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Abstract We define a twisted two complex variables Rankin-Selberg convolution of Siegel
cusp forms of degree 2. We find its group of functional equations and prove its analytic
continuation to C> . As an application we obtain a non-vanishing result for special values of
the Fourier Jacobi coefficients. We also prove the analytic properties for the characteristic
twists of convolutions of Jacobi cusp forms.

Mathematics Subject Classification (2000) 11F46 - 11F66 - 11F50

1 Introduction

In this article we study characteristic twists of the two complex variables Rankin-Selberg
convolution of Siegel cusp forms introduced in [7]. We also investigate the analytic properties
of a twisted Dirichlet series attached to a pair of Jacobi cusp forms. As an application of our
main theorem we obtain a non-vanishing result for the Dirichlet series attached to Fourier
Jacobi coefficients of our Siegel forms.

In the case of one complex variable the analytic properties of characteristic twists of Rankin
Selberg type Dirichlet series for Siegel modular forms together with their applications to non
vanishing results have been studied in a series of papers (see [2,11,12]).

In the study of characteristic twists of several complex variables Dirichlet series, we would
like to point out that, other than the expected technical difficulties, a new complication arises.
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346 0. Imamoglu, Y. Martin

Unlike the papers cited above, in the case of several complex variables, it is essential to twist
with more than one Dirichlet character as it is done in [4] for other series. It is only then
that one can obtain the full group of functional equations and hence the desired analytic
continuation to C? of the new series.
In order to state precisely our main result, let F(Z) and G(Z) be two Siegel cusp forms
of weight k over Sp>(Z). Each has a Fourier series representation with complex coefficients,
n r/2
r/2 m
positive definite matrices in Q%2. Define the multiple Dirichlet series

say ¢(T) and d(T), respectively, where T = ( ) runs over the set 7 of half-integral,

L(Fyy.Gis,wy= > xmym)e(T)d(T)ym ™ (4det T)™", (1)
TeJ
r (mod 2mN)
where x (resp. ¥) is a Dirichlet character mod N (resp. M). This series is absolute and locally
uniform convergent on the region Re(s) > 2, Re(w) > k + 1. Define next

2 -5
A(Fyy. Gis,w) = (M—’]TV) [) LG22 25)L (Fy oy G s, w) )

and

—2w+k—3/2

A(Fyy. Gis,w) = NT-H3/2 (%) rar (w —k+ %)

1
><L(X2,2w—2k+3)L (FX,W’G?S_W"‘E’“))’ 3)

where I"(s) is Euler’s gamma function and L (¢, s) is the L-function of the Dirichlet character
¢. Our main theorem gives the analytic properties of (1).

Theorem 1 Let F(Z) and G(Z) be Siegel cusp forms of weight k > 1 over Sp>(Z). Let
M and N be relatively prime positive integers. Let x (resp. V) be a Dirichlet character
modulo N (resp M) such that x, x>, X>¥? are primitive and non-principal. Then the series
L (inw, G;s, w)

i) admits a holomorphic continuation to C2, and
il) satisfies the functional equations

G242 1
A(Fyy,Gis,w) = (—1)kX7"’A (Fw, Gil—s,s+w— 5) ,

4
X(quw,G;s,w) = (%) /T(Fy,,p, G;s,2k—w —2),

where Gy denotes the Gauss sum of the Dirichlet character ¢.

As an application of our main theorem we obtain.

Corollary 1 Let F(Z) and G(Z) be Siegel cusp forms of weight k for Sp>(Z) and denote
by fm (11, 2) resp. gm (11, 2) their Fourier—Jacobi coefficients. Fix any w € C with Re(w) >
k + 1, an odd squarefree integer L > 5 and € € {£1}.

If there exists mo such that gcd (mo, L) = 1 and L(fing, 8mys w) # O then there are
infinitely many integers m with L( fi,, gm; w) # 0 and (%) =e.
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On characteristic twists of multiple Dirichlet series associated to Siegel cusp forms 347

This article is organized as follows: In Sect. 2 we recall the definition and properties of two
Eisenstein series that are variations of the Epstein zeta function. They are key ingredients in
the integral representation of our Dirichlet series. In Sects. 3 and 5 we define the two twisted
Dirichlet series that we study in this paper. One for Jacobi forms and another for Siegel cusp
forms (1). In Sects. 4 and 6 we establish the analytic properties of those series. The proof of
our main result is in the latter. Finally, in Sect. 7 we indicate how to prove Corollary 1.

Notation If w € C then e(w) = e>™**. The complex upper half plane is denoted by .
Throughout this article M and N denote positive integers. If y = (Z Z) belongs to IH(N)

or I'°(N) and y is a Dirichlet character mod N then x (¥) := x (d). In case that the character
X is primitive, we denote by G, the Gauss sum associated to it. Throughout, we say that x is
the principal character if it is trivial and primitive. The symbol ¢ (s) is always the Riemann
zeta function. If A is any matrix, we denote by ! A its transpose and by det A its determinant.

. . . . X1 X
Unless we say otherwise, the entries of any matrix X in R22 are labeled as X = (xl xz)'
3 X4

Whenever we write a 4 by 4 matrix as y = (2 g) the blocks A, B, C, D are in R%2,

2 Eisenstein series

Let us start with the set P of symmetric, positive-definite matrices ¥ in R>2. Any y in
GL>(R) acts on P via Y[y] = 'y Yy. Notice that H and SP = {Y € P| detY = 1} can be
identified as SL;(R)-spaces by the map

T=x+4iy—> P = ((y) y?l) [(1 O)] , where x = Re(7), y = Im(1). (4)

x 1

Conversely, if ¥ = (;1 iz) isin P and det Y = 2, then Y € SP. The inverse image of
2 V4

the latter under the mapping (4) is Ty =y, ! (y2 +it).
Let (u1, up) and (v1, v2) be in Q2. For any Y in P and s in C let

I+ v -
), (v (Y35 8) = > e(uil + uzc) (Y [C N vz]) : 5)
(l,c)ez?
(I4v1,c4v2)#(0,0)

This series is the Epstein zeta function. It is absolute and locally uniform convergent on the
half-plane Re(s) > 1. The product 7w =*I" (8){(u;,uy), (v1,v,) (Y3 §) has an analytic continuation
to C. This is entire if (ug, uz) ¢ 7Z%. Otherwise it is holomorphic on C — {1} with a simple
pole at s = 1. The residue at this point is (det ¥) ™'/, Moreover

e(u1vy + ua02) 7w T () ) uy), (v1.00) (Y5 8)
= et V)" 2770 P = $)¢0y 0, (curmun) (Y5 1= 5) (6)

For more details about (5), see, for example [ 15, pp. 60-71] or [12, p. 493]. The first Eisenstein
series that we recall involves the groups

FO(N):[(Zg)eSLz(ZHCEO(N)] and Foo:[:lz((l)i) |IGZ].
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348 0. Imamoglu, Y. Martin

Definition 1 Let N and N’ be positive integers with N|N’, ¢ a Dirichlet character modulo
N and s a complex variable. For any 7 in H set

Evg(r.s)= D @) Umy) . )

Y€l \To(N')

This series is absolute and locally uniform convergent on the region Re(s) > 1. Moreover,
En ¢(y(1),5) = ¢(Y)En (T, 5) forany y € TH(N').

