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Abstract

Constant development is an innate trait of human civilisation. On the other hand, innovation
is oftentimes overlooked in several �elds of human activity. Civil engineering being one of the
most conservative technological sectors, bases its operations on principles that were developed
in the very early stages of science. The most challenging issue of structural engineering lies
in the handling of dynamic phenomena, the most concerning being earthquakes. Measures
for protecting structures against such e�ects form a major focus of research. To this end,
the current thesis delves into the development of protective solutions, with the provision of
retro�tting. These are distinguished in base and superstructure measures, each being enhanced
by the presence of nonlinearity.

In a �rst approach to tackle ground-borne vibration, a nonlinear metamaterial lattice is
conceptualized. Metamaterial con�gurations consist of repeating patterns of a fundamental
design, called the unit cell. They are known for their unique wave �ltering properties within
speci�c frequencies, referred to as band-gaps. In the current work, the proposed unit cell
incorporates negative sti�ness behaviour, triggered by geometrically nonlinear response. The
presence of nonlinearity is analytically proven to enable low frequency wave manipulation,
which is the dominant content of seismic excitation. To further verify those analytical beliefs,
experimental tests are performed on a proof-of-concept prototype. In addition to showcasing
the feasibility of constructing such a nonlinear system, these tests also con�rm the capability of
this nonlinear design to attenuate vibrations within the predicted band-gap.

In a second proposed approach, the focus is shifted to the superstructure. A negative sti�ness
device is introduced, termed the NegSV. Its basic concept lies in transforming the upper part
of an existing frame to a resonator with respect to the lower part of the structure. This is
achieved by deploying a negative sti�ness device at a certain 
oor of the building. Prestressed
elements, combined with a suitable set of mechanical components, are responsible for adjusting
the sti�ness of the modi�ed storey. To con�rm this idea, an experimental campaign is carried
out using a scaled 3 dimensional frame structure that is subjected to earthquake excitation
with the use of a shaking table. The e�ectiveness of the NegSV device is demonstrated across a
variety of input signals, indicating the potential of the architected device in improving structural
response.

The �nal part of the thesis emphasises on design strategies for nonlinear protective devices.
Treating the case of the NegSV, an optimization algorithm is developed for predicting the
designing parameters of the system that lead to enhanced performance. It is shown that
earthquake input can be studied in a systematic framework, incorporating the underlying
uncertainty. Overall, it is realised that nonlinear behaviour can be suitably exploited towards
improving the performance of vibration attenuation devices for optimal e�ectiveness.

The aim of the current thesis is to introduce vibration mitigation concepts that capitalize
on the in
uence of nonlinear e�ects. To this end, two separate solutions are developed focusing
on obstruction of wave propagation and superstructure interventions. Through simulations and
experimentation on scaled specimens, this work demonstrates the potential of these innovative
solutions in enhancing structural protection. Adoption of such non-conventional designs allows
to shift the current seismic protection paradigm to more bold, yet highly e�cient solutions.
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Zusammenfassung

Konstante Entwicklung ist ein st•andiges Bestreben der Menschheit. In einigen Bereichen des
Menschlichen Handelns werden Innovationen jedoch h•au�g •ubersehen. Der Bauingenieurbereich,
einer der konservativsten technologischen Sektoren, basiert auf Prinzipien, die in den fr•uhesten
Stadien der Wissenschaft entwickelt wurden. Grosse Herausforderungen im konstruktiven
Ingenieurbau liegen im Umgang mit dynamischen Ph•anomenen, wobei Erdbeben besonders
besorgniserregend sind. Ma�nahmen zum Schutz von Bauwerken vor solchen Einwirkungen
stellen einen wichtigen Schwerpunkt der Forschung dar. Zu diesem Zweck untersucht die
vorliegende Arbeit die Entwicklung von Methoden zur nachtr•aglichen Ert•uchtigung. Diese
werden in Massnahmen im Fundamentbereich und im•Uberbau unterteilt, wobei nichtlineares
Verhalten deren E�ektivit•at verbessert.

In einem ersten Ansatz zur Bek•ampfung von bodengebundenen Vibrationen wird ein nicht-
linearer Metamaterialgitter konzipiert. Metamaterialkon�gurationen bestehen aus sich wieder-
holenden Mustern eines grundlegenden Designs, der Einheitszelle. Metamaterialien sind f•ur ihre
einzigartigen Eigenschaften bei der Filterung bestimmter Frequenzen bei der Wellenausbreitung
bekannt, die als Bandl•ucken bezeichnet werden. In der vorliegenden Arbeit integriert die
vorgeschlagene Einheitszelle ein Verhalten mit negativer Stei�gkeit, das durch eine geometrisch
nichtlineare Reaktion ausgel•ost wird. Es kann analytisch gezeigt werden, dass die Anwesenheit
von Nichtlinearit•aten es erm•oglicht Wellen in niedrigem Frequenzbereich zu ver•andern. Dieser
Frequenzbereich ist der Dominante bei Erbebenwellen. Zur weiteren•Uberpr•ufung dieser ana-
lytischen Herleitungen werden experimentelle Tests an einem Prototyp durchgef•uhrt. Neben der
Analyse der Machbarkeit eines solchen nichtlinearen Systems best•atigen diese Tests auch die
Eignung dieses nichtlinearen Designs, Vibrationen innerhalb der vorhergesagten Bandl•ucke zu
d•ampfen.

In einem zweiten Ansatz wird der Fokus auf den•Uberbau verlagert. Ein System mit
negativer Stei�gkeit, das NegSV genannt wird, wird eingef•uhrt. Sein grundlegendes Konzept
besteht darin, den oberen Teil eines vorhandenen Rahmens so zu ver•andern, dass er in Bezug
auf den unteren Teil der Struktur einen Resonator darstellt. Dies wird erreicht, indem ein
System mit negativer Stei�gkeit auf einer bestimmten Etage des Geb•audes installiert wird.
Vorgespannte Elemente, kombiniert mit geeigneten mechanischen Komponenten, erm•oglichen,
die Stei�gkeit des modi�zierten Stockwerks anzupassen. Zur Best•atigung dieses Konzepts
wird eine experimentelle Kampagne an einer skalierten dreidimensionalen Rahmenstruktur
durchgef•uhrt, die einer Erdbebenerregung mit Hilfe eines Sch•utteltisches ausgesetzt ist. Die
Wirksamkeit des NegSV-Ger•ats wird •uber eine Vielzahl von Anregungen hinweg demonstriert,
was auf das Potenzial des architektonischen Ger•ats zur Verbesserung der Strukturreaktion
hinweist.

Der letzte Teil der Arbeit betont Designstrategien f•ur nichtlineare Schutzvorrichtungen. Bei
der Behandlung des Falls des NegSV wird ein Optimierungsalgorithmus entwickelt, um die En-
twurfsparameter des Systems vorherzusagen, die zu einer verbesserten Leistung f•uhren. Es wird
gezeigt, dass die Erdbebenanregung in einem systematischen Rahmen untersucht werden kann,
der die zugrunde liegende Unsicherheit ber•ucksichtigt. Insgesamt wird erkannt, dass nichtlineares
Verhalten geeignet genutzt werden kann, um die Leistung von Vibrationsd•ampfungsvorrichtungen
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f•ur optimale Wirksamkeit zu verbessern.
Das Ziel der vorliegenden Arbeit ist es, Vibrationsminderungskonzepte vorzustellen, die den

Ein
uss nichtlinearer E�ekte nutzen. Zu diesem Zweck werden zwei separate L•osungen entwickelt,
die sich auf die Beschr•ankung der Wellenausbreitung und•Uberbauinterventionen konzentrieren.
Durch Simulationen und Experimente an skalierten Proben zeigt diese Arbeit das Potenzial
dieser innovativen L•osungen zur Verbesserung des strukturellen Schutzes auf. Die Annahme
solcher nichtkonventionellen Designs erm•oglicht es, das aktuelle seismische Schutzparadigma auf
mutigere, aber •au�erst e�ziente L•osungen zu verlagern.

4





Chapter 1

Introduction

1.1 Motivation and background

The impact of dynamic loading on mechanical systems poses challenges ranging from serviceability
issues to structural failure [51]. Mitigating these e�ects often involves either enhancing structural
resistance or reducing the induced dynamic response. The latter approach typically involves
adjusting system properties without compromising functionality. Addressing undesired vibration
is a task of crucial nature in structural engineering, especially considering dynamic loads like
earthquakes, strong gusts, or impacts that can compromise the safety and capacity of engineering
structures.

Seismic excitation forms a primary source of undesired vibrations, often characterised by
spectral content within the lower frequency range of 1-20 Hz [183]. Seismic excitation is a key
aspect of determining the overall problem statement of structural control in civil structures. The
�rst matter is related to the type of the excitation, which assumes the form of waves propagating
within soil media. They initiate from the hypocenter [135], which refers to the underground
point within the Earth's crust, where the seismic rupture of an earthquake originates [113].
These seismic waves a�ect any site on the Earth's surface in various ways, depending on several
parameters, such as the distance of the epicenter to the site, the hypocentral depth, as well
as local site e�ects [118]. The created seismic waves can be distinguished into two categories,
namely surface waves and body waves, while there are further levels of categorization. There are
two main types of body waves, P-waves (Primary waves) and S-waves (Secondary waves) [61].
P-waves, causing particles in the medium to move parallel to the direction of wave propagation,
are described by high propagation velocity and can travel through solid, liquids, and gases.
S-waves, causing particles to move perpendicular to the direction of wave propagation, are slower
than P-waves and can only travel through solid materials. On the other hand, surface waves
[133] travel along the Earth's surface and are distinguished in two primary types, namely Love
waves and Rayleigh waves. Love waves cause a transverse motion of the medium's particles,
while Rayleigh waves move in an elliptical, rolling motion, with particles moving both vertically
and horizontally in the direction of wave propagation. Additionally to the complex form of
seismic waves, an important role in the determination of the response of a local feature on a soil
surface plays the soil-structure interaction (SSI) [159].

There are various ways that one can take into account the soil e�ects, which are the
propagation of seismic waves and the SSI problem. A valid approach is the numerical modelling
of the complete problem, with the Finite Element (FE) method often deployed to such an end
[115]. There exist, however, two main drawbacks in purely relying on numerical analyses. The
�rst is related to the required computational toll, which usually leads to time costly calculations
and is normally infeasible to conduct in high resolution at scale and under parametric analyses.
The second disadvantage of being strictly dependent on numerical simulations is the derivation
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of case-speci�c results that cannot be generalised. There are several solutions of simplifying the
seismic excitation problem, with the aim of counteracting computational ine�ciencies, enabling
analytical calculations to be performed. Regarding site response, the engineering community
has developed guidelines and codes for assessing the expected seismic input. As an indicative
example, seismic codes, such as the Eurocode 8 [69], provide a relation between the local soil
characteristics and the expected frequency content and amplitude of an earthquake for a given
return period. Furthermore, the SSI problem can be approximated by analytical formulas,
as suggested by Gazetas [89]. Therefore, one can simplify the complex problem of seismic
wave propagation and SSI in a more compact and conveniently manageable formulation. The
overall approach one can follow is the study of general principles and designing according to
the aforementioned simpli�ed formulations and then verify the results via a limited number of
sophisticated, detailed analyses.

The mitigation of undesired vibration in civil structures presents a signi�cant engineering
challenge due to the importance of these structures, and the fact that they house humans, as
well as the substantial energy mobilised [112]. Seismic events generate large inertial forces and
displacements, posing further complexities for any vibration mitigation countermeasures. Three
are the main approaches that are generally considered for tackling the vibration mitigation
problem. Purely intervening on the soil [101] surrounding the structure, interference on the
foundation characteristics [117] or adjustments of the superstructure's properties [99]. Tradi-
tional protection measures usually focus on the foundation and superstructure levels and soil
improvement techniques.

The problem of enhancing seismic performance becomes particularly challenging in the
sector of existing infrastructure. A large number of buildings have been erected prior to the
introduction of modern design standards, rendering these susceptible to structural damage
and collapse [57]. The consequences of such failures extend beyond physical infrastructure,
impacting human lives, causing economic loss, and disrupting societal functioning. Tackling the
problem of vibration control in existing buildings necessitates a multifaceted approach involving
comprehensive risk assessment, engineering retro�t solutions, and public policy interventions.

Seismic retro�tting techniques focus either on speci�c elements (referred to as Local measures),
or addresses the entire structure (known as Global measures) [58]. Typically, when implementing
retro�tting or an upgrade of an existing building, a combination of techniques tailored to its
unique characteristics is utilised to yield an economically feasible strengthening strategy. These
methods can be further classi�ed into conventional and innovative approaches based on factors
such as the age of the building and the materials used.

There are two main approaches to enhancing the seismic performance of buildings, namely
increasing capacity and reducing demand [58]. When the primary objective is to improve
a building's ability to withstand deformation, local measures are often su�cient without
signi�cantly altering its strength or sti�ness. However, if both load capacity and sti�ness need
to be increased, global measures are typically necessary. For situations where both capacity and
ductility enhancements are required, a combination of global and local measures is recommended.
An alternative strategy for enhancing a building's seismic resilience involves reducing the forces
induced by earthquakes. Common solutions include decreasing the structure's mass and/or
lateral sti�ness. Mass reduction can be achieved through methods such as using lighter partition
walls or removing 
oors, while sti�ness reduction involves the use of base isolators and energy
dissipation systems.

In an aging building, global measures must be considered to improve the overall performance
of the structure, as its de�ciencies are often not limited to individual elements. Established
methodologies for global measures aimed at increasing the system's capacity include:

ˆ Sti�ening diaphragms
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ˆ Bracing systems

ˆ Addition of shear walls

ˆ Addition of in�ll walls

These capacity increase measures are followed by several disadvantages. They usually require
drastic interventions to the bearing frame of the structure, rendering these non feasible or
impractical. Not only do they a�ect operability during the installation/construction phase,
but also at the �nal state of the structure, occupying space and obstructing serviceability.
Additionally, such large intervention campaigns are subsequently followed by equivalently large
costs. Therefore, capacity increase measures, although e�ective, are not straightforward to
implement and subsequently not appealing to building owners and occupants. Such measures
demand signi�cant interventions to the building, resulting in architectural compromises and
costly solutions. In an e�ort to avoid capacity increase, the demand reduction approach includes:

ˆ Mass reduction

ˆ Energy dissipation systems

ˆ Seismic isolation

Several drawbacks accompany the well-established demand reduction solutions. Decreasing
the mass of the system compromises the functionality and usability of the structure. Energy
dissipation systems include the application of supplemental damping devices, such as dampers or
energy sinks, as in the example of the tuned mass damper. These devices consequently require
substantial spaces, impacting both operational and architectural considerations. Although the
seismic isolation concept may involve energy dissipation mechanics, its main e�ect lies in the
shifting of natural frequencies so that resonance is avoided. It requires the placement of bearing
devices, usually at the foundation level, which can prove to be challenging when applied to
existing structures. Current advancements and research endeavours concentrate on re�ning
energy dissipation and seismic isolation methods to counteract the drawbacks that arise.

Returning to the subject of established methods for improving seismic performance, as
aforementioned soil improvement is a common solution in geotechnical engineering. Reviewing
soil improvement techniques, there have been notable advancements in these methods, making
it easier to build structures in challenging environments from a geotechnical point of view
[208]. Various soil improvement techniques have been �ne-tuned in recent years to better serve
construction needs. Examples include the integration of micropiles [158], the use of pressurised
cement grout injections with the jet-grouting system [140], and the adoption of soil-cement
columns [67]. Although soil improvement techniques are widely used for increasing soil capacity,
they are not deployed from the seismic waves manipulation point of view.

Considering the wave nature of seismically induced disturbances it is reasonable to turn
to the investigation of wave control and manipulation techniques. This can refer to either the
original propagation medium, i.e. the soil, or to additional media that are interchanged with
or added to the soil. Therefore the intervention for applying wave control can refer to the
soil itself or to suitably designed arti�cial con�gurations. Wave propagation through discrete
media and arti�cially created arrangements stands as a central theme within the realm of
metamaterials. The exploration of metamaterials traces back to the 19th century within the
domains of electromagnetism and optics. Initially, researchers delved into the interaction between
natural materials and electromagnetic waves at optical frequencies [28]. Their �ndings suggested
that such interactions were observable at these frequencies, as evidenced by phenomena like
optical activity, which involves changes in light polarization [12]. Subsequent e�orts aimed to
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replicate similar phenomena at lower frequencies, leading to the conclusion that a combination
of arti�cial materials was necessary to achieve this goal.

A development and research gap in plausible retro�tting solutions for seismically enhancing
buildings against earthquakes is evident. While considerable e�orts have been directed towards
retro�tting existing structures to withstand seismic events, there remains a notable de�ciency
in applicability, practicality and cost. Existing retro�tting techniques often lack universality
and may not adequately address the unique vulnerabilities of di�erent structures. Furthermore,
there is a need for innovative retro�tting approaches that prioritise practicality, convenience of
installation, reliability, cost-e�ectiveness and minimal disruption to existing buildings. Bridging
this research gap is essential to develop holistic and adaptable retro�tting solutions that can
enhance the seismic resilience of buildings and mitigate the potential impact of earthquakes.
Tackling these issues, the current thesis focuses on the development of vibration mitigation
measures, applied both at the foundation level and at the superstructure. A key part of the work
is the exploitation of nonlinear properties in the protective elements to enhance the attenuation
properties of the designed devices.

1.2 State of the art

1.2.1 Vibration attenuation techniques

Common strategies for controlling structural vibrations encompass a range of devices, including
passive, active, and semi-active attachments [83]. A notable example of passive devices is
the widely-used tuned mass damper (TMD) [210]. TMDs typically involve attaching a linear
oscillator to the primary system and tuning its natural frequency to that of the protected
system, facilitating energy transfer and vibration mitigation. Studies have investigated the
e�ectiveness of these devices considering soil-structure interaction e�ects [244], and optimal
mass ratio parameters have been identi�ed in the literature [26]. However, a drawback of TMDs
is the need for a large mass to e�ciently operate under seismic excitation. Various adaptations
of the TMD, such as the tuned liquid damper (TLD), which utilises sloshing phenomena, have
been explored [22, 189]. To enhance the e�ciency of these resonating devices without adding
excessive mass, emerging passive control concepts incorporate inertial ampli�cation elements
for TMD [ 176, 177] and TLD solutions [241]. Other passive approaches involve increasing the
damping of the system [181, 245]. This is usually achieved via introduction of supplemental
damping devices (arti�cial dampers), thus reducing the amplitude of the resulting vibration
[172]. These devices can include viscous dampers [206], friction dampers [43], yield dampers
[94] and other variations of dissipating mechanisms. However, a signi�cant drawback of such
passive devices is their limited e�ectiveness across a narrow spectrum of frequencies. In fact,
there exist frequency ranges within which the function of passive devices can potentially amplify
the dynamic response, as observed in the case of the TMD. As a result of the narrow frequency
range that TMD solutions can a�ect, other limitations relate on controlling higher mode e�ects
particularly in taller structures as a single TMD is tuned at a particular vibration frequency.
Therefore, to overcome this issue multiple TMDs need to be included [233, 13], which increases
the complexity of the device.

In addition to passive solutions, active and semi-active devices are often more e�ective, as
they can address a wider range of design objectives, including structural control at various input
frequencies [152]. Adaptive control, which adjusts to varying or uncertain parameters [68], is
used in mechanical frameworks, such as aerospace, but is less used in structural systems typically
seen as time-invariant [152]. There have been steps towards applying such developments to civil
engineering applications. Guclu and Yazici [98] propose a fuzzy PID-type controller for seismic
control in active tuned mass dampers. In a semi-active context, Bitaraf and Hurlebaus [30]
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use adaptive control to protect a building with MR dampers, while Cetin et al. [38] propose a
Lyapunov-based nonlinear adaptive controller to address uncertainties in the structure as well as
the MR damper. The use of active devices proves to be e�cient, achieving impressive versatility
and attenuation capabilities. However, they are usually followed by drawbacks, such as the need
for power supply, maintenance, and susceptibility to mechanical and sensor failures [205].

Seismic isolation is another very common practice in civil engineering application for vibration
control. It essentially involves the detachment of the superstructure from its foundation inserting
elastic elements (bearings) in their interface. This strategy aims at attenuating vibrations
transmitted to the building by altering the modes of the system, thereby diverting them from
critical seismic frequencies [149, 141]. This method serves to enhance the structure's resilience
against seismic events by e�ectively insulating it from ground disturbances. Three main types of
base isolation systems are commonly utilised in seismic engineering, including the High-Damping
Rubber Bearings (HDRB) [211], Lead-Rubber Bearings (LRB) [186], and Friction Pendulum
Systems (FPS) [157]. HDRB, the most widely adopted base isolation system, consists of steel
and rubber plates arranged in alternating layers. This system is known for its high damping
capacity, horizontal 
exibility, and high vertical sti�ness. It works by separating the structure
from horizontal earthquake ground motions with a layer of low horizontal sti�ness. LRB are
similar to HDRB, while they additionally incorporate damping in a single unit. They employ
a central lead core to provide additional energy dissipation, reducing lateral displacements.
The force-displacement behaviour of LRB is typically represented by nonlinear characteristics,
following a hysteretic nature. Finally, FPS combine the concept of sliding bearings with
pendulum-type response. They utilise an articulated slider on a spherical, concave surface to
achieve isolation. Friction force is developed when sliding occurs, while the concave surface
generates a restoring force proportional to its radius. The force-deformation diagram of FPS
exhibits nonlinear behaviour. The isolation period and sti�ness of FPS are determined by factors
such as the radius of curvature of the concave surface and the friction coe�cient. While seismic
isolation strategies are usually very e�ective, they prescribe the presence of large displacements
at the base of the structure, thus rendering this solution impractical in many densely built
urban environments. The cost of installation is an additional issue that arises, when considering
existing structures, making the retro�tting process unfeasible in most scenarios.

1.2.2 Nonlinear designs

To address several of the issues that arise in use of passive devices, researchers have been studying
the properties of nonlinear solutions. The e�ectiveness of nonlinear designs in the vibration
mitigation �eld has been extensively demonstrated in limited degree-of-freedom systems. A
nonlinear attachment to a primary oscillator that is able to absorb energy from the latter
has been found to be oftentimes superior to its linear counterpart [213]. Several types of
nonlinear systems have been studied, including geometrically nonlinear behaviour [192], rotating
mechanisms [4] and impact dampers [91, 92, 96, 148].

Targeted energy transfer

Targeted energy transfer presents a promising approach to absorb energy from a primary
oscillator. In their research, Vakakis et al. [213] explore discrete systems of linear oscillators
with nonlinear attachments. Their �ndings demonstrate that under speci�c conditions, passive
nonlinear attachments can e�ectively absorb energy from the primary system, resulting in
minimal remaining energy in the linear oscillator. Additionally, it is concluded that passive
targeted energy transfer can occur across a broad range of frequencies, owing to the ability of
nonlinear attachments to transiently resonate with the normal modes of the linear system.
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Nonlinear Energy Sinks

Nonlinear energy sinks have been developed with the aim of facilitating and further advancing
the e�ectiveness of targeted energy transfer. In the works of Gourdon et al. [97], Qiu et al.
[182], and McFarland et al. [150], polynomial nonlinearities have been integrated into the
attachments. McFarland et al.'s study, in particular, demonstrates the presence of nonlinear
energy pumping, substantiated both numerically and experimentally. A signi�cant portion of the
injected energy is con�ned to the nonlinear energy sink (NES) without spreading to the primary
system. AL-Shudeifat [3] investigates a nonlinear energy sink that undergoes large displacements,
resulting in geometrically nonlinear behaviour. Moreover, this setup has the potential to trigger
negative sti�ness e�ects under speci�c circumstances. The e�cacy of the nonlinear attachment
has been examined for safeguarding a two-degree-of-freedom physical structure, revealing
that the incorporation of linear and nonlinear negative sti�ness components enhances passive
energy dissipation. Previous NES designs all incorporate nonlinearities characterised by force-
displacement curves described by nonlinear yet smooth functions. Gendelman's study [91]
delves into a NES that not only exhibits highly nonlinear behaviour but also generates non-
smooth dynamics. This setup comprises a primary linear spring-mass system with a laterally
unsupported inner mass, where energy absorption occurs through impact phenomena between
the two masses. Additionally, the study employs an analytical approach to the solution using
the method of multiple scales approximation, revealing that the vibro-impact NES is most
e�ective when subjected to high initial input energy. Research interest in understanding impact
phenomena for vibration mitigation [213, 147, 105], remains high. Overall, the integration
of nonlinear attachments with primary oscillators has been explored across various concepts,
attracting attention for civil structure protection.

Bi-stable systems

Bi-stable systems are mechanical formations that have two stable equilibrium positions (or
more in the case of multi-stable systems), which are de�ned by the local minima of potential
energy. In absence of external loading these systems can rest at one of their stable equilibrium
positions. In the loading phase of such con�gurations a snap-through e�ect can be realized,
when an abrupt transition from one basin of attraction to another is present, as a result of the
multiple equilibrium positions (attractors). These types of structures have been extensively
exploited in the design of advanced systems for a wide range of applications [35]. An interesting
phenomenon that can occur in bi-stable systems is related to their dynamic behaviour and is
termed as stochastic resonance. Under periodic or random forcing, it can be observed that an
increase of the input signal's noise can result to an improvement of the output signal to noise
ratio [151, 87]. Attempting to exploit the unique properties of multi-stability, such systems have
been studied and tuned in the form of shock isolators for bi-stable [235, 164] and even tri-stable
designs [195]. The presence of strong nonlinearities and cross-well dynamics in such bi-stable
systems lead to chaotic response [169, 120, 16]. This element increases the complexity of these
unique systems, allowing further study of their behaviour and potential utilization towards
vibration mitigation devices.

1.2.3 Negative sti�ness

An interesting property that shows potential for vibration attenuation purposes is that of
negative sti�ness. It often arises from harnessing geometric nonlinearities or instabilities within
mechanical systems, and therefore, its presence is normally followed by nonlinear behaviour
that one needs to account for in real applications. This unique property has received signi�cant
attention from researchers aiming to unlock its potential bene�ts.
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Exploration into negative sti�ness extends across a spectrum of mechanical designs, with re-
searchers investigating novel con�gurations to advance vibration control. Hwang et al. [104] delve
into the dynamic behaviour of structures featuring bi-stable asymmetric elements, showcasing
the potential for vibration mitigation. Additionally, Al-Shudeifat and Chen et al. [3, 42] explore
the incorporation of negative sti�ness elements within nonlinear energy sinks, o�ering promising
insights into their e�ectiveness for elastic systems. Shen et al. [199] analyze analytically optimal
parameters of dynamic vibration absorbers with negative sti�ness, revealing their superior
performance in reducing peak vibration amplitudes and broadening the e�cient frequency
range of vibration mitigation. Le and Ahn [131] experimentally investigate a vibration isolation
system using a negative sti�ness structure, showcasing its wide frequency range of isolation and
minimal resonance phenomenon. Lakes [127] explores extreme damping in composite materials
with a negative sti�ness phase, shedding light on novel approaches to energy dissipation. Shi
et al. [200] expand the scope by exploring the use of magnetic properties to induce negative
sti�ness e�ects, further broadening the potential applications of this phenomenon. In the same
category, Zheng et al. [243] present a high-static-low-dynamic sti�ness isolator design, employ-
ing a negative sti�ness magnetic spring, showcasing improved vibration isolation performance.
Unique mechanical components, such as the ratchet-pawl mechanism studied by Wang et al.
[225], o�er avenues for creating passive devices with pseudo-negative sti�ness characteristics.
These endeavours are reinforced by analytical studies and experimental investigations conducted
by Carrella [37], showcasing the e�cacy of negative sti�ness in isolators and related �elds.
Furthermore, research endeavours delve into the integration of vibration mitigation devices with
primary structures undergoing nonlinear behaviour. Idels et al. [106] explore the coupling of
such systems, paving the way for adaptive negative sti�ness systems and the development of
innovative concepts like apparent yielding. In a similar context, Acar and Yilmaz [2] propose an
adaptive-passive dynamic vibration absorber composed of a string-mass system equipped with a
negative sti�ness tension adjusting mechanism, showcasing its potential for vibration control
across a wide range of frequencies. Correa et al. [59] present negative sti�ness honeycombs for
recoverable shock isolation, introducing a novel concept for energy absorption with potential
applications in protective devices. These e�orts underscore the potential of negative sti�ness to
revolutionise vibration control and structural dynamics, o�ering innovative solutions for diverse
engineering challenges.

Moreover, negative sti�ness can �nd application in engineering scenarios, where it demon-
strates enhanced properties for passive devices aimed at controlling vibrations. Mantakas et
al. [143] and Vassiliou et al. [214] illustrate the mechanical principles underlying this property,
highlighting its relevance in energy absorption mechanisms. In structural applications, various
con�gurations of negative sti�ness have been explored, ranging from triangular arch designs to
lever mechanisms. These con�gurations o�er unique approaches to vibration attenuation, with
distinct concepts emerging as prominent examples for structural protection. Similarly, Wang
et al. [223] investigate multi-degree-of-freedom structures with negative sti�ness amplifying
dampers, highlighting their e�ciency in reducing inter-storey drifts and acceleration responses.
Sun et al. [204] propose a negative sti�ness device for seismic protection of base-isolated build-
ings, demonstrating its e�ectiveness in reducing structural responses during earthquakes. Iemura
and Pradono [107] discuss advances in the development of pseudo-negative-sti�ness dampers
for seismic response control, emphasizing their e�ectiveness in reducing seismic responses in
various structural con�gurations. Additionally, Attary et al. [ 17] develop rotation-based negative
sti�ness devices for seismic protection of structures, demonstrating their mechanical adaptability
and potential for providing seismic protection. The work of Sarlis et al. [196] presents a novel
approach to incorporating negative sti�ness in vibration mitigation systems through a lever
mechanism combined with a prestressed spring. This mechanism aims to create a negative
sti�ness e�ect, which can be advantageous in damping vibrations and enhancing structural
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integrity. In a similar context, the KDamper device, introduced by Antoniadis et al. [11],
integrates the concept of negative sti�ness to passively mitigate vibrations in mechanical or civil
structures. This device addresses limitations of traditional systems by minimizing the external
mass requirements and extending the frequency range of in
uence. By combining negative
sti�ness with the principles of a TMD, the KDamper achieves remarkable damping capabilities
[116, 143]. Through the incorporation of supplementary negative sti�ness, the device enhances
inertial forces, reducing the need for a large external mass. Experimental studies by Mantakas
et al. [142] validate the e�ectiveness of the KDamper in vibration mitigation, a�rming its
potential for practical applications. The aforementioned concepts indicate the potential of
negative sti�ness towards e�ective vibration mitigation devices. However, the realization of
these designs in practice usually becomes challenging to be mechanically implemented or they
refer to simpli�ed 1-dimensional studies.

1.2.4 Partial mass resonance

An alternative strategy for vibration mitigation involves the exploitation of a portion of the
existing system's mass rather than introducing external resonating units. Research has demon-
strated that incorporating a soft layer into a multi-storey frame and deploying dampers can
e�ectively direct energy attenuation to speci�c locations [247]. In this context, bearings [216]
or negative sti�ness devices [193] may be utilised to adjust the sti�ness and/or damping of
an existing storey, thereby mitigating vibration within a section of the structure [9, 8] and
protecting it from dynamic excitation. Similarly, a comparable e�ect can be achieved by adding
storeys to a frame, e�ectively creating a resonator for the original system [44]. In a noteworthy
study by Wang et al. [226], the concept of top-storey softening is applied to a building equipped
with a TMDI, resulting in improved e�ciency of the vibration mitigation device. According to
this research, attaching a TMDI device to the top storey of a building while softening that storey
leads to reduced TMDI mass requirements and enhanced e�ectiveness in vibration mitigation.
The strategy of partial mass resonance can o�er several bene�ts when tackling the issue of
retro�tting existing structures, as it can be suitably exploited, such that no additioanl mass
needs to be �tted to the building.

1.2.5 Metamaterials

In recent years, a new �eld of investigation has emerged in vibration attenuation. Novel designs in
the form of metamaterials have been studied and developed for reducing ground-borne vibration.
These con�gurations are arranged in repeating patterns of a fundamental unit cell, and can result
in vibration mitigation capabilities within speci�c frequency ranges, which are called band-gaps.
Two major categories in the mechanisms that follow the application of such metamaterials can be
identi�ed, namely bragg scattering and local resonance band-gap creation [136, 138]. Resonant
metamaterials utilise similar e�ects to the tuned mass damper concept, tuning the natural
frequency of each cell to a speci�ed value around which a band gap is formed. On the other
hand, the bragg scattering mechanism exploits the topological arrangement of the unit cells for
prohibiting the propagation of waves, which comprise comparable wavelengths to the periodicity
of the lattice [146, 167, 232]. Considerable e�orts are underway to push the boundaries of
mechanical metamaterials [23], as evidenced by a multitude of studies spanning theoretical
frameworks, experimental validations, and innovative applications. The synthesis of intricate
structures [64] underscores the critical role of microstructure in dictating macroscopic behaviour.
Lee et al. [132] delve into the realm of micro and nano-scale metamaterials, stressing the pivotal
role of manufacturing techniques in their advancement. Through meticulous design of the unit
cell, a range of remarkable properties can be achieved. These encompass mechanical attributes
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such as unity or even negative Poisson ratios [153, 18], high sti�ness-to-mass ratios [242], and
wave manipulation capabilities including redirection [33] or obstruction [218]. It is therefore
concluded that such arrangements can o�er unique properties, which can be conveniently
exploited towards a desired application. Vibration attenuation being the major point of concern,
can be tackled to a great extent with the use of such designs.

Metamaterial applications in civil engineering

Metamaterial applications are gradually receiving increasing attention in research activity,
particularly in the realm of civil engineering. Attention is predominantly focused on attenuating
ground-borne vibrations, with a heightened emphasis on earthquake excitation. Dertimanis
et al. [65] explored wave propagation within a linear metamaterial setup characterised by a
mass-in-mass con�guration, proposing a conceptual design. Analysis of the dispersion relation
revealed the potential to create a low-frequency band-gap, rendering the design attractive
for seismic protection purposes. Vibration mitigation properties were assessed for varying
numbers of unit cells, indicating that a �nite, relatively small number of cells su�ces to
achieve desired outcomes. Similarly, Colombi et al. [56] investigated a resonator design
employing a mass-in-mass con�guration, examining wave propagation properties and associated
band-gaps. Their study encompassed scenarios involving embedding the system into soil,
surrounding structures for protection, or serving as foundation elements. Proposed solutions
like metabarriers and metafoundations suggest adjustable wave attenuation capabilities across
speci�c frequency ranges. Zaccherini et al. [237] conducted numerical and experimental studies
on shear waves traversing a locally resonant metasurface comprising mechanical resonators
embedded in granular material. Results indicated the surface's capacity to scatter energy and
redirect wave propagation, leading to localised wave attenuation e�ects. In a novel approach,
Basone et al. [24] proposed a metafoundation design based on �nite locally resonant metamaterial
principles for safeguarding fuel storage tanks. Investigation of the resultant band-gap revealed
the con�guration's ability to reduce base shear resulting from seismic excitation. Roux et al.
[188] undertook metamaterial experiments within a forest environment, leveraging the dense
collection of trees as coupled resonators for surface seismic waves. Experimental outcomes
unveiled frequency band-gaps associated with Rayleigh wave propagation, stemming from
compressional and 
exural resonances. Similarly, Colombi et al. [54] investigated graded
vertical subwavelength resonators, demonstrating the manipulation of wave propagation and
the emergence of di�erent phenomena contingent on incident wave direction.

Nonlinear designs

Nonlinear resonator designs have received attention from the research community for their poten-
tial to enhance vibration mitigation performance. These designs, which introduce nonlinearity
into the unit cell con�guration, have sparked various nonlinear metamaterial concepts, either
as extensions of linear designs or through novel approaches. The unique properties o�ered by
nonlinear designs hold signi�cant promise. Dertimanis et al. [66] explore the meta-impactor
concept, which incorporates nonlinear behaviour triggered by impact phenomena, akin to the
mass-in-mass concept. Their �ndings suggest that with proper adjustment, this concept holds
considerable potential for the vibration mitigation �eld. In a novel approach, Wang et al.
[226] explore the vibration attenuation properties of a particle damping phononic crystal plate
structure both numerically and experimentally. Their results demonstrate favourable damping
characteristics for low and medium frequencies, leading to the creation of a broad frequency
band-gap. The emergence of metamaterials for civil engineering applications shows signi�cant
promise, particularly in low-frequency ranges, crucial for earthquake mitigation. Various creative
designs are being explored, highlighting the rising potential of this �eld.
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Incorporation of the concept of the impact damper to the metamaterial �eld leads to the
study of periodically arranged unit cells of such impact dampers. The numerical study of the
energy dissipation and vibration absorption capabilities of a �nite lattice of impact dampers
reveals the potential of this concept towards structural protection [50, 66]. In this direction,
Banerjee et al. [20, 21] have studied the dynamic properties of resonant metamaterials with the
addition of rigid barriers within the unit cells, leading to impact phenomena. In an analytical
context, Pilipchuk [178] studies the dynamic properties of discrete elastic systems with rigid
barriers.

Utilization of negative sti�ness phenomena has been also studied for metamaterial applica-
tions. To this end, Hwang et al. [104] investigate the dynamic characteristics of a metabeam
con�guration featuring bi-stable asymmetric elements. In a metafoundation concept, Wenzel
et al. [228] investigate the protection of storage tanks using locally resonant metafoundations,
augmented with negative sti�ness elements exhibiting a nonlinear force-displacement relation.
This con�guration results in a broadened band-gap and enhanced attenuation capabilities with
increasing negative sti�ness e�ects. Additionally, the study reveals that the band-gap is corre-
lated with the excitation amplitude, a distinct characteristic of nonlinear systems. Furthermore,
Chen et al. [41], and Salari-Sharif et al. [194] propose novel metamaterial designs integrating
negative sti�ness unit cells, demonstrating the promise of such systems for structural protection.
Chronopoulos et al. [52] investigate the enhancement of wave damping within metamaterials
having embedded negative sti�ness inclusions, o�ering insights into novel wave dissipation
mechanisms. The aforementioned KDamper concept has been additionally studied within the
metamaterial context [11, 171], indicating the resulting band-gap formation from such negative
sti�ness con�gurations.

1.3 Principles and methodologies

The current thesis deploys several methodologies for the study of mechanical, structural and
dynamic properties of systems. These include analytical, numerical and experimental approaches.
Each method has its unique value in the overall understanding of the system. An abstract
overview of the work
ow that is followed is schematically depicted in Fig. 1.1.

1.3.1 Geometric nonlinearities

An important principle, widely exploited in the current thesis is geometrically nonlinear behaviour
[122]. Not only this can be bene�cial for engineering purposes and vibration mitigation, but is
also oftentimes overlooked in a simpli�ed context. The presence of these so-called 2nd order
or P-delta e�ects [230] should not be neglected however, under proper modelling of complex
systems. To better comprehend this e�ect, consider the system shown in Fig. 1.2a. It consists of
a vertical rigid bar of length l, pinned at the bottom (point A) and constrained by a rotational
spring of constant kr , while it is subjected to a horizontal force at the top (point B). An
important element that describes the behaviour of a system is its equilibrium path, which is a
relation between the applied force and the recorded motions (displacements/rotations). One
can perform this task in the aforementioned example. Firstly, the equilibrium of the system can
be expressed by calculating the moments at point A:

TA = 0 ) TP � kr � = 0 ) TP = kr � (1.1)

Until the previous step there is no separation in the formulation of the equilibrium between
the linearised and nonlinear system. The following step is where the two approaches deviate.
According to linear theory, the equilibrium is expressed in the undeformed state of the system.
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Figure 1.1: Followed work
ow of analysis process.

In this case the moment of the external force at point A is calculated as the product of the
applied force times the length of the bar, which in combination to Eq. (1.1) reads:

TP;l = Pl l = kr � ) Pl =
kr �
l

(1.2)

A careful reader will notice that the previous formulation is not exact. The created moment
by the external force with respect to A is not the product of the force times the length of the
bar in the deformed state of the system. The larger the rotation angle� , the less accurate
the previous linearised assumption is. To calculate the exact moment at point A the vertical
projection of the distance between points A and B should be accounted for. Therefore, the
nonlinear equilibrium takes the form:

TP;nl = Pnl l cos� = kr � ) Pnl =
kr �

l cos�
(1.3)

By graphing the equilibrium path according to the linear and nonlinear approaches in
Fig. 1.2b, one can visually comprehend the e�ect of nonlinearity in such systems. In this case,
we observe an increase in the sti�ness of the system as deformations become large. In fact, as
rotation � approaches�= 2 (the bar becomes horizontal), the sti�ness of the system tends to
in�nity, that is because the bar, which is rigid, is under pure tension. This simple demonstration
displays that geometrically nonlinear e�ects can not be neglected in many implementations, as
the presence of nonlinearity can result to a distinctly varying behaviour to the one assumed by
linear theory.
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Figure 1.2: Dispersion curves for the various band-gap mechanisms.

The described type of behaviour is classi�ed as geometric nonlinearity, as it is produced by
expressing the equilibrium in the deformed state. There are many advantages in this type of
behaviour that one can exploit. Firstly, it can be accurately calculated, contrary to material
nonlinearity that is prone to uncertainties. Additionally, the behaviour of the system can be
elastic (provided that material nonlinearity is not reached), which means that the unloading
and loading paths are identical. This adds an element of convenience when incorporating such
nonlinear elements in complicated mechanisms. The development of large deformations that
lead to nonlinearity is a core part of the current thesis. By suitably designing such nonlinear
con�gurations, negative sti�ness can be achieved, resulting to a negative slope in the equilibrium
path, as it is explained in later sections.

1.3.2 Analytical formulations

In the realm of investigating a dynamical problem on a theoretical level, analytical approaches
need to be deployed. Analytical solutions are often derived through rigorous mathematical
derivations and manipulations, providing insights into the fundamental relationships governing
the phenomena under study. Unlike numerical or experimental approaches, analytical methods
aim to obtain exact solutions or closed-form expressions, allowing for precise predictions and
understanding of the system's behaviour. They prove to be very useful in modelling simpli�ed
problems, indicating the fundamental principles that follow the under investigation e�ects.

Dispersion relation

The dispersion relation serves as a critical tool for assessing the performance of a metamaterial
design concerning wave attenuation. It establishes the relationship between wave number and
frequency. The resulting dispersion curves dictate the constructed band-gap, which de�nes the
frequency range where no real solutions for the dispersion relation can be computed. Within this
frequency band, evanescent waves are observed, with a decay length derived from the complex
solutions of the dispersion relation. To determine these dispersion curves, a common approach
involves treating the investigated metamaterial as an in�nitely periodic chain. This enables
calculations to account for each unit cell's oscillation solution being a phase-shifted version
compared to its preceding or succeeding one. This treatment stems from the Floquet [81] and
Bloch [31] theorems, with the former addressing 1D [53] and the latter addressing 2D periodic
lattices [65], respectively.
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Consider a in�nite lattice of periodically placed identical massesm, interconnected with
identical linear springsk, shown in Fig. 1.3. One can formulate the equation of motion of the
i � th cell as:

m•ui + k(2ui � ui � 1 � ui +1 ) = 0 (1.4)

�X�L���W�� �X�L�������W���X�L�������W��

�P �P
�N �N�N�N

�P

Figure 1.3: In�nite monoatomic lattice.

A property that is key in the calculation of the dispersion curves is the consideration of
an in�nite chain. It enables the assumption of periodic boundary conditions. In an in�nitely
periodic lattice, one can not distinguish one cell from another. They have the same mass,
sti�ness and most importantly the same boundary conditions, as they both have in�nite number
of cells connected to their left and to their right. Therefore, it is reasonable to assume that a
travelling wave within this lattice will result to the same oscillation characteristics for each of
these cells. The oscillation of each mass can be described as a function of its neighbouring ones
with the addition of a phase di�erence. This can be summarised in the following ansatz:

ui = Uei!t

ui � 1 = Uei!t � iq (1.5)

whereq is the reduced wave number,! the angular frequency and i is the imaginary unit.
By substituting the ansatz of Eq. (1.5) into the equation of motion in Eq. (1.4), the dispersion

relation can be computed that provides a relation between the frequency! and wave numberq
in Eq. (1.6). This can be graphed in the wave number and frequency space in Fig. 1.4. It can
be observed that the complete curve is a repetition of the part within the range [� �; � ], this
being called the �rst Brillouin zone. Moreover, the curve is symmetric around the frequency
axis, and therefore, it is su�cient to plot the dispersion curves between the range [0; � ].

