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Cutting circuits with multiple two-qubit unitaries

Lukas Schmitt2, Christophe Piveteau!, and David Sutter?

Hnstitute for Theoretical Physics, ETH Zurich
2IBM Quantum, IBM Research Europe — Zurich

Quasiprobabilistic cutting techniques allow us to partition large quantum
circuits into smaller subcircuits by replacing non-local gates with probabilis-
tic mixtures of local gates. The cost of this method is a sampling overhead
that scales exponentially in the number of cuts. It is crucial to determine the
minimal cost for gate cutting and to understand whether allowing for classi-
cal communication between subcircuits can improve the sampling overhead. In
this work, we derive a closed formula for the optimal sampling overhead for cut-
ting an arbitrary number of two-qubit unitaries and provide the corresponding
decomposition. We find that cutting several arbitrary two-qubit unitaries to-
gether is cheaper than cutting them individually and classical communication
does not give any advantage.

1 Introduction

To demonstrate a quantum advantage in the close future, various challenges need to be
resolved such as correcting or reducing noise, dealing with the limited connectivity (on
some hardware platforms), and scaling the number of available qubits. The latter obstacle
motivated the development of techniques known as circuit knitting or circuit cutting. The
idea is to split large circuits into subcircuits that can be executed on smaller devices.
Partitioning a circuit can be achieved by performing space-like or time-like cuts, which
are typically referred to as gate cuts [1, 2, 3] and wire cuts [4, 5, 6, 7], respectively. Cir-
cuit cutting techniques typically result in a sampling overhead that scales exponentially
in the number of cuts. One particular method of circuit knitting is based on a technique
called quasiprobability simulation. This method works by probabilistically replacing the
non-local gates across the various subcircuits by local operations. By performing appro-
priate classical post-processing, the expectation value of the original large circuit can be
retrieved. More concretely, this means that we can simulate the large quantum circuit by
only physically executing the small subcircuits on small quantum devices.

While quasiprobabilistic circuit cutting allows us to retrieve the expectation value of
the larger circuit with arbitrary precision, the number of shots required to achieve a desired
accuracy is increased compared to physically running the original circuit. Suppose we cut
a non-local unitary U, then the optimal achievable sampling overhead is characterized by
the quantity v(U) which we call the ~-factor of U. More precisely, the number of shots
increases multiplicatively by «(U)2. If we separately apply the quasiprobability simulation
technique to n different gates (U;)j-; in the circuit, then the total sampling overhead
behaves multiplicatively [];—; v(U;). This is the reason for the exponential scaling of the
sampling overhead with respect to the number of cut gates.
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A central question that has been studied in previous works [3, 8, 5] is whether allow-
ing the smaller subcircuits to exchange classical information can improve the sampling
overhead. To distinguish between the ~-factor in the two settings where classical com-
munication is allowed or not, we introduce a corresponding subscript 71,0, respectively
yLocc, where LO stands for local operations and LOCC for local operations with classical
communication. In the setting of wire cutting, it was recently proven that there is a strict
separation between LO and LOCC, in the sense that the «-factor of a wire cut is strictly
smaller when classical communication is allowed [5]. However, for gate cutting it is un-
known if there is a separation between the two settings. Computing y-factors has proven
to be a difficult problem in practice, and explicit values are only known for a few gates.
For these gates, there is no separation [3]. Hence, it is natural to ask:

Question 1. Is LOCC strictly more powerful for circuit cutting than LO?

An additional difficulty in analyzing sampling overheads in circuit cutting is that the
~v-factor only characterizes the optimal overhead for cutting a single non-local gate. When
one considers cutting a circuit with multiple non-local gates, the y-factors of the individual
gates do not fully capture the optimal overhead of cutting the complete circuit at once.
For example, it has been shown [3] that for a Clifford gate U and in the setting of LOCC
it is strictly cheaper to cut n > 1 copies of the gate that happen in the same time slice (as
seen in Figure 1b), as opposed to using the optimal single-gate cutting procedure n times.
Mathematically, this is captured by a strictly submultiplicative behavior of the ~-factor

TLocc(U®™) < vocc(U)", (1)

where U®" stands for n parallel copies of the non-local gate U each acting on a distinct
set of qubits. Previously to this work, it was unknown whether such a strict submulti-
pliative behavior also exists for non-Clifford gates U and/or in the absence of classical
communication (i.e. with yo instead of y,occ). We thus ask:

Question 2. Is cutting arbitrary gates simultaneously cheaper than cutting them sepa-
rately?

When applying circuit cutting in practice, one will typically be confronted with the
situation that the large circuit contains multiple non-local gates which occur at possibly
very distant points in time. The sub-multiplicative behavior of the ~-factor cannot be
directly applied to cut multiple non-local gates that do not occur in the same time slice.
However, one can still try to apply the insight that “global” cutting strategies can be more
efficient by dealing with multiple gates at once instead of treating them individually.

For better illustration of the different problems at hand, we introduce three separate
settings depicted in Figure 1, that we will consider throughout this work. In the single
cut setting, we consider only one single instance of some non-local gate U that we want to
cut. Here, the optimal sampling overhead is fully characterized by the ~-factor of U. In
the parallel cut setting, we consider multiple gates (U;);-; that we want to cut which all
occur in the same time slice of the circuit. Note that the parallel cut setting is a special
case of the single-cut setting with U = @);-; U; and the optimal sampling overhead is thus
fully characterized by the ~-factor of @i~ U;.

The case where we consider a circuit with multiple non-local gates (U;);; that occur
at different time slices is a bit more involved. Clearly, the optimal procedure would be
to consider the whole circuit (including local and non-local gates) as one big unitary
Uiot and then determining the ~-factor of that. However, this is typically intractable as
just determining Uy is as difficult as simulating the circuit itself. For this purpose we
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Figure 1: Three different cutting scenarios, where the dashed line represents the cut. The unitaries U;
are arbitrary two-qubit gates acting on A and B. In the black box setting £ and F denote arbitrary
CPTP maps.

introduce a third setting, which we call the black boxr setting. Here, we consider multiple
non-local gates (U;)I; which we want to cut, but between these gates we may have
unknown operations. The circuit cutting technique is not allowed to have any information
of what happens inside them (hence the name “black box”) and must work for any choice
of the unknown operations.