Lemma 1 If Re(s) > 1 then
N/
2L($, 29)En (1, 5) = N7 D" $(r)¢0.0).00.r/5) (Pe3 5), ®)
r=1
where T € H and P; € P are related as in (4).

If ¢ is a primitive, non-principal character then 7> I'"(s)L(¢, 2s)En' (T, 5) admits a
holomorphic continuation to C. If ¢ is the principal Dirichlet character and N' = N = 1
then 2L(¢,2s)En (T, 5) = 20(25)E(t,s) where E(t,s) is the weight zero Eisenstein
series associated to SLy(7Z).

Proof Forany t =x +iyinH,

yS
2L(¢p,2s)E N/ ,8) = d)———+
(¢.25)Enr ¢ (1. 5) CdZELZ G
(.d)#(0,0)
(cN'x +d)2\* cNN?
= 2 4@ (y(cN’)2+f = D e@|\P|, ) -
del " d€Z
(6,2):(0,0) (cyil)#e(O,O)

If we write every d above as d = r + [N’ with r (mod N'), [ € Z, we get (5).

The second part of the lemma for ¢ primitive and non-principal follows from the equation
above, the analytic continuation of the Epstein zeta function and the orthogonality relation
of Dirichlet characters. If ¢ is the principal character the equation is clear and the statement
well-known. O

Let x be a Dirichlet character mod N. In this work we use the series E 2. 42(7, ) and
Ey ,2(t,s). They are related, as we can see in the next proposition if we set

N2\’
Enr 2 (1.9) = (7) F()L(x%. 25)Ey 2(1. )

0 —-1/N
forN’:N,NzandWNz=(N 0/)

Proposition 1 Let x be a primitive, non-principal Dirichlet character mod N such that x>
is also primitive and non-principal mod N. Then Eny2(t,9) and En2 y2(, 5) are entire
functions of s, they satisfy

G2
Enr 2 (T, 8) = WEN,P(WNZT’ 1—ys)

and Enz 2(T,8) = O(yRe®y as y = Im(t) — oo.

@ Springer



On characteristic twists of multiple Dirichlet series associated to Siegel cusp forms 349

If xo is the principal character then &1 y,(t,s) = 7 °I'(s)(25)E| (T, 5) is a series
with a holomorphic continuation to C — {0, 1}. At s = 0, 1 it has simple poles with residue
Ress—1E1,4, (1, 8) = 1. Moreover, £1 (T, 5) = €1,y (T, 1 =) and &1y, (T, 5) = O(y°) as
y — 00 where 0 = max{Re(s), 1 — Re(s)}.

Proof The first part of the proposition follows from Lemma 1. Also, from (8) and the func-
tional equation (6) of the Epstein zeta function one gets

2 ST (s)L(x?, 25)En2, 2(T, 5)

N2-1

=N 47U =5 > 32008082, 00 P 1= 9). ®)
r=0

Using (5) and

r=0

N2 0 otherwise

which holds as x? is primitive, one obtains

N2—1 -
_ _ _ C

2 X000 P i) =NGe > @) (P’ | [dN])

=0 c,de’

(c,d)#(0,0)
whenever Re(s) > 1. On the other hand Py, ;) = P; [y]forall y € SLy(R). Therefore

_ c cN
PT 1 [dN] = PWNZ(I) [ d ] .

From these equations and Lemma 1 we deduce

N2-1

D X0 N, 00(P i) =2NG 2 L(x*. 29 Ey 5 (Wya(1),8).  (10)
r=0

Now (8), (9), (10) and the analytic continuation of £ w2(7,8) yield the functional equation
in the proposition. As for the asymptotic behavior of £y2 ,2(t, 5), notice that

2L )EN2 2(, ) =y D XP(@e(N*T) +d|7*.
c,dZ
(c,d)#(0,0)

The latter is a classical Eisenstein series whose Fourier expansion in terms of powers and
Bessel functions is well-known (see, for example [14]). From it one gets the desired asymp-
totic. The statements about &y ,, (7, z) are those of a classical Eisenstein series (see [3]). O

Next we define a second kind of Eisenstein series. Start with the complex-valued function

Psw(Y) = yl(det Y)*, where Y = (yl yz) eP (11)
Y2 Y4
and s, w are in C (for details on this map see [16, vol. IT]). Then recall the notation

r°) = [(‘Cl Z) € SLy(Z)|b=0 (N)] . TOM.N) = [y(M) N W),

FO(N) =T NTON) and  T§E(N) = (_01 (1)) T (V) <(1) _01) '

@ Springer



350 0. Imamoglu, Y. Martin

Definition 2 Let ¢ be a Dirichlet character modulo M N such that ¢(—1) = 1. Let s, w be
two complex variables. For any Y in P set

Eg(Y:s, w) = > @) p—s—w(YI¥D. (12)

yeld(M,N)/TY(N)

This series has been extensively studied if ¢ is the principal character [13,16]. In particular,
the comparison with the latter implies that (12) is absolute and locally uniform convergent
on the region Re(s) > 1. Moreover,

Ey(YIylis,w) = $(0)Eg(Yis,w) for y € Iy (M, N).
LetHy = {Z € C*?|'Z = Z, ImZ pos. def}. The symplectic group Sp»(R) acts on H

viayZ = (AZ + B)(CZ + D)™, where we write y = (é ﬁ).

Definition 3 Let C(N, M) be the group of matrices

t t
C(N, M) = [((‘)4 ff) € Sp(Z)| A e IY(M, N)] :

The action of Sp>(R) on H, induces an action of C(N, M) on H, and the action of G L, (R)
on P induces an action of FOO(M , N) on P. The correspondence Z — Y = ImZ is a
well-defined map that preserve those actions. Furthermore,

Ey (Im(yZ);s, w) = ¢(A)Eg (Im(Z); s, w)
"TA'AB . .
forany y = 0 A-l € C(N, M) and (s, w) in the domain of convergence.

