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Abstract

We examine three invariants of exact loops of Lagrangian submani-
folds that are modelled on invariants introduced by Polterovich for loops
of Hamiltonian symplectomorphisms. One of these is the minimal Hofer
length in a given Hamiltonian isotopy class. We determine the exact values
of these invariants for loops of projective Lagrangian planes. The proof
uses the Gromov invariants of an associated symplectic fibration over the
2-disc with a Lagrangian subbundle over the boundary.

The last two chapters concern different topics and can be read com-
pletely independently.






Zusammenfassung

Wir untersuchen drei Invarianten einer exakten 1-parametrigen pe-
riodischen Schar von Lagrange’schen Untermannigfaltigkeiten, die mod-
elliert sind nach den von L.Polterovich eingefliihrten Invarianten fur 1-
parametrige periodische Scharen von Hamilton’schen Symplektomorphis-
men. Eine davon ist die minimale Hofer Linge in einer gegebenen Hamil-
ton’schen Isotopieklasse. Wir bestimmen die genauen Werte dieser In-
varianten fur Scharen von projektiven Lagrange’schen Ebenen. Der Be-
weis verwendet die Gromov Invarianten einer dazugehorigen symplektis-
chen Faserung tber der 2-Scheibe mit vorgegebenem Lagrange’schen Un-
terbiindel auf dem Rand.

Die letzten zwei Kapitel betreffen andere Themen und kénnen vollig
unabhéngig gelesen werden.
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Chapter 1

Introduction

Most of this work concerns the study of Hofer geometry for exact loops of
Lagrangian submanifolds of a symplectic manifold (M, ). Think of such
a loop as a submanifold A < §! x M such that the projection A — Slis
a submersion and

A =f{zeM (€7 2) € A)

is a Lagrangian submanifold of M for every ¢. The loop is called exact if
there exists a Hamiltonian isotopy ¥, of M such that ¥r,(Ag) = A, for
every t. By definition, the Hamiltonian isotopy is the flow defined by a
time dependent Hamiltonian function H; via

d :
3;11;, = X4y, 0 ¥, and 9o = 1d.

Note that the isotopy defines the Hamiltonian function uniquely up to a
time dependent function and hence the Hofer length of an exact Lagrangian
loop A is well defined and given by

1
L(A) = f (max H; = min H;) dt,
0 A, Af

where the Hamiltonian functions H, : M — R are chosen such that the
corresponding Hamiltonian isotopy v, : M — M satisfies ¥ (Ag) = A,.
It is interesting to minimize the Hofer length over the Hamiltonian isotopy

11



12 CHAPTER 1. INTRODUCTION

class of A. Here two exact Lagrangian loops ¢ > A; and t > A} are
called Hamiltonian isotopic if there exists a smooth function [0, I]X R —
L1 (s, 1) = Ay, such that

AO,{ = Ah Al,r = A:’

the map ¢ = A;; 1s an exact Lagrangian loop for every §, and the 1-form
ds Ay € Q' (Ays,) is exact for all 5 and ¢ This infimum is one of the central
notions of this thesis and will be denoted by

v(A) = v(A M, 0) = AianE(A’).

As an explicit example consider the space £ = L(CP", RP") of
Lagrangian submanifolds of CP” that are diffeomorphic to RP”. It con-
tains the finite dimensional manifold PL(n + 1) of projective Lagrangian
planes. The space PL(n + 1) is the orbit of RP”" under the action of
PU(n + 1) and its fundamental group is isomorphic to Zn+1. Consider
the loop AX ¢ §1 x CP" defined by

a5 = 1) x g ®P™), (L1)
teR
where ¢,([zo : : zal) = [€™20 : 2 : : 2y} and k € Z. The

loops A/ and A* are homotopic in PL{n + 1) (as based loops) if and only
if they are Hamiltonian isotopic (as free loops) if and only if & - j is
divisible by # + 1. If k — j is not divisible by # + 1 then A/ and A* can be
distinguished by the Maslov index. More precisely, every Lagrangian loop
A C S! x CP", with fibres A; Lagrangian isotopic to RP”, has a well
defined Maslov index p(A) € Zyy. It is defined as the Maslov index of
a smooth map y: D = {z € C {z] <1} = M such that u(e®™i) € A,.
Such maps y always exist and the Maslov indices of any two such maps
differ by an integer multiple of # + 1. It turns out that

w(Ay=kmodn+ 1. (1.2)

In the case n = 1 the loop A!is obtained by rotating a great circle
on the 2-sphere through 180 degrees around an axis that passes through
the circle. The result is an embedding of the Klein bottle into S Fx 82
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The image of this embedding is a Lagrangian submanifold of D X §? with
respect to a suitable symplectic form. In contrast Alisa Lagrangian torus
in D x §%. In general, the cases where 7 is even and where 1 is odd are
topologically different. If 5 is even, then A* is diffeomorphic to S! x RP”
for every k. If nis odd then A/ is diffeomorphic to A* if and only if k = j
is even, and A* is orientable if and only if k is even. In particular, observe
that A¥ is diffeomorphic to A? = §!'x RP" whenever k is even.

Fix k € {1,, n} and consider the exact Lagrangian loop
A= e x v P,
teR
where
Yilzo 10 za]) o= (2ot € zy v €z Thgr 0 2l

This loop is Hamiltonian isotopic to A* and it has Hofer length 1/2, whereas
A¥ has Hofer length k/2. The next theorem asserts that A minimizes the

Hofer length in its Hamiltonian isotopy class and hence is a geodesic for
the Hofer metric.

Theorem A Let @ € Q2(CP") denote the Fubini-Study form that satisfies
rhe normalization condition fC pr w"= 1. Then

v(ak; CP”, @) = %

fork=1,...,nand v(A®) = 0.

This is a Lagrangian analogue of a theorem by Polterovich [Pl] con-
ceming loops of Hamiltonian symplectomorphisms of complex projective
space. In order to prove Theorem A we follow the strategy of [Pl] and
introduce two other invariants of exact Lagrangian loops A C S! x M
that can be expressed in terms of Hamiltonian connection 2-forms 7 on
the trivial bundle D x M that vanish over A. Let 7(A) C Q%(D x M)
denote the space of such connection 2-forms. The relative K-area x (A} is
obtained by minimizing the Hofer norm of the curvature 2; over 7°(A).
The third invariant is related to the relative cohomology classes [t] €
HYED x M, A; Z) of © € 7(A). These form a l-dimensional affine space
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parallel to the subspace generated by the integral cohomology class o :=
[dx A dy/m]. For 7y, 1) € T(A) define s(71, ©0) € R by s(11, )0 =
[t1] = [0). The invariant ¢(A) is defined by

E(A) = e (19, A) = £7 (10, A),
for T9 € T(A), where
e (19, A) = infls(z, 1) | T € 7(A), T"F' > O},
£ (v, A) = supls(t, i) 7€ T(A), " <0}
Theorem B For every exact Lagrangian loop A C Stx M

g(A) = x(A)=v(A).

A lower bound for £(A) can sometimes be obtained by studying pseu-
doholomorphic sections of D x M with boundary values in A. We as-
sume that the pair (M, An) is monotone and fix a relative homology class
A € Hy(D x M, A; Z) that satisfies

n+up(A) <N =2,

where n = dim An = dim M /2, N denotes the minimal Maslov num-
ber of the pair (M, Ag), and s denotes the Maslov class. Under these
assumptions we define Gromov invariants

Grf(A) € Hptpupa)(Ao; Z2)

A connection 2-form T € 7(A) and an w-compatible almost complex
structure J on M determine an almost complex structure J= J(r J) on
D x M. Under our assumptions the moduli space of J (r, f/)holomorphic
sections of D x M is, for a generic r, a compact smooth manifold of di-
mension 7t & pa(A). The Gromov invariant is defined as the image of
the mod-2 fundamental class under the evaluation map ¥ +— u(1). Now
let A% ¢ §1 x CP™ be given by (1.1) with 1 < & < n. Let AT ¢

Hy(D x CP", A*; Z) be the homology classes of the constant sections
ut(x,y)=[1:0::0]and «"(x,y) =[0::0:1]




Theorem C Grj:i (A%Y # 0.

Theorem C ¢an be interpreted as an existence result for pseudoholomor-
phic sections and we shall use this to prove that g(A¥) > 1/2. On the other
hand the Hamiltonian isotopy class of A¥ contains a loop of length equal
to 1/2. Hence Theorem A follows from Theorem B.

We expect that the same techniques ¢an be used to obtain similar re-
sults for general symplectic quotients of C" by subgroups of U(n). These
quotients will not, in general, satisfy our assumption of monotonicity for
the definition of the Gromov invariants. However, it should be possible to
derive the same conclusions by using the invariants introduced in Cieliebak—
Gaio-Salamon [CGS] instead. This Programme will be carried out else-
where.

We conclude the introduction by describing the background of this
problem. In [Pl, P2, P3, P4] Polterovich studied the Hofer length of loops

V=Y MM

of Hamiltonian symplectomorphisms. Let P — §% denote the Hamilto-
nian fibration associated to the Hamiltonian loop. Polterovich introduced
invariants vE(P), x*(P), and E*(P) on which our invariants are mod-
elled. Here vt (P) is obtained by minimizing the positive part of the Hofer
length in a given Hamiltonian isotopy class, the K-area x*(P)is a sym-
plectic analogue of an invariant introduced by Gromov [G2], and the invari-
ant ¢T(P) is based on the coupling construction of Guillemin-Lerman—
Sternberg [GLS]. In [Pl, P2] Polterovich proves that these invariants are
equal:
e5(P)= x*(P) = vi(P).

We adopt the convention % (P) > 0. Let us denote by u(P), x{P), and
g(P) the Hamiltonian analogues of our invariants of Lagrangian loops.
These were also considered by Polterovich and he noted that

e(P) = gt (P) —& (P)= v*(P) = ii(P) < v(P)

This is the Hamiltonian analogue of Theorem B. Now consider the La-
grangian loop A ¢ S' x M x M given by

Ay = graph(y).
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The invariants introduced by Polterovich are related to our invariants by
v(A) <v(P), e(A) < e(P).

The Gromov invariants of the fibration P associated to a Hamiltonian loop
were independently studied by Seidel [S2, S3, S4) and his results were
used by Lalonde-McDuff-Polterovich [LMP] to prove that Hamiltonian
loops act trivially on homology. Our results on the Gromov invariants Can
be viewed as Lagrangian analogues of results in [Pl, S2] on the Gromov
invariants of symplectic fibrations.

The present work is organized as follows. In Chapter 2 we give a brief
introduction into symplectic geometry. The main definitions and some of
the main theorems are stated. In Chapter 3 we discuss background material
about the Hofer metric. The space of Lagrangian submanifolds is naturally
foliated by Hamiltonian isotopy classes and the Hofer metric is defined on
each leaf of this foliation. In Chapter 4 we introduce the invariants u(A),
x(A), and £(A) of exact Lagrangian loops and give a proof of Theorem B.
In the 2-dimensional case the invariant v(A) can sometimes be computed
explicitly. This is done in Chapter 5 for the 2-torus. We also prove a re-
sult about Hamiltonian isotopy on Riemann surfaces, that is needed in this
chapter. In Chapter 6 we introduce the Gromov invariants and in Chap-
ter 7 we prove Theorems A and C. Chapters 3 till 7 have appeared as a
joint paper [AS]. The short Chapter 8 is of a different flavour and presents
an example of 4 non-trivial Legendrian submanifold of the I-jet bundle of
R2. Finally, in Chapter 9 a completely different problem is addressed. We
study a fourth order nonlinear partial differential equation and search for
travelling wave solutions. This chapter has appeared as a joint paper [AH].
The appendices concern symplectic connections, the Maslov index and an
argument due to Taubes needed to go from the @ category to the C®
category. They are added for the convenience of the reader.



Chapter 2

Preliminaries in symplectic
geometry

In this chapter we will give a brief introduction into symplectic geometry.
We restrict ourselves to the definitions and theorems needed to read the
following chapters. For a more elaborate introduction into the subject see
for example [MS 1] or [P5].

2.1 Symplectic manifolds

Let M be a smooth manifold (throughout this work all manifolds are as-
sumed to be smooth unless otherwise stated). A symplectic structure on M
is a nondegenerate closed 2-form @ € 92(M ). If M admits such a structure
we call (M, w) a symplectic manifold. Note that symplectic manifolds are
orientable and even dimensional. The first example of a symplectic mani-
fold is C* = R%" with the Standard symplectic form wo = Y I, dx; Ady;,
where the coordinates on C" are given by (x1+ iy|,, X, + iyn). As a
second example we observe that every oriented Riemann surface is a Sym-
plectic manifold. Its symplectic form is given by an area form.

An important class of examples of symplectic manifolds is given by
CP" - the space of complex lines in C*+!. A point in CP" is the equiva-
lence class of a nonzero complex (n + 1)-vector [z] = [zu : : z] under
the equivalence relation [zo : : zs] = [Azo : : Az,] for A 5 0. One

17



18 CHAPTER 2. PRELIMINARIES

can check that the following 2-form defines a symplectic form

; n
l 7 - - -

0T A ) > Z(Zﬂjdzk A dzg = Zjzedz A dZi).
1=0 7420 jFk

This symplectic form is known as the Fubini-Study form.

Another important class of examples of symplectic manifolds is the
cotangent bundle. Given a manifold N, consider its cotangt bundle T*N.
This manifold carries a canonical symplectic form wcan = —dAcan. Here
Acan. locally known as Jg, = Z?:l pidgi, is detined in the following
lemma.

Lemma 2.1.1 The |-form ke € Q(T*N) is uniquely characterised by
the property that

O‘*)\'Cim =0
for every 1-form o :N — T*N.

One of the first main results in symplectic geometry is the following
theorem

Theorem 2.1.2 (Darboux’s Theorem) Every symplectic form w on M is
locally diffeomorphic to the standardform wy on C".

This means in particular that, unlike in Riemannian geometry, Sym-
plectic manifolds do not admit local symplectic invariants. The type of
invariants that are studied in symplectic geometry are therefore completely
different than the classical Riemannian invariants.

2.2 Symplectic and Hamiltonian diffeomorphisms

A diffeomorphism ¢ : M — M that preserves the symplectic form, i.e.
¢*w = w, is called a symplectomorphism. The space of such diffeomor-
phisms forms a group and is denoted by Symp(M, w). As in Riemannian
geometry there is a one-to-one correspondence between vector fields and
1-forms on M via

X - L(X) w.
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Here X is a vector field X : ¢ — TM and ; denotes the interior product so
that ((X)w(-} = w(X, ). Given a smooth function H : M — R, we define
the Hamiltonian vector field X ; associated to the Hamiltonian function
H by

WXy)w=dH.

If M is closed, the vector field Xy generates a smooth 1-parameter group
of diffeomorphisms ¢}, satisfying

d 1 t 0 .
Z@"H =Xy °¢H’ ¢H = id.

A smooth map [0, 1] x M = M; (t, g) — ¥ {g) with ¢, € Symp(M, w)}
for all ¢ and = id is called a symplectic isotopy. Any such isotopy is
generated by a unique family of vector fields X, : M — TM by

d
EW: =X, oY

The I-forms ¢{X,) @ are closed. If they are exact then there exists a family
of Hamiltonian functions H, : M — R such that

v(X,) w=dH,,

for all ¢. In this case H, 1s called the time-dependent Hamiltonian and
Y, 1s called a Hamiltonian isotopy. A given symplectomorphism ¥ €
Symp(M, w) is called a Hamiltonian diffeomorphism if there exists a
Hamiltonian isotopy ¥ € Symp(M, @) connecting ¥o = id to ¥ = .
The space of Hamiltonian diffeomorphisms Ham{#, w) is connected and
forms a subgroup of Symp(M, w). The group of Hamiltonian diffeomor-
phisms is a much studied object in symplectic topology see ¢.g. [P5]. Ob-
serve that for simply connected manifolds it coincides with Symp(M, w).

2.3 Lagrangian submanifolds

Let L ¢ M be a submanifold. We call L a Lagrangian submanifold if
dmL =1/2 dim M and o|7L = 0. Going back to the examples of sym-
plectic manifolds, we immediately obtain some examples of Lagrangian
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submanifolds. R* C (C", wq) is a Lagrangian submanifold. Here we have
identified R" with yj = = y, = 0. On a Riemann surface every em-
bedded curve is a Lagrangian submanifold.

An important role in this work is played by the Lagrangian submani-
fold RP” ¢ CP". As a last example we remark that the zero section Nu in
T*N is Lagrangian.

Analogous to Darboux’s theorem we have the Lagrangian neighbour-
hood theorem which is due to A. Weinstein.

Theorem 2.3.1 (Weinstein neighhourhood Theorem) Given a symplec-
tic manifold (M, w) and let L ¢ M be a compact Lagrangian submani-
fold. Then there exist a neighbourhood U e T*L of the zero section Lo, a
neighbourhood V e M of L and a diffeomorphism ¢ : U — V such that

¢*w = —dA,

which identifies Ly in a canonical way with L. Here \ = Acqn is the canon-
ical 1-formonT * L.

As before we see that there are no local symplectic invariants of La-
grangian submanifolds. This work is concemed with the study of global
invariants of Lagrangian submanifolds.

2.4 Almost complex structures

An almost complex structure on a manifold M is a complex structure
J on the tangent bundle 7M. That is, J associates smoothly with every
x € M alinear map J = J, : TeM - T, M satisfying J? = -id.
If M, w)is a symplectic manifold then there exists an almost complex
structure J on M and a Riemannian metric {-, -) on M such that

wyu, Jv) = {u, v);, forall u,veT M.

Moreover, if VH denotes the gradient of a function A with respect to the
Riemannian metric (-, -) then we find the following representation for the
Hamiltonian vector field

Xp(x) = JVH(x) € T M.



2.4. ALMOST COMPLEX STRUCTURES 21

Given a symplectic manifold (M, w) we say that an almost complex struc-
ture J is compatible with @ if the 2-form (-, J -) defines a Riemannian
metric. Gromov [G1] showed that the space of compatible almost complex
structures (M, w) is contractible.




Chapter 3

The Hofer metric for Lagrangian
submanifolds

Let (M, w) be a 2n-dimensional symplectic manifold and L be a compact
connected n-manifold without boundary. Denote by

X = {t ¢ Emb(L, M) ¢*w = 0}

the space of Lagrangian embeddings of L into M. The group of diffeomor-

phisms of L, § = Diff(L}), acts on this space by (+> (0 ¢ for ¢ € §. Two
Lagrangian embeddings ¢, {; € X lie in the same §-orbit if and only if
they have the same image A = (L) = ¢; (L). Hence the quotient space

L:=X/G

can be naturally identified with the set of Lagrangian submanifolds of M
that are diffeomorphic to L. A function R — £ : t = A, is called
smooth if there exists a smooth function Rx L - M : (t, q) — (g)
such that ¢,(L) = A; for all . One can think of .£ as an infinite dimensional
manifold, see e.g. [D].

