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ARTICLE INFO ABSTRACT

The string theory calculation of the %—BPS circular Wilson loop of N'=4 SYM in the planar limit at

next to leading order at strong coupling is revisited in the ratio of its semiclassical string partition
function and the one dual to a latitude Wilson loop with trivial expectation value. After applying a
conformal transformation from the disk to the cylinder, this problem can be approached by means of
the Gel'fand-Yaglom formalism. Using results from the literature and the exclusion of zero modes from
a modified Gel'fand-Yaglom formula, we obtain matching with the known field theory result. As seen in
the phaseshift method computation, non-zero mode contributions cancel and the end result comes from
the zero mode degeneracies of the latitude Wilson loop.
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1. Introduction

Wilson loops have played an important role in the study of
the correspondence between N =4 SYM field theory with gauge
group SU(N) and type IIB strings in AdSs x S° [1], as there exists
a known description at both sides of the duality [2,3]. The 1/2-BPS
circular Wilson is of particular relevance in this correspondence
as its expectation value in the planar limit has been calculated in
field theory to all orders in the ‘t Hooft coupling by means of di-
agram resummation [4] and supersymmetric localization [5]. Exact
results at all orders have allowed for precision tests of the dual-
ity and for the development of holographic techniques to compute
these quantities.

In the string theory side, the expectation value of the Wilson
loop is given by the partition function of a string whose world-
sheet encloses the Wilson loop contour at the boundary of AdS
[6]. Evaluation of the string partition function can be performed
using the semiclassical approximation. In this case the leading con-
tribution corresponds to the regularized area of the worldsheet de-
scribing the string classical solution [7], while the next to leading
order is described by small fluctuations around the classical solu-
tion. Wilson loop string theory calculations have perfectly matched
field theory predictions at leading order, however, matching at next
to leading order has been achieved only recently.
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Based on the pioneering work in [8], early attempts at com-
puting the 1-loop string partition function for the circular Wilson
loop lead to mismatches with the field theory prediction [9-11].
A major obstacle for this computation is the unknown normaliza-
tion of the string partition function.! To circumvent this problem,
[13,14] considered the ratio of the 1/2-BPS circular Wilson loop
with a 1/4-BPS Wilson loop with latitude angle 6y € [0, 77/2) in
the Gel'fand-Yaglom formalism and obtained the field theory pre-
diction plus an additional term. This issue was resolved to first
order for infinitesimal small angle 6y [15], and for all values of 6y
using the phaseshift method [16], finally recovering the field the-
ory prediction for this ratio.

Building on these results, in [17] the 1/2-BPS Wilson loop was
computed in string theory at 1-loop by considering its ratio with
a “special” latitude Wilson loop with trivial expectation value [18],
finally achieving a precise matching with field theory.> Using the
phaseshift method, the final answer was shown to come exclu-
sively from the zero modes due to degeneracies in the classical
string solution of the latitude.

In this letter, we revisit the calculation of [17] using this time
the Gel'fand-Yaglom formalism [19]. This technique is widely used
for the evaluation of determinants due to its relatively simple pro-
cedure, but has not been used for Wilson loop string computations
in cases where zero mode exclusion is required. The calculation of
functional determinants with a zero eigenvalue has been widely

1 Progress on this issue has been recently reported in [12].
2 Matching with field theory was also recently obtained in [12] introducing a
normalization prefactor and using Heat kernel on an individual loop.

0370-2693/© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


https://doi.org/10.1016/j.physletb.2020.135789
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2020.135789&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:libota@student.ethz.ch
mailto:meddanie@phys.ethz.ch
https://doi.org/10.1016/j.physletb.2020.135789
http://creativecommons.org/licenses/by/4.0/

L. Botao and D. Medina-Rincon

studied in the literature since the early work [20], and has led to
modified Gel'fand-Yaglom expressions coming from different ap-
proaches [21-25]. By revisiting this Wilson loop calculation using
a different technique, we aim at enriching the toolbox for precision
holography of Wilson loops.

This paper is organized as follows. In section 2 we describe the
main features of the circular and “special” latitude Wilson loops
in field theory and string theory. Section 3 presents the setup for
the 1-loop string theory calculation of the ratio of Wilson loops
following [17], while section 4 concerns the evaluation of deter-
minants using Gel'fand-Yaglom results and zero mode exclusion.
Finally, section 5 presents our concluding remarks. Appendix A
contains some results from the literature for Wilson loops in the
Gel'fand-Yaglom method.