Lemma 2 [f Re(s) > 1 then

MN N O
2L(¢,25)E¢(Y;s, w) = M™% (detY)™" Z‘l’(r)C(0,0), (-0) (Y |:(0 1):| ;S) .

r=1

(13)

If ¢ is a primitive, non-principal character then w1 =*I"(s)L(¢, 2s)E(Y; s, w) admits a
holomorphic continuation to C2.
If ¢ is the principal character then MN = 1 and

L(¢,25)Eg(Y; s, w) = (det Y) ™" ™/2¢(25)E(ty, s)

where E(t, s) is the classical weight zero Eisenstein series associated to SLy(Z) and ty is
the element of H associated to Y in remark below (4).

Proof The elements of FOO(M ,N)/ 1’0% (N) are in one to one correspondence with the tuples
(a,c) € Z*/ £ 1 with M|c and ged (a, Nc¢) = 1. Hence

2E4(Yis,w) = (dety)™ > ¢(a)(Y|:AZe])_. (14)

(a,e)eZ?
ged (@,MNe)=1

@ Springer



On characteristic twists of multiple Dirichlet series associated to Siegel cusp forms 351

Therefore

2L(p,25)Ey(Y; s, w) = (detY) ™" Z ¢ (@) (Y |:1\Zei|)_‘

(a,e)eZ?
(a,e)#(0,0)
MN s
o w N O\ (50 +1
=M (detY)™" > ¢(r) > (Y[(O 1)( . ,
r=1 (l,e)ez?

(IM+% .€)#(0,0)

and (13) follows. As in the proof of the first lemma, the statement for ¢ primitive and non-
principal follows from Eq. (13), the analytic continuation of the Epstein zeta function and
the orthogonality relation of Dirichlet characters.

On the other hand, if ¢ is the principal character then M = N = 1 and

2L($,29)Eg(Yi s, w) = (det ¥) ™" D" (Y[(tcf)])_

(c.d)ez?
(c,d)#(0,0)

If we write Y as in (11) and put det ¥ = £2, the previous equation is

¢ K t —2s
2L($.29)Ep(Yis,w) =172 " (7) ‘c (E " ii) e
(ed)eT? Y4 Y4 Y4
(c,d)#(0,0)

[m}

The arguments in this article use the Eisenstein series Eyz]/,z(Y; s, w) where x (resp.
Yr) is a Dirichlet character mod N (resp. mod M). For simplicity we assume the condition
gcd (M, N) = 1 from now on and set

Eyr (Vis,w) = MY (MN) " T()L(X Y™ 25) Eg2ye (Y s, w) . (15)

Proposition 2 Let x and Y be Dirichlet characters as above such that 3> y? is primitive and
non-principal. Then 8721/f2 (Y; s, w) admits a holomorphic continuation to C* and satisfies

gYZwZ 1 L 0 1
. — - N -1 — ) — —
£Y2¢2 Y;s,w) = \/ngzwz (Y |:(0 Al/[)] =5, —w 2) .

Proof Since }2¢? is primitive and non-principal, the holomorphic continuation of
Epyr (Yis, w) to C? is a consequence of Lemma 2. For the proof of the identity, observe
that (13) and the functional equation of the Epstein zeta function yield

21 TS LY 29) Exye (Vis,w) =0 10 (1 — )M N~

MN 1
<™ S ko0 (VU (51)]1-0) - 0o

r=1
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352 0. Imamoglu, Y. Martin

On the other hand, for arbitrary s with Re(s) >> 0 and primitive 72102

MN
ZYZW(UC( 0y, 0,0 (Y355)

ar MN
MN -
_ 2,2 e !
- > (Zx w(ne(MN))(Y[e])
(e)ez? \r=l
(Z,e)#(0,0)
B _ 10/ 1 \\
ooy X w0 ((19) (n)])

(l,e)ez?
ged (I,MNe)=1

= 2(}?21//2 (det Y |:((1) 11?1)]) L(XZJZ, ZS)EXZV (Y |:((l) 11(1/)1)] 38, w) .

(This last step is a direct consequence of (14)). Thus

MN 1
D XV 00, 0.0) (Y_l [(g (1))} - S) = 20522 (MN)*"*!

r=1

1 — _ Lo 1
X(@det V)" LY, 2(1 = )E o0 (Y 1[( )j|;l—s, —w—E). (17)

N
0 %
Now, we just put together (16) and (17) to get
T L)LY, 29)Eqaye (Yis,w) = M™P N~ =790 (1 — )

1
—2 _ ~ 0 1
X gyszL(le/f ,2(1 —s))(MN)szEXZJz (Y ! [(15 134)] il —s, —w— E)'
The desired functional equation is a rearrangement of this expression. O

3 A twisted convolution of Jacobi cusp forms

For any § in SL»(Z), (A, p) in 7%, (t,z) € H x C and positive integers k, m, define

ezt AT+ p)?

J(8, A, u1l; T, 2) = d)~kem
(8, » 115 T, 2) (cr+)e( p—

+ 227+ 20z + AM) . (18)

This is a 1-cocycle. The group I'/ = SL,(Z) x Z? acts on the set of functions f(z,z) :
H x C— Cvia

19)

+b z+ArT+
f""m[a’)"“](f’z):J([‘Sv)»,u];r,z)f(m o M)-

ct+d  ct+d

This can be extended to an action of SL»(R) x (R2 - S1), where S! is the unit circle in C.
A Jacobi cusp form of weight k and index m over I'’ is a holomorphic function f(z, z) :
H x C — Csuch that fg ,[8, A, ul(r,z) = f(r,2) forall [, A, u] € '’ and equal to a
Fourier series

fr.= D cmrem)e(rs). (20)

nreZ
Amn>r?

@ Springer



On characteristic twists of multiple Dirichlet series associated to Siegel cusp forms 353

Jacobi cusp forms of weight k and index m over subgroups of I'’ are defined similarly
(see for example [5, p. 9]). Let N be a positive integer and x any Dirichlet character modulo
N.If f(z,z) is a Jacobi cusp form as above, define

H@= D xmen,remters). @
nrer
Amn>r?

It is easy to check that for primitive x one has

Gty w0 = > 260 | (1) 0.0] 0 22)
w(N)
From this identity follows that f, (z, z) is a Jacobi cusp form of weight k, index m and
character x2 over the group IH(N 2y x (NZ x 7).
Define nextc, (D, x) = x (n)c(n, r) whenever D = 4mn — r2. The invariance of fr (T, 2)
under [Id, N, O] forany A in Z yields ¢, (D, x) = ¢,/(D, x) wheneverr = r’ (mod 2mN).
This identity together with simple manipulations of (21) imply

fx @) =D fru(®Onn i (NT, 2), (23)
"
where the sum is over the integers © mod 2m N and

- D
Fen@ =D cu(D. x)e (T’)’ (24)

D=1 "

2
Onn,u(T,2) = Z e(4mNr+rz). (25)
reZ
r=u (2mN)

Let g(t, z) be second Jacobi cusp form of weight k and index m over the group I"7, say
g(r,z) = Zn’r d(n,r)e(nt)e(rz). If we putd, (D) = d(n, r) whenever D = 4mn — rZ we
have

g(1,2)= D> g()On(r,2) with gv(w:DZ_ldv(D)e (%t) (26)

v (2m)
Obviously, we can also write (26) as g(t,z) = >, emN) 8v(T)OmN v(NT, 2).