Lemma 3.0.1 The tangent space of £ ata point A € L can be naturally
identified with the space of closed 1-forms on A:

TAL = {ﬁ e Q'(A) | dB =o}

23
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Proof: Let Rx L — M : (t, ¢) = u(g) be a smooth function such that
ty € X for all  and define

o = oy, diy) € Q(L), v =8t € CF(L, ' TM),  (3.1)
where, as usual, d;¢,(q) = %t,(q). Then, since ¢ *w = 0 for all ¢,
0= 3" w)y= lf(d(i(vr)w)) = d(L?w(u,, ) = do(v, dy°)) = da,
and hence the tangent space of X at ¢ is given by

TX = {v e C¥(L, PTM) | 0, dr) € @'(L) is closed )
On the other hand, given ¢, € Diff(L), we see that
0 (L o ¢) = di(d,¢y),

where we denote the tangent map Tt by d:. Hence the tangent space to the
g-orbit consists of all vector fields of the form v = dt o £, sometimes also
written as v = di(§), where & € Vect(L). I Note that w(di(&), di)y =0
since ¢(L) is a Lagrangian submanifold. Therefore the map w > @(w, dt)
from T,X into the space of closed 1-forms identilies the quotient space
T, X/ T,(« ) with the space of closed 1-forms on L,

If iy, t; € X are two smooth paths in X that satisfy ¢, = ¢ o ¢, for
some path ¢, € § then the vector fields v; ;= 8;¢, and vy := 3,1, are related

by
v = (o)
= Oy 0 ¢+ diy 0 ey
= Qo +dyobogy
= Bo¢r+ diyobogy
where & € Vect(L) generates the diffeomorphism ¢, via 3¢, = & o ¢;.
Hence the 1-forms o = w (v, du-) and a] = w(v;, dt-) are related by
a () = wlv, di)
w(v o ¢+ dy oo, dyodgy)
{vp 0 ¢, dic 0 dy)
oo, du)
= ¢;*011(')-

I Here Vect(L)denotes the space of vector fieldson L.
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Hence two closed 1-forms e, @’ € Q1(L) corresponding to two Lagrangian
embeddings | and ¢’ = ( o ¢ represent the same tangent vector of £ if and
only if o' = ¢*a or, equivalently, ,o = ¢',c’. Here, in abuse of notation,
we have for all g € L

La(g)(Y () = alg){((du(@) ™ Y (t(g))) (3.2)

for all Y ((g)) € im di(q) C T,(qyM. This proves the lemma. O

Let R = £: t > A;be a smooth path of Lagrangian submanifolds.
We define the derivative of this path at time ¢ by

I = 0 € QI(AI)»

where the path R — X : t > ¢; is chosen such that ¢;(L) = A, for every ¢
and «; 1s defined by (3.1). The proof of Lemma 3.0.1 shows that the 1-form
B = ;.0 € QU(A,) is closed and is independent of the choice of the lift
t = {; used to define it, as we have just seen.

We wish to study Hamiltonian isotopies of Lagrangian submanifolds.
We will see that this corresponds to paths in £ = X/§ that are tangent to
the subbundle

H={( B eTLIAe L, BeQl(A)is exact

where we have used the identification of the tangent space with the space
of closed I-forms on A. Abstractly, one can think of #f as a distribution
on L. As 3 side remark we point out that this distnbution is integrable,
see [W]. We shall see that the leaf through Ao € £ consists of all La-

grangian submanifolds of M that are Hamiltonian isotopic to Ap To be
more precise, let R x M — R : {t, z2) > H,(z) be a smooth Hamiltonian
function and denote by

RxM—=M: ¢ ) ¥:(2)
the Hamiltonian isotopy generated by H via
d :
E-t-][f! = X; oYy, (X))o = dH;, Yo =1d. (3.3)

Lemma 3.0.3 and lemma 3.0.4 prove the following proposition.
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Proposition 3.0.2 A path in £ is tangent to J if and only if it is generated
by a Hamiltonian isotopy.

Lemma 3.0.3 Let R — £ : t = A, be a smooth path of Lagrangian
submanifolds and v, be a Hamiltonian isotopy on M generated by the
Hamiltonian functions Hy : M = R via (3.3). Then A, = y,(Ag) for
every t if and only if

WA, = d Hr|A,

for every t.

Proof: Choose a smooth path R — X : f b {; such that ¢ (L) = A,
for every t and let @, € Q'(L) be defined by (3.1). Recall that 9 A; =
bty Then & Ay = dHy |y, if and only if d(H, o i) = ;. It follows from
definition (3.1) that this is equivalent to

w (X (q)) = 0,1:(q), du{q)€) = 0

for all £ € T,L,q € L and ¢, Hence, since a Lagrangian submanifold is
maximally isotropic,

X:(t:(g)) = S (q) € imdi,(g)

for all ¢ and all g. This means that there exists a smooth family of vector
fields & € Vect(L) such that

Xr O = 3;1, +dl[ (o] Et-

Equivalently, for the Aows we get ¥ 0 {9 = ; © ¢, where ¥ is the flow of
X, and where the isotopy ¢; € Diff(L} is generated by &; via d:¢: = & o ¢,
and ¢ = 1d. This proves the lemma. O

The previous lemma shows that every path in £ that is generated by a
Hamiltonian isotopy is tangent to J, The converse is proved next.

Lemma 3.0.4 A smooth path [0, 11— L : t+> A, is tangent to H if and
only if there exists ¢ Hamiltonian isotopy t «» v, such that yr,(Ag) = A,

for every {.
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Proof: The “if” part was proved in Lemma 3.0.3. Suppose that the path
t # Ay is tangent to Jf. Choose a smooth function

[0,1]=> X:t— ¢

such that ¢ (L) = A, for every t and let o, € Q'(L) be defined by (3.1).
By assumption, ¢; is exact for every ¢. Fix a smooth path ¢, € L and, for
every !, choose h,: L = R such that

dh, = oy, h;(q;) ={.

Then the function R x L — R : (¢, ) - h;(g) 1s smooth. We construct a
smooth function [0, 1] X M — R : (t, z) — H,(z) such that

Hioy =h,. (3.4)

Choose an almost complex structure J on M that is compatible with w. Let
& > 0 be so small that, for every t € [0, 1], the map

TA, = M : (z, v} > exp,(Jv)

restricts to a diffeomorphism from the £-neighbourhood of the zero section
in TA, onto the open neighbourhood

U = {epo(Jv) |z €A, veTAL Y < ¢}

of A, in M. Choose a cutoff function p : [0, €] — [0, 1] such that p(r) = 1
for r < ¢/3 and p(r) = 0 for r > 2¢/3. Define H, : M — R by

H,(exp,(Jv)) i= oD 04,7 (2)

forz € A; andv € T, A, with jv| < €, and by H,(2) :=0forz e M\ U,.
Then H, satisfies (3.4) and hence

dH/\A, = tsdhy = 40 = A,

By Lemma 3.03, the Hamiltonian isotopy v generated by H; satisfies
¥ (Ag) = A, for every ¢, This proves the lemma. O
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Remark3.0.5 The Hamiltonian functions, which are constructed in
Lemma 3.0.4, satisfy

max H, = max h;, min H; = min A, (3.5)

for every ¢. With a slightly more sophisticated argument one ¢an show that
different Hamiltonian functions ¢an be chosen such that the Hamiltonian
vector fields X, satisfy 9,4, = X, 0 ¢ and hence the resulting Hamiltonian
isotopy satisfies

Y 0 o= . (3.6)

However, in general there does not exist a Hamiltonian isotopy that satis-
fies both (3.5) and (3.6).

Lemma 3.0.6 Let R —» L .t = A, be a smooth path of Lagrangian

submanifolds. Let R — Symp(M, @) : t = ¥, be a symplectic isotopy
and define p; € QUM) by B; = 1(Y,)w, where 8, = Y, o W,. Then B, is
closed and the path A} = v~ (A, satisfies

Ay =Y (A= Bila) -

Proof: That B is closed follows from 0 = Lyw = d((Y)w). Now
choose a it R — X : t > 1 oft > A, and introduce the embeddings
and 1 -forms

d=v9"oy, a 1= 0@, dy), o 1= 0@y, dy)
Then

o) = By, dy)

= w(B,w,"l oy +dy odyy, dy o dy)
w(—dy oY, 01, d¥ o du) + w(Bry, dy-)
—lr*ﬁt(‘) + a()

i

and hence

QA =1, = Yt = Y = B) = ¥ B A — Br)
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as claimed. a

The subbundle J¢ ¢ TG carries a natural norm. As in Hofer [H] we
define the norm of an exact 1-form o = dh € QI(A) by

lldh] :=max h —min A.
A A

This norm gives rise to a distance function on each leaf of the foliation
determined by #f. Indeed, let £y be such a leaf. By Proposition 3.0.2,
the submanifold Ly C £ is the Hamiltonian isotopy class of any given
Lagrangian submanifold A of M in &£g. Let [0, 1] = Lo: t > A; be a
smooth path in £g. The length of this path is defined by

|
C(A) = ﬁ) 19, Al dr, 37

with the 1-form 8 A, = (0, € '(A;). Proposition 3.0.2 together with
the Statement (3.5) in Remark 3.0.5 show that

e{A ) = inf L({y]), (3.8)

Y (Ag)=A;

where the infimum runs over all Hamiltonian isotopies  +» ¥ that satisfy
W; (An) = A, for all t and £({y,}) denotes the Hofer length (cf. [H]) which
is defined by

1
() = fo (max H, = min H)dr

Here v, is generated by the Hamiltonian function H; via (3.3). Here we
have used that %, in (3.5) is delined in terms oft — A;. Now let A, A’ €
Ly and denote by P (A, A’) the space of all smooth paths [0, 1] = Lo :
t > A, that connect Ay = A with At = A’. The distance between A and
A’ (belonging to the same leaf of £Lo) is defined by

) = inf £((A .
d(A, A) (Aend A ((A]) (3.9)

It follows immediately from (3.8) that

d(A, )= inf dGd,¥) (3.10)
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where the infimum runs over all Hamiltonian symplectomorphisms 3 of M
that satisty ¥(A) = A’. The distance d(id, yr) denotes the Hofer distance
(cf. [H]) defined by

1

did, ¥) :=inf / max F; = min F; df,
FeF () fp

where F () is the set of all time dependent Hamiltonian functions gener-

ating ¥ at time one. The function (3.9) is obviously nonnegative, symmet-

ric, and satisfies the triangle inequality. That it defines a metric is a deep

theorem due to Chekanov [C].

Theorem 3.0.7 (Chekanov) If A # A’ then d(A, A’) > 0.

Remark 3.0.8 (Naturality) The distance function (3.9) satisfies

d@(A), ¢(A") = d(A, A)

for every symplectomorphism ¢ (not necessarily Hamiltonian) and any two
Lagrangian submanifolds A, A’ that are Hamiltonian isotopic. This fol-
lows from (3.10) and the identity d(id, ¥) = d(id, ¢ o ¥ o ¢~!) for every
Hamiltonian  symplectomorphism 1.

Remark 3.0.9 In [Mi] Milinkovi¢ studied geodesics in the space of La-
grangian submanifolds with respect to the above metric. In this paper he
generalizes a result by Bialy and Polterovich [BP] and proves that the dis-
tance of two exact Lagrangian submanifolds A = graph(dS) and A=
graph(d$’} of the cotangent bundle T*L is given by

d(A, A) = [|d(S = SH)



Chapter 4

Invariants of Lagrangian loops

In this chapter we shall consider exact loops of Lagrangian submanifolds.
In the terminology of the previous chapter we work with loops contained
in any single leaf Ly of the foliation of £ determined by #. We shall
construct three new invariants of Hamiltonian isotopy classes of such loops
and study the relations between them.

4.1 The minimal length

We shall use the notation introduced in Chapter 3. A Lagrangian loop in
the symplectic manifold (M, @) is a smooth function R — £ : t > A,
such that

Ayl = A,

for all + € R. Such a loop determines a subset A ¢ S'x M defined by
A= {(ez”i’,z)|teR,z€A; 4.1)

Note that the Lagrangian loop R — £ : ¢t = A; is smooth if and only
if this set A is a smooth submanifold of S' x M. We shall frequently
identify the loop R — £ : t — A; with the comresponding submanifold
AcS' xM

A Lagrangian loop f > A, is called exact if it is tangent to the sub-
bundle ¢, this means that 3,A; € Q'(A,) is exact for every ¢. Two exact

31
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Lagrangian loops { > A, and f > A; are called Hamiltonian isotopic if
there exists a smooth function [0, 1] X R ~» £ : (s, ) = Ay, such that

AO,[ = Afy Al,l = A:'l

the map = A;, is an exact Lagrangian loop for every s, and the 1-
form 8;As, € Q' (A,,) is exact for all s and ¢. Here the function [0, 1] x

R — £ : (s 1) > Ag, is called smooth if there exists a smooth map
[0, 11xIRx L —>M:(, ¢ g} t;,(q) such that ¢ ,(L) = Ay ; for
all sand t. Let A, A’ C S'x M be two exact Lagrangian loops. If A is
Hamiltonian isotopic to A’ we denote this by

A~A

A Hamiltonian isotopy class corresponds to a component in the free loop
space of a leaf Lo C £ of the foliation determined by #. To every such
Hamiltonian isotopy class we assign the real number

v(A) = inf £(A"), (42)
Al~A
where the length £(A) = £({A.}) of aloop A: t > A, is defined in (3.7).
So v(A) is obtained by minimizing the Hofer length over all exact La-
grangian loops that are Hamiltonian isotopic to A.

Example: Consider the 2-sphere as a symplectic manifold and let Ao be
a great circle passing through the north pole, see Figure 4.1. Rotating this
great circle through 180 degrees yields a loop A;, 0 <t < 1, of Lagrangian
submanifolds. This example shows that the images A, = 4($') fom a
loop, while the embedding itself is not a loop, that is ¢; # t;41-

This example will be the red thread throughout this work and should

be kept in mind.

4.2 Relative K-area

Following Polterovich [P1], [P2] we introduce the concept of relative K-
area. This invariant is defined in terms of Hamiltonian connections on the
trivial symplectic fibre bundle D x M — D, We restrict our attention
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Ay

Figure 4.1: A Lagrangian loop on the 2-sphere

to those connections that preserve the subbundle A ¢ D x M defined
by (4.1). Here D = {x + iy | x* + y2 < 1} ¢ C denotes the closed

unit disc, That the set of these connections is not empty will be proved in

Lemma 4.22. The basic notions of symplectic connections and curvature
are put together in Appendix A. We will always think of a connection on
D x M as a horizontal distribution. Any such connection is determined by
a connection 2-form on D x M of the form

T=wtandx+Bady+ fdxndy

where @ = ayy € Qlm), B = Bry € QlM), and f= fuy€
Q0(M) depend smoothly on x + iy € D. The horizontal subspace is the
r-orthogonal complement of the vertical subspace. The tangent space at
the point (x, y, z) splits naturally

Ty (DxMy=T, yD®T M,
where T, M is the vertical subspace. More explicitly, the horizontal lifts of
9/0x and 3/dy 'at (x, y, 2) € Dx M are the vectors (3x, X,,,(z)) and

"Here §; = (:)r,y and dy = (8y)y,y are shorthand notation for /dx and 3/dy
respectively
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(dy, Yx y(2)), respectively. Here the vector fields X = X, ,, Y = Yy, €
Vect(M) satisfy by definition

T((0x, Xx.y(z)), §)=0 T((ay, Yx,y(z)), £)=0
for all £ € T,M. Hence the vector fields X, Y € Vect(M) are given by
t(Xw = «, (Nw= 8.

Observe that the horizontal lifts of 9y and 8, are independent of the choice
of f and hence the connection associated to T is independent of f. It
is called symplectic if a, y and B, , are closed for all (x,y) € D, and
Hamiltonian if the 1-forms on M, ay y and B, y are exact for all (x, y) €
D and 7 is closed,2 Thus a Hamiltonian connection 2-form has the form

T=w+dF ANdx+dGAdy + (8,G— 3, F +c)dx ndy, (4.3)

where F, G: D x M — R and ¢ : D — R are smooth maps such that the
following functions Fyy = F(x,y, -) and Gxy= G(x, y,*) on M have

mean value zero:
M M

for all (x,y) € D. Caveat: in (43) the d in dF denotes the differential on
M and NOT the differential on D x M, i.e. d F denotes the smooth family
(x, y) = dFyy of 1-forms on M, and similarly for dG. We shall only
consider Hamiltonian connections with the property that parallel transport
along the boundary preserves A. Given a Hamiltonian connection 2-form
on D x M of the form (4.3). We can define the family of functions Hj :
M — R as follows.

H = —2n Sin(zjn)Fcos(Zm).sin(2m) + 2r C05(23"”)Gc:os(2:n't),sin(?_rrl)-
(4.4)

The Parameter { parametrizes the boundary of the disc as follows
{cos2mt,sin2mt), 0 <t < 1.

ZIn [MS1] 2 connection is called Hamiltonian if parallel transport along every loop
in the base is 3 Hamiltonian symplectomorphism. In the ¢ase of a simply connected base
this is equivalent to the existence of a closed 2-form 7 that represents this connection.
In contrast, we call 3 connection Hamiltonian if parallel transport along every path 152
Hamiltonian symplectomorphism. This notion only makes sense when the structure group
of the bundle in guestion is the group of Hamiltonian symplectomorphisms.
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Lemma 4.2.1 Let T be a Hamiltonian connection 2-formon D x M of the
form (4.3) and let H; be the associared functions defined in (4.4). Recall
that L is the set of Lagrangian embeddings of L intoM. Let R — Lt~
A; be an exact Lagrangian loop and let the associared set of Lagrangian
loops A ¢ D X M be defined by (4.1). Choose a smooth parametrization
(: RxL = D x M such that ((t, g = (€™, 1(q)) and ,(LYy= A,
Then the following statements are equivalent.

(i) The parallel transport of T along a path y in the boundary 0D pre-
serves the family A,.

(ii) Fr=0.
(iii) dH;|p, = A, foreveryt € R

Proof: We first prove that (i) is equivalent to (iii). Given a curve ¢ >
x(t) + iy(t), where x(1)* + y(®* = 1. The horizontal lift of its tangent
vector is given by

@) +iy(t), XOXFy 0+ YO XG0 0)-

Here X g, X¢ are the Hamiltonian vector fields on M determined by the
functions F and G via (3.3). So parallel transport of T along a path x(¢} +
iy(t) is determined by the Hamiltonian functions

He = (O Fc@y, 0 + YOGy, yie)-

The functions H; on M in (4.4) correspond to the path { > ¥t We
know from Lemma 3.0.3 that the Hamiltonian isotopy v, determined by
H, preserves A if and only if v, (Ag) = A, for all ¢ if and only if dH, |4, =
8 A, for every . This shows that (i) is equivalent to (iii).

It remains to prove the equivalence of (ii) and (iii). Given two tangent
vectors (a, £), (2", §') € T, o(R x L). Then using complex notation and
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recalling the formula (4.3),

*t((a, £),(d, €)= t((@2mie”", ad, + dl, 0 §),

(a'27riez’m, a'dy + dt, o))

=w(ad +diy o€, a'dy +dyo £+
27 sinQrt)a(dF)(a' 8,y + dip o §) =
2 sinQ2rt)a’ (dF)(ady, + dipo ) =
21 cosQRut)a(dG)(a'd, + diy 0 E) +
2 cos(2nt)a' (dGYadst, + di; 0 &)

=dt AN w@t; — Xy 01, duy)((a, §), (d -E"))

=dt A (e = ifdH)(a, §), (@', EN]

where X, € Vect{M) denotes the Hamiltonian vector field of H, as defined
in (3.3). Now (*t = O if and only if oy —¢fd H; = 0 if and only if d H,|a, =
<0 = 9 ;. This completes the proof of the lemma. u

For every exact Lagrangian loop R — £ : f = A, let us denote the
set of Hamiltonian connections that preserve A by

T(8) = {v € Q3D X M) | 7 has the form (43), 7lra = 0]

Here we have used Statement (i1) of Lemma (4.2.1). We shall prove n
Lemma 4.2.2 below that this set is nonempty. Let R — £ : t - A} be
another exact Lagrangian loop. In abuse of the usual notation, a diffeomor-
phism of pairs, mapping the subset A onto A’

V:(DxM, A)>(DXM, A)

is called a fibrewise (Hamiltonian) symplectomorphism if it has the form
W(x-+iy, z) = (x+iy, ¥y y(2)), where ¥y y - M — M is a (Hamiltonian)

symplectomorphism for all x, y. In the case A = A’ we denote by §(A)
the group of fibrewise Hamiltonian symplectomorphisms of (D x M, A).
This group acts on 7' (A) by 1+ W*r, see Proposition 4.2.3. Recall that
the curvature of a connection is a 2-form with values in the Lie-algebra of
the structure group of the bundle. In our case the latter is the space of time
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dependent Hamiltonian vector fields which can be identified with the space
of time dependent Hamiltonian functions and we will denote the curvature
of the connection 2-form T of the form (4.3) by Q:(x, y, 2)dx A dy. Here
Q;: Dx M — R is a function given by

Qe(x, y,2) = {Fx,y, Gx,y}(l) + ayF_r,y(Z) - axGx‘y(Z) (4.5)

for x + iy € D and 7 € M. To see this let d, and 8), be two tangent vectors
to the discs. Their horizontal lifts to the tangent space Tiy,y,-)(D X M) are
givenby dx + X,  and 8, + X, . Denote by ‘vert’ the projection onto the
vertical tangent space. The curvature evaluated at dx and dy is by definition
given by 3

[ax + XFvay + XG]"rcrl =
= (Va,4x6 (8 + XF) = Vo ax, (8y + X)) =
Xy, r + VxeXFr = X3 VxeXc =

X, F—3,G+(F,G)-

Be careful, when one changes the 2-form dx A dy then the function 2,
changes accordingly.

