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Abstract

We show that when the price process S represents a fully incomplete market, the
optimal super-replication of any Markovian claim g(ST ) with g(·) being nonnegative
and lower semicontinuous is of buy-and-hold type. As both (unbounded) stochastic
volatility models and rough volatility models are examples of fully incomplete markets,
one can interpret the buy-and-hold property when super-replicating Markovian claims
as a natural phenomenon in incomplete markets.
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1 Introduction

Fully incomplete markets were introduced in [5]. Roughly speaking, a financial market is
fully incomplete if for any volatility process α one can find an equivalent local martingale
measure Q under which α is close to the volatility process ν of the price process S. It turns
out that it is a natural appearance for incomplete markets to be fully incomplete. Indeed, it
was shown in [5] that stochastic volatility models (with unbounded volatility) like the Heston
model [11], the Hull–White model [14] and the Scott model [15], as well as rough volatility
models like the one in [9] where the log-volatility is a fractional Ornstein-Uhlenbeck process
are all examples of fully incomplete markets.

The key property of fully incomplete markets, which is the main result in [5], is the
following. When a financial agent is allowed to invest in the risky asset S and statically in
up to finite many liquid options, the classical super-replication price (defined with respect
to the given initial law P of the price process) of a (possibly path-dependent) European
option G(S) with G : C[0, T ] → R+ being uniformly continuous and bounded coincides
with the robust super-replication price, where the super-hedging property must hold for any
path. This follows from the result proven in [5] that for fully incomplete markets, the set of
all equivalent local martingale measures are weakly dense in the set of all local martingale
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measures defined on the continuous path space. For more papers related to robust pricing,
in particular to duality results, we refer to [1, 2, 3, 6, 7, 10, 12, 13] to name but a few.

The goal of this (short) paper is to further investigate the super-replication property in
fully incomplete markets in the special case where one is only allowed to trade in the risky
asset (i.e. no liquid options available), and the contingent claim is of Markovian type, i.e.
of the form g(ST ) where ST denotes the value of the stock at maturity. The main result of
this paper states that in that case, even for unbounded and non-continuous payoff functions
g : R+ → R+, the classical super-replication price of g(ST ) coincides with the (even more
robust) buy-and-hold super-replication price where one can only buy (or sell) stocks at the
initial time and keeps his position till maturity to super-replicate the sold option. To prove
our result, we apply techniques which were developed in [5].

Our paper is motivated by the result in [4] stating that for stochastic volatility mod-
els with unbounded volatility, the classical super-replication price of a Markovian claim
g(ST ) coincides with the buy-and-hold super-replication price, even for unbounded and non-
continuous payoff functions g. A similar result was obtained in [8] for European Call options
only, but in more general stochastic volatility models including e.g. the Heston model, which
is not covered in [4] as there strong regularity conditions were imposed on the coefficients of
the SDE for the price process which is not fulfilled by square root models.

Summing up, our contribution is twofold. First, our result enlarges the class of price
processes from stochastic volatility models to the richer class of fully incomplete markets for
which the buy-and-hold property holds when super-replicating g(ST ). Second, for stochastic
volatility models, our main result generalizes [4, 8] in the sense that we recover the buy-
and-hold property when super-replicating g(ST ) for (even more) general stochastic volatility
models than in [8] for unbounded non-continuous payoff functions g as in [4].

The remainder of this paper is organized as follows. In Section 2, we introduce the setup
and state the main theorem of this paper. Then, we provide the proof of the main result in
Section 3.

2 Setup and Main Result

Let T be a finite time horizon and (Ω,F ,F,P) be a filtered probability space, where F =
{Ft}Tt=0 satisfies the usual conditions. Consider a financial market which consists of one
constant bank account Bt ≡ 1 for all t ∈ [0, T ] and one risky asset with price process

dSt = Stνt dWt, S0 ≡ s0 > 0, (2.1)

where ν = {νt}Tt=0 is an F-progressively measurable process with given initial point ν0 > 0

satisfying
∫ T

0 ν2s ds < ∞ P-a.s., and W = {Wt}Tt=0 denotes a P-F-Brownian motion.
The definition for the financial market (2.1) to be fully incomplete was introduced in [5,