Definition 4 For Jacobi cusp forms f (7, z) and g(z, z) as above and a Dirichlet character x
modulo N, define

Lify. g9 = > cuD,x)d (D)D", 27)

D=1 u(2mN)

Since f (7, z) and g(z, z) are cusp forms one has c, (D, x) = O(D*/?) and du(D) =
O(D*/?) for all u, D. Thus L( fx»> & s) is an absolute and locally uniform convergent series
on the region Re(s) > k + 1. This convolution was studied in [7] in the case where x is the
principal character.

In order to give an integral representation for (27) we identify any (t, z) € ‘H x C with
the tuple of real coordinates (x, y, p, ¢) via the equations T = x +iy and z = pt + ¢. Then
we notice that

hy,.(t.2) = y e 2pPiy) fy (t, 2)8(x. 2) (28)
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354 0. Imamoglu, Y. Martin

is invariant under the action (19) whenever § is in I, = [j: ((l) i) |l e Z] and (A, ) is

in NZ x Z. The volume element y~2dgdxdpdy of H x C is also I"’-invariant, thus the
integral in the next lemma is well-defined.

Lemma 3 For any s in C with Re(s) > k + 1,

hy e(T, 2)y* "2dgdxdpdy
HXC/ oo X (NZXZ)

1 fmy—s—k+3 3 3

Proof We may compute this integral using the I'o, X (NZ x Z)-fundamental domain
{,y,p.9) eR*0<x,g<1,0<y<00,0<p=<N}. (30)

We omit the details since the argument is very similar to the proof of Lemma 2 in [7]. O

4 Analytic properties of L(fy, g5 s)

The purpose of this section is to prove the meromorphic continuation and the functional
equation of L(fy, g;5).

Lemmad4 [f§ € SLy(Q) then
hfyg ((x.2) = yee™ (2p%i) fylkml8, 0,01z, 2)glkm[8. 0, 01(z, 2).
In particular hy, ¢ (v (t,2)) = Xz(y)hfxqg(r, 7) for any y in TH(N?).
The proof of this fact is a straightforward computation. It uses that (18) is a cocycle and

_ 52
e (2ptiy) = (Im(@))e” (@) :
T—7T
We omit the details. This lemma together with the properties of the Eisenstein series (7) allow
us to express (29) as

/ hp et DEN2 12 (, s)y 2dgdxdpdy
HxC/TH(N?) X (NZXZ)
:1(n)_s_k+;F(S+k—3)L(f g's+k—§) G1)
«/l’T’l m 2 JX S ) .

Next, for any Dirichlet character x mod N set

Ay = > X (1 —v)e (v = u*)/N).

i, v (N)
ged (p, N)=ged (v,N)=1
;,LM*EVV*EI (N)
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On characteristic twists of multiple Dirichlet series associated to Siegel cusp forms 355

Lemma 5 For any s in C with Re(s) >> 0,

/ hy e(T.2)EyN 52 (WNz‘l:, s) y~2dgdxdpdy
HxC/TH(N2)x (NZXZ)
Ay 1 smy\—s—k+3/2 3 3
=—=—\— r k—= )L\ fv & k—=). 32
. v () (” z) (fxg” z) G2

Proof The integral in the left hand side of (32) is equal to

/ hy, . (W;z‘ (. z)) Ey (1. $)y *dqdxdpdy. (33)
HXC/Ty(N2) X (NZXZ)

Now set IH(N) = U?’ZIFO(N HM j with M; = (]i\/ (1)) Any fundamental domain F for
the action of I'H(N) x (NZ x Z) on H x C defines the fundamental domain U;V 1M, 0,0]F

of IH(N?) x (NZ x Z) on ‘H x C. This fact and the invariance of EN,YZ (t,s) under M;
allow us to write (33) as

N
Z hy, ¢ (ngz1 M;j(z, z)) Ey (T, s)y 2dqdxdpdy.
HXC/To(N) X (NZxZ) \J=1

Now, for any § in IH(N) and 1 < j < N there is § in FO(Nz) and 1 <[ < N such
that W;zl M;s = S’WIQZI M;. Moreover x(8') = % (8). From these facts, Lemma 4 and the
definition of E 22(7, s) we deduce that the previous integral is equal to

N
th)og (W;;Mj(f, Z)) v 2dgdxdpdy
HXC/Toox (NZxZ) =1

N
= / thx-é’ (T,j W&zl (t, z)) y*“2dgdxdpdy. (34)
HXC/Toox (NZxZ) \=!
C— wlum _ (1 —J/N .
where T_; = W, M;jWy2 = o 1 ) In the following we use Lemma 4 and the

fundamental domain (30) in order to compute this integral. Since y is primitive, by (22) one
has

N
> Felem T Wit 0, 01T, D)glen T-; W53 . 0, 0](z, 2)
j=1

1 _ -
= — D> D X =) fleml T Wy, 0, 01(z, 2)glem[ T, Wy, 0, 01(z, 2).
X (N) v (N)

Put! = ged (u, N) and ¢t = ged (v, N). Also write [j (resp. tv) in place of u (resp. v). Then
the last expression is equal to
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1
Gr 2 2. XA = 10) fleml Ti Wy, 0,01z, 2)
X

[N, t|N w(N/D,v(N/t)
ged (1,1)=1 ged (u,N/I)=ged (v,N/1)=1

X &lk,m[Trv Nz,O 0I(z, 2)- (35)
Let u*, v* be integers such that uu* =1 (mod N/[) and vv* =1 (mod N/¢). Then

f|k,m[Tl;L N2 s O 0](1— Z) f|k,m |:(é K /N) ,0, 0] ('L', Z),

1/1
t —v*/N
8l Tiy Wz, 0, 01(r, z)—g|km[(o r ),0,0} (7. 2).

These remarks show that (35) can be written as
1 X _ 2 Iu* ,
g—y Z (3 Z X(lu—tv)f(lr—W,lz g I‘E—W,IZ .