Lemma 4.2.2 (i) For every exact Lagrangian loop R — L: t = A; the
set T (A)is nonempty.

(i) Two exact Lagrangian loops A und A are Hamiltonian isotopic if and
only if the corresponding pairs (D x M, A) and (D x M, A’) are
jibrewise Hamiltonian symplectomorphic.

(iii) If T is a Hamiltonian connection 2-form on D x M and WV is a fibre-
wise Hamiltonian symplectomorphism of D x M then the coefficient
functions S; of the curvature transformas follows

Q\p"‘r = Qr o "IJ.

YHere we have used the convention of the sign of the Lie bracket as in[MS1] Remark
3.3, that is [X,Y]= —LxY.
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Proof: We prove (i). Choose the maps , : L — M parametrising A, =
t,(L) fort € R. Let ¢, € Diff(L) be defined by

Lit1 0 @r = 1. (4.6)

We claim that since L is connected there exists a smooth path R — L :
t +> g, such that, for every € R,

Gr41= ¢:(qr)- (4.7)

To prove the claim choose ¢, in the interval 0 < f < 1 such that ¢; = 4
forl m¢g<t<land g = gb,“'(q]) for 0 <t < ¢, Then define ¢, for
t € R such that (4.7) is satisfied. Since the loop is an exact Lagrangian
loop, there exists a unique function #;: L = R

dh, =0 = O)(Brlu dlr'), hr(‘fr) = 0.
From (4.6) and (4.7) we get

b1(git1) = 1 0 ¢;_l(¢r (g)) =y (q,)

so that the function > ¢, (¢;) 1s 1 -periodic in ¢, The computation in the
proof of Lemma 3.0.1 yields

-1 —1*
L1401 = (L 0 P, )*d’; O = L0y,

which shows that the 1-forms ¢;,; are also 1-periodic in ¢. Hence, by the
product rule of the d Operator, the functions #; o AR satisfy

-1 _ -
hivroe =h oy "o

for some function ¢ : R — R. Evaluating these functions at the point
tr+1 (g:+1) we conclude in view of (4.6) and (4.7) that the function ¢ van-
ishes and hence the functions #; o t,_l are 1-periodic in t and hence, so are
the functions H, : M — IR detined in the proof of Lemma 3.0.4 by the
formula (3.4), namely H, o t; = I,. Now define H, : M — R by

~ _yH
H(z) = H,(2) fMT
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Choose a smooth cutoff function p : [0, 1] — [0, 1] satisfying p(r) =
O for r <gand p(r) = 1 for r >1 — ¢ and define the 2-form 7 on
(D\ {0)) x M by

d*t =w+ p(r)dHdt + p(r)Hdr A dt, (4.8)

where the map ¢ : [0, 1] x [0, 1}x M — Dx M is given by &(r, 1, z) =
(re*™ | 7). Explicitly, 7 has the form (4.3) where F,G: Dx M — R are
given by

—sin(2rt)p(r) n cos(2a ) p(r) ~

Fx.y = 2wy H;, Gx,y = r H;, (4.9)

for x 4iy = re?¥ These functions have mean value Z€ro and satisty (4.4)
with H; replaced by H;. Since H, o ¢; = h; it follows as in the proof of
Lemma 3.0.4 that N

dHtlA; = dHi|a, = A,

By Lemma 4.2.1, the parallel transport of 7 along the boundary preserves
A. Hence 1 is an element of 7 (A). This proves (i).

We prove (ii). Assume first that there exists a fibrewise Hamiltonian
symplectomorphism of the form W(x + iy, z) = (x + iy, V¥x4iy(2)} such
that

Ve (h) = A

for every t Defime
Vst 1= Yyeanir, A 1= Y (Ay)

for 0 <5 <land ¢ € R. Then t > Ag; is an exact Lagrangian loop

for every s and ds Ay, € QI(AS,,) is exact for all § and ¢. Hence the
Lagrangian loop A1, = Af is Hamiltonian isotopic to Ag; = Yo(A,).
Since g is a Hamiltonian symplectomorphism, the loop t > Yo(A;) is
Hamiltonian isotopic to t +— A,. Conversely, suppose that ¢t + A; and

t > A, are two exact Lagrangian loops that are Hamiltonian isotopic.
Choose an exact isotopy (s, ) = A, such that Aa,, = A;, At,, = A;,

and d;A;,; = O for § <1/2. As in the proof of (i), one can construct a
smooth family of Hamiltonian functions H;; : M — R such that

Hs,t+1 = Hs.ta st,liAs,, = asAs,r-
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Denote by X, , the associated Hamiltonian vector fields defined by ¢(Xs ()w =
dHy; and denote by ¥, : M — M the flow in the Parameters defined by

s = X5t 0¥y, Yo, = 1d.

Then ¥, = 1id for § < 1/2 and the required fibrewise Hamiltonian sym-
plectomorphism is defined by W (se®™*, z) 1= (se®™*, ¥, ,(2)).
We prove (ii1). Let 7 be given by (4.3) and suppose that

Wix + iy, 2) = (x + iy, ¥y 4(2))

is a fibrewise Hamiltonian symplectomorphism. Choose the associated para-
metrised Hamiltonian functions 4, B : D x M — R such that the functions
Ayy = A(x + iy, -) and B, := B(x 4 iy, -} have mean value zero and
the Hamiltonian vector fields X4, , =! X4 and Xp, = Xp satisfy

I = Xao, dyY = Xpo . (4.10)
It follows from Proposition 4.2.3 below that
U*r =w+dF Adx +d§/\dy +(3x5 - Byﬁ—#c)dx Ady,

where

F=@F-4ov, G=(G-B oV.

Recall that d refers to the manifold M only. Hence, recalling the defini-
tion (4.5),

~

Quer = 8,6 3 F - {F, G)
= %(G-B)oV¥ +dG =ByoXs0W
~3(F—A)oW —d(F —A)oXpoW¥
—{(F=A4), (G=B) oW
= @G =8,F=(F.GhoV
—(3:B —3,A—1{A,B})o ¥
= Qr o) \11.

The last equality follows from the definition of 4 and B in (4.10). This
proves the lemma. Q
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Proposition 4.2.3 Let W: D x M — D x M be a fibrewise Hamiltonian
symplectomorphism and let T be given by (4.3) then

W*t = w+dF Andx +dG Andy+ (8,G — 8, F)dx A dy,

with the functions F =(F=A) oV and 5 = (G — B) o\, where the
functions A and B are defined in (4.10)..

Proof: We will prove that
Vo =w—d(AoW)Adx —d(BoW)Ady+{A, BoWdx Ady
. WdF Adx)=d(FoW¥)Adx+{B, FloWdx Ady
NAGAdY) =d(G oW)Ady = (A, G) oVdx A dy.
This implies that
P*rT=w+d{(F—A)oW)Adx +d({(G— B)oW) Ady
(3cG — 9yF —{A, G} +{B, F} +{A, B o Wdx A dy.

So we ¢an set F =(F-=-A) ohlfll and Q =(G = B) o . It remains to check
that the last term is indeed 8,G — 9, F. We compute

3G = 8,((G = B) o ¥)
= (3,G=-0,B)oV+ (dG=dB)(XaoW¥)
= (8,G — 3B = (A, G} + {A, B o V.

Analogously we find,
3,F = (3,F —3,A= (B, F} = {A, B)o V.
So we conclude indeed that

3,G — 9,F = (3,G = 3,F — (A, G} + (B, F}
+2{A,B) =3:B + 3,A)o ¥
= (0,G — 8,F — {A, G} +{B, F} + {A, B) o V.

The last step follows in view of

3B ~8,A = (A, B} = 0.
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This is true because

Xo.B-a,A—{ABY OV

Xag oV — Xpaoy =[Xa, Xploy
Xopoy+ (Vx,Xploy=Xpao¥

- (VxzXa)o

Vi(Xpgo )= Vy(Xa0¥)

= V¥ = Yy =0,

It remains to prove the three Statements we started the proof with.
Note that the second and third are of the same nature and ¢an be proved in
one step. But we will first prove the first assertion. Let (a, b, v), (a’, b’, v')
be tangent vectors of D x M in a given point. By this short hand notation
we mean the vector gd, + bBy + v where v 1s a tangent vector to M. Note
that @, b, @', b’ € R. Then we get

V*o((a, b,v), W, b, u’)) =w@Xso0¥ + bXpoy +dy(v),
adXsoy+ B Xpoy +dy(v))
= o, W)+ aw(Xa0 ¥, dy(")
= dw(Xg0 ¥, dy(v))
+bo(Xgoy,dy(v))
~bw(Xgo ¥, d¥ (@)
+ (ab” = a'b)w(Xp0 . Xpoy).

This proves that
o =w—-d(AoV)Adx —d(BoW)Ady+{A, B}oWdx Ady.
We also have

VdF =dFody+dF(Xgo¥)dx+ dF(Xgoy)dy
=d(F o) = (A, F} oypdx = {B, F} o yrdy,

which implies that
U*(dF Adx) =d(FoW)Andx+{B, FloWdx Ady,
and similarly for W*(dG A dy).
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O

As in [P1], [P2], after all those definitions, we are ready to introduce
the new concept of the relative K-area of an exact Lagrangian loop A. It
is defined by the formula

A= inf ||S2],
X8 = inf, 19l
where
12 = f (maxfzr(x,y, z)—minszr(x,y,z)) dxdy.
D zeM zeM

Note that by Lemma 4.2.2(iii} the Hofer norm of the curvature is invari-
ant under fibrewise Hamiltonian symplectomorphisms. Hence the relative
K-area of an exact Lagrangian loop A is an invariant of Hamiltonian 1s0-
topy classes of loops of exact Lagrangian submanifolds. For the reader’s
convenience we recall the definition of the real number v(A) from (4.2)

v(A) = inf £(A)).
Al~A

One of our main results is the following theorem.
Theorem 4.2.4 For every exuct Lagrangian loop A ¢ §'x M
x (A} = v(A).

Proof: Let R — £ : t » A, be an exact Lagrangian loop. Let T €
$2(D x M) be the connection 2-form defined by (4.8) in the proof of
Lemma 4.2.2, where the cutoff function p : [0, 1] = [0, 1] is chosen to be
nondecreasing. Then

®*(Fdx + Gdy) = pHdt,

where F, G : Dx M > R are given by (4.9) and ®(r, t, z) = (re*™", 2).
Taking the differential of this 1-form on [0, 1]2 x M we find

O*((0,G ~ 8,F)dx Ady) = pHdr A dt.
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Since {F, G} = 0 and ®*(dx A dy) = 2wrdr A dr we obtain

_/3(’)
2nr

Q. (re¥ 2) = A(2).

Moreover,

||ﬁ,|t = max %—minMﬁ,=me}\>f H - mitn i,

and hence

1 pl [
||szr||:[ f pr) || He drdt:f | H,|| dr = e(a).
0 J0 0

This implies x (A} < £(A). If A and A’ are Hamiltonian isotopic then, by
Lemma4.2.2 (ii), there exists a fibrewise Hamiltonian symplectomorphism
W of D x M such that W(A) = A’. Hence 7 € T(A") if and only if
Y*r € T(A). By Lemma 422 (i), x(A) = x(A") £ £(A"). Hence
X(A) < V(A).

We prove that v(A) < x(A). Let T € T(A). We shall construct an
exact Lagrangian loop A’ that is Hamiltonian isotopic to A and satisfies

E(A") < 1%l (4.11)

Suppose that 7 has the form (4.3). Since the function ¢ in (4.3) has no
effect on the curvature we may assume, without loss of generality, that
c =0 Define H=H,;, M > Rand K=K, : M - R by the
formula

P'r=w+dK Adr+dH Andt +(0,H —0,K)dr A dt.

Explicitly,
K, = cos2rt)F, anie + sIn211) G g2,

He = 2r cos(2at)G, onis = 2mr Sin(2r 1) F, ponie.

Define the Hamiltonian symplectomorphisms ¥, : M = M by

hVra = Xk, 0¥rsy Vo, =id.
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Then the loop
A.’r = Wl,r_l(Az)
is evidently Hamiltonian isotopic to A. We shall prove that it satisfies (4.11).

To see this, denote by W the fibrewise Hamiltonian symplectomorphism of
[0, 112 x M given by

Wir, t,2) = (r, t, ¥re(2)).
Then, as in the proof of Lemma 4.2.2, we obtain
V*o*t =w+dH Adt+ 0, H'dr Adt,

where Hr’,I = (H.y = Br)o ¥ and B, : M — R is defined by 8y, =
X3,, o ¥r;. These functions satisfy

1 gl
2= [ [ 1o paran,  H, =0,
0o Jo
Moreover, by Lemma 3.0.6, we have

A = Y1, (A = dBigla,)
= Wl,:*(dHl,tlA,)—d(Bl.!OTIfl.r)'Aj
= dHf!r]A;'

Hence the length of A’ is given by
[
LAY = f (max H{, = min H| !) dt
0\ A A ’
I
[ (
! 1 I
= f max f o H,,dr | — min f o-H ,dr) ] dt
0o \ M \Jo ‘ M \Jo |
1
[0 -/(; (m;}x 3, Hr”,—nllyi’nar H:_‘) drdt

1
11
IlafH:.rll drdt

IA

A

JOo JO
= {82
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Thus we have proved that for every t € T(A) there exists an exact La-
grangian loop A’ that is Hamiltonian isotopic to A and satisfies £(A’) <
| €2; ll. Hence x{(A) <v(A) and this proves the theorem. o

4.3 The non-symplectic interval

Let A ¢ D x M be an exact Lagrangian loop and 7 € T (A) be a
Hamiltonian connection 2-form. Since 1 is closed and vanishes on A (see
Lemma 4.2.1) it determines a relative cohomology class (see [BT] Chap-
ter 1.6)

[t] € H*(D xM, A; R).

We will show that this relative cohomology class is not unique. However,
two different Hamiltonian connection 2-forms yield relative cohomology
classes that only differ by a multiple of the pull back of the generator of
H*(D, dD; R).

Let ¥ be a compact oriented Riemann surface with (possibly empty)
boundary 3§ £, A smooth map v: (Z,3 X) —» (D x M, A) determines a
2-dimensional relative homology class

Wl:=w]Z]le H2(D x M, A Z).

The pairing of this class with [t] is given by

([], [v]) = f VT,
p

Since every 2-dimensional relative integral homology class of the pair
(D x M, A)can be represented by a smooth map v as above (see [T]
or [S], Remark after Lemma 1.45) , the cohomology class [r] is uniquely
determined by these pairings. Define 0 € H3(D x M, A;R)by

{o, [v]) = deg(m o v) (4.12)
forevery v:(X,8Z)— (D X M, A), where

m:(D x M, A)—>(D,3D)
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denotes the obvious projection. In (4.12) the degree of a smooth map vy :
(X, 9 Z) > (D, § D) is understood as the degree of its restriction to the
boundary. It agrees with the number of preimages of an interior regular
value, counted with appropriate signs (cf. Milnor [M], Chapter 5). Note
that

1
g = —[dx Ady]
T

and hence ¢ agrees with the pull back of the positive integral generator of
HY(D, 3D; R) under the projection 7.

Lemma 4.3.1 Let 19, 1| € T(A) be Hamiltonian connection forms. Then
there exists a constant s = s(ty, 10) € R such that

[71] =[] = so.

Proof: Let 1; be given by (4.3) with F, G, ¢ replaced by F;, G;, ¢; for
i =0, 1. Denote

F = F, = Fy, G = G, = Gy, ¢ = €| —Cp,

and let H, : M — R be defined by (4.4). Since 1y, T) € T(A) it follows
from Lemma 4.2.1

t:l'H],|AI = dHosla, = 34

Hence dH;|s, = 0 where H := H) — Hp so there exists a function 4 :
R/Z — R such that
Hy1a, = h(t)

for every t € R. We shall prove that the required identity holds with

l
s :=[ h(t)dt-f—[ cdxdy.
0 D

To see this note that, by (4.4),
(Fdx + Gdy)|a = m*ap. (4.13)
where ay, € Q! (St) denotes the push forward of the 1-form
hdt € QYR/7Z)
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under the diffeomorphisms R/Z — § Vo [t] > €2 Let T be a compact
oriented Riemann surface and p: ¥ — D x M be g smooth function such
that v(3X) ¢ A. Denote vy :=m o v: (¥, 3%) = (D, D). Then

f v = 1) = f v dF Adx+ dG A dy
z z
+(0:G = 3, F + c)dx A dy)

= f v*(Fdx + Gdy) +f vo*(cdx A dy)
4% T

= f vg*ah-{-f vo*(cdx A dy)
oL pX
= 5 deg(vp).

The penultimate equality follows from (4.13) and the last from the identi-
ties

f vo*ay = deg(vo) | o 4.14)
L S1
and
/ vp*(cdx A dy) = deg(vp) f cdx A dy. (4.15)
x D

Here (4.14) is the degree theorem for maps between compact one dimen-
sional manifolds and (4.15) is the degree theorem for maps between 2-
manifolds with boundary. More precisely, if the function ¢ : D — R
has mean value zero then there exists a 1-form « € R’(D) such that
da = cdx A dy and a|rg = 0. To see this recall that if [, cdxdy = 0
then there exists a function f : D — R such that

Define the functions @, b : D > IR by a := —% and b = gé and the
1-form
o ;= adx + bdy.




4.3. THE NON-SYMPLECTIC INTERVAL 49

Clearly do = cdx A dy. To see that o vanishes on the boundary, observe
that

9
0= 'i|aD =df{v)
dv
= (bdx — ady)(cos 2rt,sin2smt)
= bcos2mt —asin2mt
= (adx + bdy)(—sin2nt, cos2mt)
= adx + bdy|rg.

This implies that the left hand side of (4.15) vanishes according to the
following computation

[vﬁ(cdxf\dy):/ dea:/ v
p z oz

= deg(vp) o= deg(vo)f du
&o D

= deg(vo)f cdx A dy = 0.
b

If ¢ does not have mean value zero then there exists a constant k € R such

that ¢ — k has mean value zero so f5 v§((c — k)dx A dy) =0 and hence
it suffices to establish (4.15) for constant functions ¢ and, by Stokes, this

reduces to (4.14). This proves the lemma.

Let 15 € T(A). We shall now address the question which ¢cohomol-
ogy classes [19] T so can be represented by nondegenerate Hamiltonian
connection 2-forms. Such a 2-form is a symplectic form on D X M with
respect to which A is a Lagrangian submanifold. Denote

TEA) = [5 e T(A) | £ " >]o

Here the inequality t"*!> 0 means that t"*1 = f dx A dy A o", where
f: Dx M — Risa positive function. For 73 € 7 (A) we define

et (w, A) i=inf {s(r, 10) TE€ T+(A)},

£ (19, A) = sup {s(zr, 10) | T € T~ (A)}
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The proof of Theorem 4.3.3 below shows that the class [to} + so can be
represented by a symplectic form 1 € 5 ¥(A) for s sufficiently large and
hence @  1c&*(ru, A) < 00. Evidently, e (11, A) — % (1, A) = 5(11, T0).
Hence the number

e(A) = & (1, A) = ¢ (1, A)

is independent of the connection 2-form 73 € 7 (A) used to define it. This
number is called the width of the nonsymplectic interval. In some sense
g(A) measures how much A deviates from the trivial loop A; = Ag for all
t.

e(A)

I
€ (15,7 ¥ (1.A)

Figure 4.2: The non-symplectic interval

We will first state and prove a technical but elementary lemma and
then state a theorem which relates the width of the non-symplectic interval
to the invariants from the previous section.

Lemma 4.3.2 Given a 2-form v and two vector fields X and Y then
DT = (DT YT (X AT AT,

In particular,
ndF AdG A o= [F, G)o".

