

VLG = gy T E E%0 (paos'uteo +miov (1 7y )) . (32)
0 l u'(co)

Benchmark calibration In the benchmark calibration, we consider the three follow-
ing targets. First, the average bequest is equal to 20% of the initial wealth Wy. This
value approximately matches the calibration of Lockwood (2012a), who reports an
average bequest of 22.6% of the non-annuitized wealth. Second, the rate of time dis-
counting at age 65 equals 5%. This rate of discount generates a consumption rate
of growth of —0.1% per year at the age of 65. A decrease in consumption is indeed
reported in most studies using micro-level data to assess the consumption profile per
age (Japelli 1999 and Ferndndez-Villaverde and Krueger 2007 among others). Third,
the value of a statistical life at age 65 equals 500 times the annual consumption. This
fits in with the range of estimates provided in Viscusi and Aldy (2003).

Our benchmark calibration is finally summed up in Table 1. We will investigate the
sensitivity of our findings to various values of calibration in the robustness section.
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Table 1 Benchmark calibration

Calibration

Exogenous Parameters

J Risk Uncertain (2014) 48:135-166

o 2.0
Wo 1.0
V= S ey 10

R 3.00%
Yo y

v 9.39

Estimated Parameters

Multiplicative model

Additive model

uo 157.72 uo 315.84
A 481 x 1074 0.969
0 4.523 0 4715

In Table 1, the coefficient A may seem small, but this coefficient should not be
interpreted without considering the value of instantaneous utility, with which it mul-
tiplies. If we take a consumption ¢ equal to the average agent’s consumption, then
Au(c) equals 0.072 per year, indicating a coefficient of risk aversion with respect
to life duration of 0.072 per year.!” Moreover, this lifetime risk aversion generates a
reasonable relative risk aversion with respect to wealth. It is found to be equal to 0.84
at age 65 in the multiplicative model, not far from the value of 0.74 obtained in the
additive one.?"

3.3 Results

Our results aim at discussing both the strength of the demand for annuities, and the
role annuities would play for consumption smoothing if markets were perfect. Before
exposing our results in detail, we want to highlight that even in this extended set-
up our main theoretical findings of Proposition 3 still hold. In particular, the annuity
demand still decreases with the risk aversion parameter A and is null (i.e. ax = O for
all k) for a sufficient large A.2!

19With such a risk aversion with respect to life duration, an agent would be indifferent between living 80
years for sure, or living 78 years or 82.34 years with equal probability
a EUgs /aEU(,;

20The relative risk aversion with respect to wealth at the age of 65 is — ow?

where EUgs is
the expected lifetime utility at the age of 65.
21Keeping unchanged the other parameters of our benchmark calibration (Table 1), we find that people

never purchase annuities when A is larger than 0.0133.
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We expose our results in three steps. We first investigate how much an individual
would be willing to pay to have access to a perfect annuity market. This is a standard
way of measuring the welfare impact of annuities. Second, we explain to what extent
individuals would rely on annuities to finance their consumption if annuities were
available at fair prices. Last, we look at the consequences in terms of consumption
smoothing.

3.3.1 Willingness-to-pay for annuities

In order to measure the strength of demand for annuities, we compute the
“willingness-to-pay for annuities” (WTP, hereafter), which is defined as the fraction
of the non-annuitized wealth an agent would be likely to relinquish to gain access
to the private annuity market, rather than being in a world where these annuities do
not exist. In other words, an agent endowed with the non-annuitized wealth Wy and
without access to an annuity market would be as well off as an agent endowed with
the wealth Wy = (1 — WT P) x Wy but having access to a perfectly fair annuity
market. The larger the WTP, the more valuable the annuity market for the agent. This
measure is conventional in the literature, and was used for example by Mitchell et al.
(1999) or more recently by Lockwood (2012a).