! (q) =

r
4k
m

�
�
�sin

� q
2

� �
�
� (1.6)

An equivalent assignment can be performed for more complicated unit cell setups. For
example, the diatomic lattice consists of alternating masses, while the unit cell of the mass-
in-mass lattice includes a resonator at each mass. By graphing the dispersion curves of these
two systems in Fig. 1.5, one can get a fundamental insight of the Bragg scattering and local
resonance mechanisms.

Additionally, various numerical methods exist for calculating dispersion curves. One widely
used method is the wave �nite element method (WFEM) [168], which enforces Bloch's periodicity
through appropriate boundary conditions applied to the mass and sti�ness matrices of the
unit cell [53]. Another prevalent approach is the Bloch operator approach (BOFEM) [168],
which involves substituting the Bloch displacement equation into the equations of motion and
obtaining the solution through discretization and the use of the �nite element method [53].

Amplitude dependent dispersion curves

Recent years have seen a surge in research activity focused on integrating nonlinearities into
metamaterial designs [234, 119, 1]. To explore the impact of these nonlinearities on the resulting
band-gap, researchers must calculate the corresponding dispersion curves. Several methods
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Figure 1.4: Dispersion curve of the monoatomic lattice.
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(a) Bragg scattering (diatomic lattice).
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(b) Local resonance (mass-in-mass lattice).

Figure 1.5: Dispersion curves for the various band-gap mechanisms.

exist for incorporating nonlinearities into these calculations. Narisetti et al. [163] and Campana
et al. [34] have addressed this challenge using the perturbation approach, while Hussein et al.
[103] employed the transfer matrix method for the same purpose. Another valuable method for
addressing nonlinearities is the harmonic balance method, utilised by Wenzel et al. [228] and
Lazarov et al. [130] to predict the dispersion relation for nonlinear metamaterials. Speci�cally,
Wenzel et al. investigated the behaviour of a periodic lattice comprising unit cells with negative
sti�ness elements exhibiting a nonlinear force-displacement relation. The harmonic balance
method, augmented by Floquet-Bloch boundary conditions, was employed to generate the
system's dispersion curves, with a key consideration being the approximation of the nonlinear
equilibrium path via polynomial expansion. Substituting the resulting expressions into the
equations of motion determines the dispersion relation. The investigation concluded that the
resulting dispersion relation also depends on the amplitude of the relative displacement between
the nonlinearly connected masses, a characteristic typical of nonlinear systems and crucial for
studying their dynamic response and wave propagation properties.

By following a similar strategy to the linear case, the equations of motion of each cell can
be formulated, assuming a periodic solution of oscillation for each cell and then substituting
the latter to the prior. By following this strategy, one can come to the conclusion that the
result is not a relation that is purely dependent on the frequency and wave number, but also
includes additional terms that are related to the amplitude of oscillation. To demonstrate the
aforementioned principles, let's consider a simple diatomic lattice with a nonlinear connection
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between cells following a 3rd order polynomial rule, as shown in Fig. 1.6. Figure 1.7 depicts the
dispersion curves of the system for varying oscillation amplitudes demonstrating the e�ect of
nonlinearity in periodic lattices.

�N�Q�O�N
�P �� �P

�N �N�Q�O �N
��

Figure 1.6: Nonlinear diatomic lattice.

0 /2

Figure 1.7: Amplitude dependent dispersion curves of a nonlinear diatomic lattice for varying
amplitude jV j = nV0.

Frequency response

Transitioning from an in�nitely periodic, purely theoretical system, one needs to further examine
a corresponding �nite system, as approaching the simulation of realistic con�gurations [65].
A very useful indication of the dynamic behaviour of any system is its Frequency Response
Function (FRF) [ 73]. It gives very valuable information about the dynamic response of a system,
indicating the amplitude and the phase of the resulting oscillation under any frequency. In the
realm of periodic lattices, calculation of the FRF for a su�ciently large number of cells con�rms
the �ndings of the dispersion curves and the prediction of the band-gap, indicating suppression
of vibrations within this frequency range.

In a �rst step, the transfer function of the system is computed as follows in the Laplace
domain:

H (s) =
�
s2[M ] + s[C] + [ K ]

� � 1
(1.7)

wheres denotes the Laplace variable and [M ], [C], [K ] are the mass, damping and sti�ness
matrices of the system respectively.

Transitioning to the frequency domain, the displacement FRF is calculated as follows,
considering a periodic external excitationF :

X (s) = H (s)F(s) s=i !) ::: ) X (! ) = A (! ) + B(! )i = jX (! )jei � (! ) (1.8)

where i denotes the imaginary unit and� the phase.
As an example, a simple sdof system of massm, damping c and sti�ness k, that is excited

by a periodic forcing of amplitudeF , can be inspected. The frequency response function of this
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Figure 1.8: Frequency response function of a nonlinear system. (left)-amplitude, (right)-phase.

system can be calculated from Eqs. (1.7), (1.8), and is plotted in Fig. 1.8 in terms of amplitude
and phase.

Based on the aforementioned calculations for the FRF, in this work the amplitude of the
FRF for the relative displacement (drift) between 2 degrees of freedom (dofs) is calculated
introducing relation (1.9), as explained in Section 6.

� i;j (! ) =
q

r i (! )2 + r j (! )2 � 2r i (! )r j (! ) cos [� � ij (! )] (1.9)

where r i (! ) =
q

A i (! )2 + B i (! )2 and � � ij the phase di�erence between the studied dofs of
interest i and j respectively.

Nonlinear Frequency response

In the previous section, the analytical formulations for calculating the FRF in linear systems
are described. Transitioning to the nonlinear regime one needs to adjust the methods that are
used [79]. The incompatibility of the aforementioned methods to nonlinear systems lies in the
amplitude dependence of their response. Contrary to linear systems, the behaviour of nonlinear
oscillators is correlated to the amplitude of their response, which can be demonstrated in a
simpli�ed example. Consider a single degree of freedom system of massm, viscous damping
c, which experiences a 3rd order nonlinear restoring force (f r = kax + kbx3) and is excited by
a harmonic forcing of the formf ex(t) = F cos(!t ). The equation of motion of the system can
therefore be formulated as:

m•x + c_x + kax + kbx3 = f ex (1.10)

To study the dynamic behaviour of this system, one can assume the form of the solution by
introducing the following ansatz:

x = A cos(!t ) + B sin(!t ) (1.11)

The unknowns of the problem are therefore speci�ed to be the factorsA and B. These can
be easily computed by substituting the assumption forx in the equation of motion of the system.
Essentially the di�erential equation problem has been transformed to a system of algebraic
equations. The aforementioned procedure of forming an algebraic system of equations, balancing
the harmonic terms, describes simplistically a 1st order approximation of the Harmonic Balance
Method (HBM) [ 123]. The level of the approximation can be increased by including higher
harmonics in the ansatz, following the same process.
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Graphing such a curve, in Fig. 1.9, the excitation amplitude needs to be taken into consid-
eration. In this example, the forcing amplitude is altered in order to observe the underlying
behaviour of the system. It is demonstrated that the form of the frequency response shifts
according to the input amplitude.

0 1

Figure 1.9: Frequency response of a nonlinear system for varying input amplitudeF = nF0.

1.3.3 Modelling

In the realm of simulation tools, there exist various methodologies to model the behaviour of
complex systems under di�erent conditions. These methodologies range from simple to highly
sophisticated approaches, each o�ering unique advantages and compromises. Basic models
provide a simpli�ed representation of the structure's response to external excitation, o�ering
insights into overall behaviour without detailed spatial information. As complexity increases,
more advanced techniques emerge, enabling to capture more accurately several behaviours, such
as nonlinearities. Selection of the most appropriate modelling approach, based on the system's
characteristics and analysis requirements, is crucial towards e�cient designing and studying
methodologies.

Lumped mass modelling

Lumped mass modelling is a method within the �eld of structural dynamics [184], aiming
at simplifying the representation of complex systems by introducing concentrated masses, to
approximate the naturally distributed mass, into discrete points located strategically within
the structure [236]. This method essentially considers arrangements of concentrated masses
interconnected via mass-less springs and dampers. This approach facilitates the examination
of the system's dynamic behaviour, without necessitating the consideration of a large number
of dofs. According to this assumption, the computational complexity of the analysis is signi�-
cantly reduced while retaining essential system dynamics. Lumped mass models �nd extensive
application in analytical studies of systems, as their response can be easily expressed by a small
number of equations of motion.

Finite Element Modelling

An improved level of sophistication can be achieved by the deployment of the Direct Sti�ness
Method (DSM) and eventually the Finite Element (FE) method. These involve the discretiza-
tion of the simulated system into several elements that approximate the behaviour of a real
component. These formulations can be further improved by the incorporation of nonlinearities,
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the introduction of complex material models, contact models and others. The higher the level of
sophistication, the more accurate the results in the cost of computational time. Modern �nite
element analysis provides a highly sophisticated approach, employing computational algorithms
to accurately predict mechanical response under various loads [88]. Computational tools, have
become integral to designing and assessing civil engineering systems [109]. Veri�cation and
validation processes ensure the accuracy and reliability of these computational models, which is
essential for ensuring the safety and e�ciency of engineered structures.

The basic principle of any numerical solution method is based on the formulation of the
mass, sti�ness and damping matrices [51, 165]. Subsequently, the response of a system can
be calculated by formulating the equilibrium equations in static and dynamic conditions in
Eqs. (1.12) and (1.13) respectively.

Fext = [ K ]u (1.12)

Fext (t) = [ M ] •u (t) + [ K ]u (t) (1.13)

In the domain of nonlinear systems, calculations become more complicated. The outcome
response (e.g. displacements) stops being proportional to the the input and the principle of
superposition does not hold. To solve such nonlinear systems, iterative methods have been
developed, treating the continuous problem as a step-wise analysis. Provided a su�ciently small
load/time step is used, linearization of the problem can be performed, calculating the tangential
sti�ness matrix each time [109]. To evaluate the accuracy of each step a residual equation is
monitored:

F int (u ) � Fext = r (1.14)

There are several algorithms that have been developed to solve such tasks in static scenarios,
including the Newton-Raphson method [215], and more advanced path-following techniques,
such as the arc-length method [72].

Solution of the dynamic problem, in most cases involves the deployment of the Newmark
integrator method. It integrates the equations of motion over time using a second-order time-
stepping scheme. The method involves two parameters� and 
 . These parameters control
the numerical damping and stability of the integration scheme. Furthermore, similar to path-
following methods in static cases, the Newmark method is implicit, which allows for larger time
step sizes without sacri�cing accuracy.

1.3.4 Metamodelling

Metamodelling is a useful technique often referred to as surrogate modelling, that serves as a
valuable approach in within engineering, simulation and optimization. Its primary objective
lies in creating simpli�ed models or approximations of complicated functions [197]. These
surrogate models, known as metamodels, can be designed accordingly to predict designated
measures, without the need of sophisticated analyses. The necessity for metamodelling arises
in scenarios where directly evaluating the original system proves computationally expensive.
In such cases, metamodels provide a solution by furnishing a quick and reasonably accurate
means to estimate system behaviour without directly simulating it [128]. The construction of
a metamodel typically entails several sequential steps. Initially, data are collected from the
original system, encompassing input-output pairs that represent combinations of input variables
and their corresponding system responses. Subsequently, a metamodel is constructed using
various mathematical techniques such as linear regression, neural networks, Gaussian processes
and others [144]. The choice of a modelling technique hinges on the problem's characteristics
and the desired level of accuracy. Once constructed, the metamodel undergoes validation to
ensure its accuracy and reliability. This validation typically involves comparing the metamodel's
predictions against additional data points from the original system that were not used during
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its training. Following validation, the metamodel can be utilised for various purposes, including
optimization, sensitivity analysis and uncertainty quanti�cation.

The formulation of a surrogate model follows this form:

ŷ = M (x) (1.15)

where an approximate predictionŷ is preformed, based on the trained on input-output data
model M (x).

A type of metamodelling approach that is used in the current thesis is the Gaussian Process
(GP) regression. The choice of the GP method turns out particularly useful for its capability of
reliably quantifying the uncertainty associated with each prediction. It is used in cases where
evaluating the true model is computationally expensive and therefore a limited number of data
can be produced. Under this GP modelling assumption, the outputy can be expressed as a
function of x as a signal termf (x) and a noise term� :

y = f (x) + � (1.16)

where� � N (0; � �
2) and � �

2 represents the inherent noise in the data.
The GP formulation has similarities to linear regression, with the additional consideration

of stochasticity. Following training on a set of data points, during inference, the Gaussian
process computes a mean function value and its variance, based on the noise and uncertainty in
the system. Because exact evaluations of the data points are computationally demanding, the
GP model is trained on a restricted dataset. To further enhance the accuracy of the output
predictions, the strategic selection of training data points can undergo optimization through
active learning strategies. Active learning endeavours to e�ciently learn an unknown function
with the least number of function evaluations [84]. Unlike passive learning methods that rely
on pre-labeled data, active learning algorithms strategically choose which data to incorporate,
aiming to maximise the e�ectiveness of the training process while minimizing accuracy [90].
This iterative process involves selecting data points, updating the model based on the newly
added data, and repeating the cycle until a desired learning goal is achieved.

Overall, metamodelling and machine learning techniques can be a useful tool for designing
purposes. Their great disadvantage is their requirement of a large number of training data, even
in the case of GP regression that is the most e�cient method in that sense. Therefore, their use
is normally combined with the deployment of simpli�ed numerical models, typically lumped
mass, for further reduction of computational time and increase of e�ectiveness.

1.3.5 Experimental approach

Experimental approaches are a valuable tool in research applications for mechanical systems.
They involve conducting physical tests to study the behaviour of systems in real-world conditions.
Experimental approaches are valuable for validating analytical models, testing hypotheses, and
gaining insights into the behaviour of physical systems. They are developed in parallel with
corresponding numerical models, complementing each other in the overall understanding of the
system under investigation.

Data acquisition

An important aspect of any experimental process is the monitoring of the system under
investigation. For this reason one needs to select the appropriate data acquisition method
for properly studying the desired properties. The most common sensing techniques include,
displacement, velocity, acceleration and strain measurements. In the current thesis, two types
are utilised, namely displacement and acceleration monitoring. The latter can be measured
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by accelerometers that are �tted to the position to be measured, while depending on their
functionality they can record absolute accelerations in a single or multiple directions. This type
of sensors is very convenient to be implemented in real-word applications, as it only requires the
�xation of a sensor to the desired position. A great disadvantage of acceleration measurements
is related to inferring the other states of the system, i.e. the velocities and displacements. This
is a consequence of the integration procedure that is required for transitioning from one state to
the other, which is susceptible to drifting. A method that is more demanding to implement in
practical systems is the monitoring of displacements. These typically include LVDT sensors, lazer
vibrometers, as well as optical trackers. However, in a lab setup, several of the di�culties are
eliminated and therefore monitoring of displacements can be conveniently deployed. Crucially,
the monitoring of displacements o�ers the bene�t of seamless calculation of all other states of
the system, i.e. velocities and accelerations, as the di�erentiation operation that is required in
this case is not susceptible to drifting. The selection of the appropriate monitoring type depends
on the requirements of the study, the available resources and the feasibility of application.

System identi�cation

System identi�cation is a key aspect of real-world and laboratory applications. It enables
the speci�cation of the physical system's properties, which are necessary for any further
assessment. There are various levels of system identi�cation, including the determination of
natural frequencies, eigenmodes, damping ratios and ultimately mass and sti�ness properties.
The more the unknowns of the system the more complicated the identi�cation method and the
more inaccurate the result. One can adjust their approach according to known quantities, which
is typical in laboratory applications.

An approach that is widely used in the current thesis is the calculation of the FRF and the
determination of the eigenfrequencies, based on experimental data. There are several methods of
determining the FRF of a system. The fundamental, most basic and time consuming approach
is the excitation of the system with single harmonic signals, and the recording of the output at
the steady state. Provided a su�ciently small frequency step is used, this will reliably yield the
FRF magnitude of the system, and can be calculated as the amplitude of the output divided by
the amplitude of the input at each frequency. However, to avoid performing a large number of
tests there exist methods to determine such a curve by conducting a single or limited number
of tests. The magnitude of the FRF can subsequently be estimated in two ways. Recall from
section 1.3.2 the FRF of a linear system is analytically calculated as the ratio of the Fourier
transform between output and input [202]. By applying this property to the experimental data,
the FRF magnitude between two points can be calculated as:

jX (! )j =
jF (xout )j
jF (x in )j

(1.17)

For digital data, that are discrete in time, the Fourier transform can not be analytically
performed. For this reason, the Discrete Fourier Transform (DFT) is deployed for numerically
calculating the frequency spectrum of a signal.

A second approach to determining the FRF of a system, similar to the aforementioned, is
related to the calculation of the Power Spectral Density (PSD) of a signal [202]. By calculating
the ratio of the PSD between output and input yields the square of the magnitude of the FRF
as:

jX (! )j2 =
Sxx

Suu
(1.18)
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1.4 Thesis Objectives

This dissertation aims to tackle the issue of vibration mitigation in structural applications. One
of the main considerations and motivations is retro�tting of existing structures, which is a main
point of concern in real-world scenarios. To this end, this work introduces newly developed
mechanisms for vibration control that incorporate nonlinearity. In the process of studying the
dynamic properties of these devices, corresponding methodologies are developed for evaluating
and studying nonlinear system properties. Furthermore, probabilistic approaches are proposed
for treating seismically induced problems and optimization strategies are developed with the
use of surrogate modelling. These aspects are elaborated in the 3 objectives of this thesis:

ˆ Development of novel base protective devices in the form of metabarriers

ˆ Development of novel superstructure protective devices

ˆ Development of optimization algorithms for tuning of the nonlinear mechanisms

The �rst objective is tackled with the development of a nonlinear metamaterial lattice that
incorporates negative sti�ness. This measure is designed to be placed between the source and the
protected system. Adaptation of this concept to structural applications, involves the inclusion
of the metamaterial between the protected structure and its surrounding soil, classifying the
system in the metabarrier category.

The second objective is approached with the development of a negative sti�ness mechanism,
designed to be �tted to the superstructure of a building, termed NegSV. The full mechanical
implementation of the system is proposed, this being able to attenuate vibrations in two
directions, which is a major drawback of most devices conceptualised in the literature.

The third objective is addressed with the architecture of a suitable optimization strategy
for determining the parameters of the NegSV for e�cient vibration control. For this purpose,
incorporation of stochasticity in the seismic input is required, while a corresponding GP model
is designed for predicting optimal system parameters.

1.5 Thesis outline

This thesis consists of 7 chapters including journal articles and conference papers written by the
author during his doctoral studies which have been combined into a cohesive document.

Chapter 2 concerns the �rst thesis objective by studying metabarrier applications. This
part consists of fundamental studies on nonlinear metamaterial con�gurations in analytical
terms, and further penetrates into the physical implementation of such concepts. The vibration
mitigation potential of these designs is discussed and compared to their linear counterparts.
This work is published inPhysical Review Applied.

Chapter 3 delves into the properties of the nonlinear lattice, described in the previous
chapter. The analytical calculations are extended by determining the frequency response of a
�nite lattice. These are further compared to numerical results and assessing the capabilities
and limitations of the analytical formulations. This work was presented atNODYCON 2021
Conference.

Chapter 4 enters the �eld of superstructure modi�cation for vibration attenuation. A unique
system manipulation concept is described, and enforced by the introduction of a novel device,
termed NegSV. Being inspired by the principles explored in the previous chapters, a nonlinear,
negative sti�ness device is conceptualised, while its e�ectiveness is tested via physical testing.
This work is published inInternational Journal of Mechanical Sciences.
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Chapter 5 extends the work of the previous chapter by focusing on the reliability aspect
of NegSV protected buildings. A stochastic approach regarding earthquake input enables the
calculation of the probability of failure, assessing the performance of the system. This work was
presented atCOMPDYN 2023 Conference.

Chapter 6 delves further into studying the potential of the NegSV for structural applications.
By leveraging the advantages and challenges in the application of the concept, it applies an
optimization algorithm in an attempt to provide designing guidelines for increased e�ciency.
This work is submitted to Journal of Engineering Mechanics.

Chapter 7 presents an overview of the primary outcomes and conclusions of this thesis, along
with a preview of possible future advancements.
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Chapter 2

Computational veri�cation and
experimental validation of the
vibration-attenuation properties of a
geometrically nonlinear metamaterial
design

Paper Details

The following chapter was published on May 13, 2022, as:
\ Chondrogiannis, K.A. *, Colombi, A., Dertimanis, V., Chatzi, E. (2022). Computational
veri�cation and experimental validation of the vibration-attenuation properties of a geometrically
nonlinear metamaterial design. Physical Review Applied, Volume 17, Pages: 054023."
DOI: https://doi.org/10.1103/PhysRevApplied.17.054023 - Under a Creative Commons
license. This is a post-print version of the article, which di�ers from the published version only
in terms of layout, formatting, and minor amendments which have been implemented in the
text to adapt the original paper to the format of the thesis and improve readability.

* First authors.

Author and Co-Author Contributions

The author of this thesis performed the conceptualization, design, analysis and experimental
tests included in this chapter. Dr. A. Colombi conceived the idea of performing the experiment,
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Dertimanis supported the author of this thesis on the analytical and computational part of the
study and provided guidance. Prof. Dr. E. Chatzi assisted the author of this thesis to conceive
the framework, provided supervision and guidance.
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Key Findings

ˆ The dispersion relation and corresponding band-gap of a nonlinear metamaterial design are
analytically determined, predicting the attenuation of low frequencies due to the presence
of negative sti�ness.

ˆ A physical prototype of a nonlinear metamaterial lattice is created, verifying the ana-
lytical and computational predictions and demonstrating the feasibility of creating such
mechanisms.

ˆ Nonlinear metematerial lattices can be used for the protection of systems, as demonstrated
in the experimental campaign on a simple primary system.

General comments and Link to the next chapter

This study tackles the �rst objective of the thesis by developing a nonlinear metamaterial for
wave attenuation at low frequencies. This chapter delves into the analytical determination and
experimental validation of a nonlinear metamaterial design aimed at attenuating mechanical
vibrations, with a speci�c focus on low frequencies. Through analytical calculations, the
dispersion relation and corresponding band-gap of the nonlinear metamaterial are determined,
revealing the potential attenuation of low frequencies due to negative sti�ness. The �ndings
underscore the feasibility and e�ectiveness of nonlinear metamaterials in mitigating structural
vibrations, potentially within seismic engineering contexts. This research o�ers promising ground
for advancing vibration mitigation mechanisms, showcasing the potential of innovative solutions.
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Abstract

To prevent the severe e�ects of earthquake on built systems, structural engineering pursues
attenuation of vibrations on structures. A recently surfaced means to structural vibration
mitigation exploits the concept of metamaterials, i.e., of con�gurations able to control wave
propagation in speci�c frequency ranges, termed band-gaps. The current study harnesses the
potency of a geometrically nonlinear unit cell design, which can develop negative sti�ness, and
explores the vibration attenuation capabilities of the resulting metamaterial device. An analytical
approach is followed to calculate the expected attenuation zone, as well as for calculating the
dependence on the amplitude of the input, hallmark of the nonlinear behaviour. For the purpose
of validation of a proof of concept system, dynamic tests are performed on a scaled model
assembled using LEGO® components. Besides showing that such a nonlinear system can be
easily constructed, these tests illustrate the potential of this nonlinear design for vibration
reduction within the targeted band-gap frequency zones and the protection that it can o�er to a
primary system. Finally, numerical analyses are used to verify the analytical calculations of the
dispersion relation and are additionally compared to the experimental results, evaluating the
incorporated modelling assumptions. The possibility to lower the band-gap in the typical seismic
engineering frequency range and to maintain a broadband attenuation at low frequency show
that negative sti�ness may enhance the performance of metamaterials for seismic protection.

2.1 Introduction

Control and attenuation of mechanical vibrations has formed a major challenge in the domain
of structural engineering. Dynamic loads, such as earthquakes and explosions, in
uence and
compromise the capacity and safety of engineering structures [51]. This subject becomes,
particularly challenging for civil engineering applications, where the primary source of undesired
vibration stems from seismic excitation [124], or is tied to resonance e�ects that comprise a
spectral content that lies in the lower frequency range (1-20 Hz).

Structural vibration attenuation is extensively treated via base isolation techniques [51, 149]
or with the attachment of passive, active and semi-active devices [152, 83]. Perhaps the most
exploited form of a passive vibration attenuation device, in the structural engineering context,
are the tuned mass and tuned liquid dampers [210, 244, 22, 189], which comprise additional,
linear attachments to the primary system. While this application is particularly e�ective, when
tuned to the - typically �rst - natural frequency of the protected structure, it only a�ects a narrow
frequency band. On the other hand, active and semi-active devices come with the signi�cant
drawback, when compared against passive solutions, of requiring power supply, incurring higher
costs and frequent maintenance, while exhibiting vulnerability to sensor and actuator failures
[205].

A vibration mitigation concept that is rather newly proposed, yet rapidly evolving, for
engineering applications is that of metamaterials [60, 28, 77]. These are structures that are
arranged in a repeating pattern of a fundamental design, called the unit cell. They exhibit
remarkable �ltering properties when placed in the direction of propagation of waves, within
speci�c frequency regions that are called band-gaps. Two types of mechanisms are identi�ed,
underpinning the dynamic behaviour of metamaterials, namely Bragg scattering and local
resonance [136, 138]. Resonant metamaterials exploit a principle that is similar to the tuned
mass damper concept; the tuning of the natural frequency of each cell to a speci�ed value around
which a band-gap is formed. On the other hand, the Bragg scattering mechanism exploits
destructive interference between periodic unit cells for preventing the propagation of waves at
wavelengths approximately equal to the spacing between adjacent cells. [146, 167, 232].
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One of the most investigated linear designs for structural protection are mass-in-mass resonant
metamaterials [65, 218]. Common applications of such designs include so-called metafoundation
and metabarrier concepts [56, 82, 238, 239, 166]. Barriers are placed in the surrounding medium
of the superstructure, without the requirement to thus bear its weight. To this end, Miniaci et
al. [154] show the potential of a metabarrier against seismic surface waves in reducing ground
motion. Metafoundations, on the other hand, are placed beneath the structure as a support
system, thus bearing its weight. In a structural focused direction, Wenzel et al. [227] study
the protection of storage tanks with the use of resonant metafoundations clearly revealing the
attenuation capabilities in the resulting stresses.

Here we claim that major limitations of linear metamaterials such as the high mass necessary
to reach low frequencies and the limited frequency band of the attenuation zone can be overcome
adopting a nonlinear unit cell design. Furthermore, the inherent amplitude dependent behaviour
may result in adaptation of the band-gap range, depending on the magnitude of the oscillation
[228]. Several studies in recent literature integrate metamaterial concepts to mild nonlinear
con�gurations [19, 62, 74, 246, 155, 234, 145, 110] studying their tunability properties, while
others investigate the e�ect of non-smooth phenomena [50, 20, 21], revealing the bene�ts in
terms of larger attenuation bandwidths that can be obtained by exploiting nonlinearities.

To this end, negative sti�ness phenomena are very promising for vibration isolation and
can be generated by harnessing geometric nonlinearities. In this direction, Hwang et al. [104]
study the dynamic behaviour of a metabeam design with bi-stable asymmetric elements. Al-
Shudeifat and Chen et al. [3, 42] investigate the e�ects of nonlinear energy sinks with a negative
sti�ness element, showing promising results. This latter concept helps towards focusing the
attention on the potential advantages of negative sti�ness for elastic metamaterials. Wenzel et
al. [228], Chen et al. [41] and Salari-Sharif et al. [194] propose unique metamaterial designs
incorporating negative sti�ness unit cells, revealing the potential of such systems towards
structural protection. In similar spirit, the KDamper concept [11, 116, 171] aims at vibration
isolation, utilizing negative sti�ness elements, taking into consideration the bearing capacity in
the vertical direction, therefore maintaining a positive overall sti�ness.

Building on existing knowledge, this study proposes a geometrically nonlinear metamaterial
pursuing response reduction at low frequency. Contrary, for instance, to the KDamper, this
system allows the overall sti�ness of the unit cells to become negative by targeting lateral
(and not vertical) support. The band-gap and its dependence on the nonlinear mechanism is
explained by means of analytical and numerical techniques. To further validate the proposed
design in a scaled proof of concept, experimental tests are performed under dynamic loading.

2.2 Geometrically nonlinear unit cell

The metamaterial design investigated in the current work enforces geometrically nonlinear
behaviour at the unit cell level. Its design is similar to the works of Al-Shudeifat [3] and Chen
et al. [42], depicted in Fig. 2.1. It consists of a rigid support of massm, connected to a mass�
via a nonlinear element. The nonlinear kinematics is induced by a triangular arch con�guration,
that consists of two linear springs of sti�nesskd arranged in a isosceles triangle geometry of
height H and base of length 2L, as shown in Fig. 2.2. Each unit cell of lattice constanta; i.e.
the length of each cell, is elastically connected to the adjacent cells via a linear spring of sti�ness
k. Damping is considered both in the nonlinear element and in the link between cells via linear
dashpot elements of coe�cientscn and c respectively.

A triangular arch that undergoes large displacements is known to yield a geometrically
nonlinear behaviour with a bi-stable con�guration, as discussed in the work of Chen et al. [42].
Figure 2.2 displays the resting position of the arch and the corresponding equilibrium path of
this setup. The two linear springs of sti�nesskd have a natural lengthL0 and are assembled
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Figure 2.1: Schematic representation of the geometrically nonlinear unit cell.

in a triangular geometry of heightH . While the presence of nonlinearity is apparent, the
behaviour that is produced is elastic as the loading and unloading paths are identical. Two
stable equilibrium points can be identi�ed for � = 0 and � = 2H , that correspond to the
two symmetrical positions at which the springs are at their natural length. A third unstable
equilibrium point occurs at � = H , where the two springs are aligned, while being compressed.
Equation (2.1) states the exact equilibrium path of the setup as function of geometric and
sti�ness properties of the individual components. This relation is approximated with a third
order polynomial function, in order to simplify the analytical derivation, after performing a
Taylor series expansion around� = H [3], as formulated in Eq. (2.2). The deviation of the
approximated from the exact path is shown in Fig. 2.2, where su�cient agreement is observed.
This deviation is � 10% for the displacement range (� H; 3H ), while it is increased for outer
values. The oscillation amplitudes in the following sections are expected to fall within this
displacement range and therefore this approximation can o�er useful indications about the
dynamic behaviour of the system.
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P � k1 (� � H ) + k2 (� � H )3 ;
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L
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�
;

k2 =
kdL0
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:

(2.2)

2.3 Analytical derivation of the dispersion relation

A �rst indication on the �ltering properties of a metamaterial design is obtained via the study
of the dispersion curves. In analytical terms, this aims at determining the real solutions to
the dispersion relation obtained for an in�nite chain [100, 102]. Imaginary solutions represent
evanescent waves that do not propagate though the lattice. These may be used to distinguish
between Bragg and local resonance band-gaps. The in�nite lattice involves a periodic arrangement
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Figure 2.2: Nonlinear equilibrium path of the triangular arch.

that consists of an in�nite number of unit cells. This consideration eliminates the uniqueness of
each cell and therefore enables the study of an arbitrary set ofj , j � 1, j + 1 cells [15, 209, 221],
exploiting periodicity and allowing the assumption of periodic boundary conditions.

The dispersion relation is typically computed by applying periodic boundary conditions
[121, 53, 168] on the cell edges [34, 39, 75, 76, 130, 228] to mimic an in�nite, perfectly periodic
chain as depicted in Fig. 2.3.
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Figure 2.3: Schematic representation of the theoretical in�nite lattice.

The relative displacement of the two masses of thej -th unit cell, is de�ned as � j , that reads:

� j (t) = x j (t) � yj (t); (2.3)

wherex j (t) and yj (t) are the displacements of massm and � of the j -th cell respectively.
The equations of motion for thej -th unit cell, in absence of damping, read:

m•x j + k(x j � x j � 1 + � j � 1) + F nl
j = 0;

� (•x j � •� j ) + k(x j � � j � x j +1 ) � F nl
j = 0;

(2.4)

whereF nl
j denotes the interaction between the nonlinearly connected masses of thej -th cell.

This force-displacement relation of the nonlinear element in Eq. (2.5) is assumed to follow the
simpli�ed relation of Eq. (2.2), centered around� = H .

F nl
j = k1� j + k2� 3

j : (2.5)

The solutions to the equations of motion then assume the following form [228]:

x j � 1(t) =
�
U1ei!t + U1e� i!t

�
e� iq;

� j � 1(t) =
�
V1ei!t + V 1e� i!t

�
e� iq;

(2.6)
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where ! is the angular frequency,q is the reduced wave number (q = �a , � : wave number),
i =

p
� 1 is the imaginary unit and V, U denote complex conjugates.

Substitution of Eqns. (2.6) into Eqns. (2.4), and application of the Harmonic Balance Method
[123], by balancing the terms ofei!t , result into the dispersion relation of the system in Eq. (2.7).

cos(q) =
2k

�
k1 + 3k2V1V 1

�
� (m + � )

�
k + k1 + 3k2V1V 1

�
! 2 + m�! 4

2k
�
k1 + 3k2V1V 1

� (2.7)

In contrast to linear metamaterial solutions, the behaviour of this nonlinear system depends
on the oscillation amplitude through the termV1V 1 in Eq. (2.7). V1 is de�ned in Eq. (2.6) as
the amplitude of the relative displacement of the nonlinearly connected masses of the cell and
V1V 1 = jV1j2. In order to calculate the dispersion relation,jV1j should be de�ned, leading to the
relation between frequency and wave number. Thus, for each prede�ned value ofjV1j, Eq. (2.7)
is solved analytically for discrete wave number values, yielding the respective solutions for the
frequency. This is performed with symbolic operations in the MATLAB® symbolic environment,
where for a given wave number and amplitude value the frequency satisfying the relation in
the real domain is part of the dispersion curves. A similar procedure for given frequency and
amplitude values determines the imaginary part of the solution.

0
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Figure 2.4: Graphical representation of the dispersion curves, obtained via analytical calculations.
Green colour indicates the evolution of the band-gap in the amplitude-frequency space. (m = 2,
� = 1, kd = 2 � 103, k = 103, H = 0:15, L = 0:5).

Figure 2.4 illustrates this dispersion relation. It is a 3-dimensional representation that
includes the additional dependence on the relative oscillation amplitude between the nonlinearly
connected masses of each unit cell. The acoustic and the optical branches [103] are formed,
which de�ne the boundaries of the band-gap for the in�nite chain. Since both branches are
a�ected by the dependence on amplitude, the band-gap not only shifts to di�erent frequency but
also changes its width. For lower amplitudes, it tends towards lower frequencies, while for higher
ones it shifts toward higher frequency ranges. Limited amplitudes allow the triangular arch to
oscillate at reduced angles, thus creating a 
exible element, while higher amplitudes force the
arch to form sharper angles, resulting into a subsequent sti�ening of the setup. Additionally,
it is observed that for lower amplitudes, the acoustic branch is signi�cantly altered compared
to the optical one that experiences minor alterations, while for higher amplitudes the opposite
behaviour is observed. The study of the imaginary part of the solution reveals additional
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information on the amount of attenuation inside the band-gap and further con�rm the Bragg
origin of the band-gap (smooth and rounded curve shape). It is observed that for low and
high oscillation amplitudes this attenuation is signi�cantly increased compared to intermediate
amplitudes (aroundjV1j = H ).

2.4 Experimental tests

2.4.1 Description of the setup

The dynamic behaviour of the investigated metamaterial con�guration is studied experimentally.
For this purpose, a scaled physical model is created and tested under dynamic loading. Figure 2.5
depicts the developed experimental setup. Previous studies on various linear and nonlinear
metamaterial designs [56, 145] suggest that even for a reduced number of unit cells (2-3) a
substantial band-gap can be generated, leading to noticeable motion reduction. Signi�cant
vibration mitigation is evident even for a single layer of the nonlinear metafoundation design with
negative sti�ness in the work of Wenzel et al. [228]. This is essential for a realistic experimental
implementation, where dimensions are limited.

An electrodynamic shaker applies a 1-dimensional input excitation in a horizontal direction,
as depicted in Fig. 2.5(a). An aluminum table is mounted to the shaker's shaft on one side,
while on the other it is supported by rollers. This is to maintain the table in a levelled position
as well as to limit parasitic vertical oscillations.
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Figure 2.5: Experimental setup. (a)-overview of the con�guration testing the device mounted at
a primary system, (b)-closer depiction of the setup without a protected structure.

The metamaterial model is mounted on the shaking table and consists of three repeated
nonlinear unit cells, whose kinematics is analogous to the design described in Sec. 2.2. Each cell
is formed by a sti� support to which the nonlinear element is connected, as shown in Fig. 2.6.
The geometrically nonlinear element is formed by a triangular arch that consists of linear springs.
Longitudinal guides ensure that displacements develop primarily in the desired direction, while
lubricant liquid minimises the e�ect of friction between the guides and the support. Apart from
this minimal inevitable friction, the cells are completely detached from the shaking table. The
input is applied to the left end of the chain, where the support of the �rst cell is mounted to
the shacking table, creating longitudinal waves that propagate within the lattice. The proposed
metamaterial design is tested using two di�erent con�gurations; a �rst one featuring a primary
system that should be isolated, at the end of the lattice while in a second case, the lattice is
free at the right end, as shown in Fig. 2.5. Apart from the longitudinal guides that are made of
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aluminum to increase vertical and lateral rigidity, most of the metamaterial components are
assembled using LEGO® parts.
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Figure 2.6: Bottom view of the physical unit cell design, used in the experimental con�guration.

The dynamic response of the system is measured using 1D accelerometers with a sampling
frequency of 2 kHz. Uni-axial accelerometers are preferred over tri-axial ones because of their
reduced dimensions and weight. The measuring locations include each unit cell (measurements
•xex

1;2;3), the primary system (measurement•xex
4 ), if present, as well as the shaker input signal

(measurement •xex
5 ), as seen in Fig. 2.5(a).

To ensure that the nonlinear triangle works properly in both compression and extension,
two additional coils of sti�ness ke=2 are installed to the LEGO® linear spring of sti�nesskc to
keep the latter in a prestressed state, as shown in Fig. 2.7. The additional components shift the
stable equilibrium position backwards by � l . This allows the system to react equivalently in
both the compression and extension states, in contrast to the original con�guration, which is at
full extension at its equilibrium position. The overall sti�ness of the assemblykd is therefore
calculated as:

kd = ke + kc: (2.8)
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Figure 2.7: Assembly of the linear sti�ness elements at rest: (left) original, (center) modi�ed
con�guration, (right) physical assembly.

Table 2.1 summarises the characteristics of the two types of unit cells that are used in the
model. These are varying both in terms of the sti�ness valuekd, as well as in terms of the
geometry of the triangular arch, as a result of di�erent natural lengths of the spring assemblies.

The shaker is controlled by a signal generator that can create di�erent input signals. It can
produce both sinusoidal inputs as well as sine sweeps, by controlling the voltage signal of the
shaker. Figure 2.8 shows the frequency content of a measured sample sine sweep signal that
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Table 2.1: Geometric and sti�ness characteristics of the di�erent types of the experimentally
tested unit cells.

Unit cell
type

L
(mm)

H
(mm)

kd

(N/m)
A 40 11 1441
B 40 2 600

is applied. This signal, imposed by the shaker, results to a nearly 
at spectrum for a given
frequency range, thus exciting uniformly this speci�ed range.

0 10 20 30 40 50 60 70

10-2

100

Figure 2.8: Fourier spectrum of measured sine sweep input (•xex
5 ) sample in the range of 6-50 Hz.

The e�ciency of the metamaterial device is evaluated upon its attenuation capabilities on
the primary system. The latter consists of a cantilever beam vertically oriented, attached to a
base of massM base and a concentrated massM p, mounted to a speci�c height of the beam, as
shown in Fig. 2.5(a) and schematically illustrated in Fig. 2.9. The dynamic characterisation of
the primary system is performed by studying its impulse response, as shown in Fig. 2.9. Two
modes can be spotted with resonance frequenciesf n1 = 7:95 Hz andf n2 = 38:14 Hz respectively.
For the tests with no protected structure, a massM s is attached to the last unit cell of the
lattice, consisting of the accelerometer and its supporting structure shown in Fig. 2.5(b).

The mass properties of the individual elements of the metamaterial lattice and the primary
system, including the mass of the corresponding sensors, are summarised in Table 2.2. In
the experimental setupk >> k d, therefore the connection between consecutive unit cells is
practically rigid. This has the consequence of shifting the optical branch in Fig. 2.4 to higher
frequencies, outside the range explored in this experiment. Therefore, the mass of each unit cell
can be lumped asmcell = m + � , as the distribution of m and � within the cell has no e�ect on
the observable dynamic response.

Table 2.2: Mass measurements for the individual parts of the experimental model.

Element
Mass
(gr)

M p 111
M base 143
M s 89

mcell 75
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Figure 2.9: Impulse response of primary system. (right)-primary system, (top)-acceleration time
history, (bottom)- Fast Fourier Transform.

2.4.2 Experimental results

This section discusses the obtained experimental results. This series of tests includes inputs of
sine sweep excitation as well as single harmonic inputs.

Figure 2.10 shows the frequency content of the response at the end of the lattice•xex
3 (mass

M s) for the free end system in Fig. 2.5(b), with respect to the input•xex
5 . The system is excited

with a sine sweep input excitation, while the two types of unit cells are studied. The attenuation
zone of the tested metamaterial device corresponds to the regions where the ratio of the frequency
content between output and input falls below unity. This attenuation zone is observed for the
various tests that are performed. As discussed, the acoustic part of the dispersion relation is
explored, as the optical branch corresponds to much higher frequencies which are not studied
herein. Therefore, in this low frequency regime, only the opening frequency of the band-gap
is spotted, where for lower values wave propagation is not prohibited and for higher ones
attenuation is present. Above a speci�c threshold, di�erent in each tested con�guration, the
output is reduced with respect to the input, as indicated by the region of the �gure where the
ratio is lower than 1. As unit cell type A is sti�er than B, due to both the larger sti�ness
constant kd as well as to the sharper angle of its triangular arch, the attenuation zone is driven
to higher frequencies when compared against type B. This reduction zone additionally depends
on the oscillation amplitude, as discussed in Sec. 2.3. As expected, the higher the amplitude
of the input acceleration the higher the opening frequency of the attenuation zone will be.
Because of the equivalent sti�ening of the triangular arch, experiencing sharper angles at higher
oscillation amplitudes, this is apparent in both the softer and the sti�er unit cell variations.
Moreover, the reduction of the response varies depending on the oscillation amplitude. This is
in line with the attenuation characteristics inside the band-gap, as calculated in Sec. 2.3.

It is further interesting to compare the attenuation zone formed with the two types of
cells, focusing for example at high input acceleration (dashed lines). It is observed that this is
additionally dependent on the amplitude of oscillations, as noted in Fig. 2.10. Although unit cell
type A has a signi�cantly higher initial sti�ness than B the created band-gap opening frequency
is not proportionally increased, because the cell oscillates at amplitudes smaller thanH , as
determined by the prediction of the analytical calculations of Sec. 2.3. This results in a lower
equivalent sti�ness under dynamic conditions compared to the initial sti�ness in the static state.
This can be useful to vibration isolation applications where a certain static sti�ness is required,
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Figure 2.10: Frequency content of the response at point 3 (massM s) for a lattice with a free
end and sine sweep excitation input. The maximum acceleration of the sine sweep input for
each test is denoted asmax (•xex

5 ). The analytical band-gap is depicted in solid colour for each
type of unit cell and corresponding oscillation amplitude.

while under dynamic loading this sti�ness can be decreased and even become negative, thus
preventing vibration from a�ecting a protected structure.

The response of the primary system both when attached to a �xed base and when isolated
with the nonlinear metamaterial A and B is now investigated. A limitation arises due to the
maximum displacement span that the shaker is able to apply. Therefore the experimental range
for the nonlinear system is bounded and depends on both the frequency (in the lower range)
and the acceleration (for higher amplitude), which must result in displacements smaller than
the capacity of the shaker.