Proof: First of all we have that
(X))t =+ X)) AT
and in general we have that given two forms ¢ and f we get

(X (@ A B) = (1(X)a) A B+ (=D)**a A ((X)B)
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The proof will now go by induction. Clearly the Statement it true for # = 0,
for n =1 we get

HX)e(V)1? = (X)) (2e(¥)T) A T)
= 2(X)(Y)T) AT = 2(Y)T AL(X)?.
Now assume the Statement holds for n — 1, then we get
(X T = (XD AT+ 5 ALCOT")
= (VX)) A 57 = (X)) A(Y)T"
$ (D) A XDT"+ TAL(X)T"
= (X, )t" = n((X)T) A L(Y)T A T
+ DA X)TAT!
+TA (nr(X, Yy
~nn =1 (X))t At(Y)T A In_2)
= (n+ DX, V" =n(n + DuX)r A V)T AT

The second Statement follows from applying this formula to @ and observ-
ing that o"*1 = 0. a

Theorem 4.3.3 For every exact Lagrangianloop ACD x M
e(A) < x(A).

Proof: Let R — £ t > A, be an exact Lagrangian loop and F, G : D x
M — R be smooth functions such that the functions H, : M — R defmed
by (4.4) satisty dH; |a, = 6;A,; for every t. For every smooth function
¢ : D — Rlet 7, € T(A) be given by (4.3). In particular, Ty 1s given
by (4.3) with ¢ = 0. We shall prove that

et(rg, A) < f max Qq(x, y,2)dxdy, (4.16)
D 1M

£ (10, A) > f min Qg (x,y, 2) dxdy. 4.17)
D IeM
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From Lemma 4.3.2 we get that

"= (4 1)(0,G - 8, F +o)dx Ady A 0"
+n(n+1)dF Adx AdG Ady A"
(n+1)(3:G — 3, F — [F, G} + c)dx Ady A "
= (+Dc=QypdxA dy Ao

(4.18)

This shows that 7, is nondegenerate if and only if c(x,y) # Q(x, y, 2)
for all (x + 1y, z) € D x M. Fix a number s satisfying

5> | max Qq(x, .
fD max o(X,y,2) dxdy
Choose a smooth function ¢ : D — R such that
Q ] b
c(x, y) > max (X, ¥, 2)

forall x +iy € D and

[ cdxdy =g,
f 2]

Then z. is nondegenerate and represents the class [t.] = [19] + So. This
proves (4.16) and (4.17) follows from a similar argument. It follows from
(4.16) and (4.17) that

e(A) = &T(1p, A) = € (19, A)

< Q + s - i Q ¥ L) d d
< _/;(122% (X, ¥, 2) min (¥, ¥ Z)) ray
= (124l

Since the curvature of g is equal to the curvature of 7, for every c it follows

that £(A) < ||| for every T € T(A) and hence e(A) < x(A). This

proves the theorem. a
Combining the above with Theorem 4.2.4 we get

Corollary 4.3.4
e(A) < x(A) = v(A)
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Remark 4.3.5 Let us denote
T(A) = [[r] € HXD x M, A:R) |1 € fr(A)] . (4.19)

Lemma 4.3.1 shows that this set is a I-dimensional affine subspace of
H2(D X M, A; JR). Denote

T+(A) = {lz] 1€ THA))

These sets are open and connected. Openness follows from the definition
of TE(A). To prove connectedness, let 7; € 7 (A) be given by (4.3) with
F, G, creplaced by F;. G;, ¢i for i =0, 1. By (4.18), ¢; > €2;,. Assume
without loss of generality that s(zy, 7y) > 0. Then the path

[0,1] = TT(A): 1+ [10] + ts(11, )0

connects [tg] with [r;]. This shows that the sets T*(A) are connected. The
complement T(A) \ (T-(A) U T7(A)) is compact and connected. It can
be expressed in the form

T(A)\ (T7(A)U THA)) = {[w0] + so | e (w0, A) < 5 < eT (g, A)}

for every 7y € 7(A). We do not know whether this complement is always
nonempty or, equivalently, whether (A} is always nonnegative.



Chapter 3

Loops on the 2-torus

In this chapter we will construct a 2-dimensional example for which we can
explicitly compute v(A). We will also see that in this case the difference
between ¢xact Lagrangian isotopy and Lagrangian isotopy is a genuine
one. This chapter contains two sections. In the first section we will con-
struct the example. The second section is devoted to an auxiliary lemma
that is needed in the proof of the first section.

5.1 Hofer length versus area
Consider the 2-torus M = T* = R? /Z2 with the Standard symplectic form
w=dx ANdy

and let 7w : R? — T? denote the projection. Let [x, y] = 7(x, y) € T?
denote the equivalence class of all points (x,y) + 72, Let

B, ={(s,)eR* s*+ 12 < /Y

be a disc of radius r and suppose that § ¢ T? is the image of an embedding
B; — T2. Define

A = A(S)=1b, y +1t]|[x, Y€ a5} (5.1)
(see Figure 5.1).

55
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S

Figure 5.1: A Lagrangian loop on the 2-torus

Theorem 5.1.1 Let § ¢ T? be a closed embedded disc and t « A, be the
exact Lagrangian loop defined by (5.1). Then

v(A) = area(S).

Proof: We prove that v(A) < area(S). To see this, choose smooth func-
tions x, y : R — R with # as coordinate on R such that

x(@ + 1) = x(8), y@ +D=y®),
and the map ¢, : R/Z — T? defined by
1 (8) = [x(8), y(€) + (]
is an embedding with ¢ (R/Z) = A;. Then
@ = 0@, du) = —idd € Q' (R/Z).
Hence o = dh, where h; = —x : R/Z — R. Hence
18 Arll = lldhell = maxx = minx

and this implies
£(A) = maxx — minx.
By Proposition 5.2.1 in the next section, two loops ¢ = A,(S) and ¢ >

A, (S), associated to two embedded discs §, S’ € T? via (5.1). are Hamil-
tonian isotopic if and only if § and S’ have the same area. Now for every
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§ > 0 there exists an embedded disc S* (as illustrated in Figure 5.2, which
represents the fundamental domain of the torus) such that

area(8) = area(S"), max x' — minx’ < area(S) + §,
where x’,y’ : R/Z — R are chosen such that the map
/(@)= [x'®6), y'®)]

defines an embedding R/Z — T? whose image is 85’. Hence the length
of the loop t +> A,(§") is bounded above by area(S) + §. Thus we have

proved that
v(A) < area(S).

l-€ b---- - -----

roughly the I

area of s

€ L___. | N S

Figure 52: Minimizing the length

To show the reverse inequality let t +> A} be an exact Lagrangian
loop that is Hamiltonian isotopic to A, Then

A6 =35,

where S C T?is a smoothly embedded closed disc of the same area as S.
In view of Lemma 3.0.3 we can choose a Hamiltonian isotopy ¥, : T? —
T2 such that

Vi (Ag) = A
We shall prove that

area(S) < € ({¥ilosr<1) - (5.2)
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To see this, choose an embedded closed discs § € R? such that 7(S)=§’
and let ¥, : R — R? be a lift of ;. Since A’ is Hamiltonian isotopic to
A we have 1[/,_|_1(S) = ybt(S) + (0, 1) and hence

ijl(S)nSIO

Let f}, - R? > R be the Hamiltonian functions that generate &, and
have mean value zero over the fundamental domain [0, 1]%. Choose R > 1
such that ¥,(S) ¢ Bg for every t € [0, 1] and let 8 : R? — [0, 1]
be a compactly supported cutoff function such that 8ig, = 1. Then the
functions A ~

Hl = ﬂH{
generate a compactly supported Hamiltonian isotopy 1,@, of R? that satisfies

1&1 (g Jn S =0.

Now it follows from the energy-capacity inequality in Hofer [H] that the
displacement energy of § is bounded below by the area. Hence

area(8) < d(id, ¥1) < £({FJo=i<1) = £({¥rlozr<1)-

Since )
area(§) = area(S’) = area(S),

this proves (5.2). It follows from (5.2) and (3.8) that
area(S) < £(A")

for every exact Lagrangian loop A’ that is Hamiltonian isotopic to A.
Hence area(§) < v(A). a

Theorem 5.1.1 shows that the invariant v(A) is not necessarily invari-
ant under Lagrangian isotopy, but only under exact Lagrangian isotopy. As
an example consider two embedded circles § and S’, enclosing discs of
different area, as in Figure 5.3. It is quickly seen that there exists a family
of Lagrangian submanifolds S5, 0 < 5 < 1 with So = § and St = S’
(shrinking the circle). However, by Proposition 5.2.1 in the next section,
the two loops ¢ = A;(S) and t — A,(S'), generated via (5.1) are not
Hamiltonian isotopic since the areas the discs enclosed by § and S° are
not equal, although they can clearly be connected by a path of Lagrangian
loops, use Ay ;= Af(Ss).
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0,0) (1,O)

Figure 5.3: Two embedded circles

The techniques of proof are specitic to the 2-dimensional case. To
establish lower bounds for our invarants in higher dimensions we shall
use existence theorems for pseudoholomorphic discs.

5.2 Symplectic isotopy on Riemann surfaces

The following results are known. However, we could not find proofs in the
literatme and present them here for the sake of completeness.

Proposition 52.1 Let T be a compact connected oriented Riemann sur-
face with area form w and S, S" ¢ T be rwo closed embedded discs
with the same areq. Then there exists @ Hamiltonian symplectomorphism
V¥ T - T such that ¥(§) = §'.

The proof relies on the following three lemmata. The first asserts that,
in dimension 2, a symplectomorphism is smoothly isotopic to the identity
if and only if it is symplectically isotopic to the identity. For the 2-torus this
follows from the characterization of Hamiltonian symplectomotphisms in
Conley-Zehnder [CZ, Theorem 6]. In general the proof is a parametrized
Version of Moser isotopy. The work of Seidel [S1] shows that in higher di-
mensions it 1S no longer true that a symplectomorphism smoothly isotopic
to the identity 1s if and only if it symplectically isotopic to the identity is.

Lemma 5.2.2 Let T be a compact oriented Riemann surface with area
form wand + .Y, — T be a symplectomorphism. Then r is smoothly
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isotopic to the identity if and only if it is symplectically isotopic to the
identity.

Proof: Let [0, 1] — Diff(Z) : 7 = 4 be a smooth isotopy such that
Yo = id and | = . Define
w = Y0, st = S + (1 = s)ay

for 0 <5,7<1.Then ws9= w1 = W= @ and wy,; = w; for all § and
t. Fix a Riemannian metric on ¥ with volume form @ and let «; € Ql(E)
bedefinedby

do; = W = , o € imd*.
Choose X;, € Vect(X) such that ¢(Xs )ws, = ¢ and define a family of
diffeomorphisms v, € Diff(X) by

Vs = Xse 0 Ws,h Yo = Y.
Then
3s(¢s.r*0)s.:) = 1/fs,t*(asws,r + °£X,'rws,!)
= 1al's,:*(“-’ —w + da,)
=0
and since Yo *wo,r = w We get that ¥ "ws; = @ for all §and t. More-

over, ¥ 0 = id and ¥, ;= ¥ for all s. Hence t > yr; is the required
symplectic isotopy from id to . Q

Note that the above proof relies on the fact that we are in two dimen-
sions. Upon taking the Lie derivative we use that the exterior derivative of
a 2-form always vanishes, which is clearly no longer true in higher dimen-
sions.

Lemma 5.2.3 Let X be a compact oriented Riemann surface, § ¢ & be
an embedded closed disc, und wy, w) € Q*(L) be two area forms such

that
f(wl -w0)=f(w1 —wp) =0.
z N

Then there exists a smooth isotopy ¥, | & — X such that
Yo = id, ¥1*or = wo, Yi(S)y=§
for every t €[0,1].
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Proof: The result follows again from Moser isotopy. We prove that there
exists a 1-form ¢ € QI(E) such that

do +w; —wy =0, al|ras = 0. (5.3)

To see this, choose any 1-form B8 € Q!(X) such that df + @ = wp = 0.
Such a 1-form exists since wp and @) are area forms with the same area
hence they are cohomologous. Then the integral of 8 over 9§ vanishes and
so Blas is exact. Hence there exists a smooth function f : ¥ — R such
that (8 — df)|rys = 0 and the 1-form « ;= B — df satisfies (5.3). Now
let @, = tw) + (1 = g and define X, € Vect(X) by 1(X;)aw, = a. Note
that since ¢ vanishes on 79§ we can deduce that X, must be tangent to 8.5
for all ¢, Define now vy, € Diff(£) by

v = Xi o Y, Yo = id.

Then v, preserves 3.5. As before we have d,(3,*w;) = 0 and hence ;" w; =
wy for every ¢, This proves the lemma. Q

Lemma 5.2.4 Let ¥ be a compact connected Riemann surface and S, 8’ ¢
¥ be two embedded discs. Then there exists a diffeomorphism .5 — L
such that £ is isotopic to the identity and f(S) = §'.

Proof: Choose orientation preserving embeddings ¢, ¢’ : B] = X such
that ¢(B)) = § and ¢'(B) = S’. We prove the result in four steps, see
Figure 5.4 as an illustration.

Step 1: There exists g diffeomorphism g : & — X that is isotopic to the
identity and satisfies g o $(0) = ¢'(0).

Choose a path ¥ : [0, 1] = T such that y(0) = ¢(0) and y(1) = ¢'(0).
Next choose a smooth family of vector fields X, € Vect(Z) such that
X (y(t)) = y(t) for every + Then the diffeomorphisms g : & = I,
defined by ;g = Xr 0 g and go = id, satisfy &(¥(0)) = y(» for every
t. Hence g, satisfies the requirements of Step 1.

Step 2: ¢ can be chosen such that d(g o ¢)(0) = d@ (O).

Define ¥ € R?*? by
d(g o 9)(O)¥ = d¢'(0)
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Figure 5.4: Embedded discs in a Riemann surface

Then det ¥ > 0 and hence there exists a path
[0,1]~ GL2): t = W ()

such that W(0) = 11 and W(l) = W. Choose a family of vector fields
X, : B; — R? that vanish near the boundary and satisfy

X (0=0,  dX, 0 =VvOwen "

Here dX,(0) : ToB; —» TyR% Let ¥, : B; — B be the isotopy generated
by X,. Then
(0 =0,  dy,(0)= W)

for every ¢, To see this observe that we have

90 = 49 (0)
= d(X; 0 ¥1)(0)
= dX; (:(0))dy: )
= U)W () dy (0)

and integrate with respect to {. Now replace ¢ by ¢ o ¥.

Step 3: ¢ can be chosen such that g o ¢(z) = ¢'(z) for |z| sufficiently
small.
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By Step 2, we may assume that d(g o ¢)(0) == d¢’(0). Choose & > 0 such
that ¢'(Bs) ¢ g(S) and consider the function

h=¢loglog¢ : Bs—> B

This function is an embedding and satisfies d#(0) = 1. Choose a smooth
cutoff function g : [0, 1] — [0, 1] such that B(r) =1 for r < 1/3 and
B(ry=10 for r > 2/3. For 0 < ¢ < § define h; : By — By by

he(z) = B(lzl/e)h(z) + (L = B(|z]/€))z.
Then k. is a diffeomorphism for ¢ > O sufficiently small and

godohelz)=¢'(2)

for |z| < /3. Hence the embedding ¢ o A, satisfies the requirements of
Step 3 for ¢ > O sufficiently small.

Step 4: We prove the lemma.

By Step 3, there exist embeddings ¢, ¢’ : Bt = I, a constant £ > 0, and
a diffeomorphism g : ¥ — T such that g is isotopic to the identity and

lz] < ¢ — god@ = ¢'(z).

Choose § > 0 such that ¢ and ¢’ extend to embeddings of B14s into Z.
Choose a smooth function p : [0, 1 4+ 8] — [0, 1 + 8] such that 6(r) > 0
for every r and
r, for r < ¢/2,
plry =1 1, forr =g,
r, forr > 1 +4/2.

Iet f: £ — Cbegivenby

f(@@) = ¢(pzDz/lz])

for 7 € Biysand by f =idin £\ ¢(By14s). Then f is isotopic to the
identity and f o ¢(B;) = S. Similarly, there exists a diffeomorphism f "
¥ — ¥ that is isotopic to the identity and satisfies f’ o ¢'(B;) = S’. The
diffeomotphism f’ o g o f -1 is isotopic to the identity and maps § to S’.
This proves the lemma. u
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Proof of Proposition 52.1: By Lemma 5.2 4, there exists a diffeomor-
phism f: ¥ -» ¥ that is isotopic to the identity and satisfies f(S) = S’.
Since S and S’ have the same area, we obtain

L(fw—w)=[g(f w—w)= 0.

By Lemma 523, there exists a diffeomorphism ¢ : ¥ — X that is iso-
topic to the identity and satisfies

¥ o= w, ¥(S) =s.
Hence ¢ = f o ¥ is isotopic to the identity and
p*o=0, H(&=F§.

By Lemma 5.2.2, ¢ is symplectically isotopic to the identity. Let ¢ > ¢
be a symplectic isotopy such that ¢p = id and ¢; = ¢. Then the embedded
discs §; := ¢ (S) all have the same area and Sy = S, $; = S’. Hence
t > 35, is an exact Lagrangian path (this follows by combining the fact
that the area is preserved and the definition of exact). By Lemma 3.0.4,
there exists a Hamiltonian isotopy ! +> ¥, of I such that ¥,(dS¢) = 05;
for all ¢, Hence ¥ (S) = S* and this proves the proposition. Q



Chapter 6

Relative Gromov invariants

Throughout we assume that our symplectic manifold (M, @) is compact
and dim M = 2n. The relative Gromov invariants of an exact Lagrangian
loop A ¢ D x M are detined in terms of holomorphic sections of the
bundle D x M — D with boundary values in A, where A = {(e*'', A,) ¢
D x M}. Let us denote by Map, (D, M) the space of smooth functions
u: D — M that satisfy u(e? ) € A, for every t € R. The Maslov class
is a function
pp cMap,(D, M) —> Z

defined as follows. Given u € Map, (D, M) choose a trivialization of the
tangent bundle #*T M. Then the tangent spaces 7, 2iryA; define a loop of
Lagrangian subspaces in (R?*, wp) and s () is defined as the Maslov in-
dex of this loop (cf. [RS1] or see Appendix B). This integer is independent
of the choice of the trivialization used to define it, and it depends only on

the homology class of yin H2(D x M, A; Z). We shall assume throughout

that the pair (M, Ao) is monotone, i.e. there exists a A > 0 such that, for
every smooth map v € Map, (D, M),

f viw = App, (V).
i}

Here pp, denotes the Maslov class corresponding to the constant loop
t + Ao. The minimal Maslov number of the pair (M, Ao) is defined by

N = inf {pa,@) | v: (D, 8D) = (M, po), pag(v) > 0},

65
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hence N > 0. In this chapter we shall define relative Gromov invariants
for every tuple t = (¢1, , &) € R with 0 < fj < < 4 < | and

every class A € Hy(D x M, A; Z) that satisfies n £ g (4) <N — 2. The
invariants are homology classes

Grjt(A) € Hytp,(a)(At Za),

where Ay = Ay, X X Ay These homology classes arise from certain
moduli spaces Ma(r, £J) of (anti-)holomorphic sections of the bundle
D x M with boundary values in A that represent the class 4. The points
(62””', ..., iy determine an evaluation map

evg . Ma(r, £7) — At

and Grj‘ ((7) is defined as the image of the fundamental cycle of the com-
pact manifold Ma(r, =J) under the induced homomorphism on homo-
logy. We shall work with almost complex structures on D x M that are
compatible with the fibration. Every such structure is determined by a fam-
ily of almost complex structures on M and a connection 2-form T € T (A).

6.1 J-holomorphic discs

Let A C St x M be an exact Lagrangian loop and 1 € 7 (A) be a Hamil-
tonian connection 2-form that preserves A. Throughout we shall denote by
4 (M, w) the space of smooth almost complex structures on TM that are
compatible with ¢ as defined in Chapter 2. Let D — (M, w) : (X, y) =
Jx,y be a smooth family of such almost complex structures. Associated to
the triple (t, J, A) there is a natural boundary value problem for smooth
functions ¥ : D — M:

Orut = X (u) + J(Oyu = Xgw)) = 0
u(ez’”") € A, t€IR.