2. Circular and latitude Wilson loops in A/ = 4SYM and
AdSs x S°
In N' =4 SYM with gauge group SU(N) the Wilson loop is de-

fined as [2]

W (C;n) = ! <trPexp if(k“AM—l—ilkln’@,)dr > (1)
c

where it is described by the contour C parametrized as x* (7)

and by the unit norm 6-vector n! in S> describing the coupling

to scalars.

The two Wilson loops considered here belong to a family of
latitude Wilson loops parametrized by an angle 6y, where the 1/2-
BPS circle corresponds to the configuration where 6y = 0, while
6o = 1t /2 for the 1/4-BPS “special” latitude. Both Wilson loops have
the unit circle for C, while the coupling to scalars is described by

n = (kcos#é, cos ¢ sinf, sin ¢ sinH) (2)
with the parameters
C: 0 =0,

L: 0=m/2,

k=(1,0,0,0),

k = any,

¢ =any, (3)
p=r, (4)

for the circular and latitude Wilson loops, respectively. We see that
for the circle, as & =0, n is at the north pole where ¢ is arbitrary.
Meanwhile, for the latitude, at & = /2 the S3 ¢ S° shrinks allow-
ing the unit 4-vector k to take any value.

The expectation values for these Wilson loops in the planar
limit are [4,5,18,26]

2 2
We=—1 (\/X) Ao /—A_3/4eﬁ,
Vi T

In the AdSs x S° background described by the metric

Wy =1. (5)

, 422 +dX], 5 5 5
ds Z— +d6? + sin®6d¢p? + cos 0d$253, (6)
the string configurations dual to these Wilson loops correspond to
cosT  sinT
CL: XK = ,—,0,0 Z =tanho, (7)
cosho ' cosho

in AdSs, while in S°

C:6=0, L:p=r, cosf =tanho. (8)

It is easy to see that at the AdS boundary, where o = 0, the strings
end in the unit circle. Meanwhile, the 1/2-BPS circle remains only
at a point in S® while the 1/4-BPS “special” latitude extends inside
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the sphere. Note that for the latitude, as o — 0, the volume of $3
shrinks to zero size and thus the angles in S3 can take arbitrary
values. The later is compatible with the field theory description
(4) with arbitrary k and explicitly shows that the “special” lati-
tude corresponds to a degenerate 3-parametric family of solutions.
These latitude string solutions are different for o # 0 and corre-
spond to non-trivial moduli [18].

3. The perturbative string theory computation
3.1. Setup

In order to evaluate the string partition function it is necessary
to gauge fix, this is done by choosing the worldsheet metric to be

the metric induced by the classical solution [8]. This results in the
following worldsheet metrics

ds2,, = Q> (dr2 + daz) 9)
with
1 1 1
sz—, 92:—4-—, 10
€™ sinh%o L™ sinh?20 | cosh?o (10)

for the circle and latitude, respectively.

Following the proposal of [13,14], we consider the ratio of these
Wilson loops and omit contributions from ghosts and longitudinal
modes as the configurations considered have the same topology.
Note that this assumption for ratios of circular Wilson loops is also
supported by the results of [15-17,27,28].

Semiclassical evaluation of the string partition function for the
circle results in

Zc:/Dd>e 2519 5, o= ¥ 5190l gder—1/2K ¢, (11)

where & denotes the different fields, ®. the classical solution,
while Sdet K¢ corresponds to bosonic and fermionic determinants
from second order fluctuations. The equivalent expression for the
latitude is more elaborate as zero modes from the moduli in the
classical solution are traded by collective coordinates in the path
integral [17]

Zi~e L S[0algger—1/2K /l_[—d‘ﬂ d t1/2<382c1’%>’
i J

(12)

where there is additional integration over the moduli space of so-
lutions each with a factor® of A1/4/27, a Jacobian from the change
of variables* and Sdet’ represents the corresponding fluctuation
determinants with the zero modes excluded.

It is easy to see that the string action at the classical solution
satisfies

C: S[®q]=-27, L: S[®q]=0, (13)

which perfectly reproduce the exponential behaviours in (5). We

will now focus on the different contributions to the ratio at next
to leading order for large A.