Figure 2.11 depicts the acceleration response of the primary massM p for the setup of
Fig. 2.5(a) and single harmonic excitation. It is observed that all metamaterial con�gurations
are able to o�er reduction in the acceleration response of the primary mass compared to the �xed
base case. This e�ect is not limited to the resonance frequency but it spreads on a wider range.
Due to the aforementioned displacement limitations, the response in the lower frequency range
can not be tested. In agreement with Sec. 2.3, high excitation amplitudes result in stronger
reduction, compared to intermediate input amplitudes, of the output to input ratio within
the attenuation zone. It is further noted that the lattice with unit cell type B o�ers greater
acceleration reduction around the resonance frequency of the protected structure, while for
higher frequencies the e�ect of the two types appears to be similar, which is possibly relevant to
the high mass of the primary system compared to the mass of the unit cells.

The peak visible in the acceleration response for the isolated cases at frequencies around 9 Hz
has an interesting origin. At this frequency, there exists a resonance of the longitudinal guides
and the primary system in the vertical direction. This phenomenon has two consequences. The
�rst is the interaction between the 
exural vibration of the primary mass and strong oscillations
in the vertical direction. The second and most important e�ect is the high friction that is
produced between the sliding base of the primary system and the longitudinal guides. Vertical
oscillations result to larger contact forces in this direction and therefore higher friction forces.
The sliding base is not able to move independently of the guides and thus, the behaviour of the
primary system resembles the �xed base case, as the displacements at the base of the protected
structure approximate these of the input excitation. Indeed, from Fig. 2.11 it can be observed
that when these peaks occur they closely follow the response of the �xed base results.
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Figure 2.11: Experimental results of the acceleration amplitude at the primary massM p for a
sine excitation. For the models where the metamaterial lattice is present, solid lines correspond
to input acceleration amplitude 10m/s2 and dashed lines to 30m/s2 respectively.

The metamaterial device proves successful in limiting the response of the primary system
in the tested frequency ranges. Crucially, accelerations around the resonant frequency of the
primary system are substantially mitigated, as a result of the created band-gap. Additionally,
the amplitude dependence of the nonlinear behaviour is evident. Higher input amplitudes lead
to higher reduction of the response, in contrast to the primary, linear system. It is further
observed that the device is able to mitigate vibrations across a broad frequency range, due to
the location of the optical branch at high frequencies.

2.5 Numerical simulations

Following the analytical calculations of Sec. 2.3 and the experimental tests of Sec. 2.4, numerical
simulations are now introduced. The �nite lattice of identical unit cells in Fig. 2.12 is simulated
numerically, while an external excitation is applied. Analytical solutions of the dispersion
curves are �rst compared to the numerical simulations for a large chain, approximating the
in�nite lattice, while experimental measurements of the 3-cell setup are further compared to the
numerical analyses in terms of time history response.

�N

�F

�N�G
�F�Q

��

�N�G

�P
�N

�F

�[�J
�[�����W��

�\�����W��

�N

�F

�N�G
�F�Q

��

�N�G

�P
�[�����W��

�\�����W��

�N

�F

�N�G
�F�Q

��

�N�G

�P
�[�1���W��

�\�1���W��

Figure 2.12: Schematic representation of a �nite lattice consisting ofN unit cells, used for the
numerical estimation of the dispersion relation.

A considerable factor in the experimental tests is the friction that exists between the elements
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of each cell and the longitudinal guides of the setup. The latter, being �xed to the shaking
table, follow the displacement of the inputxg in the longitudinal direction.

In the current study, friction is taken into consideration following a smooth Coulomb friction
model [175], as shown in Fig. 2.13. The friction relationship is described by Eq. (2.9).

F r (u) = cg tanh (cvu); (2.9)

whereu denotes the relative velocity between two sliding bodies.

Figure 2.13: Smooth Coulomb friction model.

In the following sections, the dynamic motion of the lattice in Fig. 2.12 is simulated
numerically in MATLAB ® environment, by the solution of the equations of motion, with the
use ofode45 function (AbsTol=eps, ReTol=eps(2=3), MaxStep=10� 2, eps corresponding to the
machine precision epsilon). To that end, the system is formulated in a nonlinear state-space
representation:

_z(t) = g(z(t); xg(t)) ;
z = [ x1; _x1; y1; _y1j : : : jxN ; _xN ; yN ; _yN ]T ;

(2.10)

wherex j and yj are the displacements of massesm and � of each cellj (1 � j � N ) respectively.
The equations of motion of the �rst unit cell take the form:

m•x1 + c( _x1 � _xg) + cn ( _x1 � _y1)+
+ k(x1 � xg) + F r 1

x + F 1
nl = 0;

� •y1 + c( _y1 � _x2) + cn ( _y1 � _x1)+
+ k(y1 � x2) + F r 1

y � F 1
nl = 0:

(2.11)

The equations of motion of thej -th unit cell (1 < j < N ) take the form:

m•x j + c( _x j � _yj � 1) + cn ( _x j � _yj )+
+ k(x j � yj � 1) + F r j

x + F j
nl = 0;

� •yj + c( _yj � _x j +1 ) + cn ( _yj � _x j )+
+ k(yj � x j +1 ) + F r j

y � F j
nl = 0:

(2.12)

The equations of motion of the �nal (N -th) unit cell are respectively formed:

m•xN + c( _xN � _yN � 1) + cn ( _xN � _yN )+
+ k(xN � yN � 1) + F r N

x + F N
nl = 0;

� •yN + cn ( _yN � _xN ) + F r N
y � F N

nl = 0;
(2.13)

whereF j
nl = F j

nl (� j ) = P(� j ), � j = x j � yj . For these analyses, the exact formulation of the
nonlinear equilibrium path of the triangular arch from Eq. (2.1) is used for the calculation of
F j

nl at each time step. Moreover,F r j
n = Fr (uj ); uj = _nj � _xg and nj = x j or yj respectively,

denotes the friction between the elements of each cell and the longitudinal guides, according to
Eq. (2.9).
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2.5.1 Numerical estimation of the dispersion curves

Additionally to the analytical derivations, numerical analyses are performed in order to ap-
proximate the dispersion relation of the system. For this purpose, a �nite lattice, consisting
of N identical cells is studied, as shown in Fig. 2.12. The system is excited by base excitation
xg, where evaluation on the respective wave propagation behaviour reveals important dynamic
properties.

Input is applied to the system in the form of base excitationxg on one end of the lattice,
as shown in Fig. 2.12. The input displacement is selected to follow a sine sweep time history,
plotted in Fig. 2.14, in the range of 0.1-20 Hz for a time period of 50 seconds. This wavelet has
the property of uniformly exciting a speci�ed frequency range by linearly varying its frequency
content over time. This is depicted in the spectrogram of Fig. 2.14, where a short-time Fourier
transform reveals the frequency content of the input with respect to time.

0 10 20 30 40 50

10

20

Figure 2.14: Sine sweep input excitation, used for the estimation of the dispersion curves, in the
frequency range 0.1-20.0 Hz. (top)-time history, (bottom)-spectrogram, showing the output of
the short-time Fourier transform.

For the estimation of the dispersion curves via numerical analyses, the output signal should
be studied. For the output states of the individual masses of each cell, a 2-dimensional Fast
Fourier Transform (FFT) in time and in space is applied [5]. In this section the displacement of
massm of each cell is used for the estimation of the curves. These outputs are plotted versus the
corresponding reduced wave numberq and frequency in a contour plot, as shown in Fig. 2.15.

Figure 2.15 depicts the 2-dimensional FFT of the output, which yields the numerical
estimation of the dispersion curves for varying input excitation amplitude. Additionally, the
corresponding analytical curves from Fig. 2.4, as calculated in Sec. 2.3, are plotted. It is
observed that the numerical results are in line with the analytical calculations. It is evident
that the output in both approaches is dependent on the oscillation amplitude. The shifting of
the dispersion curves and the corresponding band-gap in the frequency domain appears in both
analyses, enhancing their reliability. It is observed that high oscillation amplitudes result in a
translation of the band-gap to higher frequencies, while increasing its width.

2.5.2 Numerical simulation of the experimental model

In this section the response of the experimental model of Sec. 2.4 is simulated numerically. It is
important to compare the experimental results with numerical simulations. This can reveal the

42



0 /4 /2 3 /4
0

5

10

15

(a)

0 /4 /2 3 /4
0

5

10

15

(b)

Figure 2.15: Comparison of the numerical against the analytically computed dispersion curves
for varying input amplitude. The contour plot corresponds to the numerical analyses and the
dashed lines to the analytical solutions. (a)-intermediate input amplitude,jV1j = 1:6H , (b)-high
input amplitude, jV1j = 2:1H . (m = 2, � = 1, cn = 0, c = 0, cg = 0, kd = 2 � 103, k = 103,
H = 0:15, L = 0:5, N = 64).
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Figure 2.16: (Left)-Bending of the unit cell's supporting part. (Right)-Equivalent sti�ness
representation.

consistence in the assumptions of the numerical model that are in agreement with the analytical
results, as discussed in Sec. 2.5.1.

In the physical model, it is not realistic to assume in�nite rigidity in the supporting part
(massm) of the unit cell. In a more detailed analysis, the bending of the cantilever elements is
incorporated, while the transverse element has much higher sti�ness, taking into account the
signi�cantly larger cross section and thus assumed rigid, as shown in the left part of Fig. 2.16.
As displacement� evolves, it causes a corresponding shear load to the cantilever element at
the joint, and therefore introduces a displacementr in the transverse direction. This process
alters the force displacement relation of this nonlinear con�guration, thus shifting its properties.
The sti�ness of each cantilever elementkf can be converted to a linear spring, as sketched in
Fig. 2.16.

In order to update the equilibrium path of Eq. (2.1) by incorporating the elasticity of the
aforementioned elements, an incremental stepping algorithm is developed, as described in the
Appendix 2.7.

Figure 2.17 shows the revised equilibrium path according to Eqns. (2.14), in comparison to
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Figure 2.17: Comparison of the nonlinear equilibrium path for a rigid and elastic support.

the original solution of Eq. (2.1). It is observed that the updated force-displacement relation
deviates from the original for an elastic support consideration, which can be an important factor
of the dynamic behaviour of the system.

To include the elasticity of the supporting members, their corresponding sti�ness should be
determined. For this purpose, the cantilever LEGO® element is simulated numerically with the
use of linear �nite element analysis in ABAQUS® software. Figure 2.18 depicts the numerical
model that is created, showing the boundary conditions, the applied loadF , the resulting
deformations and the displacement measurementr .
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Figure 2.18: FEA results of the deformed shape of the cantilever element under transverse load
F triggering displacementr . This �gure was produced with the ABAQUS® software.

Table 2.3 summarises the material and calculated sti�ness properties of the cantilever
element.

Table 2.3: Material (E: modulus of elasticity, v: Poisson's ratio) [125] and calculated sti�ness
properties of the LEGO® cantilever element.

E 2.28 GPa
v 0.41
kf 34:48� 103 N/m

The response of the physical model for the free end lattice, as described in Sec. 2.4, is here
simulated numerically. This is performed for unit cell type A, for which the negative sti�ness
behaviour is more pronounced. The parameters of the system are set following those of the
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actual model, as mentioned in Tables 2.1, 2.2, 2.3. Additionally, ask >> k d the constrain of
yj = x j +1 for all unit cells is applied to the numerical model in Eqns. (2.11)-(2.13), instead of
selecting a high value fork, which would signi�cantly increase the computational time. The
friction model and damping parameters of the numerical simulations are calibrated, based on
the experimental data, ascg = 0:35, cv = 5 and cn = 1:6.

The dynamic response of the system is simulated numerically according to Eqns. (2.11)-(2.13).
Figure 2.19 depicts the comparison of the numerical results to the experimental measurements of
the acceleration at massM s (measurement point 3) for input excitation, the frequency content
of which is shown in Fig. 2.8. Comparing the time history, considerable agreement is observed
between the two types of output. Furthermore, the frequency content of the calculated response
is compared to the one of the experimental measurements. The two outputs match closely for
frequencies> 6 Hz, as the ratio of their Fast Fourier Transform tends to 1. The sine sweep
input that is used does not include frequencies< 6 Hz, therefore the discrepancy of the results
in this region is not of concern. It is therefore concluded that the numerical model can o�er a
useful indication regarding the dynamic response of the nonlinear system.
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Figure 2.19: Comparison of numerical to experimental results at massM s for sine sweep
excitation (unit cell type A). (top)-Acceleration time history, (bottom)-Ratio of frequency
content.

The frequency response of the system is further studied. Single harmonic input is applied
to the system with constant acceleration amplitude of 30 m/s2. The response at the output is
calculated numerically, and compared to the experimental measurements. The latter are limited
to a frequency threshold, due to the limitations discussed in Sec. 2.4.2, while the numerical
simulation further reveals the behaviour of the response for lower frequencies, and in the
propagative zone of the metamaterial. Figure 2.20 shows the comparison between the numerical
analyses and experimental measurements of the output acceleration for discrete frequencies.
The results are in agreement, for the frequencies where both analytical and experimental data
are available. Discrepancies can be ascribed to the e�ect of friction, an admittedly non trivial
add-on to a model that is already nonlinear in nature. To an extent, an improved approximation
of the actual properties could be obtained by means of more sophisticated friction models.
These could incorporate the discontinuity of the phenomenon, therefore increasing substantially
the computational cost, in comparison to the smooth Coulomb friction model, used in this
study, which is superior in numerical stability [175]. While these increase the computation time,
the improvement in the approximation of friction would be limited and therefore the smooth
Coulomb friction model is selected.
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Figure 2.20: Numerical and experimental results of the Frequency response for single harmonic
excitation (unit cell type A). For experimental results, •xout = •xex

3 , •x in = •xex
5 . For numerical

results, •xout = •ynum
3 , •x in = •xg.

2.6 Conclusions

The current study investigates the dynamic behaviour and vibration mitigation properties of a
metamaterial, designed to exploit geometric nonlinearities. This is studied via both an analytical
and a numerical approach, resulting in an agreement between the two methods. The dispersion
relation reveals the amplitude dependent band-gaps that can be tuned acting on a few design
parameters. The dynamic response of the non-linear metamaterial is further validated on the
basis of experimental testing. For this purpose, a one dimensional lattice is assembled and
studied under one dimensional dynamic loading. Experimental results reveal the vibration
mitigation capabilities of the system both in terms of investigating the band-gap dependence
on amplitude, as well as the vibration attenuation e�ect on a primary system. Promising
observations are made on the potential of the nonlinear designs in mitigating the e�ect of
dynamic loading to this protected structure. Finally, in order to evaluate the conformity of the
modelling assumptions and the physical observations, numerical simulations of the time history
and frequency response corresponding to the physical con�guration are performed.

The vibration mitigation capabilities of the investigated nonlinear metamaterial con�guration
reveal promising results. The negative sti�ness properties allow the band-gap opening to shift
into very low frequencies without adding substantial mass as it is done for linear design. The
presence of nonlinearity is responsible for the translation of the attenuation zone in the frequency
domain, while it additionally a�ects the width of the band-gap. This appears signi�cantly
widened for high oscillation amplitudes. Throughout the evolution of a dynamic loading event,
the con�guration experiences numerous alterations in the oscillation amplitude, which has the
e�ect of constantly updating the band-gap range, essentially in
uencing additional frequencies.

While this is an initial investigation, validated by a scaled proof of concept system, the
feasibility of the design and further practical limitations should be further investigated prior
to proceeding to a realistic full-scale application. The practical implementation aspects of the
proposed design for seismic protection of structures are currently under investigation. The
objective is to introduce the nonlinear metamaterial setup in the lateral support of a system,
mitigating vibrations within the attenuation zone. The triangular arch can be composed
by a set of spring/truss and viscous damper elements. For structural applications, the 2L
dimension of the arch is expected to amount to roughly 1 m, where a placement of 3 cells in the
vertical direction covers a 3 m typical 
oor height. The anticipated displacement level of the
excitation should determine dimension H, which for seismic events can be estimated to 0.1 m.
To simplify assembly, we consider the sti� support of each cell to be comprised of reinforced
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concrete, allowing on site fabrication. Preliminary analyses demonstrate the e�cacy of a 3-cell
con�guration, with the aforementioned properties, in limiting the response to a structure, in the
presence of soil-structure interaction and are planned to be thoroughly explored and included in
a future feasibility study. A critical aspect that needs to be resolved for real applications is the
design of the joints, which must provide rotational freedom to the spring elements, while being
able to withstand large loads without failing.

2.7 Appendix

Numerical algorithm for the calculation of the nonlinear equilibrium
path incorporating support elasticity

Equations (2.14) describe the process of calculating the values of� j;i , r j;i , Pj;i = F j;i
nl for the

j -th unit cell at step i considering the elasticity of the supporting members in the form of their
sti�ness kf . Provided that the displacement stepd� j;i is su�ciently small, and that the system
initiates from an equilibrium position, the nonlinear equilibrium path can be calculated.

� j; 0 = 0; r j; 0 = 0; Pj; 0 = 0;
L j; 0 = L = Lo; H j; 0 = H = Ho;

#

� j; 1 = � j; 0 + d� j; 1 ! ' j; 1 = arctan
�

H o � � j; 1

L o+ r j; 0

�
;

Pj; 1 = P(L j; 0; H j; 0; � j; 1 � (Ho � H j; 0); kf ) = 2 N y
j; 1;

N z
j; 1 = N y

j; 1=tan ' j; 1;
r j; 1 = N z

j; 1=kf ;
L j; 1 = Lo + r j; 1;

H j; 1 =
q

Ho
2 + Lo

2 � L j; 1
2;

#
:::
#

� j;i = � j;i � 1 + d� j;i ! ' j;i = arctan
�

H o � � j;i

L o+ r j;i � 1

�
;

Pj;i = P(L j;i � 1; H j;i � 1; � j;i � (Ho � H j;i � 1); kf )=2 N y
j;i ;

N z
j;i = N y

j;i =tan ' j;i ;
r j;i = N z

j;i =kf ;
L j;i = Lo + r j;i ;

H j;i =
q

Ho
2 + Lo

2 � L j;i
2;

(2.14)

wherePj;i is calculated from Eq. (2.1).
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Key Findings

ˆ To comprehend the dynamic response of a metamaterial, a �nite lattice should also be
studied beyond the theoretical in�nite lattice.

ˆ The importance of calculating the frequency response of a nonlinear system is demonstrated,
identifying the amplitude dependence, and compared to the theoretical dispersion curves.

General comments and Link to the next chapter

This study further supports the pursuit of the �rst objective of the thesis. Building upon the
foundation laid in the previous chapter, this chapter delves deeper into the analytical investigation
of the dynamic response focusing on a �nite nonlinear lattice. This exploration provides insights
into how the size and arrangement of metamaterial units a�ect their vibration attenuation
capabilities in real-world scenarios. The importance of calculating the frequency response
of nonlinear systems is highlighted, particularly in identifying amplitude dependence. This
analysis allows for a comparison between theoretical dispersion curves and experimental results,
providing a comprehensive understanding of the metamaterial's behaviour under dynamic loading
conditions. Drawing on these insights, the chapter explores the application of nonlinearity in
enhancing the frequency band in which metamaterial structures e�ciently attenuate vibrations.
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Abstract

In recent years, the promising concept of metamaterials has entered the �eld of civil
engineering. These type of con�gurations are characterised by extraordinary properties regarding
prevention or guidance of wave propagation. In order to increase the potential frequency band
in which such structures e�ciently attenuate vibration, the concept of nonlinearity is here
exploited. Negative sti�ness elements are studied and arranged in a lattice of identical cells, in
order to study the resulting wave screening properties. The outcomes of this study indicate the
ability of the system to mitigate vibration within a wide range of frequencies.

3.1 Introduction

A decisive aspect in the design of civil structures lies in their behaviour under dynamic excitation.
Aiming to ensure safety and structural protection, the engineering community has focused on
the development of vibration attenuation systems, which can limit the e�ects of the dynamic
excitation on a target structure.

The mitigation of structural vibration has been frequently treated via use of passive linear
devices. Many of the well established practices for this purpose include the concept of tuned mass
dampers [244]. Although passive linear systems have proven potential in vibration mitigation,
their e�ectiveness is limited within a narrow range of frequencies, while unfavourable results
(e.g. ampli�cation) can be observed outside this range. A need thus exists for technological
developments that can mitigate vibration within broad frequency ranges.

In materializing such a goal, novel designs have been recently proposed within the framework
of metamaterials [167, 237]. These type of con�gurations are characterised by extraordinary
properties regarding prevention of wave propagation within a speci�c frequency range, the so
called band-gap, or guidance of propagating waves [77]. A challenge that arises when considering
earthquake excitation is related to seismic motions, which are typically described by a low
frequency content, which lies well outside the most common applications of metamaterials,
which were initially studied for electromagnetic waves, therefore high frequency spectra. In
recent literature, however, the idea of metastructures has emerged, i.e., periodic arrangements,
which are able to inhibit low frequency wave propagation [65, 219, 238], also relating to seismic
excitation. An extensive study over linear con�gurations options reveals that the creation of
wide band-gaps is a highly challenging task, which has led to the investigation of nonlinear
systems [213, 150]; a concept which is extended to nonlinear metamaterials and periodically
arranged structures [80, 66]. A promising variant of nonlinear vibration mitigation solutions
is delivered by incorporation of negative sti�ness elements that can lead to highly e�cient
energy absorption and can also be used within the concept of metamaterials [11, 228]. Exploring
negative sti�ness elements, in the works of Al-Shudeifat et al. and Chen et al. [3, 42, 41] shallow
arch con�gurations have been investigated. In the work of Antoniadis et al. [11] negative sti�ness
elements are incorporated in the metastructure con�guration, taking into consideration vertical
vibration isolation, resulting to static loading capacity limitations to ensure resistance against
gravitational loads. To the contrary, this study aims at vibration attenuation in the horizontal
direction, releasing the negative sti�ness e�ects to intervene in the connection between the unit
cells.

3.2 Metamaterial con�guration

In the current work, geometric nonlinearities are utilised as a basis for metamaterial development.
Geometrically nonlinear behaviour is produced with the use of a triangular shallow arch that
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is undergoing large displacements and that can, under speci�c conditions, trigger negative
sti�ness e�ects. The system under investigation consists of multiple, identical and elastically
interconnected unit cells that form a lattice, as shown in Fig. 3.1. Each cell is composed of a
rigid support, connected to the nonlinear element. One end of the con�guration is connected to
the ground and the other to a primary mass, subjected to protection from incoming vibration.
Moreover, the system is excited by a harmonic force, applied to the primary mass, or input
ground acceleration.
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Figure 3.1: Nonlinear metamaterial lattice.

3.3 Nonlinear behaviour of the triangular arch

The nonlinear behaviour in the unit cell scale is produced with the use of a triangular arch.
A triangular arch (Fig. 3.2a) that undergoes large displacements develops a nonlinear force-
displacement relation. This results from the change in the sti�ness of the system with evolution
of the vertical displacement,� . This behaviour can be calculated analytically via Eq. (3.1) and
forms a function of the geometrical and sti�ness parameters of the system.
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Figure 3.2: Triangular arch: (a) Geometry (b) Force-Displacement relation.

The bi-stable geometry of Fig. 3.2 comprises two stable equilibrium points, at which both
springs remain undeformed (no tension or compression). This system can trigger negative
sti�ness e�ects as the tip of the arch undergoes large displacements. The equilibrium path of the
con�guration is plotted in Fig. 3.2b, which reveals the two stable equilibrium points, where the
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springs are unloaded, for� = 0 and � = 2H . For displacement� = H , the springs are aligned in
the horizontal position, while being compressed, thus establishing the system unstable for this
position [3].

3.4 Analytical derivations

3.4.1 Nonlinear force-displacement relation

In order to study the dynamic behaviour of the system, the dispersion relation and the frequency
response function are analytically derived. A useful practice is the polynomial approximation
of the nonlinear force-displacement relation of the triangular arch, in order to simplify the
calculations. Performing Taylor-expansion about� = H yields the polynomial approximation
of the nonlinear relation [3], a 3rd order of which is used in this study, as shown in Eq. (3.2).
Satisfactory compliance of the polynomial approximation, compared to the exact behaviour can
be achieved with a 3rd order approximation, as shown in Fig. 3.2b.

P(� ) � k1 (� � H ) + k2 (� � H )3

k1 = � 2kd

�
L0

L
� 1

�
; k2 =

kdL0

L3

(3.2)

3.4.2 Dispersion Relation

A useful indication of the performance of a metamaterial con�guration against vibration
mitigation is the dispersion relation, between the wave number and respective frequency, that
reveals the propagating and evanescent wave frequencies. To calculate this relation, the in�nite
lattice should be studied with Bloch boundary conditions applied, as noted in Fig. 3.3. The
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Figure 3.3: In�nite lattice.

assumed solution, enforcing Bloch's periodicity [228, 168] is considered to be of the form of
Eq. (3.3).

uj � 1(t) =
�
U1ei!t + U1e� i!t

�
e� iq

� j � 1(t) =
�
V1ei!t + V 1e� i!t

�
e� iq

� (t) = u(t) � y(t)
(3.3)

whereu(t) is the displacement of massm, y(t) is the displacement of mass� , � (t) is the relative
displacement of these nonlinearly connected masses,q is the reduced wave number and! is the
angular frequency.

The nonlinear force-displacement approximation is considered to be of the form of Eq. (3.4),
which corresponds to initial conditions of the system, de�ned asy(0) = H . Parametersk1 and
k2 are calculated according to Eq. (3.2).

Fnl (t) = k1� (t) + k2� (t)3 (3.4)
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Therefore, the equations of motion for thej th unit cell, in the absence of damping, take the
form of Eq. (3.5).

m•uj (t) + k[uj (t) � (uj � 1(t) � � j � 1(t))] + k1� j (t) + k2� j (t)3 = 0
� (•uj (t) � •� j (t)) + k(uj (t) � � j (t) � uj +1 (t)) � k1� j (t) � k2� j (t)3 = 0

(3.5)

Substitution of Eq. (3.3) in Eq. (3.5), collecting terms ofei!t and balancing of the harmonics,
according to the steps of the Harmonic Balance Method, yields the dispersion relation of the
in�nite lattice in Eq. (3.6).

cos(q) =
2k

�
k1 + 3k2V1V 1

�
� (m + � )

�
k + k1 + 3k2V1V 1

�
! 2 + m�! 4

2k
�
k1 + 3k2V1V 1

� (3.6)

It is observed that the resulting dispersion curves and the corresponding band-gap are
depended on the relative displacementV1 (jV1j =

p
V1V 1) of the nonlinearly connected masses,

as shown in Fig. 3.4. The dispersion branches appear to shift into higher frequencies as the
nonlinearity term k2 has more dominant contribution for increasingV1V 1 values, which results to
sti�ening of the system. The determination of the resulting band-gap is a nontrivial procedure.
Incoming vibrations that fall within this stop-band are attenuated, thus their intensity is altered,
which results in a revision of the activated level of nonlinearity, subsequently altering the
band-gap [228].
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Figure 3.4: Dispersion curves of the in�nite lattice (m = 1; k = 104; � = 0:5; kd = 100; H =
0:1; L = 0:5).

3.4.3 Frequency Response

An important means for evaluating the behaviour of a system under dynamic excitation is
its response under varying frequencies. For nonlinear systems, response characteristics form a
function of not only the frequency, but also of the amplitude of the excitation. To calculate this
relation analytically, a �nite lattice is considered, which is comprised of a single unit cell and
the primary mass, as depicted in Fig. 3.5. The input excitation is considered to be harmonic of
the form F (t) = Y cos(!t ) and •xg(t) = X cos(!t ).

The assumed solution for the harmonic oscillation of the response for each degree of freedom
is considered to be of the form of Eq. (3.7).

x i (t) = A i cos(!t ) + B i sin(!t ) (3.7)

wherei = 1; 2; 3 for massm, � , M respectively.
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Figure 3.5: Single unit cell setup.

The nonlinear force-displacement relation of the triangular arch follows what was already
described in section 3.4.1. Therefore, the equations of motion are formed as in Eq. (3.8).

M •x3(t) + C( _x3(t) � _x2(t)) + K (x3(t) � x2(t)) = F (t) (3.8a)

� •x2(t) + C( _x2(t) � _x3(t)) + cn ( _x2(t) � _x1(t))+
+ K (x2(t) � x3(t)) + k1(x2(t) � x1(t)) + k2(x2(t) � x1(t))3 = 0

(3.8b)

m•x1(t) + c( _x1(t) � _xg(t)) + cn ( _x1(t) � _x2(t))+
+ k(x1(t) � xg(t)) + k1(x1(t) � x2(t)) + k2(x1(t) � x2(t))3 = 0

(3.8c)

Substitution of Eq. (3.7) in Eqs. (3.8) and balancing of the harmonics yields a nonlinear system
of equations, the numerical solution of which determines the coe�cientsA1; A2; A3; B1; B2; B3

for given angular frequency! and input coe�cients Y; X.
To calculate the amplitude of the displacement for each massi , Eq. (3.9a) is used. Moreover,

the acceleration amplitude of each mass is calculated according to Eq. (3.9b). In Figs. 3.6 and
3.7 the solutions ofQdis

3 and Qacc
3 are plotted, which result from the solution of the nonlinear

system of equations for discrete frequencies.

Qdis
i =

�
A i

(2) + B i
(2)

� (1=2)
(3.9a)

Qacc
i =

h�
! (2) � A i

� (2)
+

�
! (2) � B i

� (2)
i (1=2)

(3.9b)

where� and (p) denote element-wise multiplication andp-th power respectively.
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Figure 3.6: Analytical solution of the displcement amplitude of massM for varying frequencies:
(a) Y = 10, X = 0 and (b) Y = 0, X = 10 (M = 1; C = 1; K = 104; m = 1; c = 1; k = 104; � =
0:5; kd = 100; cn = 1; H = 0:1; L = 0:5).
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3.5 Numerical Simulations

The response of the system of Fig. 3.1 is now simulated numerically. The equations of motion
are formed for each unit cell and the primary mass in Eqs. (3.10)-(3.13). For the numerical
simulations the exact nonlinear force-displacement relation was considered according to Eq. (3.1).
The di�erential equations of motion were solved numerically, after arranging the system in a
nonlinear state space form. The analyses were performed using MATLAB® environment, with
integration carried out by means of theode45 function. Moreover, the harmonic excitation was
applied to the system incrementally asF (t) = t=tmaxY cos(!t ) and •xg(t) = t=tmaxX cos(!t ),
within a time period of tmax = 30 seconds, for discrete angular frequencies, for which the time
history of the response was recorded. Finally, the maximum values of acceleration response were
obtained as a function of the input excitation frequency.

The equations of motion for the �rst unit cell can be formulated as:

m•u1(t)+ c( _u1(t) � _xg(t))+ cnl ( _u1(t) � _y1(t))+ k(u1(t) � xg(t))+ F 1
nl (t)=0

� •y1(t)+ c( _y1(t) � _u2(t))+ cnl ( _y1(t) � _u1(t))+ k(y1(t) � u2(t)) � F 1
nl (t)=0

(3.10)

The equations of motion for thei -th unit cell, i = 2; :::; N � 1, are:

m•ui (t)+ c( _ui (t) � _yi� 1(t))+ cnl ( _ui (t) � _yi (t))+ k(ui (t) � yi� 1(t))+ F i
nl (t)=0

� •yi (t)+ c( _yi (t) � _ui+1 (t))+ cnl ( _yi (t) � _ui (t))+ k(yi (t) � ui+1 (t)) � F i
nl (t)=0

(3.11)

For the last (N -th) unit cell the equations of motion are:

m•uN(t)+ c(_uN(t) � _yN� 1(t))+ cnl(_uN(t) � _yN(t))+ k(uN(t) � yN� 1(t))+ FN
nl (t)=0

� •yN (t)+ C(_yN (t) � _U(t))+ cnl (_yN (t) � _uN (t))+ K (yN (t) � U(t)) � FN
nl (t)=0

(3.12)

For the primary structure they are formed as:

M •U(t) + C( _U(t) � _yN (t)) + K (U(t) � yN (t)) = F (t) (3.13)

whereF i
nl (t) = P(x i

rel (t)) and x i
rel (t) = ui (t) � yi (t).

In Fig. 3.7 the numerical results of the maximum acceleration amplitude are compared to
the analytical derivations of section 3.4.3, where a single unit cell con�guration is considered
(Fig. 3.5). Su�cient agreement is observed for most frequency ranges for the two curves.
However, some discrepancies are observed for low frequencies (< 1Hz), where the corresponding
displacements are signi�cantly increased (� 10H , H : height of triangular arch at rest), as can be
inferred from Fig. 3.6. This results from the increase in the discrepancy between the polynomial
approximation and the exact nonlinear equilibrium path for high displacement values. Overall,
the agreement between the numerical and the analytical results is considered to be su�cient.
Therefore, the derived dispersion curves in Fig. 3.4 can o�er a useful indication of the resulting
band-gap potential for the proposed con�guration.

In order to evaluate the e�ect of an increasing number of unit cells on the response of
the system, parametric analyses with varying number of unit cells were performed. Fig. 3.8
illustrates the maximum recorded acceleration in the primary mass across varying frequencies.
The results of the nonlinear lattice indicate mitigation of accelerations within frequency ranges
> 1Hz, thus revealing the bene�cial e�ects of increasing number of unit cells in vibration
attenuation.

The results are further compared with the response of the unprotected primary mass, as
well as with an equivalent linear system consisting of 5 unit cells. In the latter, a linear spring
was considered in the connection of massesm and � . Its sti�ness was determined from the
tangential sti�ness of Eq. (3.1) for displacement equal to the ground displacement amplitude at
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Figure 3.7: Numerical to analytical comparison of maximum acceleration of massM for
varying frequencies and single unit cell setup: (a)Y = 10, X = 0 and (b) Y = 0, X = 10
(M = 1; C = 1; K = 104; m = 1; c = 1; k = 104; mu = 0:5; kd = 100; cn = 1; H = 0:1; L = 0:5).

frequency of 1Hz, (! = 2�; x g(t) = � X=! 2 cos(!t )), which is the limit frequency for vibration
attenuation in the nonlinear lattice. It is observed that the nonlinear lattice can o�er vibration
mitigation properties in lower frequencies than the equivalent linear one. It can be pointed that
the acceleration reduction is more intense for the linear case, compared to the nonlinear system
with 5 cells for certain frequencies. However, this is observed for frequency ranges for which the
reduction in the response is signi�cant for both the linear and the nonlinear design.
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Figure 3.8: Numerical calculation of the maximum acceleration of massM for varying frequencies
and number of unit cells (M = 1; C = 1; K = 104; m = 1; c = 1; k = 104; mu = 0:5; kd =
100; cn = 1; H = 0:1; L = 0:5; Y = 0; X = 10). Comparison to the acceleration response of the
unprotected massM and to a linear system.

3.6 Conclusions

The current study investigates the vibration attenuation properties of a geometrically nonlin-
ear metastructure con�guration. Utilization of triangular arch setups results in a nonlinear
equilibrium path and under speci�c circumstances negative sti�ness e�ects are observed. An
investigation on the resulting band-gap was performed, determining the e�ect of increasing
oscillation amplitude, which results to a shift of this stop-band to higher frequencies, mainly
a�ecting the lower branch of the dispersion relation. Moreover, an analytical study on the
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system's response for varying input frequencies was performed and compared to numerical
results, revealing su�cient compliance. Finally, the e�ect of the inclusion of multiple unit cells
on the system's response was investigated. The results revealed favourable e�ects within a broad
frequency range, thus promising great potential toward structural vibration mitigation.
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Design of the negative sti�ness NegSV
mechanism for structural vibration
attenuation exploiting resonance
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Key Findings

ˆ The top part of a building can act as a resonator with respect to the lower part.

ˆ Negative sti�ness can be explored for adjusting the sti�ness of a building's storey.

ˆ The conceptualization and design of a device is o�ered that can be conveniently mounted
to new or existing buildings.

ˆ Reduced dynamic response is achieved under seismic input in use of the protective device.

General comments and Link to the next chapter

This study tackles the second objective of the current thesis, by exploring superstructure
intervention means for vibration attenuation. This chapter delves into the practical implementa-
tion of vibration attenuation mechanisms, building upon the insights gained in the previous
chapters regarding the application of negative sti�ness. It explores the e�ectiveness of negative
sti�ness in adjusting the sti�ness of building storeys, leading to reduced dynamic response
under seismic input. This concept aligns with the exploration of nonlinear mechanisms for
energy absorption, introduced earlier. Furthermore, the chapter demonstrates the utilization of
resonance phenomena, showing how the top part of a structure can act as a resonator relative
to the lower part, directing energy to speci�ed locations. This �nding not only enhances the
understanding of structural dynamics but also provides a practical approach to vibration control.
Central to this chapter is the introduction of the NegSV device, which harnesses geometrically
nonlinear principles to create a negative sti�ness system for vibration attenuation. This inno-
vative device o�ers a convenient solution for retro�tting existing buildings. Physical testing
con�rms the e�ectiveness of the NegSV device in mitigating vibrations. These �ndings validate
the theoretical concepts explored earlier and demonstrate the real-world applicability of negative
sti�ness mechanisms for structural vibration control. By focusing on these key �ndings, the
chapter establishes a practical framework for implementing these strategies in civil engineering
applications.

59



Abstract

The principle of in
uencing oscillation amplitudes of a primary system via secondary
attachments can be enhanced with inclusion of nonlinear mechanisms toward energy absorption.
This work exploits such a scheme, termed the NegSV device, which harnesses a geometrically
nonlinear mechanism to create a negative sti�ness system for vibration attenuation. The
suggested device succeeds in shifting the sti�ness characteristics of the primary system and,
therefore, alters the overall dynamics without additional mass requirements. The top part of a
structure can act as a resonator with respect to the lower by matching the respective resonant
frequencies and thus directing energy at speci�ed locations. Analytical solutions demonstrate
the improvement of the dynamic performance of a system, which is modi�ed with attachment of
the proposed device. Physical testing on a 3 dimensional frame structure is further performed,
via shaking table tests, with the proposed nonlinear mechanism mounted at the top storey of
the experimental structure. The experiment reveals reduction of acceleration and inter-storey
drift response at all levels below the retro�t, while the requirement of increased top-storey drifts
is identi�ed. Nonlinear �nite element analyses are �nally performed on a detailed numerical
model, which demonstrate agreement with the experimental measurements and are exploited
for additional improvement of the mechanism's design. The proposed nonlinear device shows
signi�cant potential in attenuating structural vibration, while further o�ering the bene�t of ease
of installation.

4.1 Introduction

The in
uence of dynamic loading on a mechanical system can interfere with its serviceability,
prevent the proper operation of a device, or result in exceedance of bearing capacity and
failure [51]. The mitigation of the adverse e�ects of such loadings requires either an increase
of structural resistance or a reduction of the induced dynamic response. Pursuance of the
latter usually requires manipulation of the system's properties, while not compromising its
functionality.

Established solutions on vibration control often include additional attachments in the form of
passive, active and semi-active devices [152, 83]. One representative example of the passive class
is the well-known tuned mass damper (TMD) solution that has been installed in real structures
[210]. The TMD involves attachment of a linear oscillator to a primary system, succeeded by
tuning of the TMD's natural frequency to the natural frequency of the protected system, in
this way leading to energy transfer and vibration mitigation. The e�ectiveness of such devices
has been studied considering soil-structure interaction e�ects [244], while the optimal mass
ratio parameters have been identi�ed in the literature [26]. One disadvantage of this approach
lies in the requirement of a large mass for the TMD device to operate e�ciently under typical
seismic excitation. Several variations of the TMD have been studied in the literature, such
as the tuned liquid damper (TLD) that utilises sloshing phenomena [22, 189]. In an attempt
to improve the e�ciency of these resonating devices, avoiding the addition of excessive mass,
a recently emerging passive control concept includes inertial ampli�cation elements for TMD
[176, 177] and TLD solutions [241]. Further to passive solutions, active and semi-active devices
[180, 152] often prove more e�ective, as they can satisfy broader design objectives, such as
o�ering structural control at a variety of input frequencies. Yet, they involve several drawbacks,
including the requirements for power supply, maintenance, and susceptibility to mechanical and
sensor failures [205].

Focusing on civil engineering applications, base isolation systems form the most widely used
solution [51, 149]. They are comprised of bearing devices placed below the primary structure's
base level, which shift the natural frequency of the combined system away from the expected
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frequency content of earthquake excitation and provide additional damping, usually in the form
of hysteresis. However, this solution su�ers high installation and maintenance costs, as well as
the requirement for allowance of large base displacements, a feature that may prove critical in
practice.

An emerging technology for engineering (passive) vibration control lies in the use of metama-
terials [60, 28] and metastructure concepts. These pertain to structural con�gurations, which
are usually arranged in periodic spatial patterns and consist of a fundamental geometrical
unit, termed the unit cell. Several applications of linear unit cell designs have been studied
in the literature, with demonstrated vibration attenuation and energy absorption capabilities
[218, 108]. Controlling of wave propagation and vibration attenuation in granular media can
be achieved via insertion of resonators [167, 239] the e�ciency of which can be enhanced by
dynamic ampli�cation techniques [111]. Suitable exploitation of this concept can lead to the
formation of metabarriers [65, 166], protecting a speci�c region of soil, or metafoundations, which
are placed at the bottom of a protected structure, supporting its weight, while o�ering vibration
mitigation capabilities in the horizontal [56, 227] or vertical [82] components. More recently,
an evolution of this concept has been directed toward exploitation of nonlinearity. Compared
to their linear counterparts, nonlinear designs reveal potential for mitigating vibration across
broader frequency bands, while pursuing to direct the opening frequency of the band-gap at
lower ranges. Targeting of lower frequency band-gaps is closely related to structural applications,
as seismic input spectra are typically comprised of low frequencies. Geometric nonlinearities
leading to elastic behaviour [234] and instabilities [46, 228], material nonlinearities [246, 145] and
non-smooth phenomena, such as impacts [50], are several properties that have been studied in
the literature, showing potential towards enhancing the e�ciency of metamaterials for vibration
attenuation.

Within the class of nonlinear designs, negative sti�ness is an interesting property that
can be highly bene�cial for vibration mitigation applications. It is succeeded mechanically by
geometric nonlinearities and/or instabilities [143, 214], while use of magnetic properties [200] can
additionally result to similar e�ects. Moreover, incorporation of unique mechanical components,
such as the ratchet-pawl mechanism resulting to a unidirectional force device, can be exploited
for the formation of passive pseudo-negative sti�ness devices [225]. Analytical studies and
experimental investigations on nonlinear mechanisms that can create negative sti�ness show
promising results towards energy absorption in the �eld of isolators [37] and metamaterials
[45, 41]. In the works of Al-Shudeifat [3] and Chen et al. [42], a triangular arch con�guration is
studied as a nonlinear energy sink, while Antoniadis et al. [10] incorporates a similar mechanism
attached to a linear oscillator, revealing the bene�cial properties of nonlinearity and negative
sti�ness in passive vibration attenuation devices. In the work of Sarlis et al. [196] a lever
mechanism combined with a prestressed spring is opted, over the triangular arch, for the creation
of negative sti�ness, however its mechanical construction is more demanding and it usually
cannot be conveniently cased in a space e�cient package. Several negative sti�ness con�gurations
have been examined for engineering applications, such as the KDamper, for and structural
protection and [11, 116] acoustic [171] applications. The latter involves the introduction of a
secondary mass and negative sti�ness connection to a primary oscillator, where energy can
be e�ciently directed to the attachment and therefore mitigate vibrations at the protected
system. Towards realistic applications, coupling of such vibration mitigation devices with the
primary structure that undergoes nonlinear behaviour due to yielding has been studied in the
literature [106], exploring adaptive negative sti�ness systems [224, 222] and developing the
apparent yielding concept [173].

A further alternative for vibration mitigation exploits part of an existing system's mass,
rather than the addition of external resonating units. It is shown that the inclusion of a soft
layer in a multi{storey frame and the introduction of dampers can direct energy attenuation
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at speci�ed locations [247]. To this end, bearings [216], or negative sti�ness devices [193] may
be deployed for adjusting the sti�ness and/or damping of an existing storey. This succeeds in
resonance of a part of the structure [9, 8], resulting to its protection from dynamic excitation.
In a similar direction, an equivalent e�ect can be achieved by addition of storeys to a frame,
which can act as a resonator to the original system [44]. In the unique work of Wang et al. [226]
the top storey softening concept is applied to a TMD inerter equipped building, improving the
e�ciency of the vibration mitigation device. According to this study, a tuned mass damper
inerter (TMDI) device is attached at the top storey of a building, while softening of that storey
results in reduced TMDI mass requirements and improved e�ciency.