Here 1 is the connection 2-form determined by the two functions F and
G given by (4.3). We use the following abbreviations J = Jy y, Xr =
Xp(x, v, -) € Vect{M) denotes the family of Hamiltonian vector fields
defined by the functions F = F(x, y, ) : M — R, and similarly for
X . Following Gromov [GI] we observe that the solutions of (6.1) can be
thought of as pseudo-holomorphic curvesin D x M.

(6.1)
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Remark 6.1.1 Consider the almost complex structure Jon DxM given

by
0 -1 0
jf(r,.f):( | 0 O)
—JXp+ X —Xr—JXg ]

Then U4 : D — M is a solution of (6.1) if and only if the function
ax, y) = (x, y, u(x, y)) (6.2)
is a J-holomorphic curve in D x M, ie.
Byt +Jdyii = 0,
If 7 is given by (4.3) and we denote a tangent vector
§dx tndy+¢ €Ty (DX M)

by (€. 7, ¢) then, for every £ = (5.1, ) € Tyy (D x M),

(€, JE) = T 8 + ndy + L, —n Bt £0,
+E(-JXr+X)—n(Xr+JXg)+ J0)
= o E(-JXF + Xg) = n(XFr +JXG) + Q)
+ (3:G = 8y F + ) (&2 + 1))
=~ ndF(§) = EdFE(IXF+ Xg) = n(Xp 4+ TXG) + J2)
+ §dG(Q) = ndGE(-JXF + Xg) = n(XFp+ JXg)t JE)
=0, §(=JXF+ Xo) =n(Xp + JXg)+ J0)
+ (G = & F + o) (E*+ )
~oWXF. )= wEXr E(~JXF+ Xo)=n(XF + T XG) + J )
+w('fXG’é')"‘w(’?XG’E(—JXF'i'XG)"U(XF+JXG)+J§')
=w(§,§(=JXr+ Xg) =n(Xp+ JXG)+ J )
+ (G = 8y F + o) + )
+ o, nXr)~wEXp, E(~JXF+ Xe)=n(Xr+ JXe) +J0)
~ 0 £X6) = oX6, E(-JXF + X) = (Xr + I X) + J7)
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= 0§, ~§JXr = I Xg + JI) + 3,G = & F + )2 + 1)
=-0EXp, —EJXp~nJXc+JO)=w(EXF, X~ nXF)
- w(nXg, ~§JXr ~nJXg + JE)-w(nX.6EXc 1XF)
=, ~£JXp = 1nJ X + JE) + (3G = & F + c)(E* + 1)
— 0(EXp, —EJXF ~ nJXG+ JE)— £X{F,G)
~ w(Xg,—& JXp~nJXg+ J€) + n*{G, F}
= o(¢ = EXp = nXg, —£JXp=nJXc+J?)
+ (& + P)((3:G = 8,F = {F, G} +¢)
=0 —EXr = nXg, JE=EXF —nXg)) + (€~ QIE + 77
=1 = EXp = nXGP + (€ = Q)E + 7).

Hence J is tamed by 7 whenever c(x, y) = $(x, y, 2} > 0 for all
(x, y,2) € D x M which means precisely that T € (A} (see (4.18)).
On the other hand, consider J(z, -J), then one verifies easily

(€, I, N ==t =EXF = nXgP+ (c = Q)E* +7°).

The above expression is strictly negative if ¢(x, y) = €2:(x,y, z) < 0 for
al (x,y,z2)e€DxM Soif €T (A)then J(z, -]) is tamed by —1.

The energy of a solution # of (6.1) is defined by
Ew = [ |9, = Xp(u)|* dxdy.
D

The next lemma shows that the solutions of (6.1) that represent a given
homology class A € Hy(D x M, A; Z) satisty a uniform energy bound.

Lemma 6.1.2 Let u: D — M be g smoorh solution of (6.1) and denote
by A € Hy(D x M, A; Z) rhe homology class represented by the map
i :D — D x M defined by (6.2). Let ¢ : D — R be the function in (4.3)
entering the definition oft. Then

E(u) = ((z), A) + f (@ (x, y.1u) = cx, ) dxdy.
D
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Proof: We compute
E(u) = flax:,e—x,v(un2 dxdy
D

- f @(Bgtt = Xp(w), J By = Xr(0))) dxdy
D

| (@ =X, 0,1 = Xa(w) drdy
- fD (a)(é‘xu, 0,u0) = dF W)y + dG(u)dyu
+{F, G}(u) dxdy
- ﬁ (a)(axu, 8yu) = dF (u)dyu+ dG(u)Bxu) dxdy
+ ]D (Qr(x, 3, 0) = By F)() + (axc)(u))dxdy
= fb(r(axa, Syﬂ)—c(x,y)) dxdy+j;)9r(x,y,u)dXdy

= f i*r dxdy + [ (Qf(x, ¥y, u) = c(x, y)) dxdy
D D

This proves the lemma. 0

Let us denote the moduli space of solutions of (6.1) that represent a
given homology class A € Hy(D x M, A; Z) by

Ma(t,]) ={u: D> M usatisfies (6.1), [U] = A},

where i is defined in (6.2). We shall prove that, for a generic pair (1, J),
this space is a smooth manifold of dimension 1 4 pa(A). Moreover, if
the pair (M, Ag) is monotone with minimal Maslov number N and n +
ua(A) <N, we shall prove that Ma(z, J) is compact, again for a generic
pair (z, J). The key tool for establishing compactness is the energy bound
of Lemma 6.1.2. Under these assumptions the moduli spaces will be used
to define Gromov invariants of A, The significance of these invariants for
exact Lagrangian loops lies in the following Observation.
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Lemma 6.1.3 Let A be an exact Lagrangian loop and let
AeHyDxM, A;T)

be a relative homology class. Suppose that for every T € TT(A) there
exists a ] such that M4(z,]) 7# @. Then

et (19, A) + {[r0], A) > 0

for every 1y € T (A).

Proof: Let v € T1(A) and u € Ma(z, ). Let & : D — D x M be
given by (6.2). Then # is a J(z, J)-holomorphic curve. By Remark 6.1.1,
J(z, J) is tamed by 1. Hence

0< / i't = ([r], A} = {[w0] + 5(z, )0, A) = ([w0], A) + s(z, T0).
D

The infimum of the numbers on the right is {[To], A) + s+ (19, A). This
proves the lemma. ad

A similar estimate for £~ (7o, A) ¢an be obtained by studying anti-ho-
lomorphic curves. These are solutions of the equation

Beu = X,(u) — J(Byu = Xg(u)r 0
u(eZJ‘TI'I) € Ata IR (63)

Let us denote the moduli space of solutions by Ma(7, -)).
Lemma 6.1.4 Let A be an exact Lagrangian loop and let
A€ Hy(D XM, A;Z)

be a relative homology class. Suppose that for every T € T~ (A) there
exists a | such that M4(z, -]) # 0. Then

g (19, A) + ([w0], A) <0

for every 15 € T(A).
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Proof: Lett € 77 (A)and u € Ma(r,—J). Let ii: D —-D x M be
given by (6.2). Then § is a J (z, — J)-holomorphic curve. By Remark 6.1.1,
J(r, —J)is tamed by —7. Hence

0 >[ a*t = {[r], A) = {[ro] + s(z, )0, 4) = {[r0], A} + s(z, 70).
D

The supremum of the numbers on the right is {[rg], 4) + ¢~ (g, A). This
proves the lemma. a

6.2 Fredholm theory

In this section we examine the moduli spaces Mf(r, J} in more detail
and show that, for a generic J, these spaces are smooth manifolds of the

predicted dimensions 1 = pa(A). Here Jt{j(t, J) is the moduli space of
solutions of (6.1) which represent the class A4 and M, (z, J) is the moduli
space of solutions of (6.3) representing the class 4. The arguments are
standard (cf. [FHS, MS2]) and we shall only outline the main points and
sometimes briefly sketch the proofs. Fix an exact Lagrangian loop A c
S! x M, a homology class 4 € Hy(D x M, A; Z), and a constant p > 2.

Consider the Banach manifold

8= Wyh(D, M)

of all functi_ons u:D — M of class WP that satisfy the boundary ¢on-
dition (¢27i*) € A, for all { and represent the class A. There is a natural
vector bundle & — B with fibres

& = LP(D,u*TM)

and the left hand sides of (6.1) and (6.3) define Fredholm sections 2 -
B — & given by

FE@) = F @ 1, £]) 1= du = Xr() £ J @y — X6 ().

The moduli spaces M4 (z, +J) are the zero sets of these sections. The

tangent space
T,8 =W, (D, u*T M)
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consists of all vector fields £ € Wh2(D, u*T M) along # which are of
class W'# and satisfy the boundary condition &(e*™/") € T, (2xinyA;. The
vertical differential of ¥+ ata zero u € J\r{f(r, J) is the linear Operator

DE= DF*@w): WyP(D, w*TM) —» LP(D, u*TM)
given by

DIt = Vi — i Xp(u) £ J(VE = G Xo@) £ (V%)Oyu = X)),
6.9)

Here V denotes the Levi-Civita connection of the Riemannian metric
{-, ')x,y = o, Jx,y‘)

and thus depends on x + iy € D. The expression VX r denotes the covari-
ant derivative of Xp = X, with respect to the Levi-Civita connection
at the point x + iy. The next theorem follows from the Riemann-Roch
theorem for discs (see for example [RS2] for a recent exposition) and the
infinite dimensional implicit function theorem (see for example [S, Ap-
pendix B]). The proof is standard (see for example [MS2]} and will only
be sketched.

Theorem 6.2.1 For every u € W}(&(D, M) the Operators D dejined
by (6.4) are Fredholm and their indices are

indch;—L = p 4 pa(u).

If D;t is surjective for every it € Ma(t, £J) then Ma(zr, £J) is a smooth
manifold of dimension

dim Ma(z, £J)= n + pa(A).

Proof: (Sketch) That D;t is an elliptic first order partial differential op-
erators and hence Fredholm follows from general theory. This means that
;Dai has closed range and finite dimensional kernel and cokemel. The Fred-
holm index of such an Operator is defined as the dimension of the kernel
minus the dimension of the cokemel. The index formula follows from the
Riemann-Roch theorem, see [RS2].
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In order for Ma(z, £J) to be a manifold, it is required that ¥ is
transversal to the zero section. This means that the image of the lineariza-
tion

d?i(u; T, £): T8 = Ty b

is complementary to the tangent space T, 8 of the zero section. Hence, we
must require that the linearized Operator Df, which is the composition of
dF=(u; 7, £J) with the projection 7, : T,,00€ — 8u. is surjective for
every 4 € Ma(r, £J). Since Dui is also Fredholm, it follows from the
infinite dimensional implicit function theorem that Ma(z, £J) is a finite
dimensional manifold whose tangent space at i is the kemel of Df. a

Fix an exact Lagrangian loop A and fix a connection 2-form 1 € 7 (A).
Let us denote by F(D; M, w) the space of all smooth families of smooth
almost complex structures J : D — (M, w). We call such a family
J € 3(D; M, w) regular for (6.1) if D} is surjective for every class A €
Hy(D x M, A; Z) and every u € Ma(z, J). Similarly, J € $(D; M, w) is
called regular for (6.3) if D is surjective for every A € Hy(D x M, A Z)
and every u € M4(t, —J). We shall denote set of all families of almost
complex structures that are regular for (6.1). respectively (6.3), by

9E,(1, A) C §(D; M, w).

The proof of the next theorem is a Standard application of the Sard-Smale

theorem (cf. [MS2]) and will only be sketched. Strictly speaking the the-
orem only holds true in the Cf category. It follows from Taubes, see Ap-

pendix C, that we can also apply it to the C*° category.

Theorem 6.2.2 The sets a‘lflég(‘f, A) are of the secondcategory (in the sense
of Baire}in $(D; M, w), i.e. they are countable intersections of open and
dense subsets of $(D; M, w). In particular, they qre dense.

Proof: (Sketch) Define the universal moduli space by

MEA, TxP={@:1,) e BXT(AIxFD; M, w) |
Fu, 1, £J)= 0}
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It follows from the infinite dimensional implicit function theorem that this
space is a smooth Banach manifold. ! Consider the projection

at s MEA, T x ) — 4.

One can show, us in [FHS], that dn¥(u; 1, J) is a Fredholm Operator
whose kemel is isomorphic to the kernel of DE and whose image has
the same codimension as fo. The Operator dw(u; 7, J) is onto precisely
when the Operator fo is onto. This means that the regular values of w*
are in one-to-one correspondence with the regular J € $(D; M, w). By
the Sard-Smale theorem the set of regular values is of the second category
in the sense of Baire. O

Let 19, 1) € 7(A) and choose regular families of almost complex
structures

We saw in Theorem 6.2.1, the spaces M (1o, =Jo) and Ma(7y, £J)) are
smooth manifolds of the same dimension. We will now discuss the depen-
dence of these manifolds on the choice of (z, J). We will show that these
manifolds are cobordant. To construct a cobordism choose a smooth path
[0, 1] — T (A): A = 1, that connects 1) to 1j. Let us denote by

4= 30,11 x D, Jo, J1; M, w)

the space of smooth homotopies [0, 1] = $(D; M, w) : L — J; that
connect Jy to J1 Given {J,} € & denote

Walln ), (LD = {2, ) [0 <A <1, u e Ma(n, )}

In general we cannot find a homotopy such that J; € ﬂrieg(rx, A) for ev-
ery ), thatis, Ma(ta, £J)) may fail to be a manifold of the right dimen-
sion for some A, However, there is always a smooth homotopy such that
the space W4 ({7}, { /1)) is a manifold of the right dimension. Such a
homotopy {J,} € & is called regular. More explicitly, this means that

IStrictly speaking we are dealing with Frechet manifolds here. We should first develop
this theory in the G¢-category and then use a Taubes’ like argument to extend it to the
smooth category, but we will omit that here. The arguments can be found in {MS2] or
Appendix C.
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for every homology class A € Ha(D x M, A; Z) and every pair (A, u) €
Waln), (4D,
im Df , + REE, = LP(D, u*T M),
Here Dfu is defined by (6.4) with t and J replaced by t) and J,, respec-
tively, and §fu € LP(D, u*TM) is given by
g):fu = Xop (W) £ L) Xs,6,0) F Bljk(u)(ayu ~ Xg, (u)).

The set of all regular homotopies will be denoted by

g?e:g({rl}; JO& Jls A) C 3‘

The proof of the next theorem is again standard and analogous to the proof
of Theorem 6.2.2. It will be omitted.

Theorem 6.2.3 Let [0, 1] = T (A) : A > 13 be a smooth family of con-

nection 2-forms. Suppose that Jo € §£,(vo, A) and Jy € §zy(t1, A). Then
the sets gfgg({n}, Jo, J1, A) C G are of the second category in the sense
of Baire. Moreover; if (3} € §i£,(ta), Jo, J1, A) then Wa((z:}, {£1)) is
a smooth manifold of dimension

dim Wa({m) {£41) = n £ ua(A) +1
with boundary
dWa({nn}, {4 = Malro, £Jg) U Ma(ty, =J1).

This shows that the manifolds M4(rg, +Jo) and Ma(T], £J1) are
cobordant. This will only be of significance once we have established cer-
tain compactness properties. This will be the topic of the next section.

6.3 Compactness

Theorem 6.3.1 Let A c S' X M be an exact Lagrangian loop and suppose
that thepair (M, Ao) is monotone. Let A € Hy(D X M, A; Z) and denote
by N €N the minimal Maslov number of the pair (M, Ao).
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(i) If
ntups(Ad) =N -1

then the manifold M a(t, =+ J)is compact for every v €T (A) and every
J € 9z, A).
Gi) If
ntup(A)<N-2
then W4 ({Ta), (X /1)) is compact for every smooth path

[0,11 = TA)Y: A 13,

every Jy € 3r:*ég(170, A), every J) € fp’fég(fl, A), and every regular homo-
topy {1} € g, (md, Jo, J1, A).

The proof of Theorem 6.3.1 relies on the following theorem about
Gromov compactness for J-holomorphic discs. This result is implicitly
contained in Gromov’s original paper [Gl] and has been folk knowledge
since then. However, the full details of the proof have not so far appeared
in the literature. They were recently carried out by Frauenfelder [F] in his
Diploma thesis. In his thesis Frauenfelder also discusses the corresponding
notion of stable maps for pseudoholomorphic discs.

Theorem 6.3.2 (Gromov) Let (t¥, J”) € T(A) x (D; M, w) be a se-
quence that converges fo (t,]) € T (A) X $(D; M, w) in the C>-topology.
Let A € Hy(D x M, A; Z) and v’ € Mu(t¥, £J°). If v’ has no C*°-
convergent subsequence then

(1) there exist finitely many points (x;, y;) € D and maps v; : St M,
i=1,...,k

(2) there exist jinitely many points t; € R and maps wj : D = M,
j=1...,8

(3) there exists @ map Uy.D — M,

such that the v; are nonconstant Jy y;-(anti}holomorphic spheres for
i =1,, k the w; are nonconstant Jezmj -(anti)holomorphic discs with
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wj@D) ©¢ Ay forj =1, & up € Mao(t, £J) for some Ag €
Hy(Dx M, A; Z), and

k {
A=no +Y 1+ [w)]. (6.5)
= =1

Here [v;] and [w ;] denote the induced relative homology classes in Ha(D x
M, A;Z) and one of the integers k and { is nonzero.

Remark 6.3.3 (i) Let M be a compact manifold and L C M be a com-
pact submanifold of half the dimension. Suppose that @" is a sequence of
symplectic forms on M that converges to @ in the C*°-topology such that
Lisa Lagranglan submanifold of (M w") for every v. . Suppose that J 7V
a sequence of @ ¥-tame almost complex structures on M that converges in
the @w-topology to J.1In [F] Frauenfelder proves, in particular, that a se-
quence of J¥-holomorphic discs #”: (D, D) — (M, L) that represent a
fixed homology class A € Hy(M, L; Z) has a subsequence that converges
(in a precisely defined sense) to a tree consisting of J-holomorphic spheres
in M and J-holomorphic discs in M with boundary in L such that the sum
of their homology classes in Ho(M, L; Z) is equal to A. The techniques
in [F] are an adaptation of those in Hofer-Salamon [HS] for holomorphic
spheres to the c¢ase of holomorphic discs.

(ii) The moduli space M4(z, £J) does not depend on the function ¢ :
D — M in (4.3). Hence we may assume without loss of generality that the
connection forms t¥ in Theorem 6.3.2 lie in ‘Ti(A) Under this assump-
tion our case fits in this framework. The manifold Mis givenby D x M, the
submanifold L by A, the symplectic forms " by &7", the almost complex
structures J by ] (", % J”) defined in Remark 6.1.1, and the functions &”
are given by (6.2). They satisfy the requirements of (i).

(iii) Theorem 6.3.2 follows from (i} and (i) since each bubble in (1) and
(2) of Theorem 6.3.2 in the limit curve is contained in a fibre of the (trivial)
fibration D x M. To see this, note that each curve v; appears as the limit
of a sequence

v x,y) = u’(x!+ e'x, ¥ + &'y},
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where x; — xi, y' = y;, 8’ — 0, and

v
lim £ —0.

T - S+ ()2

One can show that, after passing to a suitable subsequence, the sequence

v; converges to v; in the €*-topology on the complement of some finite
set. The functions v, satisfy

Byvf = " Xpr + JV(@Byv] = £"Xgv) - 0,

where the vector fields Xpv, Xgv, and the almost complex structure J”
are evaluated at the point (x; + £"x, y/ +¢&"y,v}). It follows that the limit
curve V; extends to a Jy, y;-holomorphic sphere. The holomorphic discs w;
appear as similar limits with x; 4 fy; = 2™ and

81)

lim > 0.
V=00 (x;)Z + (y;)Z

A similar argument as above, with coordinates on the upper halfplane, then
shows that the limit curve wj is @ J 2rir;-holomorphic disc with boundary
values in A, it

(iv) The limit curve in (i) is a stable map consisting of J-holomorphic discs

and spheres. For closed curves this concept is due to Kontsevich [K]. Some
of the components of the stable map may be constant. However, these do
not contribute to the homology class and can be neglected for our purposes.