3 This factor is chosen such that the path integral over fluctuations with non-
zero eigenvalues leads to the determinant of the differential operator without any
additional multiplicative factors coming from the string action. For more details see
[17].

4 In fact, dd/d¢; correspond to zero modes of K = 625/6<I>2\d To see this dif-

. . . _ 825 e | _ T 9%a
ferentiate the equations of motion 0 = 5556 dp; I =K o

LL‘ —
3¢ 30 I =
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3.2. Integration over moduli

Integration over the angles of S corresponding to the moduli
of the latitude classical solution follows from (2) and (8)

a ok
on = (— tanho, 0, O) (14)
3%‘ cl ¢l
resulting in

Jon  Jn /2
/Hd(p det1/2< > 2 <1//0|s22|¢0> . (15)
=1 ;i 3(,01‘

In the above g = tanho and we used the definition of the inner
product implied by the worldsheet metric (9)

27w o0

(nleluz)= [ [ @vivadodr. (16)
00

Explicit evaluation shows that the right hand side of (15) is finite,
consistent with the normalizability of the zero mode .
From the above, we obtain for the ratio

-3/2

Sdet’'/’K
= Vi ham = (ol wo) (17)

ZL Sdet!/?K¢
3.3. Functional determinants

Expansion of the Green-Schwarz action to second order in fluc-
tuations around the classical solution leads to the following ratio
of determinants for each partition function

det’KC1det> K, det K3, det K3

SdetK = , (18)
det*D, det*D_
where the operators above are given in terms of [13,14]
= a2 a2 2
Ki=-07 =95 + ——5— (19)
sinh“o
~ 2
Ky=—02-92 - ————, (20)
! “  cosh? (o0 +09p)
K3x = —082 — 92 + 2i (tanh (20 + 09) — 1) 0;
+ (tanh (20 + 0g) — 1) (1 + 3tanh (20 + 0p)), (21)
~ 1
Dy =i0,T1 — |:l'3-[ F E (1 —tanh 2o + O'o))i| (%)
1 1
(22)

+ + ,
Qsinh’0 ' Qcosh? (o 4+ 00)

with og = oo for the 1/2-BPS circle and og = 0 for the 1/4-BPS
“special” latitude,” while tilded and untilded operators are related
by

K= p=_L Bl (23)
o2’ Q32 ’

with © denoting the circle and latitude conformal factors in (10).
In equation (18), the operator K; corresponds to bosonic fluc-
tuations around three directions of AdS, K, to three directions
along the $3 inside $°, K34+ result from a mixing of the remain-
ing transversal directions to the worldsheet, while D, come from
expanding fermions to second order and gauge fixing x-symmetry.

5 The parameter op here is related to the angle 6y = arccos (tanhop) parametriz-
ing the entire family of latitude Wilson loops with 6 € [0, 7t /2].
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It is easy to check that for the latitude (o9 = 0) v is indeed a
zero mode®

Ko = Ksvo =0. (24)

Evaluation of the determinants in (18) is simplified by Fourier
expanding along the t direction (id; — w) as the resulting differ-
ential operators depend exclusively on o. Frequencies are w € Z
for bosons and w € Z + 1/2 for fermions in order to account for
periodic and anti-periodic boundary conditions.

3.4. Conformal factors and regulators

In the Gel'fand-Yaglom method, just as for phaseshifts, evalua-
tion of determinants requires dropping the conformal factors in the
operators /C and D in (23). The later is achieved by performing a
conformal transformation which allows to go from the worldsheet
metric (9) to the flat metric ds? = dt? + do?. This transformation
is singular at 0 = oo and changes the topology of the worldsheet
from disk to cylinder, but allows to instead consider the determi-
nants of the tilded operators K and D.

Evaluation of determinants on the cylinder requires the intro-
duction of an IR regulator R at very large o. Such procedure poten-
tially breaks diffeomorphism invariance. To circumvent this issue,
in [16] it was proposed to use different regulators for each Wilson
loop such that the area removed by the cutoff is the same. For the
present case this results in introducing two IR regulators R¢ and
Ry defined through

1. 1+4-cosby
R (6p) = Rinv — 5 In 72 ,

where Rc¢ and Ry follow from replacing their corresponding values
6p =0 and 6y = 7t /2, while Rj,y, > 1 is fixed as it does not depend
on 6.