Definition 2.1]. Let C(ν0) be the set of all continuous, strictly positive stochastic processes
α ≡ {αt}Tt=0 which are adapted with respect to the filtration FW generated by W completed
by the null sets, and satisfy both that α0 = ν0, and that α and 1

α
are uniformly bounded.
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Definition 2.1. The financial market introduced in (2.1) is called fully incomplete if for
any ǫ > 0 and any process α ∈ C(ν0) there exists a probability measure Q ≪ P such that
{Wt}Tt=0 is a Q-F-Brownian motion and

Q(‖α − ν‖∞ > ǫ) < ǫ, (2.2)

where ‖u− v‖∞ := sup0≤t≤T |ut − vt| denotes the uniform distance between u and v.

Observe that due to the structure of the financial market in (2.1), by taking convex
conbinations of the form λP + (1 − λ)Q, we see that it is equivalent in Definition 2.1 to
require Q ≈ P instead of Q ≪ P.

It turns out that being fully incomplete is a natural phenomenon for incomplete markets.
More precisely, the following proven in [5] holds true.

Proposition 2.2. [5, Proposition 2.3]:
I. Consider the following stochastic volatility model for the volatility process ν in (2.1):

dνt = a(t, νt) dt+ b(t, νt) dŴt + c(t, νt) dWt, ν0 > 0,

where {Ŵt}Tt=0 is a P-F-Brownian motion which is independent of W . Assume that the SDE
in (2.1) has a unique strong solution and the solution is strictly positive. If the functions
a, b, c : [0, T ] × (0,∞) → R are continuous and for any t ∈ [0, T ], x > 0 we have b(t, x) > 0,
then the corresponding financial market defined in (2.1) is fully incomplete.

II. Let here F be the usual augmentation of the filtration generated by W and ν. Assume a

decomposition νt = ν
(1)
t ν

(2)
t where ν(1) is adapted to the filtration generated by W , and ν(2)

is independent of W . Moreover, assume that ν(1), ν(2) are strictly positive and continuous
processes. If ln ν(2) has a conditional full support (CFS) property (for definition of (CFS),
see e.g. [5, Chapter 2]), then the market given by (2.1) is fully incomplete.

As a consequence, popular stochastic volatility models like the Heston model, Hull–White
model and the Scott model, as well as rough volatility models like the one in [9] are examples
of fully incomplete markets.

To recall the main property of fully incomplete markets, let A
P denote the set of all

F-progressively measurable processes {γt}Tt=0 with
∫ T

0 γ2t ν
2
t S

2
t dt < ∞ P-a.s. such that the

stochastic integral
∫
γ dS is uniformly bounded from below. The robust setup is defined

as follows. Let {St}Tt=0 be the canonical process on the space C[0, T ], i.e. St(ω) = ω(t),
ω ∈ C[0, T ], and FS

t = σ{Su : u ≤ t}, t ∈ [0, T ] denotes the canonical filtration. The set
A consists of processes {γt}Tt=0 which are FS-adapted and of bounded variation with left-
continuous paths such that the process

∫
γdS is uniformly bounded from below, where here∫

γdS is defined by

∫ t

0
γudSu := γtSt − γ0S0 −

∫ t

0
Ssdγs, t ∈ [0, T ],

using the standard Lebesgue-Stieltjes integral for the last integral. Finally, define S to be
the set of all paths in C[0, T ] which are strictly positive and starts in S0. Then the main
theorem in [5] states the following.
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Theorem 2.3. [5, Theorem 3.1]: Assume that the financial market defined in (2.1) is fully
incomplete. For i := 1, . . . N, let hi(S) with hi : C[0, T ] → R bounded, uniformly continuous
be a static position with price Pi. Consider a (path-dependent) European option with payoff
G(S), where G : C[0, T ] → R is a bounded and uniformly continuous function. Then the
classical super-replication price

V P
hi,...,hN

(G) := inf

{
x+

N∑

i=1

ciPi

∣∣∣∣∃ (γt) ∈ A
P s.t. x+

N∑

i=1

cihi(S)+

∫ T

0
γt dSt ≥ G(S) P-a.s.

}

coincides with the robust price

Vhi,...,hN
(G) := inf

{
x+

N∑

i=1

ciPi

∣∣∣∣ ∃ (γt) ∈ A s.t. x+
N∑

i=1

cihi(S)+

∫ T

0
γt dSt ≥ G(S) ∀S ∈ S

}
,

i.e. we have V P
hi,...,hN

(G) = Vhi,...,hN
(G).