This work proposes and studies the properties of a novel vibration mitigation device, termed
NegSV, that relies on the aforementioned concept. It exhibits a geometrically nonlinear behaviour
belonging to the negative sti�ness class. The proposed mechanism is mounted to a multi degree
of freedom (MDOF) primary structural system resulting in a shift of its dynamic characteristics.
Resonance of a part of the system is exploited and the vibration mitigation capabilities at
important elements of the structure are evaluated. The properties of the system are studied
both analytically and numerically, and ultimately validated by means of shaking table tests that
are carried out on a physical frame-like specimen.

The e�ciency of the NegSV system lies in attenuating vibrations in the frame structure.
Speci�cally, reduction of acceleration response is associated with user comfort, while mitigation
of inter-storey drifts is related to reduced capacity requirements of the structural elements. A
crucial response measure is the bottom storey drifts that prescribes the base shear demand.
Despite the e�ciency of the concept, there exists a well-founded challenge, which lies in the
requirement of additional inter-storey drifts at the location of the retro�t. This issue is related
to the reduction of the 
oor's sti�ness, while a major task of the current work is to attempt
mitigating this e�ect via proper selection of the geometric characteristics of the mechanism.

The proposed NegSV concept shows several advantages over existing vibration control
devices. Contrary to solutions as the TMD or the KDamper, it does not impose a requirement
for added mass, as it conveniently utilises existing features of the structure. Therefore, no
additional vertical load is to be applied at the corresponding columns of the modi�ed storey,
whose capacity is not compromised. The installation of the mechanical components of the
device will inevitably add minor mass to the system, however the main focus is related to the
adjustment of sti�ness. Comparing the NegSV solution to base isolation techniques, the latter
shows several challenges in retro�tting scenarios, while the former can be installed at the top

oor of an existing structure. Additionally, negative sti�ness devices, such as the KDamper, are
usually proposed to be placed at the bottom of a multi-storey structure, imitating the mechanics
of base isolation. Although this technique is e�ective at attenuating vibrations in the upper
parts of the building, it intensi�es loading at the base of the structure, this being the most
critical part, as it is responsible of supporting the total mass of the structure. To overcome
this issue in such applications large damping requirements are imposed. Finally, the convenient
arrangement of the mechanical components of the NegSV involves minor interference with the
serviceability of the modi�ed 
oor without occupying large spaces.

Although several vibration control devices have been developed in the literature and in
practice, the NegSV system demonstrates some unique features that are distinctly separate to
the state-of-the-art. The conceptual novelty of this work focuses on: (i) the design of a complex
vibration mitigation negative sti�ness device (NegSV), which is incorporated in an actual 3D
frame structure, considering mechanical and geometric constrains, while its e�ectiveness is
veri�ed via experimental tests, (ii) extending the partial mass isolation technique [9] to two
horizontal dimensions under appropriate design of the NegSV, (iii) the development of an
actionable mechanism that can be installed on existing buildings, a task that requires both
minimal additional mass and convenient placement of the device's components in order not to
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obstruct serviceability.

4.2 Design of the resonating storey

This work proposes a localised adjustment of the sti�ness of a multi-storey structure, in order
to direct and dissipate energy away from vibration-sensitive parts of the structure, mitigate
the overall vibration levels and reduce the risk of structural damage. The underlying process
involves (i) the sti�ness adjustment on a MDOF system, (ii) the establishment of a mechanism
for e�ectuating adequate sti�ness modi�cation; and (iii) the design of a corresponding device,
which can be installed onto building frames in a straightforward manner.

4.2.1 Partial mass resonance

In order to demonstrate the concept of partial mass resonance, a single{bay, four{storey shear
frame is considered as a running example in this section. A mechanism analogous to the TMD
can be developed by exploiting an existing portion of the mass of a system, in order to reduce the
capacity demand and acceleration response under dynamic excitation. The four{storey frame
can be re-considered as an assembly of a 3-DOF sub-structure, termed as the main subsystem
(MSbS), and a single-DOF attachment, termed as the auxiliary subsystem (ASbS). We propose
a modi�cation of the 4th storey, which results in tuning of the natural frequency of the ASbS
to the one of the MSbS, leading in absorption of energy from the latter, when excited at this
speci�c frequency, similar to the case of the TMD. The tuning of the natural frequency of the
ASbS is achieved through modi�cation of its sti�ness, with the mass maintained.
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(b) Original and modi�ed FRF of the last storey under
base excitation and comparison to a TMD solution.

Figure 4.1: Schematic representation of the partial mass resonance concept to a four{storey
frame for modi�cation of the top storey's sti�ness k4 to k4

0.

Figure 4.1a qualitatively illustrates the e�ects of this modi�cation. The left/right sketches
display the �rst mode shape of the original/modi�ed structure, respectively. The point of such
a modi�cation is to favour a reduction on the inter-storey drifts of the MSbS, while resulting
in larger drifts at the AsbS level, indicating that a large portion of energy is channeled to the
ASbS. The aim is to dissipate energy at the position of the modi�ed storey and therefore apply
this e�ect mitigating vibrations at critical structural elements. It becomes apparent that this
concept inevitably involves the requirement of larger drifts at the modi�ed storey compared to
the original system. In multi-storey buildings the top 
oors typically experience lower drifts and
the displacement capacity of the corresponding columns is not reached. Therefore additional
displacements can prove not to be a crucial factor in the integrity of the structure. This can be
determined by provisions and standards, that provide drift limit values, below which limited
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damage is expected. One the other hand the lower 
oors of a structure have a more important
role in the overall stability of the system. Mitigation of vibrations close to the base, reduction
of base shear and relief of main structural components can prove to be a crucial factor in the
performance of a building under base excitation. There can be several means of mitigating the
disadvantage of the increased drifts, which include the reinforcement of the modi�ed storey
columns, the suitable selection of the properties of the additional device and are further discussed
in the next sections.

Sti�ness modi�cation is also evident in the frequency domain. Indicatively, Fig. 4.1b
shows the absolute acceleration frequency response function (FRF) of the last storey, which
is analytically calculated under applied base excitation, form1 = m2 = m3 = m4 = 1 Mgr,
k1 = k2 = k3 = k4 = 103 kN/m and 2% modal damping ratio. The natural frequency of the
ASbS is tuned according to the �ndings of Sadek et al. [190], without the addition of damping
to the resonating oscillator, other than the already existing in the original system. As the �gure
reveals, this modi�cation leads in reduction of the oscillation amplitudes for the modi�ed system
with respect to the original, across a wide range of frequencies. In this example a response
reduction zone appears centered around 2 Hz, which is the �rst resonance frequency of the
original building, while for frequencies higher than 2.8 Hz the response of the modi�ed system
is visibly reduced compared to the original. Some additional peaks occur around the resonance
frequency of the ASbS, albeit the amplitude of these peaks remains suppressed as compared
against the original response. The form of the modi�ed curve reveals that the behaviour of the
adjusted structure is analogous to that of the TMD, yet not optimal due to the lack of additional
damping. Moreover, a comparison to a conventional TMD inclusion with an additional oscillator
of mass ratio� = 5% is depicted, tuned according to Sadek et al. [190]. The proposed concept
outperforms the TMD solution not only around the �rst resonant frequency, but contrary to
the latter, is able to mitigate vibrations for higher frequencies. The greater e�ciency of the
proposed concept is a result of the larger resonating mass of the top storey compared to the one
of the TMD, while further mass increase in the latter is typically not feasible, due to excessive
vertical loading at the main structure.

4.2.2 Negative sti�ness con�guration

The quest for sti�ness modi�cation is herein realised through a negative sti�ness element, namely
the triangular arch con�guration displayed in Fig. 4.2. It consists of two springs of sti�nesskd

and natural length L0, with a hinged support at their end. These are connected in a triangular
arrangement of heightH and base 2L. The mechanism has been studied in the literature as a
nonlinear energy sink [3, 42], where an additional mass is connected via the nonlinear element
to a primary system. To the contrary, this geometrically nonlinear con�guration is here utilised
for sti�ness adjustment of existing elements of a structure.

The force{displacement curve is calculated by formulating the equilibrium condition at the
intermediate node, specifying the underlying geometric constrains under the consideration of
linear elastic behaviour of the spring elements, which takes the following form [45]:

P(� ) = 2 kdL0
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(4.1)

and shown in Fig. 4.2. A geometrically nonlinear, yet elastic, behaviour is observed. In more
detail, two stable equilibrium points are present (position 1 and 3), which occur when the springs
are at their natural length. An additional unstable equilibrium point occurs (position 2) when
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Figure 4.2: Triangular arch. Geometry at the three equilibrium positions (left); equilibrium
path (right).

the two springs are aligned and compressed. Negative sti�ness is obtained as a result of the
instability exhibited by this con�guration within a speci�c displacement range; this corresponds
to the negative slope of the equilibrium path in Fig. 4.2.

To simplify the calculations, Eq. (4.1) is approximated by a third order polynomial as [3, 45]:

P(� ) � ka (� � H ) + kb (� � H )3 ;

ka = � 2kd

�
L0

L
� 1

�
;

kb =
kdL0

L3
:

(4.2)

The slope of the equilibrium path at the unstable equilibrium point is equal toka, which is the
�rst derivative of the force displacement relation with respect to� at � = H . The negative sign
indicates the presence of negative sti�ness, whose value is de�ned by the slope.

4.2.3 Sti�ness modi�cation of the ASbS

Consider a linear oscillator comprising a massM os and a sti�ness kos. Its natural frequency
reads:

f n =

 

2�

r
M os

kos

! � 1

: (4.3)

In modifying the sti�ness of the oscillator, an additional spring can be attached to the mass in
parallel to kos, as displayed in Fig. 4.3, which retains the properties of the nonlinear element
outlined in Section 4.2.2. The force-displacement relation of the modi�ed oscillator then assumes
the following form:

Fl = kosx; (4.4a)

Fnl = P(x + H ) � kax + kbx3; (4.4b)

Ftot = Fl + Fnl � (kos + ka)x + kbx3; (4.4c)

with the corresponding equilibrium paths depicted in Fig. 4.4. The original linear forceFl is now
modi�ed to include a nonlinear term Fnl resulting in the de�nition of the total restoring force
Ftot . The nonlinear element of Fig. 4.2 is brought to its unstable equilibrium position (position
2). Parallel connection of the linear elementkos prevents the triangular arch from transitioning
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to one of the stable equilibrium positions (position 1 or 3), in absence of external loading. The
nonlinear forceFnl corresponds toP(� ) for � = x + H , since the initial displacement of the
element corresponds to position 2 andx denotes displacements with respect to this unstable
equilibrium position. Focusing on the equilibrium path for the total restoring forceFtot , it is
observed that its slope atx = 0 can be positive despite the negative sti�ness inclusion. The
modi�ed system is stable atx = 0 under the condition that the positive sti�ness kos is greater
than the negative sti�nesskN at x = 0, where kN = ka and jkN j < k os. In qualitative terms, the
positive sti�ness kos should be larger than the absolute value of the negative sti�nesskN and
therefore parallel connection of these two elements ensures that the overall sti�ness is positive
and the system is stable.

�N�R�V

�N�1

�0�R�V

�[

Figure 4.3: Modi�cation of sti�ness for a linear oscillator of massM os and original sti�ness kos

via addition of a nonlinear spring of negative sti�nesskN .

Figure 4.4: Modi�cation of original equilibrium path Fl due to superposition of the nonlinear
forcing term Fnl resulting to the total restoring forceFtot .

For small displacements around the equilibrium position, atx = 0, the tangential sti�ness of
the assembly is calculated as:

kzt =
dFtot

dx

�
�
�
x=0

= kos + kN ; (4.5)

wherekN = ka. The resulting natural frequency of the modi�ed system for small displacements
around x = 0 is computed as:

f 0
n(x=0) =

 

2�

r
M os

kos + kN

! � 1

: (4.6)
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(a) View of the small scale four{storey frame structure.
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(b) Placement of optical trackers and LED targets for
displacement monitoring.

Figure 4.5: Overview of the experimental setup carried out at the multi axial shake-table testing
facility, located at the IBK Structures Laboratory at ETH Z•urich.

The latter quantity is a parameter, which a�ects the tuning of the modi�cation mechanism.
Regulation of the negative sti�ness valuekN determines the natural frequency of the assembly.

4.3 Experimental testing

4.3.1 Description of the experimental setup

In evaluating the vibration mitigation capabilities of the suggested device, a physical model
of a four{storey frame has been assembled and subjected to base excitation, by means of the
multi-axial shake table facility depicted in Fig. 4.5a. The original bare frame comprises four
horizontal plates that are inter{connected via columns at their four corners. The frame is
symmetric around both vertical planes, with a square plan view of 520 mm per side. The slabs
of are aluminum plates of 5 mm thickness, while the columns are stainless steel circular cross
section elements, the properties of which are outlined in Tab. 4.1.

Table 4.1: Physical properties of the bare frame without the additional modi�cation device.

Storey
No.

Height
(mm)

Mass
(kg)

Column
diameter (mm)

Sti�ness
(N/m)

1 300 3.9 4.0 4:4 � 103

2 300 3.9 4.0 4:4 � 103

3 300 3.6 4.0 4:4 � 103

4 285 3.6 3.0 2:0 � 103

In a lumped mass simpli�cation, which is often assumed in simulation of shear-type frames,
the mass of the tested system can be considered to be concentrated at the 
oor slab level.
Moreover, the sti�ness of the storeys in the horizontal direction (same in both directions due to
symmetry) can be approximated by calculating the sti�ness of the columns under horizontal
loading. The connection of the columns to the slab is shown to not be perfectly rigid, which
implies that it can be simulated as a rotational spring. This e�ect was not accounted for at the
design stage, where a perfectly rigid slab-column connection assumption was made; this resulted
in the requirement of reduction of the height of the top 
oor to address sti�ness requirements of
the storey, to meet the originally designed value.
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The resulting properties of the model, as measured on site, are reported in Tab. 4.1. The
actual sti�ness of the storeys is measured by applying static loading at the top slab in the
horizontal direction and recording the resulting displacements. The variation in mass of the
storeys is a result of created cutouts in the top two plates, with the purpose of ensuring
equivalence in terms of slab weight after the addition of the device. The mass of these slabs
needs to be reduced, which is counterbalanced by the introduction of the modi�cation mechanism,
discussed next, the components of which contribute to mass increase compared to the initial.
The updated properties of the frame in its modi�ed state are reported in Sec. 4.3.2.

Bi-axial horizontal base excitation is deployed via the 6-DOF shaking table setup, which
operates in displacement control mode. The structural response is monitored in terms of
displacements, by placing optical trackers, which monitor motion along the 2 principal axes,
as shown in Fig. 4.5b. The applied instrumentation allows to track 3D motion in space via
use of photogrammetry and optical triangulation methods, which determine the 3D position
of the applied LED targets. The LED targets are attached to the corners of each slab, at the
corresponding vertical faces that are visible by the optical trackers (see Fig. 4.5b). The employed
sampling rate isf s = 200 Hz.

4.3.2 The proposed negative sti�ness NegSV device

An overview of the designed negative sti�ness device, assembled and attached to the structure
to be protected, is shown in Fig. 4.6a. For the purposes of this application, four identical
mechanisms are placed in a symmetric manner. Two devices are placed along each principal
direction of the structure, as shown in Fig. 4.6b. In the current experimental campaign,
modi�cation of the top (4th) storey is considered, with the proposed mechanism installed
between the slabs of the 3rd and 4th storey.

The device consists of prestressed spring elements, which generate a negative sti�ness e�ect
when brought to their unstable equilibrium position, as shown in Fig. 4.6b. These springs are
placed horizontally and connected, using hinged connections, to the top 
oor slab on their one
end and to a carriage on their other end. Four springs per mechanism are attached to each
carriage (sixteen in total for the four mechanisms), while the carriage is able to slide along a
rail guide in a direction that is transverse with respect to the precompressed elements. The
sliding mechanism involves four roller bearings that are rolling on the respective rail guide, thus
limiting friction. In Fig. 4.6c a 3-dimensional CAD model, using Solidworks software, of the
modi�ed 
oor and NegSV system is shown. On the right part of Fig. 4.6c, the device is depicted
in its initial (coloured) and displaced (wireframe) condition. The essential characteristics for the
understanding of the device's functionality are the mounting points of each element. The rail
guide as well as one end of the prestressed springs are attached to the top slab, while the other
end of the springs is attached to the sliding carriage. The carriage is able to slide along the rail
guide with the help of roller bearings, attached to the former. Each sliding carriage is connected
to the slab of the bottom (3rd) storey via cables, in a reverted V shape, as shown in Fig. 4.6a
and 4.6c. This cable arrangement is adopted due to its ability to ensure high sti�ness along the
in-plane direction, while introducing negligible sti�ness in the out-of-plane direction; the latter
is here assumed equal to zero. This Negative Sti�ness mechanism, including the V-shaped cable
connections, is henceforth referred to as the NegSV device.

The functionality of the aforementioned NegSV mechanism is succeeded through the linkage
of the 3rd to the 4th storey slab via the negative sti�ness elements. It should be noted that the
inserted cables do not directly connect the two slabs. Their bottom ends are mounted on the
bottom slab of the modi�ed 
oor, while their top end is attached to the sliding carriages, which
in turn are connected to the top 
oor via the prestressed elements. The suggested modi�cation
is, thus, equivalent to what is discussed in Sec. 4.2.3.
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(c) CAD 3D model.

Figure 4.6: Overview of the modi�ed storey con�guration via the proposed NegSV device.

An important parameter of the experimental model is the mass of the NegSV device, in
particular that of the sliding carriages. Each carriage comprises a mass of 390 gr, which is
considerable compared to the total mass of the storey. It would be useful to study a displacement
scenario along one of the principal axes of the frame to elaborate on the behaviour of the sliders.
Under the assumption of perfectly rigid cable connections in plane, the sliding carriages that
operate parallel to the displacement direction follow the motion of the bottom slab of the
modi�ed 
oor. Therefore, their mass can be integrated to the bottom slab of the 
oor in
a lumped mass model. To the contrary, for the carriages that slide along the perpendicular
direction, sliding is not activated and they are constrained to follow the motion of the top slab.
This allows their mass to be simulated as lumped to the top slab mass. This phenomenon
is extended to bi-directional motion studying each individual component. As a result of the
discussed e�ect, the mass of the bottom slab of the modi�ed storey should be calculated with
the addition of two out of the four carriages, while the mass of the top slab should be calculated
with the addition of the remaining two carriages in a lumped mass model. These calculations
are performed for the modi�ed frame and are listed in Tab. 4.2.

The sti�ness of the top storey is adjusted via the NegSV device, as discussed in Sec. 4.2.1.
The speci�cation of its properties include the tangential sti�ness of the negative sti�ness
con�guration and the corresponding resonance frequency of the top storey, as calculated in
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Table 4.2: Revised properties of the modi�ed storeys after the integration of the NegSV device.

Mass
(Integrated)

(kg)

3rd storey slab 4:3

4th storey slab 5:6
Sti�ness

(top storey)
(N/m)

Unlocked 2:0 � 103

Locked kzt = 4:6 � 102

Eqs. (4.5) and (4.6), respectively. To this end, the negative sti�ness elements are adjusted
accordingly, so that the top storey is equivalent to the ASbS and the lower frame is treated as
the MSbS. The geometrically nonlinear con�guration that creates negative sti�ness is designed
following the geometry described in Sec. 4.2.2. The triangular arch, which is prestressed by
being brought to its unstable equilibrium position, is formed by linear springs, with the tip of
the arch connected to the aforementioned sliding carriage. A discrepancy with respect to the
design presented in Fig. 4.2 is that, in the physical implementation, each prestressed element of
sti�ness kd consists of two identical springs of constantkd=2, which however does not alter the
functionality of the system. The properties of each negative sti�ness mechanism are reported in
Tab. 4.3. The resulting negative sti�nesskN measure is a result of two mechanisms acting per
principal direction and thereforekN = 2 � ka, whereka is calculated from Eqs. (4.2) for the arch
properties.

Table 4.3: Properties of the negative sti�ness mechanism.

Measure Value
H 26:7 mm
L 41:1 mm
L0 49:0 mm
kd 2 � 103 N/m
kN -2 � (0:77� 103) N/m

The integration of the NegSV device to the bare frame results in a modi�cation of its sti�ness
and mass properties, thus a�ecting the dynamic characteristics of the system, according to
Sects. 4.2.1 and 4.2.3. Table 4.2 summarises the updated sti�ness of the the top storey.

Proceeding with the experimental campaign, two cases are investigated. In the �rst, the
NegSV device operates as already described in this section and shown in Fig. 4.6; this is referred
to as the locked state. In this state, the sti�ness of the modi�ed top storey is adjusted and
calculated as in Sec. 4.2.3. The linear positive sti�nesskos is provided by the columns of
the storey (kos = 2:0 � 103 N/m), whereas the nonlinear negative sti�ness is provided by the
NegSV mechanism. The nonlinear total restoring force of the modi�ed top storey is calculated
according to Eq. (4.4), while the tangential sti�ness at the equilibrium position of the storeykzt

is calculated according to Eq. (4.5).
The second case of the campaign corresponds to the unlocked condition, i.e., when the

negative sti�ness mechanism is not deployed. During this state, the spring elements of the device
are removed, while all other components remain in place, in order to maintain a fair comparison
between the two cases. This refers to the integrated mass of the sliding carriages, since the mass
of the removed springs is negligible. It must be noted that, although the sliders are designed
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to o�er minimal friction, friction-induced damping is inevitably present. For this reason, it
is suggested that both states of the frame should share equivalent damping properties. The
sti�ness alteration of the storey between the unlocked and locked cases is reported in Tab. 4.2,
while the masses of the corresponding slabs, although updated with respect to the bare frame,
are unaltered between the unlocked and locked states.

Figure 4.7 shows the expected vibration modes' n of the frame in the unlocked and locked
states, which are obtained analytically via a lumped mass approximation for the experimentally
measured mass and sti�ness values. For the locked state, these are calculated under the
assumption of small displacements, considering thekzt value as the combined total sti�ness of
the top 
oor. It is observed that the �rst two modes are signi�cantly altered, while the higher
ones are less a�ected by the NegSV device.

-1 0 1

1

2

3

4

-1 0 1 -1 0 1 -1 0 1

Figure 4.7: Vibration modes of the experimental frame in the unlocked and locked states (denoted
via indicesULC and LC , respectively). Calculations are conducted using a lumped-mass model
con�guration.

4.3.3 System identi�cation

To obtain a pragmatic overview of the dynamic characteristics of the frame, experimental
identi�cation of its natural frequencies is performed, in both the unlocked and locked states.
The input is selected to be a sine-sweep signal of constant acceleration amplitude and frequency
in the 0-20 Hz band. However, the requirement to maintain the induced displacement response
at speci�c levels, such that the sliding mechanism is engaged, poses signi�cant challenges in
the implementation of a sweep within this band. To bypass this issue, two sweep signals of
di�erent amplitudes and frequency content (namely, 0.5-3.5 Hz and 3.5-20.0 Hz) are generated.
The low-frequency signal is applied to the frame in both states, while the high-frequency one
is applied only to the unlocked state. Identi�cation of the 3rd and 4th mode of the locked
frame, contained within the 3.5-20.0 Hz frequency range, proves to be challenging to measure.
This does not lead to major loss of information, as the higher two (3rd and 4th) modes in
the locked state do not add a signi�cant contribution in the understanding of the system's
dynamics. According to the analytical results shown in Fig. 4.7, these two trailing modes are
not altered considerably, in the locked with respect to the unlocked frame, and therefore their
lack of identi�cation in the former is not crucial.

For the determination of the eigenfrequencies of the frame, the sweep input is applied along the
y principal axis of the table (refer to Fig. 4.5a) and the acceleration response is derived from the
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displacement data, by low-pass �ltering in Matlab environment (f pass = 20 Hz, Steepness=0.85,
StopbandAttenuation=60 dB) and successive numerical di�erentiation. Figure 4.8 shows the
identi�ed FRFs for the top storey of the frame in its two states. These are calculated as the
ratio of the input over the output Fast Fourier Transform (FFT) of the recorded signals. In
the unlocked state curve, four clear peaks are visible, as expected, corresponding to the four
natural frequencies of the frame along the principal direction. It is reported that around the
3.5 Hz transition frequency, the frequency content of the input is close to its cuto� boundary
and does not remain ideally uniform. This a�ects the measurements, which do not provide
valuable information. For this reason, this part of the curve is omitted and �lled graphically
with a dashed line.

In the locked case, the alteration of the FRF in the low frequency band is quite apparent. A
shifting of the �rst two natural frequencies of the frame is achieved, indicating that the negative
sti�ness mechanism succeeds in reducing the overall sti�ness of the top storey and, therefore,
results in reduction of the �rst natural frequency of the frame. A comparison of the FRF curves
for the two states indicates a reduction in the acceleration response of the top storey, con�rming
the bene�cial e�ect of the NegSV device.

0 2 4 6 8 10 12

10-2

100

Figure 4.8: Frequency response function of experimental data for the acceleration output at the
top storey (•uy

4) and the sine-sweep input base acceleration (•uy
in ) along the frame's principal axis

y.

Table 4.4 lists the experimentally identi�ed natural frequencies of the structure in the
unlocked and locked state, along with the analytically derived properties. Focusing on the
unlocked case, the experimental frequencies resemble their analytical counterparts within a
� 6% range, while the �rst natural frequency is well captured. For the locked state, the �rst
two experimental modes are also in good agreement to the analytical ones. Regarding the �rst
natural frequency, a 6:7% di�erence is observed. This is a result of the geometric nonlinearity of
the negative sti�ness device, which retains a hardening behaviour that is not taken into account
in the analytical calculation.

4.3.4 Experimental results

The e�cacy of the NegSV device is now validated and assessed via the application of seismic
inputs to the frame. For this purpose, real earthquake records are used [174], the elastic response
spectra of which are shown in Fig. 4.9 for thex direction component. In addition to these,
an arti�cial accelerogram is generated in accordance to the work of Ferreira et al. [78], which
follows the response spectrum described in Eurocode 8 (EC8) provision [69]. The characteristics
of the EC8 spectrum are selected to be:agR = 0:36 g, importance factor
 I = 1 (residential
buildings), soil type D (S = 1:35), and design ground accelerationag = 
 I � agR = 0:36 g. These
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Table 4.4: Exprimental and analytical natural frequencies of the frame in the unlocked and
locked stat.

Natural
Frequency

Experimental Analytical
Unlocked Locked Unlocked Locked

f n1 1.60 Hz 1.34 Hz 1.60 Hz 1.25 Hz
f n2 3.82 Hz 2.64 Hz 4.06 Hz 2.78 Hz
f n3 6.98 Hz - 7.01 Hz 6.67 Hz
f n4 10.06 Hz - 9.72 Hz 9.66 Hz

parameters were selected so that they result in a highly unfavourable type 1 elastic response
spectrum within the provisions of the Eurocode, both in terms of large response amplitude as
well as wide frequency range of the plateau. All adopted signals maintain rich frequency content
at the �rst resonant frequencies of both the unlocked and the locked state of the frame.

The associated time{series are implemented in scaled amplitudes of 1:10 and 1:20 with
respect to the actual ones, in order to �t the scaling of the structure. The scaling of the structure
is not the main focus of this study. The direct comparison between the unlocked and locked
frame is of importance as a proof of concept evaluation. However, a comparison of the system's
response under equivalent signals of varying scales does not o�er valuable insights, in terms
of identifying the amplitude dependence of the response. This is a result of the generated
friction at the sliding mechanism, the properties of which remain constant regardless of the
response amplitude. Therefore, for high amplitudes, the contribution of friction is less signi�cant,
compared to small ones. This in turn disproportionately a�ects the damping behaviour of the
frame. Based on the above, we choose to henceforth report on the 1:10 scaling.

The two horizontal components of each real record are applied to the frame as base excitation
in the x and y axis of the table, respectively. Each component is applied according to the
actual recordings for the NS and EW directions. Thus, the e�cacy of the NegSV device is
investigated under bi-axial horizontal base excitation. In contrast to the actual earthquake
records, the arti�cial earthquake is generated uni-axially. Thus, to study the behaviour of the
device in bi-axial excitation, the incident angle of this uni-axial input is varied with respect to
the principal axes of the building. The response of the frame is studied in terms of measured
accelerations at the level of the slabs, as well as inter-storey drifts that are directly related to
the moments and shear internal forces developed at the columns.

Starting with the arti�cial earthquake record, applied only along they principal direction of
the structure, Fig. 4.10a illustrates the acceleration response of the slabs. All storeys bene�t from
reduced acceleration response in the locked case, as compared against the unlocked con�guration.
This e�ect becomes more evident for higher storeys, where accelerations tend to increase towards
the top levels for the unlocked frame case, in contrast to the locked case that bene�ts from the
NegSV mechanism. When the proposed mechanism is activated, the peak acceleration values
are reduced for all storeys with the exception of the �rst, as shown in Tab. 4.5. Although the
peak value of the response provides an indication of the achieved mitigation e�ect, it does not
quantify the improvement in terms of the complete time history. To this end, the root mean
square (RMS) value of the response signals is additionally reported, which is also listed in
Tab. 4.5 and clearly indicates a reduction in the acceleration response of the locked system.

The inter-storey drifts can be calculated according to the following equation:

drx;y
i � 1;i (t) = ux;y

i (t) � ux;y
i � 1(t); (4.7)

where ux;y
i denotes the horizontal displacement of thei -th storey's slab in the x or y axis

73



0 0.5 1 1.5 2 2.5 3 3.5 4
0

��

��

��

��

��

Figure 4.9: Elastic response spectra of earthquake records used as base excitation input in the
physical model.
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(a) Acceleration6 of storey slabs (m/s2). (b) Inter-storey drifts (mm).

Figure 4.10: Structural response for the arti�cial earthquake (EC8 spectrum) applied along the
y principal axis.

respectively, at time stept. These are overviewed and compared in Fig. 4.10b and Tab. 4.5.
As is evident, the drifts in the locked con�guration result signi�cantly reduced for the lower
three storeys. Both the peak and RMS values indicate considerable reduction of up to 55% and
64%. respectively. One important advantage of the locked frame are the reduced drifts in the
�rst storey. These are related to the base shear of the frame, which is an important means of
evaluating the performance of a building under seismic input. Assuming linear behaviour in the
columns, the base shear is proportional to the drifts of the �rst storey, thus implying a 63%
reduction in terms of the RMS measure for the locked state (protected case) in comparison to
the unlocked.

Particular attention should be paid to the inter{storey drift of the top storey, which appears

1Station: El Centro Array #9.
2Station: Cerro Prieto.
3Station: BSMT.
4Station: LA Dam.
5Station: KJMA.
6Absolute accelerations.
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Table 4.5: Di�erence in the peak and RMS values of the responses in the unlocked and locked
states (arti�cial earthquake, applied at y principal axis.)

Storey/
Slab
No.

Acceleration
discrepancy (%)

Inter-storey drift
discrepancy (%)

Peak RMS Peak RMS
1 +15.5 -15.4 -48.6 -63.1
2 -39.5 -47.5 -54.7 -64.2
3 -39.1 -55.1 -43.7 -63.5
4 -22.5 -61.7 +74.1 +12.8

to be increased for the locked system. This is a consequence of the modi�ed sti�ness of that
storey, which attracts the input energy to the system. A comparison of peak and RMS values
results in an increase of 74% and 13%, respectively. Notice that the increased drifts are located
to a speci�c part of the time history and that in the locked state no damping is introduced.
Thus, energy is not consumed by additional dampers. Increased drifts at the modi�ed storey is
the main disadvantage of the NegSV device, since its operation aims at directing the energy
to that part of the structure. However, this unfavourable e�ect can as well be mitigated, as is
investigated further in Sec. 4.4.3.

Focusing further on the dynamic response of the top storey in Fig. 4.10, a comparison
between the unlocked and locked state of the frame indicates that after the 18th sec the response
amplitude of the locked frame is signi�cantly minimised. The increase in drifts during the �rst
part of the time history creates a con
ict that needs to be further examined. The reduction
of the system response, after the 18th sec, coincides with the reduction of the acceleration
amplitudes of the input, that become moderate after this time point. However, a comparison
with the unlocked frame reveals that the e�ect in the locked state is triggered by the reduction
of the input amplitudes, but is not the source of its occurrence.

A closer study of the dynamic properties of the locked modi�ed storey and a comparison
against the unlocked (unprotected) con�guration reveals the in
uence of damping-related e�ects.
If we consider the top storey as an individual dynamic system, vibrating along a single direction,
this can be thought of as a single degree of freedom (SDOF) system of massm and sti�ness k.
For simple illustration purposes, viscous damping of coe�cientc may be assumed. This is does
not accurately re
ect the actual physical system, since friction forces are involved, as further
examined in Section 4.4.2. However, its adoption proves useful in this example, in order to
conceptualise the observed phenomenon. The damping ratio� of the SDOF system is calculated
by:

� =
c

ccr
=

c

2
p

km
: (4.8)

A comparison of this simpli�ed top storey's sti�ness, under small displacement consideration, in
the unlocked and locked state reads as follows:

kULC
s4 > k LC

s4 = kULC
s4 + kN ; kN < 0;

where ks4 is the total sti�ness of the top storey and superscriptsULC and LC denote the
unlocked and locked state, respectively. The damping coe�cientc can be considered equal in
the two states of the frame, as no additional damping elements are introduced. Calculating the
damping ratio of the top storey in the unlocked and locked condition yields:

c

2
p

kULC
s4 � m

= � ULC < � LC =
c

2
p

kLC
s4 � m

:
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Thus, the reduction in sti�ness results in an increase of the equivalent damping ratio, even
if the damping capacity remains unaltered. On these grounds, the response amplitude of the
top storey is highly mitigated in the locked case, as compared to the unlocked, for lower input
vibration levels. The frame exhibits a \free vibration response" after the respective time point
and therefore the increased damping ratio in the locked frame attenuates the vibration.

The arti�cial earthquake is further applied to the frame at varying incident angles, with
respect to its primary axes. The motion of the base is bi-axial, while the resultant follows
a uni-axial direction and therefore the two components of the excitation are proportional.
Figure 4.11 shows the reduction ratiord of the RMS measure for the acceleration of the top
and drift of the bottom storey.

Figure 4.11: Reduction ratio of the RMS measure for the acceleration and drift response for
varying incident angles of the arti�cal excitation.

The results in terms of acceleration•u4 and drift dr0;1 reduction, shown in Fig. 4.11, indicate
the performance of the system when the input resultant is applied with varying incident angles,
with respect to the principal axes of the structure. The response reduction in bothx and y
directions are presented for the RMS measure. Certain insights are gained in terms of the
e�cacy of the device under input that is angled with respect to the frame's principal axes.
Acceleration of the top storey, as well as bottom storey drifts are successfully mitigated in bothx
and y directions for the entire range of incident angles, which indicates the ability of the NegSV
device to operate under 2-dimensional excitation. A second observation is that the reduction
ratio rd is closely matched for•u4 and dr0;1 for the x and y components. Therefore, these two
quantities are shown to be proportionally reduced. Additionally, it is noted that there exists
a range of incident angles of the excitation, where the mechanism is able to operate and o�er
signi�cant response amplitude reduction, while outside this range e�cacy is limited. This e�ect
is more apparent when the excitation is perfectly aligned with one of the frame's primary axes,
which implies that the mechanisms perpendicular to this axis are not activated. In this case,
there is no input component parallel to the sliding direction of the two aforementioned carriages,
and therefore these mechanisms are not activated. As the angle between the excitation tends to
become perpendicular to the operational direction of the corresponding mechanism, the latter
can not operate properly, as the component parallel to the rail guide is minimal and friction
restricts sliding. For the physical prototype, the e�cient operational range of angles is between
� 60 degrees with respect to each principal axis, as inferred from Fig. 4.11, where signi�cant
response reduction is noted. Within the range of [� 60o,+60o], response is mitigated in terms
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of both accelerations and drifts, where the RMS measure reports a reduction of the order of
40� 60%. Finally, the performance of the device in thex direction appears to be slightly inferior
compared to they direction, particularly for the resulting drifts. This is a result of higher
friction in the sliding mechanism of the rail-carriage system in this direction. Calibration of
friction to agree for the two directions proves challenging, as it is dependent not only on the
properties of the roller bearings on the carriages, but also on the tension of the cables. This
introduces a force that is normal to the sliding axis and therefore increases friction. An initial
tensioning of the cables can not be avoided in order to ensure a rigid connection of the carriage
with the bottom slab of the modi�ed storey. Due to this, the results achieved for an input
primarily along the y direction are slightly more optimal with respect to an input that more
heavily lies along x.

The performance of the system is further tested under the 1:10 scaled earthquake records,
the spectra of which are reported in Fig. 4.9. The behaviour of the frame is monitored and
evaluated along both thex and y axis. Figure 4.12 reports on the accelerations at the top
of the frame and the drifts at the bottom storey. The former metric provides an indication
on the serviceability levels and user comfort, while the latter is an indicator of the capacity
requirement, which is directly linked to the base shear force.

As a general comment, the locked con�guration results to be superior in terms of vibration
mitigation as compared against the unlocked case. Table 4.6 shows the resulting RMS measure for
the bottom storey drifts and peak accelerations at the top of the structure, for the �ve earthquake
records. In more detail, for the records #2-3, signi�cant reduction of both accelerations and
drifts is recorded, demonstrating the favourable properties that the NegSV device can o�er. In
the case of the Kalamata earthquake record (#3), it can be deduced from its response spectrum,
shown in Fig. 4.9, that the �rst natural frequency/period of the locked system lies in a lower
response amplitude region compared to the unlocked. An analogous e�ect is present for record
#2, although less pronounced, resulting in a signi�cant reduction of the response of the frame
at its locked state.

Table 4.6: Reduction of the bottom storey drifts and top accelerations between the unlocked
and locked state of the frame along thex and y primary axes for the real, scaled earthquake
records.

Record
No.

RMS(dr0;1) (%) max(•u4) (%)
x y x y

1 13.6 30.4 21.9 12.3
2 18.0 26.7 41.2 60.3
3 36.7 66.9 56.2 25.7
4 19.4 31.9 18.8 42.0
5 50.6 47.7 -27.7 -33.2

The response of the frame under records #1 and #4 follows a relatively di�erent pattern.
The vibration response of the locked system is mitigated compared to the unlocked, however at
a smaller ratio with respect to the records #2 and #3, an e�ect which is related to the frequency
content of the associated inputs. In particular, for record #4, an isolated peak can be spotted
around the time of 6 s, in both the acceleration and drift response fory axis, where the response
of the locked frame reaches a peak acceleration amplitude similar to the one of the unlocked.

For the most severe applied input, record #5, signi�cant conclusions on the applicability of
the device can be drawn. It is observed that in bothx and y axes, the drift response is mitigated
for the locked frame, compared to the reference case. Focusing however on the acceleration
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(a) Imperial Valley 1940 (record #1) (b) Imperial Valley 1940 (record #1)

(c) Victoria, Mexico 1980 (record #2) (d) Victoria, Mexico 1980 (record #2)

(e) Kalamata 1986 (record #3) (f) Kalamata 1986 (record #3)

(g) Northridge 1994 (record #4) (h) Northridge 1994 (record #4)

(i) Kobe, Japan 1995 (record #5) (j) Kobe, Japan 1995 (record #5)

Figure 4.12: Response comparison of the unlocked (unprotected) versus the locked (protected)
frame under forcing with actual seismic records in terms of top slab acceleration (m/s2) and
bottom storey drifts (mm), along the x and y directions.

response of the locked frame, although generally mitigated to the unlocked, localised peaks exist
that are signi�cantly higher than the reference state. This e�ect results from the exploitation
of the capacity limits of the negative sti�ness device in terms of displacements. The spring
elements of the device have a maximum extension length, where stoppers are responsible for
restricting further extension. This translates into a maximum displacement capacity of the
negative sti�ness mechanism, which is geometrically set by the limit length of the springs.
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Excitation of the system with signi�cantly high amplitudes may result to the springs' full
extension, leading the negative sti�ness mechanism to reach its displacements limits, when
abrupt restriction of further extension by the stoppers creates these high acceleration peaks.
This phenomenon is observed under the application of this �nal record, which includes extreme
displacement and acceleration amplitudes.

In conclusion, excitation of the frame with several seismic record signals reveals the salient
vibration mitigation potential the device can o�er. Top acceleration and bottom storey drift
response are reliably mitigated in the locked state, compared to the unlocked, under versatile
frequency content of the input, with minor exceptions. The performance of the NegSV device
is limited when the input contains rich frequency content near the resonance of the locked
frame, however vibration mitigation can be present, although mild, for these unfavourable input
frequencies. The displacement limits of the device are tested under input of extreme amplitudes,
revealing the existing practical limitations of the design. The results obtained upon application
of an arti�cial earthquake signal that replicates the response spectrum of the EC8 indicate
the performance of the device in terms of design speci�cations, as opposed to accelerograms
of individual traits. This spectrum includes a plateau of constant response amplitude for a
range of frequencies that includes the �rst two natural frequencies of both the unlocked and
locked frame. Therefore, the in
uence of the frequency content of the input is limited and a
direct comparison of the two con�gurations can be made, revealing the vibration mitigation
capabilities of the NegSV device.

4.4 Finite Element Analyses

Following the experimental campaign, �nite element (FE) analyses are performed. To this
purpose, a digital twin of the experimental model is created and tested under dynamic base
excitation. Modelling and analysis are performed with the Real-ESSI �nite element software [109],
which incorporates geometric nonlinearities. The solution of the system in terms of its time
domain response is achieved via use of Newmark integration scheme. The numerical analysis
contributes to the understanding of the phenomena characterizing the physical model, to the
validation of the experimental measurements, and to the improvement of the design of the
proposed device.

4.4.1 Numerical model

The constructed FE model delivers a good approximation of the experimental frame. The
exact geometry, material properties and boundary conditions are taken into account. The mass
and sti�ness of the numerical model is compared to the one of the physical frame, aiming at
replicating the actual measurements.

For the geometry modelling, the actual CAD data for manufacturing the physical frame are
imported to a Gmsh meshing environment [93]. The slabs and the columns of the frame are
modelled via shell and beam elements respectively, using the theoretical modulus of elasticity
and real cross section properties. The density of the slabs is increased accordingly, to incorporate
the added mass of the bolts at the connections.

The rail guides of the protection device are modelled as beam elements, using the actual cross
sectional area and moment of inertia. The carriages of the sliding mechanism are constructed
via a complex of beam elements, ensuring mass compatibility, while considering high sti�ness in
order to resemble the practically full rigidity of the physical part. Additional constraints are
assigned to the carriages, to match the motion of the respective rail guides in all DOFs, except
of the longitudinal displacements, and therefore simulate the sliding conditions.
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Figure 4.13: Overview of the Finite Element Model.

(a) Initial position, where the springs lie at their
natural length in a triangular formation.

(b) Prestressing of the elements by imposing
prescribed displacements, bringing the negative
sti�ness con�guration at its unstable equilib-
rium position and mounting the free end of the
springs to the top slab (yellow points)

Figure 4.14: Illustration of the prestressing procedure.

The cables are modelled as beam elements with negligible moment of inertia in the two local
axes of the cross section. For the material of the cables, the modulus of elasticity is selected to
meet the value proposed by Eurocode 3 (Part 1-11) [71] for tension members. However, the
tension only condition is not applied in their properties as it increases signi�cantly computational
time. For the physical model, the in plane connection of the cable arrangement is practically
rigid and therefore no further computational e�ort is required to this direction in the numerical
model. Figure 4.13 illustrates an overview of the 3-dimensional FE model.