Clearly the black box setting is at least as difficult as the parallel cut setting, as the
latter can be retrieved as a special choice of the black box. It is thus natural to ask:

Question 3. In the black box setting, can cutting the gates jointly improve the sampling
overhead?

Here again, the answer of Question 3 is known for Clifford gates under LOCC [3]. The
gate-based teleportation scheme used by the authors makes it possible to reduce the black
box setting to the parallel cut setting, showing that the optimal sampling overhead is the
same in both cases. Since gate teleportation requires classical communication and only
works for Clifford gates, it was previously unknown whether the same answer to Question 3
would also hold in a more general setting.

Results In this work, we answer Questions 1 to 3 for the case where the unitaries to
be cut are all two-qubit gates. It is well known, that an arbitrary two-qubit unitary U
exhibits a so-called KAK decomposition

3

U=(V1eWh) (Zuk0k®0k> (Vz @ Vy), (2)
k=0

where o9 = 1, 01, 09, 03 are the Pauli matrices, the u; € C fulfill Z?:0|ui]2 =1 and the V;
are single-qubit unitaries. For any such unitary U we can define the quantity

Ay = Jugllug| 3)

k£k!

which is nonnegative and zero only for a separable unitary. We show in Corollary 3.1 that
the ~-factor of U is given by

Lo (U) = mocc(U) = 1+ 2Ay. (4)

Furthermore, in Corollary 4.1 we characterize the ~-factor in the parallel cut setting and
show that

Lo (U®") = yrocc(U™) =2(1+ Ay)" =1 < y0(U)" = yrocc(U)" . (5)
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As a consequence, we show in Corollary 4.6 that the regularized ~y-factor, i.e. the effective
sampling overhead per gate in the limit of many gates, is given by

1/n

(Lo (UE™) " = Jim (yLocc(U®") " =1+ Ay (6)

lim

n—o0
We therefore have a full understanding of the optimal sampling overhead of two-qubit gates
in the single-cut and parallel cut settings, and classical communication does not reduce the
overhead in either of them. Our results are derived using a more general characterization
of the ~-factor of general (possibly larger than two-qubit) unitaries that exhibit a form
analogous to Equation (2), as seen in Theorem 5.1. Generally, our techniques can be seen
as a generalization and improvement of the ideas introduced in [2].

To tackle the black box setting, we devise an explicit protocol to perform black box
cutting by reducing it to the parallel setting. Therefore, the overhead is the same as
in the parallel setting (i.e. as in Equation (5)). Since the black box setting is at least
as difficult than the parallel setting, our result is therefore optimal. As in the approach
of [3], this protocol requires additional ancilla qubits to carry information across the black
boxes. However, our protocol does not require classical communication and it also works
for non-Clifford gates.

In summary, we answer the questions as follows:

Answer to Question 1: For quasiprobabilistic circuit cutting, classical communication
does not improve the overhead of cutting arbitrary two-qubit gates.

Answer to Question 2: The answer is positive for all (non-local) two-qubit gates. In
other words, the y-factor behaves strictly submultiplicatively.

Answer to Question 3: For arbitrary two-qubit gates, the black box setting has the
same sampling overhead as the parallel cut setting (without requiring classical com-
munication). This comes at the cost of four additional ancilla qubits per gate.

Setting Reference Example (Figure 1)
Single cut Corollary 3.1 ~(CNOT) = 3, v(CRx(0)) = 1 + 2|sin(6/2)]
Parallel cut  Corollary 4.1 7(CNOT ® CRx(0)) = 3 + 4|sin(0/2)|
Black box cut Theorem 6.2 7(CNOT,CRx(0)) = 3 + 4|sin(0/2)|

Table 1: Summary on how to optimally cut two-qubit gates. The example considers the setting
from Figure 1 with U; = CNOT, U; = CRx(0), and Us = 1. The KAK parameters of these unitaries
are given in Example 3.2. Note that for these examples, we write v without subscript, because the
overhead for LO and LOCC is the same. Our method in the black box setting requires additional
ancillary qubits, however this is not the case for the other two settings.

The results together with a small example are summarized in Table 1. The example
given in Table 1 shows that the submultiplicative property of the «-factor does not just
appear when cutting multiple identical gates, but also when one cuts multiple distinct
gates:

7(CNOT ® CRx(0)) = 3 +4|sin(6/2)| < 3+ 6|sin(6/2)|) = v(CNOT)~(CRx (). (7)

The difference between the two sides of Equation (7) can be substantial. The submulti-
plicativity of the y-factor becomes particularly meaningful if we cut more than just two
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gates simultaneously. Figure 2 shows the sampling overhead for a two-qubit unitary that
is sampled from the Haar measure.
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(a) Distribution of ~-factor for a Haar-randomly (b) Overhead for single and parallel cut for multiple
sampled two-qubit gate U: «(U) is plotted on the Haar-random gates. The x-axis shows the number
x-axis. The y-axis shows the relative frequency out of gates to cut. The y-axis shows the overhead.
of 107 samples. The dashed line shows the average Both methods scale exponentially in the number
~-factor which is approximately v(U) = 5.71. of gates, but the base of the parallel cut is lower.

Figure 2: Submultiplicativity of y-factor for Haar-random two-qubit unitaries.

2 Preliminaries

2.1 Quasiprobability simulation

Here we briefly sketch the quasiprobability simulation framework on which our circuit
cutting method is based. For more thorough explanations, we refer the reader to [3, 9, 10,
1, 11].

Consider that we are given a circuit that prepares some state and measures an ob-
servable, and we want to compute the expectation value of that observable. Furthermore,
that circuit includes some gate £ that we cannot physically run on our computer. In the
context of gate cutting, we can only physically run operations that act locally on the two
circuit bipartitions, and £ would correspond to the channel of some non-local gate.