The first line in Table 2 shows the difference in WTP between the two models. In
both cases, the WTP is positive. The fact that we observe a positive WTP in the multi-
plicative model means that with a reasonable calibration, lifetime risk aversion is not
significant enough to deliver the zero annuity result of Proposition 3. The difference
in prediction between the additive and multiplicative models is however quite sub-
stantial. While the additive model predicts a WTP of 6.86%), it is more than five times
smaller with the multiplicative model, where the WTP is only 1.22%. Although both
models were calibrated to provide the same average amount of bequest, the lack of

Table 2 Results for the benchmark calibration

Target values used for calibration

Rate of time discounting pg 5.00%
Value of statistical life VSL 500 x cq
Average bequest w 20% x Wy
Results
Multiplicative model Additive model
Willingness-to-pay WTP 1.22% 6.86%
Share of consumption financed by:
Public annuities %c/y 56.42% 55.68%
Private annuities %c/a 9.46% 44.32%
Riskless savings %c/b 34.12% 0.00%

@ Springer



156 J Risk Uncertain (2014) 48:135-166

annuities is less penalizing for agents with multiplicative preferences than for those
with additive preferences.

3.3.2 Annuities and consumption financing

The second set of results we present relies on the role of annuities in consumption
smoothing in the case when individuals have access to a perfect credit market. More
precisely, at any age t we break down the agent’s consumption into three compo-
nents reflecting the respective role of public annuities, riskless savings and private
annuities. Indeed, the budget constraint imposes that:

t—1
a=y+[A+Rs1—s]+| Y a—ma |, (33)
k=0

which means that consumption at age ¢ is financed through public annuities y, the
decumulation of riskless savings (1 + R)s;—; — s; and finally the decumulation of
private annuities ZZ;]O ax — ma;. In Table 2, we report the average shares of con-
sumption financed by public annuities, private annuities and riskless saving. The
average is computed over the agent’s lifetime and the survival probabilities are taken
into account. The main difference lies in the fact that while the additive model pre-
dicts that consumption should be fully financed out of (private or public) annuities,
the multiplicative model predicts that more than a third of consumption should be
financed by riskless savings. This finding is consistent with empirical studies, such
as Johnson et al. (2004), who report that in 1999, one third of the consumption of US
people over 65 was financed by decumulation of their savings.

In Fig. 1, it is shown how consumption financing varies with age. While in the
additive model consumption is fully financed by public and private annuities, we find
that in the multiplicative model, private annuities play a significant role only after

Structure of consumption financing (additive model) Structure of consumption financing (multiplicative model)
100 100
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[ Public annuity 1 Private annuity
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Fig. 1 Consumption financing structure
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age 87. Individuals would then ideally postpone their purchase of annuities, which
would generate very serious problems of adverse selection in a realistic environment.

Another striking feature of Fig. 1 is the sharp decline in the fraction of consump-
tion financed by riskless saving. Equation 33 shows that the plotted expression is
equal to :t [(1 + R)s;—1 — s;], which means that it is basically minus the derivative
of the stock of riskless savings. According to Fig. 2 hereafter, before age 87, this
stock decreases almost linearly, and then it reaches zero where it remains because
of the assumed positivity constraint until the end (people rely then on annuities and
pension). In continuous time, the (opposite of the) derivative would simply be dis-
continuous, and jump from a positive value to zero. Thus the “rapid decline” would
be vertical. In discrete time, this is not exactly vertical, as the derivative takes two
periods to stabilize to zero, which explains the pattern in the fraction of consumption
financed by riskless saving, as shown in the right hand side of Fig. 1.

3.3.3 Consumption smoothing and bequest profiles

The graphs of Fig. 2 reproduce consumption and bequest profiles as a function of
age. The consumption profiles decline with age in both models, which is consis-
tent with our calibration choice of 5.00% for the rate of time discounting. This rate
implies a decline in consumption at the retirement age of approximately —0.10%. In
the additive model, the decline remains constant over time, while it is increasing in
the multiplicative model. Such an increasing decline is reported in many empirical
studies investigating consumption profiles using micro-economic data (Ferndndez-
Villaverde and Krueger 2007 among others). The multiplicative model generates
therefore more realistic consumption data, as discussed in Bommier (2013).