I|N,1|N w(N/D,v(N/t)

ged (1,1)=1 ged (u,N/1)=ged (v,N/t)=1

Using this and the Fourier representation of f(z, z) and g(z, z) we conclude
11
0 0
1 _ 0o
=z 2 > X —1v) D @', 1j)
X 1IN, 1IN w(N/D,v(N/1)

J.j' €z
ged (1,1)=1 ged (u,N/D=ged (v,N/1)=1 amj’> j2

P Y
e\ (Ut)j + jpltiy — .
N

Arguing exactly as in [12, p. 497], the fact that x is non-principal and primitive yields
/1/1
0 0
Ax
=% > xGNel HAG" e (23 + jpiy) .

j]GZ
4m]>]

N
D Faleml T W31, 0,01, glemlT—; W2, 0, 01(x, 2)dgdx
j=1

lt2 /o k
xd(2]', 1j)e (((m/ + jpltiy — =

N

|k m T—j N2 ’ 0 0](1" Z)g'k m [T—j NZ ’ 0 0](‘5 Z)dqu
j=1

Next we compute

N 11y
/ " @rtiy )/ / > Felml T Wit 0,01z, 2)glinl T-; W1, 0,01z, 2)dgdxdp
00 J=I
Af
=?X z X (n)c(n, r)d(n, r)e(Zmy)/ (20mp” + rp)iy) dp
"
A N
L ZCu(D %)d, (D)e (7,y)z/ezm( p+1N+7) ly)dp.
9x 1(@mN) D=1 =
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The inner sum is equal to (my)~ /2. Thus the integrals in (34) are equal to

co N 1 1 N
/ / / / Yo" @piy) D fylem T W3, 0,01(z. 2)
00 0 0

j=l1

xglimlT-j W), 0,0](z, 2)y* 2dqdxdpdy

l Z Zcﬂ(D X)dIL(D)f/ ( ) k+s— S/Zdy

H(ZmN)D 1
A7 1 7T\ —s—k+3/2 3
=—=—(— r k—=)L\ f+ & k— -
Yo
provide that s € C satisfies 2Re(s) > 3 — 2k. O

For convenience we introduce the completed Dirichlet series

~ ) 1 TN\N—S / T 7s+k7% 3
A(fx’g’S)=ﬁ<z) (m) F(S)F(S—k-i-i)
XL(x%, 25 — 2k + 3)L(fy, & 5).

From Lemmas 3 and (31) one has

3 -
/ hy g (T, 2)EN2 42 (‘L’, s—k+ E) y_qudxdpdy = A(fy. &)
HXC/TH(N?)x (NZXTZ)
(36)

for all s in C with Re(s) > 2k — 1/2.

Theorem 2 Let f (7, z) and g(z, z) be Jacobi cusp forms of weight k and index m over the
Jacobi group T .

Let N be a positive integer and x a Dirichlet character mod N such that both x and x2
are non-principal and primitive.

Then the series A( fx» & 8) has a holomorphic continuation to the whole complex plane
and satisfies

4
Afygis) = (%) A(frog:2k—s 2.
Proof Let £2 be any compact subset in the s-complex plane.

By Proposition 1, the exponential decay of iy, (7, z) as y — 0o and the description
of the fundamental domain of H x C/IH(N 2y x (NZ x Z) given in (30), it is easy to see
that hf, o (T, 2)En2 ,2(T,5) is; (i) bounded on (H x C/Th(N?) x (NZ x Z)) x £, (i) a
continuous function on (z, z) for each s, and (iii) a holomorphic function on s for each (z, z).
These conditions imply that the integral in (36) defines a holomorphic function on the interior
of £2.

This fact implies the analytic continuation of A (fx, &, s)toC.

Next we prove the functional equation. From Lemma 3, the identity in Proposition 1 and
Lemma 5 we have

Ay g9) = 29 R fy 32k — s —
v 818) = X A(fr g2k — 5 = 2).
X

@ Springer



358 0. Imamoglu, Y. Martin

Finally we recall the identity

which is proved as in [11, p. 116]. O

For our purposes we also need the analogue of Theorem 2 when y is the principal character
xo (andso N = 1).

Theorem 3 Let f (1, z) and g(z, z) be Jacobi cusp forms of weight k and index m over the
Jacobi group I'? . Let xo be the principal Dirichlet character.

Then the series I' (s —k+3/2)"! X(fxo, g; ) has a holomorphic continuation to C — {k —
1/2} with at most a simple pole at s = k — 1/2. The residue at such a pointis2~' < f, g >
where < f, g > denotes the Petersson inner product of Jacobi cusp forms. Furthermore,

/T(fxo’ g:8) = Z(fxo, g; 2k — s —2).

Remark This theorem is equivalent to Corollary 1 in [7]. Notice however a counting error in
the latter. The residue of I'(s — k + 3/2)_1A(fxo, g;s)ats = k — 1/2 is given without the
factor 2~!. The discrepancy is explained by a missing 2 in Eq. (20) of [7].

5 A twisted convolution of Siegel cusp forms

Let k be a positive integer and F(Z) : Ho, — C a Siegel cusp form of weight k over the
group Spz(Z). Then

F(Z) = Z c(TYe(TZ) = Z c(TYe(nt) +rz +mn), (37)
TeJ TeJ

where 7 is the set of half-integral, positive-definite matrices in R*? and the generic matrices
T in J and Z in H; are denoted as

n r/2 1z
T=(r/2 m) and Z:(Z 172)'

If we write the coefficients in (37) as ¢(T) = c¢(n, r, m), we may consider for positive integers
m, n the subseries

fm(t,2) = Z c(n,r,m)e(nt +rz),

n,re’

4mn>r?

ﬁ,(t,z): Z c(n,r,m)e(mt +rz).

m,r €7

dmn>r?

They are Jacobi cusp forms of weight k and index m (resp. n) over I'7. Clearly

F(Z)=) fu(ti,De(mm) = > fu(r2, De(n). (38)

m=1 n=1

@ Springer



On characteristic twists of multiple Dirichlet series associated to Siegel cusp forms 359

Consider the matrix

0 1 0 O

7= b ooo € Spa(Z). (39)
0 0 0 1
0O 0 1 0

Then F(Z)|x[Z] = F(Z). This implies

(DD fula, Demma) = D fulTi, Demr),

n=1 m=1

which in turn yields (—1)¥ £, (z, 2) = fu(t, 2) for all m.

Definition 5 Let x (resp. ¥) be a Dirichlet character modulo N (resp. M). We define the
twisted Siegel cusp form Fy y (Z) as

Foy(Z)= " D xmy(mcn, r,menti +rz+mm).
m,n,r €l
n>0,4mn>r2

A formal manipulation of this series yields
oo o0 _
Fyy(Z) = D (m) fnx (71, Demm) = D (1) foy (12, De(nrr).  (40)
m=1 n=1

Consequently, Fy 4 (ZZ) = (—D)¥Fy 4 (2).

Definition 6 Let A(N, M) be the group of matrices y = (2 g) in Sp>(Z) which satisfy

the set of congruences
1 =0(N?), ca=0M?), cr=c3=0(MN), d»b=0(N) and d3 =0 (M).