A demanding analysis task pertains to the modelling of the negative sti�ness mechanism.
Beam �ber elements with natural length L0 and longitudinal sti�ness kd=2 are used for the
spring elements of the NegSV device. These are prestressed, by compressing them to length
L with the application of an appropriate force. An additional constrain is added at this step,
mounting the corresponding end of the springs to the top slab with hinge connections, as shown
in Fig. 4.14. Negligible cross sectional moment of inertia is speci�ed by selecting the area of all
�bers that are not centered, with respect to the local coordinate system of the cross section, to
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Figure 4.15: Eingenmodes of the �nite element model in the unlocked (unprotected) con�gura-
tion.

be minor, while the center �ber is responsible for the axial sti�ness of the element. Therefore,
they behave as truss elements, closely resembling the physical system. Consideration of large
displacements is further de�ned and the numerical model is able to successfully replicate the
geometrically nonlinear behaviour of its physical counterpart. Finally, the locked and unlocked
state of the numerical frame is conveniently implemented, analogously to the physical model,
through the inclusion or exclusion of the spring elements.

Initially, the accuracy of the numerical model is assessed via modal analysis of the frame
in the unlocked con�guration. Figure 4.15 displays the vibration modes of the model. These
are in good agreement with the analytical calculations and the experimental measurements, as
presented in Tab. 4.4 and Fig. 4.7 for the natural frequencies and the mode shapes, respectively.
It can thus be deduced that the numerical model is accurate in terms of mass and sti�ness
characteristics, which is an important basis for the compatibility to the experimental model.

The FE model is further validated on the geometrically nonlinear force-displacement relation
of the top storey at the locked state. In this regard, the numerical frame is tested under static
conditions at its locked state. A horizontal forceF , parallel to the principal axis of the structure
x, is applied at the top slab, as depicted in Fig. 4.16. The displacements of the slabsux

3 and ux
4

are recorded for each loading stage and their relative displacementdr3;4 is calculated according
to Eq. (4.7).

Figure 4.16: Deformed frame in the locked state under horizontal static loadingF at the top.

At �rst, the nonlinear equilibrium path of the 4th storey is calculated analytically, via
Eq. (4.4), for the measured properties of the frame and the nonlinear mechanism, as listed in
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Tabs. 4.1 and 4.3, respectively. Figure 4.17 shows the analytical equilibrium paths for theFl ,
Fnl and Ftot = Fl + Fnl . The corresponding curve of the total force-displacement relation for the
numerical analysisF F EA

tot is additionally drawn. It is observed that the numerical results are in
good agreement with the analytical calculations. The geometrically nonlinear behaviour of the
NegSV mechanism is accurately captured, which implies that the negative sti�ness behaviour
is su�ciently approximated by the numerical model. Overall, a reduction of the top storey's
sti�ness is achieved, compared to the unlocked state, rendering the FE model consistent to the
analytical calculations and experimental measurements. The above-mentioned investigation is
an additional proof of the system's stability. This is apparent as a load control procedure is
followed, while the equilibrium path ofFtot is captured for all displacement values. There is no
evidence of snap-through behaviour that would be a consequence of instability, and therefore it
is con�rmed that the stability of the storey is conserved.

Figure 4.17: Equilibrium path of 4th storey. Comparison of analytical and numerical results.

4.4.2 Study of non-conservative forces

The dynamic behaviour of the system is not only dependent on its mass and sti�ness properties,
but also on the inherent damping. As the experimental speci�cation of damping does not
typically o�er high identi�cation precision, this is here calibrated via an iterative procedure.
The experimental determination of damping becomes more challenging in the current model,
due to the presence of friction at the sliding components of the proposed NegSV mechanism.

In a �rst step, the damping of the bare frame is speci�ed, where no components of the
NegSV device are mounted on the system and no friction is present. To this end, free vibration
measurements from experimental tests are compared to equivalent free vibration results of
the FE model, where the corresponding mass elements of the NegSV device are removed.
Assuming Rayleigh damping for the numerical analysis, it is determined that the experimental
and numerical results are compatible for damping ratio� = 3h .

The second parameter that is calibrated is the friction force at the sliding mechanism. The
unlocked system is utilised, keeping all NegSV components active, except of the prestressed
springs. During dynamic vibration of the frame, the sliding mechanism is engaged and friction
is developed. Adoption of a friction/contact model in the numerical analysis entails the issue
of an unknown normal force, which complicates the study. On this ground, the use of the
Smooth Coulomb friction model [175] is used herein, at a speci�ed plateau force. To model this
behaviour, beam elements are placed with elastic, perfectly plastic material model behaviour,
that experience yielding and can therefore replicate friction forces. The initial sti�ness and
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yielding force are calibrated via an iterative procedure to match the experimental measurements.
Free vibration response data are used to this purpose, and the dynamic response of the physical
structure is compared to the numerical results.

The top part of Fig. 4.18 shows the comparison of the response in terms of top displacements
for free vibration by imposing initial displacement. The numerical results are in agreement
with the experimental observations. An interesting phenomenon is observed towards the end
of the free vibration. The rate of reduction of the oscillation amplitude is signi�cantly altered
around the 19 s time mark. Damping past this point is noticeably lower than the former part of
the time history. This is a consequence of the nonlinear and non-smooth behaviour of friction.
For small amplitudes, the sliding mechanism is not engaged, since the inertial forces at the
carriages are lower than the sliding friction that can be developed. Therefore, the frame does
not experience the high frictional damping in this stage and only has the damping of the bare
frame, which is signi�cantly lower. Crucially, this behaviour is captured by the FE analysis,
which indicates that the selection of the friction properties are in line with the characteristics of
the physical phenomenon.

A comparison of the numerical to the experimental results under dynamic loading indicates
that the calibration of the damping ratio and the friction forces between the sliding components
is not enough for response matching in the locked state of the frame. Indeed, there are additional
phenomena involved that should be taken into account, so that the FE analysis replicates the
experimental measurements. Recall that the di�erence between the unlocked and locked frame
con�guration is the existence of the spring elements, which could be a main source for the
observed discrepancy. A more careful examination reveals the existence of friction, which is
developed at the prestressed springs. Although these springs are responsible for providing axial
sti�ness and create geometrically nonlinear behaviour, their construction entails the development
of friction forces at their axial direction, when alteration in their length is involved. The e�ect
of friction at the springs not only creates nonlinearity equivalent to yielding, but also generates
geometrically nonlinear damping, as the angle of the triangular arch changes. Similarly to the
elements that model the friction along the sliding axis of the carriages, respective elements are
placed on the locked frame, which follow the motion of the prestressed springs.

The calibration of this yielding axial force of the elements results in agreement between
numerical and experimental results. The lower part of Fig. 4.18 shows a comparison between
FE analysis and the experimental results for the locked state of the frame. A sine sweep signal
is applied as base excitation at they principal axis and the acceleration at the top is recorded.
The numerical results follow closely the measurements of the physical test, indicating that the
model in the locked state is well calibrated, while the friction forces at the springs, creating
geometrically nonlinear behaviour is an essential part of the FE modelling.

The accuracy of the FE model is further evaluated on the dynamic response under seismic
excitation. Figure 4.19 shows a comparison of the dynamic response, between the physical
measurements and numerical analysis, under base excitation with the arti�cial earthquake. The
input is applied parallel to the y direction of the frame and the response of the numerical
simulation is recorded. The FE analysis results are in agreement with the experimental
measurements on the frame in both the unlocked and locked states. This analysis is performed
under no further calibration of the model's parameters. The agreement between the physical
and the numerical model, on an unbiased input, indicates that the numerical representation of
the physical phenomena can o�er useful results and can assist in the proper designing of the
NegSV device.
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Figure 4.18: Comparison of time history results, between the experimental measurements and
numerical analyses, for the calibrated friction properties. (top) Displacement at the top of
unlocked frame for free vibration. (bottom) Acceleration at the top of locked frame for sine
sweep base excitation.

4.4.3 Improving the design of the NegSV

The conducted FE analysis can be used to adjust the geometric properties of the negative
sti�ness device, in order to suppress the unfavourable e�ect of increased inter-storey drifts at
the modi�ed storey. This is succeeded through the geometrically nonlinear behaviour imposed
by the triangular arch arrangement.

In more detail, the hardening property of the mechanism is utilised for limiting excessive
relative displacements between the top and bottom slabs of the modi�ed storey. To demonstrate
the capabilities of the adjustment, a modi�cation of the geometry is performed. The height
dimensionH of the triangular arch is reduced toH ld = 5 mm from the original Ho = 26:7 mm
(properties of the original and modi�ed system are indicated with indexeso and ld respectively),
while other dimensions are maintained. The tangential sti�ness of the storey, arounddr3;4 = 0,
remains the same, for maintaining the same sti�ness properties between the original and the
the modi�ed system for small displacements. To this purpose, the axial sti�ness of the spring
elements needs to be adjusted accordingly. This is accomplished by:

kld
zt = ko

zt ) kULC
s4 + kld

N = kULC
s4 + ko

N )

) kld
d = ko

d
L ld (L0

o � Lo)
Lo (L0

ld � L ld)
;

(4.9)

wherekULC
s4 is the sti�ness of the 4th storey in the unlocked condition andL0

ld = L0
o. It follows

that:
kld

d = 73 � 103 N/m :

The dynamic behaviour of the modi�ed system is evaluated on the response of the frame
under base excitation, using the the arti�cial earthquake. A FE analysis is performed for the
modi�ed system (LCld) and the response is compared against the unlocked (ULC) and locked
con�guration with the original system properties (LCo). Figure 4.20 shows a comparison of the
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(a) Unlocked state. (b) Locked state

Figure 4.19: Comparison of time histories between the experimental measurements and the FE
analysis, for the arti�cial earthquake.

inter-storey drifts among the three models, for the bottom and top storey (dr1;2y and dr3;4y).
Monitoring of the response for the top storey reveals the capability of the modi�ed geometry in
limiting the unfavourable e�ects that are created by the NegSV device, while monitoring of the
bottom storey drifts represents the e�ectiveness of the system in relieving stresses and strains
from main components of the structure.

Focusing on the top storey, the drifts are signi�cantly reduced with respect to the original
locked frame, while moderately increased to the unlocked in terms of peak value. Slight
increase in the drifts is expected, as sti�ness is reduced for small displacements with the
application of the negative sti�ness device. However, the utilization of nonlinearity that creates
hardening behaviour leads to high positive sti�ness at large displacements and therefore limits
the development of excessive drifts. On the other hand, a reduction in the top drifts limits the
e�cacy of the device in terms of vibration mitigation. Therefore, the reduction in terms of
bottom storey drifts, although mitigated with respect to the unlocked case, is not as signi�cant
in the modi�ed con�guration, as compared against the original locked case.

Figure 4.20: Time history results of �nite element analyses for arti�cial accelerogram following
the response spectrum of EC8. Comparison of inter-storey drifts for the unlocked state (ULC),
the original and modi�ed locked states (LCo) and (LC ld) respectively.

The adjustment of the dynamic response of the frame depending on the geometrical properties
of the NegSV device is demonstrated. It is shown that a tuning of the device's properties
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towards a desired goal is feasible. A compromise exists between the e�cacy in terms of overall
vibration mitigation and the unfavourable e�ect of increased drifts at the modi�ed storey. The
serviceability targets of a primary structure can indicate an optimal design of the device that is
balanced in terms of desired response outcomes.

4.5 Conclusions

We propose a geometrically nonlinear device, termed NegSV, which can create a negative
sti�ness e�ect for vibration mitigation, when mounted on a MDOF primary structure. The
mechanism, which relies on the concept of a resonating storey, involves a triangular arch that
is prestressed and brought to its unstable equilibrium position. The e�cacy of the proposed
device is veri�ed and validated on an experimentally and numerically tested 4 storey frame.

The e�ect of the protective device is revealed via study of the modi�ed frame's (locked
state) dynamics in comparison to the primary con�guration (unlocked state). Investigation on
the eigenmodes of the linearised system indicate a response reduction in the lower part of the
structure. An excitation of the experimental frame under sine sweep inputs and a study of the
output frequency content allows for estimation of the frame's frequency response at its unlocked
and locked con�guration. The protective device proves e�cient in reducing vibration in terms of
both accelerations and relative displacements at the lower part of the structure. A shortcoming is
identi�ed in terms of increased relative displacements at the modi�ed storey, which can, however,
be mitigated. The incident angle of the base excitation with respect to the primary axes of
the frame is additionally investigated, indicating a suggested operating window for the device.
Response is limited along both principal axes of the frame, demonstrating the two-dimensional
capabilities of the NegSV device. Finite element modelling is used for delivering i) a veri�cation
of the experimental observations, ii) strengthening the understanding of the physical phenomena
that a�ect the dynamics, and iii) for studying alternative design con�gurations for the NegSV
device. The numerical results are in agreement with the experimental observations, where the
presence of friction is evaluated. A study on the geometric variation of the nonlinear device
properties by means of numerical analyses reveals the potential that the system can o�er in
terms of adjustments towards a desirable property.

The main challenge in the application of the proposed device in real buildings is the
requirement of increased top storey drifts. Essentially, the placement of a 
exible oscillator
at the top end of a sti�er structure yields large displacements of the former, under dynamic
excitation of the system. This e�ect can be critical both in terms of the structural integrity
of the building, as well as for secondary, non-structural elements. The key concept of the
current work emphasises in the protection of the lower parts of an existing building, reducing
considerably the base shear, with the aim of avoiding total collapse in the expense of increased
top storey deformation. However, this negative e�ect can be highly mitigated with several
techniques. A typical method of encountering the increased drift e�ect focuses on the capacity
of structural elements (columns). This can be enhanced with the use of �ber reinforced polymer
(FRP) jacketing, thus increasing the deformation capacity of the elements, without altering their
sti�ness. Furthermore, the use of additional damping components can be an important part in
the dynamic behaviour of the system, while in the current experimental study such elements
are omitted. Corresponding placement of viscous dampers, at the position where the energy is
channelled (top storey), can lead to signi�cantly improved performance of the system. Finally,
as demonstrated in Sec. 4.4.3, exploitation of the geometrically nonlinear properties of the
negative sti�ness mechanism can lead to reduced drifts. The device can reduce the sti�ness of
the top storey for small displacements, while the hardening e�ect for large displacements results
in sti�ening of the system, constraining excessive deformations. This e�ect can be additionally
explored in an active or semi-active extension of the device. Real-time adaptation of the sti�ness
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and geometric characteristics of the nonlinear mechanism can potentially demonstrate optimal
e�ciency in ensuring mitigated response at all structural and non-structural components.

This work demonstrates that negative sti�ness, achieved by geometrically nonlinear behaviour
can be exploited toward vibration mitigation and relief of main components of a system. Moreover,
an increase in the damping ratio can be further achieved without addition of damping elements,
as discussed in Sec. 4.3.4, due to the reduction in sti�ness. We present a system that is e�cient
and can be easily implemented on both newly designed as well as existing systems, with minor
retro�tting modi�cations.
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Chapter 5

On the vibration attenuation
performance of a geometrically
nonlinear device mounted to a
multi-storey structure
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Key Findings

ˆ This work introduces the concept of a probabilistic assessment of seismic input in evaluating
the performance of the NegSV.

ˆ The probability of failure of a NegSV modi�ed structure is considerably decreased with
respect to the original building.

General comments and Link to the next chapter

This chapter presents a comprehensive investigation into the vibration mitigation potential
of the NegSV device, building upon the concept introduced in the previous chapter. The study
introduces the concept of probabilistic assessment of seismic input to evaluate the performance
of the NegSV, highlighting the importance of considering uncertainties in structural response.
By employing Monte Carlo simulations, the chapter demonstrates that the probability of failure
of a NegSV-modi�ed structure is considerably decreased compared to the original building,
underscoring the e�ectiveness of the device in enhancing structural resilience. The conclusions
drawn from the study emphasise the practical implications of the NegSV device in reducing
base shear and dissipating energy at critical structural elements. Through detailed �nite
element analyses and probabilistic assessments, the chapter provides valuable insights into the
performance of the device under dynamic loading conditions.
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Abstract

Structures should adhere to capacity and serviceability requirements that can be compromised
by dynamic excitation. Structural vibration mitigation aims to ensure serviceability and
guarantee safety, but often su�ers from limitations of the enabling devices; usually preferred to
follow a passive scheme. The current study harnesses the potential of nonlinear mechanisms to
amplify the vibration mitigation e�ects. A geometrically nonlinear device is proposed, called
NegSV, which is mounted on a frame structure, without requirement of an additional tunable
mass mechanism. The nonlinear con�guration leads to negative sti�ness phenomena, which can
be exploited for guiding the input energy toward speci�c structural elements. The dynamics
of the system and its e�cacy in terms of vibration attenuation is studied via nonlinear �nite
element analyses under base excitation. The seismic input is additionally parametrised in order
to allow for a probabilistic assessment of its in
uence on the performance of the device, via use
of Monte Carlo simulations. The probabilistic distributions of associated structural integrity
metrics are calculated on the basis of assumed distributions of the input parameters. The
respective results for both the unprotected and protected structures are compared, revealing
e�ective vibration mitigation potential for critical system components, such as the base of the
structure, relieving base shear.

5.1 Introduction

Structural safety, within the seismic context, can be e�ectuated via appropriate vibration control
and mitigation mechanisms [7, 240, 108]. The design of such devices is subjected to particular
requirements with respect to the frequency content of the seismic input, which usually lies at the
lower range, as well as to the aspect of dealing with protected systems of large mass [51]. Due
to reasons related to their cost, low energy requirements and low complexity, passive vibration
devices are often preferred. These are typically distinguished in two major categories; energy
transfer mechanisms to a secondary attachment, or base isolation techniques. An established
solution of the targeted energy transfer strategy is the tuned mass damper [210]. According
to this method, a linear oscillator is attached to a primary system and the natural frequency
of the former is tuned to match the natural frequency of the latter. Energy transfer takes
place at the resonance frequency, allowing for vibration mitigation. Base isolation methods
rely on placement of bearings at the foundation level of the structure [149]. This has the e�ect
of shifting the natural period of the combined system to a higher range, where the expected
response is limited, as prescribed by response spectra according to provisions.

Whilst commonly preferred, passive vibration can come with limited attenuation potential.
Recent works have demonstrated that exploitation of nonlinearity and negative sti�ness can
amplify the e�cacy of passive vibration attenuation solutions [162]. Nonlinear targeted energy
transfer [213] has been studied in the literature demonstrating potential toward improving the
performance of passive energy absorbing devices. Al-Shudeifat [3] and Chen et al. [42] have
studied the properties of a nonlinear energy sink, formed by a triangular arch arrangement, able
to create a negative sti�ness e�ect, where the "restoring" force points to the same direction as the
external loading, demonstrating its vibration mitigation capabilities. Nonlinearity and negative
sti�ness have also been studied in metamaterial con�gurations [45, 48, 41, 246], demonstrating
potential towards structural applications of [228, 46] within the metabarrier and metafoundation
context. Within the context of geometrically nonlinear mechanisms targeting a negative sti�ness
e�ect, the KDamper device has been recently proposed [116, 11, 143]. This incorporates a
negative sti�ness element, which increases the channelling of energy to a secondary attachment.

In this work, we propose a vibration mitigation device, named NegSV, which introduces
negative sti�ness elements at the top storey of existing or new building structures, thus shifting
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the primary natural frequency to a lower range. Similarly to the partial mass isolation strategy
[9, 247], the aim is to direct the input energy away from critical parts of the structure and
achieve dissipation at speci�ed locations. This brings in a requirement for increased displacement
capacity at the modi�ed storey which, although disadvantageous, is shown to comprise an e�ect
that can be controlled to a certain extent. The performance of the system is evaluated via use
of �nite element analyses and lumped mass models under base excitation. In order to o�er a
generalised framework for quantifying the e�ects of the input onto the resulting performance, a
stochastic input is considered, in terms of the seismic signal properties, and the reduction in the
probability of failure is determined for the modi�ed building system. It is observed that the
nonlinear device can o�er considerable vibration mitigation potential, thus reducing the relevant
failure probability, based on the resulting inter-storey drifts. An important aspect is the ease of
application of the system for retro�tting purposes, as it can be conveniently �tted to an existing
building with moderate interference in terms of the serviceability of the modi�ed 
oor.

5.2 Negative sti�ness device

5.2.1 Geometrically nonlinear element

The proposed geometrically nonlinear mechanism results from a triangular arch assembly, shown
in Fig. 5.1, where two identical springs of constantkd and natural length Ld are placed in a
isosceles triangle arrangement of base 2L and heightH . The equilibrium path of the element can
be graphed according to Eq. (5.1), that provides an exact solution [45]. It can be observed that
there exist two stable equilibrium positions for� = 0 and � = 2H and one unstable equilibrium
position for � = H . Interestingly, around the unstable position, negative sti�ness is present, in
the range where the slope of the equilibrium path takes negative values.

Figure 5.1: Geometrically nonlinear element. (left)-geometry, (right)-equilibrium path.
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The nonlinear force-displacement relation can further be approximated via a 3rd order
polynomial [3], performing Taylor series expansion around� = H , as follows:

P � k1 (� � H ) + k2 (� � H )3 ;

k1 = � 2kd

�
Ld

L
� 1

�
;

k2 =
kdLd

L3
:

(5.2)

The slope of the equilibrium path at the unstable equilibrium position, for� = H , takes the
negative valuek1, which will be used for proper tuning of the constructed device in the following
sections.

5.2.2 Sti�ness modi�cation of an oscillator

The element described in Sec. 5.2.1 is exploited for the adjustment of an oscillator's sti�ness.
The nonlinear element is connected in parallel to the linear spring of an oscillator, as shown in
Fig. 5.2a. The total restoring forceFtot is calculated as the sum of the linear forceFl and the
nonlinear term Fnl and the corresponding equilibrium paths are given in Fig.5.2b. The linear
curve Fl results from the linear spring of sti�nessk, while the nonlinear curveFnl corresponds
to the equilibrium path of the triangular arch that has an initial displacementH and a negative
sti�ness value k1 = kN . Notice that the assembly of Fig. 5.2 is stable atx = 0 as long as the
total sti�ness of the system is positive for this position and for this purpose, it should hold that
k > jkN j. At this position, the tangential sti�ness takes the valuek + kN , kN < 0.

(a) Modi�ed oscillator. (b) Equilibrium path.

Figure 5.2: Schematic representation of sti�ness adjustment via a negative sti�ness element.

The modi�cation of the sti�ness of an oscillator can be used for adjusting its natural frequency,
alleviating the need for mass alteration. Focusing on the single degree of freedom (sdof) system
of Fig. 5.2a, the natural frequency of the linear oscillator, without the addition of the nonlinear
element, can be calculated from Eq. (5.3a). For the modi�ed con�guration, it is valuable to
calculate the natural frequency of the assembly under small displacement consideration, around
x = 0, neglecting the nonlinearity e�ect, and assuming a negative sti�ness of the additional
element equal tokN . The modi�ed natural frequency can be calculated from Eq. (5.3b), where
f 0

n(x=0) < f n as kN < 0.
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k

! � 1

; (5.3a)

f 0
n(x=0) =

 

2�

r
M

k + kN

! � 1

: (5.3b)

The aim of this work is to utilise the natural frequency adjustment capabilities of the negative
sti�ness element for targeted energy transfer, from the lower parts of the building to the location
of the NegSV.

5.3 Dynamic response of 4 storey building

In this section, the studied negative sti�ness NegSV mechanism is �tted to a multi storey frame,
as shown in Fig. 5.3a, with the purpose of attenuating vibrations at important components of
the structure. The structure consists of 4 storeys, with a square shape plan view with dimensions
15� 15 m, while all 
oors have 3 bays of 5 m each, in both principal directions, formed by a
4 � 4 square grid of columns. Respective beams and slabs are considered, while the load on all
corresponding slabs is assumed to be uniformly distributedq = 10 kN=m2, including self weight,
permanent and live loads, resulting to a distributed massmq = 1 Mgr =m2. The fundamental
natural period period T1 is calculated according to the proposed formula in the EC8 [69] for
buildings with total height lower than 40 m:

T1 = Ct � H 3=4
t ; (5.4)

whereH t is the total height of the building andCt = 0:075 for concrete frames. In this particular
case study a concrete frame is considered with typical storey heighthst = 3 m ( H t = 12 m),
resulting to a fundamental natural periodT1 = 0:484 s. The sti�ness is considered identical for
all storeys and is calibrated accordingly askst = 3:15� 106 kN=m, considering shear behaviour,
to match the dictated �rst natural period. For this purpose the properties of the columnsE; I
are calculated as:

kcl =
12EI
h3

st
= kst=Ncl ; (5.5)

whereNcl is the total number of columns, which in this caseNcl = 16. The modulus of elasticity
is set to E = 30 GPa in order match the elastic properties of concrete. The moment of inertia
can be calculated asI y = I z = 1:5 � 10� 3 m4. This is set identical in both principal directions
due to symmetry. Finally, Rayleigh damping� = 5% is added in the building model.

The main objective of the investigation is the mitigation of inter-storey drifts towards the
bottom of the structure and importantly at the �rst 
oor level, thus limiting base shear. A
concept that is here explored is the tuning of the natural frequency of the top 
oor in a 4-storey
frame to the 1st eigen-frequency of the structure. Therefore, the retro�tted storey acts as a
resonator with respect to the rest of the building, where targeted energy transfer is achieved.
This behaviour is followed by the disadvantage of increased drifts at the level of the modi�ed
storey. In typical buildings under base excitation, top storeys usually experience less severe
loading and limited drifts. An increase of this measure at the top storey, although unfavourable,
bears a less critical e�ect in the integrity of the building compared to the lower parts of the
structure. It can also be counterbalanced by the addition of damping elements, which are
responsible for dissipating energy at the location of the modi�cation.

In the current application the mass of the top storey, which is considered as a resonator, has
a signi�cant percentage of the total mass of the structure. Therefore, simple matching of the
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corresponding natural frequencies does not achieve the optimal energy transfer properties. In a
more accurate computation, the method proposed by Sadek et al. [190] is used for determining
the sti�ness and damping characteristics of the modi�ed storey. The natural frequency and
damping ratio of the additional resonator can be calculated according to Eqs. (5.6) and (5.7)
respectively as:

f r =

"
1

1 + � �

 

1 � �

s
� �

1 + � �

!#

� f n1; (5.6)

� r = � �
�

�
1 + �

+
r

�
1 + �

�
; (5.7)

where f n1 is the �rst natural frequency of the primary structure, � is the amplitude of the
�rst mode of vibration for participation factor equal to unity, calculated at the position of the
resonator,� is the damping ratio of the structure and� is calculated as:

� =
mr

f ' 1gT [M ]f ' 1g
; (5.8)

where f ' 1g is the eigenvector of the �rst mode of the main structure normalised to have
participation factor equal to unity and mr is the mass of the resonator.

A resonating storey model can be e�ectuated by considering the main structure to include
all components below the level of the added negative sti�ness device, while the top storey is
treated as the resonating mass. Under this approach,mr is equal to the mass of the top storey
and the sti�ness of the resonatorkr = kst + kN . Given the original sti�ness of the storeykst the
value of the negative sti�nesskN can be consequently calculated and the required sti�nesskd

of the elements of the triangular arch can be speci�ed depending on the geometric properties
L and H . The selected properties of the arch are summarised in Table 5.1 and the resulting
properties of the resonating storey are summarised in Table 5.2 respectively. The additional
damping c� is applied to the top storey in the form of viscous dampers in order to meet the
requirements of Eq. (5.7).

Property Value units
H=hst 0.02 -

L 0.5 m
kd 1:998� 107 kN=m
kN � 2:867� 105 kN=m

Table 5.1: Geometric and sti�ness properties of the negative sti�ness device.

Property Value units
mr 225(= mst ) Mgr
kr 2:824� 104(= kst + kN ) kN=m
c� 982 Mgr=s

Table 5.2: Properties of the resonating storey.

5.3.1 Finite element model

In a �rst step, a �nite element model is constructed, as shown in Fig. 5.3, using the Real-ESSI
software [109]. Beams and columns are modelled with beam elements, while slabs are modelled
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with shell elements. Two states of the building are distinguished: state A that includes the
original building, state B that includes the additional device mounted on the top storey of
the building, shown in Fig. 5.3b. This includes the spring elements of the triangular arch (in
yellow), the tip of which is connected via cables (in red) to the ceiling of the top 
oor. The
spring elements have one end hinged to the 
oor of the top storey and the other end connected
to a slider, able to move across one principal direction. At the equilibrium position the springs
of length Ld are aligned and prestressed to lengthL. In equivalence to the system shown in
Fig. 5.2, the negative sti�ness results from the triangular arch, while the positive sti�ness comes
from the columns on the storey. To incorporate the geometric nonlinearities that are introduced,
large displacement consideration is applied to the dynamic analysis of the structure. Moreover,
viscous damping elements are added connecting the tip of the arch to the nearest column, to
meet the damping requirements ofc� . Note that 4 arches operate per principal direction, while
sti�ness and damping requirements of the combined system should follow these of Table 5.1.
Therefore, the sti�ness of each spring elementkj

d = 1=4� kd, while the viscous damping coe�cient
of each damper elementcj

� = 1=4 � c� .
Figure 5.3b shows the negative sti�ness device in a displaced state under a horizontal static

load parallel to x principal axis, applied at the level of the top slab. The nonlinear mechanisms
that act parallel to the loading, along x axis, are activated and therefore, the corresponding
springs are not aligned as the system is not at its initial position. To the contrary, the mechanisms
acting along the y axis are not engaged under the load, being at their initial, prestressed state
and therefore the corresponding springs are perfectly aligned, and the triangular arches are at
their unstable equilibrium position, as shown in Fig. 5.3b.

(a) Overview of the 4 storey building. (b) Displaced state of the nonlinear device.

Figure 5.3: Finite element model of the structure with the addition of negative sti�ness device
at the top (state B).

5.3.2 Results

The dynamic response of the system is studied under seismic input. For this purpose, base
excitation is applied to the structure. In this investigation, the input is applied along one of the
principal axes of the building. The input is applied to both states of the building A and B, and
the results are compared.

To follow the design philosophy of codes, an arti�cial accelerogram is constructed, according
to Ferreira et al. [78], that matches the elastic spectrum of EC8, as shown in Fig. 5.4. The
characteristics of the target EC8 spectrum are selected as:agR = 0:36 g, 
 I = 1, S = 1:35, and
ag = 
 I � agR = 0:36 g.
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Figure 5.4: Arti�cial base excitation signal. (left)-acceleration time history, (right)-elastic
response spectrum and comparison the corresponding EC8 spectrum (agR = 0:36 g, 
 I = 1,
S = 1:35, ag = 0:36 g).

Figure 5.5 shows the time history results for the �nite element model under base excitation
according to the accelerogram of Fig. 5.4. Regarding the acceleration response, it is observed
that it is generally mitigated in the modi�ed building, where the negative sti�ness device is in
place (state B), compared to the original building (state A). This is evident in the bottom 3

oors, while the top 
oor experiences equivalent accelerations at both states of the frame. The
inter-storey drift response shows visible reduction for the bottom 3 
oors, while considerable
increase of this measure is recorded for the modi�ed, top storey. This is a result of the reduced
sti�ness of the storey created by the nonlinear device. However, it can be spotted that the drift
ratio of that 
oor remains within the acceptable values of EC8 as the peak value is smaller
than 1%. Critically, the drifts at the base of the structure are reduced in the modi�ed building,
a measure that is directly related to the base shear. Table 5.3 reports the reduction that is
achieved for the acceleration and inter-storey drift measures with the use of the negative sti�ness
device.

(a) Storey accelerations at level of slabs (m=s2). (b) Inter-storey drifts ratio (%).

Figure 5.5: Finite element analysis results for accelerations and inter-storey drifts.
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Storey No. Acc. reduction (%) Drift reduction (%)
1 31.4 24.9
2 30.5 19.1
3 21.6 13.1
4 -2.3 -66.2

Table 5.3: Reduction of the acceleration and inter-storey drift peak values for the recorded
response between the original frame (state A) and the modi�ed (state B).

5.4 Probabilistic assessment

In this section, the performance of the device under investigation is studied via probabilistic
treatment of the seismic input. As the characteristics of each individual signal can be misleading,
a generalised approach is more objective in the evaluation of the system.

5.4.1 Earthquake signal parametrization

Following the work of Spriridonakos et al. [203], a stochastic model is constructed for the
creation of synthetic ground motions. The model involves the adoption of a white nose signal
and application of a linear time-varying impulse response �lter (IRF) and a time modulating
�lter [ 185]. The IRF h[t � � ] and time modulating �lter q(t; � ) take the form given in Eqs. (5.9)
and (5.10) respectively.

h[t � � ] =
! f (� )e� � f ! f (� )( t � � ) � sin

h
! f (� )( t � � )

q
1 � � 2

f

i

q
1 � � 2

f

; � � t (5.9)

where! f (� ) = ! mid + ! 0(� � tmid ).

q(t; � ) = � 1t � 2 � 1e� � 3 t ; (5.10)

where � = [ � 1; � 2; � 3]T , while � 1; � 3 > 0, � 2 > 1. The values of� 2 and � 3 can be calculated
from the e�ective duration of the motion parameterD5� 95 (time interval between 5% and 95%
of the Arias intensity) and time tmid , which is the time point, where 45% of the total Arias
intensity is reached. Parameter� 1 can be consequently calculated as a function of� 2 and � 3,
such that:

I a =
�
2g

Z tn

0
q2(t; � ) dt; (5.11)

whereI a denotes the total Arias intensity andtn is the total time of the ground motion.
Finally, the generated ground motion signal assumes the form:

xp
g(t) = q(t; � )

�
1

� h(t)

Z t

�1
h[t � � ]w(� ) d�

�
; (5.12)

wherew(� ) is a white noise process and� 2
h(t) =

Rt
�1 h2[t � � ] d� .

Table 5.4 summarises the distributions that are adopted for the individual random variables
that construct the arti�cial signal [ 203, 185]. The parameters regarding the duration of the
motion D5� 95 and tmid are considered deterministic, whereD5� 95 = 16:3 s and tmid = 12 s and
the total duration is tn = 40 s (D5� 95=tn = 0:408).
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Variable Distribution PDF parameters
! mid Log-logistic � = 3:52; � = 0:24
! 0 Logistic � = � 0:052; � = 0:034
� f Beta a = 1:38; b= 3:7p
I a Inverse Gaussian � = 0:26; � = 0:11

Table 5.4: Random input variable distributions.

5.4.2 Lumped mass model

To accelerate the calculation time of the system's dynamic response, a simpli�ed lumped mass
model is created, as shown in Fig. 5.6a. For this purpose, concentrated masses at the slab levels
are considered and the corresponding equations of motion of the system for the nonlinear case
(state B) are given in Eqs. (5.13). The 3rd order term generated by the nonlinear mechanism
appears in the connection between the two last masses. The damping coe�cientcst is calculated
so that the system has 5% sti�ness proportional damping.

m1•x1 + cst ( _x1 � _xg) + kst (x1 � xg) + cst ( _x1 � _x2) + kst (x1 � x2) = 0
m2•x2 + cst ( _x2 � _x1) + kst (x2 � x1) + cst ( _x2 � _x3) + kst (x2 � x3) = 0
m3•x3 + cst ( _x3 � _x2) + kst (x3 � x2) + ( cst + c� ) ( _x3 � _x4) +
+( kst + k1) (x3 � x4) + k2(x3 � x4)3 = 0
m4•x4 + ( cst + c� ) ( _x4 � _x3) + ( kst + k1) (x4 � x3) + k2(x4 � x3)3 = 0;

(5.13)

wherem1 = m2 = m3 = m4 = mst .
The system of Fig. 5.6a is simulated numerically in MATLAB® environment, with the use of

ode45 function (AbsTol= 10� 7, RelTol= 10� 7) for the solution of the equations of motion under
input base excitationxg. A nonlinear state-space representation is subsequently constructed:

_z(t) = g(z(t); xg(t)) ;
z = [ x1; _x1j : : : jx4; _x4]T :

(5.14)

(a) Lumped mass model. (b) Comparison of response of the state B system under
base excitation between the �nite element and lumped mass
model solutions.

Figure 5.6: Lumped mass model of the 4 storey building and comparison to the results of the
�nite element analysis under base excitation.

Figure 5.6b demonstrates the comparison between the �nite element and lumped mass
models. The results are in agreement for the two models both in terms of displacements/drifts
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and accelerations. This indicates the capability of the reduced order model to capture the
dynamics of the system in the linear and nonlinear state. Therefore, the simpli�ed model is
considered to o�er valuable results and is used for the probabilistic assessment in this section.

5.4.3 Results

The performance of the system is evaluated on the mitigated response of the base of the structure
and the inevitable increase of top storey drifts. To this end, a Monte Carlo analysis is performed
for N = 104 simulations in order to determine the probability of exceeding the drift limits
suggested by EC8 that lead to failure. For this study the inter-storey drift ratio limit is set to
dr lim = 2%.

Figure 5.7 shows the output histograms with respect to the recordings of peak inter-storey
drifts for the two states of the building. For demonstration purposes, a �tted exponential
distribution to each histogram is drawn in red, by calculating the maximum likelihood estimation.
The main observation is the lower probability of failure in the base of the structure in the
modi�ed state that is reduced from 3:2% to 2:3%. This is achieved by the introduction of the
negative sti�ness device and the direction of energy away from the base. One the other hand,
minor alteration on the probability of exceeding the limit value is observed for the top 
oor
of the modi�ed frame, compared to the original (0:5% to 0:7% respectively). Although the
sti�ness of the 
oor is reduced for state B of the structure, this is accurate for small displacement
consideration. Under extensive displacements the e�ect of nonlinearity becomes evident, and
the storey experiences a sti�ening behaviour. Note in Table 5.1 it is selected that dimension
H = 0:02� hst ) H=hst = dr lim . Focusing on the behaviour of the nonlinear restoring forceFtot ,
shown Fig. 5.2b, it is observed that for displacementx = H it follows that Fnl (H ) = 0 and
therefore Ftot (H ) = Fl (H ). This e�ect implies that depending on the selected dimensionH
limitation of excessive drifts at the modi�ed storey can be achieved, without loss of the system's
functionality for small displacements. For reference, selection ofH=hst = 2 � dr lim leads to an
increase of the probability of failure of the top 
oor to 2:7%, while reducing the probability of
failure for the base to 2:0%.

Table 5.5 summarises the calculated probabilities of exceedingdr lim for each 
oor in the
original and modi�ed state A and B respectively. It is observed that considerable reduction on
the probability of failure for all storeys, apart from the modi�ed, is achieved.

Variable state A state B
dr3� 4 Pf = 0:005 Pf = 0:007
dr2� 3 Pf = 0:016 Pf = 0:012
dr1� 2 Pf = 0:025 Pf = 0:017
dr0� 1 Pf = 0:032 Pf = 0:023

Table 5.5: Probability of failure for each storey depending on drifts Pf i =P( dr i � ( i � 1) > dr lim ).

5.5 Conclusions

In this work the vibration mitigation potential of a negative sti�ness NegSV device is investigated.
The system is �tted to the top 
oor of a 4 storey building, shifting its sti�ness characteristics.
The device consists of a triangular arch con�guration that under large displacements yields
geometric nonlinear behaviour and negative sti�ness e�ects. Therefore, the natural frequency of
the top 
oor can be tuned so that it matches the natural frequency of the remaining (lower
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Figure 5.7: Histograms of the recorded maximum inter-storey drift ratios for the basedr0� 1 and
top storey dr3� 4 and comparison between states A and B of the structure.

level) sub-structure, essentially prompting the mass of the top 
oor to act as a resonator. This
strategy suggests redirection of energy away from the bottom of the structure, thus reducing
base shear, and dissipation at the modi�ed 
oor location. This can lead to an increase in drifts
at the modi�ed 
oor, which however can be controlled to some extent by appropriate selection
of the geometric properties, as demonstrated in Sec. 5.4.3.

The performance of the device is studied on a three dimensional frame. A detailed �nite
element model is created and the negative sti�ness device is modelled, while the geometrically
nonlinear behaviour is triggered and analysed under large displacement consideration analyses.
The acceleration and inter-storey drift reduction are studied under base excitation according
to an arti�cial accelerogram that follows the EC8 design spectrum. It is observed that both
the inter-storey drifts and accelerations are mitigated in all storeys below the modi�cation
mechanism, compared to the original building. One the other hand, we observe a notable
increase in the drifts, as well as a minor increase in the accelerations of the modi�ed storey.
To assess the e�ect of the device in a generalised manner, a probabilistic approach is applied
employing parametrization of the seismic input. For this purpose, earthquake signals are treated
as the output of a parametric procedure consisting of several random variables. A Monte Carlo
simulation is applied for a speci�ed sample of arti�cial signals. A lumped mass model is formed,
which is in good agreement with the �nite element model, with the purpose of accelerating the
required simulation time. The probabilities for the recorded drift ratios to exceed the limit set
by the provisions are calculated and compared between the original and modi�ed building. The
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reduction probability of failure at the base is evidently reduced in the modi�ed structure. It
is further shown that proper selection of the geometric properties of the nonlinear mechanism
constrains the probability of exceeding the drift ratio limit at the modi�ed storey. The current
study illustrates the potential of the geometrically nonlinear NegSV device for limiting structural
vibration, while comprising an actionable approach that can be applied for retro�tting of existing
systems with minor intervention.
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Chapter 6

Gaussian process-based optimal design
of a negative sti�ness device under
stochastic seismic excitation
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Key Findings

ˆ The nonlinear properties of the NegSV device can be suitably exploited for enhancing the
reliability of the system by leveraging the advantages and drawbacks in its use.

ˆ Seismic input can be systematically treated via a parameterised model that admits
uncertain parameters

ˆ An important quantity indicating the dynamic performance of a building is the frequency
response of inter-storey drifts.

General comments and Link to the next chapter

This chapter presents a detailed investigation into the vibration mitigation potential of the
NegSV device, building upon the principles of negative sti�ness introduced in previous chapters.
The key �ndings highlight the importance of leveraging the nonlinear properties of the NegSV
device to enhance the reliability of structural systems while addressing potential drawbacks.
The chapter introduces a parameterised seismic motion model to systematically treat seismic
input uncertainties, allowing for a comprehensive evaluation of the device's performance under
various earthquake characteristics. Additionally, the frequency response of inter-storey drifts
emerges as a crucial indicator of dynamic performance, emphasizing its signi�cance in assessing
structural integrity under seismic excitation.

The conclusions drawn from the study emphasise the e�ectiveness of the NegSV device in
reducing vibration levels at critical locations within the structure, particularly at the base, thus
improving structural safety under seismic events. The optimization procedure outlined in the
chapter aims at �nding a balance between positive and negative e�ects of the device, ensuring
structural integrity while minimizing disadvantages such as increased inter-storey drifts. The
results demonstrate the e�cacy of the NegSV device in enhancing structural resilience through
the exploitation of excess capacity in structural members, thereby relieving stress on critical
components and providing a promising solution for seismic protection of frame structures.

103



Abstract

The protection of buildings under seismic events necessitates the development of e�cient
vibration mitigation devices. The recently proposed NegSV device materialises such a seismic
protection mechanism, which leverages the concept of negative sti�ness. The NegSV introduces
a negative sti�ness mechanism to a speci�ed storey, thus modifying the dynamics of the system.
Therefore, the top part of the building, in reference to the modi�ed storey, is treated as a
resonator with respect to the lower part. Despite the demonstrated bene�ts of the device, a
drawback lies in the introduction of larger inter-storey drifts at the level of the modi�cation. To
counteract this behaviour, the geometrically nonlinear nature of the device is here exploited for
optimization of its properties towards maximising its e�ectiveness. A parameterised seismic
motion model incorporating probabilistic inputs is used for identifying the optimal device
parameters based on speci�c objectives. A Gaussian Process regression model, trained with
comprehensive input-output data, is then adopted for optimising the con�guration of the device
through coupling with active learning. The e�cacy of the NegSV device is assessed on the basis
of the achieved reduction in the level of vibration at critical locations within the structure. The
investigation reveals a consistent set of optimal solutions, ensuring integrity of the protected
structures under seismic excitation.

6.1 Introduction

The protection of built structures in seismically prone environments requires the development
of e�cient structural control strategies [32, 139, 207]. Structural control, however, involves
the challenge of tackling the extensive amounts of energy that are released during a major
earthquake event [112]. The mitigation of the undesired or often destructive e�ects of intense
ground motions on structures forms a complex task, which requires an appropriate design either
of the structure itself, or of the adopted seismic protection solutions, with the objectives of
increasing structural capacity or ensuring attenuated vibration response.

