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Abstract

The hp version of the finite element method for a one dimensional, singularly
perturbed elliptic-elliptic model problem with analytic input data is considered.
It is shown that the use of piecewise polynomials of degree p on a mesh consisting
of three suitably chosen elements leads to robust exponential convergence, i.e.,
the rate of convergence depends only on the input data and is independent of
the perturbation parameter.
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1 Introduction

The approximation of singularly perturbed problems by numerical methods has lately
attracted much attention—we mention here only the recent books [6], [8], [5] and the
many references therein. The methods for the approximation of singularly perturbed
problems discussed in the literature are mostly concerned with robust A versions, that
is, they aim at proving that the error (in some suitable norm) is O(h?) in the mesh
width A for some p > 0 uniformly in the perturbation parameter. Schemes like this
lead to algebraic rates of convergence only. Often, however, the solution is analytic (or
piecewise analytic). Then spectral approximation, i.e., approximation with piecewise
polynomials of increasingly higher degree leads to exponential approximation rates.
Of course, as the solution depends on the singular perturbation parameter, we expect
the rates of the exponential approximability to depend on that parameter as well.
The aim of the present paper is to show for a model problem that indeed under the
assumption of analyticity of the input data, spectral approximation of the solution leads
to exponential convergence and that, with the proper mesh design, robust exponentially
converging hp finite element methods (hp FEM) are available.

Robust exponential convergence of hp FEM for an elliptic-elliptic problem with bound-
ary layers was first proved in [9]. However, the analysis of [9] is restricted to problems
of the form (1) with polynomial right hand side and constant coefficients. The pur-
pose of this note is to extend these results to general analytic right hand sides; we
show that the “Three-element” mesh approach of [9] leads indeed to robust exponential
convergence for general analytic right hand sides. The novel feature in the proof over
the techniques used in [9] is a more careful use of the classical asymptotic expansions
available for problems of the type (1). More precisely, the analyticity of the input data
gives us complete control over the terms arising in the classical asymptotic expan-
sions and allows us to bound the remainder explicitly both in terms of the perturbation
parameter d and the expansion order M. In particular, this explicit control over the re-
mainder is the essential ingredient for the proof of robust exponential approximability.
An additional extension over the results of [9] is that the case of variable coefficients
is considered.

Whereas the books mentioned above are mostly interested in singularly perturbed
problems of elliptic-hyperbolic type, we will discuss here a singularly perturbed elliptic-
elliptic reaction-diffusion equation. The solution of that equation is the archetype of
the boundary layers arising in solid mechanics, for example, in various plate and shell
models at small thickness. The results of this paper therefore give insight in how to
design appropriate meshes for two or three dimensional problems.

Although we analyze in this paper a simple one dimensional model problem, the scope
is wider. The main tool for our robust exponential approximability result is the ability
to use the analyticity of the input data to control the classical asymptotic expansions in
terms of the perturbation parameter and the expansion order. Thus, whenever classi-
cal asymptotic expansions are available, the techniques employed in the present paper



may be used to obtain similar approximation results. For example, the one dimen-
sional convection-diffusion equation with analytic coefficients falls into that category.
In [2], [4], the analysis of the present paper was successfully extended to a two dimen-
sional reaction-diffusion equation for the design of an hp FEM converging at a robust
exponential rate.

Let us note that the robust exponential approximability obtained in this paper yields
automatically exponential rates of convergence of the finite element method for our
elliptic-elliptic model problem as the FEM is trivially stable. The situation is more deli-
cate in elliptic-hyperbolic equations, a typical representative of which is the convection-
diffusion equation. Whereas the approximability results of this paper hold true for the
convection-diffusion equation as well, the stability of finite element methods for that
equation is a non-trivial issue. A stable hp method for the convection-diffusion equation
featuring robust exponential rates of convergence will be presented in [3].

In the elliptic-elliptic model problem analyzed in this paper the solution is analytic up
to the boundary. Likewise the limiting solution, i.e., the solution of the problem when
the perturbation parameter tends to zero, is analytic up to the boundary. In many cases
of practical importance, however, neither the solution nor the limiting solution have
that much smoothness. Furthermore, the limiting solution may have a substantially
different character. For example, in the case of the Reissner-Mindlin plate model with
polygonal mid-plane, the solution has corner singularities. The limiting solution, which
solves the Kirchhoff equation on a polygonal domain, has also corner singularities,
albeit of a different type than those of the solution of the Reissner-Mindlin model.
We model this behavior in our one dimensional numerical studies by using singular
right hand sides. Of course, such a situation is not covered by the mathematical
theory presented in this paper as the classical asymptotic expansions have no meaning.
However, we show numerically that a “union” of the “Three-element” mesh to resolve
the boundary layer and a geometrically graded mesh, which is well suited to absorb
both the singular behavior of the solution as well as the limiting solution, leads to very
satisfactory schemes.