If the original sequence ¥ does not have a €°°-convergent subsequence,
then the limit curve has more than one nonconstant component. This shows
that in Theorem 6.3.2 either k or £ is nonzero.

Proof of Theorem 6.3.1: We prove the Statement (ii). Suppose, by contra-
diction, that W4 ({zs}, {£J3}) is not compact and non-empty. Then there

exists 4 sequence
(A, u") € Wallm), (£ 11D

that has no convergent subsequence. We may assume without loss of gener-
ality that A¥ converges to Ag. Then, by Theorem 6.3 .2, there exist noncon-
stant Jj. y;.y;-(anti)holomorphic spheres v : 2 5 Mfor i=1,, k
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there exist nonconstant J ro g2 -(anti)holomorphic discs w i (D, D) —»
(M, L,j) forj = 1, , 3, andthereexistsanelementuo € Ma,(Ta,, TJig)
for some Ao € Hz2(D x M, A; Z) such that (6.5) is satistied. Since the pair
(M, A,) is, by assumption, monotone with minimal Maslov number N for
every + we have

Lua(vi) = N, tupa(wj) > N

for i = 1,. ,k and j = 1, ,{, Since either ¥ or £ is nonzero this
implies

k [
nEpald) = n EpalAo) £ Y pal) £ palw))
i=l1 J=1
> n % pa(Ag) . N.

Since {Jx} € ﬁsg({n}, Jo, J1, A), the moduli space Wa,((zr}. {(Z£/2]) is
a smooth manifold of dimension

dim Wa,({za), {£41) - n £ pnaldo) + 1
ntups(Ay+1-N
N-2+1-N

-1 <o.

A 1A

Hence
Wa () (£4LD =16,

in contradiction to the fact that
(Ao, o) € Wa (o}, (4D,

Thus we have proved (ii). The proof of (i) is almost word by word the same
and will be left to the reader. Q
6.4 Gromov invariants

Fix an exact Lagrangian loop A ¢S!x M and a relative homology class
a¢ Hy(D x M, A; Z). Throughout we shall assume that the pair (M, Ao)
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is monotone and
ntup(Ay<N-2, (6.6)

where N € N denotes the minimal Maslov number of the pair (M, An).
Fix a tuple t = (ft, , &) € RY such that 0 < #; < < f < 1 and
denote

Ay = Ay x - X A,
For T€ T (A)and J € 3(D; M, w) we define evy: Ma(z, £J) = A¢ by
evi(u) = (u(e®™M), , u(e")).

If ] € 3(reg(r A) then, by Theorems 6.2.1 and 6.3.1, the moduli space

M (1: J) is a compact smooth manifold (without boundary) of dimension
n i A (A). Tt is not necessarily orientable. Let

[Ma(z, £J)] € Hutppay(Ma(z, £9); Zo)
denote the fundamental cycle. The Gromov invariants are defined by
GI'A t(A) = evy| M (r. Nle Hn:i:u;\(A)(At; ZZ) (6.7)

Lemma 6.4.1 The homology classes Grf‘t(A) € Hyrpaay(Ag Zo) are
independent of the choices of the connection 2-formt € T (A) and the
almost complex structure | € gligg(r, A) used to dejine them.

Proof:  Given two connection 2-forms Ty and 7j and two families of al-
most complex structures Jy € 3’rieg(f0- A)and J| € 5(,ieg(fl, A). Choose

a path {3} connecting Tp to 71 and choose a corresponding path {J/i} €
3:,;({11}’ Jo. Ji, A). B theorems 623 and 6.3.1 (i), ‘Wa({r:}, (/1D is
a smooth compact manifold with boundary

dWa({za} (£1)) = Ma(zo, £Jo) U Ma(zy, £J1).
The evaluation map extends in the obvious way to

SWal{n), (24D = Ac
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Since

eV, ([Ma(tg, £J0)] = [(Ma(t1, £1])
= ev, [0 Wa((:}, (D]
= devi [Wal{na), {(£LDD
- 0.5 Hygpty(AnZ2)

we deduce that
eviu[Ma(to, £Jo)] = eveu[Ma(r1, £74],
which proves the lemma. a

Corollary 6.4.2 Ler AT € Hy(D x M, A; Z) satisfy (6.6) and suppose
rhat
Gris (M) # 0

for some t. Then
et(z, Ay > —([t], AY), & (r, Ay < —([1], A7)

for every v € T(A).

Proof.  Since Grys (A) = evi Ma(r, ® D] # 0it follows that
Ma (r,+J) # 0. Now lemmata 6.1.3 and 6.1.4 state that

e (r, Ay + {[z], AT) >0, e~ (t, Ay + {[r], A7) <0,

which proves the corollary. O



Chapter 7

Complex projective space

In this section we shall use the Gromov invariants to compute the K-area
of certain exact Lagrangian loops in CP”. The archetypal example is the
half tum of a great circle in the 2-sphere. An explicit computation Sshows
that the Hofer length of this loop 1s 1/2, We shall use Corollary 6.4.2 and
Theorems 4.2.4 and 4.3.3 to show that this loop minimizes the Hofer length
in its Hamiltonian isotopy class.

7.1 Rotations of real projective space
Consider the complex projective space
M=CP"

equipped with symplectic form ¢ that is induced by the Fubini-Study met-
ric and satisfies the normalization condition

/ o" = 1.
€p

Let [ = RP" and fix an integer k € { 1, , n}. As in the introduction, we
consider the exact Lagrangian loop

A= JE Y <y RPY, (7.1)
teR

83
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where

Villzo - zal) = ([zo : €™z 00 €z g e Za)),

for some 1 < k < n to be specified later. A tedious computation shows
that the Hamiltonian isotopy t, is generated, via (3.3), by the the time
independent Hamiltonian function H, = H : CP" — R given by

o k 1 2 4 + lul
Hlzo: v al) - o 1wl

It can be shown that this function has mean value zero and Hofer norm

(7.2)

I
||H||=maxH—minH=§

Since H attains its maximum and its minimum on A, = ¥ (RP") it fol-
lows that £(A) =1/2.

7.2 The Maslov index

In this section we will show that the example described in the previous
section satisfies the assumptions of Theorem 6.3.2 and Corollary 6.4.2

Lemma 7.2.1 The minimal Maslov number N of the pair (CP*, RP”) is
as follows

N=n+1 (7.3)

Proof: For n =1 this is well known (it follows basically from the axioms,
see Appendix B). For n > 1 consider the homology exact sequence of the
pair (CP”, RP”). It has the form

0 = Hy(CP", Z) — Hy(CP",RP"; Z) - H|(RP"; Z) — 0,
because H(CP"; Z) = Hy(RP"; Z) = 0. Since H(CP"; Z)= 7Z and

H; (RP”; Z) = Z; we deduce that Ho(CP", RP”; Z) equals either Z or
7 & 7;. Now RP" decomposes the line CP! ¢ CP” into two discs that
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represent the same homotopy class in w2(CP", RP"). This implies that the
homomorphism

H:y(CP*; Z) - H,(CP", RP™, Z)

is given by multiplication by two and that H,(CP", RP"; Z) = Z. Let
[CP'] € H(CP™; 7) be the generator. Hence there is an element A &
Hy(CP", RP", Z) such that 2A is equal to the image of [CP"] under the
homomorphism

7 = Hy(CP"; Z) =5 Hy(CP", RP™; 7).

This implies that A is the generator of H,(CP", RP"; Z) = Z. Since the
Maslov class of 2A € mp(CP", RP”) is equal to (see [RS2))

2{ci(TCP"),[CP’D = 2(n+ 1)
we have proved the lemma. 0

Lemma 7.2.2 Let (M, w) be a symplectic manifold and A ¢S'x M be an
exact Lagrangian loop such that (M, Ag)is a monotonepair with minimal
Maslov number N. Then

pa () = pa(ug) mod N
for all ug, u; € Map, (D, M).

Proof: If ug(e?™) = y | (e¥™!) for every t € R then up (with reversed
orientation) and #| form a sphere and the difference up (u1) = pa(uo) is
equal to twice the first Chern number of this sphere. Hence the difference
of the Maslov numbers is an even multiple of N. This continues to hold
whenever ug|gp is homotopic to # {|ap as a section of the bundle A — § I

For any two maps g, 4 | € Map, (D, M) there exists a smooth func-
tion v : (D, dD) = (M, Ao) such that v(—1) = uy(1) and the connected
sum wup#v is homotopic in A to # | along the boundary. Since, by the defl-
nition of the Maslov index in Appendix B, pa (uo#v) = pa(uo) + pa(v),
we find, by what we have just proved

pa (i) = pa(uohv) = pau)) = pp (o) = pipg(v) € INZ.
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Since, by the monotonicity assumption, pa,(v) is an integer multiple of
N, the lemma is proved. a

Retuming to the loop A C S! x CP” we observe that the Hamiltonian
function H in (72) is a Morse-Bott function with critical manifolds

ot ={0 1z 200 Gy, w) e CHA{O}),

C™i={lzo: 010 0:Zggr: ++ 1 znl
(ZO’ Lk+1s Zn) € Cn_k+]\ {0}}

Note that A attains its minimum, which equals (¢ — n = 1)/(2n + 2),
on Ct and its maximum, which equals k/(2rn + 2), on C~. Moreover,
C* NRP"C A, forevery t. Let us denote by

A% € Hy(D x CP", A; Z)

the homology classes represented by the constant functions D — CP”
with values in C* N R P". The next lemma shows that A has Maslov index
k €Z,41,thatisk modn + 1, us claimed in the introduction (see (1.2)). It
also follows from the next lemma that the homology classes 4* € Hy(D X
CP", A; Z) satisfy the condition (6.6) for the definition of the Gromov
invariants.

Lemma 7.2.3
pa(AT) =k =1—=n,  up(A7) =k (7.4)
Proof: 1In the case of A~, consider the constant function
u(x,y)=p=[1:0:..:0]

Then a trivialization of the pull back tangent bundle u*TCP” is deter-
mined by the coordinate chart [zu : : z,] = (21/20, , 2a/20)- In
these coordinates the Hamiltonian flow is

; = (e]“.rgl: - -veﬂi‘€k1 Ck-H! ey é'n)

Since T,Ag = R"* C C" = T,CP", we see that the Maslov index of the

loop t +> Tp A, is equal to &, see Theorem B.O. 1. This proves the second
equation in (7.4) and the first follows from a similar argument. Q
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7.3 Computation of the Gromov invariants

Since N = n + 1 it follows from Lemma 723 that the classes AT sat-
isfy (6.6), that is

n+pa(ANY=n+k-1-n<n—-1=N-2
n—up(A7)=n—-k<n—-1=N-2

and hence the requirements of Theorem 6.3.1. The next theorem shows
that the Gromov invariants Grfi o{A) are nonzero. Here the subscript 0
corresponds to the choice t = #; = 0 for the evaluation map.

Theorem 7.3.1
Gri. o(A) = [RP*') € Hi 1 (RP"; Zo),

Gry_ o(A) = [RP"™] € H,i RP"; Z).
Proof: Let r € T(A) be given by (4.3) with ¢ = 0 and

= sin(2t)p(r) G cos(2mt)p(r) H

Fry - 2nr H, Hr = 2r

§

where re*™ = x + iy and H is given by (7.2). As in (4.9).
p:[0,11=[0,1]

is a smooth nondecreasing cutoff function such that P(r) = 0 for r near
0 and p(r) = 1 for r near 1. The formula for the curvature introduced in
Chapter 4 yields

_ )
2mr

Qu(re’™, 2) = H(z) (7.5)
for z € CP" shows that Q2 (x, y,z) >0 forz € Ctand Q. (x, y,2) £0
for z € C~. From (7.5) and Lemma 6.1.2 with ¢ = 0 and E(u) = 0 (since
u 1s constant and takes values in the set of critical values of F and G) we
get that

{[z], ATy = —f Q. (x, y,u)dxdy:f gﬁ}z)r drdt
D D ahr
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and similarly for A~, Since H attains its minimum on C% and its maxi-
mum on C~ it is easy to compute the above integrals and we get

k—1—n
2n +2

The explicit formulae for F and G show that C¥ consist entirely of crit-
ical points of Fyyand Gy, for all x + iy € D. This shows that the
constant functions ¥ : D — CP” with values in Ct U C~ are hori-

zontal for the symplectic connection determined by t. In explicit terms
oyu = Xp(u) and dyu = X ¢ (#). Hence these constant functions satisfy
both equations (6.1) and (6.3) for every J € $(D; CP”, w). The constant
functions with values in (C* U C~) NRP" satisfy in addition the boundary
condition u(e***y € A, for all £. The formula (7.4) shows that the constant
solutions with values in CT N RP” and those with values in C~ N RP”"
represent different homology classes (since they are distinguished by their
Maslov index).

We prove that, for every J € $(D; CP", w),

([x], Aty = . {[z],A-) = (7.6)

Ma+(z,J)={u:D > CtNRP"|du=0}. (7.7)
To see this, let 4 € Ma+(t, J). Then, by Lemma 6.1.2 and {7.5),
0 < E)
= (15 4% + [ Qute,yue ) dxdy

—-—k " l—f/p(r)H(u(rezmt))drdt
0 JO
l

1l

< — - 5(r) min H drdt
S Tmr2 s 8 p(r)
= 0.
Hence every u € M 4+(t, J) satisfies E(w) = 0O, therefore
pry#0 = H@re’™"))=min H

The latter implies that u#(xp, yo) € C* for some point Xy + iy € D.
We would like to show that u(x, y) = u(xp, yo) for all (x,y) € D. From
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E(u) = 0 we conclude that u is a horizontal section of D x M with respect
10 7. Now let X1 + iy1 € D, choose a path [0, 1] = D : t = x(t) + iy()
that connects xg + iyp to x; + iyy, and define 7 : [0, 1] = M by

z(t) == u(x (1), y()).

Then z(0) € Ct and

20 = FDXFyy,0@O) + FOX6 40 @D).

Since C7 consists of critical points of Fy,, and Gy yforall x 4+ iy €D it
follows that z(r) = z(0) for all { € [0, 1]. Hence u is constant. The bound-
ary condition shows that this constant lies in Ct NRP”". This proves (7.7).
Hence M 4+ (1, J) is diffeomorphic to RP*~! for every J and, in particu-
lar, for every J € g;gg(z, A). The evaluation map u > u(l) is obviously
an embedding of Mx+(7, J) = RP*Vinto WP”. A similar assertion holds
for M4- (t, -J) and this proves the theorem in view of the definition of
the Gromov invariants in (6.7). a

7.4 Calculating the invariants v, X and ¢ of pro-
jective Lagrangian loops

Identify CP” with the quotient $***'/S'. The action of SU(n + 1)
descends to the quotient, since for A € S'and w = Az for w,z € §¥+!
and for A € SU(n + 1) we have Aw = AAz = AAz and hence

[Aw] = [AAzZ] = [AZ]

where [ ] denotes the equivalence class in the quotient. A matrix 4 €
SU(n 4+ 1) acts as the identity on CP” if Az = Az for some A € s!

and for all z € CP" this means that 4 = Aid. Since 4 € SU{n + 1),
1 = det(A) = A"*! and therefore A isan n 4+ 1-th root of unity. So the

projective special unitary group can be identified with the quotient

PSU(n + 1) = SU(n + 1)/{e™T | k = 0,. . , n).
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Since m1(SU(n + 1)) = mo(SU(n + 1)) = 0 (because SU(n + 1) is simply
connected,see the proof of Proposition 2.21 in [MS1]) we deduce that

71 (PSU(n + 1)) = Zyps 1.

Let PL(n+ 1) denote the manifold of projective Lagrangian planesin CP ",
which can be identified with the quotient PSU(n 4 1)/SO(n + 1).

Lemma 7.4.1 m) (PL(n + 1)) = Z,4.

Proof: We have the following long homotopy exact sequence (see for
example [Br], Chapter VII)

0 =ma(PSU(n + 1) = mPL(n + 1)) = 1(SO( + 1)) 5>
71 (PSU( + 1)) — 11 (PL(n + 1)) — mo(SO(n + 1)) = 0,

where ) (SO(n + 1)) = Z; and 7y (PSU(n 4 1)) = Z,41 Here we have
also used that mp of a compact Lie group is zero (see [BD] Proposition 7.5).
For n+ 1 odd the map 8 can only be the zero map and hence m; (PSU(n+
1)) = 7y (PL(n + 1)), which proves the lemma. If # + 1 is even, we need
to study the map B in more detail. This map is induced by the composition
of maps

SO(n + 1) & SU(n + 1) = PSU(n + 1),

which maps id and -id to the same element of PSU(r + 1). Therefore the
map f is again the zero map, which proves the lemma also in this ¢ase. O

For k € 7 we denote by AF C §1x CP” the exact Lagrangian loop
delined by (1.1) in the introduction, i.e A¥ == ¢, (RP"), where

620 © 2l = (€20 ;21 ¢ 2

If k is divisible by n + 1 then this loop is contractible (since the Maslov
index is defined modulo n + 1 and since it is a homotopy invariant, divis-
ibility by n + 1 is equivalent to being contractible). If £ € (1, , n} and
k =Kmodn + 1 then AK" is Hamiltonian isotopic to A¥. Our main result
is the following corollary of theorem 7.3.1

Corollary 742 If 'k is not divisible by n + 1 then
1
v(AY = x(AH = &) = <.

Ifk is divisible by n+ 1 then v(A¥)= x (A%) =0,
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Proof: Letk € {1,...,n}. Then the loop A, given by (7.1) namely

A= 1 x yRPY),
reR
is Hamiltonian isotopic to AX and hence

e(Afy=e(n),  x(ahy=x(a),  wab = uA).

By Theorem 7.3.1, Grj‘_+ o(A) # 0 and Gry_ ,(A) # 0. Hence, by Corol-
lary 6.4.2 and (7.6), , ’

+ _ I e
e (r, A) =z =([z], A )——2n+2,
- k

£ (t, A) £ —([r], A-) = Tt

Here t € J(A) denotes the connection 2-form introduced in the proof of
Theorem 7.3.1. Hence

e(A) =¥ (r, A) &7 (1, A) > %

Recalling from section 7.1 that v(A) < £(A) = 1/2 the result now follows
from the inequality
e(A) < x{(A) = v(A)

proved in Corollary 4.3.4. O

Remark 7.4.3 Our invariants do not distinguish between A’ and A* un-
less one of the numbers is divisible by n 4 1 and the other is not. However,
if

ged(, n+ 1) # gedk, n + 1)
then the iterated loops A™ and A™ have different invariants for some
m. To see this stippose, without loss of generality, that ged(G, n + 1) <
ged(k, n+ 1) and denote

m = n+t . on+l
T gedtk, n+ 1) oged(j, n + 1)
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Then mk is divisible by n + 1 whereas mj is not. By Corollary 7.4.2,
V(A™) £ v(A™6).

In the case of Hamiltonian loops the analogue of the line T(A) has a nat-
ural basepoint and in that Cas¢ there are separate invariants &¥(P) and
¢~ (P) that contain finer information than their difference.

Remark 7.4.4 We conjecture that the constant loop A® = §' x RP” sat-
isfies S(AO) = 0. This does not follow from the techniques of this paper.

The homology class A? € H*(D x CP", S' x RP"; Z), represented by

the constant maps D — RP", satisfies 1 ,0(A%) = 0. Hence A® does not

satisfy our condition (6.6) for the definition of the Gromov invariants, al-

though the arguments of Theorem 7.3.1 carry over to the constant loop A”
with A* = A~ = A0 Tt should be possible to circumvent the problem of
compactness in the sense of Gromov described above by using the invari-

ants introduced in Cieliebak—Gaio-Salamon [CGS]. We expect that these
techniques apply to the constant loop Adin CP”.

Remark 7.4.5 Let (M, @) be a symplectic 2n-manifold and L be a closed
n-manifold with H'(L; R) = 0. In [W] Weinstein considers the space
of all pairs (A, p) where A ¢ M is a Lagrangian submanifold diffeo-
morphic to [ and p is a volume form on A (or a smooth measure in the

nonorientable case). He interprets this space as the cotangent bundle of
£ = L£L(M, w, L) and examines the symplectic action functional on the
loop space of T*L. In [D] Donaldson interprets this cotangent bundle as
a symplectic quotient of the space of all embeddings ¢ : L — M with
vanishing cohomology class ¢*[@] by the group of volume preserving dif-
feomorphisms of L (with respect to a given smooth measure). The group
action is Hamiltonian and the zero set of the moment map is the space of
Lagrangian embeddings of L into (M, w). It would be interesting to €X-
amine analogues of the invariants studied in the present paper for loops in
T*.L and relate these to the work of Weinstein and Donaldson.