A common approach to structural vibration control lies in use of passive vibration mitigation
devices, which are often distinguished in energy sinks, dampers and isolators. Prominent
examples of energy sinks are the tuned mass damper (TMD) [210] and the tuned liquid damper
(TLD) [ 85, 22]. Their concept lies on the attachment of an additional oscillator to a primary
system with the purpose of consuming energy when properly tuned to the required frequency,
usually to the most dominant natural frequency of the protected structure. These solutions have
also been extended to include inerter elements [129], both in the case of TMDs [95] and TLDs [241].
The e�cacy of these systems can be further improved by introducing solutions that capitalise
on nonlinearity and are often referred to as Nonlinear Energy Sinks (NES) [213, 191, 212].
These solutions may rely on impact-based phenomena [91], or combination of di�erent types
of nonlinear elements. The latter is pursued in the work of [27], where a cubic oscillator is
coupled to an internal rotator resulting in a so-called amplitude locking e�ect. Other solutions
attempt to increase in the damping of the system, usually via introduction of arti�cial dampers,
thus reducing the amplitude of the resulting vibration [172]. As an alternate scheme, isolator
devices can be used, which aim at detaching the protected system from the excitation source,
acting as a �lter that favourably alters the vibration input to the structure. Following such
a principle, the base isolation technique is often adopted for structural protection, where the
superstructure is supported on bearings, resulting in a shift of the frequencies of the combined
system away from the seismically a�ected range [149, 141, 179].

A recently emerged concept, whose application in the civil engineering �eld remains still
at the research stage, is re
ected in the so-called metamaterials-based seismic protection
solutions [218, 111, 56]. The plausibility of such solutions has been proven at the lower
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scale of mechanical and electrical applications [160], with recent e�orts relatively recently
turned to the macroscopic level of civil structures [145]. Metamaterials are architectured
con�gurations typically arranged in repeated patterns of a fundamental design, called the
unit cell, possessing unique, counter-intuitive properties that are not met in nature [55]. A
particular property that has proven bene�cial for structural vibration protection solutions
is that of negative sti�ness [134, 231]. Under this concept, the "restoring" force assists the
motion instead of resisting it. This e�ect is typically yielded as a result of unstable, nonlinear
mechanisms, where for speci�c displacement regions the corresponding equilibrium path has a
negative slope. It has been shown in numerous examples that negative sti�ness can be used
for the suppression of vibrations under diverse regimes [173, 224]. NES solutions, studied
computationally [187, 229] and experimentally [42, 137, 156], or negative sti�ness metamaterial
lattices [45] demonstrate superior vibration attenuation capabilities compared to their linear,
positive sti�ness, counterparts.

Several vibration mitigation devices have been proposed exploiting the principle of negative
sti�ness (NS) and quazi-zero sti�ness (QZS) [36]. [196] proposed a NS device for vibration
attenuation purposes in structural applications relying on use of a prestress mechanism. In a
similar context, [161] proposed an adaptive negative sti�ness strategy for seismic protection,
achieved through coupling of a negative sti�ness device, which consists of a prestressed element,
and a viscous damper. [228], further study the application of negative sti�ness through use
of prestressed elements at the base of storage tanks. The work of [11] introduced the concept
of the KDamper device, which involves an additional mass that is connected to the primary
system through a combination of positive and negative sti�ness elements.

Capitalising on these previous concepts, [49] introduced the so-termed NegSV device for frame
structures. It incorporates the presence of negative sti�ness at a speci�c level of a multi{storey
frame, while utilising existing features of the structure towards vibration mitigation. Speci�cally,
the existing columns of the modi�ed storey are adopted as a positive sti�ness mechanism, which
acts in parallel to the negative sti�ness, while the mass of the top storeys (with respect to the
modi�cation) is utilised as a resonating mass. The NegSV functionality can be attributed to
the partial mass isolation concept [247, 9, 8], where the part of the building above the 
oor
of installation of the device acts as a resonator with respect to the lower part. Previous work
on this con�guration [47] has demonstrated that the input energy is channelled and dissipated
at the modi�cation level, protecting possibly critical system locations. Inevitably, this implies
larger inter{storey drifts at the modi�cation level, which can be undesirable, encouraging further
improvement of the NegSV device.

In addressing this issue, we here propose a design process for the NegSV mechanism, in
order to limit excessive drifts at the retro�tted storey. It has been shown [49] that appropriate
manipulation of the geometric parameters of the device can lead to reduction of the unfavourable
e�ects of the system, while achieving attenuation of vibration and enhancing structural integrity.
The objective of this study is to determine these parameters in an optimal manner and associate
these with the anticipated or site-speci�c earthquake input properties. The positioning of the
device, in terms of installation in a particular storey of the protected frame, is further included in
the optimal design task. This mapping forms a complex, nonlinear, multi-dimensional function.
The approximation of such an unknown function requires use of an inference or interpolation
scheme. This can be achieved via diverse approaches, which include Statistical Inference [201]
or Machine Learning (ML) [29] based schemes.

Motivated by the lack of knowledge on the form of the function to be approximated, we here
opt for a ML scheme. We pursue a strategy that requires a reduced number of simulations that
are to serve as training data, in order to alleviate the associated computational load. To this end,
we propose a Gaussian Process (GP) regression model, which is charged with determining an
optimal system design. The number of simulations that are required for generating the training
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data is optimised via an epistemic uncertainty-based active learning approach [198, 40, 86]. To
treat earthquake input in a systematic way, a parameterised seismic motion model is adopted.
This serves the stochastic nature of the problem, by the consideration of probabilistic inputs.
The main contributions of this work are, thus, i) a procedure for optimal design of the already
proposed NegSV device, developed by [49], via use of a GP-based active learning approach,
ii) a stochastic parameterisation of the seismic source, as proposed by [185], is adopted and
suggested for optimal design of seismically loaded structures. The suggested approach is not
limited to the optimization goal pursued herein and can be applied for optimization of further
design properties (e.g. main bearing frame properties). We further suggest use of the frequency
response metric for performance assessment; a metric that is not commonly met in existing
literature, but is shown to be highly suitable in the context of seismic response assessment.

This paper is structured as follows: the "Problem Statement" section o�ers a description of
the general principles; the "Modelling" section delves into the NegSV parameters, as well as the
required parametrisation of the earthquake excitation; the "NegSV performance assessment"
section describes analytical means of evaluating the systems performance by calculating the
frequency response; the "Optimal Design" section outlines the variables to be optimised and
the formulation of the objective function for this particular problem; as well as the proposed
optimization scheme; the "Surrogate modelling" section describes the formulation of the GP
model for optimal parameter prediction; the "Optimization prediction and results" section
presents the outcomes of the proposed analysis and further delivers an assessment of the
optimised NegSV setup on a case study example.

6.2 Problem statement

Figure 6.1 displays the NegSV, a device proposed by [49] for vibration mitigation in multi{storey
frames. It deploys a triangular shallow arch (Fig. 6.1a) that creates a nonlinear equilibrium
path and induces negative sti�ness around its unstable equilibrium. Accordingly, the retro�tted
storey exhibits geometrically nonlinear behaviour. For small displacements, the system is tuned
so that the upper part of the structure, which is termed the auxiliary subsystem (ASbS), can
act as a resonator to the lower part, which is termed the main subsystem (MSbS), in this
way mitigating vibrations. For larger displacements, the presence of nonlinearity creates a
sti�ening e�ect of the storey. Energy is therefore targeted at speci�c locations, protecting
critical structural components, such as the base of the frame, by reducing the overall base shear
demand. To this end, it has been demonstrated [49] that it is bene�cial to reduce the sti�ness
of the modi�ed storey compared to the sti�ness of the conventional system. This poses a major
challenge for the practical implementation of the NegSV device, since the inter-storey drifts at
the level where the device is placed are increased (Fig. 6.1b). This, in turn, may lead to damage
of primary or secondary elements of the structure.

In this regard, the problem treated herein pertains at optimally con�guring the NegSV
device, given the structure to be protected, under a dynamic excitation of its base. This
is a multi-parametric task, similar to the one tackled in [220], whose variables include the
characteristics of the excitation source, the properties of the structure, and the geometric and
mechanical characteristics of the NegSV device.
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(a)

(b) (c)

Figure 6.1: The NegSV device.(a) The triangular arch con�guration consists of two identical
linear springs of sti�nesskd and natural length Ld, base 2L and height H . There exist two
stable equilibrium positions (positions 1 and 2) and one unstable (position 3), which introduces
negative sti�ness. (b) Indicative 1st eigenmode of a (left)-conventional and (right)-NegSV
modi�ed system. The MSbS exhibits lower inter{storey drifts, compared to the conventional
frame, but the drifts at the ASbS are increased.(c) Realization of the device on a small-scale
laboratory frame.

6.3 Modelling

6.3.1 Excitation space

In establishing an optimal design problem for the NegSV device, it is necessary to additionally
parameterise the input source (excitation) expressing this in terms of de�ning characteristics in
the spectral and temporal domain. In doing so, the stochastic seismic ground motion model
of [185] is adopted. The generated signal assumes the form

xp
g(t) = q(t; � )

�
1

� h(t)

Z t

�1
h[t � � ]w(� ) d�

�
; (6.1)

wherew(� ) is a zero{mean white noise process and

� 2
h(t) =

Z t

�1
h2[t � � ] d�

Equation (6.1) implements a time-modulating �lter (TMF) and a linear time-varying impulse
response �lter (IRF). These have the form

q(t; � ) = � 1t � 2 � 1e� � 3 t (6.2)
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1 � � 2
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1 � � 2

f

; � � t (6.3)
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Table 6.1: Parameters of the stochastic seismic ground motion model.

Quantity Description Comment

� 1 Parameter controlling the process intensity � 1 > 0

� 2 Parameter controlling the shape of the TMF � 2 > 1

� 3 Parameter controlling the duration of the mo-
tion

� 3 > 0

� f the damping ratio of the IRF

! f the frequency of the IRF ! f (� ) = ! mid + ! 0(� � tmid )

! mid the frequency of the IRF attmid

! 0 rate of IRF's frequency change with time

tmid time instant at which 45% of the total Arias
intensity is attained

I a the Arias intensity I a =
�
2g

Rtn

0 q2(t; � ) dt;

tn the total duration of the signal

D5� 95 the duration between 5% and 95% of the
Arias intensity

Table 6.2: Adopted values for the entries of the parameter vector� e.

Quantity ! mid ! 0 � f I a tmid D5� 95

Value Lognormal(3.11,0.29) -0.30 0.50 Gammaa(4.17,0.06) 12.00 16.3
a The Gamma function is parameterised with the shape and rate parameters.

respectively, where� = [ � 1; � 2; � 3]T . The associated model parameters are shown in Tab. 6.1.
Of these,� 1 to � 3 are calculated fromtmid , I a and D5� 95. Therefore, a stochastic excitation
model is established, which is parameterised by the vector

� e = f ! mid ; ! 0; � f ; I a; D5� 95; tmid g

The process of determining� e, so that Eq. (6.1) generates compatible1 ground motions,
consists of two steps. First, real earthquake records are adjusted according to [78] to be
compatible with a target design spectrum. In this study, 2700 seismic records have been
used [174] to match the EC8 design spectrum [69], when calculating the mean value of the
responses. Next, each of these records is fed into the identi�cation procedure described in [217]
and the associated realizations of the parameter vector� e are determined.

Previous studies on this stochastic model [203], have arrived to the conclusion that the
properties of the output signal are dominated by the frequency (! mid ) and intensity (I a)
parameters. These latter two parameters are, thus, used in what follows as independent
stochastic variables, while all others are kept constant. The sample probability density functions
(PDFs) of ! mid and I a, along with their �tted distributions, are depicted in Fig. 6.2.

Table 6.2 lists the �nal choice for the entries of the parameter vector� e. Using these values,
the response spectra of the corresponding generated records are displayed in Fig. 6.3a. For

1The generated signals should either follow the characteristics of historical seismic records at a speci�c
location, or they should be compatible with the design spectrum of the applicable standards in a speci�c region.
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Figure 6.2: Sample PDFs of! mid (left) and I a (right). The continuous red curves correspond to
the �tted distributions, in accordance to Tab. 6.2.

(a) (b)

Figure 6.3: Response spectra matching EC8 at 5% damping ratio.(a) Identi�ed using the
procedure described in [217]. (b) Adjusted from the 2700 PEER records, in accordance to [78].

comparison, the relevant spectra using the procedure of [78] is also shown in Fig. 6.3b. The
modelling process results in good agreement with the target spectrum, rendering the adopted
stochastic ground motion model, parameterised as listed in Tab. 6.2, e�cient for use in the
optimal design task.

6.3.2 Structure and NegSV device

Figure 6.4 shows a lumped mass approximation of a structural system withN degrees of freedom
(DOFs) in its original and NegSV-protected state. The equation of motion for the original
system reads,

M •x(t) + C _x(t) + Kx (t) = Cxg _xg(t) + K xgxg(t) (6.4)

in which M , C and K are the mass, viscous damping and sti�ness matrices, respectively,x is
the vector of DOF displacements,xg is the base displacement and

Cxg =
�
cst 0 0 : : : 0

� T
(6.5a)

K xg =
�
kst 0 0 : : : 0

� T
(6.5b)

109



Figure 6.4: Lumped mass model.

In drafting the structural matrices, the case of a concrete frame with storey heighthst = 3 m is
considered. The fundamental periodT1 is adjusted as per the prescribed equation in EC8 [69],

T1 = CtH
3=4
t (6.6)

whereH t is the total height of the building and Ct = 0:075 for concrete frames. The sti�ness is
considered identical for all storeys (kf 1g

st = kf 2g
st = ::: = kf N g

st ) and it is calibrated, assuming shear
behaviour, to match the dictated �rst natural period, for massmf 1g

st = mf 2g
st = ::: = mf N g

st = 1.
The viscous damping matrix is adopted to be sti�ness proportional, i.e.,

C = � K ; for � =
2� 1

! 1
(6.7)

where! 1 and � 1 are the �rst natural frequency and damping ratio of the MSbS, respectively.
The integration of the NegSV device into the original structure causes a nonlinear modi�cation

to Eq. (6.4). In speci�c, assuming that the device is placed between then-th� 1 and then-th
storey, a nonlinear force of the form [49]

FNgV = cNgV ( _xn � _xn� 1) + kNgV (xn � xn� 1) + kb(xn � xn� 1)3 (6.8)

is now locally developed. The equation of motion for the protected system is,

M •x(t) + C _x(t) + Kx (t) + Fnl (x) = Cxg _xg(t) + K xgxg(t) (6.9)

whereFnl is a sparse matrix, containing non{zero elements only around DOFsn � 1 and n.
Under this setting, the parameter vector associated with the structure and the NegSV device

is
� s = f Ct ; H t ; hst ; NNgV ; kNgV ; kb; cNgV ; H; L g

where the individual entries are described in the second column of Tab. 6.3. As in the stochastic
ground motion model, not all parameters are included in the optimal design problem; some are
user-de�ned, whereas a subset is analytically determined.
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Table 6.3: Parameters of the structure and the NegSV device.

Quantity Description Calculation

Ct material parameter (user{de�ned, EC8)

N number of storeys (user{de�ned)

hst storey height (user{de�ned)

H t total height of the structure H t = Nhst

NNgV storey of NegSV application numerical

kNgV negative sti�ness of the NegSV at the unsta-
ble equilibrium position

Eq.(6.13)

cNgV viscous damping that is added to the modi�ed
storey

Eq.(6.14)

kb nonlinear sti�ness Eq.(6.16)

kd linear sti�ness of the triangular arch Eq.(6.15)

H height of triangular arch numerical

L base length of triangular arch (user{de�ned)

In more detail, kNgV , cNgV are determined by applying the theory developed for TMDs.
To this end, the MSbS is treated as the MDOF system to be protected and the ASbS as the
TMD (refer to Fig. 6.1b). The mass of the equivalent TMD is considered to be the total mass
of the ASbS, while its sti�ness and damping are assumed to be the ones of the modi�ed storey.
This assumption is acceptable in this tuning phase, as the sti�ness of the modi�ed storey is
signi�cantly reduced (due to the introduction of negative sti�ness), compared to all other ones.
Therefore, its dynamic properties are dominated by the total mass of the ASbS and the sti�ness
of the NegSV-modi�ed storey.

To ascertain the sti�ness and damping of the altered 
oor level, the approach of [190] is
employed. The method allows for the computation of the natural frequency and the damping
ratio of the TMD from

! r =

"
1

1 + �' n
1

 

1 � � 1

s
�' n

1

1 + �' n
1

!#

! 1 (6.10)

� r = ' n
1

�
� 1

1 + �
+

r
�

1 + �

�
(6.11)

where ' n
1 is the amplitude of the �rst vibration mode of the of the MSbS at the position of the

resonator and� is given by
� =

mr

' T
1 M ' 1

(6.12)

in which ' 1 is the eigenvector of the �rst mode of the MSbS, normalised to comprise a
participation factor equal to unity, and mr is the mass of the resonator, which in this case is
the ASbS. From Eqs. (6.10){(6.12),kNgV and cNgV are determined as

kNgV = mr ! 2
r (6.13)

cNgV = 2� r mr ! r (6.14)
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respectively.
Accordingly, the linear sti�ness of the triangular arch (see Fig. 6.1) and the nonlinear sti�ness

term of Eq. (6.8) are determined from [49]

kd = �
1

2
�

Ld

L
� 1

� kNgV (6.15)

kb =
Ld

L3
kd (6.16)

for Ld =
p

L2 + H 2. The calculation type for each entry of the parameter vector� s is listed in
the third column of Tab. 6.3.

6.4 NegSV Performance Assessment

In this work, we propose a performance measure, which can targetedly assess the e�cacy of the
NegSV device by examining the response of the system in the frequency domain. We speci�cally
examine the frequency response of the inter-storey drifts. The displacement-based frequency
response of the system (receptance) is a complex quantity, de�ned as:

X (! ) = A (! ) + B(! )i (6.17)

where! denotes the angular frequency andi is the imaginary unit. This expression attains the
geometric representation of Fig. 6.5, where the horizontal axis corresponds to the real part and
the vertical axis to the imaginary part of X (! ). Recall that for the i -th DOF, Eq. (6.17) is
associated with a harmonic response of the form

x i (t) = r i sin(!t + � i ) (6.18)

for

r i =
p

A i
2 + B i

2 and � i = arctan
�

B i

A i

�

In the case of the nonlinear system the Harmonic Balance Method (HBM) [123] is used,
where a �rst-order approximation is performed. This implies that the �st term of the Fourier
series expansion of the steady-state response is considered. Therefore, the nonlinear response
still has the form of Eq. (6.18), a property that is highly useful for the calculation that follows.

By graphing the solutions for two arbitrary DOFs, two concentric circles with radiir1 and r2

are drawn on the complex plane. The harmonic response of each DOF may be then expressed
as the projection of a point that travels along the perimeter of the corresponding circle with
angular velocity ! , to a vertical line. Then, the inter-storey drift between two DOFs equals the
distance between the projected points travelling along the circles of radiir1 and r2, at the same
angular velocity. The amplitude of their di�erence, denoted as� 1� 2, is also shown in Fig. 6.5
and it can be calculated via the cosine rule as

� 1� 2 =
p

r1
2 + r2

2 � 2r1r2 cos (� � ) (6.19)

where � � = j� 1 � � 2j. Equation (6.19) is valid for both the original (linear) and the protected
(nonlinear) system, due to the aforementioned incorporation of a �rst-order HBM approximation.

Figure 6.6 depicts the frequency response of three inter-storey drifts of a 10-storey building,
in which the NegSV device is �tted to the 9-th 
oor with H = 0:05m. It is observed that
the peaks of the nonlinear frequency response generally arise in slightly higher frequencies,
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Figure 6.5: Geometric representation for calculating oscillation amplitudes.

Figure 6.6: Frequency response of three inter{storey drifts of a 10 storey building forNNgV = 9,
H = 0:05 m and three excitation levels. The structural parameters are:Ct = 0:075,H t = 30m,
hst = 3m, L = 1m. For the calculation of the nonlinear frequency response, a �rst{order
approximation of the HBM has been applied.

compared to the ones of the original (linear) system. One would expect two peaks to be present
around the �rst resonance frequency of the original structure, this being a typical behaviour of
a resonator-�tted structure, such as in the case of a TMD. However due to the introduction
of the damping term cNgV this e�ect is suppressed. Moreover, the response of the protected
system results reduced across all 
oor levels, except of the one at which the device is installed.

To demonstrate the e�ect of nonlinearity, three excitation amplitudesX g have been imple-
mented. As the ratioX g=H increases, the excessive drifts at the modi�ed storey are suppressed;
however, the drifts at the other two storeys are signi�cantly increased. This contradictory result
calls for an optimal tuning strategy, as described next.
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6.5 Optimal design

6.5.1 Performance criteria

The performance of the NegSV device can be optimised via appropriate selection of two key
parameters. The �rst is the storey of deployment,NNgV , of the NegSV device. The larger the
mass of the top part, the higher the improvement in terms of vibration mitigation performance.
This, however, is linked to larger drifts at the modi�ed storey. The second de�ning parameter is
the dimensionH of the triangular arch con�guration, which determines the sti�ening behaviour
of the nonlinear setup. This is responsible for in
uencing the development of inter{storey drifts
and therefore can limit excessive displacements, although exploitation of nonlinearity leads to
detuning of the resonant frequency of the ASbS.

It is evident that the alteration of these two parameters signi�cantly in
uences the perfor-
mance of the device and the structure to be protected. The optimal design problem treated
herein pertains at their proper tuning, for a certain excitation space, i.e., for a certain range of
seismic input parameters, as these were de�ned in Section 6.3. To this end, an objective function
is formulated, targeting a reduction in inter-storey drifts as well as establishes a designer-de�ned
upper limit for the drift ratio. The objective function is de�ned as,

P r = Prof p(b1)(1 � b2)(1 � b3) (6.20)

for

P ro =

NP

j =1
PI j

NP

j =1

 j

; P I j = 
 j

 

1 �
rms(drnl

j )

rms(dr l
j )

!

; 
 j =
' j

1 � ' j � 1
1

NP

i =1
(' i

1 � ' i � 1
1 )

(6.21a)

f p(b1) =
1 � 2� aj1� b1 j
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sign (1� b1) (6.21b)
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where ' j
� is the eigenvalue of thej -th DOF for the � -th mode, a is calibrated asa = 20(1 �

0:5
 NgV ), subscript NgV corresponds to the retro�tted storey,dr l
j and drnl

j are the time histories
of the inter-storey drift ratio between storeysj and j � 1 in the linear and nonlinear case,
respectively, anddr lim is the adopted drift ratio limit, excess of which is considered to lead
to damage. Notice thatP r � 1, asb1 � 0, and that f (0) = 1, f (1) = 0 and f (b1 > 1) < 0,
meaning that if the maximum inter-storey drift ratio is larger than the speci�ed limit dr lim the
objective function takes negative values. The importance factor
 j is assigned according to the
drifts of the j -th 
oor from the �rst eigenmode. Essentially this penalises the application of the
NegSV at 
oors that already develop large drifts in the original system (usually the lower ones).
The term PI j evaluates the performance of thej -th 
oor, which takes negative values when
increased drifts are observed in the modi�ed system, and therefore the higher the
 j the larger
the penalty. Indicative examples for the performance of the objective function are shown in
Figs. 6.7, 6.8 for a 7 and 10 storey building.
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Figure 6.7: Performance map of the objective function (Eq. (6.20)), for a 10 storey building.
Contour plot colour corresponds toPr values for clarity. The user{de�ned values of Tab. 6.3,
third column, are: Ct = 0:075, H t = 30m, hst = 3m, L = 1m. The system is simulated
numerically in MATLAB ® environment, by solving Eqs. 6.4,6.9 using theode45 function
(AbsTol=eps, ReTol=eps(2=3), MaxStep=10� 2, eps is the machine precision). The ground
excitation is arti�cially generated using the stochastic model of Eq. (6.1) with! mid = 10 rad/s
and I a = 0:1 m/s.

Table 6.4: Initialization parameters for each independent run of the optimization algorithm.

Quantity ! mid I a N N NgV;0
H0

hst � dr lim
Ct hst L

Value Tab. 6.2 Tab. 6.2 U(4; 20) U(2; N ) N (1; 0:3) 0.075 3m 1m

6.5.2 Numerical optimization

In determining the optimal values forNNgV and H , for a given building geometry and a relevant
excitation space, the Nelder-Mead Simplex Method [126] is applied, using the negative of
Eq. (6.20) as the objective function. The optimization algorithm is executed for 1:6 � 103

independent runs, whereas for each run, the excitation, user-de�ned parameters and initial
values are set as displayed in Tab. 6.4. Figure 6.8 demonstrates two indicative examples of the
numerical optimization process. In both cases, it is observed that the algorithm estimates a
parameter vector that maximises the performance measure of Eq. (6.20) in only a few iterations.

Overall results for the behaviour of the parameter vector and the computational cost of the
optimization process is shown in Fig. 6.9. Regarding the placement of the NegSV, there is a
clear prevalence ofhNgV = NNgV =N = 0:9, implying that a generally good choice for deployment
lies at 90% of the building's height. It is worth mentioning that, while this is the optimal
placement for the majority of the seismic inputs and building characteristics, individual cases
may bene�t from di�erent placement that is targeted to the speci�c con�guration. In fact, the
taller the building, the lower should the deployment storey be from the top. This is justi�ed by
returning to Fig. 6.1b. The total mass of the ASbS should be su�cient, compared to the one of
the MSbS; since the method operates without the addition of extra mass, this can only occur if
the NegSV device is placed at lower storeys. Nevertheless, for low to mid{rise buildings, whose
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(a) (b)

Figure 6.8: Performance maps of the objective function (Eq. (6.20)). Contour plot colour
corresponds toPr values for clarity. The user{de�ned values of Tab. 6.3, third column, are:
Ct = 0:075,H t = 30m, hst = 3m, L = 1m. The system is simulated numerically in MATLAB®

environment, by solving Eqs. 6.4,6.9 using theode45 function (AbsTol=eps, ReTol=eps(2=3),
MaxStep=10� 2, eps is the machine precision). The ground excitation is arti�cially generated
using the stochastic model of Eq. 6.1. Red points depict the function evaluations of the
optimization algorithm. (a) N = 7, ! mid = 20rad/s, I a = 0:1m/s. (b) N = 10, ! mid = 10rad/s,
I a = 0:05m/s.

fundamental frequencies lie within the frequency band of seismic motions, �xing the device at
90% of the height is an acceptable approximation. The same conclusion cannot be drawn for
the optimal H value; the latter results rather dispersed. Notice that, in contrast toNNgV , H
admits continuous values. Therefore, the accurate determination of this parameter is crucial
and requires further investigation, which is performed in the next section.

6.6 Surrogate Modelling

Figure 6.9 further illustrates the number of objective function evaluations for each run of the
optimization algorithm. The corresponding absolute execution times range from 50s to 150s, on
a typical desktop computer. This is due to the fact that every call of Eq. (6.20) requires the
simulation of the nonlinear system. In treating this issue, a surrogate modelling procedure is
herein adopted. By �xing the placement of the NegSV device at 90% of the building's height,
the goal is to create a model that can reliably predict the optimal value ofH (Hop), based on
the properties of the building and the parameters of the seismic input. To this end, a Gaussian
process regression (GPR) [197] model of the form

y = f (x) + � (6.22)

is herein adopted, where
x =

�
� T

e � T
s

� T
; y = Hop (6.23)

and � � N (0; � �
2), with � �

2 representing the aleatoric uncertainty, which is considered to be
input-independent (i.e., the data is assumed to be contaminated with homoscedastic noise).

The previous assumption is similar to the one made in linear regression, however in this
case the signal term is considered to be a random variable, which follows a Gaussian process
distribution, i.e., f (x) � GP (� (x); k(x; x0)). A GP is in turn de�ned as an in�nite collection of
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Figure 6.9: Histograms of the optimal NegSV outputs and metrics of the optimization algorithm.

random variables, for which any �nite number has a joint multivariate Gaussian distribution.
Its distribution has a mean value� (x) = E [f (x)], being the expected function value, and a
covariance parameterk(x; x0). The latter is called the kernel of the Gaussian process and models
the dependence between output values at varying input pointsx and x0. After training on t data
points, at inference time the GP estimates a mean function value� t (x) and its variance� t (x).
The latter is composed of the not input-dependent noise, i.e., constant for every point, and an
input-dependent component, referred to as the epistemic uncertainty of the model at inputx.
The kernel used in the current model is of the Matern correlation function type (Matern-5/2),

k(r ) =
�

1 +
p

5r +
5
3

r 2

�
exp

h
�

p
5r

i
(6.24)

for

r =

vu
u
t

2X

i =1

�
x i � x i

0

� i

� 2

(6.25)

where� i are the hyperparameters of the model. The adopted GPR model is trained [144, 128]
using input-output data (that is, input vectors x and optimised outputsHop) produced by the
optimization process described in the previous section.

Since exact evaluations of the data points are computationally demanding, the model is
trained on a limited amount of data. In improving the accuracy of the estimated model, an
additional set of training points is optimised via an active learning scheme [198]. Active learning
aims at estimating an unknown function, usually expensive to evaluate, as quickly and accurately
as possible [197]. The method operates by constructing a probabilistic model off and then
iteratively selecting the most promising points to evaluate based on the current model. Active
learning proceeds by �rst assuming a prior overf (i.e., f̂ 0), via the GPR model, which gives an
initial indication about the behaviour of f . Each sequential evaluationt of f at a point x t 2 X
(i.e., f̂ t ) provides additional (x t+1 ; f (x t+1 )) data which are used to update the GP, resulting
in a posterior distribution that re
ects the updated belief f̂ t+1 about f . To decide where to
sample next (i.e.,x t+1 ) an acquisition function is de�ned over the domain using the current
GP. In this case sampling is performed at the points of highest (epistemic) uncertainty, namely
x t+1 = arg maxx2X � t (x), which is then added to the training dataset. Thus, the updated GP
diminishes its uncertainty overx t+1 and a new point of highest uncertainty will be selected next.
As such, the model epistemic uncertainty over the function is sequentially globally reduced over
the whole domain. This process is repeated iteratively, until a stopping criterion is met, such as
a maximum number of function evaluations or convergence to a desired level of optimization.
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In this context the GP model operates purely under exploration mode, in contrast to an
exploration-exploitation scheme that is typical within a Bayesian optimization setting [84]. In
this latter case, the goal would not be to globally discover the unknown function, rather to �nd
its maxima as quickly as possible [90]. Related to this would additionally be a reinforcement
learning scheme, where GPs have e�ectively been used to deal with the exploration-exploitation
trade-o� [63, 14].

6.6.1 Gaussian Process model formation

As noted previously, the aim of the GPR model is to provide the optimal value ofH , along with
con�dence intervals, given the statistical distribution of the stochastic variables that control the
ground excitation model (! mid and I a), as well as the structure to be protected (storey height
N ). In assessing the e�cacy of the GPR model and the associated active learning procedure,
the GPR model is �rst trained and accordingly validated using new data. For the training
stage, the input data set is generated by �xing the device to 90% of the storey height, uniformly
sampling ! mid , I a and N as

! mid � U (1; 70); I a � U (10� 2; 100) and N � U (4; 20) (6.26)

and then forming the vectorx from Eq. (6.23). 2� 103 such vectors are generated, and the
optimal H is calculated via the numerical optimization procedure. Half of the generated data is
used as the training set (note: the training set will expand during the active learning process),
and the GPR model is estimated from the normalised input-output data (i.e., the z-scores of
! mid , I a and Hop).

Figure 6.10 illustrates an indicative behaviour of the trained GPR model for a 10-storey
building. The surface on the left part expresses the expected value ofHop, as calculated from
the model, given a grid of equidistant values for! mid and I a. The scattered dots on the same
�gure correspond to the results of the optimization process. The surface demonstrates thatHop

is monotonically decreasing with increasing Arias intensity and that it further attains its lowest
values when! mid lies around the �rst fundamental frequency of the building. The surface on
the right displays the variance of the predicted mean ofHop. It is observed that the uncertainty
estimated by the GP attains its highest values at the boundaries of the domain.

Figure 6.10: Output of the trained GPR model for a 10{storey building. (left) mean ofHop

surface. The scattered dots correspond to the output of the optimization procedure previously
described. (right) variance of the mean.
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From an engineering perspective, the model indicates that values of the excitation parameters
with unfavourable e�ects on the structure, such as frequencies close to the fundamental one, or
high Arias intensities, lead to smaller values ofHop. This is expected, as unfavourable excitation
leads to excessive inter{storey drifts. Recall that use of the NegSV results in reduced sti�ness of
the modi�ed storey with respect to the original, and therefore larger drifts. On the other hand,
parameterH (see Fig. 6.1a) controls the displacement at which sti�ening of the system will
occur. The lower the value ofH , the lower the displacement level that needs to be developed
for the triangular arch to transition from negative to positive sti�ness. Subsequently, for critical
seismic inputs, this parameter needs to be reduced so that it prevents extended inter-storey
drifts, by sti�ening of the storey for large displacements. This has the e�ect of reducing the
e�ectiveness of the NegSV, yet ensuring the integrity of the protected structure.

Figure 6.11: Improving the GPR model through active learning. Contour plot colours correspond
to the variance of the mean for the given position of the predicted optimal surface. Top left: the
meanHop surface for the 10{storey frame of Fig. 6.10. The red cross corresponds to a position
of high uncertainty. Top right: during the �rst iteration of the active learning process, the
model is modi�ed at the position of the red cross, resulting in reduced uncertainty at that point.
Bottom left: mean Hop surface for the 10{storey frame after the execution of the active learning.
The scattered points correspond to positions, at which the model uncertainty has been reduced.
Bottom right: root{mean{square (RMS) error between the predictions of the improved model
and the validation set vs. iterations.

An important feature of the optimal surface is the formed valley around! mid =! 1. Although
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these two frequencies are related, there is no 1:1 correspondence between them, i.e. the valley
is not aligned at 1. This is attributed to the fact that the dominant frequency of the seismic
excitation model is time-variant with rate ! 0 (recall that ! f (� ) = ! mid + ! 0f � � tmid g).

6.6.2 Active learning

The estimated GPR model is then improved via the active learning procedure described previously.
The model is updated in several consecutive steps to improve its accuracy in predicting the
optimal value of the design parameterH . The selection of the additional points at each step
is based on studying the variance of the mean at the previous step of the model. A simple
approach would be the identi�cation of the position in the input domain where the variance of
the mean takes the highest value. However, such strategy results in high density sampling at
the boundaries of the domain preventing the model from improving its prediction within the
input domain. In a modi�ed strategy, there is a compromise between the variance of each point
and its position in the domain. In particular, the local maxima of the variance are determined
and their position is inspected. If they lie right at the boundaries these are discarded, unless no
further local maxima exist in the remaining of the domain.

This strategy is depicted in Fig. 6.11, where for example one can observe the high uncertainty
point within the ! mid { I a domain in the initial model being marked and, in the �rst iteration
of the active learning, this point being sampled reducing the variance at this position. To
reduce computational cost this operation is performed for all values ofN at each step, therefore
sampling at multiple points in every iteration. For each distinctN value, the point of maximum
uncertainty within the domain is spotted and sampled for the next step of the active learning
procedure.

6.7 Optimization prediction and results

The left part of Fig. 6.12 displays a histogram ofHop values, as calculated from the improved
GPR model, for the case of a 14{storey building. Recall that the GPR model predicts lower
values ofHop to prevent excessive inter-storey drifts in the most unfavourable cases of the input,
namely, for high values of Arias intensities and near resonance frequencies of the seismic motion
signal. Therefore, for a given structure, it is reasonable to infer an overall optimal value ofH as
a lower quantile of the output distribution. A 5% quantile has been included in the histogram
of Fig. 6.12, which is typical in civil engineering applications.

Repeating this procedure for all available building heights (see Tab. 6.4), results in the curve
shown in the right part of Fig. 6.12. As expected, the optimal value ofH is predicted to be close
to the allowed inter-storey drift limit, calculated as the product of the limit drift ratio and the
storey height. However, it varies with respect to the number of storeys of each structure. It is
observed thatHop takes its lower values for 7� N � 8, as the fundamental resonant frequency
of these types of structures falls within the plateau of the given design spectrum. A second dip
in the N { Hop curve is spotted aroundN = 18. This is a result of the second mode of these
buildings, that falls within the plateau of the seismic spectrum.

A comparison between the unprotected and the protected structure is shown in Fig. 6.13
for the case of a 7{storey building, in which the NegSV is mounted to the 6-th 
oor. The base
excitation is selected as an EC8 compatible accelerogram, according to Fig. 6.3, scaled up 1.5
times. The protected structure behaves better than the unprotected, by conveniently exploiting
the remaining capacity of the storey, where the NegSV is mounted. The drift ratio of the base
is signi�cantly reduced throughout the time history of the response, while the unprotected
building fails to meet the drift ratio criterion, albeit under an exaggerated input. The overall
protection of the important elements of the structure, such as the base, inevitably comes in the

120



Figure 6.12: Determination of the optimal value ofH for a given storey number. Left: histogram
of predicted Hop values and 5% quantile for a 14-storey building. The histogram has been
generated using 104 pairs of ! mid and I a, sampled from the distributions of Tab. 6.2. Right:
Optimal H values vs. the number of storeys. The curve has been generated by repeating the
process of the histogram in the left plot, to buildings with storeys in the range [4; 20].

expense of intensifying the vibration of areas that can a�ord such e�ect; although the drifts of
the NegSV modi�ed 
oor are larger than in the original system, they remain considerably below
the drift ratio limit.

A typical measure for quantifying the dynamic performance of a structure under a given
seismic input is the cumulative total energy (kinetic+potential). This metric o�ers an indication
of accumulated damage in the structure [170, 114], and is calculated as,

Ec(t) =
Z t

0
K (� ) + U(� ) d� (6.27)

where K and U are the kinetic and potential energy respectively of all inertial and elastic
elements of the structure. Figure. 6.13(b) depicts the evolution of this quantity for both states,
from where it is observed that the total energy experienced by the structure is signi�cantly
reduced in the protected case, indicating the accumulation of milder damage in the system.
Figure. 6.13(c) shows the frequency response of the corresponding drifts for 3 storeys, (according
to Eq. ((6.19)), namely the base (� 0� 1), the NegSV modi�ed storey (� 5� 6), and an intermediate
storey (� 2� 3). The response of the retro�tted system is suppressed in terms of drifts with respect
to the original for all unmodi�ed storeys. Crucially, one can comprehend that base shear is also
reduced, as this is a function of� 0� 1. Furthermore, by studying the behaviour of� 5� 6 one can
realise that not only this remains below the set drift ratio, but also that the drift levels of this
storey are already limited, even in the original system. Intuitively, this implies that the NegSV
approach involves the modi�cation of storeys that are originally not heavily loaded, while they
can o�er additional drift capacity, which can be exploited for attenuation.

6.8 Conclusions

This study investigates the vibration mitigation potential of the NegSV device mounted to
multi{storey buildings. Its functionality is owed to the introduction of negative sti�ness in a
modi�ed storey, treating the upper part of the structure as a resonator with respect to the lower
part. The aim is to develop a method for determining the optimal properties of the device within
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(c)

Figure 6.13: Comparison between an unprotected 7{storey building and its protected counterpart,
under an arti�cial excitation. The device is optimally tuned and placed on the 6-th storey.(a)
Inter|storey drifts (black curves: unprotected, blue curves: protected, red curves: drift limits.).
(b) Cumulative total vibration energy. (c) Nonlinear drift frequency response.

a range of protected structures. The optimal design procedure targets a balance between the
global positive and localised negative e�ects arising from the application of the NegSV device
leading to structural integrity and improving safety. Exploitation of the nonlinear properties of
the protective device can lead to an e�cient design, as indicated by analytical calculations in
terms of the frequency response of inter-storey drifts.

The NegSV device is meant to operate under earthquake excitation. For this purpose a
parameterised seismic motion model is adopted and a probabilistic input is assumed, where
the resulting response spectra are compatible with a selected design spectrum. The optimal
parameters can then be identi�ed for each seismic motion according to a set objective function.
A Gaussian Process regression model is trained to deliver a surrogate, whose input data are the
earthquake parameters and structural properties (number of storeys), and whose yielded output
is the optimal value for the height of the triangular archH . To further improve the quality of
the predictions and in an attempt to optimise the expensive evaluations of the training data, an
active learning strategy is followed, which is shown to improve the predictive accuracy of the
model.

It is shown that the NegSV device can e�ciently limit vibration levels on a multi-storey
building at crucial positions of the structure. In this work, emphasis is given to the base of the
structure, this being directly linked to the base shear. A particular trend is observed in the

122



optimal solution of the GP model, near regions of unfavourable input conditions. It is observed
that when the excitation entails frequencies that are close to resonance or large Arias intensity
values, the optimal design requires limited stroke parameterH . Following this assessment, the
selection of the overall optimum stroke value is conservatively selected so that large drifts at the
modi�ed storey are avoided.

It is demonstrated that the investigated NegSV device is able to improve the performance of
a target building under various seismic excitation characteristics under appropriate design. The
e�cacy of this protection solution stems from exploitation of the excess capacity of structural
members that are not heavily stressed, for enhancing structural integrity. Relief of the originally
highly stressed critical components of the structure is therefore achieved, motivating adoption
of the NegSV for seismic protection of frame structures.
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Chapter 7

Conclusions and Perspectives

Structural protection of civil structures pertains many challenges. They arise from many factors
accompanying these systems, such as the large scale, large energy, serviceability requirements,
cost caps and others. One way of addressing the issue of vibration attenuation is through suitably
designed protective countermeasures, which can attenuate mechanical vibrations to control
the system's response. Constant development of materials, technologies and techniques sheds
light on such aspects, and enables the introduction of practical implementations of theoretical
concepts. This thesis advocates exploitation of non conventional and nonlinear designs, such as
those relying on metamaterial concepts or properties, such as negative sti�ness, which can lead
to groundbreaking results that bene�t society.

The development of innovative vibration mitigation devices, however, mostly remains at
the research stage. Exploitation of advanced concepts usually involves non-trivial aspects of
implementation, as systems that create the aforementioned unique properties are typically
complicated or impractical to mechanically apply. The well established techniques, used in the
�eld of seismic protection, are based on concepts that were introduced at very early stages of
engineering. There is a lack of novel devices in this sector of engineering, as traditional solutions
o�er a more appealing option.

To study improved versions of vibration mitigation devices, this work suggests adoption of
nonlinear mechanisms, which can serve for e�cient absorption. Realization of such nonlinear
properties in physical systems is challenging to achieve, as there various uncertainties are
involved, especially concerning material nonlinearity. On the other hand, geometric nonlinearity
can be implemented with suitably designed mechanisms, and importantly their behaviour can
be accurately calculated. An issue that arises in use of nonlinear devices, despite their bene�cial
properties, is the lack of design guidelines. This is not a concern in linear systems, however in
nonlinear setups, where their behavior is dependent on the vibration amplitude, one can not
easily determine a suitable strategy for tuning such devices.

The aim of the current work is to investigate and propose innovative solutions that incorporate
nonlinearities for enhanced vibration mitigation capabilities over linear solutions. In this regard,
the purpose of the work focuses on proof of concept studies indicating the potential of such
approaches, while a dimensional analysis is not the main objective of the current thesis. To this
extent, the underlying parameters that in
uence the behaviour of the protective devices are
identi�ed, indicating tuning strategies that can be applied in real scale problems.

Based on the aforementioned issues, the �rst objective of this thesis is set as the development of
a base protective device, that can obstruct propagation of mechanical waves and therefore protect
a target structure. To perform this task, a nonlinear metamaterial lattice was conceptualized and
developed, that incorporates nonlinearity and negative sti�ness. To demonstrate the practicality
of the device, a physical prototype was created and tested in the lab, con�rming the feasibility
of the design in a physical implementation.
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The second research objective of this thesis was to develop protective measures in the
superstructure level of buildings to attenuate vibrations induced by seismic input. To this
end, the partial mass resonance concept was conceptualized and developed. In applying this
concept, a negative sti�ness device was designed, termed the NegSV. Similarly to the previous
objective, to demonstrate feasibility of the device, a physical prototype was created and �tted
to a model frame structure. This concept overcomes several of the issues that are usually met
in complicated mechanical designs, a prominent example being the 2 dimensional functionality
of the system.

The third research objective is the development of optimization and tuning strategies for the
introduced nonlinear systems. To this end, analytical and numerical techniques are deployed.
Incorporation of uncertainty in the seismic input and deployment of surrogate modelling allows
the prediction of optimal system parameters. Therefore, a complete package of tuning guidelines
is o�ered in the case of the NegSV system. This consists of analytically tuning several parameters
and optimizing others via GP regression, indicating the necessity of combining methods for a
desired purpose.