These identities imply a3 = 0, ajd; = 1 (mod N) and ap = 0, asds = 1 (mod M)
(see [12]). In particular x (y) = x(d1) and ¥ (y) = ¥ (ds) are well-defined multiplicative
characters of A(N, M). For convenience these characters are evaluated on the lower right
entry of the group elements. Thus x (Y)Y (y) = x ¥ (da) = x ¥ (D). Consider the matrices

0 0 I/N 0 1 0 w/N 0
0 0 0 1M N 1 0 vM
wM — and T“/ = s
N -N 0 0 0 v/M 0 0 1 0
0

0O -M O 0

o

where u, v are integral parameters. They are in Sp,(Q).

Lemma6 i) A(N, M) =Spy(Z) N (W) Spaz) (W)™

.. N

i) Fyy(2) = 2y o0 Stwan xDe (F )w(ne( S F@ I [T

iii) Ify is in A(N, M) then Fy y(Z) |x[y] = X2y (V) Fy,y(Z). Indeed the function
Fy (Z) is a Siegel cusp form of weight k and character 3> y% over A(N, M).
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iv) If x and \r are primitive non-principal characters then
Few @ [ W] = MNT'G263 Fy 5(2).

The proof of this lemma is straightforward (see [12] for similar results).
An easy consequence is that Fy, y (Z) is then a Siegel cusp form of weight k and character
X292 over the group A(N, M).

Definition 7 Let L be a positive integer and

"TA'AB
Coo(L) = [(O A‘l) € Spa(Z) 1A € FOOO(L)]
This is a subgroup of Spy(Z). If a Siegel cusp form H(Z) = ZTGJ a(T)e(T Z) over a

congruence subgroup of Sp»(Z) is invariant under Coo (L), then a(T) = a(T’) whenever the
4

. _fnr/2 , A n )2 .
matrices T = (r/2 m ) and T’ = (r’/2 ' satisfy

m=m', r=r (mod2mL) and detT =detT’ .

Definition 8 Let H;(Z) and H>(Z) be two Siegel cusp forms of weight k over a congruence
subgroup of Sp>(Z), invariants under Coo (L), with Fourier series H;(Z) = ZTE 74j (T)e
(T Z). Define the multiple Dirichlet series

L(Hy, Hy; s, w) = E ai(TYay(T)m™*(4det T)™ ™. 41)
TeJ
r (mod 2mL)

The estimates a;(T) = O(T*/?y for j = 1,2 hold for such Siegel cusp forms. Thus the
series L(Hj, Hy; s, w) is absolute and locally uniform convergent on the region Re(s) > 2
and Re(w) > k + 1.

The rest of this article is about a particular case of this convolution, e.g., the series (1)
associated to the Siegel cusp forms F(Z) and G(Z) whose Fourier series are (37) and
G(Z2) = ZTEJ d(T)e(T Z) resp., plus the characters x, ¥ mod N and M. We use that both
Fy .y (Z) and G(Z) are invariant under Coo (N).

The Fourier Jacobi series of F y (Z) is given in (40). Similarly we can write G(Z) =
ZSnozl gm (11, 2)e(mty) where g, (7, 2) = Zn »d(n, r,m)e(nt+rz). Aformal manipulation
in the region of convergence yields 7

L(Fyy, Gis,w) = D> Y m)L(finx» gm; wm™. (42)

m=1

This equation relates the twisted convolution of Siegel cusp forms with the twisted convolu-
tion of Jacobi forms.

Our next goal is to find an integral representation for L(Fy y, G; s, w). For this reason
we consider the Eisenstein series (12) with ¢ = x> 2. From its functional equation and the
remark below Lemma 6 one has that F, y(Z)G(Z) E721/f2 (Im(Z); s, w) is invariant under
any transformation of C(N, M) on Z. On the other hand the volume element (det ¥ Y3dXdY
of Hy, where X = Re(Z), Y = Im(Z), is invariant under Sp;(R). Thus the integral in the
proposition below is well-defined.
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Proposition 3 Let F(Z), G(Z) (resp. x, V) be Siegel cusp forms (resp. Dirichlet characters)
as above.
If s, w are in C with Re(s) > 2, 2Re(w) > 4k — 1 and 2Re(s + w) > 1 then

3
Fy y(Z)G(Z)Eg2, (Y; S, =8 —w — E) (detY)3dXdy
Ha/C(N, M)

1
= (4m) =S~ P ()T (s +w-— E) L(Fyy.G;s w). (43)
Proof The left hand side of (43) is equal to

Fy g (Z)G(Z) s —(—s—w—32) (Y) (det Y)3d XdY. (44)
H2/Coo(N)

"A'AB

Consider next Coo = l(o A-1

) €Sp(Z)| A € I'so ] . This group has the coset decom-

! la

0 .
)w1thA_ (01

A
0 A°!
Coo-fundamental domain in H> given in [10, p. 548]. Then

position Co, = UH(N) ¥aCoo(N) where y, = ) Let F be the

[(TZ‘ fz) |(t1,2) € H x C/Too  (NZ X Z), x2 € [0, 1], y € (pzyl,oo)],

where x;, y;, p, q are the real coordinates determined by 71 = x1 + iy1, T2 = x2 + iy and
7 = pt1 + q, is equal to the Coo (N)-fundamental domain U, (N)ya’l}" . Using the latter we
can write (44) as

o0 1
r— 3
/ Fyy (2)G(Z) p—s 54w (¥) (32 — p*y1) 2
HXC/ T X (NZXZ) yy=p2y; x2=0

_1
Xy 2dxydy,dgdx\dpdy,.

In order to compute this integral we first observe that
1 o0
/ Fy y(Z)G(Z)dxy = D Y (m) fonx (11, 2)8m (11, 2)emiyy).
m=1

x0=0

Secondly, we consider the substitution 1 = y, — p2y; and the hypothesis 2Re(s + w) > 1
to obtain

oo
1
/ e(2miyz)(y2 — pzyl)”w’%dyz = e(2imp2y1)(4nm)"v"”+%1’ (s +w— 5) .
)’2=P2}’1

These computations yield that (44) is equal to
1 1\ < i
(m)=S—wtap (s +w— 5) Zi Y(mym =Sz
m=

. - wido2
X / " (2p%i1) fny (71, DEm (71, 2y dqdxidpdyy.
HxC/ oo (NZXZ)
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Finally, we use Lemma 3 and hypothesis 2Re(w) > 4k — 1 to compute the last integral. O

For future references observe that the interchange of characters y, 1 in Definition 5 gives
the Siegel cusp form Fy , (Z) of weight k over the group A(M, N). An argument analogous
to the one above shows that

FyyDGD)p_ (s yy_3) (V) (detY)” 3dxdy
Ha/Coo (M)

1
= 4m) I U P ()T (s +w-— E) L(Fyy. Gis,w). (45)

So far we have that both sides of (43) are absolute convergent and identical on the
region given in Proposition 3. Our next result establishes the holomorphic continuation of
L(Fy .y, G;s,w) to alarger region.