1.1 The model problem

We consider the approximation by the p and hAp version of the finite element method
of the following singularly perturbed boundary value problem:

Lgug := —d*uj+ b(x)ug = f on :=(-1,1), 1)
u(£l) = ot eR,

where f, b are functions analytic on the closed interval I := [~1,1], b(z) > b* > 0 on I,
and d € (0, 1] is a small parameter which may approach zero. We will make henceforth
the assumption that there are C'y, ¢, Cp, 75 > 0 such that

1f ey < Cpypnl, Vn e Ny, (2)
16 | ooy < Coypiml, Vn e N, (3)
b > b*>0 on I. (4)



The weak formulation of this boundary value problem is
find ug € H} () such that By(ug,v) = / fvdr Vv e Hy(Q) (5)
Q

where we set

Bg(ug,v) = /Q(dQU:iU'—i-b(x)udv) dz,
Hp(Q) = {ue H(Q)|u(-1)=0a",ul) =a'},
Hy(Q) = {u€ H'(Q)]u(£1) =0},

and we denote H'(Q) the usual Sobolev space of all square integrable functions whose
(distributional) derivative is also square integrable. Associated with the weak formu-
lation (5) is an “energy norm”

lulla = (Ba(u,u)"?. (6)

We have the following a-priori estimate for the solution ug of (1)

lualla < [ fllz2@ +C (lo7 [+ la*]), ¢ <2/d2/2+2/3<2/7/6.  (7)

In the finite element method, for a given finite dimensional space Sy C Hg () of
dimension N and a fixed ug € H}, () (e.g., a linear function), the affine spaces HJ,(2)
and H}(Q) are replaced with affine spaces Sp := ug + Sy C HLH(Q), Sy C Hy(Q) of
dimension N. The finite element solution is then given by

find upg € Sp such that By(u,v) = / fudx Yu € Sy. (8)
Q

By the well-known orthogonality relation the finite element solution upg is the best
approximant of the exact solution w in the energy norm, i.e.,

|u —uppl|ls < inf [|u—vlq (9)
vESp

This paper is therefore only concerned with the approximation properties of the spaces
Sp := S(k,p) N H,(Q) defined ahead in Section 4.

Because the right hand side f and the coefficient b are analytic, the solution u, is also
analytic and therefore spectral approximation of the exact solution, i.e., approximation
by polynomials of increasingly higher degree on the whole domain, is exponential for
sufficiently large p. However, this exponential approximation is not robust, that is,
the rate of convergence depends on the parameter d. More precisely, the exponential
convergence is only visible if p > d~! (cf. the discussion following Theorem 2.1). In
the range p << d~! which is of practical interest, we will only observe convergence
of the type p~'lnp (see [9]). The main result of this note is Theorem 4.1 in which
we demonstrate that the “Three-element” approach of [9] leads to robust exponential
convergence, that is, the rate of convergence depends only on the coefficient b and the



right hand side f but does not deteriorate as d approaches zero. The deterioration of
the performance of the usual spectral method is due to the presence of boundary layers.
In the “Three-element” approach, these boundary layers are resolved by splitting the
domain €2 into three elements and approximate by piecewise polynomials of degree p.
The two elements adjacent to the boundary points —1 and 1 are of size O(dp) and thus
small enough to capture the boundary layer behavior of the solution near the boundary
points £1. It is the introduction of these two additional small elements that allows us
to obtain exponential convergence for the approximation of solutions of (1) which is
robust, i.e., the convergence rate is independent of the small parameter d.

2 Regularity of the Solution

Clearly, in order to find spaces Sp in which the exact solution u, of (1) can be approx-
imated well, we have to be able to describe the behavior of uy4 precisely. In this section
we therefore present the necessary regularity results for the solution ug.

Theorem 2.1 Let ug be the solution of (1). Then there are constants C, K > 0
depending only on the right hand side f, the coefficient b, and the boundary data o™
such that

a2y < CK™ max (n,d™)"  V¥n € Ny. (10)
Proof: Choose K > max (1, v, ) such that

n
[2@[(2 (%) + CbK2ﬁ <1 VneN,.

By (7) we may now choose the constant C' > 0 such that (10) holds true for n = 0,
1. Theorem 2.1 is now proved by an induction argument. The constants C', K are
such that the induction hypothesis holds true for n = 0,1. Let us assume that the
induction hypothesis (10) holds for 0 < » < n + 1 and show that it holds for n + 2.
Differentiating the differential equation n times (note that we know already that ug is
analytic) we get

n n n n . n v n—v
_dQ’LL((i +2) :f( )—(bud)( ) :f( ) _ Z ( )b( )u((i )_

v=0 v

Using the induction hypothesis, we get

" (n
[l 20y < 1 2@ + D (,,) CyyyV!CK™ ¥ max (n — v,d~ )"
v=0

n ] v
< 204" 4+ COLK™ Y ﬁ <%> max (n —v,d )"
v=0 '
< 20pyfmax (n,d )" + C’C,J("W max (n,d )"
n 1
< CK™? 2,471 200K () 4+ Gk |
< max (n+2,d ) f 7 + G, e



By the choice of K the expression in the brackets is bounded by 1 which concludes the
induction argument after dividing both sides by d2. O

Note that Theorem 2.1 yields estimates for the nth derivative of the solution u4 which
are independent of d provided that n > c¢d~! for some ¢ > 0. Roughly speaking, this
means that derivatives of order sufficiently large “don’t see” the boundary layer arising
for small perturbation parameters d. It is also not too hard to see that from this
theorem we can obtain robust exponential convergence of the p version of the finite
element method provided that the polynomial degree p is at least O(d™1).