In this paper, we analyze the super-replication property when the financial market defined
in (2.1) is fully incomplete in the special case where the option is of Markovian type, i.e. the
option is of the form g(ST ) for some function g : R+ → R+, and there are no liquid options
to trade with. In this case, the classical super-replication price of g(ST ) is given by

V P
0 (g) := inf

{
x ∈ R

∣∣∣∣∃ (γt) ∈ A
P s.t. x+

∫ T

0
γt dSt ≥ g(ST ) P-a.s.

}
.

The robust price V0(g) is defined analogously. Another (even more robust) super-replication
price is the one where only buy-and-hold strategies are allowed. Its formal definition is

V B&H
0 (g) := inf

{
x ∈ R

∣∣∣∣∃ ∆ ∈ R s.t. x+∆(ST (ω)− S0) ≥ g(ST (ω)) ∀ω ∈ Ω

}
.

Clearly, for any option G in any financial market

V P
0 (G) ≤ V0(G) ≤ V B&H

0 (G),

and by [5] we know that in fully incomplete markets, a priori, V P
0 (G) = V0(G) ≤ V B&H

0 (G)
holds true for options G which are bounded and uniformly continuous.

The goal of this paper is to show that for Markovian claims, the above inequalities are
in fact true equalities, even for unbounded and non-continuous payoff functions. Moreover,
the price and the optimal (buy-and-hold) strategy can be calculated explicitly.

Theorem 2.4. Assume that the financial market defined in (2.1) is fully incomplete. Then
for any nonnegative payoff function g : R+ → R+ being lower semicontinuous, the super-
replication price of the corresponding Markovian claim g(ST ) satisfies

V P
0 (g) = V B&H

0 (g) = ĝ(S0), (2.3)

where ĝ denotes the concave envelope of g. Moreover, an optimal (buy-and-hold) strategy
exists and is explicitly defined by

γ ≡ ∂+ĝ(S0). (2.4)

Remark 2.5. By the cash-invariance property of both V P
0 and V B&H

0 , the condition that
g : R+ → R+ is nonnegative could be relaxed by the requirement to be bounded from below.
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3 Proof of Theorem 2.4

We start the proof by first recalling the well-known (trivial) inequalities in (2.3), namely:

Lemma 3.1. For any Markovian payoff g(ST ), we have

V P
0 (g) ≤ V B&H

0 (g) ≤ ĝ(S0),

and for γ ≡ ∂+ĝ(S0), the pair (ĝ(S0), γ) is a buy-and-hold super-replicating strategy, i.e.

ĝ(S0) + ∂+ĝ(S0) (ST (ω)− S0) ≥ g(ST (ω)) ∀ω ∈ Ω.

Proof. Clearly, V P
0 (g) ≤ V B&H

0 (g). Moreover, by the definition of ĝ being the smallest
concave function bigger than g, we obtain for any ω ∈ Ω that

ĝ(S0) + ∂+ĝ(S0) (ST (ω)− S0) ≥ ĝ(ST (ω)) ≥ g(ST (ω)).

Next, we show that it is sufficient to prove the results in Theorem 2.4 for bounded,
nonnegative payoff function g : R+ → R+ which are Lipschitz continuous. Beforehand, let
us quickly introduce the following notion, which we will use frequently in the rest of this
paper. For any x > 0 and any (sufficiently integrable) progressively measurable process
α = {αt}Tt=0 we denote the corresponding stochastic exponential with respect to W by

S
α,x
t := x e

∫
t

0
αv dWv−

1

2

∫
t

0
α2
v dv, t ∈ [0, T ].

Lemma 3.2. If (2.3) and (2.4) in Theorem 2.4 hold true for any bounded, nonnegative
payoff function g : R+ → R+ which is Lipschitz continuous, then it also hold true for any
nonnegative payoff function g : R+ → R+ being lower semicontinuous.

Proof. Let g : R+ → R+ be any nonnegative, lower semicontinuous function. Due to
Lemma 3.1, it remains to show that V P

0 (g) ≥ ĝ(S0). Define the sequence of functions

g̃n(x) := inf
y≥0

{
g(y) + n|x− y|

}
, x ≥ 0;

gn(x) := min
{
g̃n(x), n

}
, x ≥ 0.