7.1 Summary of the research Performed

The �rst part of this work delves into the concept of metamaterials, capable of controlling wave
propagation within speci�c frequency ranges, called band-gaps. Leveraging a geometrically
nonlinear unit cell design with the ability to exhibit negative sti�ness, this research investigates
the vibration attenuation capabilities of such a metamaterial device. The analytical framework
adopted in the study facilitates the calculation of the expected attenuation zone and explores the
nonlinear behaviour's dependence on the input amplitude. Validation of the proof of concept is
achieved through dynamic tests conducted on a scaled model. These tests not only demonstrate
the ease of constructing such nonlinear systems but also underscore their potential for e�ectively
reducing vibrations within targeted frequency zones, thereby enhancing the protection o�ered
to primary structures. Numerical analyses serve to verify the analytical calculations of the
dispersion relation and are further compared to experimental results, scrutinizing the underlying
modelling assumptions. Some deviations are present between the experimental and numerical
results, which are attributed to the inevitable imperfections of the experimental model. These
include friction e�ects as well as tolerances in the articulated joints. Although these imperfections
can introduce some uncertainties in the response, it was observed that the results were consistent
at the steady state, based on which the corresponding band-gap is inferred. The derived
analytical solutions can reliably describe the dynamic behaviour of the system, however they
deviate from the numerical solution at large displacement amplitudes. This is a result of the
polynomial approximation of the nonlinear force, which has some discrepancies from the exact
formulation at large displacements. The study reveals the potential to lower the band-gap
within the typical seismic engineering frequency range while maintaining broadband attenuation
at lower frequencies, highlighting the e�cacy of negative sti�ness in enhancing metamaterial
performance for seismic protection applications.

The performed analysis on the nonlinear metamaterial con�guration includes the dependence
of the bangap frequency range based on the design parameters of the device. For this purpose,
varying unit cell con�gurations were tested in the experimental phase, to determine the in
uence
of the geometric and sti�ness properties on the system's response. Therefore, tuning parameters
of the device are identi�ed and can be used for application of the mechanism at di�erent
scales. An important aspect is the impact of scale e�ects for structural applications. These
can a�ect the sti�ness and mass requirements, being driven by the frequencies that need to
be �ltered. The feasibility of achieving these mass and sti�ness requirements for structural
applications can be a main point of further research. Moreover, the e�ectiveness of such negative
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sti�ness metamaterials in realistic scenarios is highly dependent on practical considerations.
The realization of articulated joints can be particular challenging or cost ine�cient, therefore
innovative solutions, such as compliant mechanisms [25], can be adopted. A bene�t of using the
device in a larger scale is the reduction of the contribution of imperfections, as higher machining
accuracy can be achieved relative to the larger scale of the mechanism.

A critical issue that arises in the use of metamaterial con�gurations and is con�rmed in the
current thesis is related to wave propagation outside of the band-gap, i.e. within the pass-band
frequencies. This e�ect is additionally highlighted in the literature [220, 65], where vibration
ampli�cation is observed within the pass-band regions. Application of metamaterial devices
can therefore cause energy redistribution, potentially leading to unfavourable e�ects, such as
increased vibrations to structures within the soil domain or speci�c structural elements.

The second part of this thesis focuses into the design and implementation of a novel vibration
mitigation system called NegSV. This system employs a geometrically nonlinear mechanism
to introduce negative sti�ness into a primary structural system, thereby altering its dynamic
characteristics and attenuating vibrations. It introduces the concept of modifying the sti�ness
of a multi-storey structure to direct and dissipate energy away from primary components,
thus reducing vibration levels and minimizing the risk of structural damage. The concept
of the NegSV involves adjusting the sti�ness of a MDOF system, and designing a device for
straightforward installation onto building frames. Partial mass resonance is explored as a means
of achieving vibration mitigation, focusing on modifying the sti�ness of a single storey of a shear
frame so that its top part acts as a resonator with respect to the lower part, thus absorbing
energy from the latter. The proposed device, utilizes a geometrically nonlinear triangular arch
con�guration to create negative sti�ness. Experimental testing on a small scale four-storey
frame structure validates the e�ectiveness of the NegSV in reducing acceleration and inter-storey
drift response below the retro�t level, although increased drifts at the top storey are noted.
Finite element analyses are performed to further validate the experimental �ndings and explore
alternative design con�gurations for the NegSV device. Linear elastic behaviour is considered
for the bare frame, as no yielding was observed in the experimental phase, while geometric
nonlinearities and friction is accounted for the NegSV mechanism. The numerical results align
well with the experimental observations, con�rming the device's vibration mitigation capabilities,
enhancing the understanding of the underlying physical phenomena that are involved. The
practical challenges of implementing the NegSV device in real buildings are further elaborated,
particularly regarding the requirement for increased top storey drifts. Strategies for mitigating
this e�ect include enhancing the capacity of structural elements, incorporating additional
damping components, and exploiting the geometrically nonlinear properties of the NegSV
device.

An important aspect of the scaled experimental campaign is related to the tuning of the
NegSV for e�cient vibration attenuation. The negative sti�ness and damping properties of the
device can be determined by analytical formulas, equivalent to these used for TMD applications.
However, the optimal nonlinear properties of the system that arise from its geometric parameters
can not be directly inferred by the experimental testing, as a result of scaling. Therefore, having
shown the potential of the NegSV in a proof of concept application, numerical analyses are
performed thereafter in real scale studies.

Practical aspects of manufacturing and applying the NegSV device in actual scale can be an
important issue to be investigated. The connection of the device to the existing bearing frame
is a task that requires attention. Speci�cally, mounting of the prestressed elements, rail guides
and cables poses some capacity requirements to the existing structure. In case these are not
met, additional reinforcement of these elements can be opted for. Regarding the practicality of
applying the NegSV device, an important point is related to the installation and maintenance
costs. In particular, the sliding surfaces or the use of cables may be a source of excessive costs,
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which needs to be further investigated, this being determined by the acceptable tolerances for
the proper operation of the device. One advantage of utilizing the device on a larger scale is
the reduced impact of imperfections, as the mechanism's larger size allows for relatively greater
machining accuracy. A key goal of the current research is to set the foundation for a device that
can be more cost e�cient than similar solutions, such as the TMD, by developing a compact
system, which can promise minimization of manufacturing costs due to the limited number of
the required elements.

A key consideration for the practical implementation of the NegSV device is also related
to the compliance with the corresponding codes and provisions. Several requirements need
to be ful�lled regarding the displacement capacity, sti�ness, damping and others. A sensitive
issue arises in relation to the sti�ness requirements described in the norm EN15129 [70], which
states that the \force-displacement curve in the loading phase (of the nonlinear device) shall
not show a decreasing trend while increasing the displacement or the force up to" the allowed
values. Essentially this description does not allow negative sti�ness to be present in the system
within a certain displacement range. A �rst clari�cation to the previous requirement in the
case of the NegSV is that the nonlinear attachment is not a stand-alone component and it
rather utilizes the existing features of the structure (columns, beams and slabs) to operate.
Therefore, the combined NegSV-modi�ed storey acts as the protective device, which does
not experience negative sti�ness, as the slope of the corresponding equilibrium path of the
system is always positive. A second consideration, is the fact that the aforementioned sti�ness
requirement can be also ful�lled when testing the nonlinear device, while this is not being
integrated to the building's storey. In that scenario, the system would transition to one of the
two stable equilibrium positions and therefore positive sti�ness would be present for a certain
displacement range, which can be adjusted to comply with the regulations. Consequently, either
the NegSV-modi�ed storey system or the nonlinear device itself can be reasoned to comply with
the corresponding regulations.

Using nonlinear �nite element and lumped mass models under base excitation, the third
part of the thesis investigates the e�ciency of the NegSV system by holistically evaluating the
improvement it o�ers. For this purpose, a stochastic ground motion model is adopted and
Monte Carlo simulations are employed to probabilistically assess the in
uence of seismic input
on the device's performance. In a �rst iteration of the methodology, the probabilistic input
distributions were directly used from the literature [203] without adjusting their properties.
Therefore, these did not correspond to speci�c site characteristics, while this re�nement is
adopted at the last part of the thesis, following this work. The results show that the device
e�ectively mitigates acceleration and inter-storey drifts in the lower 
oors while increasing them
in the modi�ed storey. However, these increased drifts remain within acceptable limits. The
corresponding inter-storey drift ratio limits depend on the selection of design standards, such as
the ones provided in EC8 [69] and FEMA 356 [6]. Categorization of the inter-storey drift ratios
can be subsequently performed into Immediate Occupancy, Life Safety and Collapse Prevention
classes for each structure type. In this stage the 2% drift ratio limit is set to be in line with
the Life Safety class for concrete frames of FEMA 356. The probabilistic analysis reveals that
the NegSV device reduces the probability of failure at the base of the structure while slightly
increasing it at the modi�ed storey. Proper selection of the device's geometric properties is
crucial for controlling drift ratios at the modi�ed storey.

To address the aforementioned challenges, the last part of this thesis focuses on optimizing the
properties of the NegSV device to maximize its e�ectiveness, while minimizing drawbacks, such
as increased inter-storey drifts. The optimization process involves leveraging the geometrically
nonlinear nature of the device to counteract the larger drifts introduced. Seismic motion records
have been �tted to a target response spectrum, adjusting both their acceleration scale as well as
their frequency content, according to Ferreira et al. [78]. A parameterised seismic motion model
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incorporating probabilistic inputs is utilized to identify the optimal device parameters based
on speci�c objectives. Using a Gaussian Process regression model trained with comprehensive
input-output data, the con�guration of the device is optimized through coupling with active
learning. To facilitate the use of the Gaussian Process regression model, a set of limited input
variables has to be selected. Therefore, the seismic motion uncertainty is reduced to i) the
frequency content and ii) magnitude related (Arias intensity) parameters. Although other model
parameters, related to the duration of the signal, are considered deterministic, the adopted
process is able to closely capture a target response spectrum that is speci�ed, con�rming the
suitability of the methodology. The e�cacy of the NegSV device is assessed based on the
achieved reduction of vibrations at critical locations of the structure. The investigation reveals
a consistent set of optimal solutions that ensure the integrity of the protected structures under
seismic excitation. Although this consistency can not be mathematically proven, a clear tendency
to the optimal placement position (height) of the device is observed, through a large number
of optimization examples. Tuning of the geometric parameters of the NegSV is an outcome
of an optimization algorithm of the corresponding objective function. Convergence to a local
maximum of the system's performance is achieved, while it is observed from a large number of
sample cases that a single local maximum is present within the input domain, which coincides
with the global maximum of the performance measure. The problem statement revolves around
optimally con�guring the NegSV device given the structure to be protected and a certain
dynamic excitation on its base. This involves consideration of various parameters such as the
excitation source, structural properties, and the geometric and mechanical characteristics of the
NegSV device. The study also explores the metamodelling approach to improve computational
e�ciency. The GP model is employed to predict the optimal value of a key geometric parameter,
based on building properties and seismic input parameters. This optimal parameter value is
normalized by the inter-storey drift ratio limit, which is set by the user and is here considered
to be 2%. An active learning scheme is utilized to iteratively improve the accuracy of the model,
reducing the computational cost of evaluating the objective function. The results demonstrate
that the NegSV device can e�ciently limit vibration levels in multi-storey buildings under various
seismic excitation characteristics. By exploiting the excess capacity of structural members,
it can relieve stress on crucial parts of the structure, improving overall structural stability.
The optimization process ensures that the device operates e�ectively while avoiding excessive
inter-storey drifts. In conclusion, the NegSV device shows promise in improving the performance
of buildings under seismic events. Its ability to mitigate vibration while minimizing drawbacks
associated with local ampli�cation e�ects makes it a valuable tool for enhancing structural
resilience in earthquake-prone areas. Further research and practical applications of the device
are required to fully realize its potential in seismic protection.

The optimization strategy developed in the last part of this thesis is responsible for demon-
strating the practical issues that arise when tuning nonlinear systems. In such cases, the
deployment of algorithms that can assist parameterised analyses, thus tackling uncertainties,
can prove to be a valuable inclusion, shedding light on questions that analytical formulations
can not answer. Furthermore, the proposed process, that involves not only the architecture of
a suitable machine learning algorithm, but also the incorporation of a parameterised seismic
model, can be applied for various optimization purposes of complex structures. It solves the issue
of quantifying the uncertainty of earthquake signals, and prescribes the approach of predicting
the performance of the system, based on de�ned metrics. It can be generalized and used for
various purposes, provided suitable modi�cations.

128



7.2 Research contributions

This thesis addresses the challenges posed in the introduction section, focusing on three main
aspects, namely in the lack of feasible vibration mitigation solutions for mechanical applications,
the capability of retro�tting existing structures and tuning strategies for nonlinear devices. The
current work makes contributions in these areas, that can hopefully bene�t the research and
engineering community. Physical realization of metamaterials is achieved, demonstrating the
mechanical feasibility of such con�gurations. Complex properties can be produced with simple,
scaled models showing potential for future applications. Moreover, retro�tting solutions are
developed for building applications. A respective mechanism is conceptualized and put into
practice on a scaled experiment. It enables the enforcement in real-word application due to both
the proposal of a physical arrangement, as well as its capability of operating in two direction,
solving an issue that most research-stage devices struggle with. Finally, tuning strategies are
proposed for vibration mitigation devices, particularly suiting seismic applications and nonlinear
systems.

In the process of ful�lling the research objectives, this thesis resulted in several additional
contributions. Analytical methods are studied for calculating the dispersion curves for nonlinear
lattices. These are applied in a nonlinear metamaterial lattice and further compared to numerical
results, con�rming the amplitude dependence of the behaviour. Moreover, an interesting e�ect
is discovered, whose realization has arisen from observations during experimental tests. It
is possible to enhance the damping properties of a system without the addition of damping
elements. This counter-intuitive phenomenon can be achieved by sti�ness reduction that results
to increased damping ratio, without altering damping capacity. It was observed during the
NegSV experimental campaign, where reduction of the 
oor's sti�ness resulted to increased
damping ratio, which was evident during free vibration. An additional contribution of this
thesis is the calculation of the FRF regarding inter-storey drifts, and the use of this measure to
evaluate vibration mitigation devices.

Overall, nonlinear solutions have been investigated for advanced vibration mitigation per-
formance. Several concepts have been introduced on an analytical and mechanical level, while
others have been discovered through observations. This e�ort can prove to be useful for further
research direction, for the treatment of nonlinear problems, for the development of mechanical
systems that are not limited to vibration attenuation mechanisms and other engineering or
scienti�c purposes.

7.3 Future Perspectives

Motivated from the work completed in this thesis, the following research topics arise as reasonable
next steps.

ˆ Regarding the nonlinear metamaterial �eld, it would be valuable to propose and determine
an application of such nonlinear devices. In the case of this thesis a nonlinear metamaterial
was proposed as a metabarrier, and although it was demonstrated that this can be physically
achieved, an actual application was not studied. Therefore, one could evolve this concept
and either apply it as a structural protection device, or reconsider its purpose, adjust its
design and apply it to a di�erent problem to the one it was originally designed for.

ˆ Further types of nonlinearity need to be investigated for metamaterial con�gurations.
Extending beyond the outcomes of this work, combination of nonlinearities with negative
sti�ness can deliver improved e�ciency.
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ˆ The functionality of metamaterials increases in complexity when additional dimensions
need to be incorporated. Extension to 2 and 3 dimensional lattices of the concepts
discussed in this work in 1 dimension can prove to be challenging, yet highly rewarding.

ˆ Further analysis can be performed on the unfavourable e�ects of vibration ampli�cation
within the pass-band of a metamaterial. These issues can be anticipated, allowing the
system design to be modi�ed or adapted in order mitigate these e�ects and potentially
harness the redirected dynamic energy for bene�cial purposes.

ˆ A natural progression on the NegSV device would be its study in actual building models
with the use of numerical, e.g. FE, models. These simulations should incorporate e�cient
models of material nonlinearity and plasticity, indicating the plastic dissipation regions of
the structure and comparing them to the unprotected case.

ˆ One further extension of studying the capabilities of the NegSV device is its application
in asymmetric plan view buildings. There will be additional complications in this case,
that one needs to account for that are related with rotations.

ˆ A dimensional analysis can be performed in a future experimental campaign in an attempt
to infer the performance of the NegSV device in real scenarios. This will enable a thorough
study of the system without the requirement of full scale tests that can be challenging in
such applications.

ˆ The complexity of real world buildings needs to be incorporated in the design of protective
devices, such as the NegSV. Therefore, asymmetries, non-uniform mass distribution and
sti�ness distribution variations along the height of a building can be some of the factors
that can be accounted for in a more detailed analysis.

ˆ The investigation of the excitation type against which the NegSV device o�er attenuation
can be enriched. Several sources, such as wind or wave induced vibrations can be studied,
while the proposed protective device can prove to achieve vibration attenuation.

ˆ The use of several NegSV devices along the height of a building can be an additional
improvement to the current concept. One strategy could be the use of several such devices
in order to tune the system so that it suppresses more than one resonant frequencies.

ˆ The nonlinear behaviour of the structural elements of the building, such as the columns,
needs to be incorporated to the designing phase, as it can signi�cantly contribute to
the dynamic response of the system. Two alternative strategies can be followed under
this consideration. The most conservative approach involves the tuning of the geometric
properties of the NegSV such that the structural elements of the building will remain at
the elastic region without experiencing yielding. A second approach that shows particular
interest can involve the exploitation of the nonlinear behaviour of the NegSV device, and
in particular its sti�ening behaviour. Parallel connection of the triangular arch to the
columns of the modi�ed storey can result to a combined system that experiences linear
behaviour although its individual components enter the nonlinear regime. Proper design
of the sti�ening behaviour of the NegSV to act in parallel with the softening behaviour of
the columns after yielding can result to a linear behaviour of the combined system.

ˆ Additional research is needed to validate the practical application of the proposed concept
for addressing seismic de�ciencies in existing structures. Exploration of the capabilities of
the NegSV considering 
exural deformations of the beams is an important step towards
practical implementation of the device.
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ˆ The de�ciencies of existing buildings to be retro�tted need to be studied. As older
structures are not designed according to modern codes and standards, one can assume
failure types, such as shear-induced, that are not common in new buildings but can be
a serious concern in existing ones. Therefore, the optimization procedure of the NegSV
needs to be adjusted accordingly to account for these scenarios. This issue will need
investigation of the potential retro�tting approaches of the existing bearing frame in order
to withstand the required loading.

ˆ To examine more accurately the characteristics of seismic input and investigate the
behaviour of the NegSV, the vertical component of the seismic motions needs to be
accounted for.

ˆ The concept of increased damping ratio without the addition of damping elements can �nd
use in various �elds. It can be further elaborated and suitably exploited for engineering
purposes, as in this work this was observed only after performing experimental tests.
Designing according to this phenomenon as a basis can result in noteworthy outcomes.
Suitable approaches can be developed for enhancing the damping ratio of systems, by
altering their sti�ness, which can serve as the main mechanism of attenuation. Therefore,
design approaches can be di�erent to the ones described in this thesis and di�erent optimal
tuning strategies can be discovered.

ˆ In the current work, a speci�c negative sti�ness element was incorporated. This can be
compared with other such elements, that can achieve equivalent behaviour in a di�erent
geometric and mechanical implementation. Although the used con�guration shows many
practical bene�ts, one can always improve and invent improved versions that serve
practicality.

131



List of Figures

1.1 Followed work
ow of analysis process. . . . . . . . . . . . . . . . . . . . . . . . . 16
1.2 Dispersion curves for the various band-gap mechanisms. . . . . . . . . . . . . . . 17
1.3 In�nite monoatomic lattice. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.4 Dispersion curve of the monoatomic lattice. . . . . . . . . . . . . . . . . . . . . 19
1.5 Dispersion curves for the various band-gap mechanisms. . . . . . . . . . . . . . . 19
1.6 Nonlinear diatomic lattice. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.7 Amplitude dependent dispersion curves of a nonlinear diatomic lattice for varying

amplitude jV j = nV0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.8 Frequency response function of a nonlinear system. (left)-amplitude, (right)-phase.21
1.9 Frequency response of a nonlinear system for varying input amplitudeF = nF0. 22

2.1 Schematic representation of the geometrically nonlinear unit cell. . . . . . . . . . 32
2.2 Nonlinear equilibrium path of the triangular arch. . . . . . . . . . . . . . . . . . 33
2.3 Schematic representation of the theoretical in�nite lattice. . . . . . . . . . . . . 33
2.4 Graphical representation of the dispersion curves, obtained via analytical calcu-

lations. Green colour indicates the evolution of the band-gap in the amplitude-
frequency space. (m = 2, � = 1, kd = 2 � 103, k = 103, H = 0:15, L = 0:5). . . . 34

2.5 Experimental setup. (a)-overview of the con�guration testing the device mounted
at a primary system, (b)-closer depiction of the setup without a protected structure.35

2.6 Bottom view of the physical unit cell design, used in the experimental con�guration.36
2.7 Assembly of the linear sti�ness elements at rest: (left) original, (center) modi�ed

con�guration, (right) physical assembly. . . . . . . . . . . . . . . . . . . . . . . . 36
2.8 Fourier spectrum of measured sine sweep input (•xex

5 ) sample in the range of 6-50 Hz.37
2.9 Impulse response of primary system. (right)-primary system, (top)-acceleration

time history, (bottom)- Fast Fourier Transform. . . . . . . . . . . . . . . . . . . 38
2.10 Frequency content of the response at point 3 (massM s) for a lattice with a free

end and sine sweep excitation input. The maximum acceleration of the sine sweep
input for each test is denoted asmax (•xex

5 ). The analytical band-gap is depicted
in solid colour for each type of unit cell and corresponding oscillation amplitude. 39

2.11 Experimental results of the acceleration amplitude at the primary massM p for a
sine excitation. For the models where the metamaterial lattice is present, solid
lines correspond to input acceleration amplitude 10m/s2 and dashed lines to
30m/s2 respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.12 Schematic representation of a �nite lattice consisting ofN unit cells, used for the
numerical estimation of the dispersion relation. . . . . . . . . . . . . . . . . . . 40

2.13 Smooth Coulomb friction model. . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.14 Sine sweep input excitation, used for the estimation of the dispersion curves,

in the frequency range 0.1-20.0 Hz. (top)-time history, (bottom)-spectrogram,
showing the output of the short-time Fourier transform. . . . . . . . . . . . . . . 42

132



2.15 Comparison of the numerical against the analytically computed dispersion curves
for varying input amplitude. The contour plot corresponds to the numerical
analyses and the dashed lines to the analytical solutions. (a)-intermediate input
amplitude, jV1j = 1:6H , (b)-high input amplitude, jV1j = 2:1H . (m = 2, � = 1,
cn = 0, c = 0, cg = 0, kd = 2 � 103, k = 103, H = 0:15, L = 0:5, N = 64). . . . . 43

2.16 (Left)-Bending of the unit cell's supporting part. (Right)-Equivalent sti�ness
representation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.17 Comparison of the nonlinear equilibrium path for a rigid and elastic support. . . 44
2.18 FEA results of the deformed shape of the cantilever element under transverse

load F triggering displacementr . This �gure was produced with the ABAQUS®

software. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.19 Comparison of numerical to experimental results at massM s for sine sweep

excitation (unit cell type A). (top)-Acceleration time history, (bottom)-Ratio of
frequency content. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.20 Numerical and experimental results of the Frequency response for single harmonic
excitation (unit cell type A). For experimental results, •xout = •xex

3 , •x in = •xex
5 . For

numerical results, •xout = •ynum
3 , •x in = •xg. . . . . . . . . . . . . . . . . . . . . . . 46

3.1 Nonlinear metamaterial lattice. . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2 Triangular arch: (a) Geometry (b) Force-Displacement relation. . . . . . . . . . 51
3.3 In�nite lattice. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.4 Dispersion curves of the in�nite lattice (m = 1; k = 104; � = 0:5; kd = 100; H =

0:1; L = 0:5). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.5 Single unit cell setup. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.6 Analytical solution of the displcement amplitude of massM for varying frequencies:

(a) Y = 10, X = 0 and (b) Y = 0, X = 10 (M = 1; C = 1; K = 104; m = 1; c =
1; k = 104; � = 0:5; kd = 100; cn = 1; H = 0:1; L = 0:5). . . . . . . . . . . . . . . . 54

3.7 Numerical to analytical comparison of maximum acceleration of massM for
varying frequencies and single unit cell setup: (a)Y = 10, X = 0 and (b) Y = 0,
X = 10 (M = 1; C = 1; K = 104; m = 1; c = 1; k = 104; mu = 0:5; kd = 100; cn =
1; H = 0:1; L = 0:5). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.8 Numerical calculation of the maximum acceleration of massM for varying
frequencies and number of unit cells (M = 1; C = 1; K = 104; m = 1; c = 1; k =
104; mu = 0:5; kd = 100; cn = 1; H = 0:1; L = 0:5; Y = 0; X = 10). Comparison
to the acceleration response of the unprotected massM and to a linear system. . 56

4.1 Schematic representation of the partial mass resonance concept to a four{storey
frame for modi�cation of the top storey's sti�ness k4 to k4

0. . . . . . . . . . . . . 63
4.2 Triangular arch. Geometry at the three equilibrium positions (left); equilibrium

path (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.3 Modi�cation of sti�ness for a linear oscillator of massM os and original sti�ness

kos via addition of a nonlinear spring of negative sti�nesskN . . . . . . . . . . . . 66
4.4 Modi�cation of original equilibrium path Fl due to superposition of the nonlinear

forcing term Fnl resulting to the total restoring forceFtot . . . . . . . . . . . . . . 66
4.5 Overview of the experimental setup carried out at the multi axial shake-table

testing facility, located at the IBK Structures Laboratory at ETH Z•urich. . . . . 67
4.6 Overview of the modi�ed storey con�guration via the proposed NegSV device. . 69
4.7 Vibration modes of the experimental frame in the unlocked and locked states

(denoted via indicesULC and LC , respectively). Calculations are conducted
using a lumped-mass model con�guration. . . . . . . . . . . . . . . . . . . . . . 71

133



4.8 Frequency response function of experimental data for the acceleration output at
the top storey (•uy

4) and the sine-sweep input base acceleration (•uy
in ) along the

frame's principal axis y. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.9 Elastic response spectra of earthquake records used as base excitation input in

the physical model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.10 Structural response for the arti�cial earthquake (EC8 spectrum) applied along

the y principal axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.11 Reduction ratio of the RMS measure for the acceleration and drift response for

varying incident angles of the arti�cal excitation. . . . . . . . . . . . . . . . . . 76
4.12 Response comparison of the unlocked (unprotected) versus the locked (protected)

frame under forcing with actual seismic records in terms of top slab acceleration
(m/s 2) and bottom storey drifts (mm), along the x and y directions. . . . . . . . 78

4.13 Overview of the Finite Element Model. . . . . . . . . . . . . . . . . . . . . . . . 80
4.14 Illustration of the prestressing procedure. . . . . . . . . . . . . . . . . . . . . . . 80
4.15 Eingenmodes of the �nite element model in the unlocked (unprotected) con�guration.81
4.16 Deformed frame in the locked state under horizontal static loadingF at the top. 81
4.17 Equilibrium path of 4th storey. Comparison of analytical and numerical results. 82
4.18 Comparison of time history results, between the experimental measurements and

numerical analyses, for the calibrated friction properties. (top) Displacement at
the top of unlocked frame for free vibration. (bottom) Acceleration at the top of
locked frame for sine sweep base excitation. . . . . . . . . . . . . . . . . . . . . 84

4.19 Comparison of time histories between the experimental measurements and the
FE analysis, for the arti�cial earthquake. . . . . . . . . . . . . . . . . . . . . . . 85

4.20 Time history results of �nite element analyses for arti�cial accelerogram following
the response spectrum of EC8. Comparison of inter-storey drifts for the unlocked
state (ULC), the original and modi�ed locked states (LCo) and (LC ld ) respectively. 85

5.1 Geometrically nonlinear element. (left)-geometry, (right)-equilibrium path. . . . 91
5.2 Schematic representation of sti�ness adjustment via a negative sti�ness element. 92
5.3 Finite element model of the structure with the addition of negative sti�ness

device at the top (state B). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.4 Arti�cial base excitation signal. (left)-acceleration time history, (right)-elastic

response spectrum and comparison the corresponding EC8 spectrum (agR = 0:36 g,

 I = 1, S = 1:35, ag = 0:36 g). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.5 Finite element analysis results for accelerations and inter-storey drifts. . . . . . . 96
5.6 Lumped mass model of the 4 storey building and comparison to the results of

the �nite element analysis under base excitation. . . . . . . . . . . . . . . . . . . 98
5.7 Histograms of the recorded maximum inter-storey drift ratios for the basedr0� 1

and top storeydr3� 4 and comparison between states A and B of the structure. . 100

6.1 The NegSV device.(a) The triangular arch con�guration consists of two identical
linear springs of sti�nesskd and natural length Ld, base 2L and height H . There
exist two stable equilibrium positions (positions 1 and 2) and one unstable
(position 3), which introduces negative sti�ness.(b) Indicative 1st eigenmode
of a (left)-conventional and (right)-NegSV modi�ed system. The MSbS exhibits
lower inter{storey drifts, compared to the conventional frame, but the drifts at
the ASbS are increased.(c) Realization of the device on a small-scale laboratory
frame. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.2 Sample PDFs of! mid (left) and I a (right). The continuous red curves correspond
to the �tted distributions, in accordance to Tab. 6.2. . . . . . . . . . . . . . . . 109

134



6.3 Response spectra matching EC8 at 5% damping ratio.(a) Identi�ed using the
procedure described in [217]. (b) Adjusted from the 2700 PEER records, in
accordance to [78]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.4 Lumped mass model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
6.5 Geometric representation for calculating oscillation amplitudes. . . . . . . . . . 113
6.6 Frequency response of three inter{storey drifts of a 10 storey building forNNgV =

9, H = 0:05 m and three excitation levels. The structural parameters are:
Ct = 0:075,H t = 30m, hst = 3m, L = 1m. For the calculation of the nonlinear
frequency response, a �rst{order approximation of the HBM has been applied. . 113

6.7 Performance map of the objective function (Eq. (6.20)), for a 10 storey building.
Contour plot colour corresponds toPr values for clarity. The user{de�ned
values of Tab. 6.3, third column, are: Ct = 0:075, H t = 30m, hst = 3m,
L = 1m. The system is simulated numerically in MATLAB® environment,
by solving Eqs. 6.4,6.9 using theode45 function (AbsTol=eps, ReTol=eps(2=3),
MaxStep=10� 2, eps is the machine precision). The ground excitation is arti�cially
generated using the stochastic model of Eq. (6.1) with! mid = 10 rad/s and
I a = 0:1 m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.8 Performance maps of the objective function (Eq. (6.20)). Contour plot colour
corresponds toPr values for clarity. The user{de�ned values of Tab. 6.3, third
column, are: Ct = 0:075, H t = 30m, hst = 3m, L = 1m. The system is
simulated numerically in MATLAB ® environment, by solving Eqs. 6.4,6.9 using
the ode45 function (AbsTol=eps, ReTol=eps(2=3), MaxStep=10� 2, eps is the
machine precision). The ground excitation is arti�cially generated using the
stochastic model of Eq. 6.1. Red points depict the function evaluations of the
optimization algorithm. (a) N = 7, ! mid = 20rad/s, I a = 0:1m/s. (b) N = 10,
! mid = 10rad/s, I a = 0:05m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

6.9 Histograms of the optimal NegSV outputs and metrics of the optimization algorithm.117
6.10 Output of the trained GPR model for a 10{storey building. (left) mean of

Hop surface. The scattered dots correspond to the output of the optimization
procedure previously described. (right) variance of the mean. . . . . . . . . . . . 118

6.11 Improving the GPR model through active learning. Contour plot colours corre-
spond to the variance of the mean for the given position of the predicted optimal
surface. Top left: the meanHop surface for the 10{storey frame of Fig. 6.10. The
red cross corresponds to a position of high uncertainty. Top right: during the �rst
iteration of the active learning process, the model is modi�ed at the position of
the red cross, resulting in reduced uncertainty at that point. Bottom left: mean
Hop surface for the 10{storey frame after the execution of the active learning.
The scattered points correspond to positions, at which the model uncertainty
has been reduced. Bottom right: root{mean{square (RMS) error between the
predictions of the improved model and the validation set vs. iterations. . . . . . 119

6.12 Determination of the optimal value of H for a given storey number. Left:
histogram of predictedHop values and 5% quantile for a 14-storey building. The
histogram has been generated using 104 pairs of ! mid and I a, sampled from the
distributions of Tab. 6.2. Right: Optimal H values vs. the number of storeys.
The curve has been generated by repeating the process of the histogram in the
left plot, to buildings with storeys in the range [4; 20]. . . . . . . . . . . . . . . . 121

135



6.13 Comparison between an unprotected 7{storey building and its protected counter-
part, under an arti�cial excitation. The device is optimally tuned and placed on
the 6-th storey. (a) Inter|storey drifts (black curves: unprotected, blue curves:
protected, red curves: drift limits.). (b) Cumulative total vibration energy. (c)
Nonlinear drift frequency response. . . . . . . . . . . . . . . . . . . . . . . . . . 122

136



List of Tables

2.1 Geometric and sti�ness characteristics of the di�erent types of the experimentally
tested unit cells. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.2 Mass measurements for the individual parts of the experimental model. . . . . . 37
2.3 Material (E : modulus of elasticity, v: Poisson's ratio) [125] and calculated sti�ness

properties of the LEGO® cantilever element. . . . . . . . . . . . . . . . . . . . . 44

4.1 Physical properties of the bare frame without the additional modi�cation device. 67
4.2 Revised properties of the modi�ed storeys after the integration of the NegSV

device. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.3 Properties of the negative sti�ness mechanism. . . . . . . . . . . . . . . . . . . . 70
4.4 Exprimental and analytical natural frequencies of the frame in the unlocked and

locked stat. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.5 Di�erence in the peak and RMS values of the responses in the unlocked and

locked states (arti�cial earthquake, applied at y principal axis.) . . . . . . . . . 75
4.6 Reduction of the bottom storey drifts and top accelerations between the unlocked

and locked state of the frame along thex and y primary axes for the real, scaled
earthquake records. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.1 Geometric and sti�ness properties of the negative sti�ness device. . . . . . . . . 94
5.2 Properties of the resonating storey. . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.3 Reduction of the acceleration and inter-storey drift peak values for the recorded

response between the original frame (state A) and the modi�ed (state B). . . . . 97
5.4 Random input variable distributions. . . . . . . . . . . . . . . . . . . . . . . . . 98
5.5 Probability of failure for each storey depending on drifts Pf i =P( dr i � ( i � 1) > dr lim ). 99

6.1 Parameters of the stochastic seismic ground motion model. . . . . . . . . . . . . 108
6.2 Adopted values for the entries of the parameter vector� e. . . . . . . . . . . . . . 108
6.3 Parameters of the structure and the NegSV device. . . . . . . . . . . . . . . . . 111
6.4 Initialization parameters for each independent run of the optimization algorithm. 115

137



Bibliography

[1] M. H. Abedinnasab and M. I. Hussein. Wave dispersion under �nite deformation.Wave
Motion, 2013.

[2] M. A. Acar and C. Yilmaz. Design of an adaptive-passive dynamic vibration absorber
composed of a string-mass system equipped with negative sti�ness tension adjusting
mechanism.Journal of Sound and Vibration, 332(2):231{245, 2013.

[3] M. A. Al-Shudeifat. Highly e�cient nonlinear energy sink. Nonlinear Dyn., 76(4):1905{
1920, 2014.

[4] M. A. AL-Shudeifat, N. E. Wierschem, L. A. Bergman, and A. F. Vakakis. Numerical and
experimental investigations of a rotating nonlinear energy sink.Meccanica, 52:763{779,
2017.

[5] D. Alleyne and P. Cawley. A two-dimensional Fourier transform method for the measure-
ment of propagating multimode signals.J. Acoust. Soc. Am., 89(3):1159{1168, 1991.

[6] American society of civil engineers, Federal emergency management agency. Prestandard
and commentary for the seismic rehabilitation of buildings, 2000.

[7] Y. An, Z. Wang, G. Ou, S. Pan, and J. Ou. Vibration Mitigation of Suspension Bridge Sus-
pender Cables Using a Ring-Shaped Tuned Liquid Damper.J. Bridg. Eng., 24(4):04019020,
apr 2019.

[8] H. Anaja� and R. A. Medina. Comparison of the seismic performance of a partial mass
isolation technique with conventional TMD and base-isolation systems under broad-band
and narrow-band excitations.Eng. Struct., 158:110{123, 2018.

[9] H. Anaja� and R. A. Medina. Partial mass isolation system for seismic vibration control
of buildings. Struct. Control Heal. Monit., 25(2):e2088, feb 2018.

[10] I. Antoniadis, D. Chronopoulos, V. Spitas, and D. Koulocheris. Hyper-damping properties
of a sti� and stable linear oscillator with a negative sti�ness element.J. Sound Vib.,
346:37{52, jun 2015.

[11] I. A. Antoniadis and A. Paradeisiotis. Acoustic meta-materials incorporating the KDamper
concept for low frequency acoustic isolation.Acta Acust. united with Acust., 104(4):636{646,
2018.

[12] F. Arago. M�emoire sur une modi�cation remarquable qu' �eprouvent les rayons lumineux
dans leur passage �a travers certains corps diaphanes, & sur quelques autres ph�enom�enes
d'optique. M�emoire de la Classe des sciences math�ematiques & physiques de l'Acad�emie
des Sciences. Firmin-Didot, 1811.

138



[13] O. Araz, S. Elias, and F. Kablan. Seismic-induced vibration control of a multi-story
building with double tuned mass dampers considering soil-structure interaction.Soil
Dynamics and Earthquake Engineering, 166:107765, 2023.

[14] G. Arcieri, D. W•ol
e, and E. Chatzi. Which Model to Trust: Assessing the In
uence of
Models on the Performance of Reinforcement Learning Algorithms for Continuous Control
Tasks. arXiv preprint arXiv:2110.13079, 2021.

[15] G. Arioli and F. Gazzola. Periodic motions of an in�nite lattice of particles with nearest
neighbor interaction. Nonlinear Anal. Theory, Methods Appl., 26(6):1103{1114, 1996.

[16] A. F. Arrieta, S. A. Neild, and D. J. Wagg. On the cross-well dynamics of a bi-stable
composite plate.Journal of Sound and Vibration, 330(14):3424{3441, 2011.

[17] N. Attary, M. Symans, and S. Nagarajaiah. Development of a rotation-based negative
sti�ness device for seismic protection of structures.JVC/Journal of Vibration and Control ,
23(5):853{867, 2017.

[18] S. Babaee, J. Shim, J. C. Weaver, E. R. Chen, N. Patel, and K. Bertoldi. 3D soft
metamaterials with negative poisson's ratio.Advanced Materials, 25(36), 2013.

[19] M. H. Bae and J. H. Oh. Amplitude-induced bandgap: New type of bandgap for nonlinear
elastic metamaterials.J. Mech. Phys. Solids, 139:103930, 2020.

[20] A. Banerjee, E. P. Calius, and R. Das. An impact based mass-in-mass unit as a building
block of wideband nonlinear resonating metamaterial.Int. J. Non. Linear. Mech., 101:8{15,
2018.

[21] A. Banerjee, E. P. Calius, and R. Das. Impact based wideband nonlinear resonating
metamaterial chain. Int. J. Non. Linear. Mech., 103:138{144, 2018.

[22] P. Banerji, M. Murudi, A. H. Shah, and N. Popplewell. Tuned liquid dampers for controlling
earthquake response of structures.Earthq. Eng. Struct. Dyn., 29(5):587{602, 2000.

[23] E. Barchiesi, M. Spagnuolo, and L. Placidi. Mechanical metamaterials: a state of the art.
Mathematics and Mechanics of Solids, 24(1), 2019.

[24] F. Basone, M. Wenzel, O. S. Bursi, and M. Fossetti. Finite locally resonant Metafoundations
for the seismic protection of fuel storage tanks.Earthquake Engineering and Structural
Dynamics, 2019.

[25] W. Bejgerowski, J. W. Gerdes, S. K. Gupta, and H. A. Bruck. Design and fabrication of
miniature compliant hinges for multi-material compliant mechanisms.The International
Journal of Advanced Manufacturing Technology, 57:437{452, 2011.

[26] G. Bekda�s and S. M. Nigdeli. Mass ratio factor for optimum tuned mass damper strategies.
Int. J. Mech. Sci., 71:68{84, 2013.

[27] N. I. Benarous and O. V. Gendelman. Nonlinear energy sink with combined nonlinearities:
Enhanced mitigation of vibrations and amplitude locking phenomenon.Proceedings of the
Institution of Mechanical Engineers, Part C: Journal of Mechanical Engineering Science,
230(1):21{33, 2016.

[28] F. Bilotti and L. Sevgi. Metamaterials: De�nitions, properties, applications, and FDTD-
based modeling and simulation (Invited paper). Int. J. RF Microw. Comput. Eng.,
22(4):422{438, 2012.

139



[29] C. M. Bishop and N. M. Nasrabadi.Pattern recognition and machine learning, volume 4.
Springer, 2006.

[30] M. Bitaraf and S. Hurlebaus. Semi-active adaptive control of seismically excited 20-story
nonlinear building. Engineering Structures, 56:2107{2118, 2013.

[31] F. Bloch. •Uber die Quantenmechanik der Elektronen in Kristallgittern (About the quantum
mechanics of electrons in crystal lattices).Zeitschrift fur Physik, 1928.

[32] O. S. Bursi, F.-F. Sun, and S. Postal. Non-linear analysis of steel{concrete composite
frames with full and partial shear connection subjected to seismic loads.Journal of
Constructional Steel Research, 61(1):67{92, 2005.

[33] W. Cai, U. K. Chettiar, A. V. Kildishev, and V. M. Shalaev. Optical cloaking with
metamaterials. Nature Photonics, 1(4), 2007.

[34] M. A. Campana, M. Ouisse, E. Sadoulet-Reboul, M. Ruzzene, S. Neild, and F. Scarpa.
Impact of non-linear resonators in periodic structures using a perturbation approach.
Mech. Syst. Signal Process., 135:106408, 2020.

[35] Y. Cao, M. Derakhshani, Y. Fang, G. Huang, and C. Cao. Bistable structures for advanced
functional systems.Advanced Functional Materials, 31(45):2106231, 2021.

[36] A. Carrella, M. Brennan, and T. Waters. Static analysis of a passive vibration isolator
with quasi-zero-sti�ness characteristic.Journal of Sound and Vibration, 301(3):678{689,
2007.

[37] A. Carrella, M. J. Brennan, T. P. Waters, and V. Lopes. Force and displacement
transmissibility of a nonlinear isolator with high-static-low-dynamic-sti�ness.Int. J. Mech.
Sci., 55(1):22{29, 2012.

[38] S. Cetin, E. Zergeroglu, S. Sivrioglu, and I. Yuksek. A new semiactive nonlinear adaptive
controller for structures using mr damper: design and experimental validation.Nonlinear
dynamics, 66:731{743, 2011.

[39] G. Chakraborty and A. K. Mallik. Dynamics of a weakly non-linear periodic chain.Int. J.
Non. Linear. Mech., 36(2):375{389, 2001.

[40] K. Chaloner and I. Verdinelli. Bayesian experimental design: A review.Statistical science,
pages 273{304, 1995.

[41] S. Chen, B. Wang, S. Zhu, X. Tan, J. Hu, X. Lian, L. Wang, and L. Wu. A novel composite
negative sti�ness structure for recoverable trapping energy.Compos. Part A Appl. Sci.
Manuf., 129:105697, 2020.

[42] Y. Chen, Z. Qian, K. Chen, P. Tan, and S. Tesfamariam. Seismic performance of a
nonlinear energy sink with negative sti�ness and sliding friction.Struct. Control Heal.
Monit. , 26(11):e2437, 2019.

[43] S. Cherry and A. Filiatrault. Seismic response control of buildings using friction dampers.
Earthquake Spectra, 9(3):447{466, 1993.

[44] M. H. Chey, J. G. Chase, J. B. Mander, and A. J. Carr. Innovative seismic retro�tting
strategy of added stories isolation system.Front. Struct. Civ. Eng. 2013 71, 7(1):13{23,
2013.