The discounted bequest profiles obtained with each model are also different. As
underlined in the theoretical section, in the additive model, the discounted bequest is
constant, which means that the present value of what the heir receives is independent
of the agent’s life duration. The multiplicative model provides a different picture,

Consumption profiles Discounted bequest profiles
0.15 1

— — — additive model
———————— multiplicative model

Consumption
Discounted bequest

— — — additive model
———————— multiplicative model

0

65 70 75 80 85 20 95 100 105 110 65 70 75 80 85 20 95 100 105 110
Age Age at death

Fig. 2 Consumption and bequest profiles
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with an amount of bequest that declines with the age at death. The longer an agent
lives, the smaller the bequest he leaves to his heirs. Although the agent could fully
insure the amount of wealth he leaves to his heirs, being lifetime risk averse makes
him choose a strategy that generates a negative correlation between life duration and
bequest and avoids him leaving low bequest when dying young. This finding is con-
sistent with the many empirical studies, such as Japelli (1999), that show that agents
decumulate wealth as they grow older.??

3.4 Result robustness

In order to assess the validity of our statement, we check several aspects. First, we
study the sensitivity of our results to our calibration choices regarding the VSL, the
rate of time discounting and the intensity of bequest motives. Second, we consider
other model specifications that can be found in the literature on bequest.

Role of calibration over VSL and rate of time discounting Our benchmark calibration
assumes that the VSL is worth 500 x cp, where cg is the agent’s consumption at
retirement age, while the rate of time discounting is chosen to be equal to 5.00%. To
check the sensitivity of our results to these values, we simply rerun simulations for
both the additive and the multiplicative models using a wide range of calibrations.??

First, the VSL is assumed to vary between 200 x ¢o and 1000 x cq, while the
rate of time discounting remains unchanged. The impact of VSL is very small. An
increase of VSL from 200 x cg and 1000 x cg has no effect on WTP in the additive
model and barely diminishes it in the multiplicative model (it goes from 1.26% to
1.20%). The consequence on consumption smoothing is also practically negligible
and the structure of consumption financing is barely affected. We do not reproduce
graphs here.

Second, we keep the VSL unchanged to 500 x ¢ and the rate of time discount-
ing varies from 4.00% to 6.00% (i.e., the yearly consumption rate of growth at 65
decreases from +0.38% to —0.53%). Results are plotted in Fig. 3. As shown by the
left-hand side graph, the WTP decreases from 7.9% to 6.1% in the additive model
and from 2.2% to 0.8% in the multiplicative one. On the right-hand side graph,
we observe that the rate of time discounting barely affects the structure of con-
sumption financing in the additive model. However, in the multiplicative model, the
share of private annuities substantially declines with the rate of time discounting
(from approx. 18% to 3% of the consumption on average). Indeed, in the multiplica-
tive model, time discounting is generated by mortality and lifetime risk aversion. A
greater rate of time discounting indicates that agents are in fact more risk averse.
They are then more reluctant to purchase annuities, as annuities increase the risk on
lifetime utility.

22The interpretation of empirical evidence on age specific wealth profiles should, however, be subject to
caution. Indeed, saving decumulation can also be obtained under the assumption of risk neutrality with
respect to lifetime felicity if annuities are not fairly priced.

23We re-estimate the values of ug and A (or B in the additive model) so as to match the different values of
VSL and of rate of time discounting.
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Fig. 3 Impact of the rate of time discounting on willingness-to-pay for private annuities and the structure
of consumption financing

Role of public annuities In the benchmark calibration, we assumed that the present
value of public annuities y was equal to the non-annuitized wealth Wy. We now study
the impact on our results of the share of public annuities in total wealth, which we
vary from O to 60%. Results are plotted in Fig. 4.