Quasiprobability simulation is a method of simulating a linear operation £ via a set
of available operations S that can be physically realized. Concretely, we can simulate an
operation & if we can decompose it as

5 = i aifi 5 (8)

i=1

where a; € R and F; € S. This decomposition can be rewritten as

m
£ =" piFi-sign(a;) (D lail), (9)

i=1 i
for the probability distribution p; = |a;|/(X; |ai|). Equation (9) implies that the expecta-
tion value of the circuit can be obtained with following Monte Carlo sampling technique:
Every shot of the circuit, a random index ¢ is sampled according to the probability distri-
bution (p;);. Then, the gate £ is replaced by the operations F; and this modified circuit
is physically executed on the hardware. The final measurement outcome is multiplied by
sign(a;)(>; |ai]) and stored in memory. By repeating this process many times and aver-
aging the resulting outcomes, Equation (9) implies that one will obtain the expectation
value of the original circuit.
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However, because the post-processing boosts the magnitude of the measurement out-
comes by (3;|ai|), the method incurs an additional sampling overhead if one wants to
estimate the expectation value to the same accuracy. More concretely, to estimate the
expectation value to an additive error of at most € with a probability of at least, 1 — d,
Hoeffding’s bound implies that this can be achieved with a number of shots equal to
C- (3, lai])?¢21n (%) for some constant C'. So clearly, if one wants to use the quasiprob-
ability simulation technique, one should use a decomposition that exhibits the smallest
possible value of (37, |a;|). Since the simulation overhead scales with (3", |a;|)?, we assign
a special name for the smallest achievable value of (3}, |a;]):

Definition 2.1. The y-factor of an operation £ over S is defined as

vs(€) == min { Z|ai| €= Zai]-'i where m > 1, F; € S and q; € ]R} . (10)
i=1 i=1

A particular application of quasiprobability simulation is gate cutting [1, 3]. Consider
a bipartition of the qubits in the circuit into two systems A and B corresponding to the
subcircuits obtained from the circuit cutting. The operation £ is then a unitary channel
E(p) := UpU' for some unitary U that acts non-locally across A and B. As a slight
abuse of notation, we sometimes denote the y-factor of a unitary channel simply as ys(U).
The set of operations S into which we decompose our gate is then chosen to be either
local operations on the systems A and B (denoted by LO(A, B)) or local operations with
classical communication (LOCC(A, B)). If this quasiprobability simulation is applied for
all gates acting non-locally across A and B, we can thus replace the large non-local circuit
with a probabilistic mixture of local circuits on A and B that do not have any entangling
gates between them (plus some additional classical post-processing). The method therefore
allows us to obtain the expectation value of the original circuit by only physically executing
smaller circuits.

Following [3], we defined the set of local operations LO(A, B) across the systems A, B
as follows:

Definition 2.2. The set LO(A, B) is given by {F4 ® Fp | Fa € N(A)and Fp € N(B)},
where N'(X) is defined as!

N(X) = {A+ — A™ | AT, A" completely positive, AT + A~ € CPTP(X)} . (11)

where CPTP(X) is the set of all completely-postive trace-preserving maps on the system
X.

This is a slightly non-standard definition of non-local operations, since it allows for
non-completely positive maps. The reason for this is that this definition captures the idea,
first seen in [1] and later expanded upon in [12], that the individual operations F; can be
realized as quantum instruments, and depending on which component of the instrument is
executed, the measurement outcome at the end of the circuit is weighted with +1 or —1.
As an illustrative example, consider two completely-positive trace-nonincreasing maps A"
and A~ s.t. AT + A~ € CPTP. One can simulate the map A" — A~ via the CPTP-map
f

F(p) = A" (p) @ 10)(0] + A~ (p) @ [1)(1 (12)

Tt is even sufficient to only demand A" + A~ € CPTN(X), but this can be achieved in the CPTP
setting by postweighting with 0.
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followed by a measurement of the ancillary qubit in the Z-basis. Depending on the ancilla
measurement outcome, one then weights the final measurement outcome of the circuit by
+1. We refer to this as the negativity trick.

A characterization of the set of LOCC(A, B) is very complicated, since it can contain
multiple rounds of operations and communications between A and B, so we refrain from
writing the full definition here. For an in-depth definition we refer the reader to [13]. Since
LOCC is usually defined as a quantum instrument, we can realize the same post-processing
trick as with LO above and allow for non-completely positive maps by weighting some of
the element of the instrument by —1.

2.2 Representation of two-qubit unitaries

It is well known that a semi-simple Lie algebra g can be decomposed as g = m@ €, m = ¢+,
with the following relations

(e, ¢ C ¢, [(,m] =m, and [m,m] C ¢. (13)

This decomposition is called Cartan decomposition. For such a pair, one can find the
corresponding Cartan subalgebra b, which is the largest subalgebra that is contained in
m. For these algebras, it is well known, that the Lie group G can be written as

G =KAK, (14)

where K = exp(t) and A = exp(h) (see for instance [14]). This decomposition is also
called the KAK decomposition.

Applied to g = su(2"), we find € = su(2" 1) @ su(2"!), which is in general not useful
for circuit cutting. However, in the case of g = su(4), this simplifies to £ = su(2)®su(2) and
therefore K = SU(2) ® SU(2). These elements can be implemented with local operations.
For the cartan subalgebra one finds h = {io1 ® 01,102 ® 092,103 ® 03}, where we denoted the
Pauli matrices by 01 = X, 09 =Y, 03 = Z. Furthermore let 09 = 1 denote the identity
matrix.

Using the above, it follows that any two-qubit unitary U(4) has a KAK decomposition

3

U= (V1 ®Vz)exp (Z 1001 @ Uk) (V3@ Vi) , (15)
k=1

for some single-qubit unitaries Vi, Va, V3, Vy, and 6 € R such that |03 < 6 < 6; < 7/4.
Evaluating the exponential function, this can be rewritten as

3
U=(Vi®VW) (Z ULOL ®Uk> (VaaVy) ==(Vio V)W (VzeVy), (16)
k=0

where u;, € C depend on 64, 05,603 and fulfill Z?:o lu;|> = 1. Equation (16) is central
in our analysis of optimal gate cutting of two-qubit unitaries, as cutting U is equivalent
to cutting the interaction unitary W. In particular we have vg(U) = v5(W) and in the
proof of Theorem 5.1, we thus focus on cutting W. Since there does not exist an analogous
decomposition to Equation (16) for general unitaries, optimal cutting still remains an open
problem.
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3 Cutting one single two-qubit unitary

In this section we show how to optimally cut an arbitrary two-qubit gate.

Corollary 3.1. Let U be a two-qubit unitary with KAK parameters (ug, u1, ug, us) € CA.
Then,

1o(U) =occ(U) =1+ 2 |ug|fu;] . (17)
i#]

Proof. Corollary 3.1 follows as a special case of Theorem 5.1. Since every two-qubit unitary
can be written as in Equation (16), we can directly apply Theorem 5.1 with Ly = o} and
Ry = 0. The coefficients wuy are directly given through the KAK coefficients of U. The
optimal decomposition of U can be found in the proof of Theorem 5.1. 0

The result proves that there is no advantage for cutting a two-qubit unitary with
LOCC compared to the LO setting. In the following, whenever this is the case, we will
drop the subscript of the y-factor. The previously best known decomposition [1] had a
sampling overhead of 1 + 37, (Jujuj + wju;| + |uju} — uju;|), which is only optimal for
certain gates.