140



[45] K. A. Chondrogiannis, A. Colombi, V. Dertimanis, and E. Chatzi. Computational
Veri�cation and Experimental Validation of the Vibration-Attenuation Properties of a
Geometrically Nonlinear Metamaterial Design.Phys. Rev. Appl., 17(5):054023, 2022.

[46] K. A. Chondrogiannis, V. Dertimanis, and E. Chatzi. Application of Geometrically
Nonlinear Metamaterial Device for Structural Vibration Mitigation. In Conf. Proc. Soc.
Exp. Mech. Ser., pages 109{118. Springer, 2023.

[47] K. A. Chondrogiannis, V. Dertimanis, and E. Chatzi. On the vibration attenuation
performance of a geometrically nonlinear device mounted to a multi-storey structure. In
COMPDYN Proceedings, 2023.

[48] K. A. Chondrogiannis, V. Dertimanis, B. Jeremic, and E. Chatzi. On the vibration
attenuation properties of metamaterial design using negative sti�ness elements. In2nd
Internatinal Nonlinear Dynamics Conference (NODYCON 2021), Online, 2021.

[49] K. A. Chondrogiannis, V. Dertimanis, B. Jeremic, and E. Chatzi. Design of the negative
sti�ness NegSV mechanism for structural vibration attenuation exploiting resonance.Int.
J. Mech. Sci., 260:108640, 2023.

[50] K. A. I. Chondrogiannis, V. K. Dertimanis, S. F. Masri, and E. N. Chatzi. Vibration
absorption performance of metamaterial lattices consisting of impact dampers. InProc.
Int. Conf. Struct. Dyn. , EURODYN , pages 4139 { 4149, 2020.

[51] A. K. Chopra. Dynamics of Structures: Theory and Applications to Earthquake Engineering.
Pearson, 2017.

[52] D. Chronopoulos, I. Antoniadis, M. Collet, and M. Ichchou. Enhancement of wave
damping within metamaterials having embedded negative sti�ness inclusions.Wave
Motion, 58:165{179, 2015.

[53] M. Collet, M. Ouisse, M. Ruzzene, and M. N. Ichchou. Floquet-Bloch decomposition for
the computation of dispersion of two-dimensional periodic, damped mechanical systems.
Int. J. Solids Struct., 48(20):2837{2848, oct 2011.

[54] A. Colombi, D. Colquitt, P. Roux, S. Guenneau, and R. V. Craster. A seismic metamaterial:
The resonant metawedge.Sci. Rep., 6(1):27717, 2016.

[55] A. Colombi, P. Roux, S. Guenneau, and M. Rupin. Directional cloaking of 
exural waves
in a plate with a locally resonant metamaterial.The Journal of the Acoustical Society of
America, 137(4):1783{1789, 2015.

[56] A. Colombi, R. Zaccherini, G. Aguzzi, A. Palermo, and E. Chatzi. Mitigation of seismic
waves: Metabarriers and metafoundations bench tested.J. Sound Vib., 485:115537, 2020.

[57] E. Commission, J. R. Centre, E. Romano, P. Negro, A. Formisano, R. Landolfo, C. Menna,
A. Prota, and P. H�ajek. Assessment methodologies for the combined seismic and energy
retro�t of existing buildings. Publications O�ce of the European Union, 2023.

[58] E. Commission, J. R. Centre, T. Trianta�llou, D. Bournas, and P. Gkournelos.Novel
technologies for the seismic upgrading of existing European buildings. Publications O�ce
of the European Union, 2022.

[59] D. M. Correa, T. Klatt, S. Cortes, M. Haberman, D. Kovar, and C. Seepersad. Negative
sti�ness honeycombs for recoverable shock isolation.Rapid Prototyping Journal, 21(2):193{
200, 2015.

141



[60] R. V. Craster and S. Guenneau, editors.Acoustic Metamaterials. Springer, Dordrecht,
2013.

[61] J. W. M. Dankbaar. Separation of p- and s-waves*.Geophysical Prospecting, 33(7):970{986,
1985.

[62] C. Daraio, V. F. Nesterenko, E. B. Herbold, and S. Jin. Tunability of solitary wave
properties in one-dimensional strongly nonlinear phononic crystals.Phys. Rev. E - Stat.
Nonlinear, Soft Matter Phys., 73(2):026610, 2006.

[63] M. Deisenroth and C. E. Rasmussen. PILCO: A model-based and data-e�cient approach
to policy search. InProceedings of the 28th International Conference on machine learning
(ICML-11) , pages 465{472, 2011.

[64] F. Dell'Isola, I. Giorgio, and U. Andreaus. Elastic pantographic 2D lattices: A numerical
analysis on the static response and wave propagation.Proceedings of the Estonian Academy
of Sciences, 64(3), 2015.

[65] V. K. Dertimanis, I. A. Antoniadis, and E. N. Chatzi. Feasibility analysis on the attenuation
of strong ground motions using �nite periodic lattices of mass-in-mass barriers.J. Eng.
Mech., 142(9):04016060, 2016.

[66] V. K. Dertimanis, S. F. Masri, and E. N. Chatzi. On the vibration attenuation properties
of �nite periodic lattices of impact dampers. In 9th ECCOMAS Thematic Conference
on Smart Structures and Materials, SMART 2019, pages 1146{1156, Paris, France, 2019.
International Centre for Numerical Methods in Engineering (CIMNE).

[67] D. H. Do and T. A. Pham. Investigation of Performance of Soil-Cement Pile in Support
of Foundation Systems for High-Rise Buildings.Civil Engineering Journal, 4(2), 2018.

[68] B. Egardt. Stability of adaptive controllers. Springer, 1979.

[69] European Committee for Standardization. EN 1998-1: Eurocode 8: Design of structures
for earthquake resistance { Part 1: General rules, seismic actions and rules for buildings,
2004.

[70] European committee for standardization. Anti-seismic devices, 2005.

[71] European Committee for Standardization. EN 1993-1-11: Eurocode 3: Design of steel
structures - Part 1-11: Design of structures with tension components, 2006.

[72] M. Fafard and B. Massicotte. Geometrical interpretation of the arc-length method.
Computers & Structures, 46(4):603{615, 1993.

[73] L. Fan, Y. He, X.-a. Chen, and X. Zhao. A frequency response function-based optimization
for metamaterial beams considering both location and mass distributions of local resonators.
Journal of Applied Physics, 130(11), 2021.

[74] X. Fang, J. Wen, B. Bonello, J. Yin, and D. Yu. Ultra-low and ultra-broad-band nonlinear
acoustic metamaterials.Nat. Commun., 8(1):1{11, dec 2017.

[75] X. Fang, J. Wen, J. Yin, and D. Yu. Wave propagation in nonlinear metamaterial
multi-atomic chains based on homotopy method.AIP Adv. , 6(12):121706, 2016.

142



[76] X. Fang, J. Wen, J. Yin, D. Yu, and Y. Xiao. Broadband and tunable one-dimensional
strongly nonlinear acoustic metamaterials: Theoretical study.Phys. Rev. E, 94(5):052206,
2016.

[77] V. Fedotov. Metamaterials. InSpringer Handbooks. Springer, Cham, 2017.

[78] F. Ferreira, C. Moutinho, �A. Cunha, and E. Caetano. An arti�cial accelerogram generator
code written in Matlab. Eng. Reports, 2(3):e12129, 2020.

[79] J. Ferreira and A. Serpa. Application of the arc-length method in nonlinear frequency
response.Journal of Sound and Vibration, 284(1):133{149, 2005.

[80] S. Fiore, G. Finocchio, R. Zivieri, M. Chiappini, and F. Garesc��. Wave amplitude decay
driven by anharmonic potential in nonlinear mass-in-mass systems.Applied Physics
Letters, 117(12):124101, 2020.

[81] G. Floquet. Sur les �equations di��erentielles lin�eaires �a coe�cients p�eriodiques. Annales
scienti�ques de l'�Ecole normale sup�erieure, 1883.

[82] A. Franchini, O. S. Bursi, F. Basone, and F. Sun. Finite locally resonant metafoundations
for the protection of slender storage tanks against vertical ground accelerations.Smart
Mater. Struct., 29(5):055017, 2020.

[83] F. Fraternali, N. Singh, A. Amendola, G. Benzoni, and G. W. Milton. A biomimetic
sliding{stretching approach to seismic isolation.Nonlinear Dyn., 106(4):3147{3159, 2021.

[84] P. I. Frazier. A Tutorial on Bayesian Optimization. arXiv , 2018.

[85] Y. Fujino, L. Sun, B. M. Pacheco, and P. Chaiseri. Tuned liquid damper (tld) for suppress-
ing horizontal motion of structures. Journal of engineering mechanics, 118(10):2017{2030,
1992.

[86] Y. Gal, R. Islam, and Z. Ghahramani. Deep bayesian active learning with image data. In
International conference on machine learning, pages 1183{1192. PMLR, 2017.

[87] L. Gammaitoni, P. H•anggi, P. Jung, and F. Marchesoni. Stochastic resonance.Reviews of
modern physics, 70(1):223, 1998.

[88] C. J. Gantes, K. G. Koulatsou, and K.-A. Chondrogiannis. Alternative ring 
ange models
for buckling veri�cation of tubular steel wind turbine towers via advanced numerical
analyses and comparison to code provisions.Structures, 47:1366{1382, 2023.

[89] G. Gazetas. Formulas and charts for impedances of surface and embedded foundations.
Journal of Geotechnical Engineering, 117(9):1363{1381, 1991.

[90] M. A. Gelbart, J. Snoek, and R. P. Adams. Bayesian optimization with unknown
constraints. arXiv preprint arXiv:1403.5607, 2014.

[91] O. V. Gendelman. Analytic treatment of a system with a vibro-impact nonlinear energy
sink. Journal of Sound and Vibration, 2012.

[92] O. V. Gendelman and A. Alloni. Dynamics of forced system with vibro-impact energy
sink. Journal of Sound and Vibration, 358:301{314, 2015.

[93] C. Geuzaine and J. F. Remacle. Gmsh: A 3-D �nite element mesh generator with built-in
pre- and post-processing facilities.Int. J. Numer. Methods Eng., 79(11):1309{1331, 2009.

143



[94] M. Ghandil, H. T. Riahi, and F. Behnamfar. Introduction of a new metallic-yielding
pistonic damper for seismic control of structures.Journal of Constructional Steel Research,
194:107299, 2022.

[95] A. Giaralis and A. A. Ta
anidis. Optimal tuned mass-damper-inerter (TMDI) design for
seismically excited MDOF structures with model uncertainties based on reliability criteria.
Structural Control and Health Monitoring, 25(2):e2082, 2018.

[96] E. Gourc, G. Michon, S. Seguy, and A. Berlioz. Targeted energy transfer under harmonic
forcing with a vibro-impact nonlinear energy sink: Analytical and experimental develop-
ments. Journal of Vibration and Acoustics, Transactions of the ASME, 137(3):031008,
2015.

[97] E. Gourdon, N. A. Alexander, C. A. Taylor, C. H. Lamarque, and S. Pernot. Nonlinear
energy pumping under transient forcing with strongly nonlinear coupling: Theoretical and
experimental results.Journal of Sound and Vibration, 300(3-5):522{551, 2007.

[98] R. Guclu and H. Yazici. Seismic-vibration mitigation of a nonlinear structural system
with an atmd through a fuzzy pid controller. Nonlinear Dynamics, 58:553{564, 2009.

[99] E. Gudonis, E. Timinskas, V. Gribniak, G. Kaklauskas, A. K. Arnautov, and V. Tamul_enas.
Frp reinforcement for concrete structures: state-of-the-art review of application and design.
Engineering Structures and Technologies, 5(4):147{158, 2013.

[100] H. H. Huang, C. T. Sun, and G. L. Huang. On the negative e�ective mass density in
acoustic metamaterials.Int. J. Eng. Sci., 47(4):610{617, 2009.

[101] Y. Huang and L. Wang. Experimental studies on nanomaterials for soil improvement: a
review. Environmental Earth Sciences, 75:1{10, 2016.

[102] M. I. Hussein and M. J. Frazier. Metadamping: An emergent phenomenon in dissipative
metamaterials. J. Sound Vib., 332(20):4767{4774, 2013.

[103] M. I. Hussein, M. J. Leamy, and M. Ruzzene. Dynamics of phononic materials and
structures: Historical origins, recent progress, and future outlook.Appl. Mech. Rev.,
66(4):040802, 2014.

[104] M. Hwang and A. F. Arrieta. Extreme Frequency Conversion from Soliton Resonant
Interactions. Phys. Rev. Lett., 126(7):073902, feb 2021.

[105] R. Ibrahim. Vibro-Impact Dynamics: Modeling, Mapping and Applications. Lecture Notes
in Applied and Computational Mechanics. Springer Berlin Heidelberg, 2009.

[106] O. Idels and O. Lavan. Performance-based seismic retro�tting of frame structures using
negative sti�ness devices and 
uid viscous dampers via optimization.Earthq. Eng. Struct.
Dyn., 50(12):3116{3137, 2021.

[107] H. Iemura and M. H. Pradono. Advances in the development of pseudo-negative-sti�ness
dampers for seismic response control.Structural Control and Health Monitoring, 16(7-
8):784{799, 2009.

[108] M. Iqbal, A. Kumar, M. M. Jaya, and O. S. Bursi. Vibration control of periodically
supported pipes employing optimally designed dampers.Int. J. Mech. Sci., 234:107684,
2022.

144



[109] B. Jeremic, Z. Yang, Z. Cheng, G. Jie, N. Tafazzoli, M. Preisig, P. Tasiopoulou, F. Pisano,
J. Abell, K. Watanabe, Y. Feng, S. K. Sinha, F. Behbehani, H. Yang, and H. Wang.
Nonlinear Finite Elements: Modelling and Simulation of Earthquakes, Soils, Structures
and their Interaction. UCD and LBNL, CA, USA, 2022.

[110] W. Jiao and S. Gonella. Intermodal and Subwavelength Energy Trapping in Nonlinear
Metamaterial Waveguides.Phys. Rev. Appl., 10(2):024006, aug 2018.

[111] M. Kalderon, A. Mantakas, A. Paradeisiotis, I. Antoniadis, and E. J. Sapountzakis. Locally
resonant metamaterials utilizing dynamic directional ampli�cation: An application for
seismic mitigation. Appl. Math. Model., 110:1{16, oct 2022.

[112] H. Kanamori. The energy release in great earthquakes.Journal of Geophysical Research,
82(20):2981{2987, 1977.

[113] H. Kanamori and E. E. Brodsky. The Physics of Earthquakes.Physics Today, 54(6):34{40,
06 2001.

[114] C. Kanellopoulos, N. Psycharis, H. Yang, B. Jeremi�c, I. Anastasopoulos, and B. Sto-
jadinovi�c. Seismic resonant metamaterials for the protection of an elastic-plastic SDOF
system against vertically propagating seismic shear waves (SH) in nonlinear soil.Soil Dyn.
Earthq. Eng., 162:107366, 2022.

[115] C. Kanellopoulos, P. Rangelow, B. Jeremic, I. Anastasopoulos, and B. Stojadinovic.
Dynamic structure-soil-structure interaction for nuclear power plants.Soil Dynamics and
Earthquake Engineering, 181:108631, 2024.

[116] K. A. Kapasakalis, I. A. Antoniadis, and E. J. Sapountzakis. Performance assessment of
the KDamper as a seismic Absorption Base.Struct. Control Heal. Monit., 27(4):e2482,
apr 2020.

[117] J. M. Kelly. Base isolation: linear theory and design.Earthquake spectra, 6(2):223{244,
1990.

[118] B. L. N. Kennett. Seismic Wave Propagation in Strati�ed Media. ANU Press, 2009.

[119] R. Khajehtourian and M. I. Hussein. Dispersion characteristics of a nonlinear elastic
metamaterial. AIP Advances, 2014.

[120] M. A. Khasawneh and M. F. Daqaq. Response behavior of bi-stable point wave energy
absorbers under harmonic wave excitations.Nonlinear Dynamics, 109(2):371{391, 2022.

[121] Kittel C. Introduction to Solid State Physics, 8th edition. John Wiley & Sons, New York,
2004.

[122] A. Kounadis, C. Gantes, and V. Bolotin. An improved energy criterion for dynamic
buckling of imperfection sensitive nonconservative systems.International Journal of Solids
and Structures, 38(42):7487{7500, 2001.

[123] M. Krack and J. Gross.Harmonic Balance for Nonlinear Vibration Problems. Mathematical
Engineering. Springer International Publishing, Cham, 2019.

[124] S. L. Kramer. Geotechnical Earthquake Engineering. Prentice Hall, Upper Saddle River,
New Jersey, USA, jan 1996.

[125] M. Kutz, editor. Handbook of Materials Selection. John Wiley & Sons, Inc., 2002.

145



[126] J. C. Lagarias, J. A. Reeds, M. H. Wright, and P. E. Wright. Convergence properties
of the Nelder-Mead simplex method in low dimensions.SIAM Journal on Optimization,
9(1):112{147, 1998.

[127] R. S. Lakes. Extreme damping in composite materials with a negative sti�ness phase.
Physical Review Letters, 86(13):2897{2900, 2001.

[128] C. Lataniotis, S. Marelli, and B. Sudret. The Gaussian Process Modeling Module in
UQLab. J. Soft Comput. Civ. Eng., 2(3):91{116, 2018.

[129] I. F. Lazar, S. Neild, and D. Wagg. Using an inerter-based device for structural vibration
suppression.Earthquake Engineering & Structural Dynamics, 43(8):1129{1147, 2014.

[130] B. S. Lazarov and J. S. Jensen. Low-frequency band gaps in chains with attached non-linear
oscillators. Int. J. Non. Linear. Mech., 42(10):1186{1193, 2007.

[131] T. D. Le and K. K. Ahn. Experimental investigation of a vibration isolation system using
negative sti�ness structure. International Journal of Mechanical Sciences, 70:99{112,
2013.

[132] J. H. Lee, J. P. Singer, and E. L. Thomas. Micro-/nanostructured mechanical metamate-
rials, 2012.

[133] A. Levshin, M. Barmin, and M. Ritzwoller. Tutorial review of seismic surface waves'
phenomenology.Journal of Seismology, 22:519{537, 2018.

[134] H. Li, Y. Li, and J. Li. Negative sti�ness devices for vibration isolation applications: A
review. Advances in Structural Engineering, 23(8):1739{1755, 2020.

[135] B. R. Lienert, E. Berg, and L. N. Frazer. HYPOCENTER: An earthquake location method
using centered, scaled, and adaptively damped least squares.Bulletin of the Seismological
Society of America, 76(3):771{783, 06 1986.

[136] L. Liu and M. I. Hussein. Wave motion in periodic 
exural beams and characterization
of the transition between bragg scattering and local resonance.J. Appl. Mech. Trans.
ASME, 79(1):011003, 2012.

[137] Y. Liu, A. Mojahed, L. A. Bergman, and A. F. Vakakis. A new way to introduce
geometrically nonlinear sti�ness and damping with an application to vibration suppression.
Nonlinear Dyn., 96:1819{1845, mar 2019.

[138] M. H. Lu, L. Feng, and Y. F. Chen. Phononic crystals and acoustic metamaterials.Mater.
Today, 12(12):34{42, 2009.

[139] J. Luo, N. E. Wierschem, S. A. Hubbard, L. A. Fahnestock, D. Dane Quinn, D. Michael
McFarland, B. F. Spencer, A. F. Vakakis, and L. A. Bergman. Large-scale experimental
evaluation and numerical simulation of a system of nonlinear energy sinks for seismic
mitigation. Engineering Structures, 77:34{48, 2014.

[140] O. Makovetskiy and S. Zuev. Practice device arti�cial improvement basis of soil technologies
jet grouting. Procedia Engineering, 165:504{509, 2016. 15th International scienti�c
conference \Underground Urbanisation as a Prerequisite for Sustainable Development"
12-15 September 2016, St. Petersburg, Russia.

[141] N. Makris. Seismic isolation: Early history. Earthquake Engineering and Structural
Dynamics, 48(2), 2019.

146



[142] A. Mantakas, K. A. Chondrogiannis, M. Kalderon, K. Kapasakalis, E. Chatzi, E. J.
Sapountzakis, and I. A. Antoniadis. Design and experimental veri�cation of an ex-
tended kdamper-based vibration absorber. InEURODYN 2023. Proceedings of the XII
International Conference on Structural Dynamics. EASD Procedia, 2023.

[143] A. G. Mantakas, K. A. Kapasakalis, A. E. Alvertos, I. A. Antoniadis, and E. J. Sapountzakis.
A negative sti�ness dynamic base absorber for seismic retro�tting of residential buildings.
Struct. Control Heal. Monit., 29(12):e3127, 2022.

[144] S. Marelli and B. Sudret. UQLab: A Framework for Uncertainty Quanti�cation in
MATLAB. In 2nd Int. Conf. Vulnerability Risk Anal. Manag. (ICVRAM 2014), pages
2554{2563, University of Liverpool, United Kingdom, 2014.

[145] P. Martakis, G. Aguzzi, V. K. Dertimanis, E. N. Chatzi, and A. Colombi. Nonlinear
periodic foundations for seismic protection: Practical design, realistic evaluation and
stability considerations. Soil Dyn. Earthq. Eng., 150:106934, 2021.

[146] R. Mart��nez-Sala, J. Sancho, J. V. S�anchez, V. G�omez, J. Llinares, and F. Meseguer.
Sound attenuation by sculpture.Nature, 378:241, 1995.

[147] S. F. Masri. General Motion of Impact Dampers.The Journal of the Acoustical Society
of America, 1970.

[148] S. F. Masri and A. M. Ibrahim. Response of the impact damper to stationary random
excitation. Journal of the Acoustical Society of America, 53(1):200{211, 1973.

[149] V. A. Matsagar and R. S. Jangid. Base Isolation for Seismic Retro�tting of Structures.
Pract. Period. Struct. Des. Constr., 13(4):175{185, nov 2008.

[150] D. M. McFarland, L. A. Bergman, and A. F. Vakakis. Experimental study of non-linear
energy pumping occurring at a single fast frequency.International Journal of Non-Linear
Mechanics, 2005.

[151] B. McNamara and K. Wiesenfeld. Theory of stochastic resonance.Physical review A,
39(9):4854, 1989.

[152] M. S. Miah, E. N. Chatzi, V. K. Dertimanis, and F. Weber. Real-time experimental
validation of a novel semi-active control scheme for vibration mitigation.Struct. Control
Heal. Monit., 24(3):e1878, 2017.

[153] G. W. Milton. Composite materials with poisson's ratios close to - 1.Journal of the
Mechanics and Physics of Solids, 40(5), 1992.

[154] M. Miniaci, A. Krushynska, F. Bosia, and N. M. Pugno. Large scale mechanical metama-
terials as seismic shields.New J. Phys., 18(8):083041, aug 2016.

[155] A. Mojahed, J. Bunyan, S. Taw�ck, and A. F. Vakakis. Tunable Acoustic Nonreciprocity
in Strongly Nonlinear Waveguides with Asymmetry.Phys. Rev. Appl., 12(3):034033, 2019.

[156] A. Mojahed, K. Moore, L. A. Bergman, and A. F. Vakakis. Strong geometric soften-
ing{hardening nonlinearities in an oscillator composed of linear sti�ness and damping
elements.Int. J. Non. Linear. Mech., 107:94{111, dec 2018.

[157] A. Mokha, M. Constantinou, A. Reinhorn, and V. A. Zayas. Experimental study of
friction-pendulum isolation system.Journal of Structural Engineering, 117(4):1201{1217,
1991.

147



[158] M. Mollaali, M. Alitalesh, M. Yazdani, and M. Sha�e. Soil improvement using micropiles.
In Proceedings of the 8th european conference on numerical methods in geotechnical
engineering (NUMGE), Delft, volume 1, pages 535{540, 2014.

[159] G. Mylonakis and G. Gazetas. Seismic soil-structure interaction: bene�cial or detrimental?
Journal of earthquake engineering, 4(3):277{301, 2000.

[160] N. Nadkarni, C. Daraio, and D. M. Kochmann. Dynamics of periodic mechanical structures
containing bistable elastic elements: From elastic to solitary wave propagation.Phys. Rev.
E, 90:023204, Aug 2014.

[161] S. Nagarajaiah, D. T. Pasalas, A. Reinhorn, M. Constantinou, A. A. Sirilis, and D. Tay-
lor. Adaptive Negative Sti�ness: A New Structural Modi�cation Approach for Seismic
Protection. Advanced Materials Research, 639-640(1):54{66, 2013.

[162] S. Nagarajaiah, K. Zou, and S. Herkal. Reduction of transmissibility and increase in
e�cacy of vibration isolation using negative sti�ness device with enhanced damping.
Structural Control and Health Monitoring, 29(11):e3081, nov 2022.

[163] R. K. Narisetti, M. J. Leamy, and M. Ruzzene. A perturbation approach for predicting
wave propagation in one-dimensional nonlinear periodic structures.Journal of Vibration
and Acoustics, Transactions of the ASME, 2010.

[164] J. Noh, P. Kim, and Y.-J. Yoon. Bistable shock isolator tuned to zero-frequency singularity
for platform protection. Mechanical Systems and Signal Processing, 210:111158, 2024.

[165] E. O~nate. Structural analysis with the �nite element method. Linear statics: Volume 1:
Basis and Solids. Springer Science & Business Media, 2009.

[166] A. Palermo, S. Kr•odel, A. Marzani, and C. Daraio. Engineered metabarrier as shield from
seismic surface waves.Sci. Rep., 6(1):39356, dec 2016.

[167] A. Palermo, S. Kr•odel, K. H. Matlack, R. Zaccherini, V. K. Dertimanis, E. N. Chatzi,
A. Marzani, and C. Daraio. Hybridization of Guided Surface Acoustic Modes in Uncon-
solidated Granular Media by a Resonant Metasurface.Phys. Rev. Appl., 9(5):054026,
2018.

[168] A. Palermo and A. Marzani. A reduced Bloch operator �nite element method for fast
calculation of elastic complex band structures.Int. J. Solids Struct., 191{192:601{613,
2020.

[169] D. Pan, W. Jiang, and F. Dai. Dynamic analysis of bi-stable hybrid symmetric laminate.
Composite Structures, 225:111158, 2019.

[170] G. Papazafeiropoulos, V. Plevris, and M. Papadrakakis. A new energy-based structural
design optimization concept under seismic actions.Front. Built Environ. , 3:44, 2017.

[171] A. Paradeisiotis, M. Kalderon, and I. Antoniadis. Advanced negative sti�ness absorber
for low-frequency noise insulation of panels.AIP Adv. , 11(6):065003, jun 2021.

[172] M. Paronesso and D. G. Lignos. In
uence of gravity connections and damper activation
forces on the seismic behavior of steel CBF buildings with dissipative 
oor connectors.
Earthq. Eng. Struct. Dyn., 52(7):2135{2155, jun 2023.

148



[173] D. T. R. Pasala, A. A. Sarlis, S. Nagarajaiah, A. M. Reinhorn, M. C. Constantinou, and
D. Taylor. Adaptive Negative Sti�ness: New Structural Modi�cation Approach for Seismic
Protection. J. Struct. Eng., 139(7):1112{1123, jul 2013.

[174] PEER Center. PEER Strong Ground Motion Databases, 2022.

[175] E. Pennestr��, V. Rossi, P. Salvini, and P. P. Valentini. Review and comparison of dry
friction force models.Nonlinear Dyn., 83(4):1785{1801, 2016.

[176] D. Pietrosanti, M. De Angelis, and M. Basili. A generalized 2-DOF model for optimal
design of MDOF structures controlled by Tuned Mass Damper Inerter (TMDI).Int. J.
Mech. Sci., 185:105849, 2020.

[177] D. Pietrosanti, M. De Angelis, and A. Giaralis. Experimental study and numerical
modeling of nonlinear dynamic response of SDOF system equipped with tuned mass
damper inerter (TMDI) tested on shaking table under harmonic excitation.Int. J. Mech.
Sci., 184:105762, 2020.

[178] V. N. Pilipchuk. Impact modes in discrete vibrating systems with rigid barriers.Interna-
tional Journal of Non-Linear Mechanics, 36(6):999{1012, 2001.

[179] P. C. Polycarpou and P. Komodromos. Earthquake-induced poundings of a seismically
isolated building with adjacent structures.Engineering Structures, 32(7):1937{1951, 2010.
Learning from Structural Failures.

[180] F. Pozo, Y. Vidal, G. Garcia, L. Acho, and J. Rodellar. Hysteretic active control of
base-isolated buildings.Struct. Control Heal. Monit., 25(8):e2206, aug 2018.

[181] M. J. Priestley and D. N. Grant. Viscous damping in seismic design and analysis.Journal
of Earthquake Engineering, 9:229{255, 2005.

[182] D. Qiu, S. Seguy, and M. Paredes. Design of cubic sti�ness for the absorber of Nonlinear
Energy Sink (NES). In XXth Symposium VIbrations, SHocks and NOise VISHNO, 11-15
avril 2016, Le Mans, France, pages 2295{2300, Le Mans, France, Apr. 2016.

[183] E. M. Rathje, N. A. Abrahamson, and J. D. Bray. Simpli�ed Frequency Content Esti-
mates of Earthquake Ground Motions.Journal of Geotechnical and Geoenvironmental
Engineering, 124(2), 1998.

[184] K. K. Reichl and D. J. Inman. Lumped mass model of a 1d metastructure for vibration
suppression with no additional mass.Journal of Sound and Vibration, 403:75{89, 2017.

[185] S. Rezaeian and A. Der Kiureghian. A stochastic ground motion model with separable
temporal and spectral nonstationarities.Earthquake Engineering & Structural Dynamics,
37(13):1565{1584, oct 2008.

[186] W. H. Robinson. Lead-rubber hysteretic bearings suitable for protecting structures during
earthquakes.Earthquake Engineering & Structural Dynamics, 10(4):593{604, 1982.

[187] F. Romeo, G. Sigalov, L. A. Bergman, and A. F. Vakakis. Dynamics of a linear oscillator
coupled to a bistable light attachment: Numerical study.J. Comput. Nonlinear Dyn.,
10(1):011007, jan 2015.

[188] P. Roux, D. Bindi, T. Boxberger, A. Colombi, F. Cotton, I. Douste-Bacque, S. Garam-
bois, P. Gueguen, G. Hillers, D. Hollis, T. Lecocq, and I. Pondaven. Toward seismic
metamaterials: The METAFORET project. Seismol. Res. Lett., 89(2A):582{593, 2018.

149



[189] R. O. Ruiz, D. Lopez-Garcia, and A. A. Ta
anidis. Modeling and experimental validation
of a new type of tuned liquid damper.Acta Mech., 227:3275{3294, 2016.

[190] F. Sadek, B. Mohraz, A. W. Taylor, and R. M. Chung. A method of estimating the
parameters of tuned mass dampers for seismic applications.Earthq. Eng. Struct. Dyn.,
26(6):617{635, 1997.

[191] A. S. Saeed, R. Abdul Nasar, and M. A. AL-Shudeifat. A review on nonlinear energy
sinks: designs, analysis and applications of impact and rotary types.Nonlinear Dynamics,
111(1):1{37, 2023.

[192] A. S. Saeed, M. A. AL-Shudeifat, W. J. Cantwell, and A. F. Vakakis. Two-dimensional
nonlinear energy sink for e�ective passive seismic mitigation.Communications in Nonlinear
Science and Numerical Simulation, 99:105787, 2021.

[193] A. Saha and S. K. Mishra. Adaptive Negative Sti�ness Device based nonconventional
Tuned Mass Damper for seismic vibration control of tall buildings.Soil Dyn. Earthq. Eng.,
126:105767, 2019.

[194] L. Salari-Sharif, B. Haghpanah, A. Guell Izard, M. Tootkaboni, and L. Valdevit. Negative-
Sti�ness Inclusions as a Platform for Real-Time Tunable Phononic Metamaterials.Phys.
Rev. Appl., 11(2):024062, feb 2019.

[195] A. Salvatore. On the shock performance of a hysteretic tri-stable vibration isolation
system: Nonlinear phenomena and optimization.International Journal of Non-Linear
Mechanics, 157:104557, 2023.

[196] A. A. Sarlis, . D. T. R. Pasala, S. M. Asce, . M. C. Constantinou, M. Asce, . A. M.
Reinhorn, F. Asce, . S. Nagarajaiah, and D. P. Taylor. Negative Sti�ness Device for
Seismic Protection of Structures.J. Struct. Eng., 139(7):1124{1133, jul 2013.

[197] E. Schulz, M. Speekenbrink, and A. Krause. A tutorial on Gaussian process regression:
Modelling, exploring, and exploiting functions.J. Math. Psychol., 85:1{16, aug 2018.

[198] B. Settles. Active learning literature survey. Technical report, University of Wisconsin-
Madison Department of Computer Sciences, 2009.

[199] Y. Shen, H. Peng, X. Li, and S. Yang. Analytically optimal parameters of dynamic
vibration absorber with negative sti�ness. Mechanical Systems and Signal Processing,
85:193{203, 2017.

[200] X. Shi, S. Zhu, M. Asce, B. F. Spencer, and F. Asce. Experimental Study on Passive
Negative Sti�ness Damper for Cable Vibration Mitigation. J. Eng. Mech., 143(9):04017070,
may 2017.

[201] S. D. Silvey.Statistical inference. Routledge, 2017.

[202] T. S•oderstr•om and P. Stoica. System Identi�cation. Prentice Hall International. Prentice
Hall International, 1989.

[203] M. D. Spiridonakos and E. N. Chatzi. Metamodeling of nonlinear structural systems
with parametric uncertainty subject to stochastic dynamic excitation.Earthquakes and
Structures, 8(4):915{934, 2015.

150



[204] T. Sun, Z. Lai, S. Nagarajaiah, and H. N. Li. Negative sti�ness device for seismic protection
of smart base isolated benchmark building.Structural Control and Health Monitoring,
24(11):e1968, 2017.

[205] S. Suresh, S. Narasimhan, S. Nagarajaiah, and N. Sundararajan. Fault-tolerant adaptive
control of nonlinear base-isolated buildings using EMRAN.Eng. Struct., 32(8):2477{2487,
2010.

[206] M. Symans and M. Constantinou. Passive 
uid viscous damping systems for seismic
energy dissipation.ISET Journal of Earthquake Technology, 35(4):185{206, 1998.

[207] M. D. Symans and M. C. Constantinou. Semi-active control systems for seismic protection
of structures: a state-of-the-art review.Engineering Structures, 21(6):469{487, 1999.

[208] A. J. S�anchez-Garrido, I. J. Navarro, and V. Yepes. Evaluating the sustainability of
soil improvement techniques in foundation substructures.Journal of Cleaner Production,
351:131463, 2022.

[209] P. J. Torres. Periodic motions of forced in�nite lattices with nearest neighbor interaction.
Zeitschrift f•ur Angew. Math. und Phys. ZAMP 2000 513, 51(3):333{345, 2000.

[210] A. Y. Tuan and G. Q. Shang. Vibration control in a 101-storey building using a tuned
mass damper.J. Appl. Sci. Eng., 17(2):141{156, 2014.

[211] E. Tubaldi, S. Mitoulis, and H. Ahmadi. Comparison of di�erent models for high damping
rubber bearings in seismically isolated bridges.Soil Dynamics and Earthquake Engineering,
104:329{345, 2018.

[212] A. F. Vakakis. Inducing passive nonlinear energy sinks in vibrating systems.Journal of
Vibration and Acoustics, Transactions of the ASME, 123(3):324{332, 2001.

[213] A. F. Vakakis, O. V. Gendelman, L. A. Bergman, D. M. McFarland, G. Kerschen, and
Y. S. Lee. Nonlinear targeted energy transfer in mechanical and structural systems I & II.
Springer Netherlands, 2008.

[214] M. F. Vassiliou and N. Makris. Dynamics of the Vertically Restrained Rocking Column.
J. Eng. Mech., 141(12):04015049, 2015.

[215] J. Verbeke and R. Cools. The newton-raphson method.International Journal of Mathe-
matical Education in Science and Technology, 26(2):177{193, 1995.

[216] R. Villaverde and M. Asce. Aseismic Roof Isolation System: Feasibility Study with
13-Story Building. J. Struct. Eng., 128(2):188{196, 2002.

[217] K. Vlachas, K. Tatsis, K. Agathos, A. R. Brink, and E. Chatzi. A physics-based, local
POD basis approach for multi-parametric reduced order models. InInt. Conf. Noise Vib.
Eng. (ISMA 2020) conjunction with 8th Int. Conf. Uncertain. Struct. Dyn. (USD 2020),
September 9, 2020, 2020.

[218] P. R. Wagner, V. K. Dertimanis, I. A. Antoniadis, and E. N. Chatzi. On the feasibility of
structural metamaterials for seismic-induced vibration mitigation.Int. J. Earthq. Impact
Eng., 1(1/2):20{56, 2016.

[219] P. R. Wagner, V. K. Dertimanis, I. A. Antoniadis, and E. N. Chatzi. On the feasibility of
structural metamaterials for seismic-induced vibration mitigation.International Journal
of Earthquake and Impact Engineering, 1(1/2):20{56, 2016.

151



[220] P.-R. Wagner, V. K. Dertimanis, E. N. Chatzi, and J. L. Beck. Robust-to-Uncertainties Op-
timal Design of Seismic Metamaterials.Journal of Engineering Mechanics, 144(3):04017181,
2018.

[221] C. Wang and D. Qian. Periodic motions of a class of forced in�nite lattices with nearest
neighbor interaction. J. Math. Anal. Appl., 340(1):44{52, 2008.

[222] M. Wang, X.-L. Du, F.-F. Sun, S. Nagarajaiah, and Y.-W. Li. Fragility analysis and
inelastic seismic performance of steel braced-core-tube frame outrigger tall buildings with
passive adaptive negative sti�ness damped outrigger.J. Build. Eng., 52:104428, 2022.

[223] M. Wang, F. fei Sun, and S. Nagarajaiah. Simpli�ed optimal design of MDOF structures
with negative sti�ness amplifying dampers based on e�ective damping.Structural Design
of Tall and Special Buildings, 28(15):e1664, 2019.

[224] M. Wang, Y. W. Li, S. Nagarajaiah, and Y. Xiang. E�ectiveness and robustness of
braced-damper systems with adaptive negative sti�ness devices in yielding structures.
Earthq. Eng. Struct. Dyn., 51(11):2648{2667, sep 2022.

[225] M. Wang, F.-f. Sun, and H.-j. Jin. Performance evaluation of existing isolated buildings
with supplemental passive pseudo-negative sti�ness devices.Eng. Struct., 177:30{46, dec
2018.

[226] Z. Wang and A. Giaralis. Top-Story Softening for Enhanced Mitigation of Vortex Shedding-
Induced Vibrations in Wind-Excited Tuned Mass Damper Inerter-Equipped Tall Buildings.
J. Struct. Eng., 147(1):04020283, oct 2020.

[227] M. Wenzel, F. Basone, and O. S. Bursi. Design of a Metamaterial-Based Foundation for
Fuel Storage Tanks and Experimental Evaluation of Its E�ect on a Connected Pipeline
System. J. Press. Vessel Technol., 142(2):021903, apr 2020.

[228] M. Wenzel, O. S. Bursi, and I. Antoniadis. Optimal �nite locally resonant metafoundations
enhanced with nonlinear negative sti�ness elements for seismic protection of large storage
tanks. J. Sound Vib., 483:115488, 2020.

[229] N. E. Wierschem, S. A. Hubbard, J. Luo, L. A. Fahnestock, B. F. Spencer, D. M.
McFarland, D. D. Quinn, A. F. Vakakis, and L. A. Bergman. Response attenuation in a
large-scale structure subjected to blast excitation utilizing a system of essentially nonlinear
vibration absorbers.J. Sound Vib., 389:52{72, feb 2017.

[230] E. L. Wilson and A. Habibullah. Static and dynamic analysis of multi-story buildings,
including p-delta e�ects. Earthquake Spectra, 3(2):289{298, 1987.

[231] C. S. Wojnar and D. M. Kochmann. A negative-sti�ness phase in elastic composites can
produce stable extreme e�ective dynamic but not static sti�ness.Philosophical Magazine,
94(6):532{555, 2014.

[232] L. Wu, Y. Wang, K. Chuang, F. Wu, Q. Wang, W. Lin, and H. Jiang. A brief review of
dynamic mechanical metamaterials for mechanical energy manipulation.Mater. Today,
44:168{193, 2021.

[233] S. Xu, G. Fang, M. Zhang, O. �iseth, L. Zhao, and Y. Ge. Optimization of tuned mass
dampers for multiple mode vortex-induced vibration mitigation in 
exible structures: An
application to multi-span continuous bridge.Mechanical Systems and Signal Processing,
205:110857, 2023.

152



[234] X. Xu, M. V. Barnhart, X. Fang, J. Wen, Y. Chen, and G. Huang. A nonlinear dissipative
elastic metamaterial for broadband wave mitigation.Int. J. Mech. Sci., 164:105159, 2019.

[235] B. Yan, H. Ma, L. Zhang, W. Zheng, K. Wang, and C. Wu. A bistable vibration isolator
with nonlinear electromagnetic shunt damping.Mechanical Systems and Signal Processing,
136:106504, 2020.

[236] Y.-B. Yang and B.-H. Lin. Vehicle-bridge interaction analysis by dynamic condensation
method. Journal of Structural Engineering, 121(11):1636{1643, 1995.

[237] R. Zaccherini, A. Colombi, A. Palermo, V. K. Dertimanis, A. Marzani, H. R. Thomsen,
B. Stojadinovic, and E. N. Chatzi. Locally Resonant Metasurfaces for Shear Waves in
Granular Media. Physical Review Applied, 13(3):034055, 2020.

[238] R. Zaccherini, A. Palermo, S. Kr•odel, V. K. Dertimanis, A. Marzani, C. Daraio, and E. N.
Chatzi. Resonant metabarriers as seismic attenuators in granular media. InProc. ISMA
2018 - Int. Conf. Noise Vib. Eng. USD 2018 - Int. Conf. Uncertain. Struct. Dyn., pages
3047{3057, 2018.

[239] R. Zaccherini, A. Palermo, A. Marzani, A. Colombi, V. Dertimanis, and E. Chatzi.
Mitigation of Rayleigh-like waves in granular media via multi-layer resonant metabarriers.
Appl. Phys. Lett., 117(25):254103, 2020.

[240] P. Zhang, J. Tan, H. Liu, G. Yang, and C. Cui. Seismic Vibration Mitigation of a
Cable-Stayed Bridge with Asymmetric Pounding Tuned Mass Damper.Mathematical
Problems in Engineering, 2021, 2021.

[241] Z. Zhao, R. Zhang, Y. Jiang, and C. Pan. A tuned liquid inerter system for vibration
control. Int. J. Mech. Sci., 164:105171, 2019.

[242] X. Zheng, H. Lee, T. H. Weisgraber, M. Shuste�, J. DeOtte, E. B. Duoss, J. D. Kuntz,
M. M. Biener, Q. Ge, J. A. Jackson, S. O. Kucheyev, N. X. Fang, and C. M. Spadaccini.
Ultralight, ultrasti� mechanical metamaterials. Science, 344(6190), 2014.

[243] Y. Zheng, X. Zhang, Y. Luo, B. Yan, and C. Ma. Design and experiment of a high-static-
low-dynamic sti�ness isolator using a negative sti�ness magnetic spring.Journal of Sound
and Vibration, 360:31{52, 2016.

[244] Z. Zhou, X. Wei, Z. Lu, and B. Jeremic. In
uence of soil-structure interaction on
performance of a super tall building using a new eddy-current tuned mass damper.Struct.
Des. Tall Spec. Build., 27(14):e1501, 2018.

[245] H. P. Zhu, D. D. Ge, and X. Huang. Optimum connecting dampers to reduce the seismic
responses of parallel structures.Journal of Sound and Vibration, 330(9):1931{1949, 2011.

[246] R. Zivieri, F. Garesc��, B. Azzerboni, M. Chiappini, and G. Finocchio. Nonlinear dispersion
relation in anharmonic periodic mass-spring and mass-in-mass systems.J. Sound Vib.,
462:114929, 2019.

[247] M. Ziyaeifar and H. Noguchi. Partial mass isolation in tall buildings.Earthq. Eng. Struct.
Dyn., 27(1):49{65, 1998.

153


	Abstract
	Zusammenfassung