The pattern for WTP displayed on the left-hand side graph of Fig. 4 is not sur-
prising since it simply reveals a substitution between public and private annuities.
The larger the share of public annuities in total wealth, the less the need for private
annuities and thus the smaller the willingness-to-pay. This effect is present and its
magnitude is similar for both models.

Role of public annuity on willingness—to—pay Role of public annuity on the share
to access a private annuity market of private annuities in consumption financing
18 100
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Fig. 4 Impact of public annuities on willingness-to-pay for private annuities and on consumption
financing
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The impact of public annuities on financing of consumption is plotted in the right-
hand side graph of Fig. 4. Whenever there is a positive demand for private annuities,
public annuities mechanically substitute for private annuities. As the additive model
always predicts a positive demand for private annuities, this simple substitution effect
is always at play. Public annuities simply crowd out private annuities. With the mul-
tiplicative model, the story could be a bit more complex, as the demand for private
annuities may become null at some ages. But overall, this has an impact only for high
levels of public annuities, and we mainly observe the same crowding out effect as in
the additive case.

Role of bequest motives intensity We now explore the robustness of our findings in
relation to the specification of bequest motives. We will discuss how changing the
intensity of bequest motives (parameter 6) may impact our results. The benchmark
calibration corresponds to an average bequest of 20% of the initial non-annuitized
wealth. Graphs in Fig. 5 plot our results as a function of the average bequest.

First, the left-hand side graph illustrates the impact of bequest motives on the WTP.
As soon as the intensity of the bequest motive becomes significant (average bequest
greater than 1% of the non-annuitized wealth), the multiplicative model generates
smaller WTP than the additive one. Second, the WTP decreases with the average
bequest: the stronger the bequest motive, the more the agent needs to save, the less he
cares about annuities. When the average bequest increases, the WTP decreases more
rapidly with the multiplicative model than with the additive one. With the multiplica-
tive model, WTP will be below 5% as soon as the average bequest becomes greater
than 8% of the non-annuitized wealth. WTP in the additive model becomes below
5% only when the average bequest motive is greater than 35% of initial wealth.

Second, the right-hand side graph of Fig. 5 plots the share of private annuities in
the financing of consumption. In both models, the share of consumption financed by

Role of bequest motive on willingness-to-pay Role of bequest motive on the share
to access a private annuity market of private annuities in consumption financing
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Fig. 5 Impact of the bequest motive on willingness-to-pay for private annuities and on consumption
financing
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private annuities decreases with the bequest motive. A stronger bequest motive mod-
ifies the agent’s trade-off between consumption and bequest. As the agent consumes
less, public annuities y thus finance a greater proportion of the agent’s consumption
and crowd out private annuities. In the multiplicative case, the decline in the share
of consumption financed by private annuities is greater than in the additive model.
For very strong bequest motives (providing an average bequest of 30% of the non-
annuitized wealth and more), the share of private annuities is close to zero, while in
the additive model this share never goes below one third.

Alternative bequest specifications As highlighted in Lockwood (2012b), most func-
tional forms used in the literature to model bequest motives are nested in our
parametrization of v in Eq. 28. However, there is no consensus about how bequests
respond to wealth, which depends on the combination of parameters ¢ and 6 that
enter into Eq. 28. Different combinations of 6 and i provide different average
bequests and different responsiveness levels to changes in wealth. So far, we have not
discussed how bequests respond to wealth, since the question we address does not
require consideration for heterogeneity in wealth. However, to check that our results
do not rely on an implausible wealth elasticity of bequests, we will consider spec-
ifications that generate, for a given average bequest, the same wealth elasticities of
bequest as in De Nardi (2004), De Nardi et al. (2010), Ameriks et al. (2011), and
Lockwood (2012b).