Theorem 2.1 does not reflect the boundary layer behavior of the solution ug very well.
This boundary layer behavior can be described in terms of the classical asymptotic
expansions for the solution of (1). For M € Ny we can decompose u4 in a (smooth)
asymptotic part, two boundary layer parts, and a remainder as follows:

ug = wy + Aypuy + Afud + (11)

This decomposition is obtained as follows. Upon inserting the formal ansatz u, ~
2720 d’u; in the differential equation (1) and equating like powers of d, we can define
the asymptotic (smooth) part wy, by partial sums of this formal series:

M

war (@) == d¥uy;

=0
where the terms uy; are defined recursively by

up(z) = %, Ujro = %u'-’(x) 7=0,2,4,....
A simple calculation shows that Lg (ug — wy) = d*+2u},, which tends to zero as d
tends to zero for each fixed M. Thus the functions wy, satisfy (asymptotically, as d
tends to zero) the differential equation but they do not satisfy the boundary conditions.
This incompatibility can be removed with the aid of two boundary layer functions u,,
u; defined as the solutions of

Lqug; =0 on } Lquf =0 on }
D=1 =0 =0 wm=1]
Upon setting
woi=a —wy(=1), Ab = at —wy(1)

the function wy + A~ uy + Atu satisfies the correct boundary and still the same
differential equation as wj;. Finally, let us define the remainder r,; in such a way that
the decomposition (11) holds true, i.e., define 75, as the solution of

Lgry = d*™M+24Y,, on {2

ru(£1) = 0. (13)

Our aim is now to analyze the behavior of each of four terms in the decomposition

(11).



Lemma 2.1 Let G C C be a complex neighborhood of I = [—1,1]. Let B, ug: G — C
be two functions holomorphic and bounded on G. Define functions uy; recursively via

ujyo(x) == B(w)uj(v) j=0,2,4,....
Then there are C, K|, Kj > 0 depending only on G and ||B||~(a) such that
[l oo (ry < CHIK" K S uol| ooy G =0,2,4,..., ¥neN.
Proof: For 0 < § <1, define the sets {25 by
Gs = {z € G| dist(z,0G) > §}.

The claim of the lemma follows immediately from Cauchy’s integral theorem for deriv-
atives, if we can show the following, stronger assertion: There is K > 0 such that for
0<o<1

wjllzoo(as) < 67K gl ||uo| o) j=0,2,4,.... (14)

Fix K? > 8| B||(q). Clearly (14) is true for j = 0. We proceed now by induction on
J. If (14) holds true for a given j > 0, we get with Cauchy’s integral for derivatives
and any 0 < k < 1

2 1
lujsolle(asy < I1Bllr=@llufllr=,) < HBHL“%G)§;2ﬂ“ﬁz;ES§HUHLW(Gafmw
< 2||Bl| ooy (66) KT (1 = 1)8) 7 JJuol |z (c)
< 5K+ 2) (o) Bz~

K221 —k)I(j+1)(j+2)]
Choosing k = 1/(j + 2) and observing that this choice implies

1 _ U+ -1/ +2))? .
PO+ 0G+2)  U=1/G+2pG+1) =" Vi€

allows us to infer that the expression in brackets is bounded by one by the choice of
K. O

Theorem 2.2 There are constants C', K1, Ky > 0 depending only on the input data
f, b, and o such that the functions wyr of (11) satisfy the following estimate: Under
the assumption 0 < 2MdK,; <1

[P || 1oy < CKFn! Vn € Ny.

Proof: As the function B(z) := 1/b(x) is analytic on I and bounded there is a complex
neighborhood G of I where B is holomorphic and bounded. As f is analytic on I, we



may assume without loss of generality that f is holomorphic on G as well. Hence
Lemma 2.1 is applicable to the terms uy; appearing in the definition of wy; and yields:

us | ooy < CK" 01K (25)! VW, j € Ny,

Hence we obtain

M .
w2 || ey < CE"n)S AP KL (25)0 Wn€ Ny,
=0
Estimating d% K}%(27)! < (dK}2M)¥ we see that the sum can be majorized by a

converging geometric series provided that dK52M < ¢ for some fixed ¢ < 1. The claim
of the theorem follows. U

This theorem allows us to control the growth of the derivatives of the asymptotic part
wys- An immediate corollary is that we can control the coefficients A,;, A},

Corollary 2.1 With Ky as in Theorem 2.2 there is C' > 0 depending only on the input
data f, b, and o such that for any d, M satisfying 2MdK, < 1

Ay, [AY| < C.

Proof: Noting that Ay, = o~ —wy(—1), A}, = at — wy, (1), the proofs follows from
Theorem 2.2. UJ

Let us now consider the two boundary layers.

Theorem 2.3 Let uy, uj be the solutions of (12). Then there are C, K3 > 0 depend-
ing only on the function b such that

((up) ™ (z)] < e t@VIACK? max (n,d )" Veel, nel (15)

Proof: We will only show the estimates (15) as (16) is proved similarly. We observe
that an induction argument similar to the one of the proof of Theorem 2.1 leads to the
desired estimates provided that we can show the induction hypothesis for n = 0 and
n = 1. These are, however, standard (see, e.g., [5] for a nice exposition). For the sake
of completeness, let us outline the main ideas.

By the maximum principle ([7]), we have by comparing u, with the function

up(z) = e~b+2)/d

and the zero function that it satisfies 0 < u; < wy. Hence (15) holds true for n = 0.
Let us now consider the case n = 1. Let us first obtain a bound on (uy)'(1). Introduce

the short hand ¢(x) := /b(x), B(x) := [*, ¢(t) dt. A simple calculation shows that u;
satisfies

20 (@) + )| = L@yt



d

Integrating from z to 1 and multiplying with e?#@)/¢  we obtain using u; (1) = 0:

1t
_ B@)/d ((ud)'(a:) n %;)ud(fvo _ /I Cé)ud(t)e@B(w)B(t»/d dt— P -BOd (= (1))
Observing that the left hand side equals —(eB(“”)/dug)’, we obtain after integrating over
[—1,1] and using the boundary conditions satisfied by u, together with the fact that
B(-1)=0

