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I. Zusammenfassung.

Sei H der dreidimensionale hyperbolische Raum, A eine nicht notwendigerweise

fixpunktfreie Bewegungsgruppe von H mit kompaktem Fundamentalbereich. Sei A

diskontinuierlich in dem Sinne, dass das hyperbolische Gitter {Tp|T aus A}

keine endlichen Häufungspunkte hat für alle Punkte p aus H. Bezeichnet p(p,q)

den hyperbolischen Abstand von p aus H, q aus H, so definiert man:

k \~^ k
N (A,p,x):= 2^ {x-p(Tp,p)} , k^O, p aus H.

p(Tp,p)^x

Für N (A,p,x), k-0, werden verschiedene Beziehungen bewiesen, die Auskunft

geben über das Verhalten dieser Funktionen, wenn x gegen °° geht, und welche

den Resultaten entsprechen, die man für die analog definierten euklidischen

0
,

Gitterpunktfunktionen kennt. Die Funktion N (A,p,x) zählt die Punkte des er¬

wähnten Gitters - mit ihrer Vielfachheit - im Innern und auf der hyperboli¬

schen Kugel vom Radius x um p. Sie wurde - in zwei Dimensionen - erstmals un¬

tersucht von H.Huber, der dabei gezeigt hat, dass ihr Verhalten eng zusammen¬

hängt mit dem Laplace-Beltrami-Eigenwertproblem auf H/A.

Sei 0=X <X -X -—, X -*», n-*», die Spektralfolge des Laplace-Beltrami-Opera-

tors A auf H/A, {(J>.|j=0,l, —} ein orthonormiertes System von auf H definier¬

ten, A-automorphen Eigenfunktionen, sodass gilt Acf) .+X .0 .=0. Ist T derjenige

1/2
Index, für den gilt X .-1<X

, so setzt man a :=(1-X ) ^0, für n<T und

1/2
T T n n

a :=(1-X ) :=iß , ß >0, falls n^T ist.
n n n n

Man definiert

k ^ kn(p)|2 (a +l)x

Q (A,p,x):=7Tr(k+l) 2^ TTT e +27rr (k+1) {x-k-l}e 2_ I* i »

X <1 a (a +1) X =1
n

n n n n

k k k
R (A,p,x):=N (A,p,x)-Q (A,p,x), k^O.

Für die Restterme R (A,p,x) gilt

(A)
ff. k (3-k)x/2

,
L/(x e ), 0-k-l.

R (A,p,x)=\ ~
x

l/(e ) , k>l. (B)

Um abzuklären, wie präzies die Abschätzungen (A) und (B) sind, beweist man:

k x
R (A,p,x)=ft±(e ), k^=0. (C)

*k(A,p,x)^ (7(eX), 0^k<l. (D)
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Siammary.

Let H be the three dimensional hyperbolic space and A a group of isometries

on H with compact fundamental domain, which is not necessarily fixpointfree.

Let A be discontinuous, in the sense that the hyperbolic lattice {Tp|TeA}

does not contain any finite clusterpoint for every peH. If the hyperbolic

distance of the points peH, qeH, is denoted by p(p,q), we define

k
N (A,p,x):= 2Z (x-p(Tp,p)} , k^O, x^O, peH.

TeA
p(Tp,pHx

0
The function N (A,p,x) counts the points of the lattice, with their multi-

plicity, inside and on the hyperbolic ball with radius x and centre p. It

was studied for the first time, in two dimensions, by H.Huber, who showed,

that its behaviour, as x-x», is connected with the Laplace-Beltrami-eigen-

value problem on H/A.

Let 0=Ar.<A1-Ao-. • •, X -x°f n-x», be the spectral sequence of the Laplace-Bel-

trami-operator A on H/A, and {(f) . | j=0,l,...} an orthonormal system of A-auto-

morphic eigenfunctions defined on H, such that AcJ). +X .fy. =0. If t is the sub-

1/2
3 3 3 , j2

Script with X ,^1<A
,
set a :=(1-A ) -0, if n<T and a :=(1-A ) :=iß ,

T-l T n n n n n

ß >0 for n^x.
n

k ^ l*n(p)|2 V1)X xV- 2
Q (A,P/X):=T7r(k+l) 2_ —e +2Trr(k+l){x-k-l}e 2_ I* (p) I ,

A <1 a (a +1) X =1
n

n n n n

k k
then Q is the main term in N

,
while

k k k
R (A,p,x):=N (A,p,x)-Q (A,p,x), k^O,

is the remainder term. We prove

Pf, k (3-k)x/2,
„., ., , ,

l/(x e ) , O^k^l. (A)

0(eX), k>l. (B)

je
Theorem 1. R (A,p,x)=

In the case k=0, this is due to F.Fricker (1968). Some idea of the precision

of these estimates is given by our proof of the following

Rk(A,p,x)=Q±(eX), k^O. (C)

Theorem 2.

Rk(A,p,x)5* l/(eX), 0^k<l. (D)



Result (C) implies that lim. ". R (A,p,x)/e <0. So R (A,p,x) changes sign in-
x-winf

finitely often, when x tends to °°. Let W (A,p,x) be the number of changes of

sign of the function R (A,p,y) in the interval 0-y-x. Then we prove

k ßT
Theorem 3. W (A,p,x) ^ — x - d,

, k-0, d, independent of x.
tt k k

The proofs of (A) to (E) depend basically on the development of N (A/p,x),

k>0, into a series, which is uniformly convergent in xeMC(0,°°) , where M is

an arbitrary compact set, namely:

k V^ k 2
N (A,p,x) = 2_- a <x)|<f> (P) | . k>0,

n n
n=0

• ,

k,
,

with a (x)=
n

4TT I (x-p) p Sinhp dp ,
A =1.

47T I k
— (x-p) Sinhp Sinh(a p) dp, X 7*1.
a / n n

no

For k>l the series in (F) converges absolutely and the identity is obtained

by means of a result of F.Fricker. If in addition, we consider the Laplace-

k k
transform G (A,p,s) of the function N (A,p,x), k-0, the results (A) to (E)

can be proved with the methods developed by K.Chandrasekharan and R.Narasim-

han in their theory on arithmetical functions and functional equations, to-

gether with an idea introduced by J.Steinig in the same context. This yields,

in particular, a new proof for the result (A) in the case k=0. Two identities

and a simple functional equation for G (A,p,s) are also obtained, each of

which is valid for every k-0 and every complex se£-{±l±a jn=0,l,...}:

skGk(A,p,s)=r(k+l)G°(A,p,s), Gk(A,p,s)=(-l)kGk(A,p,-s),

skGk(A,p,s)=8irr(k+l) J2 n

* (P)|2
2 2 2 2

"

n=0 (s -(et +1) ) (s -(a -1) )
n n

The series in (G) converges absolutely and uniformly with respect to s in any

k k
compact subset of c-{±l±a |n=0,l,...}. Hence s G (A,p,s), k-0, is a meromor-

n'

phic function all over the complex s-plane.

Independent of the proofs for (A) to (E), the domain of validity of the iden¬

tity (F) can be extended to k>0 by a procedure of K.Chandrasekharan and R.Na-

rasimhan, which is based on an equiconvergence-theorem of A.Zygmund.