We see that for each n, the function gn is bounded, nonnegative and Lipschitz continuous
(with Lipschitz constant n). Moreover, the sequence (gn) converges non-decreasingly to g.
Let T denote all F-stopping times. Using [4, Lemma 5.4] and the monotone convergence
theorem, we see that

ĝ(S0) = sup
τ∈T

EP[g(S1,S0

τ )] = sup
n∈N

sup
τ∈T

EP[gn(S
1,S0

τ )] = sup
n∈N

ĝn(S0) (3.1)

By the assumption that (2.3) and (2.4) holds true for bounded, nonnegative payoff functions
which are Lipschitz continuous and as the super-replication price is monotone in the claim

sup
n∈N

ĝn(S0) = sup
n∈N

V P
0 (gn) ≤ V P

0 (g) (3.2)

Thus, by (3.1)–(3.2) we obtained ĝ(S0) ≤ V P
0 (g) as desired.
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Due to Lemma 3.2, it suffices to prove Theorem 2.4 for bounded, Lipschitz continuous
payoff functions g : R+ → R+. To do so, we first start with a Lemma regarding an upper
bound for the concave envelope.

Lemma 3.3. Let g : R+ → R+ be bounded, nonnegative and Lipschitz continuous. Then

ĝ(s) ≤ sup
α∈C(ν0)

EP[g(Sα,s
T )], ∀s > 0.

Proof. Introduce the set A of all nonnegative progressively measurable processes with respect
to the filtration FW generated by the Brownian motion W satisfying

∫ T

0 α2
t dt < ∞ P-a.s. and

for which there exists a constant C > 0 (which may depend on α), such that 1
C

≤ S
α,1 ≤ C.

By the same argument as in [5, Lemma 7.1], the function G : (0,∞) → R defined by

G(s) := sup
α∈A

EP
[
g(Sα,s

T )
]

is concave and satisfies g ≤ G. By the minimality property of the concave envelope of g, this
means that also

ĝ(s) ≤ G(s), ∀s > 0.

Then, by the same approximation argument as in [5, Lemma 7.2], where in this step we use
the Lipschitz property of g, we obtain that

G(s) ≤ sup
α∈C(ν0)

EP[g(Sα,s
T )], ∀s > 0,

which implies the result.

Now we are able to finish the proof of Theorem 2.4.

Proof of Theorem 2.4. We follow a similar argument as the one in [5, Theorem 4.2]. Let
g : R+ → R+ be bounded, nonnegative and Lipschitz continuous. By Lemma 3.1 and
Lemma 3.2, it remains to show that V P

0 (g) ≥ ĝ(S0). Thus, we fix any x > V P
0 (g) and need to

show that x ≥ ĝ(S0). By definition of x, there exists an F-predictable, S-integrable process
{γt}Tt=0 such that

x+

∫ T

0
γt dSt ≥ g(ST ) P-a.s.

Fix any ε > 0. By Lemma 3.3, there exists α ∈ C(ν0) such that

ĝ(S0)− ε ≤ EP
[
g(Sα,S0

T )
]
. (3.3)

Next, choose any δ > 0 small enough (i.e. δ ≪ ε). As the financial market defined in (2.1)
is fully incomplete, there exists Q ≪ P such that W is a Q-F-Brownian motion and

Q
(
‖α− ν‖∞ ≥ δ

)
< δ. (3.4)
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As (x, γ) is a super-replicating strategy, the supermartingale property of the gain process
yields

EQ
[
g(ST )

]
≤ EQ

[
x+

∫ T

0
γt dSt

]
≤ x. (3.5)

Now, define the stopping time

τ := inf
{
t ≥ 0

∣∣ |αt − νt| ≥ δ
}
∧ T.

Then, by definition of τ

1

2

∫ τ

0
|α2

t − ν2t | dt =
1

2

∫ τ

0
|α2

t − (αt − (αt − νt))
2| dt

=
1

2

∫ τ

0
|α2

t − (α2
t − 2αt(αt − νt) + (αt − νt)

2)| dt

=
1

2

∫ τ

0
|2αt(αt − νt)− (αt − νt)

2)| dt

≤ 1

2
Tδ (2‖α‖∞ + δ),

as well as due to the Itô isometry

EQ
[( ∫ τ

0
(αt − νt) dWt

)2]
≤ δ2T.