1 1 1 /t
1= —(us)(1) [ BBV gy /7 1 /I cc(z)“';(t)e(QB(x)_B(t))/d b du

A simple calculation allows us to estimate

1 1
/ (2B -BO)/d gy _ / 20) enor-pana_ g 5 4 gon B /a).
—1 -1 d 2¢(x) T b

Furthermore, as we have 0 < uj (7) < ug(z) = e 2@+1/4 we can bound (after some
calculation)

(B(1)—2b)/d

<

1 1At B o)
‘/1/$ C(l)ud (t)e(2B( )=BW)/d gt ||CI||LOO(I)€

S

As we have B(1) > 2b, we can conclude that
(ug) (1) < Cd te /4

for some C' > 0 independent of d. Finally, we write

IN

) O]+ | [ g o) = g1+ | [ b0y (1) e

< Cd71672g/d + Cdflefg(m’#»l)/d < Cdflefk(m’#»l)/d.

|(ug) ()]

This concludes the proof for the case n = 1 and hence the proof of Theorem 2.3. [

Remark 2.1: Let us remark that we used the maximum principle in the proof of
Theorem 2.3 for convenience only. Energy methods lead to corresponding results in
exponentially weighted spaces and these estimates are sufficient for the approximation
results of Section 4.

Let us finally consider the remainder ry;.

Theorem 2.4 There are constants C', Ky > 0 depending only on the functions f and
b such that the remainders ry; defined in (11) satisfy

[ o0y < Cd2 ™ (2MAK)™,  n=0,1,2.



Proof: The functions rj; satisfy
Lgry = d*M*2f,, on (,
ray(£1) = 0.
We saw in the proof of Theorem 2.2 that
US| ooy < CESM (MUK ™0l Vi € N,
The a-priori estimate (7) therefore gives
7 arlla < CAPMH2 KM (2M)!

which gives the desired estimates for n = 0 and n = 1. Using the differential equation
satisfied by 73, gives the result for n = 2. O

Remark 2.2: We see that an induction argument would allow us to control also all
derivatives of ry; explicitly in terms of M, d, and the order n of the differentiation.

Remark 2.3: Theorem 2.4 asserts that the remainder r,, is indeed small provided
that 2MdK, < 1, i.e., if 2Md is small. In the complementary case 2Md large the
asymptotic expansion looses its meaning.

3 Polynomial Approximation Results

The aim of this section is to show that for the H' conforming approximation with
piecewise polynomials, it is enough to control the growth of the derivatives on each
element.

Let [ =[—1,1].

Lemma 3.1 Let u € C*°(I) satisfying
|1 DPull 2y < Cuply” (17)

o0

oo 0f degree p such

for some C,, v > 0. Then there is a sequence of polynomials (P,)
that

lu = Byllzoory + [ (= Pp) [lzoo(ry < CoClue™
where the constants Cs, o > 0 depend only on .
Proof: From Sobolev’s embedding theorem, we have that ||DPul|zey < C,Ciply”
for some C7, 7' depending only . Therefore, u is analytic on the closed set I and
can be extended analytically to a complex neighborhood of I. The result follows from

standard theory: For example, the polynomial P, may be taken by interpolating v in
the Tschebyscheff points (see [1] for the details). O

Define on the space C(I) for p > 1 the operator i, by interpolation in the p + 1
Gauss—Lobatto points. By [12] we have the following stability estimate

||ipu||Loo(I) < Og(l -+ lnp)||u||Loo(1). (18)



Lemma 3.2 Let u € C'(I). Then
lu—ipullpey < (14 Cq)(1 4+ Inp)||ulgem
1w = ipu) [y < W]y + Ca(l + Inp)p?|full g

Proof: The proof of the first estimate follows immediately from the stability estimate
(18). For the second one, we use Markov’s inequality ||v,||ze(ry < p?||vpl|ro(r) valid for
all polynomials v, of degree p to get

I (a = i) oty < [y + 1 i) ity < [y + 92 il e
and then use (18). O
For the interpolation error in the Gauss—Lobatto points, we have

Lemma 3.3 Let u satisfy the assumptions of Lemma 3.1. Then there are C', o > 0
depending only on v of Lemma 3.1 and Cg such that

lu = dyullpon) + || (u = iyu) || oo (ry < CCue™P.
Proof: Let P, be the approximant constructed in Lemma 3.1. As the interpolation
operator 7, reproduces polynomials of degree p, we have
Ju =Py —ip(u— Bp)|loo(ny < 14+ Ca(l +np)]|lu— Pyl
1w = Pp)'llzoe(ry + II [ip(w = Pp)] lzqa)
1(w = Py)'llzoe(ry + P*[lip (e — Py) | oo 1)

where the estimate involving the factor p? was obtained using Markov’s inequality.
Appealing to Lemma 3.1 concludes the proof. O

lu — dpul| Lo (1)

1w = dpu) [l oo ()

VANVANRVAN

For completeness’ sake, let us finally note that piecewise interpolation in the mapped
Gauss—Lobatto points yields a global H' conforming interpolant with global approxi-
mation properties as good as the local approximations permit.