Chapter 8§

A non-trivial Legendrian ‘knot’

In this chapter we present an example of a non-trivial Legendrian 2-sphere

in the 1-jet bundle of RZ, A certain familiarity with contact geometry is

assumed and we c¢laim no completeness here. For definitions and proofs of
theorems that we use, we give the necessary references.

8.1 Contact geometry

See e.g. [MS1] for a more rigourous introduction in contact geometry. A
contact structure on a manifold M of dimension 2n + 1is a field of hy-

Perplanes £ ¢ TM which is as far as possible from being integrable. The
complete non-integrability of £ can be expressed by the inequality

a A (da) # 0

where £ is locally described by & = kera for a local Iform «. For sim-
plicity, we will assume that £ is transversally orientable so that it can be
globally described as the kernel of some 1 -form «. The model example of
a contact manifold is the 1-jet bundle g' (N)=T*N x R of an n-manifold
N with the 1-form ¢ locally given by ¢ = dz = A described in section 8.2.

A diffeomorphism ¥ : M — M is called a contactomorphism if it
preserves £ so that

Yra = e;’(x,

for some function h : M — R. A contact isotopy is a smooth |-parameter
family , of contactomorphisms such that ¥ = id. For non-compact

93
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manifolds we will always assume that the isotopy has compact support. An
integral submanifold L of £ of dimension n is called a Legendrian sub-
manifold of (M, &) i.e. TL ¢ &£. We call two Legendrian submanifolds Lg
and L, Legendrian isotopic if there exists a Legendrian isotopy V¥ (this
means that ¥, (L) is Legendrian for 0 <t < 1) such that (L) = Lo and
Y1 {Lg) = L;. The question when two Legendrian submanifolds are Leg-
endrian isotopic is one of great interest and has at the moment of writing
only been answered in a few special cases, see for example [EF].

Remark 8.1.1 The Legendrian isotopy extension theorem, see for a proof
e.g. [Tr], states that for a closed Legendrian submanifold L of (M, &) and
an isotopy { : L = M with (p(L) = L and (L) Legendran for all
t € [0, 1] there exists a contact isotopy ¥: : (M, §) = (M, &) such that
¥r,|. = ;. This justifies the name Legendnan isotopic instead of for exam-
ple contact isotopic.

8.2 Legendrian knots in ! (R")

Consider the 1-jet space g'(R") = T*R" x R of real valued functions
on R" with coordinates (x, v, z) = {X1,. , Xn, YIs, ¥u, 2). This is a
contact manifold with contact form

o =dz— A,
where A = Acan = 21— yidx;. Observe that the zero section
(., 2ed By =2-0
is a Legendrian submanifold and so is the l-jet
=1 df (), f) € 3 RM)

of a function f : R® = R. A Legendrian knot is an embedding (: R" =
5(‘(11{“) such that ¢(R") is Legendrian and such that ¢(IR") coincides with
the zero section outside a compact set. We also say that ¢(R")is flat at
infinity. In this chapter we study Legendrian knots. Let

7 dHRY > 3P°R") =R" xR
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denote the obvious projection sending (x, y, z) to (x, z). We call the im-
age n(L) of a Legendrian submanifold L its wave front. Note that the
wave front determines the Legendrian submanifold uniquely. So it suf-
fices to study the wave fronts of Legendrian submanifolds to determine
whether the corresponding Legendrian submanifolds are Legendrian iso-
topic to each other or not.

If # = 1 there are the so called Bennequin number and the Maslov
number. In case of the topological unknot, theses can be used to determine
whether two oriented Legendrian knots are isotopic or not, see [EF]. These
are calculated by studying the wave front. The Bennequin number tb(L} of
a Legendrian knot [, is equal to the number of positive crossings minus the
number of negative crossings minus half the number of cusps (a crossing
is positive when the two rays exiting the crossing are on the same side of
the vertical and negative otherwise). The Maslov number w(L) is equal
to half the number of cusps passed downward minus half the numbers of
cusps passed upward, see eg. [FT]. Consider the following wave front, see
Figure 8.1.

Figure 8.1: A non-trivial and a trivial Legendrian knot

This knot can easily be seen to be smoothly isotopic to the zero sec-
tion. Consider the lift to gll (W) see Figure 8.2.

Now project the knot onto the xy-plane. We then get an ordinary knot
diagram, see Figure 8.3. We know that two knots are isotopic (sometimes
also called equivalent) if we can deform one knot diagram into the other
through Reidemeister moves, see e.g. [L]. It is easily seen that this is pos-
sible here.

On the other hand, this knot is not Legendrian isotopic to the zero $ec-
tion, which can be seen by computing the above mentioned invariants. The
wavefront of this knot has no crossings, two upward cusps and two down-
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Figure 82: Lifting the knot

N Lo
D/\/Q

y

Figure 8.3: Projecting the knot on the xy-plane
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ward cusps and therefore the Bennequin number is -2 and the Maslov
number is 0. For the zero section these numbers are both zero and since
these numbers are in this case Legendrian invariants, we deduce that these
two knots are not Legendrian isotopic.

Figure 8.4: A non-trivial Legendrian 2-sphere

Consider now the following wave front, see Figure 84, of g
2-dimensional Legendrian knot in gl(]Rz), which is a generalisation of
the above described one dimensional knot, obtained by rotating the wave
front around the z-axis. We quote the following theorem from [RS] where
we have applied the remark about codimension 3 and the exercise about
manifolds, which are not closed.

Theorem 8.2.1 Suppose fo, fi - M™ — int N" are homotopic embed-
dings, which are jixed outside a compact m-manifold My C int M, and
suppose h = m > 3. Then fo(M) and f1(M) are ambient isotopic by an
isotopy supported in a compact set in int N.

This theorem applies by setting M = R? which is not closed and
by setting N = ' (R?). We know that the above embedding of R? into
g1 (R?) is homotopic to the standard one (i.e. the 1jet of the zero function).
This follows from the Hopf’s degree theorem for spheres. Computing the
degree outside the compact subset we see that the number of inverse im-
age points is one and hence the embedding is homotopic to the Standard
one. Theorem 8.2.! implies that the embedding is also isotopic through an
ambient isotopy to the standard embedding.
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However, in higher dimensions there are so far no Legendrian knot in-
variants, like the Bennequin number and the Maslov number, to determine
whether they are also Legendrian isotopic. So we need to use other tools
to determine whether or not this is Legendrian isotopic to the trivial knot.
In the next section we will prove the following theorem.

Theorem 8.2.2 The above wave front is not Legendrian isotopic to the
zero section.

8.3 Generating functions

We observed earlier that the 14jet of a function determines a Legendrian
submanifold of gll (R™). It is, however, not true that every Legendrian sub-
manifold ¢an be described as the I-jet of a function. In this section we will
extend the idea of I-ets and introduce generating functions. We will see
how they can be used to say something about Legendrian submanifolds.

Consider the trivial vector bundle E := R" x Rf — R” for some
keNLetS: R"x R = R, (x, g) +> S(x, g) be a function that equals
zero for 1x| 3> 0 and whose fiber derivative is transverse to zero, that is, the
Jacobian of %(x, q) has maximal rank whenever %(x, q) = 0. Observe
that

s ={x,9) €E S, ) = 0)

is a submanifold of E. Define the map ¢ : s — ' (R™) by
(x, g) = (x, B(x, ), S(x, 9))

then ((Zg) is an (immersed) Legendrian submanifold. If for |g| 3> 0,
S{x, q9) = Q(g), where Q is a non degenerate quadratic form, § is called a
generating function quadratic at infinity abbreviated by g.f.q.i.. Given a
Legendrian submanifold L then § is said to be a g.f.q.i. for L if¢«(Zs) = L,
| is an embedding and dim X5 = n.

Theorem 8.2.2 is proved by combining the following two theorems,
which we will only state (for proofs see the references).

Theorem 8.3.1 (Bhupal [B], Theret [Th]) Let L be ¢ Legendrian subma-
nifold of §'(R™). If L is isotopic to the zero section then L has a g.fq...
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This theorem has first been proved in the Lagrangian case by Viterbo [V]
and Sikorav [Si]. Theorem 8.3.1 may also be attributed to Chekanov, al-
though he has not published it.

Theorem 8.3.2 (Chaperon {Chl,Joukovskaia [Joul], (Jou2}) Let L be a
Legendrian submanifold of g‘ (R™).If L possesses a g.f-q.i- then its wave
front (L) has a Lipschitz continuous section.

Proof of Theorem 8.2.2: Figure 8.4 shows that the wave front does not
possess a Lipschitz continuous section (it does not even have a continuous
section). By Theorem 8.3.2 L does not have a gf.q.. and hence, by Theo-

rem 83.1, L is not Legendrian isotopic to the zero section. This proves the
theorem. a



Chapter 9

Travelling wave solutions of a
fourth order semi-linear
diffusion equation

And now ..., for something completely different. This chapter has appeared
as the joint paper [AH].

9.1 Introduction

In this chapter we are interested in travelling wave solutions, that is solu-
tions of the form i = u(x, ) = u(x = cr) for some ¢, of the fourth order
equation

4 2
du o 3;25 +f), fW=@=-a(l ¥,  OD

ot Vixs * a

where -1 < a <0 and y > 0. We are looking for solutions that connect
the two stable states u(x, 1} = =1 of the ordinary differential equation
W = (U =a)(l = u?). This equation has many applications in e.g. popula-
tion genetics and pattern formation, for references see [PT1].

101
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When ¥y = 0 a travelling wave solution 1s given by
2t
u(x, t) tanh a\/_ ) (9.2)

with wave speed ca = a~/2, which is negative if g < 0. The wave profile is
independent of ¢ and for ¢ = 0 this travelling wave solution is a stationary
solution of (9.1) with y = 0.

Equation (9.1) with ¥ = O with a slightly more general non-linearity
has been studied extensively in [AW1], [AW2], [FM] amongst many oth-
ers. It has been shown that for this type of non-linearity there exists a
unique (except for symmetry and translation) travelling wave solution, i.e.
a solution of the form u(x, t) = u(§) where £ = x = ct for some ¢, con-
necting the stable states y = % 1.

If y > 0 and a = 0 equation (9.1)) is called the Extended Fisher-
Kolmogorov equation (EFK), which is a fourth order extension of the
classical Fisher-Kolmogorov equation (FK). In a series of papers [PT1],
[PT2], [PT3], [PT4], [PTV] existence results on stationary solutions and
their properties have been proved. In these papers one studies, in view of
the symmetry of the non-linearity, odd solutions and hence the conditions
u(0) =0, u”(0) =0 and u(o0) =1 are imposed. One distinguishes two
different cases y < 1/8 and y > 1/8 where the behaviour of solutions is
different.

In both cases an energy identity ¢an be used to reduce the order of the
equation. If y < 1/8 the order can be reduced further by assuming mono-
tonicity of the solutions and the remaining problem is of second order. In
[PT1] this is used to show that there is a unique solution for y < 1/8. If
¥ > 1/8 monotonicity is lost, This ¢an be seen by linearising the equation
at y = #£1. The eigenvalues are now complex so that any solution con-
verging to 4 = % 1 must be oscillatory. In [PT4] a shooting method is used
to prove the existence of families of different kinks. In [PTV] the varia-
tional structure of the stationary equation is used to prove existence of odd
equilibrium solutions connecting the stable states i = fl.

In this chapter we look for travelling wave solutions of equation (9.1).
The resulting travelling wave equation neither has a conserved energy nor
a variational structure and also the symmetry is lost. Thus the methods
of [PT1] and [PTV] cannot be applied directly here. For small y however,
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equation (9.1) can be seen as aperturbation of (9.1) with ¥ = 0 and it is this
view that is taken in this chapter. With the methods of geometric Singular
perturbation theory as developed in [Fe] and [J] we prove the following

Theorem 9.1.1 For y > 0 sufficiently small there exists a ¢ = c(y) for
which there is a travelling wave solution of (9.1) connecting the steady
states u = X1, The rate of change of the wave speed with respect to vy is
given by

de

T o= —1/5v2a(24% = 3).

The chapter is divided as follows. In section 2 we describe how geo-
metric perturbation theory is used to construct a locally invariant manifold
M,, for the travelling wave equation when y is small and positive. In sec-
tion 3 we use this manifold to obtain a travelling wave solution. In the last
section we compute the rate at which the wave speed changes when the

fourth order term is added.

9.2 Geometric Singular Perturbation Theory

Our approach in this section is similar to that in [GJ] where existence of
a travelling wave solution is proved for a sixth order equation, but our

calculations are more explicit. After substituting u = u(£), where £ =

X — ct, and setting y = ¢ where € > 0 in (9.1) we obtain the following
boundary value problem:

—e2y" + '+ w + (U = a)(l - uz) =0 on R
(Pe) lim w(g) = -1, lim limes oo u(€) = 1,
E——o0 £—c0

where primes mean differentiation with respect to §.
We can write the differential equation in problem (P¢) as a first order

system

[

w=v
!
v =w
S
% S

g7’ = w+ cu+(u = a)(l - u?),
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and setting § = &n we obtain

u=Eev

V=8Ww
(Fe) .

w =2z,

F=wt cv+ U =a)(l=u?),

where dots denote differentiation with respect to 5. Note that (Se) is sin-
gular at £ = 0 because (So) is not a well-defined dynamical system in R,
Having set § = €5 we overcome this problem. The time scale given by £ is
said tobe slow whereas that for 7 is fast, hence the corresponding systems
are called the slow system (S;) and the fast system (F;). The latter is well-
defined for all ¢ including ¢ = 0. For € 3 0, {(F:)} and (S;) are equivalent
and the critical points are (- 1, 0, 0, 0), (a, 0, 0,0} and (1, 0, 0, 0).

If ¢ = 0 we define Mn to be the two dimensional manifold of critical
points of (Fp):

My :={(u,v,w,2) € R4| z=0,w=—cv—(u—a)l — uz)}.

Geometric perturbation theory uses both the above Systems: (Fg) provides
us with an invariant manifold M, close to My and we study the flow of (S¢)

restricted to this manifold. The main theorem that we use is the invariant
manifold theorem due to Fenichel and we use the Version formulated by
Jones [J]. In our context this theorem yields the following:

Theorem 9.2.1 (Fenichel) If My is a normalily hyperbolic manifold, then
for all R >0, for all open intervals I with cg € [ and for all k € N there
exists an €g > 0 depending on R, | and k such that for all € (0, £o) there

exists @ manifold My, given by

M= {0, w, ) €Rw= @, v, ¢ £),2= YU, v ¢ ),
(u, v) € Br(0), ¢ € I}

with ¢ and {r in CK(Bg(0) x I X 10, eol), which is locally invariant under
the flow of ( F¢).
In order to apply this theorem we must ensure that the hypothesis on

M, is satisfied. The radius R that we choose must be so large that Mo N
Br(0) contains the connection from — 1 to 1 at ¢ = 0. We also fix k > 2.
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For Mp to be normally hyperbolic we must check that the eigenvalues
It associated to the eigenvectors of the linearised problem for any point in
My at n = 0, which are transversal to the tangent space, have non-zero real
part. Note that ¢ can either be seen as a Parameter in which case My is a
two-dimensional manifold, parametrised by y and v, or as an extra variable
in which case we need to add the equation ¢’ = 0 and My becomes a three-
dimensional manifold.

The linearisation of (Fy) at the point (v, v, w, z) € My is given by the
matrix

0 0 0O
0 0 0O
0 001
fuy ¢ 1 0
Its set of eigenvalues is always (0, 0, =1, 1}. Only the two zero eigenval-

ues have eigenvectors tangent to Ma. Thus My is normally hyperbolic. If
we view ¢ as a variable instead of as a Parameter, Mo remains normally
hyperbolic.

Since ¢ and v are C¥ functions in «, v, ¢ and & we can write down
their Taylor series in &, i.e.

k

¢, v, c )= quf(u, v, 0)s' + P, v, ¢, £)¢", (9.3)
i=0

k
¥lu, v,c,8)-= Z WYilu, v, o) + Wi, v, ¢, &)sk, (9.4)
i=0

where & and ¥ are continuous in € = 0 with ®(u, v,c, 0) = 0 and
W(u, v, c, 0) = 0. In the remainder of this section we compute the €O-
efficients of ¢ and ¥ explicitly. Clearly we have

Go(u,v,¢) = —cv —(—a)l—u’)a n d Yo, v,c)=0
Since M, is locally invariant, the fast vector field

(ev, nw, z, w + cv + f(u))
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is perpendicular to the two normals
(8_¢, 9% -1,0) and (% W ooy
du v du  dv
of M. Taking the inner product of the fast vector field with each of these

normals we obtain the following two coupled non-linear partial differential
equations

v, v,c,E) - E(UM 3o (u, v, c, )

U v e ) ) (o)

¢, v, ¢, e)tcv + f(u)=
oyr(u, v, ¢, €) o0y (u, v, ¢, &)
S(UT—}—(;)(u,u,c,s)T), (9.6)

for ¢ and . We now successively compute the coefficients in (9.3) and (9.4)
from (9.5) and (9.6). We already know the zero-th order coefficients for ¢
and v and substituting the zero-th Orderterm of ¢ into (9.5) gives the first
order term for . Substituting the zero-th order term of ¥, which equals
zero, into (9.6) we see that the first order term of ¢ vanishes. Thus

¢y (u,v,c) =0 and
Vi, v, 0y = v(1 + & = 3u®+ 2au) + c(u - a)(1 — u?).

Similarly we find second order terms

Gau, v, ¢) =[—v*(—6u + 22) + 2v{—2u(u = a) + 1 — u?)c —cv
+ (1 = ud)(u - a)(—2u(u — a) + | = u?)
= (1 =)= a)} (9.7)

Ya(u, v, ¢) - 0. (9.8)

Continuing in this way we c¢an solve for all the coefficients whereby we
remark that all the odd coefficients of ¢ and all the even ones of y are
zero.
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9.3 The flow on M. : construction of the travel-
ling wave

In this section we prove the existence of a travelling wave solution for (9.1)
for sufliciently small y by showing that the heteroclinic orbit correspond-
ing to (9.2) as a solution of the second order problem (Po), is a transversal
intersection of the unstable and stable manifolds of respectively u = -1

and u = 1. We consider the slow equations restricted to the invariant mani-
fold M, in Theorem 9.2.1. The resulting reduced slow system is well de-
fined for £ = 0:

=
v'=w= ¢, v,c E),

s) [

| v=w-fu)

The latter are the phase plane equations for the second order travelling
wave equation in (Pu). This system has three non-degenerate critical points
(-1, 0), (a, 0) and (1,0) and thus it follows from the implicit function
theorem that for & small there are still three critical points, which depend
in a C¥ fashion on ¢ and . Since these three points must correspond to
the three critical points (- 1, 0, 0, 0), (a, 0,0, ®) and (1 , 0, 0, 0) of the full
system (S¢), they are independent of ¢ and c.

For ¢ = 0 and ¢ = ¢y = a+/2 the travelling wave solution (9.2)
corresponds to a saddle connection in the phase plane of (S;) connecting
the saddle points (- 1,0) and (1, 0). This connection is given by

-] 2
- 1 — .
v Ji( u)
By the stable manifold theorem we can for small ¢ still parametrize the
unstable manifold of (- 1, 0) and the stable manifold of (1, 0) in the phase
plane of (S;) locally as C* functions of u. Denoting these functions by
holu, ¢, &) and hi(u, c, €), we have ho(—1,¢,&) =0and i (1,¢c,£) = 0.
Using smooth dependence on initial data we can continue ko and h to

= 0if ¢ is small. We want to show that, for possibly even smaller &,
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there exists a unique ¢ = C(E) such that #¢(0, c(E), €) = h| (0, C(E), &).
Thus we introduce

G(c, &) = ho(0, ¢, E) = h1(0, ¢, &).