Thus, Chebyshev’s inequality implies that

Q

(1
2

∫ τ

0
|α2

t − ν2t | dt+
∣∣∣
∫ τ

0
(αt − νt) dWt

∣∣∣ ≥ 2
√
δ
)

≤
1
2E

Q
[ ∫ τ

0 |α2
t − ν2t | dt

]
√
δ

+
EQ

[
(
∫ τ

0 (αt − νt) dWt)
2
]

δ

≤
1
2Tδ (2‖α‖∞ + δ)√

δ
+

δ2T

δ

≤ c(
√
δ + δ). (3.6)

for some constant c which may depend on ε (but not on δ). Now, since by definition, the
price process S is defined as S ≡ S

ν,S0 , we deduce from (3.6) that for sufficiently small δ

Q

(
| lnSτ − lnSα,S0

τ | > ε
)
≤ Q

(1
2

∫ τ

0
|α2

t − ν2t | dt+
∣∣∣
∫ τ

0
(αt − νt) dWt

∣∣∣ > ε
)
≤ c(

√
δ + δ).

(3.7)

Next, define the event

Uε := {τ < T} ∪ {| lnSτ − lnSα,S0

τ | > ε}
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It is elementary to check that as g : R+ → R+ is Lipschitz continuous with respect to some
Lipschitz-constant K > 0, we have for any x > 0, y > 0 with | ln(x) − ln(y)| ≤ ǫ, that
g(x) ≥ g(y)−Ky (eǫ − 1). Therefore, using (3.5) and the definition of (the complement of)
Uε yields

x ≥ EQ
[
g(ST )

]
≥ EQ

[
1Uc

ǫ
g(ST )

]

≥ EQ
[
g(Sα,S0

T )
]
−K(eǫ − 1)EQ

[
S
α,S0

T

]
− EQ

[
1Uǫ

g(Sα,S0

T )
]

≥ EQ
[
g(Sα,S0

T )
]
−K(eǫ − 1)S0 − EQ

[
1Uǫ

g(Sα,S0

T )
]
. (3.8)

Now, before letting ε go to zero, we first need to analyze EQ[1Uǫ
g(Sα,S0

T )]. To that end, see
that by the Lipschitz property of g ≥ 0

EQ
[
g(Sα,S0

T )2
]
≤ EQ

[
(g(0) +KS

α,S0

T )2
]
≤ 2g(0)2 + 2K2 EQ

[
(Sα,S0

T )2
]
.

Moreover, as α ∈ C(ν0) is uniformly bounded, we see that for some constant C > 0,

EQ
[
(Sα,S0

T )2
]
≤ CEQ

[
S
2α,S0

T

]
< ∞.

Hence we conclude that EQ[g(Sα,S0

T )2] < ∞. Furthermore, observe that

{τ < T} ⊆ {‖α− ν‖∞ ≥ δ}.

By the Cauchy-Schwarz inequality, (3.4) and (3.7), this implies that for sufficiently small δ

EQ
[
1Uε

g(Sα,S0

T )
]
≤ EQ

[
g(Sα,S0

T )2
] 1

2 Q
[
Uǫ

] 1

2 ≤ C(δ +
√
δ)

1

2 < ε.

Therefore, we deduce from (3.8) that

x ≥ EQ
[
g(Sα,S0

T )
]
−K(eǫ − 1)S0 − ε. (3.9)

Recall that under both measures P and Q, the process W is an F-Brownian motion, and that
the process α is progressively measurable with respect to the smaller filtration FW generated
by W . In particular, α = ϕ(W ) for some progressively measurable map C[0, T ] → C[0, T ].
Therefore, the law of Sα,S0

T under P and Q are the same. This implies together with (3.3)
that

x ≥ EQ
[
g(Sα,S0

T )
]
−K(eǫ − 1)S0 − ε

= EP
[
g(Sα,S0

T )
]
−K(eǫ − 1)S0 − ε

≥ ĝ(S0)−K(eǫ − 1)− 2ε.

As ε > 0 was arbitrarily chosen, we can now let ǫ go to zero to obtain desired inequality

x ≥ ĝ(S0).
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