In practice, in order to obtain various additive reference specifications, we con-
sider pairs of parameters (6, ¥) that are directly taken from each of the four above
mentioned studies.?* The other parameters such as elasticities of substitution, the rate
of time discounting, mortality rates and rate of interest are set as before (Table 1).
The ratio of non-annuitized wealth over total wealth is also held constant at one half.
In each case, we adjust the initial wealth level Wy, so as to obtain the same average
bequest equal to 20% of the initial wealth, as in our benchmark calibration. The four
additive specifications that we consider differ because they assume different wealth
elasticities of bequest. In order to illustrate the role of lifetime risk aversion, each of
these additive specifications are compared with a corresponding multiplicative model
that generates the same amount of average bequests and the same rate of time dis-
counting at age 65. This is done by adjusting the parameters A (lifetime risk aversion)
and 6 (intensity of the bequest motives), the other parameters being kept as in the
additive specifications. In each case, the constant u is set to generate a VSL equaling
500 yearly consumptions at age 65.

We report in Table 3 the WTP for private annuities, and how consumption is
financed for each specification. Table 3 is similar to Table 2 except that instead of
using our own calibration for the bequest motive, we now rely on specifications taken
from other studies. Exact calibrations can be found in Section B of the Appendix.

Looking at the additive specifications, we find that the WTP for gaining access
to annuities ranges from 3.76% to 6.69% of the initial wealth Wy. This reflects the

2#More precisely, Lockwood (2012b) converted the three other model estimations (in addition to his own
one) into a common functional form and we in turn adapt his parameters to our functional form in Eq. 28.
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Table 3 Impact of various calibrations for the bequest preferences when the bequest motive is 20% of the
non-annuitized wealth

Calibration DeNardi DeNardi et al. Ameriks et al. Lockwood
Model Mult.  Add. Mult.  Add. Mult.  Add. Mult.  Add.
Willingness-to-pay (%)  1.81 3.76 1.35 6.69 1.75 4.22 1.56 5.50
Share of consumption financed by:
Public annuities 56.07 5556 5624  55.55 56.13  55.55 56.24  55.56
Private annuities 2.61 4444  8.96 44.45 2.59 44.45 2.71 44.44
Riskless saving 41.32  0.00 3479  0.00 4129  0.00 41.05 0.00

heterogeneity in assumptions that can be found in the literature as to the precise form
of the bequest motive. In all cases annuities finance about 44% of consumption, the
remainder being financed by public annuities.

As previously, the results obtained when introducing lifetime risk aversion
strongly contrast with those of the additive specifications. First, the WTP for annu-
ities, though still positive, is much smaller, ranging from 1.35% to 1.81% of initial
wealth Wy. Second, when available, private annuities are used much less. Looking at
the different multiplicative specifications, we find that 35% to 41% of consumption
is financed by riskless savings, while private annuities are only used to finance from
2.6% to 9% of private consumption. Independent of any market failure, the size of
the annuity market is thus found to be much smaller when agents have multiplicative
preferences than when they have additive preferences. This result holds for a wide
range of bequest motives.

4 Conclusion

The relationship between risk aversion and annuity demand has remained unexplored
in the economic literature. However, as soon as we explore the role of risk aversion
in a proper way (that is by considering lifetime risk aversion), the demand for annu-
ities is found to decrease with risk aversion. Moreover, annuity demand eventually
becomes negative (or vanishes if we add a positivity constraint) if risk aversion is
sufficiently large and individuals have a positive bequest motive. A possible reason
for the observed low level of wealth annuitization may therefore simply be that indi-
viduals are too risk averse to purchase annuities. Intuitively they do not purchase
annuities because they do not want to take the risk of dying young without leaving a
bequest, which is indeed the worst scenario one can imagine.