The 1-loop determinants in the partition function depend ex-
ponentially on the IR regulators and a finite remnant remains [16].
Performing this conformal transformation from untilded to tilded
operators results in

C_ Vi, -3/4 Sdet’!/ L oRc—R 3/2
ZL =e )" 4 Sdet1/2K o (W Wfo)
1127 Rc—Ry
_ Vi |2 SdEtmE&L (25)
7 Sdet /“Kc (Yolvo)

with (|¥o) denoting the norm of the zero mode on the cylinder

2w R]_

(Yolvo) = / [ tanh? o dodr " 27 (Wolv). (26)
00

where we also defined (¥o|yo) = fOR“‘V doyd.
Note that the factors at the left of the ratio of determinants in
(25) precisely correspond to the field theory prediction (5).

6 The bosonic operators are read by expanding the string action to second order
in the form széuKé“dth where £¢ are fluctuations in the tangent space, as the
later is required by the fermionic part. Note that for the “special” latitude expanding
the string coordinates X* = X*| +E"a|d§a and choosing a convenient representa-
tion for the vector k in (2) leads to a vielbein E#;|q o cotho along the S3 angles.
Along these directions a fluctuation €4 o tanho amounts to shifting by a constant
the values of the angles in the 3-parametric degenerate classical solution.
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4. Evaluation of the functional determinants
4.1. Determinants with the Gel’fand-Yaglom method

For all the operators without zero modes, the functional de-
terminants are obtained by using the typical Gel'fand-Yaglom for-
malism. Note that it is necessary to choose adequate boundary
conditions for the evaluation of determinants. Dirichlet-Dirichlet
(D-D) boundary conditions are imposed on the operators without
zero modes, while the zero mode of K, will require special con-
sideration. Since the remnant from the conformal transformation
from disk to cylinder has already been explicitly included in (25),
the Gel'fand-Yaglom procedure with regulator Rj,, is used for both
loops.

In this setup the determinants for the operators in the ratio of
1/2-BPS circular and 1/4-BPS latitude with arbitrary angle 6 were
computed using Gel'fand-Yaglom in [13,14] and the main results
are summarized in Appendix A. The results for the “special” lati-
tude follow by taking 6y = % in equations (A.1)-(A.4), except for
the operator 1%2 with w = 0 where the zero mode exists. We ob-
tain

det K%
n—NC :O, (27)
det K3
det’ K}
ndet IEC = Z +ln7>o
w;ﬁO
=2F(A) +InPy, (28)
det Kt 1 1
n % = - Z In ol +
detKS, 24 |o|+2
1.1
=]:(A)—§lﬂi, (29)
detDL 1 ol + 3
" et T 2 2 Mot 32
weZ+1/2 2
=F(A), (30)

where Py denotes the ratio of the functional determinants of 162
with w =0, and F(A) is defined by

A

|w]

F(A) = In (31)
; lw|+1

with a symmetric regulator denoted by A. Taking the limit A — oo
will recover the original summations. Collecting all the pieces in
(27)~(30), one finds

Sdet/l/ZKL 3/2
Sdet T, = =27, (32)

The numerical factor in front of Py above cancels the remnant of
the conformal map from section 3.4, resulting in

3/2
E — eﬁ)h3/4\/7fp/. (33)
z, T (Yolo)?/?

To obtain the final result we now focus on the operators with zero
modes.
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4.2. Excluding the zero mode

A naive application of the Gel'fand-Yaglom formalism on Py
will result in a vanishing partition function. Thus, it is necessary to
omit the zero mode. To achieve this goal, two modifications are ex-
pected. First, the D-D boundary condition should be replaced by a
Dirichlet-Neumann (D-N) boundary condition since the zero modes
will be ruled out by the first one. Second, the Gel'fand-Yaglom for-
malism should be modified so that it is suitable for the operators
with zero modes. In the following subsections, first we introduce a
modified Gel'fand-Yaglom formula, then a short derivation is pro-
vided, and finally we apply it to Py.

4.2.1. The modified Gel’fand-Yaglom formula
Consider two second order differential operators defined by

Kt=-82-v(@), K‘=-92, (34)

where V(o) is an arbitrary potential with the limit V(o — o0) =
0. We assume that there is only one zero mode for KL. Under the
D-N boundary condition, the modified Gel'fand-Yaglom formula for
such operators is’

_ (#5145)
¢16(Rinv)80 ¢S(Rinv) ’

where ¢ and ¢ are the eigenfunctions of KLC with eigenvalue
zero satisfying the boundary conditions®

det’ KL
det K€

(35)

o5 (0)=0 I 5 (0) =1, (36)

while the inner product in the numerator of (35) follows the same
definition as the one for g in (26). In the next section we provide
a derivation for (35).