Proposition 4 Let F(Z), G(Z), x and r be as in Proposition 3.
Then L(Fy y, G; s, w) admits a holomorphic continuation to the region of C? determined
by the inequalities Re(s) > 1, Re(w) > —%
In particular, the completed Dirichlet series A(Fy y, G; s, w) introduced in (2) admits a
holomorphic continuation to the same region and the series A(F v, G s, w) introduced in
(3) admits a holomorphic continuation to to the region Re(s + w) > 1/2, Re(w) > —1/2

with w # 0.

Proof Let R be the G L,(Z)-fundamental domain in P known as Minkowski’s reduced
domain. Since I OO(M , N) has finite index in the group SL»(Z), there is a positive integer v
and matrices A; such that GLa(Z) = Uj_; A;I3/(M, N). Then U;R[A;] is a I (M, N)-
fundamental domain in P. Consider

t t
= [(64 ?}f) €Spa(Z)| A € GLz(Z)] :

Clearly, there exists a fundamental domain V' for the action of C on H; such that ¥ € R

TA i 0
. Hence, the

whenever Z € V’. Moreover, C = U;ZIC(N, M)ij,where vaA; = ( 0 Al
J

integral in the left hand side of (43) is equal to

v

3
> / Fyy(va; 2)G(ya; 2)Ex2 o (Y[Aj]; S, =85 —w — 5) (detY)3dXdY  (46)
=10

for Re(s) > 1. Next we prove that the left hand side of (43) is absolute and locally uniform

convergent using the integrals in (46). Let Re(s) = r, Re(w) = t and pick jin{1,2, ..., v}.
If r > 1 then

‘Efzwz Y[A]: s, w)‘ < > piA.
AESLA(Z)/ oo
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As shown in [13, p. 143], there exists a real constant C (which depends locally on s, w but
is independent of Y € R) such that the last series is bounded by Cp_, _;(Y). Thus

/ ‘Fx,w(ij 2)G(ya, ) E2y (YIA ] s, w) (det Y)_3‘ dxdy

Hy/C
<cC / |Frou 4, 22Ga, )| sy (V) (et ) axaly. (47)
Ho/C
Let us write [|H(Z)|| = 2 7 la(T)e(TZ)| for any H(Z) = > ;a(T)e(TZ) and

I'?(M?N?) for the principal congruence subgroup of level M>N? in Spy(Z). Choose also
matrices 1, 2, . . ., ¥y such that Sp»(Z) = U’;ZIFQ(MZNZ))/]'.

Since Fy y(Z) is a Siegel cusp form of weight k and trivial character on I'2(M*N?),
the function F(Z) = i1 Frw(D)lly;] is a Siegel cusp form of weight k and trivial

character on Spy(Z). In particular, there are positive real numbers ¢y, ¢ such that | |f 2)]] <
cre=2"Y) for all Z in H» with ¥ in R (see a proof of this fact in [9, p. 57]). Hence

|Fyy (2] < |Fyy(2)]] < IF(2)]] < cre 2™
for all those Z. Similarly, for any matrix va,; themap Fy y(ya; Z) = £Fy y(Z)lklya;lisa

Siegel cusp form of weight k and trivial character over y;jl I2(M2N 2)ij = I'2(M2N?).

Thus the same argument yields the inequality |Fy, y (va;Z)| < cre=2"Y) for all Z in Hy
with Y in R. From these facts and the corresponding inequality for |G (y; Z)|, we conclude
the existence of positive real numbers ¢y, ¢z such that

|Fy.y(va,Z2)G(ya, 2)| < cre” "™ (48)

forall j =1,2,...,vandall Z in H, with Y in R. Now we use (46), (47) and (48) to get
the existence of positive real numbers C and c; such that

- 3 -~
Fyy(2)G(Z)Ez2,, (Y; S, =8 —w — 5) (detY) 3| dXdY
Hy/C(N,M)
<C / et My (Y)(detY)“2dXdY
H»/C
=C / e~ (V) (det Y)~3dy. (49)
R

Finally we recall the existence of a real constant C” such thatdet Y < y;y, < C’detY for
allY = (); ! ; ) in R. This fact and (49) imply that the absolute convergence of the integral
2

in the left hand side of (43) follows from the convergence of

00 —y1/2 00
—By|—By, 1 r4r—3 —By; =3 —By, ri—3
e v O1y2) 2dY < [ e Yy dy dv | e Y2 dy>
R 0 /2 0

where B is some positive real number. The latter converges if r > 1 and r > —%.
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The convergence of (43) that we just proved and the holomorphicity of Ey(Y; s, w) on
the region Re(s) > 1 give the holomorphic continuation of the right hand side of (43). From
this we get the holomorphic continuation of L(Fy y, G; s, w) to the given region. O

6 A functional equation for L(Fy y, G; s, w)

Consider the function A (FXJ,,, G;s, w) given in (3). From Eq. (42) one has

A(Fyy. Gis.w) = D Yr(m)A(fin g gm: wm™

m=1

on the region of convergence of L (F Y, Gis —w+1/2, w). A direct application of Theo-
rem 2 yields a functional equation.

Proposition 5 Let F(Z) and G(Z) be Siegel cusp forms of weight k over Spy(Z). Let M
and N be relatively prime positive integers. Let x (resp. ¥ ) be a Dirichlet character modulo
N (resp M) such that both x and x?* are primitive and non-principal. Then

4
A(Fyy,Gis,w) = (%) A(Fzy, G5, 2k —w —2). (50)

Next we give a functional equation for A (F Y Gi s, w).

Proposition 6 Let F(Z) and G(Z) be Siegel cusp forms of weight k over Spy(Z). Let M
and N be relatively prime positive integers. Let x (resp. ¥ ) be a Dirichlet character modulo
N (resp. M) such that 3>y? is primitive and non-principal. Then

G- 1
A(Fyy,Gis,w) = (—1)’”‘7‘”2/1 (Fm, Gil—s,s+w— 5) ) (51)

Proof Notice first that the combination of Propositions 2 and 3 yield

1
MS(MN)_("_X‘“’_M)(471)_5_'”“/271_S‘wF(s)F(w)F (s +w— 5)

x LG2Y2, 29)L (Fyy, Gis,w) = Gy Fyy(2)G(2)
E) X E) El E) \/W X
Ho/C(N,M)
1
x& , oy (N ? 1—s,s+w—k+1) (detY)F3axay. (52)
Xy 0 Wi

Now we focus on the Eisenstein series occurring in this integral. Since (det Y)Y ! =

(0] wetn
o ([ (0 1))

= @ety)™ S g@)pu (Y [(1/ON _lgM) AD

Aer)(M,N)/T9(N)

1
= (det ¥)* T2 > ¢ (ba) p—s.—w (Y [B (3 o )D .