Proposition 3.1 Let —1 =y < 21 < -+ < Tpy1 = 1. For u € C(I) define the
piecewise Gauss-Lobatto interpolant m,(u) by
Tp (1) | (@i 2510) = Ip (wol) ol i=0,1,...,n
where
Ll = [o, w4
Tit+Tit1 | Tiy1 — T
2 2

Then my(u) € C(I), mp(u) = w at v = £1, m, is as piecewise polynomial of degree p,
and

T =

lw = mp(u)llpey < max|[(uoly) = ip(uoli)lL=
2

(= mp () ooy < max ———[[ ((woli) —ip(uo L)) |-
vt Tyl — X

10



Proof: The points © = %1 are interpolation points of the Gauss-Lobatto interpolation
operator i,. This implies immediately that m,(u) is continuous on I and that m,(u) = u
at x = £1. The linearity of the maps [; gives that m,(u) is a piecewise polynomial of
degree p and the error formulae are obvious. 0

4 Main Theorem

Definition 4.1 Denote I1,(J) the set of all polynomials of degree p on the interval J.
For k > 0 and p € N define spaces S(k,p) C H'(Q) of piecewise polynomials of degree
p by

I1,(I) for kpd > 1/2

S(k,p) =
(r.p) {{u € Cl-1,1]|ul;, € 1,(L;), i =1,2,3}  for kpd < 1/2

where for the case kpd < 1/2 we set
L :=[-1,-1+kpd], IL:=[-1+kpd,1—kpd], I3:=][1—kpd,1].

Remark 4.4: We see that the spaces S(k,p) are based on three elements for the
range of practical interest p << d~!. In this case the elements at the boundary are of
size O(dp). Since we expect exponential rates of convergence for p sufficiently large,
we switch to one element at p = O(d™!); cf. also the discussion following Theorem 2.1.

Theorem 4.1 Let f, b be analytic on I and let uy be the solution of (1). Then there
15 Ko > 0 such that for all 0 < k < Ky there are C', o > 0 independent of d and p such
that the following holds: There is v, € S(k,p) with v,(£1) = ug(£l) and

g — vl Loy + dl| (g — vp) || o) < Ce™7P Vp e N

Remark 4.5: Let us remark that the value of k( is in principle accessible from the
proof of Theorem 4.1. It depends on f and b. It can be shown that for the case of
b=1, kg = 4/e as suggested by the analysis of [9].

Proof: We will choose as the function v, the piecewise Gauss-Lobatto interpolant of
Proposition 3.1. Therefore, we merely have to control the interpolation error on the
subintervals.

Let us first consider the asymptotic case, i.e., kpd > 1/2. By Theorem 2.1 we have

||U'Eln)||L2(Q) < CK"max (n,d™")" Vn e Ny.
We have furthermore

max (n, d™')" < max (n”, nld™"/nl) < max (", nle'/4) < Culemet (19)

11



where we used Stirling’s formula in the last estimate. Lemma 3.3 allows us to conclude
that

[ a = ip(a) | L2o(s2) + [| (ua = ip(a))' [|oe() < Cet/em?
for some C, o0 > 0 independent of p and d. The assumption xkpd > 1/2 implies

e'/? < 2P and hence the claim of the theorem follows if 2k < 2Ky < 0.
Let us now turn to the pre-asymptotic case kpd < 1/2. We write

ug = wy + Appug + Ajug + 1y (20)
where we choose M as
2M = ukp (21)

with p > 0 being a fixed parameter satisfying

1 1
where the constants K, and K, are the constants of Theorems 2.2, 2.4, respectively.
Strictly speaking, we should take M as the integer part of urp/2—for notational con-
venience, however, we will ignore this point henceforth. The choice of y guarantees
that, as kpd < 1/2,

1 1
2MdK; < prpdK; < M§K1 <1, 2MdKy < prpdKy < M§K4 =q¢<l1

and thus the assumptions of Theorem 2.2 are satisfied and the remainder r;; in Theo-
rem 2.4 is indeed small.

As in the statement of Proposition 3.1 let [;, « = 1,2,3 be the three linear maps that
map the reference element I onto the physical elements I;. We will now analyze the
interpolation error of each of the four terms in the decomposition (20). Let us first
consider wy;. We have by Theorem 2.2, the chain rule, and the observation that [} is
a constant function with |lj| <1 fori=1,2,3

Thus Lemma 3.3 is applicable and Proposition 3.1 yields

st = mp(war)llmiy < Ce™

2 2
| (g = mp(war)) ooy < max {1, %} cer < 2o

where the constants C', o > 0 are independent of d, p, and «.

Let us now consider the approximation of the boundary layer parts by their piecewise
Gauss-Lobatto interpolants. We will only provide the arguments for A;,u, as the argu-
ments for the other boundary layer are similar. From Corollary 2.1 and our particular
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choice of u, we have that the constant A;; < C for some C > 0 independent of d. We
may therefore concentrate on the approximation of u;. On I; Theorem 2.3 yields

I (u; o ll)(n) |y < CKj(kpd/2)" max (n,d ") < C(K3/4)" max (2kpdn, 2kp)™
< O(K3/4)"max (n™, n!(2kp)™/n!) < C(eK3/4)"nle*?

where we made use of the assumption that kpd < 1/2 and argued as in estimate (19).
Hence, Lemma 3.3 allows us to conclude that

lug oly — iy (ug o ll) | oo ry + || (u; oly —ip (u; o ll)), | zoo(ry < Ce*Pe™P -
23

for some C, o > 0 independent of d, p, and k. Note that under the assumption
2Kk < 2Ky < 0, this is exponentially small.
Let us now control u, on Iy, and I3. Theorem 2.3 gives

lug o lo|lpery < Ce 2, (ug o )|y < Cd=leer
lug o lsllz=qy < CertEmrpd/d, [(ug ols) ||Ly < Cd-te bE—rwd/d,

These estimates together with Lemma 3.2 give for the approximation properties of the
Gauss-Lobatto interpolant of u, oly and uy o [3:

C(1+ Inp)e=brp

C(d™ '+ (1 + Inp)p?)ebrr

C(1 + In p)e~b-rpd)/d

C(d™" + (1 + Inp)p?)ebl2-rdp)/d

lug © o = iy (ug 02 ||z

. _ !
I (g ol = ip(ug o b)) lluoey
lug o ls —ip (UJ ° 53) Lo ()

- A A (24)
| (Ud o l3 — iy(ug 053)) | 2o (1)

IA AN IA A

In view of the assumption kpd < 1/2 (note that this implies 1/d > 2kp), estimates
(23), (24) allow us to conclude with Proposition 3.1:

ug — Tp(ug)||Leey < Ce™P
!
I (= 1)) iy < maax {1,2/ pd)}Ce ™™
for some C, o > 0 independent of d and p (but depending on 0 < 2k < 2ky). Hence
the term u, can be controlled in the desired fashion.