Example 3.2. Let us apply Corollary 3.1 to some well-known two-qubit unitaries to check
consistency with [3]:

(i) v(CNOT) = 3, since u = (\[ \/5,0 0)

(ii) v(SWAP) = 7, since u = (\/i(iﬁ), \/5(41—&-1)7 ‘/5(41“), ﬁ(r“i)).

(iii) v(CRx(0)) =1+ 2|sin(0/2)|, since ucg (9 = (cos(%) 15111( ),0,0).2
Corollary 3.3. Let U be a two-qubit unitary, then 1 <~(U) <7

Proof. Clearly v(U) cannot be smaller than 1. To see that it is bounded from above by 7,
consider KAK parameters u := (uq, u, ug,u3) € C*. As a consequence of unitarity, these
fulfill ||ul|, = 1. Corollary 3.1 allows us to write

YU) =142 |uillu;] (18)
G
3

=Dl + 2 Juillu| (19)

=0 175]
(Z ruz) = fuif? (20)
=2 lull{ - (21)
<7, (22)
where the final step uses the Cauchy-Schwarz inequality, i.e., |lull, < v/4 |lu],. O

2CRx(0) denotes a controlled Rx (0) gate with rotation angle 6, where Rx (6) := e 18X,
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4 Cutting parallel two-qubit unitaries

In Section 3 we have seen how to optimaly cut an arbitrary two-qubit unitary. In this
section we would like to extend the setting to cutting multiple two-qubit unitaries which
are arranged in parallel (cf. Figure 1b).

Corollary 4.1. Let n € N and (UXZ_)Bi)“:l be a family of two-qubit unitaries with KAK

parameters (u(()i),ugi),ug),ugi))?zl Then, for Uag = ®?:1UX¢)BH where A = @ A; and

B = ®j_,B; we have

o) (Uas) = mocoms) (Uas) =142 Y Jui||uw] (23)
KK/

where k € {0,1,2,3}" and ux = [} “l(c?

Proof. Corollary 4.1 follows as a consequence of Theorem 5.1. The KAK decomposition

from Equation (16) allows us to write for any i € {1,...,n}
3
i 1, 2,i i 3,i 4
Uy, = (Vi @ VD) (Z ul (o) 4, ® (Jk)3i> URENSON (24)
k=0
This implies
UaB
= ® Uz(ﬁl?BL (25)
i=1
n n 3 n n n n n
_ (1,4) (2,4) (4) (3,4) (4,1)
-@ne@u) 3 (1) @n) (G| G o).
i=1 i=1 k1,okn=0 | j=1 i=1 i=1 i=1 i=1
(26)
and fulfills therefore the assumptions of Theorem 5.1. O

The expression of the y-factor simplifies further in the case that many of the unitaries
U® are identical. For instance, when there are three different types of unitaries, the ~-
factor behaves as follows (the same result holds analogously for a number of gates different
than three):

Corollary 4.2 (Calculating the overhead). Let U, V, W be two-qubit unitaries and n,m,p €
N. Then,

@n om ® 3 om , 3 om , 3 2p
YU @VEm @ W) = 2( Y ful) (Dlul) (X lwil)” —1, @)
=0 =0 =0
where u;,v; and w; are the corresponding KAK parameters of U, V, and W, respectively.
Proof. As seen in Corollary 4.1, we can calculate (7') as
2
V) =1+2 ) |tlltw] =2 (Z \tk|> -1 (28)
KAk k
T =U%"@V®" g W®, then |ty is given by

e = (1T s ) (T s 1) (T fen 1) (29)

r=1 r=1 r=1
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We then calculate

> |kl
k

3
> L R (M R LV R (M R U R (M (30)

$15eenyn,J1see s Jmsl1seeslp=0

(31)
3 n /3 mo3 p
= (mt) (o] (o) )
i=0 j=0 1=0
which concludes the proof. O

Example 4.3. Let us apply Corollary 4.2 to some interesting examples:

(i) v(CNOT®™) = 2"+1 — 1, since ucnoT = (%, ﬁ,0,0) (see Example 3.2). This is
consistent with the LOCC result from [3].

(i) Y(SWAP®™) =2 x 4™ — 1, since ugwap = (\/i(i+i), \/i(iﬂ), ﬂ(i“), \/i(iﬂ)) (see Ex-

ample 3.2). This is consistent with the LOCC result from [3].

(ili) v(CRx(0)®") = 2(| cos(2)| + |sin(§)])?" — 1, since UCR x () = (cos(%),isin(9),0,0).3
This answers an open question from [3].

Example 3.2 and Example 4.3 show that n parallel cuts can be considerably cheaper
than cutting n-times a gate separately.

Corollary 4.4. In general, Corollary 4.2 implies that for any two-qubit gate with v(U) > 1
the optimal sampling overhead is strictly submultiplicative under the tensor product, i.e.

Y(UF") <A(U)". (33)
Proof. Introducing z = (3, |u;])?, Corollary 4.2 is equivalent to
Y(UP™) = 22" — 1 < (2 — 1) =~(U)". (34)

Since v(U) > 1, we have > 1. The inequality then follows by induction

(22 — 1) = (22 — 1)*(2z — 1) (35)
> (22" —1)(2x — 1) (36)
=d4z" — 2 — 22"+ 1 (37)
= 22" 1 422" — 22 — 227 42 (38)
= (UMDY 957 (1 — 1) — 2(z — 1) (39)
= Uy L 22" — 1)(z — 1) (40)
> 4 (UEr+D) (41)

3CRx () denotes a controlled Rx (0) gate with rotation angle 6, where Rx () := e isX,
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In the following, we want to consider the asymptotic difference between the single-cut
and parallel cut settings. We therefore introduce the following quantity:

Definition 4.5 (Regularized ~-factor). The regularized ~-factor is defined as

Yr(U) = lim (v(U®")7 . (42)

n—o0

vr(U) can be considered as the “effective y-factor” of a single gate in the parallel cut
setting, in the limit of infinite gates.