4.2.2. Derivation of the modified Gel'fand-Yaglom formula

Gel'fand-Yaglom formulas for determinants of differential oper-
ators with zero modes can be obtained using different approaches,
for instance, using the Wronski construction of Green functions
[21,22], modifying slightly the operator or using the results of [20]
where the boundary conditions are perturbed. A simpler route is
perhaps to use as starting point the contour integration formal-
ism proposed in [24,25] for the case of D-D boundary conditions.
Modifying this construction for the case of D-N boundary condi-
tions leads to (35). The main idea of this procedure is to construct
a function which vanishes at all non-zero eigenvalues, but not at
the zero eigenvalue. Using such a function it is easy to construct a
modified zeta function for the operator and obtain its determinant.

The zeta function of an arbitrary differential operator ' with
specified boundary conditions (D-N in our case) is defined by
CgL(s) =), A;° where Re(s) > 1 and A, are the eigenvalues of
the operator which are assumed to be non-negative. By analytically
continuing the zeta function to s = 0, the functional determinant
of the operator is related to it by Indet ' = —{,’%L(O).

We denote by ¢fL; (o) the solutions to I%Hpk (0)= ﬁqug(o) with
boundary conditions ¢/'§ (0)=0 and 80¢/'§ (0) = 1. The first one im-
poses the Dirichlet boundary condition, while the second fixes the
normalization. The eigenvalues ), are determined by the Neumann

7 A similar expression for a modified Gel'fand-Yaglom formula under the D-D
boundary condition has been given in [23-25].

8 For an arbitrary second order differential operator KL without zero
modes, the usual Gel'fand-Yaglom formula with the D-N boundary condition
is detKl/detKC = 3, ¢ (Rinv)/05 ¢ (Riny), where ¢SL(o) is the solution to
KCLyCL(o) = 0 satisfying (36).
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boundary condition agqbkn(Rim,) = 0. Thus, the zeta function of K"
can be written in the form of a contour integral

1
(a5 = 5 — f dp B0 1n 95 8} (Rin). (37)

with the contour surrounding the whole non-negative real axis.
The above expression is actually divergent since the zero eigen-
value is also included, so it is necessary to study the asymptotic
behaviour of the zero modes for the purpose of omitting the zero
eigenvalue. Now consider the equation

Rinv Riny
/ do sk o = B2 / do g (38)
0 0

Integrating the left hand side by parts twice moves the opera-
tor K to the left of ¢>'6 which results in zero, and produces two
boundary terms. The integral on the right hand side is the inner

product (¢5|¢/§). Applying the boundary conditions, one finds

82 (#5105
¢(I)‘(Rinv)

Note that uy, (Riny) =0 as long as A, # 0, and u;,, (Riny) # 0 when
An = 0 since the inner product (¢f|¢g) is positive definite. Thus,
the roots of ug(Rjny) = 0 build out the whole non-vanishing oper-
ator spectrum. Consequently, it is natural to replace 80¢E(Rmv) in
(37) by ug(Riny) to remove the zero in the spectrum. To preserve
the asymptotic behaviour of 80¢'B(Rinv) as B — oo, we define a

36 B (Riny) = — = —B%ug(Riny)- (39)

function vg(Rjny) = (1 — ﬂz)uﬂ(Rim,). The zeta function, omitting
the zero eigenvalue, goes as

1
Ga(s) = 5 — f dg 2 (aﬂ Invp(Riny) — dp In(1 — ,32)> .

Note that the contour integral of the second term just equals to
one. To evaluate the integral of the first term, one can deform the
contour to the imaginary axis by giving S in the upper (lower) part
of the contour a phase /2 (e=7/2) Since there are no poles on
the imaginary axis, the integration equals to

o0

/dﬂ B~ (8 Invig(Riny)) — 1. (40)

0

sinms

Cru(s) =

The resulting functional determinant omitting the zero mode is

uo(Rinv)

0o ¢,Loo (Rinv) ,
(41)