Let us finally turn our attention to r3;. We have from Theorem 2.4 and the embedding
theorem

Clirullmi @) < Cd(2MdEK,)*",
173l 2o () Cllrmllmzay < C2MdEK)*M.

As 2MdK, = pupdK, = q < 1 by the choice of M and p, we obtain by Lemma 3.2 and
Proposition 3.1 (reasoning just as for the approximation of w,)

Irarllzee) <
<

o — Tpraml| ooy < C’qQMd(qulnp)

2
| (rar — 7rp7"M)' lzeo(y < C'max {1, %} [q2M + Ca(1+ lnp)p2q2Md] .
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As 2M is proportional to p, and g < 1, all the terms in the piecewise Gauss-Lobatto
interpolation of r); are exponentially small as well which concludes the proof of the
theorem. ]

Theorem 4.1 leads to the following corollary for the FEM discretization (8).

Corollary 4.1 In (8) set Sy := S(k,p) N Hy () and Sp := I(z) + Sy with I(z) =
a (1—xz)/2+at(z+1)/2. Denote upg the finite element solution of (8). Then there
is ko > 0 depending only on the input data f, b, and o such that for all 0 < Kk < kg
there are C', o > 0 independent of d, p such that

||’LLd — uFE“d S C@igp.

Proof: Follows immediately from the quasi-optimality result (9) and Theorem 4.1.
As we remarked in Remark 4.5, the constant xy may be chosen as 4/e for the case of
b=1. U

5 Numerical Examples

In this section we want to present a few numerical examples to illustrate Theorem 4.1.
We consider the problem

—d*u" +u fo(x) := (a + z)704 on Q= (-1,1),
u(+l) = 0,

(25)

where a > 1 is a parameter. Note that in the case a > 1, the right hand side f, is
analytic on [—1, 1], and thus Theorem 4.1 and Corollary 4.1 apply. For the case a =1,
(25) is still a well-posed problem for all d > 0 as f; € L?*(—1,1). However, as the right
hand side is not analytic on the closed set [—1, 1], the mathematical theory developed
in this paper does not cover this case. Nonetheless, this case is interesting as it is a
one dimensional model for two dimensional problems with corner singularities.

For (25) , a particular solution is given by

1 [z r—1

U'part(x) = _g 1 SinhTfa(t) dt

and hence the solution is seen to be
sinh(z 4+ 1)/d
u(x) = Upare(2) — W%art(l)- (26)
5.1 Description of the numerical set-up

Figs. 1-8 show the results of the numerical experiments for various choices of a and d.
The parameter a is chosen to range from the relatively smooth case of « = 1.1 down
to the limiting case a = 1.0. The perturbation parameter d varies from d = 102 to
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d = 1078, In all the graphs, we report the relative error in energy versus the number of
degrees of freedom; here the energy is the square of the energy norm defined in (6). All
calculations are performed using MATLAB, that is, in double precision FORTRAN.
We consider in our calculations the p version of the FEM with three types of meshes,
that is, the finite element formulation (8) is used with three different choices of finite
element spaces Sp = Sy, Si7, and Syrr, each one consisting of continuous, piecewise
polynomials of degree p. In order to describe these three ansatz spaces Sy, Syr, and
Strr, let us introduce the following notation. For any mesh determined by a set of
nodes N, we define the finite element spaces by

S(N) := {u]u is a piecewise polyn. of degree p on mesh with nodes N} N Hy(—1,1).

The first type of meshes are the “Three-element” meshes, i.e., the mesh consists of two
small elements of size kpd near the endpoints x = £1 and one large element in the
middle. In the notation of Definition 4.1 the finite element spaces are then the spaces

Sl(p) = S(NI):S(Hap)mH(}(_lal)
Ny = {-1,-1+kpd, 1 — kpd, 1}, k= 0.71.

The choice £ = 0.71 was already made in [9] for their calculations, and we refer to
the discussion there for the optimal choice of k. Let us point out that the numerical
studies of [9] indicate that the “Three-element” approach is fairly insensitive to the
precise choice of x as long as it stays away from 0 and 4/e.

For the other two types of meshes, we use “unions” of boundary layer meshes and
geometric meshes. In our particular examples, all geometric mesh refinements are
towards the left endpoint x = —1. Let us therefore define a geometric mesh with
grading factor 0 < 0 < 1 and L € N layers by the nodes

—]_I:ZL'0<ZL'1:—].+O'L<.’L‘2:—1+O'L71<"'<.’L‘L:—1+O'1<ZL'L+1:]_.
(27)

In all our calculations, we use the grading factor o = 0.15 (cf. [10] for a justification
of this choice). The “union” of such a geometric mesh and the “Three-element” mesh
is a mesh with L + 3 elements whose nodes are given by the nodes of (27) and the two
additional nodes —1 + kpd, 1 — kpd (again with x = 0.71). The finite element spaces
are then given by

Ni(L) = {-1,-1+0", ~1+xpd, 1 —kpd,1|i=1,... L}, o=0.15,k=0.71

Su(L,p) = S(Nu(L)).