Corollary 4.6. Using Corollary 4.2, yr(U) evaluates to

() = lim (z@ ) 1) " (z mr) Y gl (9

' i Gl

2

5 Cutting KAK-like unitaries

Previous chapters relied on the KAK-decomposition of two-qubit unitaries. As discussed
in Section 2.2, larger unitaries can in general not be represented in such a form. However,
one can still consider the class of unitaries that are in a similar form to the two-qubit
KAK decomposition. For such unitaries, we formulate the following theorem:

Theorem 5.1 (Cutting KAK-like unitaries). Let Uap be a unitary of the form

Uap = (Vfll) ® VE(;Q)) > up(Li)a ® (Ri)B (V/(;S) ® VE(;4)) , (44)
k

where Vfgl), V]g), Vlgg), g”, (Lx)a and (Ry)p are unitaries on A and B.
Then it holds that

Yo (U) <D url? +2 > Jugl|uw| - (45)
% pyy

Furthermore, if (Li)a and (Ri)p are orthogonal * for different k, then Equation (45)
simplifies, holds with equality and we find y1,0(U) = yrocc(U):

To(U) =142 |ug||uw|. (46)
oy

The assertion of Theorem 5.1 follows from the following two lemmas, since yr,occ(U) <
Lo (U).
Lemma 5.2. Let Uygp be of the same form as in Theorem 5.1. It then holds that
o (U) <3 fugl* + 2 fuil|uy] - (47)
k i#£]

Proof. We prove this statement by explicitly constructing a quasiprobability decomposi-
tion of U into LO which exhibits a one-norm of the quasiprobability coeflicients given by
S lugl? + 2 > izj [uillujl. This proof is an extension of the decomposition basis derived
in [1], which is optimal for some two-qubit unitaries but not for all of them. As explained

4Orthogonal with respect to the Hilbert-Schmidt inner product (4, B) = tr(A'B)
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in the introduction Section 2.2, we can directly consider the interaction part W of the
unitary U (up to local unitaries U and W are equal). The induced channel of W is given
by

Wipag) =3 upufs(Li)a ® (Ri)ppan(Li)ly @ (R . (48)
k!

By writing the complex factors by its argument and absolute value ug = |uy|e'®*, we get

W(p) = lurl*(Li)a @ (Ri)ppas(Ly)y @ (Ri)s
k

+ 57 Julfuw | (€94 (L) a © (Ri)ppas(Lin)ly @ (Ri)§
k<k’

+e 0k (L) a @ (Ri) ppas(Li)y ® (Ri)) | (49)

where ¢y 1 = ¢ — ¢p°. Implementing the first sum with LO is trivial, and the difficulty
will be the implementation of the term:

el®i (Ly) 4 ® (Ri) pan (L)l (Rk’)TB +e kN (Ly)a® (Rk’)BPAB(Lk)Tq @ (Rp)ly (50)

To do so, we define the expressions

L+ efi(z)Lk/ Ry £+ efi(bRk/
(l,‘ik,)i T — and (r,ﬁk,)i T — (51)
and based on them the maps
Chw)=p) = )ep i)l and  (DF)e(p) = () p (k. (52)

Under usage of the negativity trick, we then define the channels

Clw(p) = (CL)+(p) = (CLu)—(p) and Df,(p) = (D)1 (p) — (Df)-(p),  (53)

which evaluate to
1. B 1 . .
C,f’k, (p) = i(el‘i)LkaL, +e 1¢L;§/pLL) and D,‘f}k,(p) = i(eld’RkpR;L, +e 1¢Rk/pRL) :
(54)

This expression already resembles Equation (50), but is so far only a local channel.’ In
order to obtain Equation (50), we apply these channels in parallel. This gives us

1 o 1 o
(€L © D )p) = 7€7(L ® Ri)p(Lj, © RL) + Je (L ® Riv)p(LL @ RY)

1 1
+ Z(Lk ® Rk/)p(LL/ ® R,TC) + Z(Lk’ ® Rk)p(LL ® RL), (55)

which resembles Equation (50) even more, but we still have mixed terms we want to get

us

rid of. We do so by considering the operation C,f:? and Di:?. This introduces a global

and a relative phase shift. For instance for C;f;?, we get

us 1 .» . ) . 1 .# . .
C,f;,z (p) = ielf(LkaLeld’ + e*”Lk/pLLe"‘z’) = §e‘§(LkaLe‘¢’ - Lk/pLLeﬂ‘ﬁ) , (56)

5Note that in contrast to [1], we describe e L @ RipLy ® Ry + e R L ® Ry pLi ® Ry, with
local operations instead of o) ® ok poxs ® oxr. This will allow us to consider the phase of the uy to find the
optimal decomposition.

6One can check that (C;f,k,)i, (D?k/)i > 0 and (C,f’k,ﬁ. + (Cik,)_, (D,‘f’k,)+ + (ij’k,)_ € CPTP are
fulfilled.
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which extended to both parties yields
O+5 o ot ts L o 1 o
(Crp” @Dy )(p) = —162 °(Lk ® Ry)p(L}, ® R},) — 1° %9(Lyw @ Rw)p(L} ® RY)
1 1
+ (L ® Rp)p(L, ® R}) + Ty @ Ri)p(LL © R}). (57)

This allows us to formulate the desired term as

ko k! Do k! ¢k,k’+£ M+£
2|\Cr @Dy =G 2 @Dy 7
— &%k (Ly @ Rp)p(LL, ® RL) + e 90k (L @ Ry )p(LL @ RY) . (58)
Combining this with Equation (49) gives

W(p) =3 lurl*(Li)a © (Ri)ppas(Ly)ly © (Ri)s

k
¢k,k’ ¢k,k’ ¢k,k’ 4z M+£
+ Z |k [urr| 2 Ck,kQ’ @Dpp —Cppr * 9@ Dk,k?’ e (59)
k<K'
which implies
Mo(Uar) <Y Jugl? +4 Y fugllup| =D Jur* +2 Y Jugllup|. (60)
k k<k! k kK

O

This construction that handles the interference terms is also known as Hadamard test
and is used with a similar aim in [15]. It differs however from our manuscript, in that it
decomposes the unitary in the Pauli basis which is not necessarily the best decomposition.
Therefore it only provides an upper bound on the optimal simulation overhead, which is
not tight for most instances.