Calibration of our model with realistic mortality patterns and preference parame-
ters that seem reasonable indicate that lifetime risk aversion helps in part to explain
the annuity puzzle as it generates significantly lower levels of willingness-to-pay
for annuities. Nonetheless, reasonable parameter values did not generate a negative
demand for annuities. Our calibration suggests that risk aversion alone cannot solve
the annuity puzzle. Other elements such as the existence of public pensions, market
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imperfections, the need for liquidities and rationality biases should also be taken into
account in order to end up with a negative demand for annuities. By introducing life-
time risk aversion in the discussion, we add one more piece to the annuity puzzle
complementing the other possible explanations suggested so far.

Interestingly enough, corroboration for our theoretical explanation comes from
the literature exploring behavioral biases. Indeed, as we discussed previously, several
papers including Hu and Scott (2007), Agnew et al. (2008), Brown et al. (2008), and
Benartzi et al. (2011), provide convincing evidence that the riskiness of annuities
was considered to be a major source of concern for agents. Taking this further Brown
(2007) points out that people apparently want to buy insurance contracts when utility
is low. Our contribution involves showing that this behavioral trait can be reconciled
with a standard model of choice under uncertainty (expected utility) when lifetime
risk aversion is taken into account. When lifetime risk aversion is significant enough,
the state associated with lower utility is also the one with higher marginal utility.
The willingness to buy contracts that pay when utility is low is then consistent with
rational insurance behavior, which involves purchasing contracts that pay off when
the marginal utility is high.
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Appendix
A Proof of Proposition 1

When ¢ is linear, ¢’ (U4) = ¢'(Up) = ¢’'(0) = 1. First order conditions in Egs. 8-10
and the budget constraint can now be expressed as follows:

wy(ca) < ui(e) (= ifa > 0), (34)
= 1+R
1+ R)s) < | (”/I(C‘) - u’z(cz)) tuh(e) (= ifs>0), (35)
“1-p\1+R
V(1) < uh(cp) (= ift > 0), (36)

I1+R

co+1t=04+R)s+a 37

Let us show that in any case (1 + R)s = t.

1. s = 0. The budget constraint in Eq. 37 implies that a > 0: Eq. 34 is therefore an
equality. Equation 35 implies then that v'(0) < u)(c2). Suppose that T > 0: we
deduce from Eq. 36 that v'(0) < v’(t), which contradicts that v is concave and
non-linear. Thus, (1 + R)s =7 = 0.
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Table 4 Calibrations for alternative bequest motives

Lockwood De Nardi, French De Nardi Ameriks
(2010) and Jones (2010) (2004) etal. (2011)
Exogenous Parameters
_ _ T) Pk+110
Wo=N=>,", (1++R)" y 158.66 454.05 218.92 43.76
Yo 183.01 354.93 513.00 83.03
Estimated Parameters: Multiplicative model
uo 1.018 0.355 0.75 3.74
A 0.071 0.204 0.096 0.019
6 2.71 x 1073 4,04 x 1074 1.17 x 1073 0.031
Estimated Parameters: Additive model
uo 1.77 0.69 1.43 7.15
1 1 1 1
B 143% 143% 143% 143%
6 3.05 x 1073 427 x 1074 1.37 x 1073 0.036

2. s > 0.From Eq. 35, which is an equality, together with Eq. 34 and 36, we deduce
that v'((14R)s) > uj(c2) = v'(r) and t > (1+R)s > 0. The budget constraint
(37) implies that @ > 0. Equation 34, as Eq. 35 and 36 are therefore equalities:
we deduce that v'((1 + R)s) = v/(z) and (1 + R)s = 7.

pe2

We always obtain (1 4+ R)s = t, and thus also a = 1+R-

B Calibrations for alternative bequest specifications

We provide here calibrations for measuring the impact of the alternative bequest
specifications. All calibrations generate a value of average bequest of 20% of the
non-annuitized wealth Wy and a rate of time discounting of 5.00%. The value of a
statistical life is 500 consumptions at 65.

In all cases, the following parameters are fixed:

Parameters o v R
Values 2.0 1.0 3.00%

Calibrations lie in Table 4.
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