The existence of C(E) will follow from the implicit function theorem if we
prove that %—(eo, 0) £0.
For v # 0 we can rewrite (S;) as
dv _ ¢, v,c,¢)

W= ©9

When we first differentiate (9.9) with respect to ¢ and set ¢ = ¢gand ¢ = O,
we get

duw fuw)

dhg
T f = =2 _
du h%(u,co,O) wu) for w(u) ” (u, co, 0). (9.10)

Since ho(—1, ¢, 9 = 0 we have w(— 1) = 0. Note that all the higher order
terms of ¢ have disappeared because we have set ¢ = 0. Similarly, we get
for w(u) = %(u, co, 0), that

RO

@(u)Z I +
du h%(u,c‘g,O)

(u) (9.11)

and (1) = 0. Since Ag(u, cg, 0) = h1(u, co, 0) = %(1 —u%),(9.10) and
(9.11) both read

dw 2=~a)

whence, in view of w(-1) = W(1) = 0,

w(0) = -f_ol(l — )71+ 5) s

and

1
W(0) =f0 (1=s5)179(1 + »H'*ds.
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Thus

P 1
_a%co’ 0) = w(0) = HO0) = — / a4 '+ s = 1 < 0.
- (9.13)

Hence by the implicit function theorem there exists a neighbourhood U of
0 such that we can find a C* map ¢ : U — R such that G(c(g), &) = 0
forall £ € U. So we have found a connecting orbit of (S;) from (—1,0) to
(1, 0) for ¢ sufficiently close to 0 and thus we have proved existence of a
travelling wave equation of equation (9.1) for sufficiently small ¥ > 0.

9.4 Rate of change of the wave speed

The implicit function theorem also gives us the dependence of the wave
speed on ¢ or rather on y = £, because as we saw earlier, the only non-
vanishing terms in ¢, see (9.5) and (9.6) and thereafter, are the even powers
of ¢. We next compute %(yi

As before we start with (9.9) and differentiating with respect to y
followed by setting ¥ = 0 and ¢ = ¢y we get, in view of (9.7) and (9.8),
—(u) = 2/ 2u(3u? = 2) + ( — %)

dhg
> 2(u) for z(u) = —;—(u co, 0).
(9.14)

Similar calculations as before show that for z and z(u} = %}(u, co, 0)
G
5?(00, 0) = 2(0) = 3(0)
!
= -2J§f 5352 = (1= $)179(1 + 5)Feds = by,
-1

(9.15)

whence, with (9.13), using either the calculus of residues or gamma func-
tions,

-1
ey __% (a_q) =—————fa(2a -3).
dy ly=0 dy \ dc I
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Note that L%C; is negative, so by adding a fourth order perturbation to the
second order travelling wave equation the wave speed, which is negative
for our choice of g, decreases. In other words the absolute value of the
wave speed increases under the perturbation of (9.1) with y = 0 with the
fourth order term in (9.1).

In the special case when a = 0 the wave speed ¢y = 0 and the travel-
ling wave is an odd stationary Solution. It is shown in [PT1] that this ‘kink’
Solution satisfies

| |
—< w0, y) < = for 0 <y < 5 (9.16)

|
V2(1 4 4y)3 V2

Here 1'(0, y) is the derivative of u with respect to £. From our calculations
we have

Bu’ aho

—(0, 0) = —(0,0,0) = z(0

8}/( ) 3y ( ) = 2(0)

0 1
=~ | 2V23s* = (1= (1 + 5)ds = ——,
L V2535 = 2)(1 = s)(1 + s)ds 7

which is consistent with (9.16) and shows that the lower bound is sharp.



Appendix A

Symplectic fibrations

In this appendix we will briefly discuss some facts about symplectic con-
nections and their curvature. The manifolds under consideration are closed
i.e. compact and without boundary. All that is written down here ¢an be
found in [MS1] and [GLS] and we have added it for the sake of complete-
ness only. Most lemmata will be stated without proof, but we will give
precise references for the proofs. We will start by recalling some defini-
tions.

A.l Symplectic connections

A smooth map 7 : P — B between smooth manifolds is said to be a
locally trivial fibration with fibre M (also a smooth manifold) if there
is an open cover {Uy} of B and a collection of diffeomorphisms ¢,
7~ (Uy) = Uy X M such that

progy =1

where 7 7= (U,) = Ug and pr: Uy x M — U,. We always assume
that B is 2-dimensional although this is not necessary. The maps ¢, are
called Jocal trivialisations. Denote by M, = Al (b) the fibre over b€ B
and by ¢y (b) : Mp — M the restriction of ¢, to M, followed by the
projection onto M. The maps ¢yg - Uy N Ug — Diff(a) delined by

b (b) := p(b) 0 P (b))}

111
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for b € Uy N Ug are called the transition functions. A fibration is said
to have structure group G C Diff(M) if the transition functions all take
values in G.

We are interested in the case that the tibre is a compact symplectic
manifold (M, w) and the structure group is G C Symp(M, w) i.e.

dap(b) € Symp(M, w)

for all &, f and all b € U, N Up. In this case we call ¥ : P - B a
symplectic fibration. Each tibre M, carries a natural symplectic structure
wp € Q3(M,,) defined by

wp = Pu(h)w
for b € Uy. Since

$p(D)w = (Pap(B) 0 ¢ (b)) @ = ¢ (b) 0 Prg(B)w = ¢ (b)w

it follows that ey, is well defined.

Given a symplectic fibration m : P = B Define Vert, = ker dm(x)
for x € P to be the vertical tangent space to the fibre. A connection is a
field of horizontal subspaces Hor, ¢ T, P such that

T. P = Hor, & Vert, forall x € P. (A.1)
Now every path y : [0, 1] = B determines a diffeomorphism
dy : My = Myqy

assigning to xg € My (o) the endpoint x; € M,y of the unique horizontal
lift of the path y. This diffeomorphism is called the holonomy of the path
y. We call a connection a symplectic connection if the holonomy along
every path preserves the symplectic structures in the fibres. Let 7 be a 2-
form in 22(P) which restricts to @ on the fibre that is

wp = 4T,

for every b € B. Here ¢ : My, — P denotes the inclusion of the tibre.
Then 1 defines a natural connection in the following way

Hor, = {§ € T, P|t(§,n) =0forall 5 € Vert,}. (A.2)

Conversely every connection is given by such a 2-form, see [MS1] page
211. The following lemma tells us when a connection is symplectic.



A. 1. SYMPLECTIC CONNECTIONS 113

Lemma ALl Assume that T € Q%(P) restricts on the fibre to the sym-
plectic form w. Then the connection dejined by T is symplectic if and only
if T is vertically closed. This means thatfor all x € P andfor all vertical
tangent vectors n, 0y € Vertx, the 1-form dtv(n1, 13, ) € Q’(P) satisjies

dt(ni, m,-)= 0.
Proof: See [MS1] Lemma 6.18. O

We call a 2-form that restricts to @ on the fibre and which is vertically
closed a connection 2-form. One can prove the following.

Theorem A.1.2 Every symplectic fibration admits a symplectic connec-
tion.

Proof: See [GLS] Theorem 1.2.5. O

It is, however, not true that every symplectic connection c¢an be repre-
sented by a closed 2-form.

Lemma A.1.3 Let m: P — B be a symplectic fibration and let T" be a
symplectic connection on P. Then the following Statements are equivalent

(i) There exists q closed connection 2-form v € Q*(P) generating the
connecting T via (4.2).

(ii) 7he holonomy of T" around any contractible loop in B is Hamiltonian.

Proof: See [MS 1] Theorem 6.2.1. a

Note that the closed 2-form generating the connection I™ is not unique.
Ifr, e Q2(P) are two closed connection 2-forms generating the same
connection then they differ by m*¢ where & is a closed form in $2%(B)
(see [MS 1] Theorem 6.2.1 for a proof).

A connection is called a Hamiltonian connection if the holonomy
around every loop in the base is a Hamiltonian symplectomorphism. A
fibration m : P — B is called a Hamiltonian fibration if it admits a
Hamiltonian connection. Note that Lemma A. 1.3 tells us that if the base is
contractible then the existence of a closed connection 2-form implies that
the fibration is Hamiltonian. The following theorem characterises Hamil-
tonian fibrations.
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Theorem A.1.4 Let w: P — B be a symplectic fibration whose restric-
tion to every loop in B admits a symplectic trivialisation. (This means that
for every loop ¥ ¢ B there exists a diffeomorphism h : - ly)y>yxM
such that h(bY*w = wp).Then the following Statements are equivalent

() m: P — B is a Hamiltonian fibration.
(ii) The structure group reduces to Ham(M, w).
(iii) There exists a closed connection 2-form T € QX (P).

(iv) There exists a cohomology class a € HX(P;R) which restricts to the
class of the symplectic structure on the fibre.

Proof: See [MS 1] Theorem 6.36. |

A.2 Symplectic curvature

Given a symplectic connection " and a connection 2-form t generating
this connection. We will explain here what we mean by the curvature of T,
From the splitting (A.1) we get a map

./\2 Hor — Vert

which measures the extent to which the horizontal bundle fails to be inte-
grable. Given b € B. Let T, B be the tangent space to the base, which can
be identified with horizontal space Hor, at the point p € P with w{(p) = b
and let M}, be the fibre above b in P. We obtain a map

AszB — Vect(Mp); (v, W) [vF, whver,

Here y¥ and w? denote the horizontal lifts to P of the vector fields v and w
on B and [v¥, w*]¥®" is the vertical component of the commutator [vF, w¥],
see Figure (A.1).

This map is by definition the curvature of the connection and is de-
noted by . It vanishes if and only if the horizontal distribution is inte-
grable. Since the connection is symplectic, the image of this map is con-
tained in the Lie algebra of symplectic vector fields on Mp. The following
lemma is known as the curvature identity.
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Figure A.1: Symplectic curvature

Lemma A.2.1 (Curvature identity) Given a connection 2-form v and
two vector fields vy, vy . B — 1" B then the curvature satisfies

U (01, 02))T 1= (o w1 20 by ¢ AP de),

fib

. re .. .
where we write’= 1o mean that the restrictions of the two sides to any
fibre agree.

Proof: See [MS1] Lemma 6.28. g
It shows in particular that if the connection is Hamiltonian, ie. the
connection 2-form 1 is closed then the curvature is a globally Hamiltonian

vector field its Hamiltonian function being the restriction of (;(uf)z(vg)r)
to the fibre Mp.

A3 Coupling form and weak coupling

Guillemin, Lerman and Stemberg [GLS] address the following question:
When does a symplectic connection ' admit a closed connection form?
They show that if the fibre is a compact, connected, simply connected sym-
plectic manifold then there exists a unique closed connection 2-form tr on
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P with the property that ”*7F+1 = 0. This form zr is called the coupling
form associated to the symplectic connection I". Here 1 is half the dimen-
sion of the fibre and m, is the Gysin map or ‘fibre integration’ map. This
means that for any 2n 4 2-form t on P, m,t is the 2-form on B given by

vy A v)m,t(b) =f L(U?/\Ug)l ,

M,

where vf and vg denote the horizontal lifts of v and vp. Any other closed
connection 2-form is of the form

i+ w0,

where ¢ is a closed 2-form on B (for a proof see [GLS] Theorem 1.4.3).
Note that although the coupling form is closed, it is not necessarily Sym-
plectic (although it restricts to a symplectic form on the fibre, it may degen-
erate in horizontal directions). A first attempt to make it symplectic would
be to add a horizontal correction term. This might however not work since
the coupling form itself might already have a nonzero horizontal compo-
nent (even adding a symplectic horizontal correction term might not work).
One way to make the coupling form symplectic is via weak coupling:
Rescale the symplectic form on the fibre by a fixed (but small) positive
constant. The effect of this rescaling on the coupling form is to multiply it
by this constant as well. In [GLS] the following is shown.

The weak coupling construction: For ¢ > 0 sufficiently small there
exists a smooth family of closed 2-forms w; on P with { € [0, &) such that

e wy=r"0

o [w]=1t[er}+ n*lc]le H¥P,R)
o Ly =1wp

. @y 1s symplectic for all +> 0.



Appendix B

The Maslov index

In this appendix we recall how the Maslov index is defined for loops of
Lagrangian subspaces of C” and how this definition is used to define a
general Maslov index for loops of Lagrangian submanifolds. We closely
follow [MS1] or see [RS1].

Consider C" with the standard symplectic form wg. Denote by A(n)
the set of Lagrangian planes. The fundamental group of A(n) is isomorphic
to the integers (see ¢.g. [MS1] Lemma 2.29) and an explicit isomorphism
is given by the Maslov index homomorphism, i : 7y (A(n)) — Z, which
is defined by the following theorem.

Theorem B.O.1 There exists a unique jiinctor f, called the Maslov in-
dex homomorphism, which assigns an integer w(L;) to every loop of La-
grangian subspaces R/Z — A(n) sending t to L, and which satisfies the

following — axioms:

. (homotopy) Two loops in A(n) are homotopic if and only if they
have the same Maslov index.

. (product) For any two loops L, € A(n) and W, € Sp(n) (the group
of linear symplectomorphisms) we have that

w(WeLy) = pLy) + 20 (1),

In particular, a constant loop L, = Ly has Maslov index 0.
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. (direct sum) If n =n’ 4 »n" and we identify A(n') & A(n") in the
obvious way with a submanifold of A(n) then

p(Ly & L) = (L)) + w(Ly).
o (normalisation) The loop R/Z — A( 1) defined by
Li="RcC=R?
has Maslov index 1.

Proof: See [MS1] Theorem 2.33. ]

Given a symplectic manifold (M, w) and a Lagrangian submanifold
L. We can now define the Maslov index as a homomorphism from 72(M, L)
to Z as follows. Given a class A € m2(M, L), choose a representative

u: (D, 4D) - M, L),

Choose a trivialisation of the tangent bundle «*TM =~ D xC". This defines
usamap y,  S' > Am); 7 T,emiryL where we have identified
3 D with S We define thc Maslov index of the class A by

w(A) = p(yu)-

One c¢an verify that this index is independent of the choice of representative
u. This Maslov index is invanant under symplectic isotopies of M.



Appendix C

Taubes’ argument

In the chapter 6 we have skipped over the fact that if the almost complex
structure is smooth then the manifolds in question are not Banach but only
Frechet manifolds (modelled on complete metric spaces) in which case we
cannot apply an infinite dimensional Version of the Sard Smale theorem. To
overcome this problem Taubes (see [MS2]) showed that it suffices to prove
the theorem for C¢ almost complex structures since one can deduce the
theorem for smooth structures from this. In this appendix we will outline
Taubes’ argument.

C.l1 From C¢to C®

Define ge(M , w) to be the space of almost complex structures of class
et on TM that are compatible with @. Let F¢(D; M, w) be the class of
all families of almost complex structures J : D — g(E(M , w) of class
Ct. For the sake of simplicity we will denote by D, either D} or D

in equation (6.4). Here y is either a solution of (6.1) or a solution of
(6.3). For brevity we will call ¥ an J-curve. An almost complex struc-
ture J € 3"'(1); M, w) is called regular if D, is surjective for all rela-

tive homology classes A and for every J-curve u. We denote this set by
gt (t, A). Theorem 6.2.2, stating that the sets f,ljgg(r, A) are of the sec-

ond category (in the sense of Baire) in $(D; M, w), truely holds for this
case and it shows that 3feg(r, A) is dense in f,’e(D; M, w) with respect to
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the C%-topology. Define for K € IV the set

3reg,K(f, A) C 3(9; M, w)

of all smooth almost complex structures J € F(D; M, w) such that the
Operator D, is onto for every J-curve i that satisfies

ldullLe < K.

Note that for every K, Jreg(t, A) € Freg,x (r, A) and that

greg(fx A) = m greg,K(Ta A).

KelN

So it suffices to prove that each Jreg x(t, A) is open and dense in
9(D; M, w) with respect to the C*-topology in order to deduce that
Freg(r, A)is dense in J(D; M, w) with respect to the C*°-topology.

We will first show that Jreg x(r, A) is open or equivalently that
F(D; M, @)\ Jreg k(T, A) is closed. Given a sequence

Jy € $(D; M, w) \ ccr’reg.K(f, A)

which converges to J € §(D; M, ) in the €*°-topology. Then there exists
a sequence of J,-curves i, which satisfy ||du, ||~ < K such that the oper-
ator D,, is not sugjective. It follows from elliptic bootstrapping (see [MS2]
Appendix B) that y,, has a subsequence u/, which converges uniformly with
all derivatives to a smooth J-curve #. This limit curve clearly still satisfies
du || ;= < K We will now show that D, is not surjective. Assume that D,
is surjective. For every & > O there exists v such that D, is not surjective
and for which we have
“Du - Dun” < J.

Hence for all £ we have
|Dué§ — Dy El S 61§
Since Dy, is not surjective we can find a v with {v| = 1 such that

dist (v,im D,) = 1
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Since D, is sufjective we can find & with D,& = vand |§ < ﬂDl—ﬂ’ So we
get ‘
| = dist (v, im Dy,) = dist (D&, im D) < |Dyué — Dy k|
<&
< 8

1Dl

Choose § = %llDull then we obtain a contradiction, which shows that
Dy, cannot be surjective. This proves that J ¢ Jree, k (T, A) and therefore

greg,K(T, A) is open.
Denote the set of all J e ng(D; M, @) such that the Operator D,

is onto for every J-curve i of class @f that satisfies ||du|; = < K by
g¢  (x. A). We claim that

reg.
Freg k (T, A) = Fhog x (T, AYN F(D; M, w).
It is clear that 5(feg K(r, MO F(D;, M @) ¢ Freg x (T, A). To see this note

that if J € gtfeg £(T, A) N §(D; M, ) then the Operator D, has tobe onto

for a group of @ curves, whereas for J to lie in Freg k (T, A) it only has
to be onto for a group of €% curves (a smaller group). Hence the set itself
is smaller. The other inclusion follows from elliptic regularity (we have
stated the proposition here in a general form) and remark 3.2.3 in [MS2].

Proposition C.L1 (Elliptic regularity) Assume J € §¢ is an almost com-
plex structure of class et with £ > 1. Ifu: D — Mis g J-holomorphic
curve of class W7 with p> 2 theny is of class et

Proof: See [MS2], Theorem B.4.1. a

A similar argument as above shows that

gfeg',{(r, A) C 34(D; M o) is open w.rt. the C*-topology.
We already saw that

g(feg(r, w) C 3£(D; M, w) is dense w.r.t. the C’e-topology.
Since f,lfeg(r, w) ¢ gfeg' x (T, @) this implies that

gfcg k(6 w)c gle(D; M, w) is dense w.r.t. the C*-topology.
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We will show that this implies that Greg. k (T, w) is dense in J(D; M, w)
with respect to the Ge-topology.

Let J € 4(D; M, w) C 3£(D;M, w). Since gfeg‘K(r, @) is dense in
94(D; M, @) we can Ct-approximate J by an almost complex structure
J' e gfeg,K(r’ ®). Now gt x(z, @) is open and dense in F¢(D; M, )
and £(D; M, w) is dense in ge(D;M, w), so from Lemma C.1.2 it follows

that
Iy k(T @) N G M, @) C §E(D; M, )
is dense w.r.t. the €4-topology.

So we can approximate J' by J” € 3feg,x(r, w) fl 9(D; M, w) in the C*-
topology. This shows that

g(reg,K(ra w) C 3(D; M, w)
is dense w.r.t. the C’e-topology.

The above argument holds for any £, so given a J € $(D; M, w) choose
a sequence J, € Jreg, k (T, @) such that

I/ = Jullee 27"

Thus J, converges to J in the C*-topology. This proves that the set
Freg.k (T, @) is of second category and since Jreg(7, @) is a countable in-
tersection of open and dense sets it must be dense itself.

Lemma C.12 Let X be a topological space. Let A ¢ X be open and
dense and let B ¢ X be dense. Then A N\ B is dense in X.

Proof; Given p € X and an open neighbourhood Vp of p. Since A4 is
dense in X, there exists an @ € 4 such that @ € V. Since 4 is open we can
find an open neighbourhood V,, of a that lies entirely in V, 11 A. Since B is
dense in X we can find ab € V, and hence b € V,,. Therefore b € B N A.
u
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