For convenience, we present the circuits that implement the channels (C,‘f w)+(p) and

(D/,(is w)+(p) in Appendix A and explain how to apply them.

Lemma 5.3. Let Uygp be of the form described in Theorem 5.1 and furthermore require
orthogonality of Li and Ry in the following sense:

tr(Li L) = dim(A)0r e and  tr(R)Rp) = dim(B)dj - (61)
Then

Yocc(U) = 142> fugl|up| . (62)
i#£]

Proof. Let |®) denote the Choi state of a unitary Uap.” Simulating the channel Uap is
at least as expensive as preparing a state that can be prepared using the channel — in
particular the Choi state. We therefore have

Yocc(Uas) = mwocc(Was) = yLocc(|Pw)), (63)

"We define the Choi state of Ua as |®y) = idsr @ Ua|t)) ara, where A’ is a copy of the Hilbert space A
and ) /4 is the maximally entangled state on the joint system A’A.
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where we introduced the ~-factor for states and Wyup denotes the interaction unitary.
Furthermore, the Choi state of Wxp is denoted by |®y). The ~-factor for states is
defined by

15(pap) = min {15(€)E(I0X0]ap) = pan} . (64)

but as was shown in [3, Lemma 4.1], for pure states it can be written as a function of the
Schmidt coefficients. One finds

yoce(|Pw)) =2 (Z ai) -1, (65)

where the «; are the Schmidt coefficients of |®y). We can calculate these concretely in
terms of u;. The Choi state is then given as

dim(A) dim(B)

1
|Pw)arpaB = Jdim(A) (B Z Z i, j)arpr @ Wi, j) ap (66)
dim(A) dim(B
\/dlm TETIe: Z Z Zw ) ® (Li® R)li j)ap - (67)
= Z|Ul~c||80k yara ® \SOk >B’Ba (63)

k

where |pr) 474 and |¢k) g are orthonormal vectors given by

1 dim(A)
|Q0k YA = ——— Tm(A) Z )arLi|j) and (69)
@ 1 dim(B)
2 . .
g = —— 'R . 70
ley ) BB TmD) arg(u) gz=:1 17) B Ri|5) B (70)

Orthonormality follows from the above trace properties of Ly and Ry. In this form, the
Choi state is in its Schmidt decomposition and we can identify the Schmidt coefficients «;
as |u;|. Using Equation (63) and an analogous calculation to the proof of Corollary 3.3,
we get

3 2
’YLOCCZQ<Z|UZ'|> —1=1+2) |uillul, (71)

i=0 i#j

which concludes the proof. ]

As an additional application of Theorem 5.1 and our complete understanding of the
parallel cut setting, we show that one can leverage this theorem to explicitly find decom-
positions of unitaries that consist of multiple two-qubit unitaries interleaved by arbitrary,
but known® operations as depicted in Figure 3. In general, we will not be able to give
the optimal decomposition for these scenarios as this would rely on our ability to cut ar-
bitrary unitaries, however we can still provide a (not necessarily optimal) decomposition
with an overhead that is given by the optimal decomposition of the parallel cut. This
decomposition will depend on the interleaved operations.

8Note that we are not referring to the black box setting here.
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Figure 3: Cut of multiple two-qubit unitaries (here denoted by Uy, Us, Us) with interleaved operations
(denoted by V", W),

Corollary 5.4 (Parallel cut as upper bound). Let U be a unitary of the form

U= o W) T (09508 e wi)) | (72)

=1

where Vf(li) and W](;) are arbitrary unitaries on the subsystems A and B, respectively and
Ua,;B; acts as a two-qubit unitary between A and B. We then have

n

o (U) <Y (QUi). (73)

=1

Since cutting the gates U; jointly is strictly cheaper than cutting them individually,
cutting the whole circuit U is also cheaper than cutting the U; individually.

Proof. We show the upper bound by constructing an explicit decomposition with overhead
equal to the parallel cut scenario. Take a unitary U of the form of Corollary 5.4 with two—

qubit unitaries UIE‘)B To simplify the notation, we will assume that Uz(‘li)Bi acts on the it"

qubit of A and B. We then perform a KAK decomposition of all UXZ-)BN ie.

Uy, (v(“ ®W§Z) (Zu k)&) (v( Do Wit ”) (74)

and absorb the local one q)ublt unitaries Vf(1 ) Vg’i),ng’i),Wg’i), into the unitaries
v Wi and v W, This yields

v=" oW ]I (on)a® on)s vy e wy)) (75)
K1,y ko =0 i=1
3 n )
= > Iw @hige) 2 ® (Bry ) B (76)
k1,....,kn=01=0
= Zuk (L) a @ (Ry)B (77)
where we introduced ux = [[iL u,(é) and the unitaries
(L) a = Ly o) a = VI H o1,V (78)
i=1
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(Rx)B = (Rky... k) B = ](30) H (Uki)Bng) . (79)

In this form, we see that the first part of Theorem 5.1 applies. Since VX) and VE(;) are
arbitrary, the unitaries Ly and Ry are in general not orthogonal and therefore optimality
is not necessarily achieved. However, since uy is a product of KAK coefficients, we still
find 37y Jug|? = 1. O

Remark 5.5. The following comments concerning Corollary 5.4 are worth being men-
tioned.

(i) Corollary 5.4 shows that performing local operations between two-qubit %ates only re-
duces the overhead of the unitary compared to the parallel cut case VA WB =1
for all 7). Intuitively, we can understand this since the case that all two-qubit gates
act on different qubits is already the case where we create the most entanglement
between both partitions A and B. Local unitaries cannot increase this entanglement.
However, they can reduce it. Consider the case where Vf(‘ ), W](g) are SWAP gates
that make all two-qubit unitaries unitaries between A and B effectively act on the
same two qubits. In this case the overall circuit is equivalent to a single two-qubit
unitary and cutting it costs a maximum of 7 and therefore considerably less than
cutting all two-qubit gates simultaneously.

(ii) The channel , ® Dk ) (p) depends on the interleaved operations VX), Wg). If
the gates VA ,WE are sunple, the calculation of the channel decomposition is fea-
sible. However, if the interleaved gates are complicated, e.g. in the situation where
one two-qubit gate at the beginning and one at the end of a long circuit are to be
cut simultaneously, finding the LO decomposition might be difficult.