Indet’ K' = =%, (0) = — Invig(Riny) |52 = In

where we used (39) on the right hand side. _
On the other hand, there is no zero mode for K€, so its zeta
function is defined in the typical way by (37) with Baqbg(Rim,),
which results in®
3o¢g(Rinv)
9o bie (Rinv)

Notice that in the limit of |8] — oo, ¢/§ = ¢/§, one finally obtains

(#5195)
P5(Rinv) 35 ¢S (Riny)

Indet K€ =1In (42)

det’ KL
n _ =
det K€

uo(Riny) _
3o ¢S (Riny)

(43)

9 The Gel'fand-Yaglom formula for the case of D-N boundary conditions without
zero modes shown in footnote 8 follows directly from (42).
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4.2.3. Using the modified Gel'fand-Yaglom formula

To calculate Py, we take K — K5|,=0, K¢ — KS|wm=0. By solv-
ing the zero eigenvalue equations for the differential operators
subjected to the boundary conditions (36), one finds
¢5(0) =0, ¢G(0) = tanho = . (44)
Following the recipe in (35) with Rjpy — o0,
. det’ /’6]2'|w=0
N detﬁgho:o

Combining (33) and (45) retrieves the exact gauge theory predic-
tion'?

w Z 2
WC _2C_ Vi34 [ £ (46)
WL Zy b

5. Conclusions

= (Yol¥o) - (45)

0

In this letter we have revisited the computation of the 1/2-BPS
circular Wilson at 1-loop in AdSs x S in the setup of [17] by us-
ing Gel'fand-Yaglom results and the zero mode exclusion method
of [23,24]. As in the phaseshift computation, exact matching with
the field theory prediction is achieved and the final result follows
from the zero modes of the latitude moduli as other contributions
cancel. The later is one of several similarities between the phase-
shift and Gel'fand-Yaglom techniques, which are among the most
popular methods for precision holography for Wilson loops having
achieved similar success for AdS4 x CP3 [27,28]. It would be in-
teresting to elaborate on the possible connections between these
methods in further works.'

Another string Wilson loop calculation where the techniques
used here for zero modes could find application is the ratio of
fermionic 1/2-BPS and bosonic 1/6-BPS circular Wilson loops in
ABJM [30]. According to localization the ratio of these Wilson loops
is proportional to A~1/2 at large A [31]. In this setup the string
solution for the bosonic circular Wilson loop in AdS4 x CP3 is ex-
pected to have two zero modes related to the smearing over a CP!
inside CP3 [32].

Zero modes play an important role when studying the contri-
butions of Fadeev-Popov ghosts and bosonic longitudinal modes,
an issue that has held back the calculation of individual Wilson
loops in string theory. It would be interesting to see if extensions
of techniques like the one used here, along with a better under-
standing of the required boundary conditions, could shed some
light into this problem.
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phenomenon observed in instanton methods and could be used to greatly simplify
calculations [20,23].

1 Connections between the phaseshift and Heat kernel methods have been re-
cently discussed in [29].
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Appendix A. Gel'fand-Yaglom results for latitude Wilson loop
determinants

The evaluation of functional determinants for the ratio of a 1/2-
BPS circle and 1/4-BPS latitude Wilson loop with arbitrary angle
6o € [0, 7 /2) was carried out in [13,14] using Gel'fand-Yaglom ob-
taining

det K1 (6)
n

— " _, (A1)
det K1 (0)
det K (6 6
nwzzlnw, (A2)
det K2 (0) % lwl + 1
det K34 (0 1 1 6
,de 3+ (o) _Z |a)|+ + cos o (A3)
det /C3:|: o 2 w|+2
detDy (6 1 o+ 5 +c050
de + (%) 1 Z | | o (A4)
et (0) weZ+1/2 ol + 3
Using these results in (18) leads to the main result of [13,14]
Sdet!/2K (6 1+ cos6,
n#(o) ~Incosép — —1 Scosto (A5)
Sdet!/?K (0) 2

The second term on the right is cancelled by careful consideration
of the mapping from the disk to the cylinder as explained in sec-
tion 3.4 and [16], leading to the field theory prediction. Note that
the final answer comes exclusively from the @ = 0 eigenvalues of
KCy as all the other contributions cancel.

These results are carried on for the case considered here where
6o = 1t /2, except for the zero mode of K, for which w = 0. The
later requires special treatment as explained in section 4.2.
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