Finally, the third type of meshes considered in our numerical studies is a “union” of
the boundary layer mesh at the right endpoint and the geometric mesh (27). The mesh
is determined by the nodes of (27) and the one additional node at 1 — kpd. Hence it is
a mesh with L + 2 elements, and we get for the finite element spaces

Ni(L) = {-1,-1+0"1—kpd,1|i=1,... L}, oc=0.15k=0.71
Sri(L,p) == S(Ni(L)).
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5.2 Discussion of the numerical results
5.2.1 The case a > 1

Let us first consider the case a > 1. In Figs. 1-3 we see the performance of the “Three-
element” approach for a = 1.1, ¢ = 1.01, and ¢ = 1.001 and various choices of d. We
see indeed that the “Three-element” approach, i.e., the finite element spaces S;(p),
yields robust exponential convergence: The error curves are practically straight lines
in the semi-logarithmic plot which indicates exponential convergence, and for fixed a,
the error curves tend to a limiting curve as d approaches zero (the curves for d = 107°
and d = 107® are practically on top of each other in Figs. 1-3) in agreement with our
theoretical results on robustness.

As a approaches 1, the overall approximation rate deteriorates. This is to be expected
from the proof of Theorem 4.1. Essentially, the solution is split into an asymptotic
part and a boundary layer part. The boundary layer part can be approximated well
with the aid of the two small elements at the endpoints. However, the approximation
of the asymptotic part is poor on the large middle element of size O(1) if a is close to
1. In the limiting case a = 1, the exponential rate of convergence breaks down with
the “Three-element” mesh (cf. Fig. 4).

For the case a close to 1, we are thus lead to considering meshes designed such that the
asymptotic part as well as the boundary layer can be approximated well. As the “Three-
element” mesh can approximate the boundary layer well, let us turn our attention to
the approximation of the asymptotic part. The asymptotic part is analytic on [—1, 1]
but has a singularity at + = —a < —1. Piecewise polynomials on meshes which
are graded geometrically towards the point closest to the singularity (here: the left
endpoint x = —1) deal very successfully with this kind of singularities. A simple scaling
argument suggests that the mesh should be chosen such that the ratio of the length
of the elements to the distance (of the elements) to the singularity should be bounded
from below. This can be achieved with geometric meshes of the type (27) where the
number of layers L is such that smallest element (xg,z;) has length proportional to
dist(a, Q), i.e., o ~ |a — 1|. For ¢ = 0.15 and a = 1.01, we can choose L = 2 and
for ¢ = 1.001 we may choose L = 3 to get o ~ |a — 1|. As the spaces Sr7(2,p)
and S;;;(3,p) are based on the “union” of these geometric meshes and the “Three-
element” meshes, we expect these ansatz spaces to perform well for the nearly singular
cases a = 1.01 and a = 1.001. We report the numerical results of the FEM with these
ansatz spaces in Figs. 5, 6. We see that indeed this “union” of the geometric mesh
and the “Three-element” mesh leads to a very robust method both with respect to the
perturbation parameter d and the parameter a.

5.2.2 The case a=1

Let us now turn out attention to the limiting case a = 1. This case is of course no
longer covered by the mathematical theory of this paper as the right hand side is no
longer differentiable at x+ = —1. We study this case numerically because it is a simple
one dimensional model for various singularly perturbed elliptic-elliptic problems. For
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example, as alluded to in the Introduction, the solution of the Reissner—Mindlin plate
model with polygonal mid-plane has corner singularities. The limiting solution (as the
thickness of the plate tends to zero) is the solution of the Kirchhoff plate equation. The
solution of that equation has also corner singularities which are, however, of a different
character than those of the Reissner-Mindlin equation.

For a = 1, the solution u of (25) has a (weak) singularity at the left endpoint = —1:
From (26) we see that the leading singular part of the solution w is

1

T ome_omEl YT (28)

in an O(d) neighborhood of x = —1. On the other hand, as d tends to zero, the
limiting solution is the singular function f; which has a different, stronger singularity
at + = —1. It is reasonable to expect that the proper mesh should be such that it
can resolve boundary layers, if present, that it can deal with the (weak) singularity
at © = —1 for d > 0, and that it can also resolve the stronger singular behavior of
the limiting solution f;. Functions of the type (28) and the limiting solution f; are
analytic on 2 but have a singularity at the left endpoint. The approximation of such
functions by the hp version of the FEM was analyzed in [10]. The mesh proposed there
is a geometric mesh where the number of layers is proportional to p, the polynomial
degree. For our problem, we therefore advocate a union of the “Three-element” mesh
and such a geometrically refined mesh.

Let us remark that the hp FEM analyzed in [10] which is based on geometric meshes
with a number of layers proportional to p has several noteworthy features. Firstly,
exponential rates of convergence can be achieved in this way for the approximation
of singular functions of the type considered here. Secondly, the same geometric mesh
achieves this exponential convergence for singular functions of the type (28) and f;
simultaneously. This is a very convenient feature of p or hp extensions. If singular
functions are approximated using the h version of the FEM, the optimal, “radical”
meshes depend strongly on the type of the singularity (cf. [10]). Hence, an h-version
approach with optimal mesh design would be much more complicated in this situation
as the type of mesh has to change as d tends to zero.