6 Cutting in the black box setting

As discussed in Remark 5.5 (Item ii), evaluating the optimal decomposition of a unitary
consisting of two-qubit gates interleaved with arbitrary unitaries might be difficult if the
evaluation of the interleaved elements is complicated. Therefore this section will focus
on the construction of a decomposition that is independent of the form of the interleaved
element. This is what we call the black box cut as shown in Figure 1c. We believe that this
scenario is also the most useful in practice as it allows us to jointly cut multiple two-qubit
gates, which reduces the sampling overhead, without making any assumptions on where
in the circuit these gates may lie.

Before we present the theorem that covers this case, let us define the minimal overhead
in the black box setting. For simplicity, we will first restrict to the case of two two-qubit
gates, but the case with arbitrary number of gates follows analogously.

Definition 6.1 (Black box v-factor). We define the minimal overhead of two chan-
nels that are separated by an arbitrary black box channel using operations S(A, B) =
{LO(A4, B),LOCC(A, B)} as

Ys(Ehp, E4p) = min { Z\az| ExpXapEip = tru,m; Z a; FiXapGi,
= =1

VX € CPTP, m > 1, F;,Gi € S(AE4, BEp) and a; € R}.
(80)
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Here, we allow the introduction of an ancillary system E4 and Ep on which the black
box X is not acting. This allows to correlate channels before and after the black box
computation.

We can then formulate our theorem.

Theorem 6.2. Two two-qubit unitaries Ua, p, and Va, B, have a decomposition indepen-
dent of a black box channel, with optimal black box overhead

WLOCC(UALBI7 VAQ,BQ) = WLO(UALBI’ VA2,BQ) =1+2 Z |wk||wk’| ) (81)
KAk

where k € {0,1,2,3}? and wy = ug, vk, is the product of the KAK-coefficients of Ua, B,
and Va, B, -

To prevent expression from becoming too convoluted, we will introduce a graphical
notations of tensor products for the following section. In this notation we always consider
channels which act from both sides on a density matrix. These expression have to be read
from the inside, usually p, to the outside. The vertical dimension denotes that operations
act on different subsystems.

notation o]
3i.;(00) 4 ® (0:)Bpan(0;)a ® (o) " =" i ﬂ | (82)

Proof. The essential ingredient for achieving submultiplicativity is to correlate the chan-
nels before and after the black box. We achieve this, by reducing the problem to the
parallel cut and by making use of ancillary qubits. These are used to perform Bell mea-
surements similar to the gate teleportation protocol. We will illustrate the procedure using
the above introduced notation. The overall channel we want to implement is given by

S}
—
2

I

UX V() = Xk it WkUp VLY

;o (83)

where we introduce Kraus operators X; for the black box channel X'. To correlate & and
V), we introduce additional qubits in the Bell-state |¢g) = %GOO) +[11)), (po = |d0) (o))
for both parties. Then we perform the channel we used for parallel two-qubit gates (cf.
Corollary 4.1) on system and ancillary qubits.

Ok H H O’
%o
o] H H oy
G(p) = Dk upr v WUy VIV p
o; H H oy
%o
Ok H H Ok’
(84)

Applying this channel comes at a sampling overhead of 1+ 237y 1/ [wk||wi | and requires
only local operations. After that, we can apply any black box channel X" as long as it does
not act on the ancillary qubits. We will call the so obtained state p. In order to teleport
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the gate from the quasi Choi-state, we perform a measurement in the Bell-basis between
the unused part of the ancillary qubit and the qubit on which we want the second unitary
to act. We will illustrate the measurement in the Bell-basis as (¢,|, where the index a
corresponds to the measurement outcome. The post-measurement state corresponding to
the measurement outcomes a and b is then given by

O H H Ok
%o
(¢l |ba)
HH ok HoaH HO%aHow
Dk ke kU p = kg UkUp p
H o Or H o0y H H Op H Ok
(ds] |Ps)
o)
oL H H Ok
(85)

where the Pauli operations o, and o, appear as a consequence of projecting into the
Bell basis. In the normal gate-teleportation scenario, one can only recover from these
Pauli gates, if the teleported gate was a Clifford gate. Even then, one needs to classical
communicate the local measurement of a or b to the other side to perform the recovery
operation U(c, ® o3,)UT. This operation is only local for Clifford gates. The quasiprob-
ability simulation setting is however different. Here, we are not actually performing the
non-local unitary, but rather we just sample from local channels. This gives us additional
information to work with.

We recover the original channel by first applying a local operation o, based on the
measurement result x of each party. This modifies the post-measurement state to

o H or Hoa H o, How H o,

th/ 'U/]gu;;/

™

Oop HOkL H Op H H Op HOk' H Op

Ok H H O/

= D ki f(a k) fa, k) f (b, k) f (b, k')

e}

Ok H H O

(86)

with functions f(i,j) that are either +1 or —1. The sign follows from the the anti-
commutation relations between the Pauli matrices o, oy, 0p and oys. Since, we are doing
a quasiprobability simulation, we are not performing the whole sum over k, k’ and only
apply a specific channel that depends on k, k. We either have the case k = &/, but then the
recovery is trivial or the case k # k’. In this case, we have knowledge of k, k¥’ and a, b and
can in the post processing weight the result with a factor of f(a,k)f(a, k") f(b,k)f(b, k),
which is either +1 or —1. Such a weighting does not affect the y-factor, but gives the right
estimator for the expectation value. Since all used channels only require local operations,
we present a concrete construction with Jpocc(Ua,,Bis Vas,B,) < Tn0(Uay,B1s Vag,B,) <
1423 s [wiww |-

This construction works independently of the black box channel and has the same
overhead as the parallel cut (the black box being the identity). It this therefore optimal
according to our definition Definition 6.1. We show the procedure as a quantum circuit
in Figure 4. O
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Figure 4: Protocol of the black box cut. Both parties A and B apply a Pauli operation o, based on
their Bell-measurement outcome.

In the scenario of normal gate teleportation, it is critical that we have to send classical
information to the other party. Otherwise we would be able to signal faster than light. In
the QPD setting, this is not an issue, since each individual channel cannot signal.

6.1 Cutting in the black box setting for N two-qubit gates

For completeness, we will present how to generalize the previous theorem to n gates. For
this, we first define the black box overhead for multiple channels.