Bl (M,N)/T§° (M) N

@ Springer



On characteristic twists of multiple Dirichlet series associated to Siegel cusp forms 365

For the last identity we used that conjugation by (_(3‘/1 ](\)[) defines a group isomorphism
from FOO(M, N) onto FOO (M, N) which takes FOOO(N) onto FOOO(M). Notice also that

e O ) - 6]
(08 ) )

S . o 0-1
= N¥(MN)* (det Y)'+? > ¢(B)p—s.—w (Y [B (1 0 )])

Bel)(M,N)/T (M)
= N (MN)?" (det Y)*t2* > S (B)p—s.—w (Y [(? _01) BD )
Bel)(N.M)/T9,(M)
In particular, using (15) and the matrix Z defined in (39) one can write (52) as
Gz2y2

vMN
x / > (=D Fy x(T2)GTZ)x*y*(B)
Hao/C(N,M) BETY(N.M)/TY (M)

XP_(1—s)wi2 (ImIZ[B]) (det Y)3dXdY.

NIZS (MNP 27 =0=9 (1 = ) L2972, 2(1 — 5))

Let F be any fundamental domain of the quotient space H>/C(N, M). Then its image
Z(F) is a fundamental domain of the quotient space H/C(M, N). Consequently, the last
expression is equal to

(—D"—g%;N‘*“(MN)"’*’C”n*“*”F(l —OLOAY 201 = 9)

x / > Fy x (DG X Y*(B)p—(1-5).wt2 (Y[B)(det Y)d XY,
Ha/C(M,N) BETY(N,M)/TL (M)
‘B0 .. .
Next put yp = o 1) use that Fy, , (Z) is invariant under A(M, N) up to the character

XZJZ and that G(Z) is Spa(Z)-invariant to write the above as

(—l)kﬂNl_S(MN)w_k“n_(l_”1"(1 LGP 21— 5))

vMN

X / > Fyx(vBZ)G(yBZ) p—(1—5)ws2 (ImypZ) (det Y)>dXdY
Ho/C(M,N) BETY(N.M)/TY (M)

- (—1)’<7g7;4¢; NI=S(MN)YP=*22=0=9 (1 — 5)L(x2%7, 2(1 — 5))

< / Fyy (DG p—1-sysa (¥) (det ¥)2dXdY. (53)
H2/Coo (M)
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Finally, observe that the last integral is like the one in (44) and so equal to
—w_—(s+w—1/2) 1 1
@)y Yn r s—i—w—i I'(w)L Fw,X,G;l—s,s—f—w—E .5

Putting together (52), (53) and (54) one gets a functional equation for the multiple Dirichlet
series in (2). ]

Now we are ready to prove our main result.

Proof of Theorem 1 First we recall that L(Fy , G; s, w) is a holomorphic function on the
region

= [(S’w) € C2|R€(S) > 1, Re(w) > —%} .

After Propositions 5 and 6 it suffices to show that L(Fy y, G; s, w) admits a holomorphic
continuation to C2. To this end we observe that the functional equation (50) allows us to
define L (Fy,w, G;s, w) as a holomorphic function on

= [(s,w) € C* | Re(w) > —%Re(s) +k— % Re(w) > 2k — %]

Similarly, the functional equation (51) allows us to extend L (Fy,¢, G;s, w) to aholomorphic
function on D3 = {(s, w) € C2|0 > Re(s), Re(w) > —Re(s)}.

Next, if we apply Eq. (50) first, (51) second, and (50) again, we get a functional equation
that continues L (Fg,y.G:s,w) to a holomorphic function on the region Dy =
{(s,w) € C?*| Re(s) > 1, 2k — 1 — Re(s) > Re(w), 0 > Re(w)} (here we use the hypo-
thesis k > 1). This process shows that we have a holomorphic function on the open set
Dy U Dy U D3 U Dy. Since the later is connected, we can extend L ( Yo Gis, w) to a
holomorphic function on its convex hull (see [6, p. 41]). That is C2. O

Notice that the two functional equations in Theorem 1 are of order two, and they do not
commute. In particular we can get new identities by composing them. If we define

5 254k—3/2 ;N\ —2542k—3
A(Fyy.Gis,w) =2" (—) (W) I'(s)

5
(s+w—2k+Z)L(x2w2,2s+2w—4k+5)
xF(v—w—l— )L(yzx/ﬂ,zs—szrl)
1
XF(S—k+ )L(l// 25_2k+3)L(XW7Gs w+§aw)a
(55)

and apply consecutively to it the functional equations in (51), (50) and (51) again, we obtain

G- zwzng 2 (gi

X(FX,V,,G;s,w) VN N

)43( F,5.G: 2% —s - 2,w). (56)
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7 A non-vanishing consequence

In this last section as an application of Theorem 1, we generalize a non-vanishing result in
[2]. Consider the multiple Dirichlet series (1) with x equal to the principal character xo. By
Theorem 3 the completed Dirichlet series A (Fyo,y» G; s, w) defined in (3) has ameromorphic
continuation to C> with a simple pole at w = k — 1/2 for every s with Re(s) >> 0. In such
a case,

o0
Resu—k-1/2A(Fyop. Gis,w) =271 D" 4 (m) < fou. gm > m ™" (57)

m=1

This is the series studied in [11,12]. If we put

3 =
D(F, (;7 w7 s, w) — ﬂ—2w+k—3/2F(w)F (u}—k-‘ri) {(Zw—Zk + 3)A (FXOv]/f’ G7 S, w) N
we get a generalization of (57). Indeed,

D(F, G,y s, w) = 2—2s (1)*4s+3k79/2

I F(S)F<S+w—2k+§)

1
x L(Y?, 25 + 2w — 4k +5)T (s —w+ 5) L(y2, 2s — 2w+ 1)

x I (s —k+ %) L2 25 = 2k +3) D~ yr(m) A(fo, gms wim™.

m=1

Furthermore, from equation (56) one gets

D(F, G, ;5. w) = (%)4 (ng)z D(F, G, T 2k — 5 — 2, w).
M) \Vm

Using this identity and arguing as in the proof of Theorem 2 in [2] with the series

L(Fyyy. Gis.w) = D Y m)L(fnr gm: wym™

m=1

instead of (57) for fixed w with Re(w) >> 0 one obtains Corollary 1 in the introduction,
which is a direct generalization of Theorem 2 in [2].
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