Let us return to the use of geometric meshes for our problem. Although the geometric
meshes of [10] are optimal in some sense and lead to exponential rates of convergence,
it is more convenient in practical applications to fix a mesh and increase the polynomial
degree p. This approach is taken in the numerical experiments of Figs. 7, 8. In those
computations, the perturbation parameter d is chosen as d = 10 or d = 1075, and
a “union” of a geometric mesh and a boundary layer mesh for the right endpoint is
used, i.e., the finite element spaces are S;;;(L, p) for various numbers of layers L. This
“union” thus takes care of the boundary layer at the right endpoint x = 1. As the
mesh design at the left endpoint x = —1 is independent of the perturbation parameter
d, we cannot expect the finite element spaces Syrr(L, p) to perform completely robustly
with respect to d. However, as soon as the number of layers L is O(|Ind|), the smallest
element of the geometric mesh is of size O(d). We may therefore assume that the
dependence of the method on the perturbation parameter d is rather weak as geometric
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meshes with few layers create elements of size O(d). For d = 107* or d = 107° and
o = 0.15 already L = 2, resp. L = 4 leads to meshes whose smallest element at the
left endpoint is O(d).

Because the mesh is fixed and the solution has a singularity at x = —1, the asymptotic
rate of convergence is algebraic and given by that of the p version of the FEM. For
singular functions of the type (28), the analysis of [11] shows that the H' error of the
smallest element behaves like p=2(1-045)-1 'j e " a rate of DOF %2 for the asymptotic
error behavior in the energy. Indeed, asymptotically, the error curves in Figs. 7, 8
are practically straight lines with slopes slightly over 4. However, depending on the
number of layers, the pre-asymptotic range can be quite large: For example, in Fig. 7
with 6 layers, the asymptotic behavior is not visible until the global error in energy is
ca. 1072, For a mesh with 8 layers, the asymptotic behavior does not start until the
energy error is 1074, In this pre-asymptotic range the global error is not dominated by
the error in the first element abutting on the singularity. Rather, the error reduction is
determined by the error reduction possible in the elements away from the singularity.
There, exponential rates of convergence (in p) are possible and this exponential rate of
convergence is visible in the pre-asymptotic regime.

5.2.3 The final conjecture

We saw that in the case of an unsmooth right hand side the use of a “union” of a
geometric mesh with a “Three-element” mesh is very successfully. This is due to two
facts. Firstly, “Three-element” meshes are designed such that the two small elements
can resolve the boundary layers well. Secondly, geometric meshes can absorb both the
singular behavior of the solution for positive d as well as the singular behavior of the
limiting solution for d = 0. This “union” of meshes is therefore very versatile.

For practical purposes, the introduction of small boundary layer elements is unneces-
sary at those boundary points towards which a strong geometric refinement is done
because the geometric mesh leads to small elements of size O(d) with fairly few layers.
Although the use of a fixed geometric mesh can, asymptotically, only lead to algebraic
rates of convergence, the use of a sufficient number of layers can ensure that the as-
ymptotic behavior of the p version is pushed beyond the practical ranges of polynomial
degrees p, and we have the pre-asymptotic exponential convergence.

6 Concluding Remarks

In the present paper, we analyzed the hp FEM for a one dimensional singularly per-
turbed problem of elliptic-elliptic type. We showed that for analytic input data, the
introduction of two small elements of size O(pd) near the boundary leads to robust
exponential convergence of the hp FEM.

Although we considered a simple model problem, the techniques used here apply to
more general situations. The essential tool for the proof of the approximation result
Theorem 4.1 are classical asymptotic expansions for which the asymptotic part as well
as the remainder can be controlled explicitly in terms of the perturbation parameter d
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and the expansion order M (Theorems 2.2, 2.4). Similar asymptotic expansions hold
true for the convection-diffusion equation with analytic coefficients. The approximation
result Theorem 4.1 holds therefore for the convection-diffusion equations with analytic
coefficients as well. Of course, as the solutions of the convection-diffusion equation
have a boundary layer at the outflow boundary only, it would be enough to use two
elements where the small element is located at the outflow boundary. Let us conclude
our remarks on the convection-diffusion equation by stressing that stability of finite
element methods for the convection-diffusion equation is, as opposed to the reaction-
diffusion equation considered in this paper, a non-trivial issue; a stable hAp FEM for the
convection-diffusion equation able to make use of robust exponential approximability
results of the type proved in the present paper will be presented in [3].

Finally, the ideas developed in this paper were successfully employed in [2], [4] for the
construction of robust exponentially converging hp FEM in two dimensions.

We confirmed our theoretical result of robust exponential convergence by numerical
experiments. Additionally, we studied numerically the case when the solution and the
limiting solution (as the perturbation parameter tends to zero) are singular. There, we
advocated the use of a “union” of the proper boundary layer mesh with a geometrically
graded mesh which is able to absorb the singular behavior of the solution and the
limiting solution. We showed numerically that this approach leads to very satisfactory
results.
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Figure 1: Three-Element mesh for various d; a = 1.1
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Figure 2: Three-Element mesh for various d; a = 1.01
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Figure 3: Three-Element mesh for various d; a = 1.001
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Figure 4: Three-Element mesh for various d; a = 1.0
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Figure 5: union of geometric mesh and Three-Element mesh; a = 1.01, 2 layers
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Figure 6: union of geometric mesh and Three-Element mesh; a = 1.001, 3 layers

bdy layer mesh + geom. mesh with 2 layers, k = 0.71, a=1.01
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bdy layer mesh at right endpt, fixed geom. mesh, a=1.0, d=10"(-4)
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Figure 7: geometric mesh at left endpoint and boundary layer mesh at right endpoint;
a=1.0,d=10""

bdy layer mesh at right endpt, fixed geom. mesh, a=1.0, d=10"(-6)
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Figure 8: geometric mesh at left endpoint and boundary layer mesh at right endpoint;
a=1.0,d=10"°

24