Definition 6.3 (Black box y-factor). The minimal black box overhead of channels {8 Bt
that are separated by arbitrary black box channels {X Aptj is given by

7s({€hss) _mm{zm JJESS BEG) = tram >0 as [ XGBFO),
i=1

J
vxgg € CPTP, m > 1, F\) € S(AE4, BEg) and a; € R},
(87)
with S(AE4, BEg) = {LO(AE4, BEg), LOCC(AE4, BEg)}.

Now we extend the previous theorem.

Theorem 6.4. N two-qubit unitaries {UX),Bi}z‘]\Ll have a decomposition independent of

interleaving black box channel XXJ)B, with optimal black box overhead

Trocc({UY 53 = 00U s 1) =142 3 Jue| e, (88)
k#k/

where k € {0,1,2,3} and wy = Hi]il u,(;l) is the product of the KAK-coefficients of UXZ,)’Bi.

Note that Theorem 6.2 and Theorem 6.4 have the same simulation overhead as Corol-
lary 4.1. Arbitrary cuts are therefore, apart from a requirement for ancillary qubits, not
more expensive than parallel cuts.

Proof. We proof the assertion by explicitly constructing operations ]:z-(j ) e LO(AE,4, BER).
Optimality then follows from the black boxes being identity maps and Corollary 4.1. The
procedure is analogous to the two gate case. First we implement the channel used for
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the joint parallel cut of all n two-qubit gates (cf. Section 4) via fi(j ). This comes at a

sampling overhead of

1+2 > Juylwie]

k£k’/

where k € {0,1,2,3}" and wy, = va 1 u,(c) is the product of the KAK-coefficients of
Importantly, instead of implementing the two-qubit unitaries Uf(‘) B, at their position A;, B;

we apply them to Bell states in the environment E4 and Ep as seen in the previous part of
this section. These “virtual” Choi states can then be used to apply the two-qubit gate at a

later time. This is done via the operations {F; 0) Mz

7 Open questions

(89)

UL,

. As seen before, the strategy consists
of a bell measurement between E4 and A; and Ep and B; together with a corresponding
local correction. The overall sign of the sampling run can be calculated based on the
measurement results. Since all this can be done locally and in the postprocessing, these
operations do not change the overhead.

O

While our work now provides an extended understanding of circuit cutting for two-qubit
unitaries, it still remains an open question to characterize the optimal overhead for more

general unitaries.

For some specific unitaries like the Toffoli gate, our results can be
naturally extended, as seen in Remark 7.1 below.

Remark 7.1 (Toffoli gate). We can apply Corollary 3.1 to obtain optimal cuts for the
Toffoli gate via the two identities given in Figure 5. We immediately see that ~(Toffoli) <

(a) Cutting a Toffoli between qubits 1 and 2.

(b) Cutting a Toffoli between qubits 2 and 3.

Figure 5: These two circuits allow us to prove that v(Toffoli) = 3 as described in the text below.

3, since y(CZ) =

|71Z)T0ffoli>

~(CNOT) =

A small calculation then shows

3 as ensured by Corollary 3.1.
i.e. y(Toffoli) > 3 follows since ~(Toffoli) > fy(ijoﬁoll)(wToﬁoh\) where

= (Toffoliaap ® 15)(|4)all) 4

(Toffoli) > (¢ kXS oonl) =

®10)5(0)B) -

The other direction,

(90)

(91)

Surprisingly, v(|Choirofoli)) = 2.76, indicating, that the Choi state is in general not a tight
bound from below. Similar identities can be found for larger multi-controlled gates based
on the symmetry of the CCZ gate.

If similar arguments can be made for arbitrary unitaries is unclear. An interesting step

in this direction could be to isolate interaction parts.

For instance, for the Toffoli gate,

it is possible to isolate the non-local interaction, even though it is not of KAK-like form
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and Theorem 5.1 does not apply directly. It would be interesting to see for which other
unitaries this is the case.

Another important topic for further research is the characterization of the optimal
sampling overhead for non-unitary channels. Here it seems likely that there is a strict
separation between 1,0 and y,0cc, at least on channels that themselves involve classical
communication between the bipartitions.

Relation to other works During the preparation of this work, we became aware of
two other independent efforts to optimally cut two-qubit unitaries which were published
at almost the same time [16, 17]. The authors in [16] obtain the same optimality result for
the single-cut, parallel cut, and black box setting, however they only consider controlled
rotation gates and not general two-qubit gates. In [17], the authors derive the same
technical result as Theorem 5.1 and thus obtain the same optimality result for single
cuts and parallel cuts of arbitrary two-qubit gates. However, they do not investigate the
optimal overhead for the black box setting.

Acknowledgements We thank Stefan Woerner for help with Remark 7.1 and Angus
Lowe for useful discussions. This work was supported by the ETH Quantum Center, the
National Centres for Competence in Research in Quantum Science and Technology (QSIT)
and The Mathematics of Physics (SwissMAP), and the Swiss National Science Foundation
Sinergia grant CRSII5 186364.

A Circuits for implementing cutting protocol

To obtain the optimal sampling overhead presented in Theorem 5.1, one has to apply the
channel (Ck w)x(p) ® D;f )+ (p). This channel is implemented by the following circuit:

1 0
0y o

A : Ly, Ly

B : Ry, Ry

A R

The first and the last qubit are ancillary qubits that are required for the negativity trick.
Their outcome a; and as (a; € {0,1}) determines the sign (—1)**% with which the shot
is weighted. With this the total workflow can be described by the following two steps:

(1) Determine the KAK-like decomposition of the unitary Uap that is to be cut.

Uas = (V¥ 0 V) ivj R)p (VP @ V)

In the case of parallel two-qubit unitaries, this can be easily achieved by multiplying
their single KAK-decompositions.
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(2) Randomly run the following circuits and weight the measurement outcome with the
corresponding factor in post processing:

A | Ly

B: | R

I

The measurement outcome of each of these N circuits is weighted by the KAK-
coefficient |uy|?.

e There are N(N — 1)/2 circuits of the form

1 0

o) {1 ed)f

A Ly

Ly,
B : Ry, Ry

1 0
o] S|

0 e ' 72

with k < K/, that have to be weighted by 2|ug]||ug|(—1)%1 122,

e There N(N — 1)/2 circuits of the form

1 0

o) - e [

A Ly

Ly,
B : Ry, Ry

1 0
0) —{HH L

e

with k& < &/, that have to be weighted by —2|ug||up[(—1)4 T2 .

The phases ¢y, j» are determined via the phases of the coefficients uj, = |ug |e'?* and iy =

b — Py
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